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ABSTRACT

Influence Maximization (IM) is a pivotal concept in social network analysis, involving the identification of
influential nodes within a network to maximize the number of influenced nodes, and has a wide variety of
applications that range from viral marketing and information dissemination to public health campaigns. IM
can be modeled as a combinatorial optimization problem with a black-box objective function, where the goal
is to select B seed nodes that maximize the expected influence spread. Direct search methods, which do not
require gradient information, are well-suited for such problems. Unlike gradient-based approaches, direct
search algorithms, in fact, only evaluate the objective function at a suitably chosen set of trial points around
the current solution to guide the search process. However, these methods often suffer from scalability issues
due to the high cost of function evaluations, especially when applied to combinatorial problems like IM. This
work, therefore, proposes the Network-aware Direct Search (NaDS) method, an innovative direct search
approach that integrates the network structure into its neighborhood formulation and is used to tackle a
mixed-integer programming formulation of the IM problem, the so-called General Information Propagation
model. We tested our method on large-scale networks, comparing it to existing state-of-the-art approaches
for the IM problem, including direct search methods and various greedy techniques and heuristics. The
results of the experiments empirically confirm the assumptions underlying NaDS, demonstrating that
exploiting the graph structure of the IM problem in the algorithmic framework can significantly improve
its computational efficiency in the considered context.

KEYWORDS: influence maximization; network analysis; derivative-free optimization.

1. INTRODUCTION

Influence Maximization (IM) is a key concept in social network analysis. It entails identifying
a group of influential nodes (seeds) in a network, with the goal of maximizing the resulting
number of influenced nodes [1-4]. This concept has numerous applications, one of the most
recognized applications of IM is viral marketing [5], which involves a company trying to increase
the adoption of a new product through the social networks of initial users. IM also forms the basis
for numerous other applications, such as network monitoring [6], rumour control [7, 8], and social
recommendation [9]. The two most popular models to simulate how influence spreads through
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a network are the Independent Cascade (IC) Model and the Linear Threshold (LT) Model [10,
11]. In the IC model, each influenced node has a single chance to influence its neighbors, and if
it succeeds, those neighbors are then activated and have a chance to influence their neighbors in
subsequent rounds. Indeed, in the LT model, each node is influenced based on the fraction of its
neighbors that are influenced, and a node becomes influenced if the weighted sum of its influenced
neighbors exceeds a certain threshold.

IM is typically formulated as a combinatorial optimization problem. Given a budget of B (the
number of seed nodes to be selected), the objective is to find the set of B nodes that maximizes
the expected influence spread. Here, we use as our information propagation model the General
Information Propagation (GIP) model presented in [12]. Such a model has the following features:
it considers continuous variables, enables feedback between nodes, and encompasses two well-
known variants of IC and LT models as special cases. Furthermore, the authorsin [ 12] formulate the
influence maximization problem as a mixed integer nonlinear programming problem with a black-
box objective function (i.e. a function whose analytical expression is not available) and propose a
direct search approach, called Customized Direct Search (CDS), to solve it. However, the method
has computational limitations and does not fully exploit the structure of the graph under analysis.
See Section 3 for more details.

Direct Search Methods are well-known and well-suited zeroth-order/derivative-free optimiza-
tion algorithms, and hence do not rely on derivative information to drive the optimization process
(see, e.g. [13-16] and references therein for further details on derivative-free and zeroth-order
optimization algorithms). Instead, they make use of function evaluations to guide such a process,
making them well suited for non-smooth, noisy, or black-box optimization problems where deriva-
tive information is unavailable or unreliable. In particular, they sample the objective function at a
finite number of points at each iteration and decide which actions to take next solely based on those
function values, either by function value comparison through ranking or based on numerical values
and without any explicit or implicit derivative approximation or model building. These methods are,
hence, particularly effective in problems where gradient estimation is computationally expensive
or not available, such as IM. Since function evaluations can be time-consuming and resource-
intensive, direct search methods, however, lack scalability and are computationally inefficient when
dealing with large-scale problems. Therefore, balancing the trade-off between exploration and
computational cost is crucial for practical application.

In order to overcome these limitations, in this work, we propose the Network-aware Direct
Search (NaDS) method, an innovative direct search approach that exploits the network structure
knowledge thus reducing the computational effort to find good solutions. This is possible thanks to
anovel neighborhood definition based on the connections in the graph related to the current iterate.
We provide extensive numerical tests that empirically demonstrate the better efficiency of our NaDS
method, showing that direct search methods can tackle large-scale networks with thousands of
nodes, outperforming baseline approaches in terms of influence score and computational time.

