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ARTICLE INFO ABSTRACT

Keywords: Jaynes—-Cummings (JC) models are by far the most widely used to study the dynamics of
Quantum dynamics two-level systems, such as atoms or molecules under suitable conditions, coupled to quantized
Jaynes-Cummings model electromagnetic fields. Nowadays, analytical solutions of JC models are more useful than ever

Unitary transformation
Evolution operator
Atomic inversion

for understanding and controlling radiation-matter interactions relevant to quantum information
processing, quantum computing, and other quantum technologies. This study presents the
analysis and generalization of a method for the solution of the dynamical problem in the
time-independent JC model (Carbonaro et al., 1979) that enables an exact description of the
atom-field dynamics in the resonant time-dependent JC model and in a nontrivial class of
off-resonance time-dependent JC models. Our analysis produces the ready-to-use forms of the
evolution operator in the resonant and non-resonant cases, which are then used to derive the
evolution of the atomic population inversion for some types of atom-field coupling. The central
idea behind the proposed approach offers opportunities for its extension to other time-dependent
cases and its generalization to JC-related models.

Revivals

1. Introduction

The Jaynes—-Cummings (JC) model, conceived in the 1960s by Edwin T. Jaynes and Fred W. Cummings [1], remains the most
widely used fundamental theoretical approach for describing the interaction between a two-level quantum system (which may also
be a molecule [2]) and a quantized mode of an electromagnetic field, in contexts ranging from quantum optics and atomic physics
to quantum optical control, quantum information processing and communication, and other quantum technologies [3-12].

While the original JC model is of limited applicability in physical situations characterized by ultra-strong light-matter couplings,
it is valid in many other experimental contexts, where it can provide useful theoretical interpretations, predictions, and guidance
in the implementation of experiments [7-9,11,13-16]. Indeed, the last decade has seen a growing relevance of the JC model,
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stemming from its simple description of the coherent light-matter interaction that underlies fundamental processes such as, for
example, qubit-photon entanglement, the preparation of non-classical states, quantum logical operations (which amount to unitary
operations implemented by adequate control of the interaction between the two-level system and the electromagnetic field mode),
the interaction or interconversion between a stationary qubit and flying qubits (i.e., traveling qubits used to transmit quantum
information between nodes of a quantum network [17]) in the context of quantum information processing, and many others [18-22].

Experimental platforms in quantum technologies routinely involve detuning between the qubit transition frequency and the
cavity field frequency, modulation of the coupling(s) between two-level system(s) and field mode(s), time-dependent control fields,
requiring precise non-perturbative predictions for long-time dynamics, collapse and revival phenomena, entanglement evolution, and
fidelity of quantum state transfer [21-29]. However, exact solutions of the JC model under these time-dependent and off-resonance
conditions are limited to special cases or approximations; there therefore remain significant theoretical and practical motivations
for advancing the analytical treatment of the JC model.

For this purpose, in recent studies we have focused on methods that extend the analytical solution of the time-dependent JC
(TDJC) model to ranges of physical parameters — i.e., physical situations — not covered by previous approaches, including cases in
which the atom-field system is driven by external classical fields [22,30]. These and other studies of dynamical problems drawing
on the time-dependent JC model [9,10,26,31-40] highlight the rich dynamics ensuing from a model that is far from being fully
resolved and continues to generate interest, particularly as quantum technologies require increasingly precise and flexible control
of light-matter systems. In more general terms, this request has stimulated much interest in determining the exact dynamics of
interacting quantum systems described by nonstationary Hamiltonian models [25,37,41-58].

The above considerations provide the context for this study, where we analyze and generalize, by further development, a method
originally conceived by Carbonaro, Compagno, and Persico [59] to solve the time-independent JC (TIJC) model through a canonical
transformation that diagonalizes the TIJC Hamiltonian operator (this approach has played a pioneering role in the development of
methods for finding unitary operators that perform an exact canonical dressing of the two-level system by a cavity field in generalized
JC models [60]). Our analysis provides a straightforward and general analytical solution to the TDJC model in the resonant case
and also exactly solves the TDJC dynamics in a nontrivial class of off-resonance scenarios.

First (Section 2), we reconsider a reduction protocol based on the symmetry properties of the TDJC model that allows studying
the quantum dynamics of the system by restricting the analysis to two-dimensional subspaces of its Hilbert space of states (and a
one-dimensional subspace where the system dynamics shows a trivial evolution) [15,30]. The arguments presented clarify why our
previous approach in Ref. [30], while representing a valid contribution to solving the TDJC dynamical problem under physically
relevant conditions, does not exhaust our motivation to seek new solutions to such a problem. Incidentally, the discussion and
analysis in this section also provide us with the opportunity to delve deeper into the conditions that enable the rotating wave
approximation (RWA) underlying the TDJC model. Next, we revisit the unitary transformation of Carbonaro et al. [59] as a possible
alternative to the mentioned reduction protocol (Section 3), showing how its use can be extended to describe the atom—field dynamics
for the resonant TDJC model (Section 4.1) and for a class of off-resonance TDJC Hamiltonians (Section 4.2). Section 4 provides
ready-to-use expressions for the time evolution operator in both resonant and non-resonant cases. These expressions are used in
Section 5 to derive the exact time evolution of the population inversion of the two-level system in interesting physical situations.
We also present a closed analytical expression for the time evolution of the atomic population inversion in the resonant JC model
that approximates the exact evolution well even at long times.

2. Premise: on the TDJC model, the reduction protocol for its solution, and the continuing need for other analytical
solutions

The TDJC Hamiltonian model describing the RWA coupling between a two-level atom (or other system, for example a molecule
with two relevant levels [2]) with Larmor frequency w(r) and a quantized mode of a high-Q cavity with time-dependent frequency
w(t) ~ w(t) can be cast in the form (A = 1 hereafter)

H(t) = w(t)a'a+ oS, +1(aS, +*)a’S_. @

Here w(f) and w(¢) are smooth real functions of time, which we assume to be both positive, and the entire function /() =
[1(1)| explig;(1)] is the time-dependent atom-mode coupling strength, with ¢,(r) real.

The dynamical variables of the two-level system are the three Cartesian components .S} (k = x, y, z) of the operator S describing
aspin S = % particle, which generate the Lie algebra su(2) [61]. In Eq. (1), S, = S, +iS|, are the associated ladder operators, which
obey the commutation relations [S,,S_] =25, and [S,, S,] = +5,. The photon annihilation operator a and the creation operator at
are the dynamical variables corresponding to the degrees of freedom of the field mode. They satisfy the Heisenberg-Weyl algebra
defined by the commutators [a,a’] = 1, [n,a] = —a, and [n,a’] = a', where n = a'a is the mode excitation number operator, which
is simply referred to as the number operator hereafter [62].

The model (1) originates from the following Quantum Rabi Model (QRM):

Hp =wd a+o®S, +(0aS, +"t)a’S_) + (*(aS_ +(a' S,) (2

(note that, although the phase of the coupling can be removed by a simple unitary transformation and will be set to zero in
the following, it can also be conveniently exploited as a mathematical tool in the solution of JC models [30]). The TDJC model
differs from the Hamiltonian (2) for the absence in the coupling of the so-called counter-rotating terms /*(t)aS_ and [(¢)a’S. '+, which
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Fig. 1. Representation of the Bloch sphere for a two-level system. The trajectory of the Bloch vector representing a pure state of the system
undergoing any unitary evolution lies on the surface of the Bloch sphere (e.g., the red dashed line shows the trajectory approximately described
by Eq. (11), where 6(¢) evolves as in Eq. (10), while ¢(r) ~ z/2 Vr). The same Bloch sphere can, for example, be used to represent the possible
states of a system described by the semiclassical Rabi model or the dynamics of a system in any of the two-dimensional subspaces of the Hilbert
space corresponding to the JC model.

describe virtual processes in which the energies of the atom and the field simultaneously decrease and increase, respectively, thus
not conserving the total excitation number.

