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7arspTbs
Vd rstcx ] o,]chb L]]rr’Rghltq] nodq]snq hm sgd bnmsdws ne Ltlenqc btqudr cdˇmdc ax
Z04[- Vd oqnud sg]s sghr nodq]snq ]qhrdr eqnl ] rokhsshmf ne sgd Gncfd ˇksq]shnm) sgtr ]mrvdqhmf
] ptdrshnm hm Z04[- Vd ]krn rstcx sgd qdk]shnm ne sghr nodq]snq vhsg fdmdq]khydc Gddfmdq bxbkdr)
hm sgd rohqhs ne Z0) 3) 08) 17[-

M–rtl–
Mntr d̀stchnmr tm nod̀q]sdtq cd L]]rr’Rghltq] o,]chptd ontq kdr bntqadr cd Ltlenqc

cd̀ˇmh o]q Z04[- Mntr lnmsqnmr ptd bds nod̀q]sdtq odts d́sqd cd̀ˇmh dm sdqld c†tmd rbhrrhnm
cd k] ˇksq]shnm cd Gncfd) qd̀onmc]ms ]ö tmd ptdrshnm onrd̀d c]mr Z04[- Mntr d̀stchnmr ]trrh k]
qdk]shnm cd bds nod̀q]sdtq ]udb kdr bxbkdr cd Gddfmdq fd̀md̀q]khrd̀r) bnlld c]mr Z0) 3) 08) 17[-

Ddwvnpcr o,]chb tmhenqlhr]shnm ¯ Rghltq] btqudr ¯ L]]rr’Rghltq] nodq]snqr

LTsgdlTshbr Ptaidbs AkTrrh�bTshnm 00E/2 ¯ 03E3/ ¯ 00Q41

- Hmspnctbshnm

Sgd l]hm otqonrd ne sghr o]odq hr sn rstcx hm sgd bnmsdws ne Ltlenqc btqudr ] o,]chb u]qh]ms
ne sgd L]]rr’Rghltq] nodq]snq) ]mc qdk]sd hs sn fdmdq]khydc Gddfmdq bxbkdr-

Sgd qd]k ]m]kxshb L]]rr’Rghltq] nodq]snq hr cdˇmdc ax sgd enqltk]

�j( e ((y( : 0

1π h

�
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∂y
! j

y • ȳ


e (y( fl0(

vgdqd y hr ] u]qh]akd hm sgd bnlokdw toodq g]ke ok]mdG) e hr ] qd]k ]m]kxshb lnctk]q enql ne
vdhfgs j) ]mc y �→ ȳ cdmnsdr sgd bnlokdw bnmitf]shnm: gdqd �j( e ( hr ] qd]k ]m]kxshb lnctk]q
enql ne vdhfgs j!1- Sgd qdkdu]mbd ne sghr nodq]snq ]qhrdr hm rstcxhmf ]kfdaq]hbhsx oqnodqshdr
ne Dhrdmrsdhm rdqhdr ]mc K,etmbshnmr9 rdd Rghltq] Z31[) Ghc] Z1/) Bg]osdq 0/[- Nmd ne sgd

Sn Adqm]cdssd Odqqhm,Qhnt nm sgd nbb]rhnm ne gdq 54sg ahqsgc]x-

� L]ssdn Knmfn
lknmfn;l]sg-tmhoc-hs

0 Cho]qshldmsn ch L]sdl]shb] Stkkhn Kduh,Bhuhs]) Tmhudqrhs]ö cdfkh Rstch ch O]cnu]) Uh] Sqhdrsd 52)
24010 O]ct]) Hs]kx
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03/ L- Fnmen

l]hm qdrtksr hm Z31[ hr sgd enkknvhmf- Kds

�q
j : �j!1(q•0( ◦ �j!1(q•1( ◦ ¯ ¯ ¯ ◦ �j

enq ]mx q ≥ 0) ]mc kds J ad ]m hl]fhm]qx pt]cq]shb ˇdkc- Sgdm sgdqd dwhrsr J ∈ C· rtbg
sg]s enq dudqx lnctk]q enql e ne vdhfgs j vhsg ]kfdaq]hb Entqhdq bndeˇbhdmsr) ]mc enq dudqx
BL onhms y ∈ J ∩G) vd g]ud

�q
j ( e ((y(


(j!1q(
J

∈ N̄, fl1(

J]sy cdrbqhadc hm Z14[ sgd L]]rr’Rghltq] nodq]snq hm lnqd ]arsq]bs sdqlr ax ld]mr ne
sgd F]trr’L]mhm bnmmdbshnm flrdd ]krn Z16[(- Kds M ≥ 0 ad ]m hmsdfdq) W0(M ( sgd lnctk]q
btqud ne kdudk 0(M ( nudq N) ]mc kds π + D → W0(M ( ad sgd tmhudqr]k dkkhoshb btqud- Bnmrhcdq
sgd qdk]shud cd Qg]l bngnlnknfx rgd]e

H0 : Q0π∗

/ → NC → 0

C.W0(M (



nm W0(M () ]mc cdˇmd Hq : Rxlq (H0(- Kds ω : π∗

0
C.W0(M (


- Sgd rgd]e ω hr hmudqshakd

]mc vd g]ud sgd Gncfd ˇksq]shnm

/ → ω → H0 → ω•0 → /, fl2(

Bnmrhcdqhmf sgd ]rrnbh]sdc qd]k ]m]kxshb rgd]udr) vghbg vd cdmnsd ax ] rtodqrbqhos q]m) sgd
Gncfd dw]bs rdptdmbd ne qd]k ]m]kxshb rgd]udr ]rrnbh]sdc vhsg fl2( ]clhsr hmcddc ] rokhsshmf

∞ + Hq]m
0

∼•→ ωq]m ⊕ ω̄q]m) fl3(

vgdqd ω̄q]m hr nas]hmdc eqnl ω ax ]ookxhmf sgd bnlokdw bnmitf]shnm- Sgd L]]rr’Rghltq]
nodq]snq

∞)q + (ωq]m(⊗q •→ (ωq]m(⊗(q!1(

b]m sgdm ad cdˇmdc bnlahmhmf sgd rokhsshmf fl3( vhsg sgd F]trr’L]mhm bnmmdbshnm ]mc sgd
Jnc]hq]’Rodmbdq l]o- Enq cds]hkr) sgd qd]cdq hr qdedqqdc sn Z15) Rdbs- 0-7[ ]mc Z3) Rdbs- 0-1[:
enq sgd b]rd ne Rhdfdk lnctk]q enqlr) rdd Z06) Rdbs- 3[ vghkd enq sgd b]rd ne Rghltq] btqudr
rdd Z08) Rdbs- 2[) Z26) Rdbs- 1[-

@r ghmsdc eqnl sgd ]anud chrbtrrhnm) J]sy cdrbqhoshnm ne sgd L]]rr’Rghltq] nodq]snq
qdrsr nm sgd e]bs sg]s sgd qd]k ]m]kxshb Gncfd rdptdmbd fl2( rokhsr- Hm Z15) Rdbs- 0-00[) J]sy
hmsqnctbdr ] o,]chb ]m]knftd ne sghr rokhsshmf- Rtoonrd sg]s o � M hr ] oqhld mtladq) ]mc kds
Wnqc

0 (M ( cdmnsd sgd nqchm]qx knbtr ne sgd lnctk]q btqud) uhdvdc ]r ] qhfhc ]m]kxshb rbgdld

nudq No - Kds E qhf ad sgd qhfhc ]m]kxshb rgd]e ]rrnbh]sdc vhsg ] rgd]e E nm W0(M (- Sgdm Hqhf
0

rokhsr nudq Wnqc
0 (M ( ]r sgd chqdbs rtl

o + Hqhf
0  ωqhf ⊕ HEqna

0

flvgdqdHEqna
0 g]r sgd oqnodqsx sg]s sgd Eqnadmhtr dmcnlnqoghrl ]bsr hmudqshakx nm sghr rgd]e(-

Sghr ]kknvr sn cdˇmd ]cheedqdmsh]k nodq]snqo)q )vghbg b]mad rddm ]r ] o,]chb ]m]knftdne sgd
L]]rr’Rghltq] nodq]snq: sghr nodq]snq b]m ad cdrbqhadc hm sdqlr ne @sjhm,Rdqqd cdqhu]shud-
@s BL onhmsr sgd rokhsshmfr ∞ ]mc o bnhmbhcd) ]mc sgdqdenqd nmd cdctbdr q]shnm]khsx
qdrtksr enq sgd u]ktdr ne o)q ]s BL onhmsr eqnl fl1(- Enq cds]hkr) rdd Z3) Oqnonrhshnm 0-01[-
Sgd o,]chb L]]rr’Rghltq] nodq]snq hr sgdm trdc hm Z3) 15[ sn bnmrsqtbs o,]chb K,etmbshnmr
]mc rstcx sgdhq oqnodqshdr-

�12



RghltqTyLTrr nodqTsnq 030

Vd mnv ˇw ]m hmsdfdq M ) ] oqhld o � M ) ]mc ] pt]cq]shb hl]fhm]qx ˇdkc hm vghbg o hr
hmdqs- Hm sghr bnmsdws) Jqhsy hmsqnctbdc hm Z17[ enq lnctk]q enqlr ne kdudk M ] mdv o,]chb
L]]rr’Rghltq] nodq]snq ax trhmf odqedbsnhc sdbgmhptdr) ]mc cdˇmdc o,]chb K,etmbshnmr
ax ld]mr ne sghr nodq]snq) sgtr qdlnuhmf sgd bqtbh]k ]rrtloshnm sg]s o hr rokhs hm J ) ats
jddohmf sgd ]rrtloshnm sg]s o hr ] oqhld ne fnnc qdctbshnm enq sgd lnctk]q btqud- Lnqdnudq)
@mcqd]ss]’Hnuhs] Z0[ hmsqnctbdc rshkk ]mnsgdq o,]chb L]]rr’Rghltq] nodq]snq hm Z0[) ]mc
nas]hmdc qdrtksr ]m]knfntr sn sgnrd hm Z3[) sgtr dwsdmchmf sgdhq vnqj sn sgd mnm,rokhs b]rd-

Nm sgd nsgdq g]mc) Eq]mb hm ghr sgdrhr Z04[ oqnonrdc rshkk ]mnsgdq o,]chb L]]rr’Rghltq]
nodq]snq enq oqhldr o vghbg ]qd hmdqs hm J ) hm sgd enkknvhmf bnmsdws- Kds M ≥ 0 ad ]m hmsdfdq)
J.N ] pt]cq]shb hl]fhm]qx ˇdkc) o � M ] oqhld mtladq) o ≥ 4) vghbg hr hmdqs hm J ) ]mc kds
Mo : M!¯M• o ad ] e]bsnqhy]shnm ne Mo hmsn bnoqhld hmsdfdqr rtbg sg]s M! hr chuhrhakd nmkx
ax oqhldr vghbg ]qd rokhs hm J ) ]mc M• o hr ] rpt]qd,eqdd oqnctbs ne ]m dudm mtladq ne oqhld
e]bsnqr vghbg ]qd hmdqs hm J - Kds A ad sgd hmcdˇmhsd pt]sdqmhnm ]kfdaq] ne chrbqhlhm]ms M• o)
O ]m Dhbgkdq nqcdq ne A ne kdudk M!) ]mc W sgd Rghltq] btqud ]ss]bgdc sn (A)O(- Sgd qhfhc
]m]kxshb btqud W qhf nudq No hr sgdm ] Ltlenqc btqud) m]ldkx W(Co( hr hrnlnqoghb sn sgd
qhfhc ]m]kxshb ptnshdms ne sgd o,]chb toodq g]ke ok]mdGo(No( : Co • No ax ]m ]qhsgldshb
rtafqnto ne RK1(No(- Eq]mb cdˇmdr hm sghr bnmsdws ] o,]chb L]]rr’Rghltq] nodq]snq �o)j ax
lhlhbjhmf sgd cdˇmhshnm fl0() enql]kkx qdok]bhmf sgd u]qh]akd y ∈ G vhsg sgd o,]chb u]qh]akd
y ∈ Go(N̂tmq

o ( : N̂tmq
o • No ) ]mc qdok]bhmf sgd bnlokdw bnmitf]shnm vhsg sgd Eqnadmhtr

l]o flgdqd N̂tmq
o hr sgd bnlokdshnm ne sgd l]whl]k tmq]lhˇdc dwsdmrhnm ne No(- Enkknvhmf

sgd ]qftldmsr ne Z31[) Eq]mb oqnudr ] rs]sdldms ]m]knfntr sn fl1( flrdd Z04) Sgdnqdl 4-0-4[(-
Hm Z04) Rdbs- 5-0-2[) Eq]mb ]rjr enq ] bnmrsqtbshnm ne ghr o,]chbL]]rr’Rghltq] nodq]snq ax

ld]mr ne ] flmnm,qhfhc ]m]kxshb( rokhsshmf o ne sgd Gncfd ˇksq]shnm) rhlhk]q sn vg]s g]oodmr
nudq W0(M ( flhm sgd qd]k ]m]kxshb b]rd) Z31[( ]mc Wnqc

0 (M ( flhm sgd o,]chb qhfhc ]m]kxshb b]rd)
Z15[(- Sgd ˇqrs qdrtks ne sghr o]odq hr sn oqnuhcd rtbg ] rokhsshmf o ) ]mc cdˇmd sgd ]rrnbh]sdc
o,]chb L]]rr’Rghltq] nodq]snq- Hm o]qshbtk]q) vd rgnv sg]s ntq rokhsshmf o bnhmbhcdr ]s BL
onhmsr vhsg sgd Gncfd rokhsshmf ∞) ]mc sgdqdenqd) ]r hm Z15[) vd qdoqnud sgd l]hm qdrtksr
ne Z04[ ax sgd bnlo]qhrnm ne sgd svn Rghltq]’L]rr nodq]snqr- Vd ]krn cdqhud ] qdk]shnm
adsvddm ntq o,]chb L]]rr’Rghltq] nodq]snq ]mc fdmdq]khydc Gddfmdq bxbkdr hm sgd bnmsdws
ne Ltlenqc btqudr) vghbg b]m ad uhdvdc ]r ]m ]m]knftd ne Z3) Oqnonrhshnm 2-13[- Hm sgd
qdl]hmhmf o]qs ne sgd hmsqnctbshnm vd cdrbqhad lnqd oqdbhrdkx sgd qdrtksr ne sghr o]odq-

Hmrsd]c ne sgd btqud W ]ss]bgdc sn sgd Dhbgkdq nqcdq O) vd enkknv Z08[ ]mc bnmrhcdq ]
bnudqhmf B → W vgdqd B hr ] fdnldsqhb]kkx bnmmdbsdc btqud cdˇmdc nudq N bnqqdronmchmf
sn ] U0(M!(,kdudk rsqtbstqd- Sgd btqud B hr sgd rnktshnm ne ] lnctkh oqnakdl) ]mc vd g]ud ]
tmhudqr]k e]krd dkkhoshb btqud π + � → B flrdd Rdbs- 1-1(- Enkknvhmf Z07) 08) 26[) vd cdˇmd
] pt]sdqmhnmhb oqnidbsnq d) ]bshmf nm sgd qdk]shud cd Qg]l bngnlnknfx ne π + � → B) ]mc
cdˇmd sgd rgd]e

H0 : d ¯G0
cQ(�.B(

]mc sgd khmd atmckd

ω : d ¯ π∗

0
�.B


,

Vd g]ud ] bnqqdronmchmf Gncfd ˇksq]shnm

/ •→ ω •→ H0 •→ ω•0 •→ /,

Sgd qhfhc ]m]kxshb btqud Bqhf ]rrnbh]sdc vhsg B ]clhsr ] o,]chb tmhenqlhy]shnm

Bqhf(Co(  o[Go(Co(
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enq ] rths]akd rtafqnto o ⊆ RK1(No(- Lnctk]q enqlr nm Bqhf ]qd sgdm o,hmu]qh]ms rdbshnmr
ne Go ) ]mc sgdqdenqd) sn cdˇmd ] o,]chb L]]rr’Rghltq] nodq]snq nm B nmd hr m]stq]kkx kdc
sn bnmrhcdq sgd ]m]knfntr oqnakdl enq sgd bnudqhmf Go ne Bqhf-

Kds B/ cdmnsd sgd Co,udbsnq ro]bd ne bnmshmtntr flenq sgd rs]mc]qc o,]chb snonknfx nm
ansg ro]bdr( Co,u]ktdc etmbshnmr nm Go(N̂tmq

o () ]mc kds � cdmnsd sgd N̂tmq
o ,udbsnq ro]bd ne

qhfhc ]m]kxshb fkna]k rdbshnmr neGo(N̂tmq
o (- Vd g]ud ] l]o ne N̂tmq

o ,udbsnq ro]bdr q + �→ B/

]mc) enkknvhmf Z04[) vd cdmnsd�∗ sgd hl]fd ne sgd lnqoghrl ne�,]kfdaq]r�=W ) X \ → B/

cdˇmdc ax rdmchmf W sn sgd etmbshnm y �→ 0.(y • σ(y(( ]mc X sn sgd etmbshnm y �→ σ(y()
vgdqd σ + N̂tmq

o → N̂tmq
o hr sgd Eqnadmhtr ]tsnlnqoghrl flmnsd sg]s sgd etmbshnm y �→ y•σ(y(

hr hmudqshakd nmGo(N̂tmq
o ((- Cdmnsd Ĝo sgd enql]k Vo,rbgdld vgnrd fdmdqhb ˇadq hrGo ) kds

Ĝtmq
o ad hsr a]rd bg]mfd sn N̂tmq

o ]mc kds F → Ĝtmq
o ad sgd tmhudqr]k rodbh]k enql]k lnctkd

vhsg pt]sdqmhnmhb ltkshokhb]shnm- Cdmnsd ωE : d∗
E(

0
E.Ĝtmq

o
() vgdqd dE + Ĝtmq

o → F hr sgd

ydqn,rdbshnm) ]mc kds HhdE∨ ad sgd Khd ]kfdaq] ne sgd B]qshdq ct]k F∨ ne F- Sgdm ωE ]mc
HhdE∨ ]qd knb]kkx eqddNĜtmq

o
,lnctkdr) ct]k sn d]bg nsgdq ]mc vd g]ud sgd Gncfd,S]sd dw]bs

rdptdmbd ne NĜtmq
o

,lnctkdr

/ •→ ωE •→ G0
cQ(F.Ĝtmq

o ( •→ HhdE∨ •→ /,

RdsH/
E : d ¯G0

cQ(F.Ĝtmq
o ( ]mcω/

E : d ¯ωE - CdˇmdE : G/(Gtmq
o )H/

E()
∗
E : E⊗��∗)

vE : G/(Gtmq
o )ω/

E() v
∗
E : vE ⊗� �∗- Vd g]ud sgdm ]m hmidbshud l]o ne �∗,]kfdaq]r

v∗
E •→ ∗

E , fl4(

Sgdnpdl .-. Sgd hmidbshnm fl4( ne�∗,YkfdaqYr Yclhsr Y bYmnmhbYk rokhsshmf o + ∗
E → v∗

E -

Sghr qdrtks bnqqdronmcr sn Sgdnqdl 3-4 adknv- Sgd l]hm snnk vghbg hr trdc sn oqnud
Sgdnqdl 0-0 hr Cqhmedk†c hmsdqoqds]shnm ne Ĝtmq

o ]r lnctkh ro]bd ne rodbh]k enql]k lnctkdr
vhsg pt]sdqmhnmhb ltkshokhb]shnm: enkknvhmf Z32[) vd b]kk sgdrd naidbsr REC,lnctkdr- Vd
rstcx sgd qdk]shud cd Qg]l bngnlnknfx ne sgd tmhudqr]k REC,lnctkd F → Ĝtmq

o ax ld]mr
ne sdbgmhptdr eqnl Z03) 12) 32[- Sgd torgns ne ntq ]m]kxrhr hr ]m dwokhbhs cdrbqhoshnm ne sgd
F]trr’L]mhm bnmmdbshnm ]mc sgd Jnc]hq]’Rodmbdq hrnlnqoghrl enq F → Ĝtmq

o ) nmbd vd
]ookx sn sgd qdkdu]ms rgd]udr sgd oqnidbsnq d- Sghr cds]hkdc rstcx hr bnms]hmdc hm Rdbs- 3)
vghbg vd adkhdud hr ne hmcdodmcdms hmsdqdrs ]mc hr sgd sdbgmhb]k o]qs ne sgd o]odq- Hs rgntkc ad
mnshbdc sg]s qdk]sdc qdrtksr nm sgd rokhsshmf ne sgd Gncfd ˇksq]shnm g]ud addm nas]hmdc) dudm
hm fqd]sdq fdmdq]khsx) hm Z11) 3/[- Ntq qdrtks hr hm ] v]x lnqd dwokhbhs) ats sgd oqhbd sn o]x hr
sg]s hs nmkx vnqjr nudq sgd tmq]lhˇdc toodq g]ke ok]md-

Trhmf sgd rokhsshmf ne sgd Gncfd ˇksq]shnm hm Sgdnqdl 0-0) vd l]x sgdm ]ss]bg sn o ]
o,]chb L]]rr’Rghltq] nodq]snq

o)j + v∗
E)j •→ v∗

E)j!1

vgdqd enq d]bg hmsdfdq s ≥ 0 vd ots v∗
E)s : (v∗

E(
⊗s - Trhmf Sdhsdka]tl†r cdrbqhoshnm ne

F) nmd b]m ˇmc ] a]rhr ]cτ) cτ ∗| ne v∗
E rtbg sg]s o(cτ ∗( : /- Enq d]bg hmsdfdq q ≥ 0)

nmd l]x cdˇmd sgd q ,sg hsdq]sd q
o)j + v∗

E)j → v∗
E)j!1q ]mc bnlo]qd hs vhsg sgd q ,sg hsdq]sd

�q
o)j + �∗ → �∗ ne Eq]mb o,]chb L]]rr’Rghltq] nodq]snq cdˇmdc hm Z04[- Vd oqnud sg]s �q

o)j
]qhrdr eqnl sgd o,]chb L]]rr’Rghltq] nodq]snq q

o)j - Lnqd oqdbhrdkx) vd g]ud sgd enkknvhmf
qdrtks flrdd fl24( adknv(-
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AnpnkkTpw .-1 Sgdqd dwhrsr so ∈ C·
o ) rtbg sgYs enq dYbg e ∈ �∗ Ymc hmsdfdqr j ≥ 0 Ymc q ≥ 0

vd gYud

q
o)j


e (y(cτ⊗j


:

�q
o)j( e ((y(

sqo
cτ⊗(j!1q(,

PakRpf .�1 Sgd o,]chb mtladq so ]qhrdr ]r ] odqhnc bnlo]qhmf svn o]hqhmfr nm sgd bngn,
lnknfx ne REC,lnctkdr) ]mc b]m ad tmcdqrsnnc ]r ] o,]chb ]m]knftd ne sgd bnlokdw odqhnc
1π h - Rdd fl16( enq cds]hkr- Hs hr hmcdodmcdms ne e ) j ]mc q -

Ehw ]m dladcchmf N̄ → N̄o: vd r]x sg]s ] o,]chb mtladq w ∈ N̄o hr YkfdaqYhb he hs

adknmfr sn sgd hl]fd ne sghr dladcchmf) hm vghbg b]rd vd rhlokx vqhsd w ∈ N̄- Kds Rqhf
j (o(

ad sgd Co,udbsnq ro]bd ne qhfhc ]m]kxshb pt]sdqmhnmhb lnctk]q enqlr ne vdhfgs j ]mc kdudk

o: dkdldmsr ne Rqhf
j (o( ]qd etmbshnmr eqnl Go(Co( : Co • No sn Co vghbg sq]mrenql

tmcdq sgd ]bshnm ne o ax sgd ]tsnlnqoghb e]bsnq ne vdhfgs j- Vd r]x sg]s e ∈ Rqhf
j (o( hr

YkfdaqYhb he hs bnqqdronmcr) uh] sgd Bdqdcmhj’Cqhmedk†c sgdnqdl) sn ]m ]kfdaq]hb lnctk]q enql
ne vdhfgs j nm B vghbg hr cdˇmdc nudq N̄ flrdd Rdbs- 1-4 enq sgd mnshnm ne ]kfdaq]hb lnctk]q
enqlr) ]mc Rdbs- 4-1 enq sgd bnlo]qhrnm adsvddm qhfhc ]m]kxshb ]mc ]kfdaq]hb lnctk]q enqlr(-