The remainder of the paper is organized as follows. In Section 2, we discuss the existing methods
for the IM problem. In Section 3, we present the problem, focusing on the mathematical formula-
tion, and introduce the CDS method, which is the main direct search method we use for comparison.
In Section 4, we present our novel direct search method NaDS. Finally, in Section 5, we discuss
numerical experiments, and in Section 6, we draw some conclusions and discuss possible future
work.

2. RELATED WORK

The IM problem gained significant attention due to its applications in marketing, information
dissemination, and the spread of health behaviors [ 17-21]. Due to its large number of applications
and complex optimization formulation, it presents many research challenges. On the theoretical
modelling side, there are different ways to define a diffusion model that captures information
diffusion. On the algorithm side, solving IM optimally is proven to be NP-hard in most diffusion
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models. Its complexity extends to the evaluation of influence spread from any given seed set, which is
also computationally intensive. Consequently, much of the existing research in this area is dedicated
to finding approximate solutions. Over the past decade, a variety of models and methods have been
proposed to tackle this problem, and there are available comprehensive surveys that explore different
facets of these advancements [22-28]. In the following, using the taxonomy proposed in [25], we
attempt to review and summarize some of these models and algorithms.

Different models employ distinct mechanisms for capturing how a user transitions from an inac-
tive to an active status due to their neighbors’ influence. Diffusion models can be broadly categorized
into progressive and non-progressive diffusion models, depending on whether activated nodes can
be deactivated in subsequent steps or not, respectively. Examples of typical non-progressive models
include the SIR/SIS model [29] and the Voter model [30]. We will focus on the first class of
progressive models and we will briefly present the three most popular models: the Independent
Cascade (IC) model, the Linear Threshold (LT) model, and the Triggering (TR) model.

All these three models are diffusion models based on stochastic processes where information
propagates from one node to its neighbors at each time step according to different probabilistic
rules. In the IC model [31], each activated node has a fixed probability of influencing its neighbors
in each time step. Once a node is activated, it cannot be deactivated, and each neighbor’s activation
is independent of other neighbors’ activations. In the LT model [32, 33], each node has a threshold
that must be exceeded by the sum of the influence from its neighbors to become active. Each node
is activated based on the weighted sum of its neighbors’ states compared to its own threshold. In the
TR model [10], each node independently selects a random “triggering set” from its neighbors based
on a specified distribution, and a node becomes active if it has a neighbor in its chosen triggering set
that is active.

These foundational models have paved the way for numerous extensions and adaptations in the
literature. For instance, IC, LT, and TR are time-unaware models where diffusion stops when no
more nodes can activate. However, real-world propagation campaigns often require maximizing
influence within time constraints. This hasled to the development of Time-Aware Diffusion Models,
categorized as discrete-time [34-36] and continuous-time models [37, 38]. In particular, in this
work, we refer to [ 12], which introduces the GIP model, which extends the IC and LT to incorporate
continuous variables and dynamic feedback mechanisms (see Section 3.2).

State-of-the-art methods for IM include greedy algorithms, which have been shown to be
effective since the seminal work of Kempe ef al. [10]. These methods iteratively select nodes
that provide the largest marginal gain in influence spread. They can be categorized into three
primary categories depending on their goals: simulation-based approaches involve Monte-Carlo
simulations to evaluate the influence spread and gain model generality [ 10]; proxy-based approaches
utilize proxy models to approximate the influence function obtaining practical efficiency [ 18, 39~
42]; sketch-based approaches focus on theoretical efficiency by initially constructing theoretically
grounded sketches under a diffusion model, which are subsequently used to expedite the evaluation
of the influence function [43-46]. In addition, methods based on percolation processes or on
the concept of k-core centrality have also been proposed as alternatives for identifying influential
nodes [47-50].

3. PROBLEM SETTING

We define our social network starting from a graph, denoted as 4 (.4, &, W), which is undirected,
connected, and weighted. Here, .4 = {1,2,...,n} represents the set of nodes, and & = {(j,j) |
there exists a connection from nodeito nodej} represents the set of edges.

The weight matrix W = [Wj;] encodes the strength or level of trust between nodes, where each
weight satisfies Wj; > 0, W;; € R. Specifically, W;; > 0if (j,j) € &, and W;; = 0 otherwise,
indicating the absence of a direct connection. In this context, we employ the notation x;(t) to denote
the state of node i at discrete time step .
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Following [12], in this section we formalize the influence maximization (IM) problem as well as
the associated GIP model, and we review the CDS method which we will then use as a baseline for
our improved NaDS§ scheme.