In the interaction representation of H g, which is set with respect to the free Hamiltonian H, = w(t)a’a+w(1)S,, it clearly emerges
that the reliability of the TDJC model as an approximation to the QRM model is restricted to those physical scenarios in which the
three time-dependent parameters w(r), w(t), and /(¢) satisfy, for any ¢, the following inequalities [63-65]:

o= 20 <, L, N
In Eq. (3),

QO =lo)-w®], Q,.0=w0+a0), @
and

w, () = w(OK(() - w(1) + oOK(w (1) — (@), K(O) = % (5)

where K(x) is the Heaviside step function. The first condition (3) expresses the fact that the RWA works better the closer the system
is to resonance, i.e. when w(r) = w(r) = w,(r). In the second condition (3), w,,(?) is, by definition (5), equal to the smaller frequency
between w(r) and w(r) at any instant, coinciding with w, () at resonance. The second inequality (3) is essential for the application
of the RWA even when the atom and the field are at resonance. In fact, this condition allows to separate the time scale of the
Rabi oscillation from that of the rapid oscillations of the counter-rotating terms, which can thus be replaced by their vanishing
averages [63].

The connection between the separation of time scales and the value of the atom-field coupling relative to w,,(f) is most easily
seen in the time-independent and resonant case, using the corresponding semiclassical Rabi model [66] with frequency parameters
w(t) = w(t) = w, and a real coupling strength /(r) = /,. The evolution of the system is conveniently described by expressing the von
Neumann equation in the interaction picture in terms of the Bloch vector r(r) [66]:

dr(t)
dt

=~y [& + W] x () ()
with
w(1) = cosQw, )X — sinQw,1)y 7)

In the Bloch Egs. (6) the constant part of the effective driving field results from the rotating terms of the Hamiltonian, while the
oscillatory part is due to the counter-rotating terms. For a unitary evolution, the state vector runs on the Bloch sphere of Fig. 1. In the
absence of the counter-rotating terms (that is, applying the RWA), the Bloch vector would describe a clockwise rotation around the
X axis with angular speed /. The counter-rotating terms produce additional motion accurately described in the literature [66,67].
In polar coordinates, the Bloch vector is given by r(f) = sin6(¢) cos (1) + sin 6(¢) sin p(1)§ + cos 6(¢)Z and the equations of motion
resulting from Egs. (6) and (7) read

? = ly{sin @(t) + sin[2w,t + @(1)]} (8)
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and

sin 6'(t)d(§—£t) = Iy cos O(t){cos @(t) + cos[2m,t + @(1)]}. 9

Eq. (8) is obtained from the expression for dz/dt in polar coordinates, using the sum formula for sine. Eq. (9) is then obtained from

the expression for dx/dt in polar coordinates, after substituting d0/dt from Eq. (8) and using the sum and double-angle formulas
for cosine.

Now, let us apply Egs. (8) and (9) to a concrete case, to explore all the way through the meaning of the second condition (3).

Suppose, for example, that the system starts from ¢ = z/2. If the state of the system can evolve in such a way that ¢(1) ~ 7/2 V1,

Eq. (8) gives

t
o) ~ Iyt + 2[:)’ /0 2w, cosRw,t")dt’ = Iyt + ;—;r sinQRw, 1) & Iyt (10)
under the condition /)/w, < 1. In strict terms, at times + < 1/(2w,) one has 6(r) ~ 2lyt, but, in any case, at such short times
sin(2w,f) ~ 2w,t ~ 0 and, all the more so, 2/yt ~ 0 ~ /yz. Where the sin function assumes its first maximum, /y¢ is already = times
the sinusoidal term, and the gap between the amplitudes of the two quantities continues to grow with time. After setting Eq. (10),
we also note that the integration of both sides of Eq. (9) over times intervals much shorter than 1//, and much longer than 1/w,,
as is allowed by the second condition defining the RWA, shows that this equation is consistently satisfied by ¢(t) ~ /2. In fact,
the derivative of ¢ with respect to time and cos ¢(¢), hence their integrals, are negligible for ¢(t) ~ z/2, and the integration of the
second term on the right side of the equation gives a quantity no greater than /,/w,, which is therefore neglected. Ultimately, we
obtain

r(t) ~ sin(lyt)§ + cos(lpHz  for Iy/w, < 1, (11

that is, the slow precessional motion of the Bloch vector around the X axis with angular velocity /, prescribed by the RWA.

The above simple analysis allows us to grasp the significance of the second condition (3) in defining the RWA, while keeping the
limitations of the semiclassical Rabi model. For example, the projection of the Bloch vector on the Z axis measures the population
inversion, but the conservation of the total energy is not imposed in this model, since the electromagnetic field is treated as an
external classical field not affected by the continuous energy exchange with the atom. Energy is, instead, strictly conserved in the
JC model, where the energy quanta of the electromagnetic field mode come into play and the RWA makes the total excitation
number operator a conserved quantity. Thanks to this conservation, the Hilbert space of the system can be broken down into
independent two-dimensional subspaces (except for the one-dimensional subspace corresponding to the ground state) where the
two-level dynamics can be mapped to that of a semiclassical Rabi model, although the two basis states involve both the atom and
the field mode in the JC model.

Let |g) and |e) denote the ground and excited states of the atom (or other two-level system [2], but in the following we will
always refer to an atom for simplicity), in which S, takes the values —1/2 and +1/2, respectively. The state |n) represents a generic
eigenstate of the number operator of the field mode, n = a’a, with eigenvalue n € N (including the zero), namely, a’a|n) = n|n). As
usual, we adopt the infinite set C = {|n,s), n € N, s = g, e}, consisting of all common eigenstates of a'a and S, as the basis of the
Hilbert space H of the composite atom—field system.

The interaction terms in the Hamiltonian (1) only couple the states |n, g) and |n — 1,¢) for any integer n > 1, with the exception
of state |0, g), which is a nondegenerate eigenstate of the interaction Hamiltonian with eigenvalue 0. Therefore, the atom-field
interaction partitions H as the direct sum of a one-dimensional and infinitely many two-dimensional invariant subspaces [30],
which are hereafter denoted H,. N = n > 0 identifies the subspace generated by {|n > 0,g),|n — 1,e)}, while H,, is simply given
by |0,g). Since the non-interacting part of the Hamiltonian is diagonal in H, we conclude that the TDJC model has the same
block representation as its interaction Hamiltonian. The physical meaning of the label N of each subspace M, and hence of the
corresponding block in the matrix representation of the Hamiltonian, can be elegantly grasped in the following way.

The TDJC Hamiltonian model (1) is invariant under the canonical transformation

a—ae, a > a'e™, S, - Steim, S, — S, (12)
for any value of the real parameter A. This transformation is generated by the unitary operator

S() = oA = e arS:+y), (13)
which means that S(—4)H (#)S(4) = H(r) and hence S(1) commutes with H(¢) at any time. Then, the Hermitian operator

N=a'a+S .+ %,
known as the total excitation number of the atom-field system, is a constant of the motion of the Hamiltonian model (1). N is
diagonal in the basis C, and its eigenvalues are all the nonnegative integers N, of which the lowest is nondegenerate and all the
others doublets.

It is now convenient to introduce the notation ¢ /2, with ¢ = +1, for the eigenvalues of .S, and |N,s) for the generic common

eigenstates of 91 and .S, with eigenvalues {N > 0,0/2}. For any given value N = n (n > 0), we clearly have |[N,-) = |n, g) and
IN,+) = |n—1,e). In particular, for the non-degenerate lowest energy state of the system (N =0) itis [N =0,0 =—1)=|n=0,g).

It is worth emphasizing that the conservation of the total excitation number of the atom-field system, i.e. of the observable
N, holds regardless of the non-stationary nature of the problem under consideration: the dynamical constraints imposed by the

a4
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conservation of 91 on the time evolution of the system described by the non-stationary Hamiltonian (1) are the same as in the
stationary case. For instance, since it is physically clear that 91 commutes with aS, and a'S_, both the TDJC and TIJC systems
prepared in the |n, e) state are constrained to evolve in the two-dimensional subspace of H where each state is populated by N = n+1
excitations.

The matrix representation of 91 in the two-dimensional invariant subspace Hy (N > 0) is proportional to the corresponding
(restricted) identity operator 7, and the two coincident diagonal entries represent the doubly-degenerate eigenvalue N of 91. This
explains the meaning of the label N that marks a generic invariant subspace H as the total excitation number possessed by the
composite system when it lives in H . This consideration clearly extends to the non-degenerate case N = 0, which corresponds to
a single normalized state of the system.

