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Ample vector bundles with zero loci of small A-genera
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Abstract. Let X be a smooth complex projective variety endowed with an ample vector bundle £
admitting a global section whose zero locus is a smooth subvariety Z of the expected dimension, and
let H be an ample line bundle on X, whose restriction Hz to Z is very ample. Triplets (X, &, H)
are studied and classified under the assumption that the delta genus of (Z, Hz) is either small (< 3)
or small in comparison with the corank of £ or the degree.
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1 Introduction

Let X be a smooth complex projective variety and let L be an ample line bundle on X . In
order to study polarized manifolds (X, L) Fujita [9] introduced the A-genus of (X, L),
which is a nonnegative integer defined by the formula

A(X,L) :=dim X + LY™¥X — p0(X, L).

This character turned out to be very useful even in the classification of projective mani-
folds (e.g., see [11]) combined with other numerical characters like the sectional genus.
Extending classification results of smooth projective varieties in terms of hyperplane sec-
tions to the more general framework of ample vector bundles arises as a very natural
problem.

The setting we consider in this paper is as follows:

1.1. Let X be a smooth complex projective variety of dimension n and let £ be an ample
vector bundle of rank » > 2 on X such that there exists a section s € I'(£) whose zero
locus Z := (s)o is a smooth subvariety of X of the expected dimension n — 7.

Note that Condition 1.1 is certainly satisfied if the ample vector bundle £ is also
globally generated. Next, consider an ample line bundle H on X and suppose that its
restriction H 7 to Z is very ample.
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Generally speaking, our aim is to study and classify triplets (X, £, H) as above under
the assumption that A(Z, Hz) is small. As a first thing we investigate the setting above
when A(Z, Hz) < 3. Cases A = 0 and 1 do not require any further restriction. More-
over, for A = 0 we do not even need to require the very ampleness of Hz. However, to
study the next cases A = 2 and 3 we have to assume that n — 7 > 2. On the other hand
we should note that for n —r = 1 if H is very ample and non-special, then A(Z, Hz) is
simply the genus g of the smooth curve Z. Thus our problem overlaps that of classifying
pairs (X, &) as in 1.1 with £ having curve genus g. As far as we know, results on this
related problem are available only for ¢ < 2, with £ being very ample when equality
holds [25], [26]. For n — r > 2, starting from the known classification of projective ma-
nifolds of small A and using miscellaneous results concerning ample vector bundles, we
get satisfactory structure theorems for our triplets (X, £, H). The results are expressed
by Theorems 3.2, 3.5, 3.6, and 3.12 for the values A = 0, 1,2, 3, respectively. They are
complete except for A(Z, Hz) = 3 and n — r = 2, because the case in which (Z, Hz) is
a nongeneral quintic surface in P> and X has Picard number p(X) > 2 is not covered.

Next we address the same problem when A(Z, H) is small in comparison with the
corank n — 7 of £. We assume that A(Z, Hz) < cork(£) — 1. Of course, if n —r =1
this means A = 0 and this situation falls in Theorem 3.2. On the other hand, if n — r >
2, our assumption is equivalent to the requirement that Z is embedded in PV by |H|
with degree < N. Relying on a nice classification result of Ionescu [12], we succeed to
describe the possible structures of the triplets (X, £, H) for each pair (Z, Hz) occurring
in Ionescu’s list. Our result in this setting is expressed by Theorem 4.1. Apart from
triplets arising from a Fano manifold Z with Pic(Z) = Z generated by Hz, (X,€, H)
is described in precise way. We would like to note that, in both investigations above,
adjunction theoretic results for triplets (X, £, H) developed by Maeda and the first author
provide a useful tool. This should be not surprising in view of the key role played by
adjunction theory in classification of projective manifolds.

One more way to rephrase that A(Z, Hyz) is small is to compare this character with
the degree d = d(Z, Hz). If n — r > 2 we show that condition A(Z, Hz) < 4 implies
the non-nefness of the adjoint line bundle K x +det £+ (n—r—2)H. As a consequence,
assuming n—r > 3 we conclude that triplets (X, £, H) satisfying this condition are those
occurring in an adjunction theoretic classification result for ample vector bundles due to
Maeda [24].

The paper is organized as follows. In Section 2 we provide some background material
including results of interest in themselves, like Lemmas 2.4, 2.5 and 2.9. Section 3 is
devoted to the study of A(Z, Hz) < 3; in Section 4 we consider the case A(Z, Hz) <
cork(€) — 1 and in Section 5 the case A(Z, Hz) < 4.

2 Background material

We use the standard notation from algebraic geometry. The tensor products of line bundles
are denoted additively. The pullback i*£ of a vector bundle £ on X by an embedding of
projective varieties ¢: Y <— X is denoted by £&-. We denote by K x the canonical bundle
of a smooth variety X. The blow-up of a variety X along a smooth subvariety Y is
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denoted by Bly (X). We say that a vector bundle is spanned to mean that it is generated
by global sections.

A smooth complex projective variety X is called a Fano manifold if its anticanon-
ical bundle —Kx is ample. For a Fano manifold X, the largest integer, rx, which
divides —Kx in the Picard group Pic(X) is called the index of X while the integer
qx = dim X — rx + 1 is called the coindex of X.

A polarized manifold is a pair (X, L) consisting of a smooth complex projective va-
riety X and an ample line bundle L on X. A polarized manifold (X, L) is said to be
a scroll over a smooth variety W if there exists a surjective morphism f: X — W
such that (F, Lp) = (P", Opr(1)) with r = dim X — dim W for any fiber F' of f. This
condition is equivalent to saying that (X, L) = (Py (F), H(F)) for some ample vector
bundle F on W, where H (F) is the tautological line bundle on the projective space bun-
dle Py (F) associated to F. A polarized manifold (X, L) is said to be a quadric fibration
over a smooth curve W if there exists a surjective morphism f: X — W and any gen-
eral fiber F of f is a smooth quadric hypersurface Q"' in P" with n = dim X such
that Ly = Ogn-1(1). A polarized manifold (X, L) is said to be a del Pezzo manifold if
Kx 4 (dimX — 1)L = Ox.

The following fact is well known.

Lemma 2.1. Let £ be an ample vector bundle of rank r on a compact complex manifold
X. For any rational curve C C X we have

detE-C >r.
Moreover, if C' is smooth and equality holds, then (C,Ec) =2 (P, Op1 (1)®7).

Theorem 2.2 (Lefschetz—Sommese). Let X,E and Z be as in 1.1 and let v: Z — X be

the inclusion. Then:

(1) H'(1): H{(X,Z) — H(Z,Z) is an isomorphism for i < dim Z — 1, and injective
with torsion free cokernel for i = dim Z;

(2) Pic(e): Pic(X) — Pic(Z) is an isomorphism for dim Z > 3, and injective with
torsion free cokernel for dim Z = 2.

We recall the following facts that we will use in our proofs.

Proposition 2.3. Let X, £ and Z be as in 1.1 withn — r > 3. Let H be an ample line

bundle on X. Assume that one of the following holds:

(1) (X, H) is a scroll over a smooth curve C and Er = Opn—1(2) ® Opn—1 (1)1 for
any fiber F of the projection X — C;

(2) (X, H) is a quadric fibration over a smooth curve C and Ep = Ogn-1(1)®" for any
general fiber F of the fibration X — C;

(3) (X, H) is a scroll over a smooth surface S and Er = Opn—2(1)®" for any fiber F of
the projection X — S.

If (1) or (2) holds, then (Z, Hy) is a quadric fibration over C. If (3) holds, then (Z, Hy)

is a scroll over S.
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Proof. These assertions are shown in the proofs of [18, Theorem 2 and Theorem 3]. O

Here is a general result that we will use in the proofs of Theorems 3.6, 3.12 and 4.1.

Lemma 2.4, Let X, £ and Z be asin 1.1 withn —r > 4. Let H be an ample line bundle
on X and let (X, H) be a quadric fibration over P* with Ep = Ogn-1(1)®" for any
general fiber F of the fibration. Then (Z, Hz) cannot be P* x Q"~"~! Segre embedded.

Proof. We argue by contradiction. Consider the quadric fibration ¢: X — P! and note
that q|z: Z — P! is the first projection of P! x Q"= "=1. So, f := FNZ =2 Q!
for every fiber F' of g. We know that Er = Ogn-1(1)®" for the general fiber F. Since
Hp = Ogn-1(1), we know that

for the general fiber I of q.

Claim: (€ ® [—H]) restricted to every fiber of ¢ is trivial.