3.1. Problem formulation

The IM problem revolves around the objective of maximizing the collective impact on network
nodes at the culmination of the propagation process. Our particular focus lies on an essential
constraint: the initiation of a finite number of nodes determined by a budget size. This constraint
represents the notion of allocating limited resources to influence a wider audience.

Given a defined information propagation process and an associated function s; = Y1 —
y )tx]- (t) gauging the overall influence on each node j, the cumulative influence across the network
emerges naturally as:

n

s@) =) 5(x(0)), (31)

j=1

where x(0) represents the initial state vector. Consequently, the IM problem revolves around
maximizing s(x), while ensuring adherence to the constraint of activating a limited number of nodes:

{j : %(0) > 0} < B, (32)

where B € N represents the budget size.
Based on the objective function (3.1) and constraint (3.2), the IM problem can be formulated as
a mixed-integer nonlinear program (MINLP):

maxs(x)
X,z

sty < h)‘,o zZj,

xj = 1o zj,
E szB;
j

x €R, z€{01}, Vje[n]

where 0 < ljo < hjo define a lower and an upper bound on the initial influence level of node
j. The objective function s(-) measures the aggregate influence across the network, as illustrated in
(3.1). The vector x comprises initial state values, while vector z, of the same dimensions, signifies
the decision to set positive initial state values (zj = 1) ornot (zj = 0), thus enforcing the constraint
(3.2).

Taking advantage of the non-decreasing nature of s(x), the task of maximizing the objective s(x)
with respect to both x and z in the MINLP (3.3) can be simplified to the task of maximizing s(x)
while x and z are set to their highest attainable values. Specifically, we set xj = hjo zjand ) i% =B,
effectively reducing the problem to the following form with respect to the binary vector z:

maxs(hy © 2)
z
s.t. Z zj = B,
j

zj € {0,1}, Vj (34)
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where hg = (k) and © denotes the element-wise Hadamard product. As a result, the domain QB
becomes a natural mesh ! for searching at every iteration of the algorithm.

QF ={ze{0,1)": ) z =B} (3.5)
j

The constraints are inherently embedded within the domain, and they are managed using the
extreme barrier approach sos, where sgs(z) = s(hg © z) if z € QB and —00 otherwise. We
define the neighborhood function for binary variables z as:

N(zd) ={ye Q% : |y -zl < d), (3.6)

where d € N\ {1}, as the L; distance between y and z can reach a minimum of 2 wheny # z
and y,z € QB. This minimal distance of 2 is achieved when only one element of positive value is
exchanged with an element of value 0.

Givend € N\ {1}, we can now formally define a d-local maximum of Problem (3.4) as a point
Z* satisfying the following condition:

soB(Z") > sge(z), Vz e N(Z%,d). (3.7)

3.2. The GIP model

Here, we review the General Information Propagation (GIP) model proposed in [12], which
unifies the fundamental mechanisms underlying the two classic propagation models. This model
encompasses two primary aspects:

(i) Each node i independently attempts to influence its neighbors, proportional to the edge
weight and its current state value «;(¢). This characteristic aligns with the principles of the
IC model.

(ii) The actual impact on each node j stems from the collective behavior of its entire neighbor-

hood.

The latter point is achieved by applying a nonlinear transformation to
yi(®) = Wyt — 1), (38)
i

enabling us to capture how the cumulative influence attempts from all neighbors translate into a
state change for node j. Intuitively, this equation captures the idea that the current state or output
j(t) is influenced by a linear combination of prior inputs, where each input x;(t — 1) contributes
according to its associated weight Wj;. This concept draws parallels not only with the LT model
but also with nonlinear models applied to opinion dynamics. Specifically, at each time step t > 0,
we introduce a lower bound J; ; representing the threshold required to initiate propagation. This
implies that x;(t) = 0if y;j(t) < ;. Additionally, an upper bound 4, ; accounts for the saturation
effect, signifying that x;(t) = h; ¢ if y;(t) > hj:.
Overall, the GIP model can be described as a bounded discrete dynamical system:

xi(t) = fit Z Wixi(t — 1) |, forallt >0, €V, (3.9)
i

1 In the context of mesh adaptive direct search methods, the mesh is a discrete subset of the parameter space that is adaptively

refined or coarsened throughout the optimization process. It provides a framework for generating candidate points around the
current best solution.
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Algorithm 1 Propagation Algorithm for the GIP Model

Require: A undirected, connected, and weighted network ¢(.4",&, W) with non-negative
weights, parameters {l; s, hj;} in the GIP model, time-discounting factor y, initial state x(0)
where x;(0) € [lj0, hjol ifand only ifj € Ag (0 otherwise), and the tolerance &.