Next, let Py = PI%] be the projection operator on Hy (N > 0). These operators obey the relations Py Pys = Pydy y and
> n Pv = I, where N, N’ can take any nonnegative integer values. The Hilbert space of the composite system can be written
as the direct sum of the subspaces Hy and, accordingly, the Hamiltonian operator (1) is written H(r) = Y \ Hy(t), where
Hy(t) = PyH(@)Py, with [Py, H(t)] = 0 VN [30]. H(t) is the generator of the evolution operator U(t,1,) for the atom-field
system in the whole Hilbert space, while H (¢) acts on states that belong to the (dynamically) invariant subspace H . The overall
quantum dynamics is determined by the Schrodinger equation for the total evolution operator, namely, iU(t,1)) = H(@) U(t,1,)
where U(t,1,) = I. Remarkably, it is possible to derive the dynamics of the system within a generic invariant subspace H, from
the projected Schrodinger equation

iUn(t,19) = Hy Uy(t, 1), (15)

where Uy (1,1y) = Py U(t,t)) Py and Uy (ty. 1)) = PyIPy = Iy. Each operator Uy(t,1,) acts as the evolution operator in Hy
and as the null operator outside this subspace. Then, similarly to the Hamiltonian, the evolution operator U(t,t,) in the whole
Hilbert space H can be constructed as the summation U(t,1y) = >,y Un(t,1). That is, the symmetry properties of the TDJC model
enable a reduction protocol that can facilitate the exact solution of the quantum dynamics of the system in M by reducing it to the
investigation of the subspace dynamics (15) [30]. In other words, this protocol entails the construction of infinitely many evolution
operators that, however, are formally identical for all two-dimensional subspaces of H on which they act (while the evolution
within the one-dimensional subspace is trivial [30]). This opportunity to facilitate the solution of the overall dynamical problem
remains only formal where the analytical solution for Uy is not available, as there is no general method for solving a system of
linear, homogeneous, non-autonomous second-order differential equations. Recent studies have provided mathematical tools for the
identification and analytical solution of nontrivial nonstationary scenarios for the TDJC model [25], even in the presence of external
driving fields [22], but the search for other physically relevant solvable dynamics is the subject of active research, considering the
importance of model (1) in modern quantum technologies and the dependence of its solution on the specific time dependence of
the parameters involved [9,15,28]. Furthermore, different approaches to solving the dynamical problem may be advantageous in
different physical contexts, which motivates the present analysis. The methodology presented in this study directly yields an analytic
expression for the overall time evolution operator over the entire Hilbert space of the system, without the need to decompose the
latter as in Ref. [30] and then resort to the parameterization of Ref. [68].

3. A unitary transformation approach as a route alternative to the reduction protocol

The TIJC model H is simply obtained from the Hamiltonian operator H(¢) in (1) when its four parameters do not depend on
time: w(r) = w, w(t) = wy, |I(t)| = I, and, without loss of generality, ¢,;(t) = 0:

H=wya' a+w,S, +1yaS, +a' S_). (16)

The time evolution operator of the TIJC Hamiltonian model from any initial condition (including mixed states representable in
terms of density matrices) can be obtained by resorting to the reduction protocol outlined above, which provides a simple algebraic
framework for solving the system dynamics. Here, however, we take a different route based on the unitary transformation

I if it acts on |0, g)

Z(0) = @a7)

exp _#ﬁ (aS, —a'S_)| otherwise,
where the Hermitian operator # remains unspecified at the moment. The power of this approach stems from the possibility of
identifying the specific expression of the free parameter operator 6 that leads to the exact diagonalization of the TIJC model and
hence to the standard construction of the pertinent evolution operator.

The transformation (17) was introduced by Persico and his collaborators [59,60,69]. Its formulation here specifies the behavior
of the unitary operator on the portion of the system’s state space generated by the single state |0, g), which does not mix with the
rest of the state space. The operator in the numerator of the argument of the exponential evaluates to the null vector when applied
to |0, g). Then, the application of the operator in the denominator, 24/91, would produce a 0/0 indeterminate form, thus leading
to a singular point of the exponential expression in Eq. (17) with respect to the state space. The extended definition of Z(0) in
Eq. (17), instead, coherently defines a unitary operator across the entire Hilbert space of the physical system (which can be spanned
using the basis of states emerging in the TIJC model), regardless of the specific values of the parameters in the Hamiltonian (17), or
its time-dependent generalization, and the consequent choice of § adopted to solve the dynamical problem. This fact follows from
Eq. (17) and the dynamical invariance of the subspaces mentioned above (see also below).
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The treatment can be partially applied to the TDJC model if the aim is to determine its instantaneous eigenvalues. In general,
however, such knowledge brings no benefit in determining the evolution operator, due to the complications arising from the fact
that # and hence Z are now expected to depend on time. Our goal here is to demonstrate that using this unitary transformation for
a nontrivial subclass of TDJC models allows us to circumvent the technical difficulties in constructing the exact evolution operator.
As a necessary premise to this main task, in this section we will examine in detail the method of Ref. [59], analyzing and further
developing some points relevant to the following analysis.

To ensure that the transformation Z is unitary, the operator 6 is assumed to be Hermitian and to commute with both 9t and
a’S_ — aS, (and hence with their product). Moreover, for the purpose of diagonalizing the Hamiltonian, it is necessary, that 6
commutes with other operators that commute with 9t such as S, and a'S_ + aS, (the commutation of a'S_ and aS,, as well as
any their linear combination, with 9 is also immediately understood from a physical point of view, considering that these two
interaction terms preserve the total excitation of the atom-field system and, in fact, evolve the system inside each given invariant
subspace H ). For simplicity, we will assume that § commutes with any operator commuting with 91.

Using the commutation properties of the atom and field operators, we obtain

%(0S+ —d'S_ ) =-I (18)

While this relation has general validity in operator form, caution needs to be used for its application to state |0, g}, since the operator
on the left of Eq. (18) would lead to an indeterminate form. Clearly, the operator equality obtained by multiplying both sides of
Eq. (18) by 71 to the left also holds when applied to |0, g). Applying equality (18) to the series expansion of the exponential expression
for Z in Eq. (17), one obtains its linearized form and hence

if it acts on |0, g)

Z(0) = 19)

sg - \/;ﬁ sing (aS, —a'S_) otherwise.
By introducing the projector onto the subspace orthogonal to the singlet subspace of the Hilbert space,
o0 (o]
P= Zln,g)(n,g| + Z|n, e){n,el, (20)
n=1 n=0
the operator (19) can be written in the compact bra-ket notation
Z(6) =10,g)(0,g| + | cos o__L sin 6 (aS+ - aTS_) P
2 \/?t 2
(21)
0 1.9 t
=10,£)0,g| + |cos 5P - F sin 5 (aS. —a'S_)|.
n
The second equivalent form in Eq. (21) derives from the fact that
aS, —a'S_ = (aS, —a'S_)(10,g)(0,g| + P) = (aS, —a'S_) P=P (aS, —a'S_). (22)

Using Egs. (18), (21), and (22), it is easily seen that Z7(8)Z(#) = I across the entire Hilbert space of the system. Furthermore, the
restriction of the operator to the subspace orthogonal to the singlet space is unitary throughout such subspace.