Let Fy be a singular fiber of ¢ and set E := (£ ® [—~H])F,. By [19, Lemma 0.3]
we know that (Fy, Hp,) is a quadric cone of P™ having a single point v as vertex, with
the polarization induced by Opn (1). Consider fy := Fy N Z and note that (fy, Hy,) =
(Q" "1, Ogn-+-1(1)) can be identified with the section of the quadric cone F C P"
with 7 general hyperplanes. Let ¢ C fj be any line. As the lines contained in the fibers of
q|z belong to a single algebraic family we know that deg & = r; moreover Hy = Oy(1).
Since £ is ample, this implies that £, = (’)Eer for every line ¢ C fy. By applying [36,
Lemma 3.6.1] we thus get

E;, = og:_r_l. 2.4.1)

Let W be a smooth hyperplane section of Fj in the linear system having f, as base locus.
Then W =2 Q"~2. Moreover we can look at F; C P™ as the cone projecting W from v.
Since there is a ladder of (W, Hyy), all of whose elements from f; to W itself are smooth
quadrics, by applying inductively the same argument as in [18, Proof of Lemma 2.1]
(inspired by [32, Chapter I, Section 2.3]), we can infer from (2.4.1) that

Ew = Og . (24.2)

Set T = O;‘?OT and call p: Ty — Eyw the inverse of the isomorphism in (2.4.2). Now
consider the exact sequence

0 — Og,(-W) — O, — Ow — 0. (2.4.3)
Tensor with E(k) := E ® [kH]F,, and consider the cohomology exact sequence
. — HYE(k-1)) — HY(E(k)) — H'(Ew(k)) — ... .

Since W = Q"2 we know that h!(Ey (k) = rh!(Ow(k)) = 0 for every integer k.
Thus h'(E(k — 1)) < h'(E(k)). But the latter is zero for k >> 0. Hence

h*(E(k)) = 0 for every integer k. (2.4.4)
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Now tensor (2.4.3) with TV ® E, where ¥ denotes the dual, and consider the cohomology
exact sequence

. — H(TV®E) — H'(TY ® E)w) — HYT' @ B(-1))... .

Note that HY(TV ® E(—1)) = (H'(E(-1)))®" = 0 by (2.4.4). Thus the section of
(TV ® E)w corresponding to the isomorphism ¢: Ty — Ey can be extended to a
section of TV ® F, i.e. to a homomorphism ¢: T'— E. Note that Kz +(n—r—1)Hz —
q|%5Op1(n—r—3) = Og. Therefore K x +det E+(n—r—1)H —q*Op1 (n—r—3) = Ox,
by the Lefschetz—Sommese theorem. This says that

det(E@[-H])p=(det& —rH)p = —(Kx+(n—1)H)r = OF
for every fiber F' of ¢. In particular, we get det £ = Op,, and so
det ¢ € Hom(det T, det E) = H’(Homo,, (Or,; Or,)) = H*(Og,) = C.

Since det ¢ is non-zero on W and constant on Fp, det ¢ vanishes nowhere. Therefore ¢
is an isomorphism and F = (£ ® [—H])r, is trivial as claimed.
Due to the claim there exists a vector bundle G of rank r on P! such that

E2H®q"G. (245)

Denote by p;: Z — P! and po: Z — Q" "~! the projections onto the factors and
let [ C Z be a fiber of po. Then p1|;: I — P! is an isomorphism. As £z is ample,
deg & > rk(€) by Lemma 2.1. Since £z = (H ® ¢*G)z = Hz ® p;G, we get

r=rk(&) < deg& =deg(€z); =deg(Hz @ piG); =rHz -1+ degG =r + degg,
hence

deg G > 0. (2.4.6)
Note that Hy™" = H"™" - Z = H" " - ¢,(£). So in view of (2.4.5) we have

¢ (&) = Zq*cj(g) CH™ =H" 4+ q¢*¢,(G)-H ' = H" +degGH" ™' - F.
=0

Therefore, noting that H"~! - F = (Hp)"~! = 2, we deduce that
on—r) = H" = H" + 2degG. (247

Now come back to the quadric fibration g: X — P! and set V := ¢,H. Then V
is a vector bundle of rank n + 1 on P!, Set P := Pp:(V), let 7: P — P! be the
projection, and let £ and D be the tautological line bundle and a fiber respectively. Then
X is embedded fiberwise in P as a divisor X € |2£—bD| for some integer b, and {x = H.
Note that H™ = (x )™ = &™- X = £+ (26 —bD). So taking into account the relation
&+l — deg V provided by the Chern—Wu formula and the fact that " - D = 1, (2.4.7)

gives
2(n—r1) =2(degV +degG) — b. (2.4.8)
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Now look at Z = P! x Q" "' and recall that £z = Hy = Op1ygn-r+1(1,1). Moreover
any fiber f of the first projection p; can be regarded as Z N F' = Z N D, for some fiber
D of 7, in view of the commutative diagram

Z=P' xQrr1c X C Pi=Pu(V)
\ ql /
PL.

Due to the inclusion Z C X, adjunction and the canonical bundle formula for P-bundles
allow us to compute K. We have

Ky = (KX—I—detE)Z: ((Kp-i—X)X +det5)z =
=((—(n+ 1D+ (—2+degV)D +26 —bD)x +rH+q" det G) z =
=—(mn—r—1)Hz+ (degV +degG —2—0)f.

On the other hand, we know that
Kz = Opiygn-r—1(=2,—(n—r—1))=—=(n—r—1)Hz + (n—r —3)f,

since Op1 xgn-r-1(1,0) = p7Op1(1) = Oz(f). Comparing the expressions obtained for
K7 we get the following relation

degV +degG=n—r—1+6. 2.4.9)
Thus, (2.4.8) and (2.4.9) show that
b=2 and degV=(n—r+1)—degg. (2.4.10)

Now, by the same argument as in [8, (3.3)] we can compute the number § of singular
fibers of ¢ and get
0<d=2degV — (n+ 1)

Combining this with (2.4.10) gives
0<6d=-2(r+degg).
But this is a contradiction, since we know that > 2 and deg G > 0 by (2.4.6). O

Lemma 2.5. Let X, £ and Z be asin 1.1 withn —r > 3. Let H be an ample line bundle
on X such that Hy is very ample. Suppose that g(Z,Hz) = 3 and (Z,Hy) is a scroll
over P2. Thenn —r = 3.

Proof. Assume that n — r > 4. Then, by [12, Proof of Proposition 5] and [11, Proposi-
tion 4.7], (Z, Hz) = (Pp2(F), H(F)), where F is one of the following vector bundles:

(l) F = T[Pz b O[pﬂ(l);
(ll) F = OP2 (2) ©® OP2(1)@2;
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(ifi) F = Ope(1)84.

We have by(X) = b2(Z) = 2 by the Lefschetz—Sommese theorem. Moreover, denoted
by p the bundle projection, Kz + rk(F)Hz = p*(Kp=2 + det F) is nef, since in all three
cases Kpz + det F = Kp2 + Opz(4) is ample; so K + (dim Z — 1)H is nef. Note
that Kz + (dim Z — 2)H is not nef since it is negative on curves in a fiber of p. So
we are in the assumption of [18, Theorem 3]. Note that condition by(X) > 1 rules out
Cases (1)-(9), while the fact that n — r > 3 rules out Case (11). Therefore we get one of
the following possibilities:

(a) there exists an effective divisor £ on X such that
(E, &g, Hg, OE(E)) = (Pnil, Opn—1 (I)EBT, Opn-1 (1), Opn—1 (71));

(b) (X, H) is a scroll over a smooth curve C and ¢ = Opn—1(2) ® Opn—1(1)® =1 for
any fiber F' of the projection X — C;

(¢) (X, H) is a quadric fibration over a smooth curve C' and Ep = Ogn-1(1)®" for any
general fiber I of the fibration X — C;;

(d) (X, H) is a scroll over a smooth surface S and Ep = Opn-2(1)¥" for every fiber F
of the projection X — S.

We check this list case-by-case to rule out all possibilities.

Case (a). The restriction of the section s to F is a section s € I'(Opn-1(1)®"), hence
its zero locus Zy := (sg)o = Z N F is a linear subspace of E, so dim Zy > n —r — 1.
Note that Z, cannot be equal to Z, otherwise Z would be P"~" contradicting b2(Z) = 2;
moreover, Z is irreducible, hence Z; is a divisor in Z. Therefore Z, = P*~"~!. This
implies that p(Zp) cannot have positive dimension. On the other hand the restriction of
p to Zy cannot be constant, otherwise Z; would be contained in a fiber of p, which is
impossible.