Ensure: The value of the objective function in the MINLP, s.

1: Sett < 0,x(t) < x(0),ands < 0.

2: Set Ny < Ujer N°U(j), where N°*(j) := {k € V | (j, k) € E}.
3. while |(1 — y)x(t)] > e do

4 At—i—l)NH-l <~ J, andx(t + 1) <~ 0.

s:  for each potentially activated node j € N¢ do

6: x(t +1)j < fir (ZieA, Wix(t);).

.

8

9

if x(t + 1); > 0 then
App1 < Ag U {jh
: Nit1 < Nepp UNO()).
10: s < s+ (1 —p) T at+ 1),
11: end if
12:  end for
13: t<—t+1.
14: end while

where f; ; (x) takes the form:

0, x < lj,t;
f}']t(x) =% lj,t <x< hi’t’ (3.10)
hj,t; x> hj,t)

representing the time-dependent bounds for each nodej. {I;:} and {; ;} denote the time-dependent
lower and upper bounds for each node j respectively, where 0 < I;; < h; ;. These bound values offer
flexibility in characterizing the underlying population. Furthermore, it is worth noting that the GIP
model can replicate the classic models by setting specific bound values. The initial states x(0) are
predeﬁned, with Xj (0) e {0} U [l]‘,o, hj’()] and l}',o > 0.

Specifically we will use the following threshold-type bounds fort > Oandj € V:

lj,t = (Ql)ja)tl,-,o,

hj,t = Hh,,- Hltj_lathi,o, (3.11)

where o = % Z(i, J)eE Wi; is the average across edge weights, while ;; and 6, are the two
parameters that characterize the propagation dynamics in the GIP model, as they decide the trend
for the lower and the upper bound. In order to guarantee convergence of the propagation algorithm
and ensure that the bounds tend to zero, it is required that ;o < 1.

For a detailed explanation of the propagation process, we refer to Algorithm 1.

3.3. CDS method

In [12], after introducing the GIP Model (see Section 3.2), the CDS method is proposed to solve it.

The algorithm starts with the node set that maximizes the Katz centrality [51], which represents
an exact solution in certain GIP settings. At each iteration r, we start with a SEARCH step that
suitably explores the points in the domain Q8 in order to possibly find a new iterate that improves
the objective function value. If this is the case, we directly switch to the Termination check.
Otherwise, we perform a POLL step. Such a step explores the local neighborhood of the current
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Algorithm 2 Customized Direct Search (CDS) Method

1: Initialization: Set 0 < (,6 < 1,d > 1. Let z(0) € Q8 such that z(0); = lifnodej € A =
{j1, - - - ji} where hig c; = hjo c;, Vi ¢ A,j € Ajandc = {[I — (1 — y )W] ! — I}1 is the Katz
centrality. Set iteration r = 0.

2: SEARCH step (optional): Evaluate s on a finite subset of trial points on the domain Q5,
until a sufficiently improved point z is found, where sg5(z) > (1 + ()sos (z(’)), or all points
have been exhausted. If an improved point is found, then the SEARCH step may terminate; skip
the next POLL step and go directly to ste{) 4.

3: POLL step: Evaluate s o5 on the set N(z”, d) C QP as in (3.6), until a sufficiently improved
point z is found, where s o5 (z) > (1 4 ()sgs (z"), or all points have been exhausted.

4: Termination check: If an improvement is found, set 2D as the improved solution, while
decreasing (" <— d( if a sufficient improvement has not been found, increment r <— r + 1, and
go to step 2. Otherwise, output the solution 0,

candidate z(r) until a point with a sufficient improvement in the objective value is found or all points
have been examined. In the termination check, if an improved point is identified, the algorithm will
start a new iteration but will decrease the required improvement if a sufficiently improved point
has not been discovered. If no improvement is found, the algorithm outputs the current iterate and
terminates. We refer to Algorithm 2 for a detailed description of steps.

Hence, the termination step directly guarantees convergence to local minima. Even though
convergence to global optimal solutions could be achieved through a carefully developed search
step and a better understanding of the objective function’s landscape to avoid poor local optima, the
drawback of global optimization methods is their time complexity. Thus, we maintain the search
step as an optional component. The CDS method takes advantage of the problem’s characteristics
and mitigates worst-case complexity by initializing with an exact solution when the GIP model
reaches the extreme of the EIC model. As conjectured in [12], the local optima in the vicinity of
this particular solution are expected to provide sufficiently good values of the objective function.

