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BIG HEEGNER POINTS AND SPECIAL VALUES OF L-SERIES

FRANCESC CASTELLA AND MATTEO LONGO

ABSTRACT. In [LVII], Howard’s construction of big Heegner points on modular curves was
extended to general Shimura curves over the rationals. In this paper, we relate the higher
weight specializations of the big Heegner points of loc.cit. in the definite setting to certain
higher weight analogues of the Bertolini-Darmon theta elements [BD96]. As a consequence of
this relation, some of the conjectures in [LV11] are deduced from recent results of Chida—Hsieh

[CHI3].
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INTRODUCTION

Fix a prime p > 5 and an integer N > 0 prime to p, and let f € Sy, (I'o(Np)) be an ordinary
p-stabilized newform of weight ky > 2 and trivial nebentypus. Fix embeddings 1o, : Q < C
and 1, : Q— C,, let L/Q,, be a finite extension containing the image of the Fourier coefficients
of f under 7,, and denote by Of, its valuation ring. Let

£=3 aug" € 1lq)
n=1

be the Hida family passing through f. Here I is a finite flat extension of Op[[T]], which for
simplicity in this Introduction it will be assumed to be Op[[T]] itself. The space X (I) :=
HomCtS(H,Qp) of continuous Op-algebra homomorphisms I — Qp naturally contains Z, by
identifying every k € Z with the homomorphism oy : I — Qp defined by 1+ T > (1 + p)F—2.
The formal power series f is then uniquely caracterized by the property that for any k € Z>»
(in the residue class of kg mod p — 1) its “weight k specialization”

f, .= Z or(an)q"
n=1

gives the g-expansion of an ordinary p-stabilized newform fi, € Si(T'o(Np)) with £y, = f.
Let K be an imaginary quadratic field of discriminant —Dy < 0 prime to Np. We write

N=N'N",
where N T (resp. N7) is the product of the prime factors of N which are split (resp. inert) in

K, and assume throughout that N~ is the square-free product of an odd number of primes.
1
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Following Howard’s original construction [How07], the work of the second-named author
in collaboration with Vigni [LV11], [LVI4], introduces a system of “big Heegner points” Q,,
attached to f and K, indexed by the integers n > 0. Rather than cohomology classes in the
big Galois representation associated with f (as one obtains in [How(07]), in our setting these
points gives rise to an clement O%5(f) € I[[Ts]] in the completed group ring for the Galois
group of the anticyclotomic Z,-extension of K.

The construction of %8 (f) is reminiscent of the construction by Bertolini-Darmon [BD96]
of theta elements O (fr) € Zp[[I's]] attached to an ordinary elliptic curve E/Q of conductor
Np, where fr € So(I'o(Np)) is the associated newform, and in fact if fr = o9(f), it is easy
to show that

02(038(f)) = Os(fE)
directly from the constructions. In particular, in light of Gross’s special value formula [Gro87]
(as extended by several authors), one deduces from this equality that Jg(@i};g(f )) interpolates
certain Rankin—Selberg L-values.

More generally, it was suggested in [LV11] that the specializations of @gég(f) at any even
integer k > 2 should yield an interpolation of the central values L (fy, x, k/2) for the Rankin—
Selberg convolution of f;, with the theta series attached to Hecke characters y of K of p-power
conductor. This is the main question addressed in this paper.

Define

LyB(f/K) == OL(F) - O3 (F)" € I[[To]],

where * denotes the involution on I[[Ts]] given by v +— ! for v € I's,. We think of Lglg(f/K)
as a function of the variables k and x : I'ooc — C; by setting

LYS(£/ Kk, x) = (x 0 03,) (LY8(£/ K)).
The following is a somewhat weakened version of [LV11], Conj. 9.14] (cf. ConjectureEIlbelow).

Conjecture 1. Let k > 2 be an even integer, and x : I'os — CJ be a finite order character.
Then
LA8(f/Kk,x) #0 <= Li(fi, x, k/2) # 0.
The main result of this paper is a proof of Conjecture[Ilin many cases, and holds under the
“multiplicity 17 Assumption [l below (which was already made in [LV11] for the construction
of OLE(F)).

Theorem 1. Let k > 2 be an even integer, and let x : I'sc — C be a finite order character.

Then

ka N—
where N, and Cy(fy, x) are nonzero constants, Ey(fy, x) is a p-adic multiplier, and Q¢ - is
Gross’s period. In particular, Conjecture [l holds.

)

L38(£/ Kk, x) = A - Cp(fi, X) - Ep(fr, X) -

In fact, we prove that a similar interpolation property holds for all characters x : I'c — C;
corresponding to Hecke characters of K of infinity type (m, —m) with —k/2 < m < k/2, for
which the sign in the functional equation for Ly (fy, x, s) is still +1. As we note in Sect. [ in
addition to establishing [LV11], Conj. 9.14] in the cases of higher weight and trivial nebentypus,
the methods of this paper also yield significant progress on the ostensibly deeper conjecture
[LV11l, Conj. 9.5], which is an analogue in our setting of Howard’s “horizontal nonvanishing
conjecture” [How(7, Conj. 3.4.1].

Theorem []is in the same spirit as the main result of [Cas13|, where the higher weight spe-
cializations of Howard’s big Heegner points and related to the p-adic étale Abel-Jacobi images
of higher dimensional Heegner cycles. In both cases, the specializations of the respective big
Heegner points at integers k > 2 is mysterious a priori, since they are obtained as p-adic limits
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of points constructed in weight 2, but nonetheless one shows that they inherit a connection

to classical objects (namely, algebraic cycles and special values of L-series, respectively).
Our strategy for proving Theorem [ relies on the construction of an intermediate object,

a two-variable p-adic L-function denoted L5*(f/K), allowing us to bridge a link between the

higher weight specializations of ©%2(f) and the special values Ly (£, X, k/2).