Next, we outline the main steps to identify the specific operator § such that Z transforms the TIJC model (16) into a diagonal
Hamiltonian model. To this aim, we derive the action of Z(6) on the operators that appear in the Hamiltonian. Using Egs. (20)-(22),
we obtain the transformed S, operator in the form

Z1(0)S,2(0) = 5,10,£)(0, g| + | .S, cos(d) — (aS, + aTS_)M P. (23)
2N
This expression extends the one written for the second operator form of Z(#) in Eq. (19) in Ref. [70], namely,

sin(0)
2V
The first part of the operator on the right side of Eq. (24) expresses the invariance of .S, action on the singlet-state subspace under
the Z(9) transformation. The second part, which is also defined in Eq. (24), describes the effect of the transformation on S,’s action
onto the orthogonal complementary subspace. Since the singlet subspace is dynamically invariant (hence, it does not mix with all
other invariant subspaces) and the dynamics in this subspace is easily determined as needed, in most of the following analysis we
focus on the effect of the unitary operator Z () on the restriction of the Hamiltonian to the subspace determined by the P projection.
We, therefore, use the second realization of Z(6) in Eq. (19) and the operator notation as in Eq. (24).
The transformation of the other operators in the Hamiltonian is given by

Z7(6)S,Z(0) = S, cos(9) — (aS, +a'S_) (24)

. . _sin(8)

Z10)a"aZ©0) =N - £ 5, cos0) + @S, +a'5) 2D (25)
2 * 29/

Z'(0) (aS, +a'S_) Z(60) = (aS, +a'S_) cos(8) + 2VNS, sin(6). (26)
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Furthermore, as a consequence of the commutation of the interaction Hamiltonian with the total excitation number operator, we
get

Z'(0) (aS, —a'S_) Z(®) = aS, - a'S_, (27)

which can be combined with Eq. (26) to obtain the transformations of the individual atom—field interaction terms:
Z'(0) (aS,) Z(6) = % (aS, —a's_) + % (aS, +a'S_) cos(8) + VNS, sin(0), (28)
Z'(0) (a'5_) () = % (a'S_—aS,) + % (aS, +a'S_) cos(8) + VNS, sin(0). (29)

As we can see from Egs. (24)-(26), the unitary transformation (17) generates a new Hamiltonian operator H, = H; + H r that
acts on the Hilbert space H, with

H,(60) = wya'a + [wo — (o — @p) cos(6) + 210\/9_1sin(e)] s., (30)
= | Po—% ¥
H,0) = | 29720 Gn0) + 1y cos(®) | (@S, +a'S.), G
! [ 2/ ’ ] :

where the expression (14) for 91 was exploited. H, and H depend on the same dynamical variables and share the spectrum, while
their eigenstates are different and, obviously, related by Z.

At this point, we make a choice for the operator 6, 8 = , which is compatible with the required commutation properties and
such that H (9) = 0:

2y VN

AN

A = 1/ (my — ) + 420 (33)

Substituting (32) into the expression of H,(#), the transformed Hamiltonian H, takes the following diagonal form:

Wy — @y

W ’ sm(G) = -

cos(d) =

(32)

with

H=H,0)=2"HZ = wya'a+ |wy — AM)]S,, (34)

where Z = Z(f). It is worth noting that, while the transformed Hamiltonian acting on the full Hilbert space can be written
in the Dirac notation, Eq. (34) can also be used to describe the (unchanged) restriction of the transformed Hamiltonian to the
one-dimensional subspace because 4|0, g) = (w, — @,)|0, g) (this equality implies a choice of sign for the detuning).

For N > 0, the eigenvalues of H are Ey,=(N- %)wo — %A(N ). For N =0, the first form of the operator Z in Eq. (17) is used,
so that H = H; furthermore, it can only be ¢ = —1 and the energy of the ground state |[N =0, ¢ = —1) = |0,¢g) is E, = —%“’(r The
eigenstates of H are | N, ¢), namely, the common eigenstates of 9 and S,, which are diagonal in the basis C.

The evolution operator U(r) of H can be represented as

U = Ze i1 77

Z<e’fg’|o,g><0,g| + ) e"EN-6'|N,a><N,a|> z 35)

N>0,0
= B2 @l + Y e EN oy Wil
N>0,0
where |g) = Z]0,-) = |0, g) and, using the linearized form of Z in Eq. (19) with = 4 (that is, the eigenvalue of the operator § in
Eq. (32) corresponding to the eigenvalue N of the operator M), the eigenstates |5y ,) = Z|N,o) (N > 0) of H, called the dressed
states [24,71,72], are written

0 .0
[An.—1) =cos7N|n,g)—sm 7N|"— L,e), (36)

0 0
|oy41) = sin —FIn.g) +cos =L |n—1.e). (37)

Considering Egs. (32) and (33), the two trigonometric functions in Egs. (36) and (37) can be cast in the explicit forms

1 ~ 1

[ wo—wo]i Oy 1 [ wy —wy |2

cos—=—-—|l+———, , sin—=—|l-——
2" A(N) 2 2 A(N)

It is worth stressing that the expressions (38) result from one of the two possible sign choices consistent with the trigonometric

expressions (32). It can easily be seen that the opposite choice would lead to the same physical results.

v 1 (38)



A. Messina et al. Annals of Physics 494 (2026) 170605

We believe it is worth clarifying in this context why Z is said to perform the canonical dressing of the two-level atom and why
the states (36) and (37) are called dressed states. To this end, we use Eq. (34) to recast the TIJC Hamiltonian as follows:

H=27Z'HZZ = ZHZ' = wd'a+ [wy - 4A0)|S.. (39

where O = ZOZ" for any of the operators O = a, a"',Sx,Sy,SZ,‘Jt (note that O and O are related as H and H, that is, the two
transformations are the inverse of each other). In particular, since 91 commutes with Z, it is 91 = 9. This type of equality clearly
does not hold for operators O that do not commute with Z. In this case, the operator O acts on the same Hilbert space H and has the
same spectrum as the corresponding operator O, but the two operators differ and, in fact, their eigenvectors provide two different
bases of M. This is, for example, the case of S, and §,. The two eigenstates of S, belonging to M, with N = n, are the factorized
states |n, g) and |n — 1, ¢). The eigenstates of

S =

z

sin(d)
29/
in Hy are, instead, the entangled radiation-matter states |5y _;) and |5y ,;), with eigenvalues —1/2 and 1/2, respectively. Since
these two states belong to H,;, and therefore correspond to the same eigenvalue N of 0, by virtue of the expression (39) of H it is
not surprising that they are also eigenvalues of the dressed field operator
P - . in(d
a'a:zwaz*:m—%—Szcos(a)—(as++a‘s_)&(), (41)
29/
with eigenvalues n and n — 1, respectively. This can be seen by direct application of the operator (41) to the states (36) and (37).
In conclusion, we can interpret S‘Z in Eq. (39) as the operator that describes (in each subspace H, and therefore in H) the states
of a new object called the dressed atom [73], which reflect the inextricable coexistence and interaction, i.e. the entanglement, of
the bare atom (the two-level system living in the two-dimensional Hilbert space spanned by |g) and |e)) and the photons of the
cavity quantum field mode [71,72].

N

S, 2% =5, cos(@) + (aS, +a'S_) (40)

4. Quantum dynamics of the TDJC model via the unitary operator Z

To study the dynamics of the TDJC model system by means of the operator Z of Eq. (17), we first observe that most of the steps
in the procedure that makes use of this unitary operator to transform the TIJC Hamiltonian H into the diagonal form A maintain
their validity when Z is applied to the time-dependent Hamiltonian model

H() = w(t)a'a + w()S, + I(1)(aS, +a’S_), (42)

In fact, the time dependence of the energy parameters appearing in (42) plays a passive role up to the stage in which the evolution
operator U(r) for the Hamiltonian H(r) is constructed. That is, as the unitary transformation Z(0) of Eq. (17) is applied to the
Hamiltonian model (42), the relations (24)-(26), (30)-(34), and (38) preserve their structure except for replacing w, o, and [, > 0
with the respective time-dependent parameters w(t), w(f), and /() > 0. As a consequence, the diagonalization of the Hamiltonian
(42) can be derived from that of H by simply substituting § with the instantaneous operator §(t), which transforms the diagonalizing
unitary operator Z = Z() into Z(t) = Z((1)), where the time dependence appears through the parameters w(?), o(t), and /(). Now
Egs. (32), (33), and (38) read

cos B(t) = %, sin (1) = —%, 43)

A1) = V[w (@) — o) + 420N, (44)
- 1 . 1
0 1 o -—w@®|2 .00 _ 1 [ w®-w@®)|?

cos y = \/5 [1 + —A(‘ﬁ,z‘) , sin > = \/E [l —A(‘ﬁ,t) ] (45)

Since the unitary transformation Z applied to the TLJC model leads to a Hamiltonian A that is also time-independent, in Eq. (35)
we could write the evolution operator of H as e~'#! and expand it in terms of its eigensolutions, which led, by reverse transformation,
to the expression for the evolution operator U(f) of H in terms of the dressed states. In the present case, instead, the transformed
Hamiltonian Fl(r) depends on time, and therefore its instantaneous eigensolutions do not provide a simple recipe for obtaining the
corresponding evolution operator U(f) and hence U(z). In fact, inserting U(r) = Z(H)U(t)Z¥(r) into the Liouville equation for the
evolution operator U(¢) of H(z), the Liouville equation for the transformed evolution operator takes the form

it = A0 -zt 20 -i02 2, (46)

and the last two terms involving the time derivatives of Z(r) and Z'(f) commonly prevent the analytical solution of Eq. (46).
Relatedly, the instantaneous diagonalization of H(f) does not represent, in general, a feasible strategy to solve the quantum dynamics
of the system. However, we will show in this study that this route can be successfully pursued for the analytical solution of the
dynamical problem for resonant TDJC models and a nontrivial class of off-resonance TDJC models.
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4.1. Analytical description of the dynamics for the resonant TDJC model

Let us start our analysis from the resonant TDJC model. Using Eq. (44), we conveniently recast expressions (45) in the more
explicit forms

1

5 2

cos @ = —L [1 + @(t) — o) ] 47)
2 V2 | V@O -e0? 420N

and
1

~ 2

n 00 _ L [l_ () o) ] | 48)
2 2 V@ (@) — o)) + 420N

These two operators determine the time dependence of Z(r) according to its expression (19). We will identify physical scenarios in
which these operators become time independent while Z still fulfills the diagonalization of the TDJC model (42). This will be the
key to finding the evolution operator that describes the dynamics of the system.