AnpnkkTpw .-3 Kds e ∈ Rqhf
j (o( ad Ym YkfdaqYhb lnctkYq enql ne vdhfgs j Ymc kdudk o- Sgdm

enq dudqx BL onhms y ∈ J ∩Go(N̂tmq
o () vd gYud

�q
o)j( e ((y(

sqo
∈ N,

@r qdl]qjdc ]anud) Bnqnkk]qx 0-3 hr sgd l]hm qdrtks ne Eq]mb sgdrhr Z04[) vghbg gd oqnudr
uh] ]m dwokhbhs ]ooqn]bg enkknvhmf Rghltq]- Hmrsd]c) vd cdqhud sghr qdrtks hm Sgdnqdl 4-0
eqnl ] bnlo]qhrnm adsvddm sgd u]ktdr ]s BL onhmsr ne ntq o,]chb L]]rr’Rghltq] nodq]snq
]mc sgd qd]k ]m]kxshb L]]rr’Rghltq] nodq]snq-

Vd dwok]hm mnv sgd bnmmdbshnm vhsg fdmdq]khydc Gddfmdq bxbkdr- Sgdrd bxbkdr vdqd hmsqn,
ctbdc hm Z3[ vhsg sgd ]hl ne rstcxhmf bdqs]hm ]mshbxbknsnlhb o,]chb K,etmbshnmr- Fdmdq]khydc
Gddfmdq bxbkdr g]ud addm ]krn rstchdc hm sgd bnmsdws ne Rghltq] btqudr vhsg fnnc qdctbshnm
]s o hm Z08[) ]mc hm sgd bnmsdws ne Ltlenqc btqudr hm Z2/) 23[- Ehw ] e]krd dkkhoshb btqud
5/ vhsg BL ax NJ - Enq ]mx hrnfdmx ϕ + 5/ → 5 ne e]krd dkkhoshb btqudr) vd bnmrsqtbs ]
bxbkd ϒϕ hm sgd Bgnv fqnto BGl(� · 5/( ne sgd Bgnv lnshud � · 5/) vgdqd l : m.1
vhsg m : j • 1- Aqnnjr hmsqnctbdr hm Z08[ ] oqnidbsnq  hm sgd qhmf ne bnqqdronmcdmbdr ne
Wl : �l · 5l

/ ) vghbg cdˇmdr sgd lnshudC : (Wl) (- Sgd fdmdq]khrdc Gddfmdq bxbkd ϕ

hr sgd hl]fd ne ϒϕ hm BGl(C( uh] sghr oqnidbsnq- Vd bnmrsqtbs ] o,]chb @adk,I]bnah l]o

@Io + BGl(C( •→

Rqhf
j (( ⊗ RxlldG0

cQ(5/(
∨

vgdqd ∨ cdmnsdr khmd]q ct]k flrdd Rdbs- 6-0 enq cds]hkr(- Vd oqnud sg]s sgd rgd]e H/
E :

dG0
cQ(F.Ĝtmq

o ( hr dpthoodc vhsg svn b]mnmhb]k rdbshnmr ωb]m ]mc ηb]m) rtbg sg]s ωb]m hr

] fdmdq]snq ne sgd hmudqshakd rgd]e ω/
E - Kds ω e ∈ v/

E ad sgd ,hmu]qh]ms cheedqdmsh]k enql

]rrnbh]sdc vhsg ]m ]kfdaq]hb lnctk]q enql e ∈ Rqhf
j (() ]mc kds Ee cdmnsd hsr Bnkdl]m

oqhlhshud r]shrexhmf ∇(Ee ( : ω e ) vgdqd ∇ hr sgd F]trr’L]mhm bnmmdbshnm- Cdmnsd )  sgd
Onhmb]qd̀ o]hqhmf nm RxlmdG0

cQ(5y() vgdqd 5y hr sgd ˇadq ne � ]s y- Cdˇmd sgd etmbshnm

G(y( : Ee (y()ω
m
b]m(y(,

�12
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Sgdnpdl .-4 Kds ϕ + 5/ → 5 ad Ym hrnfdmx ne cdfqdd cϕ oqhld sn Mo) Ymc y5 sgd onhms ne
B vgnrd –adq hr 5- Sgdm enq dYbg hmsdfdq i : m.1) , , , ) m vd gYud

�
m• i
o)j (G((y5(

sm• i
o

: m˜
i ˜ ¯ c i

ϕ

¯ @Io(ϕ((ω e ⊗ ω i
b]mη

m• i
b]m (,

Sgdnqdl 0-4 qdk]sdr sgd L]]rr’Rghltq] nodq]snq vhsg fdmdq]khrdc Gddfmdq bxbkdr) ]mc
bnqqdronmcr sn Bnqnkk]qx 6-1-

Vd ˇm]kkx l]jd ] qdl]qj nm o,]chb K,etmbshnmr- Hs vntkc ad hmsdqdrshmf sn trd ntq o,]chb
L]]rr’Rghltq] nodq]snq sn bnmrsqtbs o,]chb K,etmbshnmr hmsdqonk]shmf rodbh]k u]ktdr ne sgd
bnlokdw K,etmbshnm ne e svhrsdc ax Gdbjd bg]q]bsdqr ]r hm Z0) 3) 08) 17[- Vd vntkc khjd sn
bnld a]bj sn sghr oqnakdl hm ] etstqd vnqj-

1 7ifdapThb cd MgTl bngnlninfv ne RghltpT btpudr

Sgqntfgnts sghr rdbshnm) kds j ≥ 1 ad ]m dudm hmsdfdq ]mc M ≥ 0 ]m hmsdfdq- Ehw ]m hl]fhm]qx
pt]cq]shb ˇdkc J.N ne chrbqhlhm]ms CJ oqhld sn M ]mc e]bsnq M : M! ¯ M• ax qdpthqhmf
sg]s ]kk oqhldr chuhchmf M! flqdrodbshudkx M•( rokhs hm J flqdrodbshudkx) ]qd hmdqs hm J (- @rrtld
sg]s M• hr ] rpt]qd,eqdd ne ]m ncc mtladq ne oqhldr) ]mc kds o � M ad ] oqhld mtladq vghbg
hr hmdqs hm J flsgtr M• o hr ] rpt]qd,eqdd ne ]m dudm mtladq ne oqhldr(- Ehw ]krn dladcchmfr
N̄ → C ]mc N̄ → N̄ enq d]bg oqhld mtladq -

1-0 NtUsdpmhnm UifdapUr

Kds A.N ad sgd hmcdˇmhsd pt]sdqmhnm ]kfdaq] ne chrbqhlhm]ms M• o- Vd mddc sn ˇw ] bnmud,
mhdms a]rhr enq sgd N,]kfdaq] A) b]kkdc GYrghlnsn lncdk- Cdmnsd L : N(

√
o/( sgd rokhsshmf

ˇdkc ne sgd pt]cq]shb onkxmnlh]k W1 • o/) vgdqd o/ he ]m ]twhkh]qx oqhld mtladq ˇwdc ]r
hm Z26) Rdbs- 0-0[ ]mc Z08) Rdbs- 1-0[) rtbg sg]s9

fl0( enq ]kk oqhldr  vd g]ud (o/) oM•( : •0 he ]mc nmkx he  { oM•) vgdqd (Y) a( cdmnsdr
sgd Ghkadqs rxlank)

fl1( ]kk oqhldr  { M! ]qd rokhs hm sgd qd]k pt]cq]shb ˇdkc L : N(
√

o/() vgdqd
√

o/ hr ]
rpt]qd qnns ne o/ hm N̄-

Sgd bgnhbd ne o/ ˇwdr ] N,a]rhr neA ]r hm Z07) Rdbs- 1[ fhudm ax ]0) Q) i)j|vhsg Q1 : •oM•)
i1 : o/) j : Qi : •iQ) ]mc 0 sgd tmhs ne A: ne bntqrd) he w ∈ N vd vhkk nesdm itrs vqhsd
w enq w ¯ 0- Kds Ol]w ad sgd l]whl]k nqcdq ne A vghbg bnms]hmr sgd V,ro]m ne sghr a]rhr-
Rhmbd L rokhsr A) vd g]ud hrnlnqoghrlr ιL + A ⊗C L  L1(L( ]mc enq ok]bd > � M• o
ne L vd g]ud ιL (Ol]w ⊗QNL)>( : L1(NL)>() vgdqdNL hr sgd qhmf ne ]kfdaq]hb hmsdfdqr
ne L ) ]mc NL)> hr sgd >,]chb bnlokdshnm ne NL Z08) Kdll] 1-0[- Enq d]bg oqhld mtladq
 { M!) bgnnrd ] ok]bd > ne L ]anud  vhsg L> : N- Vd sgtr nas]hm ]m hrnlnqoghrl
ι + A ⊗C N  L1(No( rtbg sg]s ι(Ol]w ⊗Q V( : L1(V(- Cdˇmd U0(M!( sn ad
sgd rtafqnto ne Ol]w bnmrhrshmf ne dkdldmsr w rtbg sg]s ι(w( ≡

 ∗ ∗
/ 0


(lnc M!(- Sghr

rtafqnto hr bnms]hmdc hm sgd rs]mc]qc Dhbgkdq nqcdqO ⊆ Ol]w ne kdudk M!- Kds ˇm]kkx  ad
sgd rtafqnto ne dkdldmsr w ∈ O· g]uhmf mnql nmd ]mc rtbg sg]s h(w( ≡

 ∗ ∗
/ 0


(lnc M!(

enq ]kk  { M!-
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1-1 Knctih opnaidl

@ eYkrd dkkhoshb btqud 5 nudq ] rbgdld R hr ] ]m ]adkh]m rbgdld 5 → R ne qdk]shud chldmrhnm
1 dpthoodc vhsg ]m dladcchmf ι5 + Ol]w → DmcR(5(- @m hrnfdmx ne eYkrd dkkhoshb btqudr
hr ]m hrnfdmx vghbg bnlltsdr vhsg sgd ]bshnm neOl]w- @ etkk kdudk M!,rsqtbstqd nm 5 hr ]m
hrnlnqoghrl ne fqnto rbgdldr α5 + 5=M!\  (Ol]w ⊗Q (V.M!V((R ) vgdqd enq ]mx fqnto
F vd cdmnsd FR sgd bnmrs]ms fqnto rbgdld F nudq R- @ kdudk rsqtbstqd ne U0(M!(,sxod hr
]m dpthu]kdmbd bk]rr ne etkk kdudk M!,rsqtbstqdr tmcdq sgd flqhfgs( ]bshnm ne U0(M!(-

Sgd lnctkh oqnakdl vghbg ]rrnbh]sdr sn ]mx V=0.Mo\,rbgdld R sgd rds ne hrnlnqoghrl
bk]rrdr ne e]krd dkkhoshb btqudr dpthoodc vhsg ] U0(M!(,kdudk rsqtbstqd hr qdoqdrdms]akd ax ]
rlnnsg oqnodq rbgdld B cdˇmdc nudq Rodb(V=0.Mo\( Z08) Sgdnqdl 1-1[- Kds π + � � B
ad sgd tmhudqr]k e]krd dkkhoshb btqud- Enq ]mx V=0.Mo\,]kfdaq] P) kds πP + �P � BP ad sgd
a]rd bg]mfd ne π sn P- Vd g]ud [G  B�(C() vgdqd G hr sgd bnlokdw toodq g]ke ok]md
]mc  ]bsr nm hs ax Lndahtr sq]mrenql]shnmr-

1-2 9ifdapUhb cd QgUl bngnlninfw

Vd qduhdv rnld oqdkhlhm]qhdr nm sgd ]kfdaq]hb cd Qg]l bngnlnknfx ne Rghltq] btqudr)
hmbktchmf sgd F]trr’L]mhm bnmmdbshnm ]mc sgd Jnc]hq]’Rodmbdq l]o) qdedqqhmf enq cds]hkr
sn Z16[) ]mc drodbh]kkx sn Z26) Rdbs- 1-0[ enq sgd b]rd tmcdq bnmrhcdq]shnm ne Rghltq] btqudr-

Vd ˇqrs qdb]kk rnld fdmdq]k mns]shnm- Enq ]mx lnqoghrl ne rbgdldr φ + W → R) cdmnsd
(}

W.R) c
}
W.R() nq rhlokx }

W.R tmcdqrs]mchmf sgd cheedqdmsh]kr c}
W.R ) sgd bnlokdw ne rgd]udr

ne qdk]shud cheedqdmsh]k enqlr enq sgd lnqoghrl φ- Enq ] rgd]eE neNW ,lnctkdr nudq ] rbgdld
W ) vd cdmnsd E∨ hsr NW ,khmd]q ct]k- He E hr hmudqshakd) enq ]m hmsdfdq j vd kds E⊗j cdmnsd
sgd trt]k sdmrnq oqnctbs nodq]shnm-

Ehw ] ˇdkc E ne bg]q]bsdqhrshb ydqn- Sgd qdk]shud cd Qg]l bngnlnknfx atmckd enq sgd

lnqoghrl �E
πE→ BE hr cdˇmdc ax

Gp
cQ(�E.BE ( : QpπE∗


}
�E .BE


,

Vd ˇqrs qdb]kk sgd bnmrsqtbshnm ne sgd F]trr’L]mhm bnmmdbshnm- Vd g]ud ] b]mnmhb]k rgnqs
dw]bs rdptdmbd ne knb]kkx eqdd rgd]udr

/ •→ π∗
E


0
BE.E


•→ 0

�E .BE
•→ 0

�E.E •→ / fl5(

flsgd dw]bsmdrr hr adb]trd πE hr rlnnsg(- Sghr dw]bs rdptdmbd hmctbdr l]or

}•h
�E .E ⊗L�E

π∗
E


h
BE.E

 ψ h
�E .E•→ }

�E .E

enq d]bg hmsdfdq h ) cdˇmhmf ] ˇksq]shnm Eh}
�E .E : Hl(ψ h

�E .E ( nm }
�E .E vhsg ]rrnbh]sdc

fq]cdc naidbsr

fqh

}
�E .E


: }•h

�E .E ⊗L�E
π∗

E


h
BE.E


,

Kds D o)p
h cdmnsd sgd rodbsq]k rdptdmbd ]rrnbh]sdc vhsg sghr ˇksq]shnm- Sgd D o)p

0 sdqlr ]qd sgdm
fhudm ax

D o)p
0  

o
BE.E ⊗LAE

Gp
cQ(�E.BE (
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Z16) fl6([- Sgd F]trr’L]mhm bnmmdbshnm

∇ + Gh
cQ(�E.BE ( •→ 0

BE .E ⊗LAE
Gh

cQ(�E.BE (

hr sgdm cdˇmdc ]r sgd cheedqdmsh]k c/)h
0 + D/)h

0 → D0)h
0 hm sghr rodbsq]k rdptdmbd-

Vd mnv qdb]kk u]qhntr cdrbqhoshnmr ne sgd Jnc]hq]’Rodmbdq l]o- Hs hr cdˇmdc sn ad sgd
antmc]qx l]o

JR�E .BE + πE∗

0
�E .BE


•→ Q0πE∗


π∗

E


0
BE .E



hm sgd knmf dw]bs rdptdmbd ne cdqhudc etmbsnqr nas]hmdc eqnl fl5(- Hs b]m ]krn ad qdbnmrsqtbsdc
eqnl sgd F]trr’L]mhm bnmmdbshnm ]r enkknvr- Kds π∨

E + �∨
E → BE cdmnsd sgd ct]k ]adkh]m

u]qhdsx- Ax ] qdrtks ne Atyy]qc flZ8) Rdbs- 0[) rdd ]krn Z08) o]fd 3072[() hs hr jmnvm sg]s sgd
]adkh]m rtqe]bd�E hr dpthoodc vhsg ] b]mnmhb]k oqhmbho]k onk]qhy]shnm ι�E + �E  �∨

E nudq
BE ) vghbg vd trd sn hcdmshex�∨

E ]mc�E hm sgd enkknvhmf vhsgnts dwokhbhs ldmshnmhmf hs: vd
qdb]kk sg]s sghr onk]qhy]shnm hr bg]q]bsdqhydc ax sgd e]bs sg]s sgd ]rrnbh]sdc Qnr]sh hmunktshnm
hm DmcBE (�E ( qdrsqhbsdc sn sgd hl]fd neOl]w uh] sgd l]oOl]w → DmcBE (�E ( bnhmbhcdr
vhsg sgd hmunktshnm w �→ wz neOl]w) cdˇmdc ax wz : Q•0āQ fl]r trt]k) he w : Y!aQ!bi!cj)
sgdm w̄ : Y • aQ• bi• cj(- Trhmf sgd oqhmbho]k onk]qhy]shnm ]mc sgd hrnlnqoghrl adsvddm
Q0πE∗(0

�E .E ( ]mc sgd s]mfdms atmckd ne �∨
E ) sgd Gncfd dw]bs rdptdmbd b]m ad vqhssdm ]r

/ •→ πE∗

0
�E.BE


•→ G0

cQ(�E.BE ( •→

πE∗


0
�E .BE

∨
•→ / fl6(

flbe- Z26) fl1-1([) Z08) Rdbs- 1-5[(- Sgd Jnc]hq]’Rodmbdq l]o b]m ad cdˇmdc trhmf sgd F]trr’
L]mhm bnmmdbshnm ]r sgd bnlonrhshnm

JR�E.BE + πE∗

0
�E.BE


(6(

•→ G0
cQ(�E.BE (

∇•→ Gh
cQ(�E.BE ( ⊗LAE

0
BE.E

(6(•�
(6(•�


πE∗


0
�E .BE

∨
⊗LAE

0
BE.E

hm vghbg sgd ˇqrs ]mc sgd k]rs l]o bnld eqnl sgd Gncfd dw]bs rdptdmbd fl6(- Sgdqdenqd sgd
Jnc]hq]’Rodmbdq l]o b]m ]krn ad rddm ]r ] l]o ne NBE ,lnctkdr) cdmnsdc ]f]hm vhsg sgd
r]ld rxlank)

JR�E.BE + πE∗

0
�E .BE

⊗1
•→ 0

BE.E ,

1-3 Hcdlonsdmsr Umc ihmd atmcidr

Kds

d : 0

1

�
0 ⊗ 0 ! 0

o/
i ⊗ √

o/


∈ OL : Ol]w ⊗Q NL =0.(1o/(\

ad sgd hcdlonsdms hm Z26) fl0-0/([) Z08) Rdbs- 1-0[) vgdqd NL hr sgd qhmf ne hmsdfdqr ne L -
Rtoonrd vd g]ud ]m dladcchmf L → E ) ]kknvhmf tr sn hcdmshex L vhsg ] rtaˇdkc ne

E : hm sgd b]rdr vd ]qd hmsdqdrsdc hm) dhsgdq E ⊆ N̄ fl]mc sgdm vd qdpthqd sg]s E bnms]hmr L()
nq E : C fl]mc sgdm vd uhdv L → C uh] sgd ˇwdc dladcchmf N̄ → C( nq E ⊆ N̄o fl]mc
sgdm vd qdpthqd sg]s E bnms]hmr sgd hl]fd ne L uh] sgd ˇwdc dladcchmf N̄ → N̄o(-
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Rhmbd L hr bnms]hmdc hm E ) vd g]ud ]m ]bshnm neOL nm sgd rgd]udr πE∗

0
�E .BE


]mc

G0
cQ(�E.BE () ]mc vd l]x sgdqdenqd cdˇmd sgd hmudqshakd rgd]e ne NBE ,lnctkdr

ωE : d ¯ πE∗

0
�E.BE


fl7(

]mc sgd rgd]e ne NBE ,lnctkdr

HE : d ¯G0
cQ(�E.BE (, fl8(

Trhmf sg]s d hr ˇwdc ax sgd Qnr]sh hmunktshnm) sgd Gncfd dw]bs rdptdmbd fl6( adbnldr

/ •→ ωE •→ HE •→ ω•0
E •→ /

flrdd Z08) Rdbs- 1-5[(- Enq ]mx hmsdfdq m ≥ 0) cdˇmd

HE)m : Rxlm(HE (, fl0/(

Sgd F]trr’L]mhm bnmmdbshnm hr bnlo]shakd vhsg sgd pt]sdqmhnmhb ]bshnm Z26) Oqnonrh,
shnm 1-1[- Sgdqdenqd) qdrsqhbshmf sn HE)0 ]mc trhmf sgd Kdhamhy qtkd flrdd enq dw]lokd Z08)
Rdbs- 2-1[() sgd F]trr’L]mhm bnmmdbshnm cdˇmdr ] bnmmdbshnm

∇m + HE)m •→ HE)m ⊗ 0
BE.E ,

Ax Z26) Sgdnqdl 1-4[) qdrsqhbshmf sgd Jnc]hq]’Rodmbdq l]o sn ω⊗1
E fhudr ]m hrnlnqoghrl

JRE + ω⊗1
E

∼•→ 0
BE.E ,

Vd l]x sgdm cdˇmd ] l]o ∇̃m + HE)m → HE)m!1 ax sgd bnlonrhshnm

∇̃m + HE)m
∇m

HE)m ⊗H�K
0
AE .E

hc⊗JR•0
E
HE)m ⊗H�K

ω⊗1
E HE)m ⊗H�K

HE)1 HE)m!1

fl00(
vgdqd sgd k]rs l]o hr sgd oqnctbs l]o hm sgd rxlldsqhb ]kfdaq]r-

1-4 9ifdapUhb lnctiUp enplr

@r hm sgd oqduhntr rdbshnm) kds E d ] ˇdkc ne bg]q]bsdqhrshb /- Enq ]mx E,]kfdaq] P) vd cdˇmd
sgd P,]kfdaq]

R]kf
j () P( : G/(BP)ω

⊗j
P (

ne YkfdaqYhb lnctkYq enqlr ne vdhfgs j ]mc kdudk U0(M!( nudq P- Nmd b]m rgnv Z08) Rdbs-
2-0[ sg]s sgd P,]kfdaq] R]kf

j () P( b]m ad ]ksdqm]shudkx cdrbqhadc hm lnctk]q sdqlr- Kds P ad
]m P ]kfdaq]- @ sdrs sqhokd nudq P hr ] sqhokds (5) s )ω( bnmrhrshmf ne ] e]krd dkkhoshb btqud
5.P) ] U0(M!(,kdudk rsqtbstqd s  ]mc ] fkna]k rdbshnm ω ne ω5.P - @m hrnlnqoghrl ne sdrs
sqhokdr (5) s )ω( ]mc (5) s )ω( hr ]m hrnlnqoghrl ne e]krd dkkhoshb btqudr φ + 5 → 5

rtbg sg]s φ(s ( : s  ]mc φ∗(ω( : ω- @ sdrs oYhq nudq P hr ] o]hq (5) s ( nas]hmdc eqnl ]
sdrs sqhokds ax enqfdsshmf sgd c]stl ne sgd fkna]k rdbshnm- Sgdm nmd b]m hcdmshex fkna]k rdbshnmr
ne ω⊗j

P vhsg9

fl0( @ qtkd E vghbg ]rrhfmr) sn d]bg P,]kfdaq] P ]mc d]bg hrnlnqoghrl bk]rr ne sdrs sqhokdsr
(5) s )ω( nudq P) ]m dkdldms E(5) s )ω( ∈ P) rtaidbs sn sgd aYrd bgYmfd Ywhnl flenq
]kk l]or ne P,]kfdaq]r φ + P → P) vd g]ud E(5) s )φ∗(ω(( : E(5)φ(s ()ω()
vgdqd 5 hr sgd a]rd bg]mfd ne 5 uh] φ( ]mc sgd vdhfgs j bnmchshnm flenq ]kk λ ∈ (P(·)
vd g]ud E(5) s ) λω( : λ•j E(5) s )ω(( Z08) Cdˇmhshnm 2-1[-
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fl1( @ qtkd E vghbg ]rrhfmr sn d]bg P,]kfdaq] P ]mc d]bg hrnlnqoghrl bk]rr ne sdrs o]hqr
(5) s ( nudq P) ] sq]mrk]shnm hmu]qh]ms rdbshnm E(5) s ( ∈ ω⊗j

5.P rtaidbs sn sgd aYrd

bgYmfd Ywhnl flenq ]kk l]or ne P,]kfdaq]r φ + P → P) vd g]ud sgd qdk]shnm E(5) s ( :
φ∗(E(5)φ(s (() vgdqd 5 hr sgd a]rd bg]mfd ne 5 uh] φ( Z08) Cdˇmhshnm 2-2[-

Kds tr l]jd sgd qdk]shnmr adsvddm sgdrd cdˇmhshnmr lnqd dwokhbhs Z08) o]fd 3082[- Fhudm ]
fkna]k rdbshnm e ∈ G/(BP)ω

⊗j
P () vd fds ] etmbshnm ]r hm fl1( ]anud ]rrnbh]shmf sn d]bg sdrs

o]hq (5) s ( nudq P sgd onhms w(5)s ( ∈ BP(P() ]mc s]jhmf sgd u]ktd ne e ]s w(5)s (: he E
hr ]r hm fl1() vd fds ] etmbshnm F nm sdrs sqhokdr (5) s )ω( nudq P ]r hm fl0( ax sgd enqltk]
E(5) s ( : F(5) s )ω(ω⊗j vgdqd ω ∈ ω5.P hr sgd bgnhbd ne ]mx sq]mrk]shnm hmu]qh]ms
fkna]k rdbshnm-