From the current CDS method, two avenues for enhancing output quality emerge: (i) brute force,
where all node sets of size k are evaluated to select the optimal one, and (ii) random sampling, which
exhibits asymptotic global convergence if it samples densely enough. Two improvement strategies
inspired by those methods can hence be used in our context. Firstly, by expanding the neighborhood
definition, more points are searched within the feasible domain. If the neighborhood encompasses
the entire domain, we get back to the brute-force method. Secondly, the search process (steps 2, 3,
and 4 in Algorithm 2) can be restarted from other randomly generated unexplored points, mirroring
the logic of the search step. This strategy achieves asymptotic convergence to global minima, akin
to the random sampling approach.

4. NADS METHOD

In this section, we present the NaDS method, which takes advantage of the inherent structure of the
network to reduce the computational cost of the exploration strategy, thus speeding up the search
process in CDS.

In the context of direct search methods, a central challenge revolves around the selection of
an appropriate neighborhood, a crucial factor that significantly influences the way solution space
is explored. In the preceding section, we reviewed the CDS method, which employs a rather
straightforward search strategy. Specifically, it populates the neighborhood with all points located
at a specified L; distance, commonly set at 2. Moreover, the CDS method incorporates the graph
structure by utilizing Katz centrality to guide the initial point selection. However, these measures
do not adequately take into account the underlying graph structure. In this section, we introduce
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Figure 1. Simple example of how nodes are selected in CDS and NaDS. Given a set of activated nodes (in
blue), CDS selects potential swap nodes from all the remaining nodes of the graph (in green and orange),
while NaDS§ only considers the ones connected to the starting nodes (in orange).

a variation of CDS that directly exploits the network structure in the neighborhood construction
phase. We call the resulting algorithm Network-aware Direct Search (NaDS) method.

The proposed NaDS method deviates primarily from CDS in its trial point selection. This
new methodology aims to better leverage the underlying graph structure during neighborhood
construction. The core notion is centered around a more conservative selection of trial points,
emphasizing connections within the graph. The fundamental premise of the NaDS method is to
exclusively consider points that are interconnected through graph edges. Unlike the CDS inclusive
approach of exploring all points at a set L; distance, the NaDS method narrows down its focus to
only those points that are directly linked through edges in the graph. More specifically, in the main
poll step, NaDS filters the trial points through the set C, defined as follows:

Ce)={yecQBlyy=1=3jst.(ij) eEVz =1} (4.1)
Here, C(z) represents the set of points that can be constructed using only nodes that are either:

(i) already activeinz (ie.z; = 1),
(ii) connected to an active node in z (i.e. 3 j such that (i, j) € E).

Figure 1 provides an example that illustrates the differences in neighborhood construction
between CDS and NaDS.

The NaDS method operates within a more constrained neighborhood, leading to a reduction
in the number of function evaluations required at each iteration. Importantly, this reduction in
neighborhood size does not compromise the quality of the search. This is due to the fact that the
NaDS method hones in solely on the most significant and meaningful points within the solution
space.

This approach ensures a more focused exploration by considering points that are directly linked
in the graph rather than exhaustively covering a broader L; distance as done by the CDS method.
By deliberately selecting only interconnected points, the NaDS method strikes a balance between
the efficiency and depth of the search.

In Algorithm 3, we present the detailed scheme of the NaDS method. In general, we do not
start from a solution based on Katz centrality like CDS. In fact, our experiments showed that more
effective and faster heuristics can be used as starting points, depending on the graph’s characteristics
and size—for example, Single Discount and Simple Greedy—as demonstrated in Section S. Then,
at each iteration r, we start with an optional SEARCH step that suitably explores the points in the
mesh QB in order to possibly find a new iterate that improves the objective function value. If this is
the case, we directly switch to the Termination check; otherwise, we perform the POLL step.

In the first phase of the poll step, we explore the refined neighborhood defined in (4.1). This s the
core of the poll step, and as our tests empirically confirm, almost every improving point is found in
this phase. In case this phase cannot find an improving point, NaDS performs two additional POLL
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Algorithm 3 Network-aware Direct Search (NaDS) Method

1: Initialization: Set0 < (,5 < 1,d = 2, dpax > 1.Letz(0) € Q8 be asuitably chosen starting
point. Set iteration r = 0.

2: SEARCH step (optional): Evaluate s on a finite subset of trial points on the domain QF,
until a sufficiently improved point z is found, where so5(z) > (1 4 ¢)sos(z"), or all points
have been exhausted. If an improved point is found, then the SEARCH step may terminate, skip
the next POLL step and go directly to step 6.