Indeed, extending the methods of [BD96] to higher weights, the work of Chida~Hsieh [CHI13|
produces a higher weight analogue 0 (f) € Z,[[I's]] of the Bertolini-Darmon theta elements,
giving rise to an anticyclotomic p-adic L-function L3 (f./K) := oo (fk) - Ooo(fi)™ satisfying

Ly (£/ K)(x) = Cp(fk, x) - Ep(fr, x) - O

)

for all finite order characters x : I'sc — C, where Cy(fx,X), Ep(fy, x), and Qf, y- are as

above. The proof of Theorem [Il is thus an immediate consequence of the following.
Theorem 2. Let k > 2 be an even integer. Then

0(O3E(F)) = At - oo (fr).
where A\, is a nonzero constant.

Our construction of Lgn(f /K) is based on the p-adic Jacquet—Langlands correspondence in
p-adic families, and the constant A; in Theorem [2lin an “error term” arising in part from the
interpolation of the automorphic forms associated with the different forms f;, in the family. By
construction, L3"(f/K) thus interpolates the p-adic L-functions L3 (fy./K) of [CHIL3|, while

the relation between Li"(f/K) and ©8(f) can be casily established by tracing through the
construction of big Heegner points, giving rise to the proof of Theorem

The organization of this paper is the following. In Sect. I we briefly recall the construction
of big Heegner points in the definite setting, while in Sect. 2l we recall the construction of
the higher weight theta elements 0, (f) of Chida—Hsieh. Then, making use of the Jacquet—
Langlands correspondence in p-adic families in the form discussed in Sect. Bl in Sect. Bl we
construct the two-variable p-adic L-function L3"(f/K), and give the proof of our main results.

Finally, we conclude this Introduction by noting that some of the ideas and constructions
in this paper play an important role in a forthcoming work of the authors in collaboration
with C.-H. Kim [CKLJ], where we consider anticyclotomic analogues of the results of [EPWO0G]
on the variation of Iwasawa invariants in Hida families.

Acknowledgements. The authors would like to thank Ming-Lun Hsieh for several helpful
communications related to this work. During the preparation of this paper, F.C. was partially
supported by Grant MTM 20121-34611 and by H. Hida’s NSF Grant DMS-0753991, and M.L.
was supported by PRIN 2010-11 “Arithmetic Algebraic Geometry and Number Theory” and
by PRAT 2013 “Arithmetic of Varieties over Number Fields”.

1. Bi¢ HEEGNER POINTS

As in the Introduction, let N = NTN~ be a positive integer prime to p > 5, where N~ is
the square-free product of an odd number of primes, and let K/Q be an imaginary quadratic
field of discriminant —Djy < 0 prime to Np such that every prime factor of pN™ (resp. N7)
splits (resp. is inert) in K.

In this section, we briefly recall from [LVII] the construction of big Heegner points in the
definite setting. There is some flexibility in a number of the choices made in the construction
of loc.cit., and here we make specific choices following [CHI3].
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1.1. Definite Shimura curves. Let B/Q be the definite quaternion algebra of discriminant
N~. We fix once and for all an embedding of Q-algebras K — B, and thus identity K with a
subalgebra of B. Denote by z — Z the nontrivial automorphism of K/Q, and choose a basis
{1,j} of B over K with

e j2=p3¢cQ* with 8 <0,

e jt=tjforallte K,

e f¢c (ZqX)2 for ¢ | pN*t, and 8 € Zy for q| Dk.
Fix a square-root dx = /—Dp, and define 8 € K by

B D'+ 6k Dy if 21 D,
2 Dk /2 if 2|Dg.

For each prime ¢ | pN, define i, : By := B ®q Q4 ~ M2(Q,) by
W)= (M TN e =vE( ).

where Tr and Nm are the reduced trace and reduced norm maps on B, respectively. For each
prime ¢ { Np, fix any isomorphism i, : B, >~ M2(Q,) with i,(Ox ®z Z,;) C Ma(Z,).

For each m > 0, let R,, C B be the standard Eichler order of level N*p™ with respect to
our chosen {iy : By =~ M2(Qq)}gn-, and let Uy, C Eﬁl be the compact open subgroup defined
by

0: ., where D' = {

U= { ey i Lo = (g 1) mod s
Consider the double coset spaces
Xn(K) = B*\ (Homq(K, B) x B*) /U,
where b € B* act on left on the class of a pair (¥, g) € Homq (XK, B) x B* by
b-[(¥,9)] = [(bgb™", bg)],

and U,, acts on B* by right multiplication. As explained in [LV11], §2.1], )me(K) is naturally
identified with the set K-rational points of certain curves of genus zero defined over Q. If
o € Gal(K*/K) and P € X,,,(K) is the class of a pair (¥, g), then we set

P7 = [(¥,g¥(a))],

where a € K*\K* is such that recg (a) = o under the Artin reciprocity map. This is extended
to an action of G := Gal(Q/K) by letting o € Gi act as o|ab.

1.2. Compatible systems of Heegner Points. Let O be the ring of integers of K, and
for each integer ¢ > 1 prime to N, let O, := Z 4 ¢O be the order of K of conductor c.

Definition 1.1. We say that P = [(U, g)] € X,,(K) is a Heegner point of conductor c if
V(0.) = U(K)N (BN gRmg™")
and
\I'p((oc ® Zp)x N(1+p"0k ® Zp)X) = \I'p((oc ® Zp)x) N ngmpg;l’
where W, is the p-component of the adelization of ¥, and U, is the p-component of U,,.
In other words, P = [(¥, )] € X,,(K) is a Heegner point of conductor ¢ if U : K < B is
an optimal embedding of O, into the Eichler order BN gR,,g~ " (of level N*p™) and v, takes

the elements of (O, ® Z,)* congruent to 1 modulo p™ Ok ® Z, optimally into ngmpg;l.
The following result is fundamental for the construction of big Heegner points.
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Theorem 1.2. There exists a system of Heegner points ﬁpnm € )Z'm(K) of conductor p" ™,
for all n >0, such that the following hold.