Cases (b) and (c). In both cases the restriction g := f of the morphism f: X — C
to Z gives to (Z, Hz) a structure of quadric fibration, by Proposition 2.3. So Z is endowed

with two morphisms

c P2

where p is the scroll projection over P2. Let F' =2 P"~"~2 be any fiber of the scroll
projection. Note that ¢(F') is a point since dim F' > 2. Hence the general fiber F' &
P"~"~2 is contained in a smooth fiber = Q" "~! of ¢. Recalling that dim Z is either 4 or
5 we get a contradiction, since a smooth Q" ~"~! can contain a linear space of dimension

at most [2=1=1]

Case (d). The restriction 7 of the projection 7: X — Sto Z givesto (Z,Hz) a
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structure of scroll over .S, by Proposition 2.3. So Z is endowed with two morphisms

7N
S P2

We claim that wz = p. Assume by contradiction that 7 # p. Then there is a fiber F' of
psuch that 7z |p: FF — S is not constant. Hence F' 2 P2, otherwise 7 z|r would give
a fibration of P2 either onto S or onto a curve of S, which is a contradiction. Moreover
nz|p: F — S is a surjective morphism onto a smooth projective surface, so S = P2.
By [35, Theorem A], we obtain Z = P? x P2, which is not one of our cases. We have thus
proved that 7 = p, therefore the scroll structure of (Z, Hz) comes from that of (X, H)
and S = P2, So we have the following commutative diagram

Z = Ppa(F) C - X i=Pp(V)

p=mz /

P2

Now denote by F a fiber of the scroll projection 7: X — P2, We observe that Hp =2
Opn—2(1); s0 (€ @ [-H])p = OF", hence £ ® [~H| = 7*G for a vector bundle G of
rank 7 on P2, We can thus write

det& =det(n*G ® [H]) =rH + 7" det G.

Let V be the ample vector bundle of rank n—1 on P? such that (X, H) = (Pp=(V), H(V)).
Clearly Pic(X) = Z? generated by H and 7*Op=(1); moreover, by the canonical bundle
formula,

Kx =—(n—1)H + r*(det V + Op2(-3)).

We have the following equalities
—(n—r—1)Hz +7y(Kp2+c1(F)) =Kz =
=(Kx+detE)z =(—(n—r—1)H+ 7" Op2(c1(V) +c1(G) — 3))z
where F is the ample vector bundle such that (Z, Hz) = (Pp2(F), H(F)). From this we
derive
7y (Kp2 + ¢1(F)) = 75,0p2(c1(V) + ¢1(G) — 3),
which, recalling that ¢; (F) = 4 in all three Cases (i)—(iii), gives
a(V)+c(9) =4 (2.5.1)
Note that in each case F has a summand given by copies of Op2(1). Let
Pp2 (Op2(1)) in Case (i);
Y= Pp2(Op2(1)®2)  in Case (ii);
Pp2 (Op2(1)®4)  in Case (iii).
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Then ¥ = P2, P? x P! or P2 x IP3 respectively and we have the following diagram

N Z=Pp(F)C - X :=Pp(V)

= X\ /
HDQ

)

where 7y is the restriction of 7wz to X. Moreover the surjection from F to the sum-
mand defining ¥ gives an injection ¥ C Z such that Hy = (Hz)y is either Op2(1),
Opzyp1(1,1), or Opzyps(1,1), respectively. Let I C 3 be a line in Case (i) and a line
contained in a fiber of the second projection in Cases (ii) and (iii). Then

H.-l=Hx-l=1.

Note that the restriction of 7 to [ maps [ isomorphically onto a line £ C P2, Recalling that
£ is ample we thus get

r<deg& =deg(n*"G® H); =deg(n*G);+rH - -l=degG,+rH -1 =c1(G) + .
Hence ¢;(G) > 0. Recalling (2.5.1), the ampleness of V implies
d=c;(V)+c1(G) > (V) >rk(V)=n—1
So, n < 5. On the other hand, n = r 4+ (n — ) > 2 + 4 = 6, a contradiction. O

Lemma 2.6. Let S C P2 be a smooth quintic surface and let G be an ample and spanned
vector bundle of rank v > 2 on S. Then ¢, (G)? > 6.

Proof. Put P := Pg(G) and let m: P — S be the bundle projection. Denote by &
the tautological line bundle associated to G on P. Note that ¢ is spanned, since G is
s0. Then there exists a smooth surface 5 = ﬂ:;ll D;, where D; € [¢] (ie. S = (7)o
with 7 a regular section of I'(¢2("~1))). Note that (S, £5) has (S, det G) as adjunction
theoretic reduction. Indeed, the canonical bundle of S is K s=(Kp+(r—18s =
(—r + 7 (Ks + detG) + (r — 1){)g = —&§5 + m5(Ks + detG), where 75 is the
restriction of 7 to S. Therefore d(P,¢) = d(S,£s) = €2 =¢-¢1 =¢* Since
& — ¢ Lom* e (G) + €772 - ¥ ea(G) = 0 by the Chern—Wu relation, we derive £"+1 =
§remre(G) =€ mrea(G) =& (ea(9)? — e2(G)) = e1(G)? — e2(G). So

c1(9)? = d(S,&5) + 2(9). 2.6.1)

Note that the morphism 7g is birational and contracts exactly c2(G) (—1)-curves of
(S,&5). In particular, S is not minimal, since c2(G) > 0.

Now we show that both summands on the right-hand side of (2.6.1) are > 3.

If c2(G) = 1, then (S, G) = (P2, Op=2(1)®7), by [3, Theorem 11.1.3], but this is a
contradiction, since the Kodaira dimension of S is x(S) = 2. If c2(G) = 2, by [23,
Corollary] and [28], we have the following possibilities for (S, G):
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(i) (P?, Op2(1) © Op2(2));
(i) (Q% Ogz(1)®?), where Q? is a smooth quadric in P?;
(iii) S = Pp(F) is a P'-bundle over an elliptic curve B and G = £ ® 7%V, where
m: S — B is the ruling projection, F and V are normalized rank-2 vector bundles
of degree 1 on B and &£ is the tautological line bundle of F;
(iv) there exists a finite morphism f: S — P2 of degree 2 and G = f*Op2(1)®2.

The first three cases are ruled out since in our assumption x(S) = 2. To exclude the
last one, let A € |Op2(2b)], with b > 0, be the branch divisor of f. We can compute
Ks = f*Op2(b—3) to derive that b > 4, since x(S) = 2. Therefore 5 = K2 = 2(b—3)?,
which is a contradiction. So c2(G) > 3.

Now look at the summand d(g, &g). Since {5 is ample and spanned, if d(g, £3) =1,
then (S,€5) = (P2, Op2(1)), contradicting %(S) = x(S) = 2. On the other hand, if
d(S,€5) = 2, then either (S,&5) = (P! x P!, Opiyp1(1,1)), or there exists a finite
morphism f: S — P? of degree 2 and ¢ g = f*Op2(1). The former case gives again
a contradiction with the Kodaira dimension of S. In the latter case, denote again by
A € |Op2(2b)|, with b > 0, the branch divisor of f. The canonical bundle of S is
Kz = f*((b—3)Op2(1)) = (b— 3)&4; hence b > 4, as x(S) = #(S) = 2. But then K g
is ample, whence S is minimal, a contradiction. O

Let X be a smooth complex projective variety of dimension n and let £ be an am-
ple vector bundle of rank » = 2 on X. If Px (&) is a Fano manifold, we say that
(Px(€),X,&) is a ruled Fano manifold, according to [29, Definition 3.1]. We need
the following result from [29] (see [29, Theorem 1.1, Propositions 5.1 and 5.2, Corol-
lary 5.3]), which we restate for our use in Lemma 2.9.

Theorem 2.7. Let X and € be as above and assume n = 4. Suppose that (Px(£), X, E)
is a ruled Fano manifold such that K x +det £ = Ox. If X has Picard number p(X) > 2,
then either

(1) X is a Fano 4-fold of index 2 (for the classification of these manifolds see [37]) and
E = L£92 where L is an ample line bundle on X, or

(2) (X, &) is one of the following pairs:

(2a) (BL,(P?),[2h + E] & [3h + E]);

(2b) (BL(PY), 2k — E] & [3h — E);

(2c) (P? x P2, Opa yp2(1,2) ® Op2yp2(2,1));

(2d) (Pz x P2, Op2 «p2(1,1) ® Opzyp2(2,2));

(2e) X = Pp2(Tp2(—1)@O0p2) C P2xP3 and £ = (Opzyps (1, 1)®O0pz2yps(1,2)) x

In (2a) and (2b) E stands for the exceptional divisor and h for the pullback of Opa (1)

on X.

Remark 2.8. Note that the list in Table 0.3 of [37] is not affected by the missed case
in the Mori-Mukai classification of Fano 3-folds with b, > 2. Actually for such a 3-
fold Y (Case (13) in Table 4 of [27]) we know that p(Y) = 4 and (—Ky)? = 26.
So, if X is a Fano 4-fold such that —Kx = 2H with Y € |H|, we have p(X) = 4
by the Lefschetz theorem. But then the validity of the generalized Mukai conjecture in
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dimension 4 [4] would imply that X = (P')*. Therefore Y € [Op1)a(1,1,1,1)|, which
gives (—Ky)? = (Hy)3? = H* = 24, a contradiction.

Lemma 2.9. Let X, & and Z be as in 1.1, withn —r = 2. Let H be an ample line bundle
on X such that Hy is very ample, and suppose that (Z, Hz) is a K3 surface of degree
< 8. Then Pic(X) = Z, generated by H.