In the resonant case, it is immediately seen that, for w(r) = w(f) = »,(7), the quantities (47) and (48) become constant for any
(1) and I(1):

s@=—L sin@=L (49)

2 \/5 ’ 2 \/5 ’
which mean that 8(r) = %” (apart from an irrelevant multiple of 2z) at any r. The unitary transformation Z(t) = Z(0) = Z (37”)
produces the diagonalized Hamiltonian

CO:

() = z* (37” ) H(Z (37”) = w, (1) (fn - %) — 201V, (50)

The instantaneous eigenvalues of F(r) and hence of H(r) (since the two operators are related by a similarity transformation) resulting
from Eq. (50) are

ENpp () = —%w,(t), Exns(D) = (N - %) w,() - ol VN . (51)

At resonance, the first condition (3) is clearly satisfied, while an atom-field coupling that remains sufficiently small in time
ensures the satisfaction of the second condition (3), thus allowing the application of the RWA at the basis of the JC model. Then, at
any instant, or at least over any experimentally relevant time interval, the spectrum of the TIJC model undergoes a time modulation
without being destroyed. In particular, at resonance, the energy separation of the first doublet (N = 1) is 2/(r). The eigenstates of
H(r) coincide, instead, with those of 91, which are diagonal in the basis C (in other terms, being normalized, they are element of C).
Consequently, the eigenstates of H(r) are also time-independent and the corresponding evolution operator U,.(f) can be constructed
as follows:

U() = Z (’7”) Dzt (37”) . (52)

At this point, the solution of the dynamical problem requires finding the evolution operator U(z) of H(r), which is the solution
of the Cauchy problem

iU = AO0@, TO) =1. (53)

In the present case, this task is facilitated by the diagonal form of the transformed Hamiltonian operator (50) and by the fact that
the operators 91 — % and .S, commute. Then, the unitary operator associated with (50) can be written

) = e—i[g,(r)(m—%)—2L(x)\/ﬁsz] ’ (54)

with
t t
.Q,(t):/ w,.(t)dT, L(t):/ I(7) dr. (55)
0 0

In fact, it is immediately seen that T(0) = I and, since the argument of the exponential operator (54) is a sum of two commuting
operators, the derivative of U(t) is taken according to the standard rules, ignoring any ordering aspect, to give

i) = [m,(z) (- %) - 21(:)\/551] 0a). (56)

It is worth noting that the parameter L(r), which also emerges in the general context of the search for analytical solutions to two-state
dynamical problems [68] and is sometimes called the coupling area (with reference to the integration of the atom—field coupling
over time, which correlates with the path or area traveled within the cavity field when the atom moves through the cavity [15,74])
or pulse area (in pulse techniques for quantum control [75,76]), defines a dynamical time scale in JC models and other dynamical
problems [22,25,30,77].
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Eq. (56), compared with expression (50) for the transformed Hamiltonian (), shows that (54) is the evolution operator
corresponding to F(r) whatever the functional forms of w,(t) and /(¢), under the only conditions of physical applicability established
by the RWA approximation.

U(t) and H(r) are diagonal operators on the same basis C of H, but they do not share the same spectrum. In fact, using Eq. (51)
in the definition (54) of U(r), its eigenvalues are written

10,0

o1 = B,(1) = T [(N=3)eco-otwVN] (57)

UNsoq() =e
from which the following spectral representation of U(r) is derived:

U() =d,()IN =0,0 ==1N =0,0=—1|+ D iy, (OIN,0)(N,cl. (58)
N>0,0

Finally, we use recipe (52) to obtain the following expression for U, (7):

U, (0) = agOIENEI + Y iy o Olin )Pl (59)
N>0,0
In Eq. (59), |8) = Z (37”) IN =0,6 = —1) = |0,g) is a stationary state due to the conservation of 9. The other instantaneous
3z

eigenstates |py ,) = Z (7) |N, o) of the Hamiltonian operator H(z) in Eq. (42) are given, at resonance, by

< 1
1PN 1) =¢$(In,g)i|n— Le)). (60)

In summary, Eq. (59) together with the expressions for the coefficients in Eq. (57) and for the basis states in Eq. (60), with
the integrated parameters (55), gives the exact and ready-to-use form of the evolution operator U, (¢) for the class of resonant non-
stationary JC models. It is noteworthy that the values of the parameters w,(r) and /(f) defining the different Hamiltonian models
of this class are physically constrained only by conditions (3), which legitimize the JCM model as an approximation of the QRM
model.

4.2. Analytical description of the dynamics for off-resonance TDJC models

In this subsection we identify off-resonance non-stationary JC scenarios for which the exact evolution operator can be constructed
by appropriately extending the unitary approach developed in the previous subsection. To achieve this goal, we reconsider Egs. (47)
and (48) to find physical scenarios (which correspond to algebraic conditions on the three time-dependent parameters of the
Hamiltonian model) that, under off-resonance conditions, lead to the time independence of cos @ and sin ?, and hence of Z,
despite the time dependence of the physical parameters in the Hamiltonian model.

Let us consider all the physical situations in which the detuning between atom and field is proportional to their coupling strength.

That is, we assume
271(t) = w(t) — w(t) Vi, (61)

where y is a constant of proportionality. Since /(r) > 0 at any time 7 and y is a constant, this condition means that the class of
scenarios identified by Eq. (61) includes cases in which the sign of the detuning does not change over time. For definiteness, we
assume y > 0 and therefore w(r) > w(r). Relation (61) removes the time dependence from expressions (47) and (48), which become

1

X

= 2
cosg=——(l+—> ,
22 Vit +n

1

= 2
SinQ=L<1_L> ) 63)
AN

Furthermore, the operator 4(1,1) of Eq. (44) now acquires the more specific form

(62)

AN, 1) = 21D\ 2 + N = Ay (0). (64)

Egs. (62) and (63) provide the expressions for the trigonometric functions to be inserted into Eq. (19) to generate the time-
independent unitary operator Z(f) = Z that diagonalizes the TDJC model (42) out of resonance and under condition (61). The
resulting unitary operator Z can be cast in the form:
cos o__1 sin g(aS+ —-a's)

e

z

1

3 3
_L (1+ X > — <1_ X > (aS, —a's.), (65)
V2 Vii+n Vo N

10
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and the diagonalized Hamiltonian is
ZHH®)Z = H() = (1) (m - %) — A0S, . (66)

It is worth emphasizing that (66) reflects the class of TDJC models considered through the expression 4y, (¢) in Eq. (64) assumed by
the operator 4A(1,¢) under condition (61).
The instantaneous eigenvalues of H(t) easily follow from (66):

N0t = —% [w(t) = 241(0)],  Ensoy = (N - %) @(t) - ol 2 + N. (67)

At this point, we must determine the exact evolution operator of (7). The structural similarity of the transformed Hamiltonian
operator in Eq. (66) with the analogous one in the resonant case suggests the following unitary operator for the off-resonance
situations under consideration:

) = ' [20(73)-Tn0s:] (68)

with
t t
Q@) = / w(r)dr, I'y()= / Ay (1) dr. (69)
0 0

In particular, the operator I'y(f) acts on |0,g) as 2y L(¢). The integrated parameters in Eq. (69) vanish for + = 0, and therefore
U(0) = I. Then, using the same technical arguments as in the resonant case, it is seen that U(?) is, indeed, the solution to the Cauchy
problem for the evolution operator corresponding to the transformed Hamiltonian (66).