(1) Ppnm € HY(Lpn i, Xpn(K)), where Lyn = Hypnm (pym).
(2) For all 0 € Gal(Lpn yn/Hpynim),

PG = (9(0)) - By s

where O : Gal(Lpn yn/Hpnm) — 25 [{=£1} is such that 9? = ecye.
(3) If m > 1, then

Z am(Pz?",m) =Up - Pprm—1,
O'EGal(Lpn’m/Lpnfl’m)

where Quy, : )?m — )Z'm_l 1 the map induced by the inclusion U,, C Up,—1.
(4) If n >0, then

~ B ~
5 Pp",m_Up.Ppnfl,m'
UGGal(Lpn’m/Lpnflym)

Proof. A construction of a system of Heegner points with the claimed properties is obtained in

[LV11], §4.2], but this construction is ill-suited for the purposes of this paper, since the global

elements v(&™) | £(&M) appearing in [loc.cit., Cor. 4.5] are not quite explicit. For this reason,

we give instead the following construction following the specific choices made in [CHI13, §2.2]).
Fix a decomposition N*TOx = NN+, and define, for each prime ¢ # p,

o g, =1,ifgf NT,

o ¢ =05 (? ?) € GLy(Ky) = GL2(Qy), if ¢ = qq splits with g|0M™,

and for each n > 0,

s 6 —1 S0 . — .
o= (1 0 > <% 1> € GLy(K,) = GL2(Qp), if p = pp splits,

sy (0 1\ (p® O\ .. . .
° g, _<_1 0) <O 1 , if p is inert.

Set ¢(*) = g}()s) [zpsa € B*, and let 1 : K < B be the inclusion. For all n > 0, it is easy
to see that the point

Py n = [(ure, "))
is a Heegner point of conductor p"*™ on X,,(K). The proof of (1) then follows from [LVII]

Props. 3.2-3], and (2) from the discussion in [LVII] §4.4]. Finally, comparing the above g,(,s)
with the local choices at p in [LV11], §4.1], properties (3) and (4) follow as in [loc.cit., Prop. 4.7]
and [loc.cit., Prop. 4.8], respectively. O

1.3. Hida’s big Hecke algebras. In order to define a “big” object assembling the compatible
systems of Heegner points introduced in §.21 we need to recall some basic facts about Hida
theory for GLg and its inner forms. We refer the reader to [LV11], §55-6] (and the references
therein) for a more detailed treatment of these topics than what follows.

As in the Introduction, let f = >, a,(f)q" € Sk, (To(Np)) be an ordinary p-stabilized
newform (in the sense of [GS93, Def. 2.5]) of weight ko > 2 and trivial nebentypus, defined
over a finite extension L/Q,. In particular, a,(f) € O, and f is either a newform of level
Np, or arises from a newform of level N. Let p; : Gq := Gal(Q/Q) — GLy(L) be the
Galois representation associated with f. Since f is ordinary at p, the restriction of p; to a
decomposition group D, C Gq is upper triangular.



6 F. CASTELLA AND M. LONGO

Assumption 1.3. The residual representation py is absolutely irreducible, and p-distinguished,
i.e., writing ps|p, ~ (%), we have £ # 4.

For each m > 0, set I'g1(N,p™) := I'o(IN) N T'1(p™), and denote by b, the Or-algebra
generated by the Hecke operators Ty for £ Np, the operators U, for ¢|Np, and the diamond
operators (a) for a € (Z/p™Z)*, acting on S(Co1(N,p™),Q,). Let e := lim, o0 U;” be
Hida’s ordinary projector, and define

h%d — eordhm’ hord — T&nf)%d,
m

where the limit is over the projections induced by the natural restriction maps. Similarly, let
T, be the quotient of b, acting faithfully on the subspace of Sa(I'o1(N,p™),Q,) consisting
of forms that are new at the primes dividing N, and set

ord .__ _ord ord ._ 1: ord
Ty = e b, T = l&l'ﬂ‘m .
m

Let A := Op[[I']], where I' = 1 + pZ,,. These Hecke algebras are equipped with natural
OL[[Z}]]-algebra structures via the diamond operators, and by a well-known result of Hida,
hord is finite and flat over A.

The eigenform f defines an Op-algebra homomorphism Ay : hord — Oy factoring through
the canonical projection h°'d — T, and we let h%d (resp. T9") be the localization of hord
(resp. T°') at ker()\ ;). Moreover, there are unique minimal primes a C h&¢ (vesp. b C Td),

such that Ay factor through the integral domain
I:=b¢/a = T3r /b,
where the isomorphism is induced by hord — Tord,

Definition 1.4. A continuous Op-algebra homomorphism « : I — Qp is called an arithmetic

prime if the composition
K

I - A —TI* 5% Q;
is given by vy + 1) (7)7*2, for some integer k > 2 and some finite order character ¢ : I' — Q;
We then say that x has weight k, character 1, and wild level p™, where m > 0 is such that
ker(¢)) =1+ p™Z,.

Denote by X,itn(I) the set of arithmetic primes of I, and for each k € Xapien(I), let Fy be
the residue field of p, := ker(x) C I, which is a finite extension of Q, with valuation ring O.