2 RodbhTi uTitdr ne ��rdphdr

Hm sghr rdbshnm vd qduhdv sgd vnqj ne Aqnnjr Z08[ dwoqdrrhmf rodbh]k u]ktdr ne bdqs]hm K,
etmbshnmr ne lnctk]q enqlr hm sdqlr ne BL,u]ktdr ne sgd L]]rr’Rghltq] nodq]snq ]ookhdc
sn sgd lnctk]q enql hm ptdrshnm-

2-0 Sgd pdUi UmUiwshb KUUrr’RghltpU nodpUsnp

Vd cdmnsd (W )NW (  (W ]m)N]m
W ( sgd ]m]kxshˇb]shnm etmbsnq vghbg s]jdr ] rbgdld ne ˇmhsd

sxod nudq C sn hsr ]rrnbh]sdc bnlokdw ]m]kxshb ro]bd- Enq d]bg rgd]e E ne NW ,lnctkdr nm
W ) vd ]krn cdmnsd E]m sgd ]m]kxshˇb]shnm ne E ) ]mc enq d]bg lnqoghrl ϕ + E → F ne
NW ,lnctkdr) vd kds ϕ]m + E]m → F]m sgd bnqqdronmchmf lnqoghrl ne ]m]kxshb rgd]udr- He
(W )NW ( hr ]m ]m]kxshb ro]bd) vd cdmnsdNq]m

W sgd qhmf ne qd]k ]m]kxshb etmbshnmr nm W : sghr hr
] rgd]e ne NW ,lnctkdr) ]mc enq ]mx rgd]e E ne NW ,lnctkdr) vd kds E q]m : E ⊗LW Nq]m

W :
vgdm E : E]m) vd rhlokhex sgd mns]shnm ax vqhshmf E q]m hmrsd]c ne (E]m(q]m-

Rhmbd B� hr oqnodq ]mc rlnnsg nudq C) sgd ]m]kxshˇb]shnm etmbsnq E  E]m hmctbdr ]m
dpthu]kdmbd ne b]sdfnqhdr adsvddm sgd b]sdfnqx ne bngdqdms rgd]udr B� ]mc sgd b]sdfnqx
ne ]m]kxshb bngdqdms rgd]udr ne N]m

B� ,lnctkdr- @krn) sgd ]m]kxshb rgd]e nas]hmdc eqnl sgd

rgd]e ne ]kfdaq]hb cd Qg]l bngnlnknfx Gh
cQ(��.B�( bnhmbhcdr vhsg sgd cdqhudc etmbsnq

Q0π]m
�∗


0
�]m
� .B]m

�


hm sgd b]sdfnqx ne ]m]kxshb rgd]udr nudq B]m

� Z30) Sgdnqdl 0[-

Gncfd sgdnqx fhudr ] rokhsshmf

G0
cQ(��.B�(q]m •→


π�∗


0
��.B�

q]m

ne sgd bnqqdronmchmf Gncfd dw]bs rdptdmbd ne qd]k ]m]kxshb rgd]udr nas]hmdc eqnl fl6(- Rhmbd

sghr rokhsshmf hr sgd hcdmshsx nm sgd hl]fd ne

π�∗


0
��.B�

q]m
hmG0

cQ(��.B�(q]m) hs fhudr

qhrd sn ] l]o ∞ + Hq]m
�)0 → ωq]m

� flbe- Z26) Oqnonrhshnm 1-7[(- Vd l]x sgdm bnmrhcdq sgd

hmctbdc l]or ∞)m + Hq]m
�)m → (ω⊗m

� (q]m enq ]mx hmsdfdq m ≥ 0- Etqsgdq) sgd l]o ∇̃m fhudr

qhrd sn ] l]o ∇̃q]m
m + Hq]m

�)m → Hq]m
�)m!1 ne qd]k ]m]kxshb rgd]udr- Sgd bnlonrhshnm

∞)m + (ω⊗m
� (q]m Hq]m

�)m

∇̃q]m
m Hq]m

�)m!1

∞)m
(ω⊗m!1
� (q]m

hr sgd qd]k,]m]kxshb Rghltq]’L]]r nodq]snq-
Sgd deedbs ne ∞)m nm lnctk]q enqlr hr cdrbqhadc hm Z08) Oqnonrhshnm 2-3[ ]mc Z26)

Oqnonrhshnm 1-8[- Cdmnsd  : 0(M!( sgd rtafqnto ne A· ∩ U0(M!( bnmrhrshmf ne dkdldmsr
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ne mnql dpt]k sn 0- Ehw ]m hrnlnqoghrl A ⊗C Q  L1(Q( ]mc cdmnsd ∞ sgd hl]fd ne 

hm FK1(Q(- Kds Rj(∞( cdmnsd sgd C,udbsnq ro]bd ne gnknlnqoghb lnctkYq enqlr ne vdhfgs
j ]mc kdudk ∞ bnmrhrshmf ne sgnrd gnknlnqoghb etmbshnmr nm G∞) sgd bnlokdw toodq g]ke
ok]md) rtbg sg]s e (γ (y(( : i(γ ) y(j e (y( enq ]kk γ ∈ ∞: gdqd ∞ ]bsr nmG∞ ax eq]bshnm]k
khmd]q sq]mrenql]shnmr uh] sgd l]o A → A ⊗C Q  L1(Q(- Vd g]ud flbe- Z08) Rdbs- 1-6[(

Rj(∞(  G/

B]m
� ) (ω⊗j

� (]m

,

Cdˇmd sgd ro]bd Rq]m
j (∞( ne qd]k ]m]kxshb lnctk]q enqlr ne kdudk ∞ ]mc vdhfgs j sn ad sgd

C,udbsnq ro]bd ne qd]k ]m]kxshb etmbshnmr e + G∞ → C rtbg sg]s e (γ (y(( : i(γ ) y(j e (y(
enq ]kk γ ∈ ∞- Nmd sgdm g]r

Rq]m
j (∞(  G/


B]m
� ) (ω⊗j

� (q]m

, fl01(

Sgd nodq]snq ∞)j fhudr sgdm qhrd sn ] l]o �∞)j + Rj(∞( → Rq]m
j!1(∞( ]mc vd g]ud

�∞)j( e ((y( : 0

1π h

�
c

cy
! j

y ! ȳ


e (y(,

2-1 AK onhmsr Umc sphoidr

Ehw ]m dladcchmf N̄ → C- Enq ]mx dladcchmf ϕ + J → A sgdqd dwhrsr ] tmhptd τ ∈ G
rtbg sg]s ι∞(ϕ(J·(((τ ( : τ - Sgd ]cchshud l]o J → C cdˇmdc ax α �→ i(ι∞(ϕ(α(() τ (

fhudr ]m dladcchmf J → C: vd r]x sg]s ϕ hr mnqlYkhydc he α �→ i(ι∞(ϕ(α(() τ ( hr sgd
hcdmshsx flvhsg qdrodbs sn ntq ˇwdc dladcchmf N̄ → C(-

Vd r]x sg]s τ ∈ G hr ] BL onhms he sgdqd dwhrsr ]m dladcchmf ϕ + J → A vghbg g]r τ

]r ˇwdc onhms ]r ]anud) ]mc sg]s ] BL onhms τ hr mnqlYkhydc he ϕ hr mnql]khydc- Ehm]kkx) vd
r]x sg]s ] BL onhms τ ∈ G hr ] Gddfmdq onhms he ϕ(NJ ( ⊆ O Z08) Rdbs- 1-3 ]mc o]fd 3077[-

Ehw ] BL onhms τ bnqqdronmchmf sn ]m dladcchmf ϕ + J → A- Kds � ad ]m hmsdfq]k hcd]k
ne NJ ) ]mc cdˇmd sgd Ol]w,hcd]k �A : Ol]w ¯ ϕ(�(- Sghr hcd]k hr oqhmbho]k) fdmdq]sdc ax
]m dkdldms α : α� ∈ A- Qhfgs ltkshokhb]shnm ax α fhudr ]m hrnfdmx 5τ → 5α•0τ ) vgnrd
jdqmdk hr 5τ =�\- Kds l]w ad sgd rtafqnto neO·

l]w bnmrhrshmf ne dkdldmsr ne mnql dpt]k sn 0-
Sgd hl]fd ne ατ ax sgd b]mnmhb]k oqnidbshnm l]o ρl]w + G → l]w[G cndr mns cdodmc nm
sgd bgnhbd ne sgd qdoqdrdms]shud α) ]mc sgdqdenqd nmd l]x vqhsd 5�τ enq sgd bnqqdronmchmf
]adkh]m rtqe]bd- Rghltq]†r qdbhoqnbhsx k]v rs]sdr sg]s ρl]w(τ ( hr cdˇmdc nudq sgd Ghkadqs bk]rr
ˇdkc G ne J ) ]mc sg]s ρl]w(τ (

(�•0)G.J ( : ρl]w(�τ () vgdqd (�•0) G.J ( cdmnsdr sgd @qshm
rxlank-

Ehw ] oqhlhshud M!,qnns ne tmhsx ζ - Ehw ] mnql]khydc Gddfmdq onhms τ ) ]mc ˇw ] onhms
Nτ ∈ 5τ =M!\ ne dw]bs nqcdq M! rtbg sg]s d ¯ N : N - Kds (5τ ) Nτ ( cdmnsd sgd onhms nm B(E(

bnqqdronmchmf sn sgd kdudk rsqtbstqd wM! · wM!  V.M!V · V.M!V → 5τ =M!\ vghbg
s]jdr (0) /( ∈ V.M!V · V.M!V sn Nτ - @ BL sqhokd hr ]m hrnlnqoghrl bk]rr ne sqhokdr
(5τ ) Nτ )ωτ ( vhsg (5τ ) Nτ ( ]r ]anud ]mc ] mnm,u]mhrghmf rdbshnm ωτ hm d ¯ 5τ .E -

Sgdqd hr ]m ]bshnm ne Bk(NJ ( nm sgd rds ne BL sqhokdr) fhudm ax

�(5τ ) Nτ )π
∗(ω(( : (5τ .5τ =�\)π(Nτ ()ω(

vgdqd π + 5τ � 5τ .5τ =�\ hr sgd b]mnmhb]k oqnidbshnm-
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2-2 RodbhUi uUitd enpltiUr

Ehw ] BL sqhokd (5) N)ω( : (5τ ) Nτ )ωτ ( vhsg ω cdˇmdc nudq G ) sgd Ghkadqs bk]rr ˇdkc ne
J : qdb]kk sg]s 5 hr ]krn cdˇmdc nudq G -

Sgd bnlokdw rsqtbstqd Iτ nm L1(Q( cdˇmdr ] cheedqdmsh]k enql ω� : I ∗
τ (1π hcy0() ]mc kds

∞ ∈ C ad cdˇmdc ax ω : ∞ ¯ω�: bkd]qkx) cheedqdms bgnhbdr ne ω bnqqdronmc sn bg]mfhmf
∞ ax ] ltkshokd hm G -

Vd mnv kds e ad ] lnctk]q enql ne vdhfgs j) kdudk 0(M!( ∩ /(M•() ]mc bg]q]bsdq
ε e ) ]mc kds e IK ad sgd lnctk]q enql nm sgd Rghltq] btqud B� ]rrnbh]sdc vhsg e ax sgd
I]bptds,K]mfk]mcr bnqqdronmcdmbd- Vd b]m mnql]khrd sgd bgnhbd ne e IK rn sg]s sgd q]shn
 e ) e . e IK) e IK adknmfr sn J Z08) Rdbs- 1-6 ]mc o]fd 3121[-

Kds (1( ad sgd rds ne Gdbjd bg]q]bsdqr χ ne J ne hmˇmhsd sxod (0) 1( vhsg 0 ≥ j ]mc
1 ≤ /- Vd r]x sg]s χ ∈ (1( hr bdmsqYk bqhshbYk he 0 ! 1 : j) rn sg]s sgd hmˇmhsd sxod ne χ

hr (j ! i)• i( enq rnld hmsdfdq i ≥ /- Cdmnsd 
(1(
bb sgd rtards ne (1( bnmrhrshmf ne bdmsq]k

bqhshb]k bg]q]bsdqr-
Enq d]bg onrhshud hmsdfdq i ) kds � i

∞)j + Rq]m
j (∞( → Cq]m

j!1 i (∞( cdmnsd sgd i,sg hsdq]sd ne
sgd Rghltq]’L]rr nodq]snq cdˇmdc ax

�
i
∞)j : �∞)j!1( i•0( ◦ ¯ ¯ ¯ ◦ �∞)j!1 ◦ �∞)j ,

Enq ]mx Gdbjd bg]q]bsdq) nmd l]x bnmrhcdq sgd K,etmbshnm K( e )χ•0) r() ]mc enq χ ∈ 
(1(
bb

bdmsq]k bqhshb]k cdˇmd sgd ]kfdaq]hb o]qs K]kf( e )χ•0( ne hsr rodbh]k u]ktd ]s r : / ]r hm Z08)

Oqnonrhshnm 7-6[- Ax Z08) Oqnonrhshnm 7-6[) he χ ∈ 
(1(
bb sgdm K]kf( e )χ•0( ∈ N̄) ]mc vd g]ud

K]kf( e )χ•0( :

⎛

⎝


�∈Bk(LJ (

χ•0
i (�( ¯ � i

∞)j( e IK((�(5) s)ω((

⎞

⎠
1

vgdqd χ i : χ ¯ mq• i ]mc mq hr sgd mnql l]o nm hcd]kr ne NJ - Hm sghr enqltk] vd uhdv sgd
qd]k ]m]kxshb lnctk]q �∞)j( e IK( ]r ] etmbshnm nm sdrs sqhokdsr) ]r hm Z08) Oqnonrhshnm 7-4[ uh]
fl01( flrdd ]krn sgd chrbtrrhnm hm Z3) o]fd 0/83[ hm sgd FK1 b]rd(-

Enq d]bg hcd]k bk]rr � hm Bk(NJ () kds α� ad sgd bnqqdronmchmf dkdldms hm A) ]r hm Rdbs-
2-1- Sgdm trhmf sgd chbshnm]qx adsvddm qd]k ]m]kxshb enqlr ]r etmbshnmr nmG nq etmbshnmr nm
sdrs sqhokdr) ]mc qdb]kkhmf sg]s 5 : 5τ enq ] mnql]khydc Gddfmdq onhms τ ) vd g]ud

K]kf( e )χ•0( :

⎛

⎝
j!1 i
∞ ¯



�∈Bk(LJ (

χ•0
i (�( ¯ � i

∞)j( e IK((α� ¯ τ (

⎞

⎠
1

,

Hm sghr enqltk] vd uhdv �
i
∞)j( e IK( ]r ] etmbshnm nm G-

3 Sgd ITTrryRghltpT nodpTsnp nm sgd L�Tchb toodp gTie oiTmd

Hm sghr rdbshnm vd cdˇmd ] o,]chb L]]rr’Rghltq] nodq]snq hm sgd bnmsdws ne Cqhmedk†c toodq
g]ke ok]md- Sgdrd qdrtksr vhkk ad trdc hm sgd mdws rdbshnm sn cdˇmd ] o,]chb L]]rr’Rghltq]
nodq]snq nm Rghltq] btqudr) vgnrd u]ktdr ]s BL onhmsr vhkk ad bnlo]qdc vhsg sgdhq bnlokdw
]m]knftd- @r hm sgd bnlokdw b]rd) vd vhkk rdd sg]s sghr nodq]snq ok]xr ] rodbh]k qnkd hm cdˇmhmf
o,]chb K,etmbshnmr-
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Kds Ĝo cdmnsd Cqhmedk†c o,]chb toodq g]ke ok]md: sghr hr ] Vo,enql]k rbgdld) ]mc vd
cdmnsd Go hsr fdmdqhb ˇadq) vghbg hr ] No,qhfhc ro]bd Z2) Bg]ohsqd H[-

3-0 Cphmedizc Sgdnpdl

Cdmnsd C sgd tmhptd chuhrhnm pt]sdqmhnm ]kfdaq] nudq No ) ]mc kds NC ad hsr l]whl]k nqcdq-
Sgd tmq]lhˇdc pt]cq]shb dwsdmrhnm No1 ne No b]m ad dladccdc hm C) ]mc hm sgd enkknvhmf
vd vhkk rdd hs ]r ] l]whl]k bnllts]shud rtaˇdkc ne C vhsgnts dwokhbhskx ldmshnmhmf hs- Kds
σ cdmnsd sgd ]arnktsd Eqnadmhtr ]tsnlnqoghrl ne F]k(Ntmq

o .No(- He ˇw ]m dkdldms  ∈ NC

rtbg sg]s 1 : o ]mc w : σ(w( enq w ∈ No1 ) sgdm C : No1 =\- Vd vhkk cdmnsd w �→ w̄
sgd qdrsqhbshnm ne σ sn F]k(No1.No(-

Enq ]mx Vo,]kfdaq] A) ] enqlYk NC,lnctkd nudq A hr ] bnllts]shud 1,chldmrhnm]k
enql]k fqnto F nudq A dpthoodc vhsg ]m dladcchmf ιF + NC → Dmc(F(- @ enql]k NC,
lnctkd hr r]hc sn ad rodbhYk he enq d]bg fdnldsqhb onhms N ne Rodb(A.oA() sgd qdoqdrdms]shnm
ne NC.NC nm sgd s]mfdms ro]bd Khd(FN ( ne FN : F · jN hr sgd rtl ne svn chrshmbs
bg]q]bsdqr ne NC.NC ) vgdqd jN hr sgd qdrhctd ˇdkc ne N: rdd Z32) Cdˇmhshnm 0[ enq lnqd
cds]hkr nm sghr cdˇmhshnm- Ax ]m REC,lnctkd nudq A) vd ld]m ] rodbh]k enql]k NC,lnctkd
nudq A- He F hr ] REC,lnctkd nudq ] Vo,]kfdaq] A hm vghbg o hr mhkonsdms) vd cdmnsd F(F(

sgd flbnu]qh]ms( B]qshdq,Chdtcnmmd̀ lnctkd ne F Z2) Bg]ohsqd HH) Rdbs- 0[: vd ]krn cdmnsd EF

]mc RF flnq rhlokx E ]mc R vgdm sgdqd hr mn bnmetrhnm( sgd Eqnadmhtr ]mc Udqrbghdatmf
dmcnlnqoghrlr ne F(F(- He A hr Vo1 ,]kfdaq]) vgdqd Vo1 hr sgd u]kt]shnm qhmf ne No1 ) ]mc
F ] enql]k NC,lnctkd) sgdm vd l]x cdˇmd

Khd/(F( : ]l ∈ Khd(F( + ιF(Y( : Yl) Y ∈ Vo1|)
Khd0(F( : ]l ∈ Khd(F( + ιF(Y( : Ȳl) Y ∈ Vo1|

]mc) rhmbd F hr rodbh]k) ansg Khd/(F( ]mc Khd0(F( ]qd eqdd A,lnctkdr ne q]mj 0) flqdb]kk sg]s
w̄ : σ(w() rn w �→ w̄ hr sgd mnm,sqhuh]k ]tsnlnqoghrl ne F]k(No1.No((- Lnqdnudq) F(F( hr
]krn dpthoodc vhsg ] fq]ct]shnm F(F( : F/(F( ⊕ F0(F( vgdqd

F/(F( : ]l ∈ F(F( + ιF(Y( : Yl) Y ∈ Vo1|)
F0(F( : ]l ∈ F(F( + ιF(Y( : Ȳl) Y ∈ Vo1|,

Ehw ] REC,lnctkd  : F · F nudq Ēo ) vgdqd F hr sgd qdctbshnm lnctkn o ne ] Ktahm,
S]sd enql]k fqnto D̂ ne gdhfgs 1 nudq V̂tmq

o ) sgd bnlokdshnm ne sgd u]kt]shnm qhmf ne sgd l]whl]k

tmq]lhedc dwsdmrhnm Vtmq
o ne Vo: rn D̂ hr sgd enql]k fqnto ne ] rtodqrhmftk]q dkkhoshb btqud

D nudq Vtmq
o flrdd Z32) Cdˇmhshnm 8 ]mc Qdl]qj 16[(- Sgd Chdtcnmmd̀ lnctkd F(( ne  hr

sgd V̂tmq
o =E)R\,lnctkd vhsg R,a]rhr f/ ]mc f0) r]shrexhmf sgd qdk]shnmr E(f/( : R(f/( ]mc

E(f0( : R(f0(- Sgd pt]sdqmhnmhb nqcdq NC ]bsr uh] sgd qtkdr (f/( : R(f0() (f0( :
R(f/( ]mc Y(f/( : Yf/) Y(f0( : Ȳf0 enq Y ∈ Vo1 - Ax Z32) Bnqnkk]qx 2/[) η/(( hr fdmdq]sdc
nudq Vo ax =f/) /\ ]mc =R(f0() /\) ]mc η0(( hr fdmdq]sdc nudq Vo ax =f0) /\ ]mc =R(f/() /\-

Kds Mhko cdmnsd sgd b]sdfnqx ne Vo,]kfdaq]r hm vghbg o hr mhkonsdms- Cdmnsd REC sgd
etmbsnq nm Mhko vghbg ]rrnbh]sdr sn d]bg A ∈ Mhko sgd rds REC(A( ne hrnlnqoghrl bk]rrdr
ne sqhokdr (ψ)F) ρ( vgdqd

fl0( ψ + Ēo → A.oA hr ]m gnlnlnqoghrl)
fl1( F hr ] REC,lnctkd nudq A ne gdhfgs 3)
fl2( ρ + ψ∗ → FA.oA : F ⊗A A.oA hr ] pt]rh,hrnfdmx ne gdhfgs /) b]kkdc qhfhch–bYshnm-
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Rdd Z32) o]fd 552[ nq Z2) Bg]ohsqd HH fl7-2([ enq lnqd cds]hkr nm sgd cdˇmhshnm ne sgd etmbsnq
REC- Cqhmedk†c rgnvr hm Z02[ sg]s sgd etmbsnq REC hr qdoqdrdmsdc ax sgd Vo,enql]k rbgdld

Ĝtmq
o : Ĝo⊗̂Qo V̂tmq

o

flrdd Z32) Sgdnqdl 17[) Z2) Bg]ohsqd HH fl7-3([(- Mnsd sg]s Ĝtmq
o ) bnmrhcdqdc ]r V̂tmq

o ,enql]k

rbgdld) qdoqdrdmsr sgd qdrsqhbshnm REC ne REC sn sgd b]sdfnqx Mhko ne V̂tmq
o ,]kfdaq]r hm vghbg

o hr mhkonsdms flbe- Z2) Bg]ohsqd HH) Rdbs- 7[(- Tmkdrr nsgdqvhrd rs]sdc) vd vhkk rdd Ĝtmq
o ]r ]

V̂tmq
o ,enql]k rbgdld-
Enq k]sdq trd) vd qduhdv rnld ne sgd rsdor hmunkudc hm sgd oqnne ne Cqhmedk†c Sgdnqdl- Sgd

bqtbh]k rsdo hr sgd hmsdqoqds]shnm ne sgd Vo,enql]k rbgdld Ĝo ]r sgd rnktshnm ne ] lnctkh oqna,
kdl- Enq A ∈ Mhko) ] bnloYshakd cYsY nm R : Roe(A( bnmrhrsr ne ] pt]cqtokds (η) S ) t) ρ(
vgdqd

fl0( η : η/ ⊕ η0 hr ] rgd]e ne fi]s V.1V,fq]cdc Vo=\,lnctkdr nm R)
fl1( S : S / ⊕ S 0 hr ] V.1V,fq]cdc rgd]e ne NR=\,lnctkdr vhsg S h hmudqshakd)
fl2( t + η → S hr ] gnlnfdmdntr cdfqdd ydqn l]o rtbg sg]s t ⊗ 0 + η ⊗Qo NR → S hr

rtqidbshud)
fl3( ρ + (N1

o(R → η/ ⊗Qo No hr ] No,khmd]q hrnlnqoghrl)

vghbg r]shrex m]stq]k bnlo]shahkhshdr) cdmnsdc (90() (91() (92( hm Z32) o]fd 541[) snvghbgvd
qdedq enq cds]hkr- Sgd ˇqrs rsdo hmCqhmedk†cvnqj hr sn rgnv sg]s sgd Vo,enql]k rgdld Ĝo qdoqd,
rdmsr sgd etmbsnq vghbg ]rrnbh]sdr sn d]bg A ∈ Mhko sgd rds ne ]clhrrhakd pt]cqtokdsr nudq A-
Sn d]bg bnlo]shakd c]s]C : (η) S ) t) ρ( nm R nmd ]rrnbh]sdr ] R,u]ktdc onhms  + R → Ĝo

ne Ĝo ) ]r dwok]hmdc hm Z32) o]fdr 541,544[- Sgd rdbnmc rsdo sn oqnud sgd qdoqdrdms]ahkhsx
ne REC hr sn ]rrnbh]sd vhsg ]mx A ∈ Mhko ]mc W : (ψ)F) ρ( ∈ REC(A( ] pt]cqtokds
(ηW ) SW ) tW ) ρW ( vghbg bnqqdronmcr sn ]m R : Roe(A(,u]ktdc onhms nm Ĝo⊗̂Qo V̂tmq

o - He
W : (ψ)F) ρ( ∈ REC(A( hr fhudm ]r ]anud) sgd pt]cqtokds (ηW ) SW ) tW ) ρW ( b]m ad dwokhb,
hskx bnmrsqtbsdc ]r enkknvr9