Similarly to the resonant case, the off-resonance evolution operator of H(r), here denoted by U,,.(¢), is obtained as follows:

U,.(0) =200 Z". (70)

We finally need the eigenvectors and eigenvalues of U(r) to explicitly construct the spectral representation of U,,.(f). The
eigenvectors are those defining the adopted basis of the Hilbert space H. In fact, U(f) and U(r) commute and thus share the same
basis of eigenvectors. The instantaneous eigenvalues of U(¢) are instead derived from Eq. (68) as

i _ —i _Nom-2
iyco1() = By(1) = S1RO2ALOL g i[(v-1)ew-grvo] 1)

We now have all the ingredients to write the spectral representation of the evolution operator as
U, () = a,(012)El + Y, iy oOlon o) onol- 72)
N>0,0

where |g) = Z|N = 0,6 = —1) = |0,g) is stationary due to the conservation of 9. The other instantaneous eigenstates
|Pno) = ZIN,o) of the Hamiltonian H(r) in Eq. (42) are given by expressions analogous to (36) and (37) with 8y replaced by
Oy . These expressions can be recast in the compact form

Oy - Oy -
[An ) = cos TNAJ|n_,g)+asm TNAU|n+,e), (73)
where
nI=n¢6§1, A6=1;012+(1+6)SX 74

and I, is the unit operator in the Hilbert space of the qubit. It is worth noting that when y = 0 (at resonance) and therefore the two
trigonometric functions take the same absolute value, (60) and (73) coincide. In fact, Eq. (72) can be used to express the evolution
operator for all physical scenarios examined above, provided that the appropriate operator @ for each scenario is employed.

Concluding this section, we underline the main differences between the methodologies of this study and Ref. [30]. In the previous
study, we exploited the method of Ref. [68] to find the evolution operator for each dynamically invariant subspace resulting from
the Hilbert space reduction protocol, under a condition relating the detuning, the modulus of the coupling, and (separately) its
phase, i.e., Eq. (24) or (29) in Ref. [30]. In that approach, the phase of the coupling plays an active role in determining the physical
conditions of applicability. In particular, its application to resonant atom—field systems is limited to situations in which the rate of
change of the coupling phase is proportional to the coupling modulus, as expressed by Eq. (33) of Ref. [30]. Here, instead, a unitary
transformation allows us to directly obtain the full time evolution operator associated with the Hamiltonian model; moreover, the
adopted recipe works regardless of the time dependencies of the physical parameters in the resonant case. As we will see in the next
section, the present approach, compared to previous methods [22,30], under conditions of common applicability lends itself to an
easier analytical implementation to calculate quantities such as, e.g., the atomic population inversion.

5. Method implementation and application to study resonant and off-resonance scenarios

In this section we use the methodology presented above to study the quantum dynamics of an atom interacting with a cavity
quantum field mode in some physical scenarios that can be described using the TDJC model under atom-field resonance or off-
resonance conditions. We consider a factorized initial quantum state |%,.(0)) = |a, g) of the atom-field system. Therefore, the atom
begins to evolve from its ground state, while the field is initially prepared in the coherent state |a), which contains an average
photon number 71, = |a|*. Here, we focus on the atomic dynamics, using the atomic population inversion as the measure of the
atomic state evolution.

11
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5.1. The resonant physical scenario

Under atom—cavity resonance conditions, the state of the system described by the Hamiltonian (42) evolves over time as
(¥ (D) = U, (0], g), (75)

where the time evolution operator is given by Eq. (59). This initial state can be expanded in the explicit form

la,g) = 12)(&la.g) + Y |pnoXinola ), (76)
N>0,0

where, as above, the summation runs over all nonzero integer values of N and the ¢ = +1 values. Furthermore,
2
(gla.g) = (0.gla,g) = e7*I"/2, 77)

and

—lal?/2 N
oe a , N=n>1. (78)
V2 VN

From Egs. (59) and (75) it is obtained

(ﬁN,(yla’g> =

¥, () = B, (DI0)(Ola) + D iy o)y o )iy ol 2. 79)
N>0,0
The Pauli operator o, acts on the instantaneous eigenstates |5y ,) of the Hamiltonian operator H(r) as follows:
- 1 - ~
0 PNG) = 3 [(1=0)py 1)+ +0) 1Ay _1)]- (80)

The atomic population inversion is then given by

D(iiy, 1) = (W (t)|o,|¥,. (1))

R 2N
_erlel® {a;mag(r) F 23 O (i 0 0+, iy 1) } (81)
N=1

N
0 2N

_e—|a|z{a;(z)ag(t)+ 3 "’;\'ﬂ Re [a*;,y_l(r)a,\,,ﬂ(z)]}.
N=1 :

Making use of Eq. (57), the expression for the atomic population inversion simplifies to

& a?N cos[2v/NL
D, 1) = _elal? z M. (82)

[
= N!

Note that Eq. (82) belongs to the set of solutions described by Eq. (41) in Ref. [30] (from which it can be derived for the value
Ho = 0 of the real parameter that distinguishes the different solutions obtained using the Messina-Nakazato approach in Ref. [30]),
but here Eq. (82) results from a different theoretical approach to the solution of the JC model. Moreover, in the resonant case of
this application example, it can also be obtained as in Ref. [39].

Next, we analyze the atomic population inversion in two concrete situations. We first consider a time independent JC model
with /, = 0.1 and w, = 1 (in suitable energy units where 7 is unity; then, following the common use, the dimensionless quantity on
the X-axis of the figures represents the time multiplied by the frequency unit). Then, the quantities in Eq. (55) reduce to

1 1
Q) = / o (tydr=t, L(t)= / Iy dz = 0.1t. (83)
0 0

Fig. 2 shows the time evolution of the atomic population inversion for two different values of the average photon number in the
initial coherent state of the cavity field mode. The occurrence of features such as collapses and revivals in the population dynamics
of the atom depends on its interaction with the field. The number of Rabi frequencies more appreciably involved in the buildup of
these features, by destruction and rebuilding of constructive interference according to Eq. (82), increases with the average mode
population, which translates into the expected [78,79] slower dynamics of the atomic population inversion with greater |a|?. This
is due to the initial preparation of the field mode in a coherent state, for which the variance of the photon number, as the average
photon number, is given by la|?.

Next, we compare the time-independent case with a time-dependent situation where the atom passes through the Fabri—
Pérot resonator in the transverse direction. In this event, it can be assumed that the atom-field coupling has a Gaussian time
dependence [15,80], and we take its form as
4()”)2]

1(t) = 0.1exp [—%

2 (84)

while w, = 1. The prefactor in the expression (84) makes the central value of the coupling equal to the constant coupling in the

time-dependent scenario and max{/()} < ,. Fig. 3 shows the atomic population inversion for 4 = 120z and two different values
of |a|?>. Compared to the time-independent case, the dynamics of the atomic population inversion is delayed, due to the reduced

12



A. Messina et al. Annals of Physics 494 (2026) 170605

I3
£
2 05
Q
-
£
s
]
5 o
=
=%
)
=%
2
g -05
Q
—
<

T T T T T T T T T T T
0 48n 96m 144w 1927 240rm 288rm 336nm 384m 432m 480n
t

Fig. 2. Atomic population inversion in the resonant time-independent JC model, Eq. (16), with /, = 0.1 and w, = 1.0. The orange and red lines
are obtained for |a|?> = 30 and |a|?> = 60, respectively. The atom is initially in its ground state |g). The series in the expression (82) for the atomic
population inversion is truncated at N = 300.
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Fig. 3. Atomic population inversion in the resonant time-dependent JC model, Eq. (42), with w(1) = w(f) = w, = 1.0 and the atom—field coupling
(84) with width parameter A = 120z. The orange and red lines are obtained for |a|> = 30 and |a|*> = 60, respectively. The atom is initially in its
ground state |g). The infinite summation in Eq. (82) is truncated at N = 300.

atom—field coupling [22]. Furthermore, also in this case the dynamics is slower for a larger average photon number, and this fact
will be further clarified by the analysis in the next subsection. Here, the most important conclusion is of a methodological nature,
that is, the linearity and simplicity of the procedure that allowed us to obtain the expression (82) for the atomic population inversion
in this study.

