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Abstract

A robust fixed-lag smoothing approach is proposed in the case there is a
mismatch between the nominal model and the actual model. The resulting
robust smoother is characterized by a dynamic game between two players:
one player selects the least favorable model in a prescribed ambiguity set,
while the other player selects the fixed-lag smoother minimizing the smooth-
ing error with respect to least favorable model. We propose an efficient
implementation of the proposed smoother. Moreover, we characterize the
corresponding least favorable model over a finite time horizon. Finally, we
test the robust fixed-lag smoother in two examples. The first one regards a
target tracking problem, while the second one regards a parameter estimation
problem.

Keywords:  Robust fixed-lag smoothing; minimax problem; reduced order
smoothing; least favorable model.

1. Introduction

Fixed-lag smoothing aims to estimate the state of a dynamical system at
time ¢ using the observations in the interval [0,¢+ L —1] with L > 1. This al-
gorithm is fundamental in various applications, e.g. tracking and navigation
because it can handle online requirements, see [1, 2, 3]. Moreover, it can be
used in the expectation maximization (EM) algorithm to compute the max-
imum likelihood (ML) estimator of the unknown parameters characterizing
the matrices of a state space model, see e.g. [4, 5, 6]. Indeed, although the
EM algorithm is based on the Rauch-Tung-Striebel (RTS) smoother, [7], its
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estimate can be approximated by the one given by the fixed-lag smoother
provided that L is taken sufficiently large. However, in all the aforemen-
tioned applications, the actual model is typically known only imprecisely
that is only the nominal model is known. In this situation, these smoothers
could perform poorly.

Model uncertainty is traditionally addressed by risk sensitive filtering,
see e.g. [8,9, 10, 11, 12, 13] . Here, the robust estimator minimizes an
exponential loss function which severely penalizes large errors. These filters
can be also interpreted as the solution of a dynamic minimax game [14], see
also [15, 16, 17, 18]. Then, [19] proposed a robust estimator which solves
an incremental minimax game. At time ¢ the actual model belongs to the
ambiguity set which is a ball, in the Kullback-Leibler (KL) topology, about
the nominal model. In this way, the uncertainty is “spread” along the time
and not concentrated in specific time steps. Then, there are two players which
operate against. One player, say nature, selects the least favorable model in
this prescribed “ball”, and the other player designs the optimum estimator
for the least favorable model. It is worth noting that many extensions of this
paradigm have been proposed such as: the case with different ambiguity sets
20, 21, 22, 23]; the distributed case [24, 25]; the case with external input
[26]; the case of degenerate densities [27, 28].

In the literature, the robust smoothing problems mainly consider two
situations. In the first case, the noise distribution is known but it is not
necessarily Gaussian [29, 30, 31, 32, 33, 34, 35, 36, 37, 38|, for instance
the noise process is assumed to have a non-Gaussian distribution in order
to model outliers, temporary model uncertainties, missing observations or
sensor delays. Some of these robust paradigms are adaptive because the
parameters of the noises characterizing the state space model are inferred
from the collected data. In the second situation, the noise distribution is
not known but this process takes values in a bounded set, e.g. an ellipsoidal
set [39, 40]. However, there are relatively few studies on robust smoothing
problems which use the risk sensitive philosophy, see [41, 42].

In this paper, we propose a new robust fixed-lag smoothing problem where
the model uncertainty is expressed incrementally as in [19, 27]. Thus, at each
time step we have to solve a dynamic game between two players: the nature
which selects the least favorable model in the ambiguity set and the other
player which designs the optimal fixed-lag smoother according to the least
favorable model. The resulting smoother is characterized by matrices whose
dimension is proportional to the lag L. On the other hand, the typical value of



the lag is large. Accordingly, numerical instabilities and high computational
burden characterize the algorithm. In order to avoid those issues, we propose
an efficient implementation drawing inspiration from the reduced order fixed-
lag smoother proposed in [43]. Then, the corresponding least favorable model
over a finite simulation horizon is derived to evaluate the performance of the
smoother. Finally, we consider a target tracking problem and a parameter
estimation problem to test the performance of the robust fixed-lag smoother.

The outline of the paper is as follows. In Section 2, we introduce the prob-
lem formulation about robust fixed-lag smoothing. In Section 3 we derive
the robust fixed-lag smoother. The corresponding algorithm is then refor-
mulated in an efficient way to reduce the computational burden in Section
4. In Section 5, we derive the least favorable model corresponding to the
robust fixed-lag smoother. The numerical examples are provided in Section
6, which is devoted to the target tracking problem, and in Section 7, which is
devoted to the parameter estimation problem. Finally, in Section 8 we draw
the conclusions.

2. Problem Formulation

We consider the nominal state space model:

Ty1 = Axy + By (1)
v = Cxy+ Dy,
where A € R™" B € R™(m+n) ' ¢ R™*" and D € R™*(m+7) 1, is the
state vector, y; is the observation vector, and v; € R™*" is normalized white
Gaussian noise. Moreover, xg ~ N (Zg, Vp), with V5 > 0, which is indepen-
dent from v;. We also assume that BDT = 0, rank(B) = n and rank(D) = m.
In this way, the process noise, say w; := Bv;, and the measurement noise,
say v; := Duwy, are independent and their covariance matrices are BB' and
DDT, respectively. Fixed-lag smoothing aims to find an estimate of Z;_r 1
of zy_r+1 given Y; = {yo- -y} and L denotes the lag. It is well-known that
such a problem can be interpreted as a Kalman prediction problem corre-
sponding to the following nominal augmented state space model [43]:

§ie1 = {Ift + B;Ut
Y = th + D, (2)
Ti—L+1 = Hftﬂ



where 121 c R(L+1)n><(L+1)n, B c R(L+1)nx(m+n)’ Cv c RmX(LJrl)n’ D c Rmx(ern)
and H € R™(E+Dn are such that

o A0 -0 B

T |- I - 0 0] . 0
& = , A= : , B=

Te 0 I 0 0
C=[C 0 - 0],D=D,H=[00 - I].