3: POLL step (Phase 1): Evaluate sos on the set N(z”,d) N C(z")) C Q7P asin (22) with
distance d, until a sufficiently improved point zis found, where s(Q28) (z) > (1+¢)s(Q28) " ),
or all points have been exhausted. C(z")) is the set of points that are connected by an arc with
Z. If an improved point is found, then the POLL step may terminate, and go directly to step
6.

4: POLL step (Phase 2): Expand dynamically N(z"), d) N C(z") to N(z"", d). If an improved
point is found, then the POLL step may terminate, skip Phase 3, and go directly to step 6.

s: POLL step (Phase 3 - Optional): If d < d,,, then increase d.

6: Termination check: If an improvement is found, set 20+ as the improved solution, while
decreasing (" <— ¢ if a sufficient improvement has not been found, increment r <— r + 1, and
go to step 2. Otherwise, output the solution AL

step phases, which also ensure local convergence, as in the case of the CDS method. In the second
phase, the refined neighborhood (4.1) is dynamically expanded to match the L; neighborhood
defined in (3.6). We remark that in this phase, we set the distance d to the minimum, which is 2. The
third phase consists of expanding the aforementioned neighborhood by increasing the distance d. In
general, this third phase is optional due to the high computational cost it requires, but it is probably
useful in smaller networks.

Thelocal convergence of the NaDS method is guaranteed by construction since it operates within
aspecific neighborhood and will, therefore, find alocal minimum within that area. Precisely, we have

Theorem 4.1. Let {z} and {s¢} be the sequences of solutions and reference values generated
by NaDS. Then, the algorithm produces a d-local maximum for any fixed d in finite time.

Proof. Let {zi} and {si} be the sequences of solutions and reference values generated by
NaDS. Since zg is the output of NaDS, the POLL step phase ensures that every point z; in
the neighborhood N(zy, d) has been evaluated, and there is no point such that s; > s.
This guarantees that zj is a d-local maximum. To prove that NaDS produces the sequence
{z1} in finite time, we observe thatsy < s; < ... < si, which implies that NaDS does not
visit previously evaluated points twice. Furthermore, since the bounded domain Q8
contains a finite number of points, it follows that the sequence {2z} must also be finite.

d

S. NUMERICAL EXPERIMENTS

In this section, we evaluate the NaDS method through extensive experiments, showing its superior-
ity over existing approaches. Our results indeed show that NaDS consistently outperforms both the
CDS method introduced in [12] and classic heuristics across all tested networks, achieving higher
influence scores in 23 over 24 test cases. The network-aware neighborhood construction is partic-
ularly effective, reducing the search space by 35%-60%, while maintaining solution quality. The
method shows robust performance across diverse network structures and budget constraints, from
small collaboration networks to large social graphs. The following sections detail our experimental
setup on six real-world networks (Table 1) with budgets B € {5, 10, 15,20}, comparing against
five baseline methods while evaluating both influence spread and computational efficiency. We
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Table 1. Basic statistics for the real-world datasets, including the reference, number of nodes, and number
of edges for each dataset

Dataset Ref. No. of nodes No. of edges
Arxiv Astro [52] 18772 198 110
Arxiv Gr-Qc [52] 5242 14 496
Arxiv Hep-Ph [52] 12 008 118 521
Lastfm-Asia [53] 7624 27 806
email-Enron [54, 53] 36692 183 831
Facebook [56] 4039 88234

also conducted experiments on artificial graphs [57]; see Section A of the Appendix for a detailed
overview.

The complete code for the implementation of methods and experiments is available at
https://github.com/BergaS3/Network-aware-Direct-Search. We acknowledge the use of the open-
source libraries NetworkX [ 58], NumPy [59], SciPy [60], and Matplotlib [61] in the development
of our methods and experiments.

Given that greedy algorithms and heuristics are widely used for this problem, we also incorporate
several of these methods into our experiments. The objectives of these experiments are outlined
below:

(i) to compare the performance of NaDS$ against the CDS method and show that NaDS achieves
better results;

(ii) to illustrate that greedy methods are not suitable for every IM setting, and specifically,
demonstrate that these methods lack guarantees and yield worse results in our particular
setting;

(ili) to show that NaDS provides better and more reliable results compared to the best heuristics
available in the literature for the IM problem.

The six networks used for our experiments details are reported in Table 1. We selected net-
works from various applications of the IM problem, which include the science of science (Arxiv
Astro, Arxiv Gr-Qc, Arxiv Hep-Ph networks) and opinion dynamics (Lastfm-Asia, email-Enron,
Facebook). All the datasets were selected from the SNAP dataset [62]. Below we give a brief
description:

1. Arxiv Astro [52]: collaboration network from the e-print arXiv restricted to papers in the
Astro Physics category. Nodes represent authors, and edges indicate collaborations between
pairs of authors. The data covers papers in the period from January 1993 to April 2003.