5.2. Predicting the revivals of the atomic dynamics in the resonant case

Several studies have focused on the fermion-boson model with the aim of studying the collapses and revivals in the evolution of
the fermion population (and hence energy), as well as its transition to a regime of irregular variation at sufficiently long times. In
the simplest and theoretically fundamental case of quantum optics, the bosons are photons in a mode of a confined electromagnetic
field and the fermion is a two-state system, and the Hamiltonian model is that of Jaynes and Cummings. In pioneering studies
on this topic, Yoo et al. provided an approximate analytical expression for the atomic (or, generally, two-level system) population
inversion able, in particular, to grasp the occurrence of revivals in the inversion dynamics [81,82]. A different approach, combining
the Poisson summation formula with the stationary phase method, was used some years later to investigate the revivals in the JC
model [83]. A still different and particularly simple approach is adopted here, making use of the integral expression for the Dirac

13
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delta function and the localization properties of the Gaussian function to derive an analytical expression for the evolving atomic
inversion D(7,,7) in the resonant TDJC model.

Introducing the identity 1 = /;° dx2x5(x> — N) into the expression (82) of D(#,, ) and using the integral expression for the delta
function, we obtain

Dl 1) =~ (1) (85)
with
o 2N
14) = R.:/oo Zde/oc da Y 1ol™ ia—ian+aixie) _ Re/w 2xdx/°° A2 ia42ixLa)+ale it (86)
0 —w0 27 f= NI 0 oo 27
By rescaling the two integration variables to x’ = xL(t) and A’ = 1/L?(¢), and then renaming them x and 4, respectively, we get
1) = Re/°° Zxdx/Oo ﬂe”"b“z"xﬂ“‘z“imzm. (87)
0 —co 27

Now, we note that the integrand is maximal around the A values for which L?(f)4 is a multiple of 2z. Therefore, we set
L%*(H)A = 2nx + ¢ and approximate the argument of the exponential in the integrand as

2 2
i—( mr+€)x2+2ix+ |ot|2 <1 —ie— %)

L2(1)
2 . 2 2 2 2 .
__lel” [e— ;2< x —|a|2)] - < __ |a|2> + 2732 4 2ix + faf. (88)
2 la]? \ L2(t) 2la)* \ L*(®) L2(1)

At this point, the integration variable only appears in a Gaussian term that, with respect to L2(t)4, has a width parameter 1/|a|.
The width of the Gaussian is much smaller than the separation 2z between the Gaussian peaks of the integrand magnitude for any
reasonable value of |a|. The A-integration is then well approximated by a series of Gaussian integrals with respect to e corresponding
to the different values of n, thus obtaining I(r) = ), I,(r) with

2
e\ﬂ\z © - 2< );2 —|DI|2> +72;M x2+2ix
I, = —Re/ dx2xe 2"\ 70 e . (89)
0

V2zL2(0)]a|

The size of the integrand is ruled by a Gaussian function whose peak occurs at x = L(t)|«|; therefore, we set x = L(#)|a| + ¢ and
only keep terms up to &2 in the exponent to obtain it in the form

—i 2 2
_2(1 —inm) [ _l,L(t)(L(t)+2mzr|a|)] _ (L) + 2nxa|) + 2inglal® + 20L0)al. (90)

L2(1) 2(1 —inx) 2(1 —inx)

The first term in Eq. (90) gives a Gaussian factor in the integrand of Eq. (89). The width parameter ¢ and mean value & of this
Gaussian are

o= —LO g, LOLO+nzlal) ©1)

21 =inz 2(1 ~ inz)
In addition, the prefactor in the expression of I,(f) can be rewritten in terms of ¢ as

,
elal”

2Ll V1 = inz 270

Next, since the value of the Gaussian function is negligible far enough from its mean, we replace the integration over x from 0 to
oo with that over & from —oo to oo, thus obtaining

Ja? ) 2 (L@+2nxla)? [0 _¢=9?
L@ =Red — €T oltmalal)- Lok / ALDla| +) 153 de
2L |a|V1 —inx -0 \V2ro

2_ (L@y+2nala])? (93)
a|t = —— 2
el l 2(1+n2n2) 2i L(r)|a|+nﬂ\a\2—nﬂM L®

3 ] n7r+2—
=Req ———— e 4(”” ) 1+i—m

m 1 —innm

Considering the expression for the standard deviation in Eq. (91) and the integrand in Eq. (93), one can easily realize that this last
approximation on the integration interval is valid for any n > 0 if L(#)|a| is no less than four times the maximum modulus L(t)/2
of the standard deviation. Therefore, the mean photon number should be, say, at least 4-5 for the present formulation to be used
with sufficiently high numerical precision.

Finally, since

(92)

L2
4|a|2 iarctan

1 +n2z?

nm + L0

. 2|a|
1+ - =

1—inz

L()+2n7]a]

2|a|—-nx L(t) s (94)
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Fig. 4. Comparison between the accurate time evolution of the atomic population inversion in the TIJC model described by Eq. (82) (red curve)
and that provided by the approximate expression in Egs. (96)—-(97), with the summation starting from n = —3 (green curve). The red curve is the
same as the red line in Fig. 2. The blue line in the bottom panel describes the difference between accurate and approximate evolution.

and
1 _ 1 1 eé arctan(mr)’ (95)
V1i—inzr (1 +n272)3

Egs. (85) and (93)-(95) give

0 L2 (L@y+2nnla)?

2
D(iy.1) = — 1 1 e 2(+72) cosa, (1) (96)
N0 (1 +n2”2)1 1+ n?x
with
_ 2 nx (L) + 2nzlal)® 1 L(t) + 2nr|a|
@n(t) =2L(@)|a| + 2nx|a|” — ?H—T + 5 arctan(nrx) + arctan m 97)

Due to the Gaussian factor, the envelope function of D(#,,f) has peaks (which represent the maxima of the revivals in the
atomic population inversion) near times ¢ such that L(¢) + 2nz|a| = 0. For example, for I/(r) = I, the maxima of the revivals occur
approximately at the times

¢ = Z2nmlal_ 2Inlzlal nel—oo,—1]. (98)
ly ly
Therefore, approximately, the separation between the revivals increases proportionally to the square root of the average photon
number. This result quantifies our statement in the previous section that the atomic population dynamics is slower for a larger mean
photon number in the initial coherent state of the field mode. Figs. 4 and 5 show examples of application of Egs. (96)-(97) to the
TIJC and TDJC models, respectively. In both cases, the summation of Eq. (96) starts from n = —3, as is sufficient to produce the first
three revivals of the atomic population inversion in the time interval considered here (0 < 7 < 480x).

5.3. The off-resonance physical scenario
We now apply the proposed theoretical approach to the study of the dynamics of atomic population inversion in the off-resonance

scenario. Similar to the previous section, we consider both cases where the Hamiltonian operator is time-independent and time-
dependent. The unitary evolution of the state of the system starting from the initial state |a,g) is determined by the evolution
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Fig. 5. Comparison between the accurate time evolution of the atomic population inversion in the TDJC model described by Eq. (82) (red curve)
and that provided by the approximate expression in Egs. (96)—(97) (green curve). The red curve is the same as the red line in Fig. 3. The blue
line in the bottom panel describes the difference between accurate and approximate evolution.

operator (72) in the form

¥, () = (010, 2)(0, gla ) + Y iy o(D1An o) (P ol 8, (99)
N>0,6

where (0, g|a, g) is given by Eq. (77), while the other probability amplitudes are given by

0 0 N
(Pnola,g) = e*|"‘|2/2 <COS TNﬁ(S,—] + sin 7N56,+1) aN' , N>O0. (100)
For the action of the operator ¢,, we obtain
(Pnt o 1621PN 5) = Sy nr [0 08Oy 8,60 — sin by (1 = 8,40)]. (101)

In Eq. (101), we used the fact that §, _,» = 1 — §,,» because o can only take the values +1, and, consistent with Egs. (62) and (63),
cos Oy and sinfy are given by

5 X .= N
cosly = ———, sinfy = —‘[ . (102)
1/12+N ,{’2+N

At this point, we can recast the atomic population inversion in the considered off-resonance scenarios in the form

2N
Dy, 1) = —elo {1 +y "’% [cos2 Oy +sin2 0y Re (a’;w(r)uN,,l(z))] } . (103)
N=1 )

Inserting the expressions (71) for the coefficients i, _;(¢) and iy, (r) and the trigonometric functions in Eq. (102), we finally obtain

< |a)?V 72+ N cos [FN(t)]

D(ii,,,t _—
(g 1) N§=:0 N7 ey

(104)
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Fig. 6. Atomic population inversion in the off-resonance time-independent JC model described by Eq. (16) with /, = 0.1, w, = 1.0, y = 1.5, and
w, consequently given by Eq. (61) as w, = 2y/, + w,. The green and blue lines are obtained for |¢|*> = 30 and |a|* = 60, respectively. The atom
is initially in state |g). The series in Eq. (82) is truncated at N = 300.

where, based on Egs. (64), (69), and (55), it is

Iy (1) = arccos [Re <ﬁ (08 N,_l(r))] =2/ + N L. (105)

The comparison of Egs. (104) and (105) with Eq. (82) clearly shows that the expression for the off-resonance atomic population
inversion reduces to that for the resonant case in Eq. (82) as y — 0.