Then, o

Tepyre = H
where ét—&—l is the one step-ahead predictor of &, given Y;. We define
z = [&1 v |T. Let ¢(2]&) be the transition probability density func-

tion of z; given & corresponding to the nominal model (2). Then, ¢;(z|&) ~
N (m,,, K,,) with

i BBET 0
m%—{é}ft’ KZf—{ 0 D[)T]

Notice that ¢;(2]¢;) is a degenerate probability density function because
BBT is singular and thus K, as well. More precisely, rank(K,) = n + m.
Accordingly, the support of ¢;(z|&;) is the n+m-dimensional affine subspace

At = {mzt + v, v € Im (Kzt)}

which depends on &. Then,
_ 1
O1(1l60) = [(2m)"m det® ()] 7 exp | =5 (= ma) T K (2 = may)

where K is the pseudo-inverse of K, and det™ (K,
of K,,.

The nominal model in (2) in the time horizon [0, N] is described by the
joint probability density

.) is the pseudo-determinant

N

fEne, Yn) = fo (&) [ ] ¢t (&) (3)

t=0



where

Expi =& - & o &
P P A |
fo(&) ~ N'(éo, Vo) with
502[?},%2{‘3)2]. (4)

In the above equations the star symbol means that it is an arbitrary vector
or matrix. Indeed, since xy is independent from z; with —L <t < 0, the
smoother does not depend on those parameters for ¢ > 0. Accordingly,
without loss of generality, we assume that Vj > 0.

In this paper, we consider the situation in which the actual model does
not coincide with the nominal one in (2). In particular, we assume that the
probability density of the actual model has a structure similar to the one in

(3): N
JZ(ENH,YN fo 50 H Zt’ft
t=0

where we assume that &t has the same support of ¢;. In this way, we can
measure the discrepancy between f and f through the KL-divergence:

f(Eni, V)
[ (Ens1, Yn)

where E [-] is the expected value operator with respect to the actual proba-
bility density f and Az x Ay is the support of f and f. It is worth noting
that the KL divergence is the natural metric to measure such a mismatch in
the case the nominal model is inferred from data, see [44]. It is not difficult

to see that N
=>" D (di91) (5)

Qgt (Zt|§t)
o (Zt|§t)
. gt 5 3 n Cgt (Zt|§t) -
B /A /A belalee) 7 (6] (qst (zt|§t)> dandls

5

D(fz, f2): / f(Eni1, Yy)In dYnd=n+1
= J Ay

where




where A, is the support of f,(&) which denotes the actual marginal density
of &.

Since the actual model is not known, we assume the latter belongs to the
ambiguity set which is a ball about f formed by placing an upper bound
on D( 1, f). However, this ambiguity set contains models which concentrate
the uncertainty in a unique time step, i.e. a situation which is unrealistic in
practice. On the other hand, in view of Equation (5), we can express such a
mismatch incrementally through ¢, and q~5t. Accordingly, we assume that qgt
given Y; 1 belongs to the following ambiguity set:

< Ct}

In &1 (21€)
o8 (Zt|ft)

Yia

Yia

B, = {gz;t st. E

In Qgt (Zt|§t)
0N (Zt|§t)
7 ; &t (Zt|ft)
= Y, i)In | ———= | dzd
/A " on (Zt|§t) i (§t| t—1)In <¢t (21&) 2y d&s,
and A, is the support of ft(gtm,l). It is worth noting that ¢; > 0, hereafter
called tolerance, is the mismodeling budget allowed at time step ¢. Our aim
is to address the following problem.

where

E

(6)

Problem 1. Design a fized-lag smoother with respect to the ambiguity set By
fort=0...N.

3. Robust smoothing

We propose a robust fixed-lag smoother of x; ., given Y; with respect
to B; solving the following minimax problem:

Li—L+1lt = Hé&

ét = argmin max Jt(ggta ) (7)
9t€G:  HtEB:

where

T g0) =5 [ (Ecer — g0 (90)) 71 Yic

1

25/ ||ﬁ (§er1 — 91 (Y1) ”2@;15 (2¢|&t) % J;t (&]Yio1) dzd&y,
Ay J A

6



G; denotes the class of estimators with finite second-order moments with
respect to all the densities ¢y (2|¢;) fi(&:|Y;—1) such that ¢, € B;. Notice that
¢, must satisfy the constraint:

L(¢) é/A . 1 (20/&0) fi (&]Yier) dzdéy = 1. (8)

It is worth noting that problems like (7) can be written as a risk-sensitive
problem, i.e. as a minimization problem where the standard quadratic cost
function is replaced by an exponential cost function, see [45] for more details.

Lemma 1. For a fized estimator g, € Gy, the density ¢, (z1|&) € By that
mazimizes the objective function

T 90) = B [I1H (€1 = g1 (w0)) I*1Yin

under constraint Dt(ét, o) < ¢ is given by

~ 1 1
0_ ox (_
O M, (On) P\ 2N,

o —a)|) o )

where My(\;) is the normalizing constant defined as follows:

= [ [ e (}Atuﬁf@m g () H?) b1 X Jy (6Yior) dzud,

Moreover, for ¢, > 0 sufficiently small, there exists a unique Ay > 0 such that

D(qgqubt) = Ct.

PRrROOF. The proof is similar to the one of [27, Lemma2]. O

Once we get the function &?, the estimator g; € G; minimizing the objec-
tive function J;(¢?, g;) is given by

ét+1 = 9? (ye) = E [€e41]Ye] = r §t+1ft+1 (Ee1|Y2) d€eqn

where

3 L{ &? (%’&)ft(ft‘}/tfl)dft
t t+11Yy) = = = 10
e (Gl fAt fA; OF (2]&) fr (&]Yio1) dépirdéy (10)

7



where A} is defined as follows: &, € Aj if and only if there exists at least
one y; for which [¢, v/ ]" € A;. The optimal estimator g solution to (7)
relies on the least-favorable density ¢ (z]&;). On the other hand, the latter
depends on the estimator g°. In order to break this deadlock problem, an
additional assumption is needed. More precisely, we assume that the a prior:
conditional density f,(&|Y;—1) is Gaussian f,(&|Vi—1) ~ N(&, V;). In view of
(2), the marginal density

fi (z]Yi) = ’ O (2)&) i (&]Yio1) d&

is Gaussian so that

ﬁ(zt|Yt—1) NN(mZtD/t—l?KZtD/t—l) (11)
where -
A ~
My, = |: C, :| fta
szl—{g‘}mm @T]+[g] (BT BT,

Then, on the basis of Lemma 1, we have that the least favorable density of
2 given Y, is

J (4l Vi) = /A & (216 F, (€lYio) de,

1 (12)

~ M, (\) P (QL)%HH (&ev1— g1 (1) HQ) fi (z]Yio1).