2. Arxiv Gr-Qc [52]: collaboration network from the e-print arXiv restricted to papers in the
General Relativity and Quantum Cosmology category. Nodes represent authors, and edges
indicate collaborations between pairs of authors. The data covers papers in the period from
January 1993 to April 2003.

3. Arxiv Hep-Ph [52]: collaboration network from the e-print arXiv restricted to papers in
the High Energy Physics—Phenomenology category. Nodes represent authors, and edges
indicate collaborations between pairs of authors. The data covers papers in the period from
January 1993 to April 2003.

4. Lastfm-Asia [53]: social network from the LastFM music website. Nodes are LastFM users
from Asian countries and edges are mutual follower relationships between them. The dataset
was collected from the public API in March 2020.

S. email-Enron [54, 55]: communication network containing around half a million emails
generated by employees of the Enron Corporation. This data was originally made public, and
posted to the web, by the Federal Energy Regulatory Commission during its investigation.
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Nodes represent email addresses, and edges indicate email communication between pairs of
addresses.

6. Facebook [56]: social network consisting of “circles” (or “friends lists”) from Facebook.
The dataset was collected from survey participants using the Facebook app. Nodes represent
Facebook users, and edges are mutual follower relationships between them.

The methods considered in our experiments are:

e NaDS Method: the direct search method proposed in this paper;
e CDS Method [12]: the direct search method presented in Section 3.3;
e Other Non-Direct Search Methods:

- Single Discount (SD) [18]: a heuristic that selects nodes based on their centrality, adding
a penalty for those that are connected to other high-centrality nodes.

- Simple Greedy (SG) [10]: a classic greedy algorithm for IM, which iteratively selects
nodes to maximize the spread of influence. At each step, it evaluates the marginal gain in
influence spread for each candidate node and adds the node with the highest gain to the
seed set.

- Katz Centrality (KC) [12]: a heuristic that selects the nodes with the highest value of
Katz centrality score, a centrality measure that accounts for the number of paths from a
node to all others, weighted by path length.

- K-core Centrality (CC) [47]: a heuristic that selects nodes by their core number, defined
as the largest k-core in which the node is a member. A k-core refers to a maximal subgraph
where each node has a degree that is equal to or greater than k.

— Collective Influence (CI) [48]: a heuristic that selects nodes with the highest value of
Collective Influence, a centrality measure designed to identify nodes whose removal most
efficiently fragments the network. CI accounts for both a node’s local degree and the
degrees of nodes at the boundary of a ball of fixed radius.

We remark that classic methods and heuristics have a significantly lower computational cost,
albeit at the expense of solution quality, as demonstrated by the results presented below. Before
presenting the results, we define the settings for the GIP model used in our experiments. As shown
in Equation (3.11), the parameters ) and 6, fully define the behavior of the GIP model. We have
chosen the following values for our experiments:

e O = 2,i.e.itrequires at least 2 nodes to activate another node;
e O, = 50: which ensures variance in node behavior.

Using this setting, the first observation is that KC generally performs poorly compared to other
heuristics, both in terms of computation time and solution quality as we can see in Table 2.
Consequently, we decided to use the SD heuristic as a starting point for both CDS and NaDS. We
then conducted two sets of experiments on the six networks mentioned above, varying the budget
across four values: B =1, 10, 15, 20, which is connected with the complexity of the problem.

In the first set of experiments, we used the SD heuristic as the starting point for both methods.
Table 2 shows the best results achieved and the method that achieved them, in terms of cumulative
influence as defined in (3.1). This approach ensures that CDS and NaDS$ consistently achieve the
best solutions across all the methods considered. One of the strengths of the direct search approach
is its ability to be combined with heuristics to achieve better results, as demonstrated in this study.

In the second set of experiments, we aimed to test the robustness of CDS and NaDS. For each
network, we selected 10 pseudo-random feasible points to use as starting points for both direct
search approaches. These pseudo-random points were chosen to be similar to the SD solution: the
starting points were constructed by sampling B random nodes from the list of the top 4B nodes,
where B is the budget for the specific problem. This approach ensures that the starting points are
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Figure 2. Results of the second set of experiments where we compare the average relative gap over time
(with shaded standard deviation) of the NaDS and CDS methods, respectively, in solid and dashed lines.

random yet still possess a good value in terms of influence. Additionally, we used a time-stopping
condition for every problem, depending on the network size. For the larger networks, namely Arxiv
Astro and email-Enron, the time budget was 400 seconds multiplied by the budget B, while for the
other networks, it was 200 seconds multiplied by the budget B. In Fig. 2, we report the average
relative gap of the solutions of CDS and NaDS§, where the relative gap at time ¢ for a specific problem
is defined as:

g(t) = m_Ts(t) (5.1)

with s(t) the solution found at time ¢ by the method and m is the best solution found among all
methods.