Figs. 6 and 7 illustrate the temporal evolution of the atomic population inversion in time-independent and time-dependent off-
resonance JC models, respectively. In both cases, w(f) = w, = 1.0 and the off-resonance condition is created by y = 1.5. The time
dependence is determined by the atom-field coupling in Eq. (84) and by Eq. (61). We observe again the delay in the occurrence of
revivals as the amplitude « of the coherent state of the field increases. The departure from resonance determines the oscillation of the
atomic population around a nonzero value, but this effect is mitigated by increasing the mean photon number in the field mode. Since
the time-dependent coupling has a maximum amplitude equal to that in the time-independent case and decays appreciably over the
time range of atom-field interaction, the corresponding revivals of the atomic inversion are retarded and distorted (as the frequencies
of the Rabi oscillations depend on the coupling) compared to those in the presence of a constant atom—field coupling [22].

The resonant and off-resonance scenarios are compared in Fig. 8 for the time-independent JC model. We note that increasing
the off-resonance parameter and the amplitude of the coherent state of the field both contribute to increasing the separation of the
revivals in the time evolution of the atomic population inversion.

Next, we consider another example of TDJC in which the atom-field coupling is given by

{@-T)7
1) =0.1 sech[T], (106)
(see Fig. 9). In previous studies, the choice of a related but simpler coupling, where the argument of the sech was a linear function of
time, has been motivated by the fact that, given the SU(2) symmetry of the JC model, it leads to an exactly solvable dynamics [33].
The present study resolves a more complicated case in a simple way, without resorting to special functions, for all physical scenarios
that satisfy condition (61).

The evolution of the atomic population inversion caused by the atom-field interaction in Fig. 9 is shown in Fig. 10. Initially, the
population dynamics of the atom is frozen because its interaction with the field is negligible and thus the system remains essentially
in its initial factorized state. As the coupling becomes appreciable, Rabi oscillations occur. For the lower value of |«| used, the time
interval in which the coupling assumes appreciable or significant values is sufficient to observe a first collapse and a subsequent
revival of the atomic dynamics, before its final leveling off. The larger value of |a| results in a longer time for the buildup of the
revival, and the coupling strength decays to negligible values before such revival is significantly developed. We see that tuning the
coupling strength (in particular, the temporal extension of the coupling depends on the velocity of the atom if the coupling pulse
corresponds to the transit of the atom through the cavity) allows for effective control of the atomic dynamics, with respect to both
the maximum amplitude and number of revivals inside the cavity and the final value of the atomic population.

6. Conclusions

In this study we analyzed a method originally conceived to solve the dynamics of a system described by the TIJC model [59] and
generalized it for use on the TDJC model. The generalization applies to the physical scenarios in which the detuning is proportional
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Fig. 7. Temporal evolution of the atomic population inversion in an off-resonance TDJC model described by Eq. (42) with «(f) = w, = 1.0 and,
according to Eq. (61), w(t) = 2I(t) + w,, where y = 1.5 and /(¢) has the Gaussian shape in Eq. (84), with a maximum value of 0.1 and 4 = 120x.
The green and blue lines are obtained for |a|* = 30 and |«|* = 60, respectively. The atom is initially in state |g). The series in Eq. (82) is truncated
at N = 300.
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Fig. 8. Comparison of the temporal behaviors of the atomic population inversion in the resonant (y = 0) and off-resonance (y = 1.5) TIJC model,
Eq. (16), with the atom initially prepared in its ground state |g). The atom-field coupling strength is /, = 0.1 and w, = 1.0. For y =0, the orange
and red lines correspond to |a|* = 30 and [a|® = 60, respectively. For y = 1.5, the green and blue lines correspond to these || values in the
order. The series expressing the atomic population inversion is truncated at the Fock state N = 300.

to the atom-field coupling strength, as established by Eq. (61). For example, this condition could be achieved in suitably engineered
situations where the coupling depends on the atomic position in the cavity [15,22,74] and the atomic transition frequency, hence the
detuning, also depends on the position e.g. via AC Stark shift. Another possible approach in circuit QED would consist in a modulation
of the cavity frequency synchronized with the transit of the atom. This could be implemented by integrating a Superconducting
Quantum Interference Device (SQUID) into the resonator. In response to an externally varied magnetic flux, the SQUID acts as
a tunable effective boundary condition, shifting the frequency of the cavity field. Specifically, the flux variation modulates the
contribution of the SQUID to the total inductance of the resonator and hence the resonant frequency of the cavity. The change
in the cavity field frequency translates in a corresponding change in the detuning, which satisfies Eq. (61) if the flux variation is
suitably synchronized with the atomic trajectory through the cavity. Other relevant situations can emerge from circuit QED systems
where (effective) detuning and coupling strength depend on a common external control parameter, such as a flux bias [84]. The
setup in Ref. [84] was conceived to enable independent tuning of a qubit energy (and hence the related detuning) and its coupling
to the field of a superconducting cavity; however, it can also allow, in particular, for the implementation of a linear relationship
between coupling and detuning as in Eq. (61).
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Fig. 9. Time-dependent atom-field coupling of Eq. (106) for 4 = 90z, T = 240z, and ¢ = 10.
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Fig. 10. Atomic population inversion for the off-resonance (y = 1.5) TDJC model with w(r) = w, = 1.0 and the time-dependent coupling in
Eq. (106), with 4 = 90z, T = 240z, and ¢ = 10. The green and blue lines are obtained for |a|*> = 30 and |a|®> = 60, respectively. The series
expressing the atomic population inversion is truncated at the Fock state N = 300. The atom is initially prepared in its ground state |g).

We derived the forms of the evolution operator in the resonant and off-resonance TIJC and TDJC models and demonstrated
their implementation to obtain the time evolution of the atomic population inversion. Within this analysis, we also provided an
approximate expression for the atomic inversion that lends itself to efficient numerical implementation.

The ability to handle time dependence and detuning exactly in the JC and related Hamiltonian models is, in our view, a crucial
step toward bridging fundamental theory and real-world quantum technological applications ranging from quantum communication
to advanced quantum control protocols. In this context, the present study provides a piece of the mosaic of the general analytical
solution of the time-dependent Jaynes—Cummings model. The proposed approach could be extended to other time-dependent physics
scenarios. In fact, although it is generally expected that the form of the operator Z(f) prevents the solution of Eq. (46), there may
be physical situations deserving future investigation for which the time-dependence of Z(r) allows the analytical solution of this
equation.

The type of approach proposed in this study may also be generalized to other Hamiltonian models. For example, Compagno and
Persico investigated the applicability of the technique in Ref. [59] to nonlinear time-independent atom—field interactions, obtaining
the exact diagonalization of some well-known two-photon Hamiltonian models [85]. Now, in light of the present study, it becomes
interesting to explore the analogues of Eq. (61) for these models and the relevant time evolution operators. Another example of
possible generalization arises from the demonstration that a two-level system coupled to two degenerate modes of a cavity field
can be reduced, in the RWA, to an effective (one-mode) JC model, which is decoupled from the remaining transformed cavity
mode [86]. Further opportunities for applying the central idea of this study are expected to emerge from a vast literature spanning
several decades [60,87,88].
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