Accordingly, f; (z]Y;_1) is a Gaussian probability density.

Lemma 2. Consider the state space model (1) with rank(B) = n and rank(D) =
m. If V; > 0 then K.y, , >0, i.e. fi(%|Yi—1) is a non-degenerate density.
Moreover,

By = AVAT — AV,CT(CV,CT 4 DDT)ICVAT + BBT

1s positive definite.



PRrROOF. First, notice that the block in position (2,2) of K.}y, , is CV,CT +
DDT. The latter is positive definite because CV,CT + DDT > DDT > 0.
Accordingly, in order to prove that Ky, , > 0 it is sufficient to prove that
P,41, which is the Schur complement of the block (2,2) of K.,|v,_,, is positive
definite. Since V; is invertible we can rewrite Pt—i—l by using the Woodbury

formula:
By = AV 4+ T (DDTYICI AT + BB
Let v = [v; v2]T € R™*DE be such that v; € R™ and v, € R™. Notice that
v' P =v"A[V, P+ CT(DD")'C) P ATv + v/ BB Ty
and thus

v Pqv > v BB, (13)
v Pw >0 AV L+ CT(DDT) IO AT, (14)

Assume that v" Pyyv = 0. Since BBT > 0, by (13) we have that v; = 0.
Accordingly, the inequality in (14) for v; = 0 becomes

T Payw> [0 o] VAV, +ET(DDT) 1G] AT [ 0 ] .
2

Moreover, in view of the particular structure of A, we have that [0 v, |A =
[vg 0] =0 if and only if vy, = 0. Since [V,"'+CT(DDT)"'C]~! > 0, because
V, > 0, it follows that v, = 0 and thus v = 0. We proved that if UT]-f’tHv =0
then v =0, i.e. 15t+1 is positive definite. O

Finally, if f, (&|Y;_1) is Gaussian then, in view of (10), also fre1 (€1 |V2)
is Gaussian. Accordingly, the assumption that fo(§o) is Gaussian, implies
that f; (&|Yi—1) is Gaussian for any t.

Theorem 3. Consider the state space model (1) where we recall that rank(B) =
n and rank(D) = m. Let fi(&|Yi—1) ~ N (&, Vi) with Vi > 0. Then, the esti-
mator

9? (ye) = Aét + ét(yt - éét) (15)
with



solves Problem (7). The nominal error covariance of &1 given y; is
B = AV,AT — GCV,CT + DDT)GT + BBT
and the perturbed error covariance of &1 given Yy is
Fios = (B — AT

If we denote r(P) as the largest eigenvalue of P, then the Lagrange multiplier
N >r(HP 1 HT) is unique and such that

1 . o
T =3 [tr ((1 CNATHBL)T - 1) + Indet(I — )\t‘lHTHPtH)] .

. (16)
Finally, the least favorable density fP(2|Y;_1) corresponding to the solution
of (7) is a non-degenerate Gaussian density.

PROOF. As we already noticed, fy(z|Y;—1) is Gaussian, and in view of Lemma
2, non-degenerate. Accordingly, in view of (12), f; (z|Y;—1) is Gaussian and
non-degenerate. Let

fi zlYiot) ~ N (v o Koy o)
with

Mgy 1]Yioq :|
~ b

MY = |: g, |y,
Y1

and

K

ye€er1]Ye—1 Kyt\YtA

In view of (11) and (12), the conditional KL-divergence in (6) admits the
closed-form expression

K—Zt‘y;f—l — [ {(gt+l|Yt71 K§3+lyt‘yt—l :| .

E [In(6/60)Yia] = B [n(fe/ F) Vi
1

=3 {||Am||§{zjn_l +r(Ky, Key,, — 1) —Indet(K L, K.y, )

] (17)

where
Am = M| Yier — M| Yoy

10



Therefore, we can rewrite the minimax game (7) with respect to fi (z|Yis1)
and fi(z]Yi—1):

(g2, f2) = arg min max J;(f;, g;)
9t€Gt ftEB:

where

B, = {Fal¥imn) st E [In(fi/FIYims] < i}

G, is the set of estimators with finite second order moments with respect to
all the densities f; € B; and

1

IFeg) =5 [ M = gV | x o (al¥ior) da

Next, we prove that fO and ¢? are such that

Ji(feo92) < T(f.09) < T, 90), (18)

where f0 (z|Yi_1) ~ N (1m? th\thl) with

z¢|Yi—1?

0
mzt|Yt—1 =My, 15
0 — |: K§t+1|Yt71 K£t+1yt\YL1 :| ) (19>

2t Yi—1
ye€er1]Ye—1 Kytmfl

Since fto is Gaussian, the optimal estimator satisfying the second inequality
in (18) is (15). Then, it remains to prove that the least favorable density f;

is such that (19) holds.
It is not difficult to see that

. 1 I L . .
To(fir %) :§tr{[ T 1 ATH [1 —Gt] x <K2t‘yt71 +AmAmT>}.
Rl
(20)
Then, based on the parametric structure of the KL divergence in (17) and
the objective function in (20), we consider the corresponding Lagrangian as

11



a function of m.,y,_, and f(ztm_l as follows:
‘C<mzt|Yt—17 KleYt—N )‘t)
:J(mZ|Yt—17 f(zt\yt—l) + >‘t (Ct - E[ln(ﬂ/ﬁﬂﬁ—l])

:ltr{{ L ]F[Tﬁ[l ~ G| (i, + AmaAm )}

2" -ar
—%A m KoL Am— Az tr(Kpy, ﬁztm_lH%tr(U
%Indet(KZtY 1K2t|yt )+ e
:)\tct%—%tr(l) Ay ndet(K_ L, Ky, )
+ %tr(W()\t)KZtml) + 5AmTW(At)Am

where

I L N
W()‘t) = |: _é;r :| HTH [ I _Gt } )\t Zt|Yt 1
The first variation and the second variation of £ with respect to m.,y,_, are,

respectively,

5£(m2’t\Yt 19 KZt|Yt717 >‘t; 5mzt|Yt71)