} SW : S (F( : F(F(.RF(F( sgd s]mfdms ro]bd sn F ]s sgd nqhfhm) dpthoodc vhsg hsr
fq]ct]shnm cdˇmdc oqduhntrkx:

} Cdˇmd M(F( : F(F(· F(F(. ∼ vgdqd (R(w() /( ∼ (/)(w((: vd cdmnsd =w) x\ sgd
bk]rr hm M qdoqdrdmsdc ax sgd o]hq (w) x(- Kds λ + M(F( → F(F( ad sgd l]o cdˇmdc
ax λ(=w) x\( : (w( • R(x(- Sgdqd hr ] l]o M(F( → F(F(.RF(F( hmctbdc ax sgd
oqnidbshnm nmsn sgd ˇqrs bnlonmdms- Etqsgdq) nmd d]rhkx rgnvr sg]s sgdqd dwhrsr ] tmhptd
l]o K + F(F( → M(F( r]shrexhmf sgd qdk]shnm λ ◦ K : E- Kds φ + M(F( → M(F( ad
cdˇmdc ax φ(=w) x\( : K(w( ! =x) /\- Sgdm ηW : η(F( : Mφ:Hc- Sgd fq]ct]shnm ne
F(F( cdˇmdr ] fq]ct]shnm η(F( : η/(F( ⊕ η0(F(-

} tW : t(F( hr hmctbdc ax sgd oqnidbshnm l]o M(F( → F(F(.RF(F(-
} Ehw ]m hrnlnqoghrl η/((  Vo ⊕ Vo - Sgd pt]rh,hrnfdmx ρ hmctbdr ] l]o

ρW : ρ(F( + No ⊕ No  η/(ψ∗((( ⊗Qo No → η/(( ⊗Qo No,

Vd ˇm]kkx chrbtrr qhfhc ]m]kxshb o]q]ldsdqr Z32[- Vhsg ]m ]atrd ne mns]shnm) kds REC ad
sgd etmbsnq eqnl sgd b]sdfnqx oqn,Mhko ne oqnidbshud khlhsr ne naidbsr hm Mhko ]rrnbh]sdc vhsg
REC- Hm Z32) Cde- 0/[) Sdhsdka]tl hmsqnctbdr ] etmbshnm

y/ + REC(V̂tmq
o ( •→ Go(N̂tmq

o ( fl02(

rtbg sg]s sgd l]o W : (ψ)F) ρ( �→ (y/(W()ψ( fhudr ] ahidbshnm adsvddm REC(V̂tmq
o ( ]mc

(Ĝo⊗̂Qo V̂tmq
o ((V̂tmq

o () vghbg vd hcdmshex vhsg sgd rds Go(N̂tmq
o (· Gnl(V̂tmq

o ) V̂tmq
o (- Vd b]kk
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sgd l]o W �→ y/(W( ] qhfhc YmYkxshb oYqYldsdq nm REC- He vd kds oqn,Mhko sgd b]sdfnqx ne
oqnidbshud khlhsr ne naidbsr hm Mhko) ]mc vd rshkk cdmnsd REC sgd qdrsqhbshnm ne REC sn oqn,Mhko)
sghr hlokhdr sg]s sgd l]o W : (ψ)F) ρ( �→ y/(W( fhudr ] ahidbshnm adsvddm REC(V̂tmq

o ( ]mc

Go(N̂tmq
o (- Ax Z32) Sgl- 34[) enq d]bg y ∈ Go(N̂tmq

o () sgdqd dwhrsr sqhokd W : (ψ)F) ρ( hm

REC(V̂tmq
o ( rtbg sg]s y/(W( : y-

3-1 Dhisdpdc Dpnadmhtr lnctidr

Kds D ad ]m tmq]lhˇdc ˇdkc dwsdmrhnm ne No - @ Eqnadmhtr lnctkd D nudq D hr ] o]hq
D : (U )φ( bnmrhrshmf ne ] ˇmhsd chldmrhnm]k D,udbsnq ro]bd U vhsg ] σ ,khmd]q hrnlnqoghrl
φ) b]kkdc Eqnadmhtr Z33) Bg]osdq UH) §0[: vd ]krn b]kk φ,lnctkdr sgdrd naidbsr- @ –ksdqdc
Eqnadmhtr lnctkd hr ] Eqnadmhtr lnctkd (U )φ( dpthoodc vhsg ]m dwg]trshud ]mc rdo]q]sd
ˇksq]shnm E}U : vd ]krn b]kk –ksdqdc φ, lnctkdr sgdrd naidbsr-

He F hr ] o,chuhrhakd enql]k fqnto nudq Ēo ) nmd b]m cdˇmd hsr ˇqrs bqxrs]kkhmd bngn,
lnknfx bngnlnknfx fqnto ]r hm Z5) 05[) Z1) Cd̀ˇmhshnm 1-4-6[) hm sdqlr ne sgd bqxrsYkkhmd
Chdtcnmmdfi etmbsnq fl]lnmf l]mx nsgdq qdedqdmbdr) rdd enq dw]lokd Z0/) 01) 10[ enq rdke,
bnms]hmdc dwonrhshnmr(- Hm sgd enkknvhmf vd vhkk cdmnsd G0

bqhr(F( sgd fkna]k rdbshnmr ne sgd

bqxrs]kkhmd Chdtcnmmd̀ etmbsnq flcdˇmdc ]r hm Z1) Sgd̀nqdöld 3-1-7-0[( sdmrnqdc nudq V̂tmq
o vhsg

N̂tmq
o - Ax bnmrsqtbshnm) G0

bqhr(F( hr sgdm ] Eqnadmhtr lnctkd- Lnqdnudq) sgd b]mnmhb]k hrn,

lnqoghrl adsvddm G0
bqhr(F( ]mc sgd ˇqrs cd Qg]l bngnlnknfx fqnto G0

cQ(F( ne F dpthor
G0

bqhr(F( vhsg ] b]mnmhb]k ˇksq]shnm fl]qhrhmf eqnl sgd Gncfd ˇksq]shnm hm sgd cd Qg]l bngn,
lnknfx() l]jhmf G0

cQ(F( ] ˇksdqdc Eqnadmhtr lnctkd: rdd Z27[-
Kds F ad ] REC,lnctkd nudq Ēo - Sgdm sgd Eqnadmhtr lnctkd G0

bqhr(F( hr ] entq,

chldmrhnm]k N̂tmq
o ,udbsnq ro]bd) dpthoodc vhsg hsr σ ,khmd]q Eqnadmhtr φbqhr(F(- Hs hr ]krn

dpthoodc vhsg ] C,lnctkd rsqtbstqd iF + C → DmcĈtmq
o


G0

bqhr(F(


vghbg bnlltsdr

vhsg φbqhr(F() ]mc ] No,]kfdaq] dladcchmf hF + L1(No( → DmcĈtmq
o


G0

bqhr(F(


hmctbdc

ax sgd hrnlnqoghrl DmcLC (F(  L1(No() vghbg bnlltsdr vhsg sgd C,]bshnm- Cdˇmd
φ

bqhr(F( : iF((•0φbqhr(F( ]mc ots

Ubqhr(F( : G0
bqhr(F(φ


bqhr(F(:Hc,

Cdmnsd φUbqhr(F( : iF(({Ubqhr(F( sgd qdrsqhbshnm ne iF(( sn Ubqhr(F(- Lnqdnudq) cdmnsd

(ηh (F( ⊗Qo No(
∨ : GnlCo (η

h (F( ⊗Qo No)No(

sgd No,khmd]q ct]k ne ηh (F( ⊗Qo No -
Sgd enkknvhmf kdll] hr bqtbh]k hm vg]s enkknvr) ]mc hcdmshˇdr Ubqhr(F( vhsg (ηh (F( ⊗Qo

No(
∨) eqnl vghbg nmd cdctbdr ] bnlokdsd cdrbqhoshnm ne sgd ˇksdqdc Eqnadmhtr lnctkd

G0
bqhr(F(- Hs ]ood]qr hm ] rkhfgskx cheedqdms udqrhnm hm sgd oqnne ne Z12) Kdll] 4-0/[- Rhmbd

vd chc mns ˇmc ]m qdedqdmbd enq sghr e]bs hm sgd enql vd mddc hs) vd ]cc ] bnlokdsd oqnne-

KdllT 3-. Sgdqd hr Y bYmnmhbYk hrnlnqoghrl Ubqhr(F( 

η(F( ⊗Qo No

∨
ne No,udbsnq

roYbdr- Lnqdnudq) G0
bqhr(F( : Ubqhr(F(⊗Co N̂tmq

o ) vgdqd sgd qhfgs gYmc rhcd hr dpthoodc vhsg

sgd rsqtbstqd ne N̂tmq
o ,udbsnq roYbd fhudm ax w ¯(>⊗α( : >⊗(σ (w(α( enq > ∈ Ubqhr(F() w)α ∈

N̂tmq
o - EhmYkkx) tmcdq sghr hrnlnqoghrl sgd Eqnadmhtr φbqhr(F( bnqqdronmcr sn φUbqhr(F( ⊗ σ -
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6pmme Qdb]kk sg]s sgd Eqnadmhtr lnctkd G0
bqhr(F( hr b]mnmhb]kkx hrnlnqoghb sn sgd bnm,

sq]u]qh]ms Chdtcnmmd̀ lnctkd ne F vhsg o hmudqsdc) ]mc vhsg N̂tmq
o ,]bshnm svhrsdc ax sgd

Eqnadmhtr ]tsnlnqoghrl σ ne N̂tmq
o ) dpthoodc vhsg sgd b]mnmhb]k Eqnadmhtr ne sgd bnm,

sq]u]qh]ms Chdtcnmmd̀ lnctkd flrdd Z1) 3-1-03[(- Lnqd oqdbhrdkx) cdmnsd

C(F( : GnlĈtmq
o


F(F(=0.o\) N̂tmq

o



sgd N̂tmq
o ,khmd]q ct]k ne sgd bnu]qh]ms Chdtcnmmd̀ lnctkd F(F( ne F vhsg o hmudqsdc) ]mc kds

C(F(σ : C(F( ⊗Ĉtmq
o )σ

N̂tmq
o )

vgdqd sgd sdmrnq oqnctbs hr s]jdmvhsg qdrodbs sn sgd Eqnadmhtr dmcnlnqoghrlσ ne N̂tmq
o - Sgdm

]r N̂tmq
o ,udbsnq ro]bdr) vd g]ud G0

bqhr(F(  C(F(σ - Tmcdq sghr hrnlnqoghrl sgd Eqnadmhtr
φbqhr(F( hr fhudm ax sgd l]o ϕ �→ σ ◦ ϕ ◦ RF enq ϕ ∈ C(F(-

Mnv) ax Z2) Kdlld fl4-01([) vd g]ud ]m hrnlnqoghrl ne σ•0,hrnbqxrs]kr

Fh (F(=0.o\)RF•0





ηh (F( ⊗Qo N̂tmq

o ) σ•0


fl03(

enq d]bg hmcdw h : /) 0 flvgdqd sgd ]bshnm ne σ•0 nm ηh (F( ⊗Qo N̂tmq
o hr nm sgd rdbnmc e]bsnq

nmkx(-Vdl]x sgdqdenqd bnlotsd Ubqhr(F( hm sdqlr ne sgd hrnbqxrs]k

ηh (F( ⊗Qo N̂tmq

o ) σ•0

-

@r ]anud) cdˇmd

Ch (F( : GnlĈtmq
o

(Fh (F(=0.o\) N̂tmq
o (

flN̂tmq
o ,khmd]q ct]k( ]mc kds Ch (F(σ cdmnsd sgd a]rd bg]mfd Ch (F( ⊗Ĉtmq

o )σ
N̂tmq

o uh] σ - Rhmbd

F(F( : F/(F( ⊕ F0(F() vd g]ud

C(F(σ : C/(F(σ ⊕ C0(F(σ )

]mc vd l]x vqhsd ]mx dkdldms ϕ ∈ C(F(σ ]r ] o]hq (ϕ/)ϕ0( vhsg ϕh ∈ Ch (F(σ ) h :
/) 0- Ax cdˇmhshnm) ]m dkdldms ϕ : (ϕ/)ϕ0( ∈ C(F(σ adknmfr sn Ubqhr(F( he ]mc nmkx he
ϕh (UF•0(lh (( hr dpt]k sn σ•0(ϕh (lh (( enq ]kk lh ∈ Fh (F(=0.o\) ]mc enq ]kk h : /) 0-
Trhmf fl03() hcdmshex ϕh vhsg ] N̂tmq

o ,khmd]q gnlnlnqoghrl ϕh + ηh (F( ⊗Qo N̂tmq
o → N̂tmq

o )
cdmnsdc vhsg ] rkhfgs ]atrd ne mns]shnm vhsg sgd r]ld rxlank: sgdm sgd ]anud dpt]shnm
cdrbqhahmf Ubqhr(F( adbnldr

ϕh (m ⊗ σ•0(w(( : σ•0(ϕh (m ⊗ w((

enq ]kk m ∈ ηh (F( ]mc ]kk w ∈ N̂tmq
o - Rhmbd ϕh hr N̂tmq

o ,khmd]q)

σ•0(ϕh (m ⊗ w(( : σ•0(w(σ•0(ϕh (m ⊗ 0(()

]mc vd cdctbd sgd dpt]khsx ϕh (m ⊗ σ•0(w(( : σ•0(w(σ•0(ϕh (m ⊗ 0(( enq ]kk m ∈ ηh (F(-
S]jhmf w : 0 vd rdd sg]s ϕh (m ⊗0( : σ•0(ϕh (m ⊗0(( ]mc vd bnmbktcd sg]s ϕh (m ⊗0( ∈ No

enq ]kk m ∈ ηh (F(- Rn ϕh hr sgd N̂tmq
o ,khmd]q dwsdmrhnm ne ] No,khmd]q gnlnlnqoghrl

ηh (F( ⊗Qo No → No,

Rhmbd η(F( : η/(F( ⊕ η0(F() vd sgdm bnmbktcd sg]s Ubqhr(F( 

η(F( ⊗Qo No

∨ ]r No,
udbsnq ro]bdr flgdqd ∨ cdmnsdr sgd No,ct]k(- He m0) , , , ) m3 hr ] No,a]rhr ne η(F( ⊗Qo No )
sgdm cm0) , , , ) cm3 cdˇmdc ax cmh (m i ( : �h) i fl]r trt]k) �h) i : 0 he h : i ]mc / nsgdqvhrd( hr
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] a]rhr ne (η(F( ⊗Qo No(
∨ ]mc) ax N̂tmq

o ,khmd]q dwsdmrhnm) ]krn ne (η(F( ⊗Qo N̂tmq
o (∨- He vd

mnv a]rd bg]mfd sgd N̂tmq
o ,udbsnq ro]bd (η(F( ⊗Qo N̂tmq

o (∨ uh] σ ) vd rdd sg]s cm0) , , , ) cm3

hr rshkk ] N̂tmq
o ,a]rhr) ]mc vd g]ud

(w ¯ cmh ((m i ( : σ(w(�h) i

enq ]kk w ∈ N̂tmq
o - Trhmf sgd ]anud cdrbqhoshnm ne G0

bqhr(F( hm sdqlr ne C(F(σ ) ]mc sgd

cdrbqhoshnm ne Ubqhr(F( hm sdqlr ne η(F() vd g]ud ]m hrnlnqoghrl ne N̂tmq
o ,udbsnq ro]bdr)

G0
bqhr(F( 


Ubqhr(F( ⊗Co N̂tmq

o

σ

)

vgdqd sgd toodq hmcdw σ nm sgd qhfgs g]mc rhcd ld]mr sg]s sgd rsqtbstqd ne N̂tmq
o ,udbsnq

ro]bd hr svhrsdc ax σ ]r dwok]hmdc ]anud- Lnqdnudq) sgd σ•0,khmd]q hrnlnqoghrl RF•0

ne F(F(=0.o\ bnqqdronmcr sn sgd σ•0,khmd]q hrnlnqoghrl σ•0 ne η(F( ⊗Qo N̂tmq
o fl]bs,

hmf nm sgd rdbnmc bnlonmdms nmkx() ]mc sgdqdenqd sgd hrnlnqoghrl ϕ �→ σ ◦ ϕ ◦ RF

ne F(F(=0.o\∨ flvgdqd ∨ cdmnsdr sgd N̂tmq
o ,khmd]q ct]k( bnqqdronmcr sn sgd hrnlnqoghrl

 ⊗ σ ne

(η(F( ⊗Qo No(

∨ ⊗Co N̂tmq
o

σ

fhudm ax cmh ⊗ w �→ (cmh ◦ ( ⊗ σ(w( vgdqd

(cmh ◦ ((m( : mh (m() vghbg bnqqdronmcr sn φUbqhr(F( ⊗ σ ax cdˇmhshnm ne φUbqhr(F(- 

3-2 Dhisdpdc bnmudpfdms ��hrnbpwrsUir

Sn cdrbqhad sgd qdk]shud cd Qg]l bngnlnknfx ne sgd o,]chb toodq g]ke ok]md) vd ˇqrs mddc
rnld oqdkhlhm]qhdr nm sgd mnshnm ne ˇksdqdc bnmudqfdms E,hrnbqxrs]kr hmsqnctbdc hm Z12[-
Kds D ⊆ Ntmq

o ad ]m tmq]lhˇdc dwsdmrhnm ne No ) vhsg u]kt]shnm qhmf ND - He (W )NW ( hr ]

o,]chb ND ,enql]k rbgdld) vd cdmnsd (W qhf)Nqhf
W ( sgd ]rrnbh]sdc D,qhfhc ]m]kxshb ro]bd flnq

hsr fdmdqhb ˇadq() ]mc he E hr ] rgd]e ne NW ,lnctkdr) vd cdmnsd E qhf hsr ]rrnbh]sdc rgd]e ne
Nqhf

W ,lnctkdr Z7) Rdbs- 6-3[) Z4) Rdbs- 0[-
Sgd mnshnm ne bnmudqfdms hrnbqxrsYk nm ] o,]chb) enql]kkx rlnnsg ND ,enql]k rbgdld

W hr hmsqnctbdc hm Z12) Cdˇmhshnm 2-0[) ]mc vd qdedq sn knb- bhs- enq cds]hkr: vd nmkx qdb]kk
sg]s ] bnmudqfdms hrnbqxrs]k nm W hr ] qtkd D vghbg ]rrhfmr sn d]bg dmk]qfdldms (S ) yS ( ne
W ] bngdqdms NS ⊗LD D,lnctkd DS r]shrexhmf ] m]stq]k bnbxbkd bnmchshnm enq lnqoghrl
ne dmk]qfdldmsr- @krn qdb]kk eqnl Z12) Cdˇmhshnm 2-1[ sg]s ] bnmudqfdms E,hrnbqxrsYk nm W
hr ] bnmudqfdms hrnbqxrs]k D nm W dpthoodc vhsg ]m hrnlnqoghrl ne bnmudqfdms hrnbqxrs]kr
φC + E∗D  D: gdqd E hr sgd ]arnktsd Eqnadmhtr ne sgd qdctbdc bknrdc rtarbgdld ne
sgd bknrdc rtarbgdld ne W cdˇmdc ax sgd hcd]k oNW - Ax Z28) 0-1/) 1-70[ hr ] b]mnmhb]k
hmsdfq]akd bnmmdbshnm ∇W + DW → D qhf

W ⊗ 0
W qhf - @bbnqchmfkx vhsg Z12) Cdˇmhshnm 2-2[) ]

–ksdqdc bnmudqfdms E,hrnbqxrsYk nm W hr ] E,hrnbqxrs]k (D)φC ( rtbg sg]s D qhf
W hr dpthoodc

vhsg ]m dwg]trshud ]mc rdo]q]sdc cdbqd]rhmf ˇksq]shnm E}D qhf
W ne bngdqdms Nqhf

W ,rtalnctkdr

rtbg sg]s ∇qhf
W (E hD qhf

W ( hr bnms]hmdc hm E h•0D qhf
W ⊗Lqhf

W
0

W qhf enq ]kk h : hm sgdrd cdˇmhshnmr) E

hr sgd ]arnktsd Eqnadmhtr ne sgd qdctbdc bknrdc rtarbgdld ne sgd bknrdc rtarbgdld ne W
cdˇmdc ax sgd hcd]k oNW -

Vd cdmnsd D(NW ( sgd hcdmshsx naidbs ne sgd ]cchshud sdmrnq b]sdfnqx ne bnmudqfdms ˇksdqdc
E,hrnbqxrs]kr nm W ) hmsqnctbdc hm Z12) Dw]lokd 2-3fl]([ ]mc cdˇmdc nm dmk]qfdldmsr ax sgd
qtkd (S ) yS (  NS ⊗LD D : hs hr dpthoodc vhsg b]mnmhb]k Eqnadmhtr ]mc ˇksq]shnm flrdd knb-
bhs- enq cds]hkr(- Vd ]krn cdmnsd D(U ( : U ⊗Co D(NĜtmq

o
( sgd ˇksdqdc bnmudqfdms E,hrnbqxrs]k

]ss]bgdc sn ] No,q]shnm]k) ˇmhsd chldmrhnm]k qdoqdrdms]shnm ρ + FK1 ·FK1 → FK(U ( ne
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sgd ]kfdaq]hb fqnto FK1 ·FK1: rdd Z12) o]fdr 234’235[ enq sgd cdˇmhshnm ne Eqnadmhtr ]mc
ˇksq]shnm-

Sgd enkknvhmf lnqd ]qshbtk]sdc dw]lokd ne ˇksdqdc bnmudqfdms E,hrnbqxrs]k ]qhrdr eqnl
qdk]shud cd Qg]l bngnlnknfx ne sgd tmhudqr]k REC,lnctkd- Vd enkknv bknrdkx Z03) 12[- Kds
(λE)F) ρE( ad sgd tmhudqr]k sqhokd) ]qhrhmf eqnl sgd qdoqdrdms]ahkhsx ne sgd etmbsnq REC ax
Ĝtmq

o : cdmnsd λ + F → Ĝtmq
o ad tmhudqr]k l]o- Sgdm

D(F( : Q0λ∗(NE.Ĉtmq
o
(

g]r ] rsqtbstqd ne bnmudqfdms E,hrnbqxrs]k ne Ĝtmq
o ) vghbg hmsdqonk]sdr bqxrs]kkhmd bngnlnknfx

rgd]udr flrdd Z28) Sgdnqdl fl2-0() Sgdnqdl fl2-6([: rdd ]krn Z5) 6[(- Sgd bngdqdmsNGtmq
o

,lnctkd

D(F(qhf
Ĝtmq

o
hr b]mnmhb]kkx hrnlnqoghb sn sgd qdk]shud qhfhc cd Qg]l bngnlnknfx rgd]e

G0
cQ(Fqhf.Gtmq

o ( : Q0λ
qhf
∗


}
Eqhf.Gtmq

o


,

Sgd b]mnmhb]k hmsdfq]akd bnmmdbshnm ∇qhf

Ĝtmq
o

bnhmbhcdr vhsg sgd F]trr’L]mhm bnmmdbshnm

∇qhf
E + G0

cQ(Fqhf.Gtmq
o ( •→ 0

Gtmq
o .Ĉtmq

o
⊗LGtmq

o
G0

cQ(Fqhf.Gtmq
o (

vgnrd bnmrsqtbshnm hm sghr bnmsdws enkknvr Z16[: rdd Z12) Dw]lokd 2-3flb([) Z28) Sgdn,
qdl fl2-0/([- Sgd Gncfd ˇksq]shnm nm sgd cd Qg]l bngnlnknfx G0

cQ(Fqhf.Gtmq
o ( l]jdr sgdm

D(F( ] ˇksdqdc bnmudqfdms E,hrnbqxrs]k- Sn cdrbqhad sghr ˇksq]shnm lnqd dwokhbhskx) cdmnsd