For each n > 1, let a,, € I be the image of T}, € h*4 under the natural projection h*4 — T,
and form the g-expansion f = 7 | a,¢" € [[[¢]]. By [Hid86l Thm. 1.2], if k € Xyayisn(I) is an
arithmetic prime of weight k > 2, character v, and wild level p™, then

f. = Z K(an)q" € Fillql]
n=1

is (the g-expansion of) an ordinary p-stabilized newform f,, € Sj(I'o(Np™),wro =), where
w: (Z/pZ)* — Z, is the Teichmiiller character.
Following [How(7], Def. 2.1.3], factor the p-adic cyclotomic character as

. >< ~
€cyc = Etame " Ewild * GQ — Zp = Hpo1 X I,

and define the critical character © : Gq — 1* by

0(0) = e (0) - 21 (0)],
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where e,,2, : Gq — p,_; is any fixed choice of square-root of 6?;)1;62 (see [How(7, Rem. 2.1.4]),
1/2

egiq - Gq — T is the unique square-root of eyiq taking values in I', and [] : ' — A* — I* is
the map given by the inclusion as group-like elements.
Define the character ¢ : Z; — I by the relation

O = Hogcyca

and for each k € Xyin(D), let 0, : Z; — Q; be the composition of # with . If x has weight
k > 2 and character v, one easily checks that

(1) On(z) = 2" 2uMo Ry (2)
for all z € Z.
1.4. Big Heegner points in the definite setting. Let D,, be the submodule of Div(X,,)
supported on points in X, (K), and set
D%d = YD, ®z O1).
Let I be the free I-module of rank one equipped with the Galois action via © !, and define
Dy = D2 @pora I, DI =D, @1

Let ﬁpnm € )me(K ) be the system of Heegner points introduced in 2] and denote by Ppn ,,
the image of €4 Pyn ,, in D,,. By Theorem [[2(2) we then have

(2) Ponm = 0(0) - Py
for all o € Gal(Lyn yn/Hpntm) (see [LVII] §7.1]), and hence Pyn ,,, defines an element
(3) Py @ G € HO(Hpntm, D).

Moreover, by Theorem [[.2(3) the classes
Ppnm = Coern+m/Hpn Py @ Cm) € HY(Hyn, DY)
satisty o «(Pprm) = Up - Ppn m—1 for all m > 1.
Definition 1.5. The big Heegner point of conductor p™ is the element
Py = Ym U, ™ - Py iy € HO(Hp, DY),

m

T 1 T
where DT := @m D),
1.5. Big theta elements. Let Pic(X,,) be the Picard group of X,,, and set
Jod = e (Pic(X,,) @z O1), I i= 0 ®@poa I, I =T @ I

The projections Div(X,,) — Pic(X,,) induce a map D := fm Dy — lm Jp =:J.
Assumption 1.6. dimg, (J/miJ) = 1.

Here, my is the maximal ideal of I, and kj := I/my is its residue field. By [LVI1I] Prop. 9.3],
Assumption implies that the module J is free of rank one over II; this assumption will be
in force throughout the rest of this paper.

Let T'oo = lim Gal(K,,/K) be the Galois group of the anticyclotomic Z-extension K /K.
For each n > 0, set

Q, = Coern+l/Kn (Ppn+1) € HO(Kn,]D)T).
Abbreviate T, :=TI'%, = Gal(K,, /K).
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Definition 1.7. Fix an isomorphism n : J — I. The n-th big theta element attached to f is
the element ©%8(f) € I[T,] given by

(_)alg Z 77Kn Qo

O'EFn
where 1, is the composite map H(K,, D) =D —J 51

Remark 1.8. Plainly, two different choices of 7 in Definition [77] give rise to elements ©3%(f)
which differ by a unit in T C I[T",,]. Following [LV11], §§9.2-3], this dependence on 7 will not be
reflected in the notation, but note that for the proof of our main result (Theorem [£.6] below),
a certain “normalized” choice of 1 will be made.

Using Theorem [[.2Y(3), one easily checks that the elements @?ng(f) are compatible under
the natural maps I[I';,] — I[T',] for all m > n, thus defining an element
(4) OUE(F) := lim O%(£)
n

in the completed group ring I[[T L I,

Definition 1.9. The algebraic two-variable p-adic L-function attached f and K is the element
Ly (f/K) = O38(F) - 038 (f)" € [,

1

where x — z* is the involution on I[[I']] given by v +— 77" on group-like elements.

2. SPECIAL VALUES OF L-SERIES

2.1. Modular forms on definite quaternion algebras. Let B/Q be a definite quaternion
algebra as in .1l In particular, we have a Qyp-algebra isomorphism i, : B, ~ GL2(Q,).
Definition 2.1. Let M be a Z,-module together with a right linear action of the semigroup
M2 (Z,) NGL2(Qy), and let U C B* be a compact open subgroup. An M -valued automorphic
form on B of level U is a function
¢: B — M

such that

¢(bgu) = ¢(g)|ip(up),
for all b € BX, g € BX and u € U. Denote by S(U, M) the space of such functions.

For any Z,-algebra R, let

Zy(R) = Sym"*(R?)
be the module of homogeneous polynomials P(X,Y") of degree k — 2 with coefficients in R,
equipped with the right linear action of My (Z,) N GL2(Q,) given by

(PI7)(X,Y) := P(dX — ¢Y, —bX + aY)
for all v = (¢%). Set Si(U; R) := S(U, Z(R)), and Si(U) := Sk(U; Cp).

2.2. The Jacquet—Langlands correspondence. The spaces S(U, M) are equipped with
an action of Hecke operators Ty for £ N~ (denoted Uy for £|pNT).

Recall that T 1(N,p™) := ['o(N) NT'1(p™), and denote by S2V-N"(T'g1(N,p™)) the sub-
space of Si(I'o1(IV,p™); Cp) consisting of cusp forms which are new at the primes dividing
N~. Define the subspace SN (Io(Np™)) of Si(To(Np™); Cp) is the same manner.

Theorem 2.2. For each k > 2 and m > 0, there exist Hecke-equivariant isomorphisms
S (Um) — Sp " (Lou (N, p™))
Su(Ry) — SE™ N (Do(Np™)).
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In the following, for each k € Xaitn (I) of weight k& > 2 and wild level p™, we will denote by
¢f, € Sip(Up) an automorphic form on B with the same system of Hecke-eigenvalues as fj;.
By multiplicity one, ¢f, is determined up to a scalar in F., and we assume ¢s,_ is p-adically
normalized in the sense of [CHI13, p.18], so that ¢¢, is defined over Oy, and ¢¢, Z 0 (mod p).