5m W (A)Am + AmTW()\t)MNnZtm_l,

2¢|Yi—1

2 : ~ _SP ~
0 ‘C(mZHthl? KZt‘K&—l? )‘tv 5m2t\thl> 6mzt|3/t71> - 5mzt|}/tle(>\t>5mzt|}/t71

so that §2£ < 0, for any m.,)y, , # 0 if and only if W ()\;) < 0, which means
L is strictly concave if and only if W ()\;) is negative definite. Next, we find
the condition on X, for which W()\;) < 0. We denote M = H[I —G,]O.,,
where K1y, , = 0,,0], so that

zZt)

MMT=H[1I —ét}OztO;[ éTlﬁ[T
Mt
=H <K§t+1|Yt71 - K§t+1yz|Yt 1K7 Kyt§t+1|Yt71> qT = I:Ipt—i-l[:IT'

ye|Yic1
Therefore,



and it is congruent to W()\;) = MM — X, which means W(\;) < 0 if
and only if W ();) < 0, meanwhile, it is not difficult to see that r(M ™M) =
r(MMT) = r(HP 1 H'"). Hence, W()\;) < 0 as long as the Lagrange mul-
tiplier \; > r(HP,;,H"). In such a situation the minimum is such that
Am = 0, which implies

mgtl)Q,l = Mz Y1~ (21)
The first variation and the second variation of £ with respect to f(zl‘y;Fl are,
respectively,

6L(mzt|%_17 KZ,:‘Y}_17 At? 5‘[~(Zt|§/t—l>
1 - -~ ~
= 5 tr {AtK;ﬂn715K2z|K71 + W()\t)(SKzt|yt71}

and ) . . -
J L(mzt|Yt—17 Kzt|Yt—1’ )‘t; 6Kzt|Yt—17 5Kzt\Yt—1)

1 - ~
= _5)\1‘/ tI‘ {(K’;llmilaKZtlnfl)Q} < O

Accordingly, £ is strictly concave in f(zdyH. Thus, the minimum point
KO

v, 18 given by imposing the stationarity condition

5L(77N%Zt|yt_1, KO /\tQ 5Kzt|Yz—1) =0.

z¢|Yi—12

The latter implies that such a point is

- 1 I Y -
0,-1 _ g— T
Koy =Koy,  — 5 { e } H'H[T -G, ]. (22)

Notice that the block upper diagonal lower (UDL) form of K.y, , is

[ G [Py O I 0
e U | A 1 P
and its inverse admits the following UDL decomposition
I 0][P3L O I -G
-1 3 t+1 t
R o R | A

Therefore, substituting Equation (24) in Equation (22), we have

o1 _ | L O)[PA-N'H'H 0 I -G,
zt|Yim1 _G;r I 0 K_l 0 I )

yt|Yio1

13



so that

0 e Virn 0 I 0
KZthl_{o I 0 Ky, Gl I (25)

‘7t+1 = (ptjrll - )‘tilﬁTﬁyl
Then, let v(\) := E[ln(ft /folYi_1]. By taking into account (17) and using
3) an

Equations (21), (2 d (25), we obtain (16). The first derivative of v(\;)
1s

where

87()‘t§5/\t) _/\t_2
on 2
) HTHP (1~ (1= A\ BT P ™)

-2

A o .
==t [(1 CNYHTHEL)CHTHP,,

tr [(1 S NHTHT B

<1 = N HTHP) (= N T Pra) = 1)
PV S~ S~
= -2t (1= N BT B P) BT P ) <0,

Therefore, v(A;) is strictly monotone decreasing. Moreover, it is not difficult
to see that

lim y(A\;) =0, lim_ vy(\) =400 (26)

At—00 A—7(Q)
where r(Q) = r(HP 1 H ). As a consequence, there exists a unique La-
grangian multiplier \; > 7(Q) > 0 such that D(f, f) = ¢;. The fact that
[P (2|Y;-1) is non-degenerate follows from the fact that KO, > K.y, , >
0. O

Corollary 1. Consider the state space model (1) where we recall: rank(B) =
n, rank(D) = m and & ~ N (&, Vo) with Vy > 0. Then, f%(z|Y,_1) is non-
degenerate for any t > 0.

PrOOF. We prove the claim by induction. Let ft(ft\Yt 1) ~ (ét, V;) with
V; > 0. By Theorem 3 we have that f°(z]Y;_ 1) is Gaussian non-degenerate
and Vi1 > 0. From, ft(zt|Yt 1) we have that ft+1(§t+1|Yt) (£t+1,Vt+1)
which is non-degenerate. Finally, at the initial time ¢ = 0, we have fo(&|Y_1) :=

fo(&0) ~ N (&, Vi) and Vj is positive definite by assumption. O

14



The resulting robust fixed-lag smoother is outlined in Algorithm 1 where
0, == \; ' is the risk sensitivity parameter and

. 1 e e
WP, 0) = 5 (e (1= 0T HP) ™ = 1) + Indet(I — 0,07 HPy)|
(27)

Algorithm 1 Robust fixed-lag smoother with lag L

Input: yo...yn, &0, Vo, &
Output: #;_; 1, t=L—-1...N
1: fort=0: N do
2 Gt AVtCT(C’VtCT + DDT)
3 €1 = A& + Gily: — o)
4: Ty = Hft+1
5. Pyy=AV,AT —G(CV,CT + DDT)G] + BB
6:
7
8

Find 6, s.t. 7(Pt+1, 0:) = ct
Vigr = (P — 0, HTH)™

- end for

Finally, in the case that ¢; = 0, i.e. the nominal model coincides with the
actual one, it is not difficult to see that 6, = 0 that is we obtain the standard
fixed-lag smoother.

Remark 1. In the presence of a deterministic input u;, then it is possible
to derive the corresponding robust fixed-lag smoother by using arguments
similar to the ones in [26]. For instance, if the input acts only in the state
equation, i.e. we have Typ1 = Aa:t+th+ut, then Step 3 in Algorithm 1 is sub-
stituted with &1 = A&+Gy(y—CE&)+wy, where w, = [w] wl ;. ..ul ;1]

4. Efficient implementation

Algorithm 1 is not numerically robust and efficient in terms of compu-
tational burden. Since the dimension of P, and V, is proportional to L,
which is typically large, their inversion is time consuming and not accurate.
Accordingly, there is the need to develop an efficient strategy which avoids
those matrix inversions as it has been done in [43] for the standard fixed-lag
smoother. The efficient procedure for our robust smoother is outlined in Al-
gorithm 2. Next, we explain how to derive the salient steps. In what follows
we always refer to the steps of Algorithm 2 if not specified.