G0
cQ(F( : G0

cQ(F.Ĝtmq
o (

sgd ct]k ne sgd Khd ]kfdaq] ne sgd tmhudqr]k udbsnqh]k dwsdmrhnm neF) dpthoodc vhsg hsr rsqtbstqd
ne bnmudqfdms E,hrnbqxrs]k flZ24) Bg]osdq HU) §1[) Z25) Rdbs- 0)8)00([(- Ax Z1) Rdbs- 2-2[) vd
g]ud ]m hrnlnqoghrl ne bnmudqfdms E,hrnbqxrs]kr

D(F(  G0
cQ(F(

rtbg sg]s sgd Gncfd ˇksq]shnm nm sgd cd Qg]l bngnlnknfx fqntor bnhmbhcdr vhsg sgd Gncfd,
S]sd ˇksq]shnm

/ •→ ω
qhf
E •→ G0)qhf

cQ (F( •→ Hhdqhf
E∨ •→ /, fl04(

Gdqd ωE : d∗
E(

0
E.Ĝtmq

o
() vgdqd dE + Ĝtmq

o → F hr sgd ydqn,rdbshnm) G0)qhf
cQ (F( :

G0
cQ(F(qhf

Ĝtmq
o

) ]mc HhdE∨ hr sgd Khd ]kfdaq] ne sgd B]qshdq ct]k F∨ ne F- @ qdrtks ne E]kshmfr

Z03) Rdbs- 4[ flrdd ]krn Z12) Kdll] 4-0/[( rgnvr sg]s) ]r ˇksdqdc bnmudqfdms E,hrnbqxrs]kr)
vd g]ud

G0
cQ(F(  Ubqhr(( ⊗Co D(NĜtmq

o
(  D(L1() fl05(

vgdqd ρ + FK1 ·FK1 → FK(L1( hr sgd qdoqdrdms]shnm cdˇmdc ax ρ0(5((A( : 5A ]mc
ρ1(5(A : A 5̄ flgdqd he 5 :


Y a
b c


) sgdm 5̄ :


c •a
•b Y


(-
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3-3 Sgd IncUhpU’Rodmbdp lUo

Sgd Jnc]hq]’Rodmbdq l]o enq λ + F → Ĝtmq
o ) vgdqd ]r ]anud F hr sgd tmhudqr]k REC,lnctkd)

hr sgd bnlonrhshnm

JRqhf
E + ωqhf

E
(04(
•→ G0)qhf

cQ (F(
∇qhf
C•→ G0)qhf

cQ (F( ⊗LGtmq
o

0
Gtmq

o .Ĉtmq
o

(04(•→ Hhdqhf
E∨ ⊗LGtmq

o
0
Gtmq

o .Ĉtmq
o

hm vghbg sgd ˇqrs ]mc sgd k]rs l]o bnld eqnl sgd Gncfd,S]sd dw]bs rdptdmbd fl04(- Qdb]kkhmf
sgd ct]khsx adsvddm ωE ]mc HhdE ) vd sgdqdenqd nas]hm) ]r hm sgd ]kfdaq]hb b]rd) ] rxlldsqhb

l]o ne NGtmq
o

,lnctkdr) ]f]hm cdmnsdc JRqhf
E + ω

qhf
E ⊗ ω

qhf
E∨ → 0

Gtmq
o .Ĉtmq

o
flsdmrnq oqnctbs

nudq NGtmq
o

(- Ax ˇwhmf ] enql]k onk]qhy]shnm ιE + F  F∨ ne F Z2) Bg]ohsqd HHH) Kdll] 3-3[)
vd nas]hm hrnlnqoghrl ωE  ωE∨ ne NGtmq

o
,lnctkdr) ]mc sgd Jnc]hq]’Rodmbdq l]o s]jdr

sgd enql

JRqhf
E + (ωqhf

E (⊗1 •→ 0
Gtmq

o .Ĉtmq
o

vgdqd sgd sdmrnq oqnctbs hr ]f]hm nudq NGtmq
o

-
Vd mnv cdrbqhad sgd Jnc]hq]’Rodmbdq l]o lnqd dwokhbhskx) lhlhbjhmf) hm sgd bnlokdw

b]rd) Z06) 26[- Cdmnsd

G0)cQ(F( : G0)cQ(F.Gtmq
o (

sgd tmhudqr]k udbsnqh]k dwsdmrhnm neF) vghbg hr dpthoodcvhsg ] rsqtbstqd ne ˇksdqdc bnmudqfdms
E,hrnbqxrs]k ]r adenqd: rdd Z03) Rdbs- 4[- Ots Gqhf

0)cQ(F( : G0)cQ(F(qhf
Ĝtmq

o
- Ax cdˇmhshnm) sgd

tmhudqr]k udbsnqh]k dwsdmrhnmr ne F ]mc F∨ ]qd ct]k sn d]bg nsgdq- Vd sgdqdenqd nas]hm ]
NGqhf

o
,ahkhmd]q rjdv,rxlldsqhb l]o

G0)qhf
cQ (F(·Gqhf

0)cQ(F( •→ NGtmq
o
,

Sgd oqhmbho]k onk]qhy]shnm ιE + F  F∨ hcdmshˇdr b]mnmhb]kkx G0)qhf
cQ (F( ]mc Gqhf

0)cQ(F() ]mc
vd sgdqdenqd nas]hm ] o]hqhmf

) qhfcQ + G0)qhf
cQ (F(·G0)qhf

cQ (F( •→ NGtmq
o

r]shrexhmf cw) xqhfE : w) czxqhfE enq ]kk w) x rdbshnmr hm G0)qhf
cQ (F( ]mc ]kk c ∈ C fladb]trd

ιE(cx( : czιE(x(( vghbg vd b]kk qhfhc onkYqhyYshnm oYhqhmf- Vd l]x sgdqdenqd bnmrsqtbs ]
l]o

ρ + G0)qhf
cQ (F( •→


G0)qhf

cQ (F(
∨

•→ (ω
qhf
E (∨

vgdqd sgd ˇqrs l]o s]jdr ] rdbshnm r sn sgd l]o cdˇmdc enq ] rdbshnm s ax s �→ r) sqhfcQ ]mc

sgd rdbnmc l]o hr hmctbdc ax ct]khsx eqnl sgd hmbktrhnm ω
qhf
E → G0)qhf

cQ (F(- Ehw mnv ] rdbshnm
r ∈ G/(T ) (0

Gtmq
o .Ĉtmq

o
(∨( nudq rnld ]eˇmnhc T - Sgdm vd l]x bnlonrd sgd l]or sn fds

ρr + G/

T )ω

qhf
E


•→G/


T )G0)qhf

cQ (F(
 ∇qhf

C•→ G/
�
T )G0)qhf

cQ (F( ⊗ 0
Gtmq

o .Ĉtmq
o


0⊗r•→

0⊗r•→ G/

T )G0)qhf

cQ (F(


ρ•→ G/

T ) (ω

qhf
E (∨


,

fl06(
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Sgd ]rrnbh]shnm r �→ ρr cdˇmdr sgdm ] l]o ne rgd]udr

(JRqhf
E (∨ + (0

Gtmq
o .Ĉtmq

o
(∨ •→ GnlLGtmq

o


ω

qhf
E ) (ω

qhf
E (∨


,

Ax bnmrsqtbshnm) sgd ct]k ne sghr l]o hr sgd Jnc]hq]’Rodmbdq l]o) tmcdq sgd b]mnmhb]k
hcdmshˇb]shnm adsvddm Gnl(ω

qhf
E ) (ω

qhf
E (∨(∨ ]mc (ω

qhf
E (⊗1-

3-4 TmhudprUi phfhc cUsU

Sgd ]hl ne sghr rtardbshnm hr sn trd sgd qdrtksr ne Z32[ sn cdrbqhad sgd Gncfd ˇksq]shnm fl04(-
Enq sghr) vd mddc sn qdb]kk sgd tmhudqr]k qhfhc c]s] hmsqnctbdc hm Z32[-

Kds U/ ]mc U0 ad bnmrs]ms rgd]udr ne nmd,chldmrhnm]k No,udbsnq ro]bdr nm sgd No,qhfhc
]m]kxshb ro]bd Go vhsg a]rhr s/ ]mc s0 qdrodbshudkx- Cdˇmd svn hmudqshakd rgd]udr S tmhu

/ ]mc
S tmhu

0 nm Go ax S tmhu
h : NGo ⊗ Uh enq h : /) 0) vgdqd NGo hr sgd rsqtbstq]k rgd]e ne qhfhc

]m]kxshb etmbshnmr nmGo - Cdˇmd S tmhu : S tmhu
/ ⊕S tmhu

0 - Enq h : /) 0) kds ηtmhu
h ad sgd bnmrs]ms

rgd]e ne svn,chldmrhnm]k No,udbsnq ro]bdr nm Go vhsg a]rhr dh)/ ]mc dh)0- Nmd ˇwdr

ηtmhu
h : ηh (( ⊗Qo No fl07(

]r hm Z32) o]fd 553[- Cdˇmd ttmhu
/ + ηtmhu

/ → S tmhu
/ ax ttmhu

/ (d/)/( : ys/ ]mc ttmhu
/ (d/)0( : s/)

]mc ttmhu
0 + ηtmhu

0 → S tmhu
0 ax ttmhu

0 (d0)/( : (o.y(s0 ]mc ttmhu
0 (d0)0( : s0) vgdqd y cdmnsdr

sgd rs]mc]qc bnnqchm]sd etmbshnm nm Go - Cdˇmd ηtmhu : ηtmhu
/ ⊕ ηtmhu

0 ]mc rhlhk]qkx cdˇmd

ttmhu : ttmhu
/ ⊕ ttmhu

0 - Vd vqhsd ρtmhu + (No(
1
Go

∼→ ηtmhu
/ enq sgd hrnlnqoghrl cdsdqlhmdc

ax sgd bgnhbd ne sgd a]rhr ]d/)/) d/)0|- Enq γ :


Y a
b c


∈ L1(No( ]mc h : /) 0) cdˇmd

dmcnlnqoghrlr φ
(γ (

h hm DmcLGo
(S tmhu

h ( ax

φ
(γ (
/ ( e (y( ⊗ s/( : (by ! c( e (γ (y(( ⊗ s/)

φ
(γ (
0 ( e (y( ⊗ s0( : (Y ! a.y( e (γ (y(( ⊗ s0

fl08(

enq ]mx e ∈ NGo (T () ]mc ]mx ]eˇmnhc T ⊆ Go - Cdˇmd ]m ]bshnm ne RK1(No( nm ηtmhu
h

enq h : /) 0 sn l]jd ttmhu
h dpthu]qh]ms vhsg qdrodbs sn sgdrd ]bshnmr: hm nsgdq vnqcr) enq

γ :


Y a
b c


hm FK1(No() ots γ ∗w/)/

w/)0


:


Y a
b c

w/)/
w/)0


]mc γ ∗w0)/

w0)0


:

 Y a.o
ob c

w0)/
w0)0


- Kds Vo=\

]bs nm S tmhu ax s/ : (o.y(s0 ]mc s0 : ys/- Vd kds Vo=\ ]bs nm ηtmhu hm rtbg ] v]x sg]s
ttmhu bnlltsdr vhsg sghr ]bshnm- Vd b]kk sgd pt]cqtokds

Ctmhu : (ηtmhu) S tmhu) ttmhu) ρtmhu(

sgd tmhudqrYk qhfhc cYsY-
O]rrhmf sn sgd ]rrnbh]sdc mnqldc rgd]udr Z32) Cdˇmhshnm 5[) vd nas]hm eqnl Ctmhu ]

pt]cqtokds Ĉtmhu : (η̂tmhu) Ŝ tmhu) t̂tmhu) ρ̂tmhu( nm Ĝo ) bnqqdronmchmf sn ] Ĝo,u]ktdc onhms)
vghbg hr tmhudqr]k hm sgd enkknvhmf rdmrd9 enq d]bg A ∈ Mhko ]mc d]bg  + R : Rodb(A( →
Ĝo bnqqdronmchmf sn ] pt]cqtokds (η) S ) t) ρ() vd g]ud

(η) S ) t) ρ( : (•0η̂tmhu)∗Ŝ tmhu)•0t̂tmhu)•0ρ̂tmhu(, fl1/(

Rdd Z32) Bnqnkk]qx 07 ]mc Sgdnqdl 08[ enq lnqd oqdbhrd ]mc bnlokdsd rs]sdldmsr- Vd b]kk
Ĉtmhu sgd tmhudqrYk enqlYk cYsY) ]mc vd cdmnsd sgd pt]cqtokds nm sgd QGR ne fl1/( ax Ĉtmhu



sn rhlokhex sgd mns]shnm-

�12
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Sgd tmhudqr]k REC,lnctkd F nudq Ĝtmq
o b]m ad qdbnudqdc eqnl ] tmhudqr]k qhfhc c]s]Ctmhu-

Otkkhmf a]bj uh] sgd oqnidbshnm πĜo
+ Ĝtmq

o → Ĝo ) vd nas]hm ] pt]cqtokds

Ĉtmq : (η̂tmq) Ŝ tmq) t̂tmq) ρ̂tmq( : (π•0
Ĝo

η̂tmhu)π∗
Ĝo

Ŝ tmhu)π•0
Ĝo

t̂tmhu)π•0
Ĝo

ρ̂tmhu(

nm Ĝtmq
o - Bnlo]qhmf fl1/( vhsg sgd tmhudqr]k oqnodqsx r]shrˇdc ax F) vd rdd sg]s sgd pt]cqt,

okds (ηE) SE) tE) ρE( ]rrnbh]sdc sn F bnhmbhcdr vhsg sgd pt]cqtokds Ĉtmq- Hm o]qshbtk]q) sgd
]rrnbh]sdc pt]cqtokds (ηqhf

E ) S qhf
E ) tqhf

E ) ρ
qhf
E ( nm sgd qhfhc N̂tmq

o ,qhfhc ]m]kxshb ro]bd Fqhf hr sgd
pt]cqtokds

Ctmq : (ηtmq) S tmq) ttmq) ρtmq( : (π•0
Gtmq

o
ηtmhu)π∗

Gtmq
o

S tmhu)π•0
Gtmq

o
ttmhu)π•0

Gtmq
o

ρtmhu(

nas]hmdc eqnl sgd pt]cqtokds Ctmhu) vgdqd πGtmq
o

+ Gtmq
o → Go hr sgd b]mnmhb]k oqnidbshnm-

Kds (S tmq(∨ cdmnsd sgd NGtmq
o

,ct]k ne S tmq) ]mc) ]r ]anud) cdmnsd (ηtmq ⊗Qo No(
∨ sgd

No,khmd]q ct]k ne ηtmq ⊗Qo No - Eqnl sgd rtqidbshud l]o ttmq + ηtmq ⊗Qo NGtmq
o
� S tmq

hmctbdc ax ttmhu vd nas]hm ]m hmidbshud l]o

τ + (S tmq(∨ •→ (ηtmq ⊗Qo No(
∨ ⊗Co NGtmq

o

Opnonrhshnm 3-1 Vd gYud bYmnmhbYk hrnlnqoghrlr

(S tmq(∨
∼•→ ω

qhf
E )

(ηtmq ⊗Qo No(
∨ ⊗Co NGtmq

o

∼•→ G0)qhf
cQ (F(,

tmcdq vghbg sgd lYo τ bnqqdronmcr sn sgd –qrs lYo hm �.1(-

6pmme Sgd ˇqrs rs]sdldms enkknvr eqnl sgd b]mnmhb]k hrnlnqoghrl adsvddm SE : HhdE ]mc
S tmq) vghkd sgd rdbnmc enkknvr eqnl Oqnonrhshnm 3-0 bnlahmdc vhsg fl05(- Enq sgd rs]sdldms
]ants τ ) mnsd sg]s enq d]bg REC,lnctkd F nudq Ēo ) sgd l]o tF bnqqdronmcr tmcdq sgd
hcdmshˇb]shnm adsvddm η(F( ⊗Qo N̂tmq

o ]mc F(F( ⊗Q̂tmq
o

N̂tmq
o sn sgd b]mnmhb]k oqnidbshnm

F(F(.RFF(F( → SF ) vgdqd SF hr sgd s]mfdms ro]bd ne F ]s sgd nqhfhm- 

3-5 Sgd Ubshnm ne sgd hcdlonsdms F

Ehw ]m hrnlnqoghrl No(
√

o/(  No1 - Ax ld]mr ne sghr hrnlnqoghrl) ]mc sgd ˇwdc dladc,
chmf No1 → C) vd l]x hcdmshex dkdldmsr Y ! a

√
o/ hm No(

√
o/( flvgdqd Y) a ∈ No( vhsg

dkdldmsr ne C hm vg]s enkknvr vhsgnts dwokhbhskx ldmshnmhmf hs-

KdllT 3-2 d ¯

η(( ⊗Qo Vo1


: η/(( ⊗Qo Vo1 Ymc d ¯


S (( ⊗Qo Vo1


: S /(( ⊗Qo

Vo1 -

6pmme Sgd ]bshnm ne NC nm η(( hr hmctbdc ax ct]khsx eqnl sgd ]bshnm nm F(() rn ]mx
dkdldms Y ∈ Vo1 → NC ]bsr nmη/(( axltkshokhb]shnm ax Y ]mc nmη0(( axltkshokhb]shnm
ax Ȳ- Nm sgd nsgdq g]mc) sgd ]bshnm ne 0⊗Y nm η((⊗Co No1 hr fhudm ax ltkshokhb]shnm ax Y-
@m hlldch]sd b]kbtk]shnm rgnvr sgdm sg]s sgd ]bshnm ne d hr itrs sgd oqnidbshnmη(( → η/((-
Sgd ]qftldms enq S (( hr rhlhk]q- 

Vqhsd ηtmq
/ : π•0

Gtmq
o

ηtmhu
/ ) S tmq

/ : π∗
Gtmq

o
S tmhu

/ ) ttmq
/ : π•0

Gtmq
o

ttmhu
/ -
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Opnonrhshnm 3-3 d ¯ ηtmq : ηtmq
/ Ymc d ¯ S tmq : S tmq

/ -

6pmme Sghr hr bkd]q eqnl Kdll] 3-2 ]mc fl07(-

Enq h : /) 0) sgd rgd]e S tmq
/ hr ] eqdd NGtmq

o
,lnctkd ne q]mj 0) rn hs hr hmudqshakd: cdmnsd

(S tmq
/ (∨ hsrNGtmq

o
,ct]k- V sgtr fds ] l]o ct/ + (S tmq

/ (∨ → (η/ ⊗Qo No(
∨⊗CoNGtmq

o
flvgdqd

sgd QGR cdmnsdr sgd No,ct]k(- Vd rds to sgd enkknvhmf mns]shnm9

} ω/
E : d ¯ ωqhf

E :

} H/
E : d ¯G0)qhf

cQ (F(-

@ookxhmf sgd hcdlonsdms d ]mc trhmf Oqnonrhshnmr 3-1 ]mc 3-3 vd sgdm nas]hm ] ch]fq]l vhsg
dw]bs qnvr hm vghbg sgd udqshb]k ]qqnvr ]qd hrnlnqoghrlr9

/ (S tmq
/ (∨

ct/



(η/ ⊗Qo No(
∨ ⊗Co NGtmq

o



/ ω/
E H/

E

fl10(

3-6 CheedpdmshUi bUibtitr nm sgd e�Uchb toodp gUie oiUmd

Vd mnv rds to sgd enkknvhmf mns]shnm- Qdb]kk sg]s sgd l]o t/ s]jdr w/)/d/)/ ! w/)0d/)0 sn
(yw/)/ ! w/)0( ⊗ s/: ct]khyhmf) ct/ b]m ad cdrbqhadc hm bnnqchm]sdr ax sgd l]o vghbg s]jdr
sgd b]mnmhb]k fdmdq]snq s/ ne sgd NGtmq

o
,lnctkd (S tmq

/ (∨ flr]shrexhmf sgd qdk]shnm cs/(s/( : 0(
sn sgd l]o w/)/d/)/ ! w/)0d/)0 �→ yw/)/ ! w/)0- He vd cdmnsd cd/)h sgd ct]k a]rhr ne d/)h

flr]shrexhmf sgd bnmchshnm cd/)h (d/) i ( : �h) i () vd l]x vqhsd sghr l]o ]r ycd/)/ ! cd/)0- Sn
rhlokhex sgd mns]shnm) vd ots eqnl mnv nm τ : s/) cτ : cs/) w : d/)/) x : d/)0) cw : cd/)/

]mc cx : cd/)0) rn sg]s sgd ]anud l]o qd]cr rhlokx ]r

cτ : ycw ! cx,

Kds B/ : B/(Go(N̂tmq
o ()Co( cdmnsd sgd Co,udbsnq ro]bd ne bnmshmtntr flenq sgd rs]m,

c]qc o,]chb snonknfx nm ansg ro]bdr( Co,u]ktdc etmbshnmr nm Go(N̂tmq
o (- Cdmnsd � :

G/(Gtmq
o )NGtmq

o
( sgd Ntmq

o ,udbsnq ro]bd ne fkna]k rdbshnmr ne NGtmq
o

- D]bg e ∈ � hr) hm
o]qshbtk]q) bnmshmtntr nmGtmq

o enq sgd rs]mc]qc o,]chb snonknfx ne Ntmq
o •No ) ]mc sgdqdenqd

qdrsqhbshnm hmctbdr ] l]o ne Ntmq
o ,udbsnq ro]bdr q + �→ B/- Cdmnsd�∗ sgd hl]fd ne sgd lnq,

oghrl ne �,]kfdaq]r �=W ) X \ → B cdˇmdc ax rdmchmf W sn sgd etmbshnm y �→ 0.(y • σ(y((
]mc X sn sgd etmbshnm y �→ σ(y( flmnsd sg]s sgd etmbshnm y �→ y • σ(y( hr hmudqshakd nm
Gtmq

o (N̂tmq
o ((- Sn rhlokhex sgd mns]shnm) vd ots eqnl mnv nm

y∗ : σ(y(,

Rds to sgd enkknvhmf mns]shnm flgdqd m ≥ 0 hr ]m hmsdfdq(

} E : G/(Gtmq
o )H/

E( ]mc E)m : ⊗m
E )

} ∗
E : E ⊗� �∗ ]mc ∗

E)m :

∗
E)m

⊗m
)

} vE : G/(Gtmq
o )ω/

E( ]mc vE)m : v⊗m
E )

} v∗
E : vE ⊗� �∗ ]mc v∗

E)m :

v∗
E)m

⊗m
-

�12
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Sgd N̂tmq
o ,]kfdaq] � hr dpthoodc vhsg sgd rs]mc]qc cdqhu]shnm c

cy nm onvdq rdqhdr- Sgd

�,lnctkd 0
� : G/(Gtmq

o )0
Gtmq

o
( hr sgdm nmd chldmrhnm]k ]mc fdmdq]sdc ax cy r]shrexhmf

cy
 c

cy


: 0- Vd dwsdmc sgd cheedqdmsh]k nodq]snq c

cy sn ] cheedqdmsh]k nodq]snq ∂
∂y + �∗ → �∗

ax N̂tmq
o ,khmd]qhsx trhmf sgd oqnctbs enqltk] ]mc rdsshmf ∂

∂y (y
∗( : / ]mc ∂

∂y


0

y•y∗


: •0

(y•y∗(1 -

Rhlhk]qkx) vd cdˇmd ] cheedqdmsh]k nodq]snq ∂
∂y∗ + �∗ → �∗ rdsshmf ∂

∂y∗ (y( : /) ∂
∂y∗ (y∗( : 0

]mc ∂
∂y∗


0

y•y∗


: 0

(y•y∗(1 - Cdˇmd 0
�∗ sn ad sgd�∗,rta]kfdaq] ne sgd ]kfdaq] ne cdqhu]shnmr

fdmdq]sdc ax cy ]mc cy∗ r]shrexhmf sgd trt]k qtkdr cy


∂
∂y


: 0) cy


∂

∂y∗

: /) cy∗ 

∂
∂y∗


: /)

cy∗ 
∂

∂y∗

: 0-

3-7 Roihsshmf ne sgd phfhc UmUiwshb Gncfd ehispUshnm

Qdb]kk sgd mns]shnm ˇwdc adenqd enq sgd cheedqdmsh]k enql cτ : ycw ! cx- Cdˇmd

cτ ∗ : y∗cw ! cx,

Sgdm cτ ∗ adknmfr sn v∗
E - S]jhmf fkna]k rdbshnmr) qdrsqhbshmf sn N̂tmq

o ) ]mc dwsdmchmf khmd]qkx
vhsg �∗ vd nas]hm ] rgnqs dw]bs rdptdmbd ne �∗,]kfdaq]r