2.3. Higher weight theta elements. We recall the construction by Chida-Hsieh [CHI13| of
certain higher weight analogues of the theta elements introduced by Bertolini-Darmon [BD96]
in the elliptic curve setting.

Let f =521 an(f)g™ € Sk(T'o(Np)) be an ordinary p-stabilized newform of weight k > 2
and trivial nebentypus, defined over a finite extension L of Q,, with ring of integers Oy..

For any ring A, let £ (A) be the module of homogeneous polynomials P(X,Y") of degree
k — 2 with coefficients in A, equipped with left action pj of GLy(A) given by

_k=2
pr(9)(P(X,Y)) := det(g)” = P((X,Y)g),
for all g € GLa(A), and define the pairing (, ) on Z;(A) by setting

<ZZ: AiVis Zj: bjvi)k = Z Amb—_mm - (_1)%+mr(k3/2 ‘;?;)E(f)/Q — m)’

—kom<k
where v, := X5-l-my5-l+m
Let G, := K*\K*/ (’)pxn be the Picard group of Opn, and denote by [-],, the natural projec-

tion K* — G,. For the following definition, recall the scalars 8 and dx introduced in .11
and the system of elements <™ € B* from Theorem [[2, and let o5 € Sp(Ry) be a p-adic
Jacquet—Langlands lift of f p-adically normalized as in §2.21

Definition 2.3. Let —k/2 < m < k/2, and n > 0. The n-th theta element of weight m is the
element ﬁﬁ{”](f) € ﬁ@L [Gn] given by

IIF) = ()T D0 k(250 bp(a - <)) - laln

[a]n€Gn
where
k=2
® Oép(f) = ap(f)p 2,
1 VB . ..
° Z}()n) _ (0 ]in\/g(sl\(/)g if p splits in K,
(_pne _pn\/@) if p is inert in K,

k=2
o v =B "D vp.

Note that the denominator (k — 2)! arises from the definition of () (cf. Remark 2.1, and
let 6,,(f) be the image of ¥,,41(f) under the projection ﬁ@L [Gnt1] — ﬁ@L [Ty].

If x : K*\Ag — C* is an anticyclotomic Hecke character of K (so that X|A8 =1), we
say that K has infinity type (m,—m) if

X(200) = (200/Zoc)™

for all 2z, € (K ®q R)*, and define the p-adic avatar X : KX\I?X — C,; of x by setting

X(a) = 1y 015 (x(a)) (ap/a@p)™,

for all a € I?X, where a, € (K ®q Q)™ is the p-component of a. If x has conductor p",
then X factors through G,,, which we shall identify with the Galois group Gal(Hp»/K) via the
(geometrically normalized) Artin reciprocity map.
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Theorem 2.4. Let Y be the p-adic avatar of a Hecke character x of K of infinity type (m,—m)
with —k/2 < m < k/2 and conductor p*. Then for all n > max {s, 1}, we have

. Lic(f.x, k/2
ROP) = Cln) - Byl - KAL)
LN~
where
o Colf,x) = (OLN/2? T(k/2+ mT (/2 —m) - (p/ap(F))" - (0" Dic)*2 - VD,
1 ifn >0,
o Ey(fix) =14 (I—a,'x(0)* (1 —ay,'x(p)* if n=0 and p = pp splits in K,
(1—(1;2)2 if n =20 and p is inert in K,
o Oy - € C* is Gross’s period.
Proof. This is [CH13, Prop. 4.3]. O

Remark 2.5. For our later use, we record the following simplified expression for the n-th theta
element ﬁﬁ{”](f) for m = —(k/2 — 1). Define gbgf] : BX — O by the rule

or)= > vy
—k/2<j<k/2

in particular, gbgfg/?*l](b) is the coefficient of Y*~2 in ¢#(b). Using that det(Zz(,n)) = p"/Bik,

and the relation

ey T(6/2 + T (/2 — j)

_ 5]
an immediate calculation reveals thatEl
(5) M) =6 (DT YD o ™) ], (mod p7).
[a}nEQn

Also, note that in this case vﬂg_k/zl(f) € Or|Gy), i.e. there is no (k —2)! in the denominator.

2.4. p-adic L-functions. By [CHI3| Lemma 4.2], for m = 0 the theta elements Hilm}( f) are
compatible under the projections ﬁ@L Cpi1] — ﬁ@L [[',], and hence they define an

element
Ooo (f) := Lim 61 ()
in the completed group ring ﬁ(’)L[[Fw]] o= lm ﬁOL[Fn].

Definition 2.6. The p-adic L-function attached to f and K is the element

Ly (f/K) = boo(f) - Ooo(f)" € (k= 2)I7 OL[[Tec]l,

1

where x — x* is the involution on ﬁ@L[[FwH given by v — v~ on group-like elements.

Theorem 2.7. Let ¥ : Too — C, be the p-adic avatar of a Hecke character x of K of infinity
type (m, —m) with —k/2 < m < k/2. Then

(71 an LK(f7X7k/2)

R = () - Cylf.x) - Eylfox) - XX

f7N7
where €(f) is the root number of f, and Cy(f,x), Ep(f,x), and Qs y— are as in Theorem 2.4}

Proof. This follows immediately from the combination of [CHI3, Thm. 4.6] and the functional
equation in [loc.cit., Thm. 4.8]. O

IThis is in fact an equality when p splits in K, because of the simpler shape of ZI(,") (see Definition 23) in
this case.
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3. p-ADIC FAMILIES OF AUTOMORPHIC FORMS
3.1. Measure-valued forms. Let 2 be the module of Op-valued measures on
(Z3) = Zy ~ (pZp)?,
the set of primitive vectors of ZIQ,. The space S(Uy, Z) of P-valued automorphic forms on B

of level Uy := Eé is equipped with natural commuting actions of Oy [[Z,]] and Ty, for £{ N ™.
For every K € Xaitn(I) of weight k& > 2, character ¢, and wild level p™, there is a special-
ization map p, : Z1:= 9 ®0L[[Z1>7<” I — P(F,) defined by

(©) pul) = [ eno)a¥ = yX)Fdua.g),

where ¢,, = 9w~ is the nebentypus of f,., and we denote by
P 2 S(Uo, Z1) — Si(Um; Fi)

the induced maps on automorphic forms. Every element ® € S(Uy, Zr) thus gives rise to a
p-adic family of automorphic forms pj, «(®) parameterized by k € Xayien (I).