15



First, we rewrite the risk-sensitive Riccati iteration in Step 5 of Algorithm
1 as:

L,=V,CT(CV,CT + DD")™! (28)
Py = (I = LOY (29)
Pt-l—l - AEHAT + BBT (30)

where ]-Z’t‘t = RE[(& — ét\t)(ft — éﬂt)T] and éﬂt is the estimator of & given Y.
Then, we parameterize V; and L, in blocks of n X n matrices as follows:

Ve (VHT e (V)T e (VAT
|/ AR 7 LR (A N
S I T S :
' ViVt v (T
_VtL VtL,l VtL,k VtL,L |
~ . T
Ly=[ (L))" (LH" - @&HT - THT] .

With some abuse of notation: V; is also denoted by V;O’O; V/ is also denoted
by V7. Substituting the above parametrizations in (28), we obtain Steps 3,
7. In regard to the initial conditions: we only need z, and 1}, we set Voj =0
and Voj’k > 0, with j, k > 1, are set arbitrary such that V > 0, see (4). Using
a parametrization for Py, and Py, as the one for V;: from (29) and (30) we
obtain Steps 4, 6, 9 and Steps 13, 15, 17, respectively. Regarding Step 12,
recall that from Step 3 in Algorithm 1 we have

ét+1 = Aét + ét(yt - éét)a (31)

where G, = AL,. Notice that ft is the predictor of & given Y; 1, and it
can be partitioned as & = [(:i'?lt_l)T (i'tl|t_1)T (i{“_l)T (JActth_l)T]T
where 'C%Z|t71 = Zy_jjt-1,J = 0. Substituting the definitions of 151, C’, I~,t
in (31) we obtain Step 12. It remains to find an efficient way to find the
risk sensitivity parameter ¢;. Indeed, in order to evaluate v(ptﬂ, -) for a
specific # in Step 6 of Algorithm 1, we have to perform the inversion and the
eigenvalue decomposition of a matrix whose dimension is proportional to L.
The next result shows that it is possible to find 6; by considering a function
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which requires to perform the inversion and the eigenvalue decomposition of
matrices of dimension n X n, see Step 20. In this way, 6; can be computed
in a numerically robust way in the case that L is large.

Proposition 1. Consider y defined in (27). Then, 6, is the unique solution

to ¥(Pys1,0:) = c; if and only if 0, is the unique solution to F(PY,0;) = ¢
where

S(PEL6) = — 5 {or [PEAPEE 0]
+Indet [1 pPLE(PEE — 0,1) }} .
PROOF. First, notice that P, H' = P/y}. Thus, condition
0, <r(HP 4 H")™
is equivalent to 0; < r(P51)~!. By (27), we know

1P, B0) = 5 [6r(K0) + In det(K)] (32)

where o o
Ki=I—-0H HP ) ' ~1, Ky=I1—-0H HP,,.

Then,

tr(K,) = { [( L0, H)PHI] _1} —(L+1)n

tr | P2 (PLh — Ht]:]T]:I)_l} —(L+1)n

Il
—+

r{ P2 [Pt = P BT x (AP HT =67 1) H P |} = (L4 1)n
tr{ [~ (AP H — 0\ D) AR HT ]}_n
tr(Ft+1Pt€rf) (33)

where I'ysq == P25 — 0,711, and we exploited the Woodbury matrix identity.
+ t+1)t t
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Then,
Indet (/) = In det [(1%;5 - etﬁﬂﬁ)ﬁtﬂ}
~Indet | B4 (P - 0,41 H)™|
= —Indet [157;11<Pt+1 - ]5t+1]5[TF;+11ﬁ[]5t+1)]
—Indet(I — H' T, HP,,,)
—Indet(I — HP H'T. )
= —Indet(/ — Ptﬁ-lLFt—H) (34)

where we exploited the fact that det(/,,+AB) = det(/,+BA) and A € R™*"
B € R™™, Substituting (33) and (34) in (32), we get the claim. O

Using the Woodbury formula, we have
Vi = (P3y - 0.HTH)™!
= Pt+1 - Pt+1HTFt+1HTPt+1

and using the parametrization of ‘775+1 and P,y in terms foi and Ptjfl, we
obtain Steps 21, 22, 24, 26. Finally, Step 31 is derived as follows. The
estimate of &1 given Y, is obtained by the update step of the standard
Kalman filter:

ét+1|t+1 = Aéﬂt + Et—&—l(yt—i—l - C(/Zlét\t)- (35)
Notice that ét‘t can be partitioned as
Sge = [(@5)7 @) " - (@)7 - (@)

where :E'{‘t = &y_jj, j > 0. Substituting the definitions of A, C, Ly in (35), we
obtain

B = By + Ll (e — CAZyy), j >0, (36)

Note that when 5 = 0, JCW t|t

Equation (29), it is not difficult to see (the derivation is the same of the one
in [43])

= I, = fft-ﬁ-l‘t = Aj:t‘t' In addition, from

Li+1 VtzrlcT(CVtCT + DDt = V}ilv;sﬁLtH, Jj=0
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where L), ; = Ly41 and while V%, = V4. Substituting the latter in (36) we
have

A

j _
Tep1ft+1 =

from which Step 31 can be established.

:ﬁiﬁl + V2 Vi Lo (e — CAdyy). (37)

Algorithm 2 Robust efficient version
Input: yo...yn, Zo, Vo, ¢t

Output: &;_r4is,t=L—-1...N

1: Set Voj’]C =0 for j # k, Voj’j positive definite for j > 0
2: fort=0:N do

3 Li =V;CT(CV;CT + DDT)~1
4 Py = VeI = CTL{);

) for j =1:L do

6: P, =V/(I-CTL{);
7

8

9

L =Vv)CcT(cviCT + R)~Y
for k=1:L do )
: Pyl =Vt —vioT T

10: end for

11: end for

12: Ti41 = Az + ALt(yt — Cit);

13: Piy1 = AP, AT + BBT;

14: for j=1:L do

15: Pl = Pg‘;lAT;

16: fork_:kl:L_dcik .
. g,k _ pi—1,k=1,

17: P = Pt\t ’

18: end for

19: end for
20: Find 6; s.t. "y(PtI_’F’lL,Gt) =cy;
21: Ty =PET - 070,

t+1

. -1
22: Vivr = P11 — (PtLJr1)TFt+1PtL+1§
23: for j =1:L do

. j j L,j -1 .
24: th+1 = Ptj+l - (Pt+{)TFt+1PtL+17
25: fork:kl:Lc}co . .