Proof. If Pic(X) = Z, then Pic(X) is generated by H; otherwise H = aL, where L is
an ample line bundle and @ > 2. Note that £ is even, by the genus formula, since Kz
is trivial. Hence H% = a2£2z > 2q¢2 > 8. Since H% < &, this implies H = 2L with
L2 = 2. We show that this is impossible. Note that |£z| has no fixed part, otherwise we
could contradict the ampleness of L. It then follows from [34, Corollary 3.2] that L is
spanned, so, since h’(Lz) = 3, we have that the map 1): Z — P? defined by |Lz| is a
morphism of degree 2. As Hy = 2L = ¢*Op2(2), we see that

Y*|Op2(2)| C [Hz|. (2.9.1)

On the other hand, by the Riemann—Roch theorem and the Kodaira vanishing theorem,
we get hO(H 7z) = 6. This shows that (2.9.1) is in fact an equality. As a consequence,
the morphism ¢: Z — P® defined by | Hz| factors via 1/ and the Veronese embedding

P2 < P as follows:

Z ‘ PS5

RN

P2,
But then ¢ cannot be an embedding, since deg v = 2. This contradicts the very ampleness
of H Z.
Next, note that K x + det £ = Ox by the Lefschetz—Sommese theorem, hence X is
Fano. Now, suppose that X has Picard number p(X) > 2. We claim that

4<n<5. 2.9.2)

This follows from [21, Proposition 5], for H % = 4, but note that the same argument
works for HZ < 8. The remaining part of the proof is devoted to show that (2.9.2) does
not occur. The procedure, which has to be adapted to many cases, is the following. We
find a suitable basis {L; },i = 1,..., p := p(X), of Pic(X). Using an explicit expression
of £ (which in most cases turns out to be decomposable) and writing H = Zle a;L;,
where the integers a; have to satisfy some conditions reflecting the ampleness of H, we
get
H% = H2 ! 02(5) = f(ala' . aap)a

where f is a polynomial of degree 2 in the a;’s. Moreover, computing the intersection

L™ we succeed to show that f(a1,...,a,) > 8 for all admissible values

indexes L} - L;

of the a;’s.
First assume that n = 5. Then r = 3. As Kx + det £ = Ox, by [30, Theorem 1],
(X, €) is one of the following:
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1) (P? x Q3 Op2ys(1,1)%3);
(i) (P2 x P2, Op2yps(1,2) @ Op2yps(1,1)%2 or Opzyps(1,0) @ piTps), where py is
the projection onto the second factor;
(iii) X = Pps(V), where V = Ops(2) & Ops(1)®2, and € = [£ + 7*Ops (1)]®3, where
¢ is the tautological line bundle of V(—1) and 7: X — IP3 is the projection;
iv) X = Pps (T]p3) CPPxPdand €& = (Opsx]ps(L 1)®3)X-
A direct computation shows that none of these cases can occur under the assumption
HZ% < 8. To give an example let us discuss Case (iv) in detail.

Case (iv). Put A1 := Opsyps(1,0) and Ay := Opsypz(0,1), and note that X €
| A1 + Asa|. Moreover AT = A3 = 0, while A3 - A3 = 1. Set L; = (A;) x; clearly L; and
L5 generate Pic(X). Since H is ample, we can write H = a1 L1 +ag Lo for some positive
integers a; and as. To see this, note that H, is an ample divisor for any fiber fiber F; of
the map X — P? induced by the i-th projection of P3 xP3, i = 1, 2. As L1+ Ly is ample
and F; = A?- X, wehave 0 < Hp, - (L1+Lo) g, = (a1 A1 +agAs)- (A1 +A2)%-(4;)3 =
aj,j 7é 1. We get H% = H?.7 = H?. 03((‘3) = (a1L1 + a2L2)2 . (Ll + L2)3 =
(a1 A1 +azA2)?- (A1 + A2)* = 4(a?+3a1az+a3) A3 A3 > 20, which is a contradiction.

Let us discuss also the second possibility in (ii), the only case in which £ is not
decomposable.

Case (ii) with £ = O]pzx]pu%(].,()) ® p;T]ps. Put L; := O]p2><]p3(1,0) and Ly :=
Op2p3(0,1), and note that L? - L3 = 1 while L = 0 = L3. Since H is ample, we can
write again H = aj Ly + as Lo for some positive integers a; and as. Moreover, we have
c3(E) = pyes(Tps)+pica(Tps)-Li+picr (Tps)- L3+ L3 = AL3+6L3- Ly +4Ly- L3+ L3.
We get HZ = H? - Z = H? - c3(€) = 4(a? + 3araz + a3)L? - L3 > 20, which is a
contradiction.

Assume now that n = 4. Then r = 2 and (Px (), X, £) is a ruled Fano 5-fold in the
sense of [29, Definition 3.1]. Since p(X) > 2, pairs (X, &) are classified in Theorem 2.7.

We claim that Case (1) of Theorem 2.7 cannot occur under the assumption H % <
8. Note that, in this case, & = L£%2 where —Kx = det& = 2L. So c»(€) = L2
According to [37, Table 0.3] we have 18 possibilities. The last one (Case (18) in [37])
can be easily ruled out as in [21, Proof of Proposition 6, Case (d)]. In all remaining cases
L = t1L1 + to Lo for suitable integers t1, t5 and then

f(al, ey Clp) = (a1L1 —|— e + apr)2 . (tlLl —|— tng)Q.

To provide details, let us discuss some specific cases: Cases (27), (30), (31), (32) and
(41) in [29, Table] (corresponding to Cases (4), (7), (11), (12), and (16) in [37, Table 0.3],
respectively). All remaining X’s in the list can be ruled out in similar ways.

Case (27). X is a double cover of P? x P2 branched along a divisor in |Ops yp=2 (2, 2)|.
Let 7: X — P2 x P? be the morphism giving the double cover. By [6], Pic(X) =
Pic(P? x P?) = 72, generated by L; = 7*Op2yp2(1,0) and Ly = 7*Opzyp2(0, 1).
We have Kx = m*Opzyp2(—2,—2), so L = 7*Op2yp2(1,1) = L1 + Lo. Note that
H = a1L1 + as Lo, for some positive integers aq,as > 1, as H is ample. Moreover
L3 = L3 = 0, while L} - L3 = 2. Therefore we can compute H = H? - c3(€) =
(a? +4ajas + a3)L? - L3 > 12, which is a contradiction with HZ < 8.

Case (30). X is the intersection of two divisors in P? x P? of bidegree (1,1). Let
A1 = Opayps(1,0), Ay = Opayp3(0,1) and let Y € |A; 4+ As| be a smooth element
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containing X. The Picard group of X is Pic(X) = Pic(Y) = Pic(P? x P3) = 72,
generated by L1 = (A1)x and Lo = (As)x. Clearly, the canonical bundle of X is
Kx = —2(L; + L2), hence L = Ly + Ly. By the ampleness of H, we can write
H = a1L; + as L, for some positive integers a1, az. Indeed, let 7,: X — P3 be the
restriction of the first projection of P2 x P3 and let v be a fiber of 7. Then v = A3.
Since H is ample, we have H - v > 0. As A} = A3 = 0 and A3 - A3 = 1, we can
derive H -y = (a1 A1 + azAs) - (A1 + A3)? - A} = ay, hence ay > 0. Similarly we get
a1 > 0. Therefore we can compute HZ = H? - c2(€) = (a1 A1 +a242)? - (A1 + Ax)* =
4(a? + 3ayaz + a3) A3 - A3 > 20; so we have a contradiction with HZ < 8.

Case (31). X = Pps (/) is the projectivization of a null-correlation bundle A/ on P3.
Recall that ¢; (N) = 0 and c2(N) = 1 (see [32, p. 80]). Here Pic(X) = Z2, generated
by £ and M := 7*Ops (1), where 7 is the bundle projection and ¢ is the tautological line
bundle. So any line bundle on X can be written as D = a1 + a2 M for suitable integers
a1, as. Note that aq > 01if D is ample, since it must intersect lines living in the fibers of 7.
Notice that A/(2) is ample, while A/(1) is spanned but not ample. Moreover M is spanned.
Thus, writing D = £+2M + (a1 —1)(§+ M)+ (a2 —a1 — 1) M, we see that D is ample if
as > aj + 1, while itis not if a; = ao. It follows that the ample cone of X, being convex,
cannot contain D if as < a;. Therefore D is ample if and only if a; > 1, a2 > a1 + 1.
In particular, we can write H = a1£ + as M, where the integers a1 and ay satisfy these
conditions. We have M* = 0 and ¢- M3 = 1. Moreover, £2—¢-7*cy (N)+7*ca(N) = 0,
hence £2 = —7*co(N'). We can thus derive £2- M2 = 0,£3-M = —1 and £* = 0. By the
canonical bundle formula, we get Kx = —2(£+2M)2. So ¢2(€) = (€+2M)?. Therefore
we can compute H2 = H?:c3(E) = (a2€2+2a1a26 - M +a3M?)- (2 +46- M +4M?) =
2(az + 2a1)(2a2 — a1) > 24 in view of the ampleness conditions above. So we have a
contradiction with H% < 8.