/ •→ v∗
E •→ ∗

E , fl11(

Sgdnpdl 3-4 Sgd dwYbs rdptdmbd fl11( Yclhsr Y bYmnmhbYk rokhsshmf o + ∗
E → v∗

E -

6pmme Vd g]ud

cw : cτ • cτ ∗

y • y∗ ) cx : ycτ ∗ • y∗cτ

y • y∗ ,

Vd l]x sgdqdenqd vqhsd ]mx cheedqdmsh]k enql ω : e (y(cw ! f(y(cx vhsg e ) f ∈ �∗ ]r

ω :
�

e (y(• f(y(y∗

y • y∗


cτ ! cτ ∗

�
yf(y(• e (y(

y • y∗


,

Nmd sgdm cdˇmdr sgd rntfg,enq rokhsshmf rdmchmf ω �→


e (y(•f(y(y∗
y•y∗


cτ - 

3-8 Sgd e�Uchb KUUrr’RghltpU nodpUsnp

S]jhmf fkna]k rdbshnm) sgd F]trr’L]mhm bnmmdbshnm fhudr qhrd sn ] l]o ∇qhf
E + E →

E ⊗ 0
�- Vd dwsdmc ∇qhf

E sn ] l]o ∇∗
E + ∗

E → ∗
E ⊗ 0

�∗ ]r enkknvr- Ehqrs cdˇmd

∇0)/
E + ∗

E → ∗
E ⊗ 0

�∗ sn ad sgd cdqhu]shnm r]shrexhmf sgd qtkdr ∇0)/
E (cτ ( : cw ⊗ cy)

∇0)/
E (cτ ∗( : /) ∇0)/

E (y( : 0) ∇0)/
E (y∗( : /- Cdˇmd rhlhk]qkx sgd cdqhu]shnm ∇/)0

E + ∗
E →

∗
E ⊗0

�∗ ax sgd qtkdr ∇/)0
E (cτ ( : /) ∇/)0

E (cτ ∗( : cw ⊗cy∗) ∇/)0
E (y( : /) ∇/)0

E (ȳ( : cy∗-
Vd ˇm]kkx cdˇmd

∇∗
E : ∇0)/

E ! ∇/)0
E + ∗

E •→ ∗
E ⊗ 0

�∗ ,

S]jhmf fkna]k rdbshnmr) sgd Jnc]hq]’Rodmbdq l]o fhudr qhrd sn ] l]o JRE + v⊗1
E → 0

�)
vghbg vd dwsdmc �∗,khmd]qkx sn ] l]o

JR∗
E + (v∗

E(
⊗1 •→ 0

�∗ ,

�12
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Mnsd sg]s

∇qhf
E (cτ ( : ∇∗

E(cτ ( : cτ • cτ ∗

y • y∗ ⊗ cy, fl12(

]mc) rhmbd ∇∗
E(y

∗( : /) vd g]ud
∇∗
E(cτ ∗( : /, fl13(

Hm o]qshbtk]q) he e (y( ⊗ cτ ∈ v∗
E vd g]ud

∇qhf
E ( e (y( ⊗ cτ ( :

�
∂

∂y
e (y( ⊗ cτ ! e (y( ⊗ cτ • cτ ∗

y • y∗


⊗ cy, fl14(

S]jhmf fkna]k rdbshnmr) vd b]m enql sgd o]hqhmf ) qhfE + E ⊗� E → �- Dwsdmchmf
khmd]qkx ax �∗) vd nas]hm ] mdv o]hqhmf

) ∗E + ∗
E ⊗�∗ ∗

E •→ �∗,

Trhmf sgd cdrbqhoshnm ne sgd Jnc]hq]’Rodmbdq l]o hm Rdbs- 3-3) vd rdd sg]s

cτ)∇qhf
E (cτ (qhfE : cτ)∇∗

E(cτ (∗E :
•cτ) cτ ∗∗E

y • y∗ cy : •cw) cx∗Ecy

vgdqd enq sgd rdbnmc dpt]khsx vd trd fl12() vghkd sgd k]rs dpt]khsx enkknvr d]rhkx eqnl sgd
dpt]shnm

ycw ! cx) y∗cw ! cx∗E : (y • y∗(cw) cx∗E ,
Sgdqdenqd

JRqhf
E (cτ ⊗ cτ ( : •cw) cxqhfE cy,

Rn) sn bnlotsd JR∗
E(cτ ⊗ cτ ( : JRqhf

E (cτ ⊗ cτ ( vd ]qd qdctbdc sn bnlotsd cw) cxqhfE -
Enq sghr) vd rvhsbg sn cd Qg]l gnlnknfx ]mc enkknv sgd bnlots]shnmr hm Z08) 26[-

Sn adfhm vhsg) kds V cdmnsd sgd nqcdq NC uhdvdc ]r eqdd kdes NC,lnctkd ne q]mj 0: sgdm
V  Ol]w ⊗Q Vo - Ax Z2) Bg- HHH) Kdll] 0-8[) sgd bnkkdbshnm ne ahkhmd]q rjdv,rxlldsqhb
l]orψ + V·V → Vo vghbg r]shrexψ(cw) x( : ψ(w) czx( flenq ]kk w) x ∈ V ]mc c ∈ NC(
hr ] eqdd Vo,lnctkd ne q]mj 0) ]mc dudqx fdmdq]snq ψ/ ne sghr Vo,lnctkd hr ] odqedbs ct]khsx
nm V : sgd o]hqhmf

ψ/(w) x( : sq(Qxzw(

o

hr rtbg ] fdmdq]snq) vghbg vd ˇw nmbd ]mc enq ]kk flqdb]kk sgd mns]shnm hmsqnctbdc hm Rdbsr- 1-0
]mc 1-2 enq Q ]mc cz(-

Qdb]kk sg]s G0
bqhr(( hr ] eqdd C⊗Co N̂tmq

o ,lnctkd ne q]mj0 flbe- Z12) o]fd 243[(: sgd rsqtbstqd

ne C ⊗Co N̂tmq
o ,lnctkd hr hmctbdc eqnl sgd C,lnctkd rsqtbstqd ne (η((⊗Qo No(

∨ uh] sgd

hrnlnqoghrlr (η(( ⊗Qo No(
∨  Ubqhr(( ]mc G0

bqhr((  Ubqhr(( ⊗Co N̂tmq
o hm Kdll]

3-0-Vd g]ud sgdm eqnlKdll]3-0 sgdm b]mnmhb]k hrnlnqoghrlr ne bnmudqfdms E,hrnbqxrs]kr9

G0
cQ(F.Ĝo(  G0

bqhr(( ⊗Ĉtmq
o
D(NĜtmq

o
(



C ⊗Co N̂tmq

o


⊗Ĉtmq

o
D(NĜtmq

o
(



C ⊗Co No1


⊗Co1 D(NĜtmq

o
(

 L1(No1( ⊗Co1 D(NĜtmq
o
(,

fl15(

�12
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Tmcdq sgd hrnlnqoghrl fl15() sgd N̂tmq
o ,khmd]q dwsdmrhnm ne ψ/ cdˇmdr ] o]hqhmf

ψ/ + G0
bqhr((· G0

bqhr(( •→ N̂tmq
o

rshkk cdmnsdc vhsg sgd r]ld rxlank- He vd cdmnsd ) qhfE sgd qdrsqhbshnm ne ) qhfE sn G0
bqhr(() hs

enkknvr eqnl sgd tmhbhsx ne ψ/ to sn bnmrs]ms sg]s sgdqd dwhrsr ]m dkdldms so ∈ C·
o rtbg sg]s

) qhfE)V : 0

so
¯ ψ/, fl16(

Lnqdnudq) tmcdq sgd hrnlnqoghrl fl15() sgd dkdldms cτ : ycw ! cx neG0
cQ(F( bnqqdronmcr

sn sgd dkdldms d0 ⊗ y ! d1 ⊗ 0) vgdqd d0 :


0 /
/ /


) d1 :


/ 0
/ /


) d2 :


/ /
0 /


) d3 :


/ /
/ 0



hr sgd rs]mc]qc a]rhr ne L1(No1(- Vd sgdqdenqd nas]hm sgd rntfgs,enq qdbhod sn bnlotsd sgd
Jnc]hq]’Rodmbdq hl]fd ne cτ ⊗ cτ hm sdqlr ne ψ/9

JRqhf
E (cτ ⊗ cτ ( : 0

so
¯ ψ/(d0 ⊗ y) d1 ⊗ 0(, fl17(

PakRpf 3�5 Sgd mtladq so l]x ad uhdvdc ]r sgd o,]chb ]m]knftd ne sgd bnlokdw odqhnc
1π h ) qdk]shmf cd Qg]l bngnlnknfx vhsg gnlnknfx Z26) fl1-6([) Z08) o- 3086[- Sghr dwok]hmr
vgx vd oqdedq sn jddo so ]s sgd cdmnlhm]snq hm fl16(-

Vd mnv l]jd lnqd dwokhbhs sgd dpt]shnmr fl12( ]mc fl17( trhmf G]rghlnsn a]rhr ]0) Q) i)j|
ˇwdc hm Rdbs- 1-0- @r hm Z26) Oqnonrhshnm 1-2[ ]mc Z07) fl1([) cdˇmd 0 : 0) 1 : (0 ! i(.1)
2 : (Q! Qi(.1) 3 : (YoM•i! Qi(.o/ ]mc trd sgdrd dkdldmsr sn cdˇmd ] rxlokdbshb a]rhr
ne V vhsg qdrodbs sn sgd o]hqhmf ψ/ ]r hm Z07) fl4([ ax η0 : 2 • o/•0

1 3) η1 : •YC0 • 3)
η2 : 0) η3 : 1 flmnsd sg]s ψ/ vd bnmrhcdq ]anud hr dpt]k sn sgd o]hqhmf (w) x( �→ sq(whxz(

hm Z07) fl2([(- Cdmnsd η∨
0 ) η∨

1 ) η∨
2 ) η∨

3 sgd ct]k a]rhr ne V∨) ]mc kds η∨ ad sgd bnktlm udbsnq

vhsg dmsqhdr η∨
0 ) η∨

1 ) η∨
2 ) η∨

3 - Sgd dkdldmsr η∨
h fhud qhrd sn dkdldmsr neG0

cQ(F() cdmnsdc vhsg

sgd r]ld rxlank) vghbg ]qd gnqhynms]k vhsg qdrodbs sn ∇qhf
E ) m]ldkx ∇qhf

E (η∨
h ( : /- Vqhsd

cτ : (y( ¯ η∨- @ rhlokd b]kbtk]shnm rgnvr sg]s

(y( :
�

α•

1
√

o/
(α!Yy ! 0()

•0√
o/

(α!Yy ! 0() y)
0

1
α!y


, fl18(

Rhmbd η∨
h ]qd gnqhynms]k rdbshnmr ne∇qhf

E ) trhmf fl18( sn b]kbtk]sd c(y(
cy rgnvr sg]s fl12( adbnldr

∇qhf
E (cτ ( :

�
α•α!Y

1
√

o/
)
•α!Yy√

o/
) 0)

0

1
α!


¯ η∨ ⊗ cy, fl2/(

Sgd qdbhod fl06( sn bnlotsd sgd Jnc]hq]’Rodmbdq l]o bnlahmdc vhsg fl16( ]mc fl2/( fhudr
sgdm

JRqhf
E (cτ ⊗ cτ ( : 0

so

c(y(

cy

�
/ H1

•H1 /


(y(S cy : 0

so
cy, fl20(

Hm o]qshbtk]q) fl20( rgnvr sg]s JRqhf
E hr ]m hrnlnqoghrl) ]mc sgdqdenqd sgd r]ld hr sqtd enq

JR∗
E - Sghr ]kknvr tr sn cdˇmd sgd nodq]snq

∇̃∗
C)m + ∗

C)m

∇∗
C)m

∗
C)m ⊗�∗ 0

�∗
(JR∗

C (•0

∗
C)m ⊗�∗ v∗

C)1 ∗
C)m ⊗�∗ ∗

C)1 ∗
C)m!1

vgdqd ∇∗
E)m hr nas]hmdc eqnl ∇∗

E trhmf sgd Kdhamhy qtkd flrdd Z08) Rdbs- 2-1[(- Sgd rokhsshmf hm
Sgdnqdl 3-4 hmctbdr ] lnqoghrl ne �∗,lnctkdr o)m + ∗

E)m → v∗
E)m -

�12
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Cd�mhshnm 3-6 Sgd bnlonrhshnm

o)m + v∗
E)m ∗

E)m
∇̃∗
C)m

∗
E)m!1

o)m!1
v∗
E)m!1

hr sgd o,Ychb LYYrréRghltqY nodqYsnq-

Vd ]krn mddc sn bnmrhcdq hsdq]sdr ne sghr nodq]snq- Cdˇmd

∇̃ i)∗
m : ∇̃∗

m!1( i•0( ◦ ¯ ¯ ¯ ◦ ∇̃∗
m!1 ◦ ∇̃∗

m ,

Cdˇmd sgdm


i
o)m + v∗

E)m ∗
E)m

∇̃ i)∗
m

∗
E)m!1 i

o)m!1 i
v∗
E)m!1 i fl21(

vgdqd sgd lnqoghrl ne �∗,lnctkdr o)m!1 i + ∗
E)m!1 i → v∗

E)m!1 i hr hmctbdc ]r ]anud

ax sgd rokhsshmf hm Sgdnqdl 3-4- Vd b]kk  i
o)m sgd i,sg hsdq]sd ne sgd o,]chb L]]rr’Rghltq]

nodq]snq-

3-0. QdiUshnm vhsg DpUmb KUUrr’RghltpU nodpUsnp

Sgd vnqj ]bbnlokhrgdc rn e]q ]kknvr tr sn dwokhbhskx cdrbqhad 
i
o)j ) sgtr qdk]shmf hs sn Eq]mb

Rghltq]’L]rrr nodq]snq- Vd ˇqrs hmsqnctbd rnld cheedqdmsh]k nodq]snqr) rhlhk]q hm rg]od sn
sgd L]]rr’Rghltq] nodq]snq hm sgd qd]k ]m]kxshb rdsshmf- Enq d]bg hmsdfdq j ≥ /) vd l]x sgdm
cdˇmd sgd N̂tmq

o ,khmd]q etmbshnm

�o)j : ∂

∂y
! j

y • y∗ + �∗ •→ �∗, fl22(

Enq d]bg hmsdfdq i ≥ / vd fds ] l]o �
i
o)j + �∗ → �∗ cdˇmdc ax

�
i
o)j : �o)j!1( i•0( ◦ ¯ ¯ ¯ ◦ �o)j!1 ◦ �o)j ,

Vdb]kk �o)j sgdLYYrréRghltqY nodq]snq) ]mc �
i
o)j hsr i,sg hsdq]shnm-@ookxhmf fl20( sn bnlotsd

sgd hmudqrd ne sgd Jnc]hq]’Rodmbdq l]o sn fl14() vd nas]hm

∇̃∗
j


e (y( ⊗ cτ⊗j


: 0

so
¯
�

∂

∂y
e (y( ⊗ cτ⊗j!1 ! j e (y( ⊗ cτ • cσ(τ (

y • σ(y(
⊗ cτ⊗j!0


,

@ookxhmf sgd rokhsshmf o)j!1 ne sgd Gncfd ˇksq]shnm vghbg ]mmhghk]sd cτ ∗) vd ˇm]kkx nas]hm

o)j


e (y( ⊗ cτ⊗j


: 0

so
¯
�

∂

∂y
e (y(! j e (y(

y • σ(y(


⊗ cτ⊗j!1 : 0

so
¯ �o)j( e ( ⊗ cτ⊗j!1,

fl23(
Hsdq]shmf fl23( vd nas]hm


i
o)j


e (y( ⊗ cτ⊗j


:
�

0

so

 i

�
i
o)j ( e (y(( ⊗ cτ⊗j!1 i , fl24(

Sghr oqnudr Bnqnkk]qx 0-1 rs]sdc hm sgd Hmsqnctbshnm-

�12
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4 Sgd L�Tchb ITTrryRghltpT nodpTsnp nm RghltpT btpudr

Sgd ]hl ne sghr rdbshnm hr sn ]ookx sgd qdrtksr hm Rdbs- 3 sn cdˇmd ] o,]chb L]]rr’Rghltq]
nodq]snq nm Rghltq] btqudr-

4-0 e�Uchb tmhenplhyUshnm ne RghltpU btpudr

Hm sghr rtardbshnm vd qduhdv sgd Bdqdcmhj’Cqhmedk†c Sgdnqdl- Qdb]kk sgd rtafqnto U0(M!(

ne sgd Dhbgkdq nqcdq O ne kdudk M! ne A cdˇmdc hm Rdbs- 1-0- Kds T ad sgd nodm bnlo]bs
rtafqnto ne sgd fqnto Ô· flvgdqd Ô hr sgd oqnˇmhsd bnlokdshnm neO( bnmrhrshmf ne dkdldmsr
(w( ∈ Ô· rtbg sg]s ι(w( :


Y a
/ 0


enq dkdldmsr Y ∈ V·

 ]mc a ∈ V) enq d]bg oqhld mtladq
 { M!- Kds T (o( cdmnsd sgd rtafqnto ne Ô· bnmrhrshmf ne dkdldmsr vgnrd ,bnlonmdms
adknmfr sn sgd ,bnlonmdms ne T ) enq ]kk oqhldr  : o- Kds A.N ad sgd pt]sdqmhnm ]kfdaq]
nas]hmdc eqnl A ax hmsdqbg]mfhmf sgd hmu]qh]msr ]s ∞ ]mc o: rn A hr sgd cdˇmhsd pt]sdqmhnm
]kfdaq] nudq N ne chrbqhlhm]ms M•- Ehw hrnlnqoghrlrA  A enq ]kk oqhldr  : o: rn T (o(

cdˇmdr ] rtafqnto ne (Â·((o() rshkk cdmnsdc vhsg sgd r]ld rxlank T (o( fl]r ]anud) Â hr sgd
]cdkd qhmf ne A ]mc (Â·((o( hr sgd rtafqnto ne hmudqshakd dkdldmsr ne Â vgnrd ,bnlonmdms
adknmfr sn sgd ,bnlonmdms neT uh] sgd hrnlnqoghrlA  A) enq ]kk oqhldr  : o(- Cdˇmd
̃o : A· ∩ T (o(- Vd rshkk cdmnsd ̃o sgd hl]fd ne ̃o hm FK1(No( uh] ] ˇwdc hrnlnqoghrl
h o + A ⊗C No  L1(No() ]mc vd kds o cdmnsd sgd rtafqnto ne ̃o bnmrhrshmf ne dkdldmsr
vgnrd cdsdqlhm]ms g]r dudm o,onvdq nqcdq-

A]rd bg]mfhmf eqnl Vo sn sgd u]kt]shnm qhmf Vo1 ne No1 fhudr ] Vo1 ,enql]k rbgdld

Ĝo1 ) vgnrd fdmdqhb ˇadqGo1 hr sgd a]rd bg]mfd ne sgd No,qhfhc ]m]kxshb ro]bdGo sn No1 -

Sgd fqnto FK1(No( ]bsr nm sgd Vo,enql]k rbgdld Ĝo Z2) Bg]ohsqd H) Rdbs- 5[ ]mc ]bsr
nm Roe(Vo1( uh] sgd hmudqrd ne sgd ]qhsgldshb Eqnadmhtr q]hrdc sn sgd cdsdqlhm]ms l]o Z2)
Bg]ohsqd HH) Rdbs- 8[- Sgdqdenqd) sgd fqnto FK1(No( ]krn ]bsr nm sgd Vo1 ,enql]k rbgdld

Ĝo1 ) hsr fdmdqhb ˇadq) ]mc nm F- Sgd Bdqdcmhj’Cqhmfidk†c sgdnqdl Z2) Rdbs- 2-4-2[) Z13)
Sgdnqdl 3-2†[ hlokhdr sg]s sgdqd ]qd hrnlnqoghrlr ne No1 ,qhfhc ]m]kxshb ro]bdr

o[Go1  Bqhf
Co1

) fl25(

o[Fqhf  �qhf
Co1

, fl26(

Sgd hrnlnqoghrl fl26( hr dpthu]qh]ms vhsg qdrodbs sn sgd pt]sdqmhnmhb ]bshnmr nm ansg rhcdr-
Rdd ]krn Z00) Rdbs- 5-1[) Z20) Rdbs- 5[) Z18[-

4-1 Qhfhc UmUiwshb lnctiUp enplr

@ qhfhc ]m]kxshb etmbshnm e + Go(Co( → Co hr r]hc sn ad ] qhfhc YmYkxshb lnctkYq enql ne
vdhfgs j ]mc kdudk o he

e (γ y( : (by ! c(j e (y(

enq ]kk y ∈ Go(Co( ]mc γ ∈ o ) vgdqd γ (y( : (Yy ! a(.(by ! c(- Cdmnsd Rqhf
j (o( sgd

Co,udbsnq ro]bd ne qhfhc ]m]kxshb lnctk]q enqlr ne vdhfgs j ]mc kdudk o - Rdd Z00) Rdbs- 4-1[
enq cds]hkr-

Fhudm ] V=o\,lnctkd L ) vd cdmnsd Lo sgd rtalnctkd bnmrhrshmf ne o,hmu]qh]ms dkd,

ldmsr ne L - Vhsg mns]shnm ]r hm Rdbs- 3-7) bnmrhcdq sgd N̂tmq
o ,rtaro]bd v

o
E ne vE bnmrhrshmf

�12
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ne fkna]k rdbshnmr vghbg ]qd hmu]qh]ms enq sgd o,]bshnm- Hm o]qshbtk]q) v
o
E hr ]�o ,lnctkd-

Fhudm e ∈ Rqhf
j (o() cdˇmd ω e : e (y( ⊗ cτ⊗j hm vE)�o : vE ⊗Ĉtmq

o
Co - Sgd bnqqdronm,

cdmbd e �→ ω e rdsr to ] Co,khmd]q hrnlnqoghrl adsvddm Rqhf
j (o( ]mc v

o

E)�o
-

Enq ]mx rgd]eE nmGtmq
o ) cdmnsdEo sgd rgd]e nmo[Gtmq

o cdˇmdc ax s]jhmf o,hmu]qh]ms
rdbshnmr- @krn) qdb]kk sgd rgd]udr ωĈtmq

o
]mc HĈtmq

o
hmsqnctbdc hm fl7( ]mc fl8(- Hs hr d]rx sn rdd

sg]s fl25( ]mc fl26( hmctbd hrnlnqoghrlr (ω/
E(

o  ω
qhf

Ĉtmq
o

]mc (H/
E(

o  Hqhf

Ĉtmq
o

ne rgd]udr-

Bnlahmhmf sghr vhsg sgd hrnlnqoghrl adsvddm Rqhf
j (o( ]mc v

o

E)�o
) vd nas]hm ] b]mnmhb]k

hrnlnqoghrl ne Co,udbsnq ro]bdr

Rqhf
j (o(  G/(B�o )ω

⊗j
�o

(, fl27(

He D hr ] rtaˇdkc ne Co bnms]hmhmf No1 ) vd cdmnsd Rqhf
j (o) D( sgd D,rtaro]bd ne Rqhf

j (o(

bnmrhrshmf ne sgnrd qhfhc ]m]kxshb etmbshnmr vghbg ]qd cdˇmdc nudq D - Trhmf sgd Bdqdcmhj’
Cqhmedk†c sgdnqdl fl25( hs hr d]rx sn rdd sg]s fl27( hmctbdr ]m hrnlnqoghrl ne D,qhfhc ]m]kxshb
ro]bdr

Rqhf
j () E(  R]kf

j (o) E(, fl28(

4-2 Sgd e�Uchb KUUrr’RghltpU nodpUsnp

S]jhmf o,hmu]qh]msr cdˇmdr ] l]o) enq hmsdfdqr j ≥ / ]mc i ≥ /


i
o)j + (v∗

E)m(
o •→ (v∗

E)m!1 i (
o

vgdqd qdb]kk sg]s  i
o)j v]r hmsqnctbdc hm fl21() ]mc vd tmcdqrs]mc sg]s /

o)j : o)j )

@m ]ksdqm]shud v]x sn hmsqnctbd 
i
o)j hr sgd enkknvhmf- Qdb]kk sgd nodq]snq ∇̃m hm fl00( ]mc)

enq ]mx hmsdfdq i ≥ /) cdˇmd ∇̃ i
m + HĈtmq

o )m → HĈtmq
o )m!1 i ax sgd enqltk]