Proposition 3.1. Let f € I[[g]] be a Hida family. For any arithmetic prime k € Xain(I) of
weight k > 2 and wild level p™, let p,, C 1 be the kernel of k. Then the specialization map py, «
mduces an isomorphism

S(U0; 2)1,. /95 (U0, D)1, = Sk (U Fro) [fi]
where S(Uy, P)1,, is the localization of S(Uy, Z1) at py.

Proof. Under slightly different conventions, this is shown in [LV12] by adapting the arguments
in the proof of [GS93, Thm.(5.13)] to the present context. O

For any ® € S(Uy, 1) and k € Xayien (L), we set @, := py (D).

Corollary 3.2. Suppose Assumption[L.8 holds. Then S(Uy, 1) is free of rank one over 1. In
particular, there is an element ® € S(Uy, Z1) such that

D= Ny ¢fm

where Ay € O, \ {0}, and ¢, is a p-adically normalized Jacquet-Langlands transfer of f,.
(Of course, ® is well-defined up to a unit in 1*.)

Proof. We begin by noting that Assumption forces the space S(Up, Z1) to be free of rank
one over I. Indeed, being dual to the kj-vector space J/myJ, Assumption implies that
S(Uo, Z1)/m1S(Uy, Z1) is one-dimensional. By Nakayama’s Lemma, we thus have a surjection
I — S(Uy, Z1), whose kernel will be denoted by M. If p,, C I is the kernel of any arithmetic
prime k € Xyitn(I) (say of wild level p™), we thus have a surjective map

(H/M)I[N — S(U(), ‘@)Hn — S(U(), .@)Hﬁ/an(Uo, ‘@)Hn ~ Sk(Um, FR)[fR],

where the last isomorphism is given by PropositionB1l In particular, it follows that (I/M),, #
0 and by [Mat89, Thm. 6.5] this forces the vanishing of M. Hence S(Uy, Z1) = 1, as claimed.

Now, if ® is any generator of S(Uy, Z1), then ®, spans Sk (Uy,; Fi)[fs] for all & € Xapien (1),
and hence ®,, = A\, - ¢¢. for some nonzero )\, € Oy, as was to be shown. O

Remark 3.3. It would be interesting to investigate the conditions under which the constants
A € O, are p-adic units, so that &, is p-adically normalized.

Remark 3.4. In the absence of Assumption [LB the conclusion of Corollary holds only
locally, i.e., for every kg € Xapitn(I), there exists a neighborhood U, of kg such that ®, =
Ak - ¢g, for all kK € Uy, .
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3.2. Duality. The following observations will play an important role in the proof of our main
results. We refer the reader to [SW99, §§3.2,3.7] for a more detailed discussion.
Fix an integer m > 1, let O be the ring of integers of a finite extension of Q,, and assume

that ¢, (b) == |(B* N bU,b~1)/Q| is invertible in O for all [b] € B*\B* /U,,. There is a
perfect pairing
<,>m : SQ(Um; O) X SQ(Um; O) — 0
given by
(f1s fo)m = Z Cm (D)~ f1(B) f2(bTim),
[bleB*\B* /U,
where 7, € B* is the Atkin Lehner involution, defined by 7,, 4 = < " N+ 0> if q[pN™, and

Tm,g = 1if ¢t pNT. Tt is easy to see that (, )., is Hecke-equivariant. Letting Sa(Up,; O) be the
module S (U,,; O) with the Hecke action composed with 7,,, we thus deduce a Hecke-module
isomorphism

HomAO(JOId Olly]) ~ Homo[pm](J,gfd,(’)[Fm])
~ Homp (Jo'9, O)
. Ord(Um,O)

which we shall denote by 7,,.
Note that for any [b] in the finite set B*\B* /U, we have ¢,,(b) = 1 for all m sufficiently
large. Since the isomorphisms 7,, fit into commutative diagrams

Hom,, (J29, O[T,]) o ST, O)F
lpr ltr
Homy,, (J&4, O[T p_1]) — S (U, _1; O)F,

where the right vertical map is given by the trace map, taking the limit over m > 1 we thus
arrive at a T°"%-module isomorphism

= an Hompy, ( Jord LSord Up; O)F

and hence
(7) m : Homy (1, I) == S(Up; 21)*
by linearity and Shapiro’s Lemma.

Corollary 3.5. Suppose Assumption[I. 8 holds, and let ® be as in Corollary[3.2. There exists
an I-linear isomorphism n : J ~ 1 such that for all k € Xaien(1) of weight 2 and wild level p™,
the diagram

J L I
l |
I — 0,
commautes.
Proof. Setting 1 :=n; L(®), where ny is the isomorphism (7)), the result follows. O

4. SPECIALIZATIONS OF BIG HEEGNER POINTS

Recall that Assumption is in force in all what follows.
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4.1. Weight 2 specializations of big Heegner points. Let f € [[[¢]] be a Hida family, and
let ® € S(Uy, Z1) be a p-adic family of quaternionic forms associated with f as in Corollary 3.2l

Definition 4.1. For each k € Xyien(I) and n > 0, let £L2°(f/K; k) € O[] be the image of
> [ k@i wy oo
o€Gal(H 41 /K) 7 20 X 2p
under the projection Ok [Gal(H,n+1/K)] — Ok[I'y], where

Pyost = [(1r, s )] € HO(Hpin, Xo(K))

is the Heegner point of conductor p"*! on )?o(K ) defined in the proof of Theorem
Lemma 4.2. If k € Xain(I) has weight 2, then the projection map m)r_; = O[] = Ok[ln_1]

sends
LY/ K k) = k(ay) - Lo (£/ K k).