Table 2 presents more detailed results from both sets of experiments and summarize the best
outcomes achieved by classic models and heuristics (namely SD, SG, KC, CC, and CI) as well as the
NaDS and CDS methods. For NaDS, we provide results from the first set of experiments, labeled
as NaDS (disc), where the method was initialized using the solution from SD. Additionally, results
from the second set of experiments, using 10 pseudo-random starting points, are included. For these,
we use the labels NaDS (mean) for the average results across a single problem and NaDS$ (best) for
the best result obtained. For more comprehensive results from the second set of experiments, we
refer to Section B of the Appendix.

Table 3 summarizes the observed time complexity across NaDS and CDS algorithms, revealing
that NaDS maintains a better scaling behavior than CDS while giving much better results in terms of
solution quality. Notably, while greedy heuristics show good time complexity in theory, their actual
cpu-time cost is much larger than our methods (and solution quality is not as good as NaDS). As for
the other heuristics, while they achieve faster computation times, our experiments reveal this often
comes at the cost of solution quality.

‘We can thus draw the following conclusions from the numerical experience we carried out. More
specifically,

1. Classic methods do not perform well in this setting. While the SD yields good results, it does
not guarantee success across all datasets. Notably, in this setting, the submodularity of the
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objective functions does not hold, which was a crucial assumption for the guarantees provided
by greedy methods. This implies that in this context, direct search methods have the upper
hand, consistently showing better results. As we can see in Table 2, all the best results were
achieved by direct search methods. In particular, NaDS achieved the best results for every
problem except one.

2. NaDS outperforms CDS in almost every dataset, both with SD and pseudo-random start. We
also observe that the performance difference increases with the complexity of the problems,
particularly represented by the budget B. This confirms that the improved neighborhood
formulation of NaDS scales well with the dimensions of the graphs. We note that in ev-
ery problem, except for one single case, NaDS achieves better results than CDS. Figure 2
highlights the improved computational efficiency of the NaDS method.

6. CONCLUSIONS

In this paper, we introduced NaDS§, a novel direct search method for solving the IM problem in
networks. The NaDS method leverages the structure of the network to enhance computational
efficiency and effectiveness in identifying influential nodes. Our approach integrates the GIP model
to better capture the dynamics of influence spread, providing a more robust and scalable solution
compared to traditional direct search methods.

Extensive numerical experiments demonstrate that NaDS outperforms many classic methods,
like, e.g. Single Discount [18] Simple Greedy (SG) [10], Katz Centrality [12], K-core Centrality
[47] and Collective Influence [48] in terms of quality of the solutions. In particular, in our GIP
setting, some of those heuristics, like, e.g. greedy algorithms, lose their theoretical guarantees,
especially those based on the submodularity of the objective function. This makes the use of
direct search methods a valuable approach in practice. So, while those classic methods have
proven successful in settings where the objective function exhibits submodularity [20], our work
highlights their limitations in those complex scenarios, where such properties may not hold. This
observation is consistent with recent critiques of heuristic methods in non-submodular settings [ 12,
22]. Furthermore, the superior performance of NaDS over the Customized Direct Search (CDS)
method [12] highlights the importance of incorporating network structure into the optimization
process. By refining the neighborhood definition to focus on graph-connected nodes, NaDS indeed
achieves significant gains in terms of computational efficiency and highly improved solution quality.
Our results thus complement recent efforts to unify propagation models [12], demonstrating that
tailored direct search methods work pretty well when considering more sophisticated diffusion
dynamics.

Future works will focus on refining the computational efficiency of the algorithmic framework,
as the implementation still has many possible improvements. The current implementation of NaDS
could indeed be optimized by, e.g. parallelizing the neighborhood evaluation phase, leveraging
modern multi-core architectures. This will likely allow for further experimentation and application
of the NaDS method to even larger networks, on the scale of hundreds of thousands or even millions
of nodes.

Additionally, an important extension to the IM problem can be made by considering higher-order
networks, i.e. hypergraphs and multilayer graphs. In particular, extending NaDS to hypergraphs
would require redefining the neighborhood to account for hyperedges, thus capturing the influence
of node groups; while adapting it to multilayer networks would involve integrating cross-layer
dependencies into the neighborhood formulation.

SUPPLEMENTARY DATA
Supplementary data is available at COMNET Journal online.
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