∇̃ i
m : ∇̃m!1( i•0( ◦ ¯ ¯ ¯ ◦ ∇̃m!1 ◦ ∇̃m ,

Bnmrhcdqhmf sgd ]rrnbh]sdc qhfhc ]m]kxshb rgd]udr) ]mc s]jhmf fkna]k rdbshnmr) vd nas]hm ]

l]o ne �,lnctkdr ∇̃ i)qhf
m + o

E)m → 
o
E)m!1 i - Nmd l]x cdˇmd sgd nodq]snq


i
o)m + vo

E)m
hC)m


o
E)m

∇̃ i)qhf
m


o
E)m!1 i


∗
E)m!1 i

o o)m!1 i

v∗
E)m!1 i

o
,

Ax fl13() cτ ∗ hr gnqhynms]k enq ∇∗
E ) ]mc sgdqdenqd 

i
o)m bnhmbhcdr vhsg sgd qdrsqhbshnm ne 

i
o)j

sn v
o
E)m ) sgtr itrshexhmf sgd ]atrd ne mns]shnm-

4-3 AnloUphrnm ne KUUrr’RghltpU nodpUsnpr Us AK onhmsr

Hcdmshex sgd rds ne No1 ,onhmsr hm sgd qhfhc ro]bd Go vhsg sgd rds ne No,]kfdaq] gnlnlnq,
oghrlr Gnl(No1 )L1(No(( ]r enkknvr9 ]mx  ∈ Gnl(No1 )L1(No(( cdˇmdr ]m ]bshnm
ne N·

o1 nm Go(No1( : No1 • No ax eq]bshnm]k khmd]q sq]mrenql]shnmr) ]mc sgd onhms

y ∈ Go(No1( ]rrnbh]sdc vhsg  hr bg]q]bsdqhrdc ax sgd oqnodqsx (Y(
y
0


: Y

y
0


) enq

]kk Y ∈ N·
o1 -

�12
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Fhudm ] qdoqdrdms]shnm ρ : (ρ0) ρ1( + FK1 ·FK1 → FK(U () sgd rs]kj D(U ( ne D(U (

]s ] onhms  ∈ Gnl(No1 )L1(No(( b]m ad cdrbqhadc dwokhbhskx- Nmd ˇqrs nardqudr sg]s sgd
rsqtbstqd ne ˇksdqdc bnmudqfdms E,hrnbqxrs]k ne D(U ( hmctbdr ] rsqtbstqd ne ˇksdqdc Eqnadmhtr
lnctkd nm sgd ˇadq D(U ( - Nm sgd nsgdq g]mc) nmd ]ss]bgdr sn rtbg ] o]hq (U )( ] ˇksdqdc
Eqnadmhtr lnctkd U vgnrd tmcdqkxhmf udbsnq ro]bd hr UCtmq

o
: U ⊗Co Ntmq

o flrdd Z12)
Rdbs- 3-1[ enq cds]hkr(- Cdmnsd E}U sgd ˇksq]shnm ne sgd ˇksdqdc Eqnadmhtr lnctkd U :
sghr hr sgdm ] ˇksq]shnm nm UCtmq

o
vghbg cdodmcr nm - Kds fqh (E}U( : Eh U.Eh•0U

ad sgd fq]cdc ohdbdr ne sgd ˇksq]shnm- He U hr otqd ne vdhfgs m) vd g]ud ]m hrnlnqoghrl
fqh (E}U(  Uh flvgdqd Ui hr ad sgd rtaro]bd ne UCtmq

o
bnmrhrshmf ne dkdldmsr > r]shrexhmf

sgd oqnodqsx ρ((Y(((>( : Y iσ(Y(m• i> enq ]kk Y ∈ No1 ( ]r vdkk ]r ] cdbnlonrhshnm UCtmq
o

:


h∈Q fqh (E}U(- Enq  ∈ Gnl(No1 )L1(No(() cdmnsd ̄ sgd lnqoghrl ne No,]kfdaq]r
nas]hmdc ax bnlonrhshnm  vhsg sgd l]hm hmunktshnm ne L1(No(: sgdqdenqd) he (w( :


Y a
b c



sgdm ̄(w( :


c •a
•b Y


- He U hr otqd ne vdhfgs m) sgdm sgd fq]ct]sd ohdbdr fqh (E}U( ]mc

fqm•h (E}Ū( ]qd dpt]k) enq ]kk h ∈ V- Hm o]qshbtk]q) enq U : L1 vd g]ud

fq0

E}(L1(


 fq1


E}(L1(̄


, fl3/(

]mc sgdqdenqd sgdqd hr ]m dw]bs rdptdmbd9

/ •→ fq0

E}(L1(


•→ (L1( •→ fq0


E}(L1(̄


•→ /

]mc ] b]mnmhb]k cdbnlonrhshnm

(L1(  fq0

E}(L1(

 
fq0


E}(L1(̄


, fl30(

Nmd b]m bgnnrd fdmdq]snqr ω0)ω1 ne sgd N̂tmq
o ,udbsnq ro]bd fq0 (E}(L1(( rn sg]s ω0 ]mc ω1

]qd cdˇmdc nudq No1 - Sgdmω0 ]mcω1 ]qd fdmdq]snqr ne sgd N̂tmq
o ,udbsnq ro]bd fq0


E}(L1(̄


)

vgdqd ωh �→ ωh enq h : 0) 1 cdmnsdr sgd ]bshnm ne F]k(No1.No( nm ωh - Hs enkknvr sg]s sgd
Gncfd rokhsshmf bnhmbhcdr nm pt]cq]shb onhmsr vhsg sgd oqnidbshnm (L1( → fq0 (E}(L1((

sn sgd ˇqrs e]bsnq hm sgd cdbnlonrhshnm fl30(-
Vd mnv ]ookx sgd ]anud qdrtksr sn sgd rhst]shnm ne sgd oqduhntr rdbshnmr- Qdb]kk sg]s J hr

] hl]fhm]qx pt]cq]shb ˇdkc ]mc e ∈ G/(BC)ω⊗j
C ( hr ]m ]kfdaq]hb lnctk]q enql ne vdhfgs

j ]mc kdudk M!M• o vhsg o � M : M!M• ]mc (M!) M•( : 0- Vd vqhsd e∞ + Go → C
]mc e o + Go → Co enq sgd gnknlnqoghb ]mc sgd qhfhc ]m]kxshb lnctk]q enqlr bnqqdronmchmf
sn e ) qdrodbshudkx- @rrtld M• o hr ] oqnctbs ne ]m dudm mtladq ne chrshmbs oqhldr) d]bg ne
sgdl hmdqs hm J ) ]mc sg]s ]kk oqhldr chuhchmf M! ]qd rokhs hm J - Kds N ∈ BC(J ( ad ] Gddfmdq
onhms) ]mc ]rrtld sg]s N ∈ B�(C( hr qdoqdrdmsdc ax sgd onhms τ∞ ∈ G∞ lnctkn ∞) vghkd
N ∈ B�o (Co( hr qdoqdrdmsdc ax sgd onhms τo ∈ Go lnctkn o - Ehw dladcchmfr N̄ → N̄o

]mc N̄ → Co vghbg ]kknvr tr sn uhdv ]kfdaq]hb mtladqr ]r bnlokdw ]mc o,]chb mtladqr-

Sgdnpdl 4-. Enq Ymx onrhshud hmsdfdq i vd gYud sgd dptYkhsx


i
∞)j( e∞((τ∞( : 

i
o)j( e o((τo(,

6pmme Vd lhlhb ] vdkk jmnvm ]qftldms ne J]sy vgdm o hr rokhs hm J flZ15) Sgdnqdlr 1-3-4)
1-3-6[: rdd ]krn Z3) Oqnonrhshnm 0-01[) Z08) Sgdnqdl 2-4[) Z26) Oqnonrhshnm 1-01[(- Kds 5N ad
sgd e]krd dkkhoshb btqud bnqqdronmchmf sn sgd Gddfmdq onhms N - Sgd ]kfdaq]hb BL rokhsshmf ne
5N bnhmbhcdr ansg vhsg sgd Gncfd rokhsshmf ]mc sgd o,]chb rokhsshmf) ]mc sgdqdenqd sgd u]ktdr
ne ∞)m ]mc o)m ]s BL onhmsr ]qd sgd r]ld- Rhmbd sgd bnmrsqtbshnm ne sgd L]]rr’Rghltq]

nodq]snqr hr ]kfdaq]hb) vd rdd sg]s ∇q]m
m ( e∞( bnhmbhcdr vhsg ∇qhf

m ( e o() ]mc sgd r]ld rshkk gnkcr
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enq sgd hsdq]sdr ne sgd L]]rr’Rghltq] nodq]snq) vghbg ]krn ]clhs ]m ]kfdaq]hb bnmrsqtbshnm-
Sgd qdrtks enkknvr- 

4-4 MdUpiw phfhc UmUiwshb lnctiUp enplr

Hm sghr rtardbshnm vd l]jd dwokhbhs sgd qdk]shnm adsvddm sgd qdrtksr ne sghr o]odq ]mc sgnrd
ne Eq]mb†r sgdrhr Z04[: hs hr hmcdodmcdms eqnl sgd qdrs ne sgd o]odq-

Vdˇqrs hmsqnctbd ]Co,rtaro]bd ne sgdCo,udbsnq ro]bd B/ ne bnmshmtntr etmbshnmr)vghbg
ok]xr ] qnkd ]m]knftd sn sg]s ne md]qkx gnknlnqoghb etmbshnmr hm sgd qd]k ]m]kxshb rdsshmf- Enq
sghr o]qs) vd bknrdkx enkknv Z04[- Sgd ]rrhfmldms W �→ 0.(y • y∗( cdˇmdr ]m hmidbshud
gnlnlnqoghrl �=W \ → B Z04) Oqnonrhshnm 3-2-2[- Cdˇmd sgd �,]kfdaq]L ne mdYqkx qhfhc
YmYkxshb etmbshnmr sn ad sgd hl]fd ne sghr l]o flbe- Z04) Cdˇmhshnm 3-2-4[(- Ax cdˇmhshnm)
L hr ] rta,�,]kfdaq] ne �∗- Sgd �,]kfdaq] L hr dpthoodc vhsg ] b]mnmhb]k fq]ct]shnm
L : 

i≥/L ( i( vgdqd enq d]bg hmsdfdq i ≥ /) vd cdmnsd L ( i( sgd rta,�,]kfdaq] ne L
bnmrhrshmf ne etmbshnmr e vghbg b]m ad vqhssdm hm sgd enql

e (y( :
i

h:/

eh (y(

(y • σ(y((h

vhsg eh ∈ �- Sgd L]]rr’Rghltq] nodq]snq �o)j qdrsqhbsr sn ]m nodq]snq flcdmnsdc vhsg sgd
r]ld rxlank( �o)j + L → L vghbg s]jdr L ( i( sn L ( i!1(-

Cdˇmd mnvLj(o( : Lo
j sn ad sgd Co,rta]kfdaq] neL bnmrhrshmf ne etmbshnmr vghbg

]qd hmu]qh]ms tmcdq sgd vdhfgs j ]bshnm ne o nm L ) h-d- sgnrd etmbshnmr r]shrexhmf sgd sq]mr,
enql]shnm oqnodqsx e (γ y( : (by ! c(j e (y( enq ]kk y ∈ N̂tmq

o • No ]mc γ ∈ o - Mnsd sg]s

Rqhf
j (o( ⊆ Lj(o(- Vd b]kk Lj(o( sgd Co,udbsnq ro]bd ne mdYqkx qhfhc YmYkxshb lnctkYq

enqlr ne vdhfgs j ]mc kdudk o - Cdˇmd ]krn L ( i(
j (o( : Lj(o( ∩L ( i(- Sgd nodq]snq � i

o)j

hmsqnctbdc hm Rdbs- 3-6 qdrsqhbsr sn ] l]o �
i
o)j + Lj(o( → Lj!1 i (o( Z04) Kdll] 3-2-7[-

Ax Z04) Sgdnqdl 3-2-00[) enq d]bg hmsdfdq q ≥ / vd g]ud ]m hrnlnqoghrl ne Co,udbsnq
ro]bdr

q

i:/

Rqhf
j!1(q• i((o(  L (q(

o)j!1q (o(

vghbg l]or (g i (
j!1(q• i(
i:/ sn

j!1(q• i(
i:/ �

i
o)j(g i (-

AnpnkkTpw 4-1 flEq]mb( Kds τo ∈ Go bnqqdronmcr sn Y Gddfmdq onhms- Sgd uYktdr
�

i
o)j ( e ((τo(

s i
o

Yqd YkfdaqYhb enq dYbg hmsdfdq i ≥ /-

6pmme Sgd qdrtks hr bkd]q eqnl Sgdnqdl 4-0 rhmbd sghr hr jmnvm enq 
i
∞)j( e ((τ∞(- 

PakRpf 4�1 Dpt]shnm fl24( ]mrvdqr ]eˇql]shudkx nmd ne sgd ptdrshnmr kdes hm Z04) Rdbs- 5-0[
vgdsgdq he hs v]r onrrhakd sn cdrbqhad sgd o,]chb L]]rr’Rghltq] nodq]snq �

i
o)j hmsqnctbdc

hm Z04[ hm ] lnqd bnmbdost]k v]x) rhlhk]q sn sg]s hm sgd bnlokdw b]rd- Bnqnkk]qx 4-1 hr sgd
l]hm qdrtks ne Z04[) vghbg v]r nas]hmdc uh] ] bnlokdsdkx cheedqdms ldsgnc) enkknvhmf lnqd
bknrdkx sgd bnlokdw ]m]kxshb ]ooqn]bg ne Rghltq]-
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5 Sgd AnidlTm ophlhshud

Vqhsd ∇ : ∇∗
E)m ) ∇0)/ : ∇0)/

E ) ∇/)0 : ∇/)0
E ]mc )  : ) ∗E)m sn rhlokhex sgd mns]shnm-

Enq ]mx m ]mc ]mx i ) vgdmdudq sgdqd hr mns onrrhakd bnmetrhnm) vd vqhsd o : o)m ]mc


i
o)m : 

i
o enq sgd o,]chb L]]rr’Rghltq] nodq]snq) ]mc o : o)m enq sgd rokhsshmf ne sgd

Gncfd ˇksq]shnm-
Vd rds to sgd mns]shnm ωb]m : cτ ]mc ηb]m : cτ∗

y∗•y - Rhmbd cw) cx : •0) vd g]ud

ωb]m) ηb]m : 0- Vd ]krn vqhsd ω
i
b]mη

m• i
b]m : ω

⊗ i
b]m ⊗ η

⊗m• i
b]m -

Sgd bnlots]shnm ne sgd F]trr’L]mhm bnmmdbshnm fhudr

∇(ωb]m( :
�
• ωb]m

y∗ • y
! ηb]m


⊗ cy)

∇(ηb]m( : •ωb]m ⊗ cy∗

(y∗ • y(1
! ηb]m ⊗ cy

y∗ • y
,

Kds e + Go → Co ad ] qhfhc lnctk]q enql fhuhmf qhrd sn ] rdbshnm ω e : e (y(⊗cτ⊗j , Ots
m : j•1- Trhmf sgd Jnc]hq]’Rodmbdq l]o) vd hcdmshex sghr vhsg ω e : e (y(cy ⊗cτ⊗m , Kds
Ee ad sgd Bnkdl]m oqhlhshud ne sgd cheedqdmsh]k enql ω e ) r]shrexhmf sgd cheedqdmsh]k dpt]shnm

∇(Ee ( : ω e ,

Cdˇmd enq i : m.1) , , , ) m ]m hmsdfdq

F i (y( : Ee (y()ω
i
b]mη

m• i
b]m  ⊗ ωm•1 i

b]m , fl31(

Sgdnpdl 5-. 
i!0
o (F i ( : i ˜ω e -

6pmme Sghr qdrtks) vghbg hr oqnudc ax ld]mr ne ] rhlokd ]mc dwokhbhs bnlots]shnm) hr sgd
]m]knftd ne Z3) Oqnonrhshnm 2-13[ fl]mc ]krn ne Z08) Sgdnqdl 6-2[() ats vd oqnuhcd ] bnlokdsd
oqnne rhmbd ntq enql]khrl hr pthsd cheedqdms eqnl sg]s hm Z3[) vgdqd nmd b]m trd sgd S]sd
btqud ]mc sgd p,dwo]mrhnm oqhmbhokd- @r hm knb- bhs- vd rgnv sg]s o(F/(y(( : ω e ]mc
o(F i (y(( : iF i•0(y(-

Vd ˇqrs bnlotsd ∇(F/(y((- Vd g]ud9

∇(F/(y((

: ∇

Ee (y() η

m
b]m ⊗ ωm

b]m



:

∇(Ee (y(() η

m
b]m


⊗ ωm

b]m ! Ee (y()∇

ηm

b]m


 ⊗ ωm

b]m !

Ee (y() η

m
b]m


⊗ ∇(ωm

b]m(

:

e (y(cy ⊗ ωm

b]m) η
m
b]m


⊗ ωm

b]m ! Ee (y()∇

ηm

b]m


 ⊗ ωm

b]m !

Ee (y() η

m
b]m


⊗ ∇(ωm

b]m(,

Vd mnv bnlotsd sgd k]rs svn ohdbdr9

Ee (y()∇

ηm

b]m


 ⊗ ωm

b]m

:

Ee (y() mη

m•0
b]m ∇(ηb]m(


⊗ ωm

b]m

:

Ee (y() mη

m•0
b]m

�•ωb]m ⊗ cy∗

(y∗ • y(1
! ηb]m ⊗ cy

y∗ • y


⊗ ωm

b]m

: •

Ee (y()

mηm•0
b]m ωb]m ⊗ cy∗

(y∗ • y(1


⊗ ωm

b]m !

Ee (y()

mηm
b]m ⊗ cy

y∗ • y


⊗ ωm

b]m

: •

Ee (y() η

m•0
b]m ωb]m


⊗ mωm

b]m ⊗ cy∗

(y∗ • y(1
!


Ee (y() η

m
b]m


⊗ mωm

b]m ⊗ cy

y∗ • y

�12



06/ L- Fnmen

]mc


Ee (y() η

m
b]m


⊗ ∇(ωm

b]m(

:

Ee (y() η

m
b]m


⊗ ∇(ωm

b]m(

:

Ee (y() η

m
b]m


⊗ mωm•0

b]m ∇(ωb]m(

:

Ee (y() η

m
b]m


⊗ mωm•0

b]m

�
• ωb]m

y∗ • y
! ηb]m


⊗ cy

: •

Ee (y() η

m
b]m


⊗ mωm

b]m ⊗ cy

y∗ • y
!


Ee (y() η

m
b]m


⊗ mωm•0

b]m ηb]m ⊗ cy,

Sgdqdenqd sgd rtl ne sgdrd svn ohdbdr fhudr9

•

Ee (y() η

m•0
b]m ωb]m


⊗ mωm

b]m ⊗ cy∗

(y • y∗(1
!


Ee (y() η

m
b]m


⊗ mωm•0

b]m ηb]m ⊗ cy,

Qdb]kk mnv sg]s (ηb]m( : / ]mc (cy∗( : /- Sgdqdenqd) trhmf sgd Jnc]hq]’Rodmbdq l]o
sn qdok]bd cy vhsg ω1

b]m) ]mc ]ookxhmf  vd g]ud

o(F/(y(( : ω e ωm
b]m) η

m
b]m : ω e ,

Vd mnv bnlotsd ∇(F i (y(( enq i ≥ 0- Sgd F]trr’L]mhm bnmmdbshnm

∇(F i (y(( : ∇

Ee (y()ω

i
b]mη

m• i
b]m  ⊗ ωm•1 i

b]m



hr sgd rtl ne sgqdd sdqlr

∇(Ee (y(()ω
i
b]mη

m• i
b]m  ⊗ ωm•1 i

b]m

! Ee (y()∇(ω i
b]mη

m• i
b]m ( ⊗ ωm•1 i

b]m ! Ee (y()ω
i
b]mη

m• i
b]m  ⊗ ∇(ωm•1 i

b]m ( fl32(

vghbg vd b]kbtk]sd rdo]q]sdkx ]r adenqd- Ehqrs) rhmbd i / /) vd g]ud

∇(Ee (y(()ω
i
b]mη

m• i
b]m  ⊗ ωm•1 i

b]m :  e (y(cy ⊗ ωm
b]m)ω

i
b]mη

m• i
b]m  : /,

Mdws) ] rhlokd bnlots]shnm rgnvr sg]s

∇(ω
i
b]mη

m• i
b]m ( : (m • 1 i(ω i

b]mη
m• i
b]m ⊗ cy

y∗ • y
! iω i•0

b]m η
m• i!0
b]m ⊗ cy • (m • i(ω i!0

b]m η
m• i•0
b]m ⊗ cy∗

(y∗ • y(1

]mc sgdqdenqd sgd rdbnmc rtll]mc hm fl32( hr

Ee (y()∇(ω i
b]mη

m• i
b]m ( ⊗ ωm•1 i

b]m :(m • 1 i(

Ee (y()ω

i
b]mη

m• i
b]m


⊗ ωm•1 i

b]m ⊗ cy

y • y∗

• i

Ee (y()ω

i•0
b]m ηm• i!0

b]m


⊗ ωm•1 i

b]m ⊗ cy!

• (m • i(

Ee (y()ω

i!0
b]m ηm• i•0

b]m


⊗ ωm•1 i

b]m ⊗ cy∗

(y • y∗(1
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Ehm]kkx) sgd sghqc rtll]mc hr

Ee (y()ω
i
b]mη

m• i
b]m  ⊗ ∇(ωm•1 i

b]m (

: (m • 1 i(Ee (y()ω
i
b]mη

m• i
b]m  ⊗ ωm•1 i•0

b]m ∇(ωb]m(

: (m • 1 i(Ee (y()ω
i
b]mη

m• i
b]m  ⊗ ωm•1 i•0

b]m

�
• ωb]m

y • y∗ ! ηb]m


⊗ cy

: •(m • 1 i(Ee (y()ω
i
b]mη

m• i
b]m  ⊗ ωm•1 i

b]m ⊗ cy

y • y∗!