Case (32). X = B1;(Q%),  aline in Q*. Let o: Bl;(Q*) — Q* be the blow-up and
denote by F the exceptional divisor; let 7: E — [ be the projection of the P2-bundle E.
The Picard group of X is generated by 0*Og4 (1) and E; moreover the canonical bundle
of Xis Kx = 0*Kga+2E = 0*Oq4(—4) 4+ 2E, whence L = 0*Oga(2) — E. Now, we
can write H = 0*Oga(a1)+a2E. We claim that a; > 0 and as < 0, due to the ampleness
of H. Indeed, to see the first inequality it is enough to take a line in Q* not meeting / and
consider its proper transform, v; then 0 < H - v = (6*Oga(a1) + a2E) - v = a1. Asto
the second one, let A be a line in a fiber of 7. Since A C F and E induces Op2 (—1) on the
fibers of m,we get 0 < H-\ = (0" Oga(a1)+a2E)- A = axE\ = —ax(—Eg-\) = —ax.
Moreover, if we take a line in Q* meeting [ at one point, for its proper transform § we
find that 0 < H - 0 = (0*Oga(a1) + a2F) - § = a1 + a2. We can therefore compute
H% = H?.¢3(&) = (6" Oga(a1)+a2E)?-(0*Oga (2) — E)? = 4a3(0*Oga (1))* +a3 E*.
Recalling that £ = P(N;/q+), that —F induces the tautological line bundle on £ and
the Chern-Wu relation, we get E* = — deg NV /4> S0 the inequalities above imply that
HZ = 8a2 — 2a3 = 2(2a1 — a2)(2a1 + az) > 2(2a; — az)(ay + 1) > 12, contradicting
HZ <8.

Case (41). X = P! x Pp2(Tp2). Let p and g be the projections onto P! and
Pps (Tp2 ), respectively, and let 7m: Pp2 (Tp2) — P2, Clearly Pic(Pp2 (Tp2)) = Z2 and it
is generated by the ample tautological line bundle £ associated to Tp2 and the pull-back
7*Op2(1). Therefore Pic(X) =2 Z3 and it is generated by L1 = p*Op:1 (1), Ly = ¢*£ and
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Lz = ¢*7*Op2(1). Since Kp_, (1,,) = —2& + 7 (Op2(—3) + det Tp2) = —2¢, we derive
that Kx = p*Op1(—2)+¢*(—2¢),s0 L = L1+ L. Now we write H = a1 L1 +¢* D, for
some positive integer a; and an ample line bundle D € Pic(Pp2(Tp2)). Put D = a§ +
azm*Opz2 (1), where as, ag are integers. We claim that az > 0 and as + a3 > 0. Indeed, if
f is any fiber of 7, then D - f = (a2€ + azm*Op2(1)) - f = az - f = as, whence as > 0,
as D is ample. On the other hand Tp2 (—1) is spanned but not ample and so is its tautolog-
ical line bundle £ — 77*Opz (1). Therefore there exists an irreducible curve v C Pp2 (Tp2)
such that y- (§ —7*Op2(1)) = 0. Then D -y = (ag +a3){ - v —asz(§ —7*Op2(1)) -y =
(a2 + a3)€ - 7, hence as + ag > 0, since D and ¢ are ample. Therefore we can write
H =a1l1+asLs+aszls, witha; > 0,as > 0and as+as > 0. Now, by the Chern—Wu
formula, we have £2 — € - ¢y (Tpe) + m¥ca(Tp2) = 0. So €2 = & - ¥y (Tp2) — 3f,
and we obtain ¢ - 7 O0p2(1)2 = € - f =1, 62 - 7*Op2(1) = 3 and €3 = 6. We can thus
derive L3 = 0, L5 - Ly =0fori =0,...,3, Ly -Ly-L3 =1,L; - L3- L3y = 3 and
Ly -L3 = 6. Finally we compute H% = H?-L£? = (a1L1+asLa+asL3)?-(L1+Ls)? =
6(2a3 + 2a1az2) + (2a2) + 3(2a1a3 + 4aza3). Recalling that az > —as + 1, we get
HZ > 6ajas + 2a3 + 6(a; + 2az) > 24, which is a contradiction with HZ < 8.

The five possibilities in Case (2) of Theorem 2.7 can also be excluded. We provide
details case-by-case.

Case (2a). X = Bl,(P*) and & = [2h + E] & [3h + E], E exceptional divisor
and h pullback of Ops(1) on X. Let o: Bl,(P*) — P* be the blow-up and consider
the P!-bundle 7: Bl,(P*) — P? induced by o. If we call f a fiber of m, we derive
E.-f=1andh-f = 1. We note that Pic(X) = Z2, generated by h and E. Therefore
we can write H = a1h + asE for some integers a1, as. Recall that H is ample. So
0 < H - f=ay+ ag; moreover, foralinel C E,0< H-l=ah-l+asE -l = —as.
Combining these inequalities gives a; > —as+1 > 2. Note that h* = 1, E* = (Eg)3 =
(Op(=1))3=—1land h* - E*~* = 0 fori = 1,2, 3. Now we can compute HZ = (2h +
E)-(3h+E)-(a2h®+2a1ash- E+a3E?) = 6a% —a3 = 5a3 + (a1 +az) (a1 —az) > 23,
contradicting HZ < 8.

Case (2b). X = Bl;(P*) and € = [2h — E] @ [3h — E], E exceptional divisor and
h pullback of Opa(1) on X. Let o: Bl;(P*) — P* be the blow-up and denote by 7 the
P2-bundle 7: E — [. If we call f a general fiber of m, we have Ef = Of(—1) and hy =
(0*Opa(1)) 5 = Of. Now, we note that Pic(X) = Z2, generated by h and E. Therefore
we can write H = aih + aoF for some integers a, as. Let A and v C Bl;(P*) be the
proper transforms of a line in P4 not meeting ! and meeting [ at one point, respectively;
let c a line in a fiber f. Recall that H is ample. Thus we find

0<H-A=a1, 0O<H-c=-as and 0< H - -v=a; + as.

In particular, a; > —az + 1 > 2. Now, recall that E = P(N;/ps), with —F in-
ducing the tautological line bundle on E. From the Chern—Wu relation we thus get
E* = —degN;jpa = —3. Moreover we have h* = 1, h3 - E = h? - E* = 0,
h-E® = h-s = Opa(l)-1 = 1, where s is a section of E. So we can compute
HZ = H?.c3(€) = (a3h®+2a1a2h-E+a3E?)-(2h—E)-(3h—E) = 6a3+2a1a23—8a3 =
2(a; — a2)(3a1 + 4az). We thus see that

1
(a1 — as)(3ay + dag) = ng, (2.9.3)
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where the first factor on the left-hand side is > 3. Note that H % = 4,6 or §, since Hyz is
very ample and HZ < 8. In the first Case (2.9.3) is clearly impossible. In the remaining
cases factoring the right term in (2.9.3) leads to systems of linear equations in a;, as not
admitting integral solutions. This is a contradiction.

Cases (2¢) and (2d). X = P2 x P? and & = Opzyp2(1,7) © Opzyp2(2,7), with
{i,j} = {1,2}. Clearly H = Op2y4p2(a,az) for some positive integers a1, as. Let
L1 = Op2yp2(1,0) and Ly = Opzp2(0,1); therefore L3 = L3 = 0and L? - L3 = 1. So
H% = ((ZlLl +a2L2)2 . (Ll +ZL2) . (2L1 +]L2) = 2((1%4—0,10,2(224-]) -‘r—(l%)L% L% Z 12,
which contradicts HZ < 8.

Case (2¢). X = Pp2(Tp2(—1) ® Op2) C P? x P3, the inclusion deriving from the
Euler sequence of P2, and € = (Opayps(1,1) ® Opzyps(1,2))x. Let m: X — P? be
the projection; denote by f a fiber of 7 and by ¢ the tautological line bundle associated
to Tp2(—1) @ Op2 on X. Note that £ = Opz «p3(0,1) x and Opz 4ps(1,0)x = M, where
M = 7*Opz2(1). Then €3 — &2 - ¥c; + & - ey = 0, where ¢; = ¢;(Tp2(—1) © Op2).
Hence &3 = €2 - m*Op2 (1) — Oy(1). This gives &* = 0. Since the Picard group of X is
generated by ¢ and M, we can write H = a1£ + ax M, for some integers a1, as. We claim
that a1,as > 0. To see the former inequality, take a line [ C f;then0 < [ - H = ay,
as | - & = 1. To see the latter, consider a section X of 7 corresponding to the surjection
Tp2(—1) ® Op2 — Op2. Note that &, = Ox. If Aisalinein X, we get 0 < H - A =
a1és; - A+ aaMs, - A = ao. Wehave M3 = 0and €3 - M = ¢2 - M? = 1. Therefore we
can compute HZ = (a1& + aaM)? - (€ + M) - (26 + M) = 4a? + 10a1az + 243 > 16,
contradicting H% < 8. O

3 Ample vector bundles with zero loci of small A-genera

In this section we deal with triplets (X, £, H) where (X, £) isasin 1.1 and H is an ample
line bundle on X such that H is very ample and A(Z, Hz) < 3.