. i,k _ pd, \J -1 k.
26: th+1 = Ptj+1 - (Pt+{)TFt+1Pt+l7
27: end for
28: end for
29: end for

30: fort=L—1:N do

t
. - j+L—t—1y,—1 N
Tp—L41ft = Tt—L+1 +Z V; Vi L (y; — Cy)
j=t—L+1

31:

32: end for

Computational complexity. We perform the asymptotic analysis of
the computational complexity, understood as the number of floating point
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Computational Time/s

Figure 1: Computational time of ARFLS (corresponding to the red part) and RFLS
(corresponding to the green part).

operations (flops) by using big O notation, of the efficient version of the
robust fixed-lag smoother (RFLS), i.e. Algorithm 2, versus the one of the
augmented robust fixed-lag smoother (ARFLS), i.e. Algorithm 1.

First, referring to ARFLS, Steps 2-5 have the same complexity of the
standard Kalman predictor, that is:

O(n*(L +1)*) + O(mn*(L + 1)) + Q(m*n(L + 1)) + O(m?).

Here, it is worth noting that Q = BBT and R = DD are computed of-
fline. Then, in regard to Step 6, the complexity to evaluate v(Py,6;) is
O(n?(L + 1)3), see [46, Section 13.1 and 13.4]. Then, the computation of
0, € (0,7(Pry1)7") is accomplished by a bisection method, see Algorithm 2
in [47]. Since at each step we spend constant time to reduce the problem to
an instance half its size [46, Section 4.10.2], the complexity of Step 6 is

O(n*(L + 1)*log,y(r(Pi1) " /2))

where € > 0 is the selected accuracy, i.e. the solution found satisfies the
condition |y(P1,6;) — ¢i| < e. Step 7 has complexity O(n®(L + 1)%). Thus,
the computational complexity of Algorithm 1 is:
O(n*(L +1)*) + O(mn*(L +1)*) + Q(m*n(L + 1)) + O(m?)
+O0(n* (L + 1)’logy(r(Prs1) ' f2)).
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Accordingly, the complexity of Algorithm 1 with respect to the instance L is
O(L3).

Referring to RFLS, the total complexity of Steps 3-4, 12-13 and 21-22 is
O(n?) + O(mn?*) + Q(m?n) + O(m?). Then, the complexity of Steps 5-11 is
O(n*L) + O(mn?L?*) + Q(m*nL?) + O(Lm?); the complexity of Steps 14-19
is O(n?L); the complexity of Steps 23-28 is O(n*L?). Next, Step 20 has the
complexity of O(n?log,(r(P/1)~!/¢)); it is worth noting thay in Step 20 the
computation of ¢, is done by using the same bisection method of Step 6 in
Algorithm 1: the difference is the dimension of matrices P.. 1, of dimension
n(L 4+ 1), and Pfjr’f , of dimension n. Finally, Step 31 has the complexity of

O(mn*L)+ O(n®L). Hence, the computational complexity of Algorithm 2 is:
O(n’L?) + O(mn®L?) + Q(m*nL?) + O(m*L) + O(n’logy(r(P 1) ' /¢)).

Thus, the complexity of Algorithm 2 with respect to the instance L is O(L?).
We conclude that Algorithm 2 is computationally more efficient than Algo-
rithm 1 and this advantage will become more pronounced as L grows.

Finally, we also analyze the computational time with respect to the lag
L through a Monte Carlo study. In the latter, the lag ranges from L = 3 up
to L = 50. Each case is composed by 100 trials. In each trial, the matrices
A, B,C,D of Model (1) with n = 2 and m = 1 are randomly generated
as follows. Each entry is drawn according to a uniform distribution in the
interval [0,1]. Then, matrix A is rescaled in such a way that its maximum
eigenvalue (in modulus) is equal to 0.95. Then, an output sequence Yy with
N = 500 is generated. Fig. 1 shows the average value of the computational
time over 100 trials required by RFLS and ARFLS with ¢, = 1073 to estimate
the state trajectory from Yy. The results were obtained using a Huawei
MateBook X Pro Laptop with Intel Core 15-8250U CPU and 8GB RAM. The
dashed lines defines the corresponding confidence intervals (with level 0.95).
It is possible to note that the computational time of these two algorithms
grows polynomially. As expected, the growth rate of RFLS is much smaller
than the one of ARFLS, i.e. RFLS drastically reduces the computational
time.

5. Least-Favorable Model

In order to evaluate the performance of the robust fixed-lag smoother, we
need to construct its least favorable model solution to (7). The latter can be
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characterized over a finite time interval [0, 7] by using arguments similar to
the ones in [27, Section V|. More precisely, the least favorable model takes

the form - ~
M1 = A + Biey

_ _ 38
yr = Comp + Diey (38)
where 7, = [& €] ]T. Moreover,
1. A BS, o
1o A-GC+(B-G.D)S,
- B (39)
Be { B—GiD } L.

The matrices above are computed through the backward recursion illustrated
in Algorithm 3.

Algorithm 3 Backward recursion

Input: éo GN, Oy ...0N, valﬂ
Output At,Bt,Ct,Dt,t— 0...N

3 W;H =0+ GtHTH

4 KUt = ([ (B Gt )TWtJrl(B Gt ))

5: S, = K,,(B—G.D )TWtH(A G,0)

6: Compute L; such that K,, = L,L;

7 Compute Ay, Bt, C,, D, as in (39)

g  O'=(A-GCO)W(A-GC)+ STKLS,
9: end for

It is worth noting that (38) is the least favorable model corresponding to
the augmented state &. It is then natural to wonder whether such a least
favorable model reduces to a least favorable model corresponding to the state
x;. The answer is affirmative. This justifies why in the minimax problem (7)
we did not need to impose that ¢;(z|z;) preserve the same structure of the
augmented state space model in (2). Substituting A4;, By, Cy, D; in (38), we
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obtain N .
Eev1 = A& + B(Sié: + Lyer)

Y = éft + D(Stét + Li€;)

which is the augmented state space of the least favorable model

Tir1 = Al’t + B(Stét + LtEt)

o (40)
Y = Cl‘t + D(Stet + LtEt).