Proof. We begin by noting that if 7 € Gal(Hn+1/K) is any lift of a fixed 7 € Gal(Hpn/K),
then

® S me- Y pm-uem.
oEGalETIzZH/K) o€Gal(H ny1/Hyn)
We thus find, using that x has weight 2 for the last equality, that

Z Z /Zxe ’%(w)d(b(P;nﬂ)(w,y)@T

o—=T
r€Gal(Hyn /K) o T K

= > l/x K(2)dD(Uy - Ph)(2,y) ® T
r€Gal(Hyn /K)” Zp XZp

k@) Y[ e ey e
Gal(Hyn /K)* Zp *XZp
and the result follows. O
Definition 4.3. For each k € Xyyien(I) of weight 2, define £22(f/K; k) € Ok[[I's]] by
LE(f/K; k) == @ﬁ(a;") LYK R).

n

By Lemma [A2] £22(f/K; k) is well-defined.

Proposition 4.4. Fiz ® as in Corollary [Z3, and let ©%2(f) € I[[Tas]] be the corresponding
big theta element (see Definition[I]), using the isomorphism n : J ~ 1 of Corollary[33. Then
for any k € Xaitn(I) of weight 2, we have

R(O3E(F)) = LR(E/ K k)
in Ox[[Too]].

Proof. Let k € Xyien(I) have weight 2 of level p™, and let P,n+1 be the big Heegner point of
conductor p"*! (see Definition [[H). In view of the definitions, it suffices to show that

kK, (Qn)) = L3 (£/ K5 k)
for all n > m, which in turn is implied by the equality

(9) :‘i(?]HPnJrl (Ppn+1)) = /ZXXZ n(w)d@(Pan)(x,y),
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where 7 ., is the composite map HY(Hpnt1,DT) D — ] 21
Recall the critical character © : Gq — I* from §I.3] and define x, : K*\Ax — F.* by
Xk (7) = O (recq(Ng/q(7)))

for all x € A%. We will view x, as a character of Gal(K?"/K) via the Artin reciprocity map
recc. Let Pputi @G € HO(Hpns14m, D},) be as in (@), recall that Lynt1 py i= Hpnirem (fym),
and consider the element P;;Hm € H(Lyn+1 Df, ® F.) = H(Lyn+1 1, Dy ® F;) given by

" H n+1+m —1
(10) P;anm = Z ReSL;’nHM (Ppnﬂm ® (m)’ ® X, (o).
O'EGal(Lpn-l»l’m/Hpn-ﬁ—l)

By linearity, we may evaluate ®, at any element in D, ® Fj; in particular, we thus find

D (PXs ) = > R CORE MU AR
o€Gal(Lnt1 ,,/Hynt1)

- > X (7) > OB

TeGal(LPanlfm’m/HPn‘Fl) UGGal(Lps:Tm/Hpn-ﬁ-l)
= /f(a;n) Z X;l(T) . QH(P]:”‘Fl*mJn)
TEGal(Lpn-kl—m’m/Hpn-Q—l)
(11) = (@)« [Lynti-m 2 Hynia] + @(Bpntiom ),

using the “horizontal compatibility” of Theorem [[L2(4) for the third equality, and the trans-
formation property of Theorem [[2[2) for the last one.
By definition (I0), we have

Lpn+17m
Hpn+1+m

(Ppn-l»l m ® Cm)

= [Lpn+17m : Hpn+l+m] . Coern+1+m/Hpn+1 (Ppn+l,m X Cm),

Xk —
Pp"“m = CoernHm/Hpn+1 o Res

and using (2)), it is immediate to see that
PXrii o € HY (Hpns1, Df, @ Fy)
(cf. [LV14l §3.4]). Since x has wild level p™, the composite map
D—JLI15E,

factors through D — D,,,, inducing the second map
(12) HY(Hpnt1,Df, ® F,) — Dy, @ F, — Fl.
Tracing through the construction of big Heegner points (§1.2)), we thus see that the image of
Ut [Lyntt g 2 Hyntitm] - Py under the map

H(Hyni1, DY) — D — J =5 F,

agrees with the image of IP’;CSH,m under the composite map ([I2]), and hence using Corollary B.5]
we conclude that

(13) @H(P§§+l7m) = m(agL) . [Lpn+l7m : Hpn+1+m] . Ii(ﬁHp"_’_1 (Ppn+1)).
Combining (1)) and (I3)), we see that

K(ananl (Ppn+1)) = @H(Ppn+l—m7m).
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On the other hand, since x has weight 2, by definition of the specialization map we have
/ K(2)d®(Poss) (2, ) = Bu(Brussm )-
Zy XZyp
Comparing the last two equalities, we see that (@) holds, whence the result. O

4.2. Higher weight specializations of big Heegner points. In this section, we relate the
higher weight specializations of the “big” theta elements © (f) to the theta elements O (f)
of Chida—Hsieh. This is the key ingredient for the proof of our main results.