Remark 3.1. Let C be a smooth curve and let £ € Pic(C) be an ample line bundle on
C. Then A(C, £) = 0 if and only if C = PL.

Theorem 3.2. Let X, & and Z be as in 1.1 withn—r > 1. Let H be an ample line bundle
on X and assume that

A(Z,Hyz) = 0.

Then (X, € @ H®™="=1) is one of the following:

(1) (Pn’ OIF’" (1)@(n—1))’.

(2) (P, Opn(2) ® Opn (1)®(n=2);

(3) (Q", Ogr (1) 1);

4) X = Ppi(V), where V is an ample vector bundle of rank n over P!, and (€ ®
HO=r=1) . 2 Op, 1 (1)®(=1) for every fiber F of the projection X — P,

Ifn —r =1, then H is any ample line bundle on X.
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Proof. Assume first that n — 7 = 1. Then, by Remark (3.1), Z = P1. We can thus apply
[14, Theorem A] to the pair (X, E) to conclude. In all cases H is any ample line bundle
on X ; moreover, H is actually very ample (for Case (4) use [3, Lemma 3.2.4]).

Assume now that n — r > 2 and put 7 := £ @ H®=r=1)_ Then F is an ample
vector bundle of rank n — 1 on X. Note that g(Z Hyz) = 0because A(Z,Hz) = 0 by
[9 Theorem 5.10]. Moreover, g(Z,Hz) = 1+ 2(Kz + (n—r — 1)Hz) - Hy " =

+ 2 (Kx+det F)-cp—1(F) = g(X, F), so the assertlon follows by [25, Theorem 1]. O

Remark 3.3. Let C be a smooth curve and let £ € Pic(C') be an ample line bundle on

C of degree d = deg L. The following assertion is an easy consequence of the Riemann—

Roch theorem, combined with Clifford’s theorem when ¢(C) > 2. If A(C, £) = 1, then

one of the following holds:

M g(C) =1;

(2) g(C) > 2 and C is a hyperelliptic curve (of genus g(C) > 2) and |£| = g3, hence
d=2;

3) g(C)>2andd = 1.

In particular, if £ is spanned then only (1) and (2) hold, while if £ is very ample then

Case (1) is the only possibility.

Remark 3.4. In order to investigate the case A(Z, Hz) = 1, it is necessary to assume
Hz very ample. Indeed, even with the assumption H 7 spanned, in Case (2) of Remark 3.3
what is known at present on the adjunction map would not allow us to classify the pairs
(X, &), even when £ is very ample of corank 1. On the other hand, note that H is very
ample in all the cases of Theorem 3.2.

Therefore we give the classification in case A(Z, Hz) = 1 under the assumption H
is very ample.

Theorem 3.5. Let X, & and Z be as in 1.1 withn—r > 1. Let H be an ample line bundle
on X such that Hy is very ample and assume that

A(Z, Hy) = 1.

Then (X, € @ H®™="=1) is one of the following:

(1) (", 05 (2)%2 © Opa (1)20—9);

@) (B, Op(3) ® Opn (1)202);

(3) (Q, Ogn (2) ® Ogn (1)22));

(4) (X, L) is a del Pezzo manifold, € © H®"~7=1) = £9=1) and d(X, L) > 3. Such
p irs are classified in [7] (see also [9, Chapter I, Section 8]);

8(2) ® Oga (1)), where S is a spinor bundle over Q*;

(6) N (2)), where N is a null-correlation bundle over P3;

5 (@
(

(1) (Q3,8(2)), where S is a spinor bundle over Q3;
(
(

a
IP)3
8) IP’2 X PL 1% Tp2 @ Opzyp1 (1, 1)), where 7 denotes the first projection;
(9) IP2 X IP O]}szpl( ) @Opzxpl(l,l));
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(10) X =2 Pg(V), whereV is an ample vector bundle of rank n over an elliptic curve B =
Z and (£ ® HE"="=D)p = Op 1 (1)1 for every fiber F of the projection
m: X — B.

If n —r =1, then H is any ample line bundle on X except in Case (10). In that case,

let £ be the tautological line bundle of V, let § be a line bundle on B and let G be a

rank-(n — 1) vector bundle on B such that £ = £ @ G, then H = of + 7*§ where the

integer « satisfies the condition adeg) + adegG + degd > 3. Moreover, if n —r > 2

Cases (6)—(9) do not occur.

Proof. Assume first that n —r = 1. Then, by Remark 3.3, the assumption on the A-genus
is equivalent to the condition g(Z, Hz) = 1. Therefore (X, £) is one of the pairs in the
list of [17, Theorem 1], where the last case is ruled out by [31, Theorem 1]. Moreover H
is any ample line bundle on X satisfying deg H; > 3.

An easy check in Cases (1)—(9) of the statement shows that H ; is very ample for any
ample line bundle H on X. In Case (10) we can write H = af + ©*J, where & the
tautological line bundle of VV and § a line bundle on B. The degree of H is given by

degHz = (@€ +78) - cn1(E) = a€ - cp—1(E) + (degd)F - ¢ —1(E) =
=af cp_1(E) + degd, (3.5.1)

as F'- ¢, 1(E) = cn_1(EF) = 1. Now, since (€ ® (—€))r = Opn-1(1)®™~1 for every
fiber I of the projection, then £ = £ ® 7*G, for a vector bundle G of rank (n — 1) on B.
Moreover

n—1

a1 (€) = ¢i(aG) - €1 = ¢ ey () - €72 = €+ deg (€2 - F).

j=0

Recall that £ = degV and ¢"~! - FF = 1; substituting in (3.5.1) and recalling that
deg Hz > 3, we get the condition in the statement.

Assume now that n — r > 2. By [9, (6.3)], A(Z, Hz) = 1 implies that (Z, Hz) is a
del Pezzo manifold; then g(X,F) = 1, where F = £ ® H®(=r=1) gq we are in the
assumption of [25, Theorem 2] which gives the following possibilities for (X, F):

(i) X = Pp(V), where V is an ample vector bundle of rank n over an elliptic curve
B = Zand (F)p = Opn-1(1)2"=1 for every fiber F of the projection 7: X —
B, which gives Case (10) of the statement;

(i) Kx + det F = 0. Pairs (X, F) satisfying this condition are classified in [33, The-
orem 0.3 and Proposition 7.4]. Therefore the statement follows recalling again that
the doubtful case in [33, Proposition 7.4] is ruled out by [31, Theorem 1]. O

Theorem 3.6. Let X, & and Z be asin 1.1 withn—r > 2. Let H be an ample line bundle
on X such that Hy is very ample and assume that

A(Z,Hz) = 2.

Then (X, E, H) is one of the following:
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(1) X is a Fano manifold with Pic(X) = Z generated by H, of indexrx =n—r+e—2,
where det & = eH, and Kx + detE + (n—r —2)H = Ox;

(2) (X, ED H) = (]Pl X ]P)37 Opl ><IP’3(17 2) (&) Opl ><IP’3(17 1)®2);

3) X = Pg(V), where V is an ample vector bundle of rank n over a smooth curve B
of genus 1, and Ep = Opn—1(1)®"2) Hp = Opn_1(1) for every fiber F of the
projection X — B;

(4) n—r < 3, (X, H) is a quadric fibration over P* and Ep = Ogn-1(1)®" for any
general fiber F of the fibration.

Proof. By [11, Theorem 3.12 and Corollary 3.3] (Z, Hz) is one of the following:

(i) ahypersurface of degree 4;
(i) an elliptic scroll of dimension n — r = 2;
(iii) a quadric fibration over P! of sectional genus 2 (for the explicit list see [11, Theo-
rem 3.4]).

Consider Case (i). If n —r > 3, then X is a Fano manifold with Pic(X) & Z
generated by H, and Kx +det £+ (n—r —2)H = Ox, by [20, Theorem, Case (ix); see
also Section 3]. We can write —K x = rx H and det £ = eH for some positive integer e.
Weget Kz = (—rx+e)Hz = (2—(n—7))Hz, so Z, which is a Fano manifold too, has
index 7z = rx — e. On the other hand, since (Z, Hz) is a smooth quartic hypersurface
we know that rz = n —r — 2. Hence rx = n — r + e — 2 and therefore (X, &, H) is
as in (1). Now assume that n — r = 2. Then (Z, Hz) is a K3 surface of degree 4 and the
conclusion follows from Lemma 2.9.

Case (ii) can be easily settled by using [16, Theorem] and leads to Case (3) of the
statement.