Finally, consider a fixed-lag smoother of the form
I L—t+j A
Ty L1t = =% 4t Z G; (s — CQ?;)
j=t—L+1

where Gij , with 0 < 7 < L, are the arbitrary gains of a fixed-lag smoothing
algorithm. It is not difficult to see that we can rewrite such a smoother as
ﬁ:;fL+1|t = H¢ , where

€t+1 :Aé ‘l’G/( éé;)
— (@ ..o@nT]

To evaluate its performance under the least favorable model in (40), we define
the corresponding smoothing error e;_; | = &y_r11 —2,_; e Then it is not
difficult to see that e;_; , is zero mean and with covariance matrix

1:It-i-l = F[ﬁt-&-lg—r

where: IT,4 is the (L 4 1)n x (L + 1)n submatrix of I, in position (1, 1);
IT;,, is the solution to the Lyapunov equation

- (4§ (3= §]e)
(=[]0 (- [§]2)

with initial condition Il = 15, ® ffo and 15 is the 2 x 2 matrix whose entries
are equal to one.
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6. Robust Target Tracking

We compare the performance of the robust and standard fixed-lag smoothers
in a maneuvering target tracking problem where model uncertainty is present.
More precisely, we consider as nominal model the second-order Singer model

with an exponentially autocorrelated noise, see [31, 48, 49]. The state vector

is defined as z := [pl*, vl plon, vl"”]T where p'® and v'® denote the target

position and velocity along the latitudinal direction, respectively; p" and
v'°" denote the target position and velocity along the longitudinal direction,
respectively. This model can be written as (1) with

T
1
A= 0
0

(e e R s R
o~ oo
—_Ho o

where T' = 0.01 denotes the sampling period; B is such that BBT = ) and

T3/3 T2/2 0 0

T2/2 T 0 0
0 0 T3/3 T?/2
0 0 T2 T

Q = 2a0?,

where we assume that 02 = 5 and 1/a = 0.5 which are the instantaneous
variance of the velocity and the time constant of the target velocity autocor-
relation, respectively. Moreover,

1000 .
O‘{00101’ DD =1,

and the output g; denotes the noisy position measurements along the two
directions. Finally, xy is Gaussian distributed with zero mean and covariance
matrix Vy = diag(50, 5,50, 5).

In practice, the nominal model above does not coincide with the actual
one (e.g. the nominal parameters a and o2 are typically imprecise). In
what follows, we assume that the actual model belongs to the ambiguity set
B;. More precisely, we consider two scenarios: the first one considers the
ambiguity set with ¢, = 1073, while the second one with ¢, = 5-1073, i.e. the

latter is larger than the former. We compare the proposed robust fixed-lag
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smoother, denoted by RFLS, and the standard fixed-lag smoother, denoted
by FLS, both with L = 20.

Fig. 2(a) shows the variances of the smoothing error under the least
favorable model in the first ambiguity set with ¢; = 1072, while Fig. 2(b)
shows the variances of the smoothing error under the least favorable model
in the second ambiguity set with ¢, = 5-1073. It is possible to see that RFLS
outperforms FLS. It is also worth noting that the higher ¢, is, the more RFLS
outperforms FLS.

FLS
RFLS |7

50 100 150 200 250 300 350 400 450 50 100 150 200 250 300 350 400 450

t t

(a) Ambiguity set with ¢ = 1073 (b) Ambiguity set with ¢ =5-1073

Figure 2: Scalar variances of the smoothing error for RFLS and FLS under the least
favorable models in the different ambiguity sets.

9 2 T T
8 RFLS
= g 0 Target trajectory | |
L7 3
g} =
ISE O
o] L o2
5 £
= s kS
I =
g g
T 3 <
= Z s
o0 2 o0
g g
1 —FLS
— ——RFLS = 8
0 Target trajectory | {
1 . . . . . 10 . ‘ . . .
-0.5 0 0.5 1 15 2 25 -2 -1 0 1 2 3 4
Latitudinal direction Latitudinal direction
(a) Ambiguity set with ¢ = 1073 (b) Ambiguity set with ¢ =5-1073

Figure 3: Trajectories generated by the least favorable models in the different ambiguity
sets (black line) and the estimated trajectories with RFLS (blue line) and FLS (red line).
The cross denotes the endpoint of the target trajectory.
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RFLS FLS RFLS FLS
ct=10"3 | ¢t =10"3 | ¢, =5-1073 | ¢, =5-1073
RMSE;,: | 0.2918 | 0.4093 0.4962 0.6112
RMSE;,, | 0.2891 | 0.3280 0.4804 0.6115

Table 1: RMSE along the latitudinal direction and longitudinal direction.

In what follows, we consider a sample Yy = {yo,y1 ... yn} with N = 500
generated by the least favorable model (40) in the first ambiguity set with
¢ = 1073 and & = 0. Fig. 3(a) shows the target trajectory (black line)
and the ones estimated with RFLS (blue line) and FLS (red line). We also
perform the same experiment using the least favorable model in the second
ambiguity set with ¢, = 5 x 1073. Moreover, we quantify the performance of
the smoothers in these two experiments through the root mean-square error
(RMSE) along the latitudinal direction and longitudinal direction

1 .
RMSE,,; = \ N Z (péat _ pfgat)2,

N
1
RMSElon = N Z (plleon - ﬁéan)2

t=1

whose values are displayed in Table 1. As expected, RFLS better reduces
the influence of the modeling error on the estimation accuracy than others.