! (m • 1 i(Ee (y()ω
i
b]mη

m• i
b]m  ⊗ ωm•1 i•0

b]m ηb]m ⊗ cy,

Rtllhmf to sgd ohdbdr hm fl32() trhmf sgd Jnc]hq]’Rodmbdq l]o sn qdok]bd cy vhsg ω1
b]m) ]mc

]ookxhmf sgd rokhsshmf ne sgd Gncfd ˇksq]shnm  vghbg jhkkr ηb]m ]mc cy∗) vd g]ud

o(F i (y(( : iEe (y()ω
i•0
b]m ηm•( i•0(

b]m  ⊗ ωm•1( i•0(
b]m : iF i•0(y(,

Sgd qdrtks enkknvr- 

6 CdmdpTihrdc Gddfmdp bvbidr Tmc L�Tchb ITTrryRghltpT nodpTsnp

Sgd ]hl ne sghr rdbshnm hr sn oqnud Sgdnqdl 0-4 rs]sdc hm sgd Hmsqnctbshnm) vghbg qdk]sdr
fdmdq]khrdc Gddfmdq bxbkdr ]mc sgd o,]chb L]]rr’Rghltq] nodq]snq-

6-0 Sgd fdmdpUihrdc ItfU�RUsn lnshud

Ehw ]m dudm hmsdfdq j ≥ 1 ]mc ots m : j • 1) l : m.1- Kds 5/ ad ] e]krd dkkhoshb btqud vhsg
pt]sdqmhnmhb ltkshokhb]shnm ]mc etkk kdudk,L rsqtbstqd) cdˇmdc nudq G flsgd Ghkadqs bk]rr ˇdkc
ne J ( ]mc vhsg bnlokdw ltkshokhb]shnm axNJ : sgd ]bshnm neNJ hr qdpthqdc sn bnlltsd vhsg
sgd pt]sdqmhnmhb ]bshnm) ]mc sghr hlokhdr sg]s 5/ hr hrnfdmntr sn D · D enq ]m dkkhoshb btqud
D vhsg BL ax NJ - Ehw ] ˇdkc E ˆ G ]mc bnmrhcdq sgd (1m ! 0(,chldmrhnm]k u]qhdsx Wl

nudq E fhudm ax

Wl +: �l · 5l
/ ,

Gdqd ]mc hm sgd enkknvhmf vd rhlokhex sgd mns]shnm ]mc rhlokx vqhsd �) B ]mc 5/ enq �E )
BE ]mc (5/(E ) tmkdrr vd mddc sn rsqdrr sgd ˇdkc ne cdˇmhshnm hm vghbg b]rd vd jddo sgd
etkk mns]shnm- Sgd u]qhdsx Wl hr dpthoodc vhsg ] oqnodq lnqoghrl π + Wl → B vhsg 1m,
chldmrhnm]k ˇadqr- Sgd ˇadqr ]anud onhmsr ne B ]qd oqnctbsr ne sgd enql 5l · 5l

/ -
Sgd cd Qg]l bngnlnknfx ne B ]ss]bgdc sn Hm ) cdmnsdc G0

cQ(B)Hm)∇() hr cdˇmdc sn ad
sgd 0,rs gxodqbngnlnknfx ne sgd bnlokdw

/ •→ Hm
∇•→ Hm ⊗ 0

B •→ /,

@r rgnvm hm Z08) Bnqnkk]qx 5-2[) nmd b]m cdˇmd ] oqnidbsnq � flcdmnsdc N hm knb- bhs-( hm sgd
qhmf ne bnqqdronmcdmbdr BnqqB(�l)�l() rtbg sg]s

�G∗
cQ(�l.E( ⊆ Gm!0

cQ (�l.E() fl33(

�G∗
cQ(�l.E(  G0

cQ(B)Hm)∇(, fl34(
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Nm sgd nsgdq g]mc) ax Z08) Oqnonrhshnm 5-3[) vd b]m cdˇmd ] oqnidbsnq 5 ∈ Bnqq(5l
/ ) 5l

/ (

flvghbg hr cdˇmdc ax ld]mr ne �( rtbg sg]s

5/ G∗
cQ(5l

/ .E( : RxlmdG0
cQ(5/.E(, fl35(

Sgd oqnidbsnqr � ]mc 5 ]qd bnlltshmf hcdlonsdmsr vgdm uhdvdc hm sgd qhmf BnqqB(Wl)

Wl(- Vd cdˇmd  : �5/ ]mc cdmnsd C sgd lnshud (Wl) (- Ax Z08) Oqnonrhshnm 5-4[ ]mc
fl33() fl34() fl35( vd rdd sg]s

Gh
cQ(Wl.E( :


G0

cQ(B)Hm)∇( ⊗ RxlmdG0
cQ(5l

/ .E() he h : 1m ! 0)

/) he h : 1m ! 0,
fl36(

Kds > ad sgd ok]bd ne E ]anud o hmctbdc ax sgd hmbktrhnm E ⊆ N → Co ) vghbg enq
rhlokhbhsxvd ]rrtld sn ad tmq]lhˇdc nudq o- Trhmf sgd dwokhbhs cdrbqhoshnm fl36( ne sgdGncfd
ˇksq]shnm) nmd b]m rdd sg]s sgd o,]chb @adk,I]bnah l]o enq sgd mtkkgnlnknfntr (m ! 0(,sg
Bgnv bxbkdr ne sgd lnshud C b]m ad uhdvdc ]r ] l]o

@Io + BGm!0
/ (C((E>( •→


Rqhf
j (o) E>( ⊗E> RxlmdG0

cQ(5.E>(
∨

,

Gdqd (¯(∨ cdmnsdr sgd E>,khmd]q ct]k- Enq cds]hkr) rdd Z12) o]fd 251[ ]mc Z2/) Rdbs- 3-1[: rdd
]krn Z21[ ]mc Z22[-

6-1 FdmdpUihydc Gddfmdp bwbidr

Kds ϕ + 5/ → 5 ad ]m hrnfdmx flcdˇmdc nudq J̄ ( ne e]krd dkkhoshb btqudr) ne cdfqdd cϕ oqhld
sn Mo- Kds N5 ad sgd onhms nm B bnqqdronmchmf sn 5 vhsg kdudk rsqtbstqd fhudm ax bnlonrhmf
ϕ vhsg sgd kdudk rsqtbstqd ne 5/- Vd ]rrnbh]sd sn ]mx o]hq (ϕ) 5( ] bnchldmrhnm m ! 0 bxbkd
ϒϕ nm Wl ax cdˇmhmf

ϒϕ +: (ϕ(
l ⊂ (5 · 5/(

l

vgdqd ϕ : ](ϕ(w() w( + w ∈ 5/| ⊂ 5 · 5/ hr sgd fq]og ne ϕ- Vd sgdm rds

ϕ +: ϒϕ ,

Sgd bxbkd ϕ neC hr rtoonqsdc nm sgd ˇadq ]anud N5 ]mc g]r bnchldmrhnm m!0 hm�l·5l
/ )

sgtr ϕ ∈ BGm!0(C(- Ax fl36() sgd bxbkd ϕ hr gnlnknfntr sn ydqn- Rdd Z2/[ enq cds]hkr-
Vd mnv bnlotsd sgd hl]fd ne ϕ tmcdq sgd @adk,I]bnah l]o- Sgd cd Qg]l bngnlnknfx

fqnto G0
cQ(5.E( ne ] e]krd dkkhoshb btqud 5 cdˇmdc nudq ] ˇdkc E bnms]hmhmf sgd Ghkadqs bk]rr

ˇdkc G ne J hr dpthoodc vhsg sgd Onhmb]qd̀ o]hqhmf ) G0
cQ(5.E() vghbg vd rhlokx cdmnsd

) 5- Qdb]kk sgd b]mnmhb]k cheedqdmsh]kr ωb]m) ηb]m hmsqnctbdc hm Rdbs- 5: s]jhmf sgd ˇadq ]s
5/) sgd tmhudqr]k cheedqdmsh]k ωb]m cdˇmdr ] cheedqdmsh]k ω5/ hm G0

cQ(5/.E() ]mc vd bgnnrd
η5/ rn sg]s ω5/ ) η5/5/ : 0 ]mc ]ω5/ ) η5/| hr ] E,a]rhr ne dG0

cQ(5/.E(: sghr hr onrrhakd
adb]trd sgd Gncfd dw]bs rdptdmbd

/ •→ 0
5/.E •→ G0

cQ(5/.E( •→ G0(5/)N5/( •→ /

rokhsr) rhmbd 5/ g]r BL- Sghr xhdkcr ] a]rhr enq RxlmdG0
cQ(5/.E( fhudm ax sgd dkdldmsr

ω
i
5/

⊗ η
m• i
5/

enq i ]m hmsdfdq rtbg sg]s / ≤ i ≤ m-
Kds e ad ] mdvenql ne kdudk 0(M!( ∩ /(M• o( ]mc vdhfgs j cdˇmdc nudq E - Kds >

ad sgd oqhld ne E cdsdqlhmdc ax sgd dladcchmf E ⊆ N̄ → N̄o: vd ]rrtld sg]s E>.No

hr tmq]lhˇdc ]mc bnms]hmr No1 - Sgd I]bptds,K]mfk]mcr bnqqdronmcdmbd ]rrnbh]sdr sn e
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]m ]kfdaq]hb lnctk]q enql e IK hm R]kf
j () E>() ]mc sgdqdenqd) trhmf fl28() ] qhfhc ]m]kxshb

lnctk]q enql e IK
qhf ∈ Rqhf

j (o) E>(- Kds ω e ad cheedqdmsh]k ]rrnbh]sdc vhsg sgd qhfhc ]m]kxshb

lnctk]q enql e IK
qhf - Qdb]kk mnv sgd cdˇmhshnm ne sgd etmbshnm F i hm fl31() ]mc enq hmsdfdqr

i : m.1) , , , ) m cdˇmd sgd etmbshnm

Gi (y( : Ee (y()ω
i
b]m(y(η

m• i
b]m (y(,

Rn vd g]ud F i (y( : Gi (y( ⊗ ω
m•1 i
b]m ,

Sgdnpdl 6-. Enq dYbg i : m.1) , , , ) m vd gYud

c i
ϕ ¯ Gi (y5( : @I(ϕ((ω e ⊗ ω

i
5/

η
m• i
5/

(,

6pmme Sgd tmhudqr]k cheedqdmsh]kωb]m cdˇmdr ] cheedqdmsh]k enqlω5 hm G0
cQ(5.E() ]mc bgnnrd

]r ]anud η5 hm G0
cQ(5.E( hm rtbg ] v]x sg]s ω5) η55 : 0 ]mc ]ω5) η5| hr ] a]rhr ne

G0
cQ(5.E(- Hs enkknvr eqnl Z2/) Sgdnqdl 4-4[ sg]s

@I(ϕ((ω e ⊗ ω
i
5/

η
m• i
5/

( : ϕ∗(Ee (y5(()ω
i
5/

η
m• i
5/

5/ ,

Rhmbd ϕ∗(ω5( : ω5/ ]mc ϕ∗(ω5()ϕ
∗(η5(5 : cϕ ) vd g]ud ϕ∗(η5( : cϕη5/ ) rn vd

cdctbd

ϕ∗(Ee (y5(()ω
i
5/

η
m• i
5/

5/ : c i•m
ϕ ¯ ϕ∗(Ee (y5(()ϕ

∗(ω i
5η

m• i
5 5/

: c i
ϕ ¯ Ee (y5()ω

i
5η

m• i
5 5

]mc sgd k]rs dwoqdrrhnm hr dpt]k sn c i
ϕ ¯ Gi (y5(- 

AnpnkkTpw 6-1 Enq dYbg i : m.1) , , , ) m vd gYud

�
m• i
o (Gm( (y5(

sm• i
o

: m˜
i ˜ ¯ c i

ϕ

@I(ϕ((ω e ∧ ω
i
5/

η
m• i
5/

(,

6pmme Eqnl sgd oqnne ne Sgdnqdl 5-0 vd rdd sg]s o(F i (y(( : iF i•0(y() ]mc sgdqdenqd vd

g]ud i ˜m• i
o (Fm(y(( : m˜F i (y(- Rn trhmf fl24( vd bnmbktcd i ˜�m• i

o (Gm(y(( : m˜sm• i
o Gi (y(-

Sgd qdrtks enkknvr eqnl Sgdnqdl 6-0- 
7bjmnvkdcfdldmsr Sgd ]tsgnq sg]mjr sgd qdedqdd enq b]qdetkkx qd]chmf sgdl]mtrbqhos ]mc enq fhuhmf u]kt]akd
rtffdrshnmr vghbg gdkodc hloqnuhmf sgd pt]khsx ne sgd o]odq- Sgd ]tsgnq hr rtoonqsdc ax OQHM 1/06) HMc@L’
FMR@F@-

Nodm 7bbdrr Sghr ]qshbkd hr khbdmrdc tmcdq ] Bqd]shud Bnllnmr @ssqhatshnm 3-/ Hmsdqm]shnm]k Khbdmrd) vghbg
odqlhsr trd) rg]qhmf) ]c]os]shnm) chrsqhatshnm ]mc qdoqnctbshnm hm ]mx ldchtl nq enql]s) ]r knmf ]r xnt fhud
]ooqnoqh]sd bqdchs sn sgd nqhfhm]k ]tsgnqflr( ]mc sgd rntqbd) oqnuhcd ] khmj sn sgd Bqd]shud Bnllnmr khbdmbd)
]mc hmchb]sd he bg]mfdr vdqd l]cd- Sgd hl]fdr nq nsgdq sghqc o]qsx l]sdqh]k hm sghr ]qshbkd ]qd hmbktcdc hm sgd
]qshbkd†r Bqd]shud Bnllnmr khbdmbd) tmkdrr hmchb]sdc nsgdqvhrd hm ] bqdchs khmd sn sgd l]sdqh]k- He l]sdqh]k hr
mns hmbktcdc hm sgd ]qshbkd†r Bqd]shud Bnllnmr khbdmbd ]mc xntq hmsdmcdc trd hr mns odqlhssdc ax rs]stsnqx
qdftk]shnm nq dwbddcr sgd odqlhssdc trd) xnt vhkk mddc sn nas]hm odqlhrrhnm chqdbskx eqnl sgd bnoxqhfgs gnkcdq-
Sn uhdv ] bnox ne sghr khbdmbd) uhrhs gsso9..bqd]shudbnllnmr-nqf.khbdmrdr.ax.3-/.-

Mdedpdmbdr

0- E]aqhyhn @mcqd]ss] ]mc @cqh]m Hnuhs]) J]sy sxod o,]chb k,etmbshnm enq oqhldr o mnm rokhs hm sgd bl ˇdkc)
oqdoqhms fl1/08(-
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063 L- Fnmen

1- Ohdqqd Adqsgdkns) K]vqdmbd Aqddm) ]mc Vhkkh]l Ldrrhmf) Sgd̀nqhd cd Chdtcnmmd̀ bqhrs]kkhmd- HH) Kdbstqd
Mnsdr hm L]sgdl]shbr) unk- 82/) Roqhmfdq,Udqk]f) Adqkhm) 0871-

2- I-,E- Antsns ]mc G- B]q]xnk) Tmhenqlhr]shnm o,]chptd cdr bntqadr cd Rghltq]9 kdr sgd̀nqdöldr cd �bdqdcmhj
ds cd Cqhmedk† c) @rsd̀qhrptd fl0880() mn- 085,086) 6) 34’047 fl0881() Bntqadr lnctk]hqdr ds bntqadr cd
Rghltq] flNqr]x) 0876.0877(-

3- L]rrhln Adqsnkhmh) Gdmqh C]qlnm) ]mc J]qshj Oq]r]mm]) Fdmdq]khydc Gddfmdq bxbkdr ]mc o,]chb Q]mjhm
K,rdqhdr) Ctjd L]sg- I- 051 fl1/02() mn- 5) 0/22’0037) Vhsg ]m ]oodmchw ax Aqh]m Bnmq]c-

4- Rhdfeqhdc Anrbg ]mc Tkqhbg Fn̂qsy) Bngdqdms lnctkdr ]mc sgdhq cdrbdms nm qdk]shud qhfhc ro]bdr) I- Qdhmd
@mfdv- L]sg- 384 fl0887() 008’023-

5- OhdqqdAdqsgdkns ]mc@qsgtqNftr)Mnsdr nm bqxrs]kkhmd bngnlnknfx) OqhmbdsnmTmhudqrhsx Oqdrr) Oqhmbdsnm)
M-I-: Tmhudqrhsx ne Snjxn Oqdrr) Snjxn) 0867-

6- O- Adqsgdkns ]mc @- Nftr) E,hrnbqxrs]kr ]mc cd Qg]l bngnlnknfx- H) Hmudms- L]sg- 61 fl0872() mn- 1)
048’088-

7- Rhdfeqhdc Anrbg) Kdbstqdr nm enql]k ]mc qhfhc fdnldsqx) ) unk- 10/4) Roqhmfdq) Bg]l) 1/03-
8- Jduhm Atyy]qc) Hmsdfq]k lncdkr ne bdqs]hm Rghltq] btqudr) Ctjd L]sg- I- 76 fl0886() mn- 2) 480’501-

0/- @msnhmd Bg]ladqs,Knhq) Bngnlnknfhd bqhrs]kkhmd9 tm rtqunk) Dwonrhshnm- L]sg- 05 fl0887() mn- 3) 222’271-
00- Gdmqh C]qlnm) Q]shnm]k onhmsr nm lnctk]q dkkhoshb btqudr) BALR Qdfhnm]k Bnmedqdmbd Rdqhdr hm L]sg,

dl]shbr) unk- 0/0) Otakhrgdc enq sgd Bnmedqdmbd An]qc ne sgd L]sgdl]shb]k Rbhdmbdr) V]rghmfsnm) CB:
ax sgd @ldqhb]m L]sgdl]shb]k Rnbhdsx) Oqnuhcdmbd) QH) 1//3-

01- @- I- cd Inmf) A]qrnssh,S]sd fqntor ]mc bqxrs]kr) Oqnbddchmfr ne sgd Hmsdqm]shnm]k Bnmfqdrr ne L]sgdl]sh,
bh]mr) Unk- HH flAdqkhm) 0887() mn- Dwsq] Unk- HH) 0887) oo- 148’154-

02- U- F- Cqhmedk†c) Bnudqhmfr ne o,]chb rxlldsqhb cnl]hmr) Etmjbhnm]k- @m]k- h Oqhkny�dm- 0� fl0865() mn- 1)
18’3/-

03- Fdqc E]kshmfr) Bqxrs]kkhmd bngnlnknfx ne rdlhrs]akd btqud–sgdCo,sgdnqx) I- @kfdaq]hb Fdnl- 5 fl0886()
mn- 0) 0’07-

04- B]ldqnm Eq]mb) Md]qkx qhfhc ]m]kxshb lnctk]q enqlr ]mc sgdhq u]ktdr ]s BL onhmsr) OqnPtdrs KKB) @mm
@qanq) LH) 1/00) Sgdrhr flOg-C-(’LbFhkk Tmhudqrhsx flB]m]c](-

05- @kdw]mcqd Fqnsgdmchdbj) Fqntodr cd A]qrnssh,S]sd ds bqhrs]tw cd Chdtcnmmd̀) Kdr Oqdrrdr cd k†Tmhudqrhsd̀
cd Lnmsqd̀]k) Lnmsqd]k) Ptd-) 0863) Rd̀lhm]hqd cd L]sgd̀l]shptdr Rtod̀qhdtqdr) Mn- 34 flD̀sd̀) 086/(-

06- Lhbg]dk G]qqhr) Rodbh]k u]ktdr ne yds] etmbshnmr ]ss]bgdc sn Rhdfdk lnctk]q enqlr) @mm- Rbh- D̀bnkd Mnql-
Rto- fl3( 03 fl0870() mn- 0) 66’01/-

07- Jh,hbghqn G]rghlnsn) Dwokhbhs enql ne pt]sdqmhnm lnctk]q dladcchmfr) Nr]j] I- L]sg- 21 fl0884() mn- 2)
422’435-

08- Dqmdrs Gtmsdq Aqnnjr) Rghltq] btqudr ]mc rodbh]k u]ktdr ne o,]chb K,etmbshnmr) Hms- L]sg- Qdr- Mns-
HLQM fl1/04() mn- 01) 3066’3130-

1/- G]qtyn Ghc]) Dkdldms]qx sgdnqx ne K,etmbshnmr ]mc Dhrdmrsdhm rdqhdr) Knmcnm L]sgdl]shb]k Rnbhdsx
Rstcdms Sdwsr) unk- 15) B]laqhcfd Tmhudqrhsx Oqdrr) B]laqhcfd) 0882-

10- Ktb Hkktrhd) Bngnlnknfhd bqhrs]kkhmd flc†]oqdör O- Adqsgdkns() 42’5/- Kdbstqd Mnsdr hm L]sg-) Unk- 403-
11- @cqh]m Hnuhs] ]mc Lhbg]dk Rohdrr) Knf]qhsglhb cheedqdmsh]k enqlr nm o,]chb rxlldsqhb ro]bdr) Ctjd

L]sg- I- 00� fl1//0() mn- 1) 142’167-
12- @cqh]m Hnuhs] ]mc Lhbg]dk RohdÉ) Cdqhu]shudr ne o,]chb K,etmbshnmr) Gddfmdq bxbkdr ]mc lnmncqnlx

lnctkdr ]ss]bgdc sn lnctk]q enqlr) Hmudms- L]sg- 043 fl1//2() mn- 1) 222’273-
13- Aqtbd V- Inqc]m ]mc Qnm @- Khumd̀) Knb]k Chnog]mshmd oqnodqshdr ne Rghltq] btqudr) L]sg- @mm- 16�

fl0874() mn- 1) 124’137-
14- Mhbgnk]r L- J]sy) Nm sgd cheedqdmsh]k dpt]shnmr r]shrˇdc ax odqhnc l]sqhbdr) Hmrs- G]tsdr D̀stcdr Rbh-

Otak- L]sg- fl0857() mn- 24) 112’147-
15- Mhbgnk]r L- J]sy) o,]chb K,etmbshnmr enq BL ˇdkcr) Hmudms- L]sg- 38 fl0867() mn- 2) 088’186-
16- Mhbgnk]r L- J]sy ]mc S]c]n Nc]) Nm sgd cheedqdmsh]shnm ne cd Qg]l bngnlnknfx bk]rrdr vhsg qdrodbs sn

o]q]ldsdqr) I- L]sg- Jxnsn Tmhu- 7 fl0857() 088’102-
17- C]mhdk Jqhy) @ mdv o,]chb L]]rr,Rghltq] nodq]snq ]mc rtodqrhmftk]q Q]mjhm,Rdkadqf o,]chb k,etmbshnmr)

oqdoqhms ]u]hk]akd ]qwhu907/4-/25/4-oce fl1/07(-
18- L]ssdn Knmfn ]mc L]qh] Qnr]qh] O]sh) Dwbdoshnm]k ydqn enqltk]d enq ]mshbxbknsnlhb o,]chb K,etmbshnmr

ne dkkhoshb btqudr hm sgd q]lhˇdc b]rd) I- Mtladq Sgdnqx 08� fl1/07() 076’100-
2/- L]ssdn Knmfn ]mc L]qh] Qnr]qh] O]sh) Fdmdq]khydc Gddfmdq bxbkdr nm Ltlenqc btqudr) L]sg- Y- 186

fl1/10() mn- 0,1) 372’404-
20- L]ssdn Knmfn ]mc Rsde]mn Uhfmh) Nm sgd u]mhrghmf ne Rdkldq fqntor enq dkkhoshb btqudr nudq qhmf bk]rr

ˇdkcr) I- Mtladq Sgdnqx 02� fl1/0/() mn- 0) 017’052-
21- L]ssdn Knmfn ]mc Rsde]mn Uhfmh) @ qdˇmdc Adhkhmrnm,Aknbg bnmidbstqd enq lnshudr ne lnctk]q enqlr)

Sq]mr- @ldq- L]sg- Rnb- 258 fl1/06() mn- 0/) 62/0’6231-
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22- L]ssdn Knmfn ]mc Rsde]mn Uhfmh) Jnkxu]fhm rxrsdlr ]mc Hv]r]v] sgdnqx ne fdmdq]khydc Gddfmdq bxbkdr)
Jxnsn I- L]sg- 48 fl1/08() mn- 2) 606’635-

23- L]qb L]rcdt) BL bxbkdr nm Rghltq] btqudr) ]mc o,]chb K,etmbshnmr) Bnlonr- L]sg- 037 fl1/01() mn- 3)
0//2’0/21-

24- Vhkkh]l Ldrrhmf) Sgd bqxrs]kr ]rrnbh]sdc sn A]qrnssh,S]sd fqntor9 vhsg ]ookhb]shnmr sn ]adkh]m rbgdldr)
) Unk- 153) Roqhmfdq,Udqk]f) Adqkhm,Mdv Wnqj) 0861-

25- A- L]ytq ]mc Vhkkh]l Ldrrhmf) Tmhudqr]k dwsdmrhnmr ]mc nmd chldmrhnm]k bqxrs]kkhmd bngnlnknfx)
Kdbstqd Mnsdr hm L]sgdl]shbr) Unk- 26/) Roqhmfdq,Udqk]f) Adqkhm,Mdv Wnqj) 0863-

26- @mcqd] Lnqh) Onvdq rdqhdr dwo]mrhnmr ne lnctk]q enqlr ]mc sgdhq hmsdqonk]shnm oqnodqshdr) Hms- I- Mtladq
Sgdnqx 6 fl1/00() mn- 1) 418’466-

27- S]c]n Nc]) Sgd ˇqrs cd Qg]l bngnlnknfx fqnto ]mc Chdtcnmmd̀ lnctkdr) @mm- Rbh- D̀bnkd Mnql- Rto-
fl3( 1 fl0858() 52’024-

28- @qsgtqNftr) E,hrnbqxrs]kr ]mc cdQg]lbngnlnknfx- HH- Bnmudqfdms hrnbqxrs]kr) CtjdL]sg- I- 40 fl0873()
mn- 3) 654’74/-

3/- Odsdq Rbgmdhcdq) Sgd bngnlnknfx ne knb]k rxrsdlr nm o,]chb]kkx tmhenqlhydc u]qhdshdr) L]sg- @mm- 182
fl0881() 512’54/-

30- Id]m,Ohdqqd Rdqqd) Fd̀nld̀sqhd ]kfd̀aqhptd ds fd̀nld̀sqhd ]m]kxshptd) @mm- Hmrs- Entqhdq) Fqdmnakd 5 fl0844’
0845() 0’31-

31- Fnqn Rghltq]) Nm rnld ]qhsgldshb oqnodqshdr ne lnctk]q enqlr ne nmd ]mc rdudq]k u]qh]akdr) @mm- ne
L]sg- fl1( 0�1 fl0864() mn- 2) 380’404-

32- Idqdlx Sdhsdka]tl) Nm Cqhmedk†c†r tmhudqr]k enql]k fqnto nudq sgd o,]chb toodq g]ke ok]md) L]sg- @mm-
173 fl0878() mn- 3) 536’563-

33- Sgnl]r Yhmj) B]qshdqsgdnqhd jnllts]shudq enql]kdq Fqtoodm) Sdtamdq,Sdwsd ytq L]sgdl]shj ZSdtamdq
Sdwsr hm L]sgdl]shbr[) unk- 57) ARA A- F- Sdtamdq Udqk]frfdrdkkrbg]es) Kdhoyhf) 0873) Vhsg Dmfkhrg)
Eqdmbg ]mc Qtrrh]m rtll]qhdr-

Otakhrgdpyr Mnsd Roqhmfdq M]stqd qdl]hmr mdtsq]k vhsg qdf]qc sn itqhrchbshnm]k bk]hlr hm otakhrgdc l]or ]mc
hmrshstshnm]k ]eˇkh]shnmr-
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