The last Case (iii) falls in [10, Theorem 0.1], Cases (ii) and (iii). Case (ii) is Case (2)
of the statement. As to the further specification provided in [11, Theorem 3.4], note that
n —r < 3 in Case (iii), except when (Z, Hy) is P! x Q3 Segre embedded. However this
situation is ruled out by Lemma 2.4. Therefore we obtain Case (4). O

In order to study the case A(Z, Hz) = 3, we recall first the following classification
result of Ionescu.

Theorem 3.7. [11, Theorem 4.8] Let Y be a smooth complex projective variety of dimen-
sion > 2 polarized by a very ample line bundle L, and assume that A(Y, L) = 3. Then
(Y, L) is one of the following:
(D a quintic hypersurface;
(I) a complete intersection of type (2, 3);
(1) a 3-dimensional scroll over a smooth curve of genus 1;
(V) a pair with sectional genus g = 3, irregularity ¢ = 0 and degree d > 6.

Remark 3.8. Note that, in Case (IIT) of Theorem 3.7, (Y, L) has degree d > 9 (e.g. [13,
Proposition 1(i)]); so d = 5 can occur only in Case (I).

Remark 3.9. Looking more closely at Case (IV) of Theorem 3.7 and combining re-
sults from [11, Theorems 4.1 and 4.2] and [3, Proposition 10.2.2 and Theorem 10.2.7,
Case (e)], we see that (IV) gives rise to the following possibilities:
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(IV-i) a quadric fibration over P';

(IV-ii) dimY > 3 and (Y, L) is a scroll over P?; in particular, if dimY > 4, then
Y = Pp2(Tpz @ Op2(1)) or Y = Pp2(Op2(2) & Op2(1)P?), with L being the
tautological bundle in each case, or Y is the Segre embedding of P2 x P3;

(IV-iii) dimY = 2 and (Y, L) is a Bordiga surface (i.e. (Y, L) has (P2, Op2(4)) as
adjunction theoretic reduction), with 6 < d < 16;

(IV-iv) dimY = 2 and, either Y is a del Pezzo surface with K%, =2and Hy = 2Ky,
or (Y, L) admits such a pair as simple adjunction theoretic reduction.

Remark 3.10. Note that, if (Y, L) is as in Theorem 3.7 with dimY > 2, Pic(X) = Z
and degree 6, then (Y, L) can only be as in Case (II) of Theorem 3.7.

Moreover note that Ky is not ample except in Case (I) of Theorem 3.7, whendim Y =
2. So we have

Remark 3.11. Let X, £ and Z be asin 1.1 with n—r > 2. Let H be an ample line bundle
on X such that H is very ample and assume that A(Z, Hz) = 3. Then (Kx +det &)z
is not ample except for (Z, Hyz) a quintic surface in P3.

Theorem 3.12. Let X, E and Z be as in 1.1 withn — r > 2. Let H be an ample line
bundle on X such that H z is very ample and assume that

A(Z,Hy) = 3.

If (Kx + det £) 7 is not ample, then (X, &, H) is one of the following:

(1) n—r > 3, X is a Fano manifold of coindex qx < 4 with Pic(X) = Z generated by
H, such that Kx +detE + (n—r —3)H = Ox. If n —r > 4, then Z is a Fano
manifold of coindex qz = 4;

(2) X is a Fano manifold of coindex qx < 3 with Pic(X) = Z generated by H, such
that Kx +detE4+ (n —r —2)H = Ox. If n —r > 3, then Z is a Fano manifold of
coindex qz = 3;

(3) (X, H) is a scroll over a smooth curve of genus 1 and Er = Opn—1(1)2=3) for any
fiber F' of the scroll projection;

4) (X, H) is a scroll over P!, and Ep = Opn-1(2) @ Opn—1(1)2=Y for any fiber F
of the projection X — P! (see [21, Proposition 1] for the complete description);

(5) n—r < 4, (X, H) is a quadric fibration over P* and Ep = Ogn-1(1)®" for any
general fiber of the fibration;

6) n—1r =2, X is a P* L-bundle over P, £ = Opn-1(1)2"2), Hp = Opn_1(2)
for any fiber F of the projection X — P!, and H? - ¢, _o(£) = 16 (see [21,
Proposition 2] for the complete description);

(7) (P™, Opn (1)2(=2) Opn (4));

(8) n —r < 3, there exists an ample vector bundle VW of rank n — 1 on P? such that
X = Pp2(W), H is the tautological line bundle on X, and £ = H ® p*G for
some vector bundle G of rank r on P2, where p: X — P2 is the bundle projection;
moreover det W +det G = Op2(4) and H™ ™" - ¢,.(€) = 4e1 (W) — ca(W) + ¢2(G);
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(9) X is a Fano manifold of index n — 1 with Pic(X) & Z, generated by an ample line
bundle £ with L = 2, and (£, H) = (£L®(=2) 2L).

Proof. We can apply Theorem 3.7 to the pair (Z, Hz), hence we investigate the four
possibilities case-by-case.

In Case (I), we recall first that in our assumption Ky + det £ cannot be ample, so
we infer that n — r > 3 by Remark 3.11. It follows that Pic(X) = Pic(Z) = Z by
Theorem 2.2 and the Lefschetz theorem. We can compute (Kx + det&)y = Kz =
Opn—r+1(—(n—7r)+3) 7. Arguing as in the proof of point (1) of Theorem 3.6, we deduce
that Pic(X) is generated by H and Kx + det& + (n — r — 3)H = Ox; in particular
X is a Fano manifold. Now, let [ be a line in Z. As is known, such a line exists, e.g. see
[5] or [1]. Put det £ = eH for some positive integer e. Then e > r by Lemma 2.1, since
l-H =1 -Hz = 1. It thus follows that X hasindexrx = e+n—r —3 > n — 3, so
the coindex of X is gx < 4. Moreover, if n —r > 4,then —Kz = (n —r —3)Hz,s0 Z
itself is a Fano manifold of coindex gz = 4. This leads to Case (1) of the statement.

In Case (I), if n — r > 3, argue as in Case (I). So X is a Fano manifold with Picard
group generated by H and Kx + det€ + (n —r — 2)H = Ox. Note that also Z is a
Fano manifold; moreover, by [5], it contains a line /. So, with the same computations as
in Case (I), we find that the coindexes of X and Z are, respectively, gx < 3 and qz = 3.
If n —r = 2, then (Z, Hz) is a K3 surface of degree 6 and we can apply Lemma 2.9.
This leads to Case (2) of the statement.

Case (IID) easily leads, e.g. by using [15, Theorem B], to Case (3) of the statement.

Finally we consider Case (IV). By Remark 3.9, we have four possibilities. Cases (IV-
1)—(IV-iv) are listed as Cases (2), (3), (5) and (6) respectively in [21, Section 1]. No-
tice that the extra assumption that |H| embeds Z used in [21, Section 1] to study our
Case (IV-ii) has been recently removed [22, Section 1]. Relying on this result, these four
possibilities lead to the triplets (X, &, H) as in (4), (6)—(9) of the statement or to the fol-
lowing situation: n — r < 5, and there exists a surjective morphism ¢: X — P! whose
general fiber F is a smooth quadric hypersurface Q"' in P" with Hr = Ogn-1(1)
and € = Ogn-1(1)®". In this last case, note that n — r = 5 occurs only when
(Z,Hz) = (Q* x P!, Ogaxpi(1,1)). But this possibility is ruled out by Lemma 2.4,
so we obtain Case (5) of the statement.

More specifically, (4), (5) and (6) come from (I'V-i); Case (IV-iii) leads to (7) and to
(8) with n — r = 2; the remaining part of (8) comes from (IV-ii) taking into account
Lemma 2.5; finally, only the first subcase of (IV-iv) lifts to the vector bundle setting,
leading to (9). O

Remark 3.13. All cases listed in Theorem 3.12 occur. This is obvious for Cases (7) and
(9) and we already said about Cases (4) and (6). As to Cases (5) and (8), examples can be
found in [21, (2.3)] and [20, Section 2], respectively. Here we produce examples for the
remaining cases.

Case (1):

(la) X =P, & = Opn(5) @ Opn (1)®0 =D H = Opn(1);

(1b) X = V5 C P**L, a smooth quintic hypersurface, & = H®", H = Oy (1).

Note that (K x + det &)z = Hy is ample forn — r = 2.
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Case (2):

(23) .X = ]P)TL, 5 = O[P’n (3) @ O[P’n (2) @ O[P’7L(1)®(T72), H == O]Pn(l),

(2b) X =Q" C P € = Ogn(3) ® Ogn (1)""Y, H = Ogn(1);

(2¢) X = V3 C P"*!, a smooth cubic hypersurface, £ = Oy (2) @ Oy (1)~D, H =

Ov (1);
(2d) X = Va3 C P""2 a smooth complete intersection of type (2,3), £ = H®",
H=0y(1).