Proposition 4.5. Let ©%5(f) € I[[Ts]] be as in Lemma and let Kk € Xyin(D) be an
arithmetic prime of weight k > 2 and trivial nebentypus. Then

k=2

R(OE(E)) = A 0pc 7 - o (fi),
where A is as in Corollary [3.2 and O (f.) is the theta element of Chida—Hsieh (see §2.4]).
Proof. 1t suffices to show that both sides of the purported equality agree when evaluated at

infinitely many characters of I',. Thus let X : ['oc — C} be the p-adic avatar of a Hecke
character x of K of infinity type (m,—m) and conductor p®, where

m= _(k/Q_ 1)7

and s > 0 is any non-negative integer. Let n > s. The expression defining £2"(f/K; k) (see
Definition FT]) depends continuously on &, and hence from the equality of Proposition 4] we
deduce that

K(ONE(f)) = K(a,™) > / _ 6(@)d® (P (z,y) ® 0
o€Gal(H i1 /K) %0 *2p
_ K(a;n) Z (bl[ik/2fﬂ (P;n+1) ® o,
UGGal(Hpn+1/K)
using the fact that integrating d@(P;nH)(x, y) against k(z) = zF2
YFk=2 of cI>,.;(PI‘)’,L+1) for the second equality, as apparent from (6)). (See Remark [2.5])
We thus find

X(R(O3E (D)) = X(x(O3(F))) = r(a,™) Y /> (F11)R(0)

recovers the coeflicient of

O’GFn
= e wlay™) S ol (P )R (o)
oel'y,
—2
=\ 0 2 -ROF2U(E,))  (mod p)
k—2

= M0 7 R(0o(Ey)) (mod p),

using Remark and [CHI13| Thm. 4.6] for the penultimate and last equalities, respectively.
This congruence holds for all n > s, and hence
k=2
X(R(OXE(F) = A - 05 7 - X(0oo(£x))-
Letting x vary, the result follows. O

As a consequence of the above result, we deduce that the two-variable p-adic L-function
Lglg (f/K) of Definition [[L7] (constructed from big Heegner points) interpolates the p-adic L-
functions L% (f,/K) of Chida—Hsieh (Definition 6] attached to the different specializations
of the Hida family f.
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Theorem 4.6. Let k € Xyitn (1) be an arithmetic prime of weight k > 2 and trivial nebentypus.
Then
RILYE(E/ 1)) = N 0,0 - L (8 K,
where A, is as in Corollary [T2.
Proof. After Proposition 48] this follows immediately from the definitions. O

Remark 4.7. If we do not insist in the particular choice of isomorphism 7 from Corollary B.5]
then the equality in Theorem 6] holds up to a unit in OF (cf. Remark [Lg]).

5. MAIN RESULTS

In this section, we relate the higher weight specializations of the theta elements constructed
from big Heegner points to the special values of certain Rankin—Selberg L-functions, as con-
jectured in [LV1I]. Following the discussion [loc.cit., §9.3], we begin by recalling the statement
of this conjecture.

Let k € Xyien(I) be an arithmetic prime of even weight £ > 2, and let f; be the associated
ordinary p-stabilized newform. In view of (), for all z € Z; we have

0,(2) = 2"%719,.(2),
where 9, : Z); — F.* is such that Y2 is the nebentypus of f; in particular, the twist
fl.=f 09"
has trivial nebentypus.
Let Lglg(f /K) € [[[I'x]] be the two-variable p-adic L-function of Definition [[L9] constructed

from big Heegner points. By linearity, any continuous character x : I'no — C, defines an
algebra homomorphism x : Ok[[I'sc]] = Cp, and we set

Ly (£/K; 5, x) = x 0 £(LyE(£/K)).

Recall that an arithmetic prime xk € Xyn(l) is said to be exceptional if it has weight 2,
trivial wild character, and k(a,)? = 1. Denote by wg € {&1} the generic root number of the
Hida family f, so that for every non-exceptional k € Xyitn(I) the L-function of f,;r over Q has
sign wy in its functional equation.

Conjecture 5.1 ([LV1I] Conj. 9.14]). Let £ € Xaritn(I) be a non-exceptional arithmetic prime
of even weight k > 2, and let x : I'no — C be a finite order character. If wg = 1, then

L;lg(f/K7/§;,X) 7&0 — LK(f;l-aX7k/2) 7&0

In view of Gross’ special value formula [Gro87], it is natural to expect Conjecture[5.Ilto be a
consequence of a finer statement whereby ﬁ(LZlg(f /K)) would give rise to a p-adic L-function

interpolating the central critical values L K(f,l, X, k/2) as x varies. For k € Xyien(I) of weight
2, this indeed follows from the discussion in the previous section combined with Howard’s
“twisted” Gross—Zagier formula [How(09]. (See [LV14] §5].) The corresponding statement in
higher weights is the main result of this paper, which shows that the interpolation property
in fact holds for a more general family of algebraic characters of I's.

Theorem 5.2. Let k € Xyitn (D) be an arithmetic prime of weight k > 2 and trivial nebentypus,

and let x : T'os — C,; be the p-adic avatar of a Hecke character of K of infinity type (m,—m)

with —k/2 < m < k/2 and conductor p™. Then

. LK(fm X k/2)
Qe N-

where A is as in Corollary [32, €(f;) is the root number of f;, and Cy(fs, x), Ep(fs, x), and

Qme_ are as in Theorem [2.4) In particular, if k is non-exceptional, Conjecture [2.1] holds.

LES(E/K) (5, x) = A} - 5" - e(£2) - Cp(fay X) - Eplf x)

)



BIG HEEGNER POINTS AND SPECIAL VALUES OF L-SERIES 17

Proof. This follows immediately from Theorem 2.7land Theorem .6, noting that E,(f,, x) # 0
if k is non-exceptional. O

We conclude this paper with the following application to another conjecture from [LV11].

Conjecture 5.3 ([LVII, Conj. 9.5]). Assume wg = 1. Then r(L32(£/K)) # 0.

Denote by X?(I) the set of non-exceptional arithmetic primes & € Xyien (1) of weight k > 2
and trivial nebentypus.

Corollary 5.4. The following are equivalent:
(1) For some k > 2 and k € X(I), Li(fs,1,k/2) # 0.
(2) Conjecture holds.
(3) Li(fi,1,k/2) # 0, for all but finitely pairs x € X2(I), k > 2.

Proof. The implications (1) = (2) and (2) = (3) are immediate consequences of Theorem [5.2]
and the implication (3) = (1) is obvious. O
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