7. Robust parameter estimation

Consider the following state space model

M(a) : 2441 = Ala)xy + B(a)t, (41)

Y = C(a)zy + D(a) 0y
where 2o ~ N (i, Vo), O ~ N(0, Ry), i.e. ¥ is a nonstationary process, and
the matrices A(a), B(«a), C(a) and D(«) are parameterized by a. In many
practical applications, « is not known and needs to be estimated from the
observed data Yy = {vo,¥1...yn}. In plain words, the latter is a system
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identification problem where the model class is M = {M(a),a € ©} and ©
is the parameter space. A well established paradigm to find « is the maximum
likelihood (ML) principle. However, it is usually difficult to find an explicit
expression of the ML function under Model (41). Such a problem is typically
addressed by using the expectation-maximization (EM) algorithm, see [6,
Algorithm 12.3], which computes a lower bound of the ML function through
the iterative scheme:

e Set up an initial guess a’;

e Forn=20,1,...:

e E-step: compute
Q(a, ") 3=/fa"(XN+1|YN)10gfa(YN,XN+1)dXN+1

e M-step: compute o™ = arg max, Q(a, ™)

where fa(YN, Xny1) is the joint density of Yy = {yo, 41 ...,yn} and Xy,q =
{zo,x1,...,2Ny41} under M(oz). In most cases, however, the covariance ma-
trix R, of the noise process v; is not known and it is also time-varying. Such a
matrix is typically designed empirically. However, this would require to have
the possibility to make more experiments on the system, i.e. a requirement
that is not always met. Alternatively, we can select a nominal covariance
matrix for the noise process using some a priori knowledge. However, this
causes the nominal model to be inconsistent with the actual one and thus
the reliability of the estimate of o will be compromised.

A possible way to address this model uncertainty is to understand (41) as
the least favorable model (40) where 0 is equal to S,é,+ Lye,. More precisely,
assume that we want to estimate o only knowing the nominal state space
model M, i.e.

M(a) : x4 = Al)z + Ba)vy
yr = C(a)xy + D(a)vy

where v; is normalized WGN, in particular it is a stationary process. It is
worth noting that the least favorable model in (41) does not belong to M.
Notice that, it is not restrictive to assume that the covariance matrix of v, is
equal to the identity. Indeed, in the case its covariance matrix is R, then we

(42)
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can always take B(a) = B(a)RY? and D(a) = D~(oz)R1/2. Then, the least
favorable model, solution to (7), is (41) with 0, = S;é; + L.e;. Hence,

0

Ry=5[0 In]Ht[I

] SE+ L,LT.

At this point we can use the density, say fgn (Xn+1, Yn), of the least favorable
model in order to compute the lower bound Q(«, @™). On the other hand, an
approximation of the moments of fgn required in Q(«, a™) can be constructed
by the robust fixed-lag smoother of Algorithms 2 and 3 leading to

N-1

Qa, ") —% Z log |27 B(a) R, B ()]

t=0

—C()dT, — ®5,C7 () + C()®1,C7 ()] }
where

Py = ﬁtLJrLL—1 + ft+1|t+L—1ftT+1\t+L—1,

Py = (ﬁtﬁ%:ll)T + fft+1\t+L—156£t+Lf17

(I)?nt = I_ItL-s—LL—l + ftItJrLfljZ\ﬂt-yL—la

@4,t = yt+1ytT+1, CI)5,t = Z/t+1~’i’tT+1\t+Lf1a
and ﬁ{’k is the n x n block in position (j, k) of II,. Then, et r—15 Te—1jt4L-1
and y; are given by Algorithm 2. Clearly, such an approximation is legitimate

if the lag L is chosen big enough.
Next, we show a numerical example. We consider the problem to estimate
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Figure 4: Estimation error for EM, EM-FL and REM in the Monte Carlo experiment.

the parameter a = [y az] using the nominal model class (42) with

a1 o001 0 o0
A(a)_{o az}’ B_{ 0 045 0}
C=[1-1], D=][0 0 001],

and the collected data Yy = {yo, 91 ...yn}. We assume zg ~ N (0, V) with
Vo = 0.00011,. We assume that the actual model has the same structure
of (42) with o* = [0.1 0.9], but the actual noise process, say ¥, is not
stationary and not known. We solve the aforementioned system identification
problem by means of the REM method introduced in Section 7 with L = 50.
Moreover, we compare it with: the standard EM method where the state
estimation task is performed by the RTS smoother; the “fixed-lag” EM (EM-
FL) method where the state estimation task is performed by the standard
fixed-lag smoother. To estimate the effectiveness of the REM method we
assume that the actual model is the least favorable one belonging to the
ambiguity set with ¢ = 2 - 1072, Moreover, we consider a Monte Carlo
experiment with 100 trials. More precisely, in each trial, we generate the
data set Yy according to (40) with @ = o* and N = 1000. The initial
parameter estimates af and af, with a® := [af a9], are drawn from a uniform
distribution with interval [0.4,0.9] and [0.07,0.13], respectively. Then, the
termination condition is [|a"™! — a™|| < € where € = 1073,
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(a) First state component (b) Second state component

Figure 5: Comparison among the actual state components and the estimated ones obtained
by EM and REM over the interval [600, 800].

Then, in order to compare the performance of these algorithms, we con-
sider the estimation error ||& — o*|| where & is the parameter estimate ob-
tained at the last stage by EM/EM-FL and REM. Fig. 4 shows the boxplot
of the estimation error for EM, EM-FL and REM. We see that REM out-
performs EM and EM-FL. It is worth noting that EM and EM-FL perform
in the same way. This means that the value of the lag L has been chosen
large enough in EM-FL and thus the fixed-lag smoother represents a good
approximation of the RTS smoother.

Finally, Fig. 5 shows the estimated state trajectory in the last stage by
EM and REM, with ¢ € [600, 800], in a trial of the Monte Carlo experiment.
As we can see, the one obtained with REM, and thus using RFLS; is slightly
better than the one with EM, and thus using RTS. Although this advantage
is not prominent, it made a dramatic improvement in the performance of the
parameter estimator.

8. Conclusion

In this paper, we have proposed a robust fixed-lag smoother in the case
that the actual model is different from the nominal one. More precisely,
this paradigm solves a minimax game with two players: one selects the least
favorable model in a prescribed ambiguity set, the other designs the opti-
mal estimator based on the least favorable model. We also proposed an
efficient implementation of the robust fixed-lag smoother in order to reduce
the computational burden and avoid numerical instabilities. Then, we have
characterized the least favorable model for the robust smoother over a finite
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time horizon. Finally, we have presented some numerical examples showing
the effectiveness of the proposed robust fixed-lag smoother.
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