Case (3): X = Pp(V), with V a very ample vector bundle of rank n over a curve B of
genus 1, & = H ©(n=3) H the tautological line bundle of V.

Unfortunately, when (Kx + det &)z is ample we cannot determine the structure
of (X,&,H) in general. We confine to add some remarks under the assumption that
Pic(X) ¢ Z.

Proposition 3.14. Let X, & and Z be as in 1.1 withn — r = 2. Let H be an ample line
bundle on X such that Hy is very ample and assume that (Z, H z) is a quintic surface in
P3. If Pic(X) = Z and £y is spanned, then X is a Fano manifold and H is the ample
generator of Pic(X).

Proof. Note first that the Picard group of X is generated by H. Indeed, let £ be the
ample generator of Pic(X). Then H = aL for some positive integer a. So we have
5= H% = a?L%, hence a = 1. Moreover Ky + det £ = H. We can write Kx = kH
for some integer k£ and det £ = e H for some positive integer e, hence we obtain k+e = 1.
Therefore either Kx = Ox and det £ = H, or X is a Fano manifold.

We claim that the first case cannot happen. Recall that (Z, Hy) is a quintic surface of
IP3. Arguing as in the proof of Lemma 2.6 with S = Z and G = £z, we get ¢1(E7)? > 6.
But det £ = Hz under our assumption, hence ¢; (€ Z)Q =H % = 5, a contradiction. O

This allows to characterize the examples we produced for Case (1) of Theorem 3.12
in the following way.

Proposition 3.15. Suppose that either (X,E, H) and Z are as in Case (1) of Theo-
rem 3.12, or (Kx + det &)z is ample and Pic(X) = Z. If € is decomposable and
H is very ample, then (X, E, H) is as in (1a) or (1b) of Examples 3.13.

Proof. X is Fano, Pic(X) is generated by H and —Kx = rxH in both cases. Since
& is decomposable, we can write £ = @;_, a;H, witha; > --- > a, > 1. We have
5=Hy "=H""-Z=([]._, a;)H", so either

(@ H*=1anda; =5,a0 =---=a, = 1,0r

b)) H*"=5anda; =--- =a, = 1.

On the other hand, from Kx +detE+ (n—r—3)H = Ox wegetrx =y ._, a;+(n—
r—3). Sorx =n+1inCase (a) and rx = n—3 in Case (b). Case (a) immediately leads
to (1a) by the Kobayashi—Ochiai theorem. In Case (b) £ = H®"; since h!(Ox) = 0,
by Theorem 2.2, |H| has a regular ladder [9, p. 28], hence A(X, H) = A(Z,Hz) = 3.
As H is very ample, by Theorem 3.7 and Remark 3.8 (X, H) turns out to be a smooth
quintic hypersurface of P"**. This gives (1b). O
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Similarly for Case (2) we have

Proposition 3.16. Ler (X, &, H) and Z be as in Case (2) of Theorem 3.12. If € is decom-
posable and H very ample, then (X, E, H) is as in (2a)—(2d) of Examples 3.13.

Proof. X is Fano, Pic(X) is generated by H and —Kx = rx H. Since £ is decompos-
able, we can write & = @;_, a;H, witha; > --- > a, > 1. Wehave 6 = Hy " =
H" " Z = (I]\_, a;)H™, so we have the following possibilities:

(@ H"=1anda; =6,as =---=a,=1,0ora1 =3,a3 =2,a3=---=a, = 1;
b) H* =2anday =3,a3=---=a, =1;
(c) H =3anda; =2,a0=---=a, = 1;
(d H"=6anday =---=a, = 1.
On the other hand, from Kx +det& 4+ (n—r —2)H = Ox wegetrx = > ._,a; +
(n—r—2).

Recall that the index of a Fano manifold X is bounded by 1 < rx < dim X + 1. So,
in Case (a), rx = n+ 1 and then, necessarily, a1 = 3, a2 = 2,a3 = --- = a,, = 1; hence

we get (2a). In Case (b), X turns out to be a smooth Fano manifold of index rx = n,
therefore we obtain (2b). Let now X be as in (c); we see that (X, H) is a del Pezzo
manifold with H™ = 3, so we derive (2c). In the last Case (d), we deduce that (X, H) is
a Mukai manifold with H" = 6 and £ = H®"; since h!(Ox) = 0, by Theorem 2.2, |H|
has a regular ladder [9, p. 28], hence A(X, H) = A(Z,Hz) = 3. As H is very ample,
by Theorem 3.7 and Remark 3.10 (X, H) turns out to be a complete intersection of type
(2,3). This gives (2d). O

4 A-genera smaller than cork(€)

Here we classify triplets (X, £, H) such that A(Z, Hz) < cork(€) — 1. First of all note
that, if n — r = 1, then this means dim Z = 1 and A(Z, Hz) = 0, which implies that
Z = P By Section 3, this implies that X and £ are as in Theorem 3.2 and H is any
ample line bundle. So we can confine to the case n — r > 2. As in Section 3 assume that
H is very ample. Then we have the following

Theorem 4.1. Let X, & and Z be as in 1.1 withn—r > 2. Let H be an ample line bundle
on X such that Hy is very ample and assume that

A(Z,Hz) < cork(€) — 1.

Then (X, &, H) is one of the following:

(1) (P™, Opn (1)®(=2) Opn(m)), with 1 < m < 3;
2) (P, Opn (2) © Opn (1)®"=3), Opn (1));
3) (B, Opn (1)), Opn (2));
@) (P, Opn(2) © Opn (1)), Opn (2));
(5) (B, Opn(2)%? @ Opn (1)~ Opn (1));
(P, Opn (3)

Pn (3 @ O]Pin (1)@(”—3), O]}Dn (1));
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(7 (Q",0gn (1)), Ogn (1));
(®) (Q", Ogn (1)%"=2), Ogn (2));
©) (Q", 00 (2) ® Ogn (1)®"%), Ogn (1));
(10) X if a gano manifold of index n — 1 with Pic(X) = Z generated by H and £ =
HGB n— ;
(11) n —r > 3 and X is a Fano manifold with Pic(X) = Z generated by H (as well as
Z)ofindexrx > 1z
(12) (Q*,8 ® Oga(2), O (1)), where S is a spinor bundle on Q*;
(13) (X, H) is a scroll over P! and E =2 Opn-1(1)®" for every fiber F of the projection
X — le;
(14) n —r > 3, (X, H) is a quadric fibration over P* and Ep = Ogn-1(1)®" for any
general fiber F of the fibration X — P1;
(15) (P2 x P2, Opz yp2 (1,1)%2, Opzypa (1, 1)).

Proof. We note first that, H being very ample, there is an embedding of Z in PV with
N = h°(Hz) — 1; moreover, denoted by d = d(Z, H) the degree of Z, the assumption
on the A-genus is equivalent to the condition d < N.

This allows us to apply the main theorem of [12], obtaining the following possibilities
for Z:

(I) Z is a Fano manifold with bo(Z) = 1;
(M) (Z, Hz) is a del Pezzo manifold with b3(Z) > 2,2 < dimZ <4and 3 <d < §;

(IIT) Z is the Segre embedding of P! x Fy, where [F; is the blowing-up of P? in a point,
embedded in P* as a rational scroll of degree 3;

(IV) (Z,Hy) is a scroll over P?; more precisely, Z = Pp2(F) where F is either Tpz &
Op2(1), Op2(2) @ Op2(1)%2, or Op=(1)®4, and H stands for the tautological line
bundle.

(V) (Z,Hyz) is a scroll over P! with d > dim Z (i.e. a linear section of the Segre
embedding of P! x P™);

(VI) there is a vector bundle G over P! of rank dim Z + 1 > 4 and of splitting type
7 = (No,- .., Mn—r) such that, if L is the tautological line bundle on Pp: (G) and
G denotes a fiber of the projection Ppi (G) — P!, Z embeds in Pp1 (G) as Z €
|2L + B8G|, L; = Hz and one of the following holds:

(VIi) N=d=2dimZ—1,n=(1,...,1,0,0), 8 = 1;
(Vi) N =d =2dim Z, 5 = (1,...,1,0), 3 = 0;
(VIii) N=d=2dimZ+1,n=(1,...,1), 8= —1;
(VI-iv) dimZ > 4, N =d+ 1 =2dmZ + 1,9 = (1,...,1), 8 = =2 or,
equivalently, Z = P! x Q"~"~! Segre embedded:;
(VIv) N=d=2dimZ+2,n=(1,...,1,2), 3 = —2.

Moreover the proof of the main theorem in [12] shows that, in Case (I), either (Z, Hz)
is (P2, 0pz(m)), m = 2,3, (P3,Ops(2)), or Pic(Z) is generated by Hz, due to the
Barth—Larsen theorem.

We proceed with a case-by-case analysis.

Case (I). Assume first that dim Z = 2. In this case Z = P2, we have (X,€) &
(P™, Opn (1)®(®=2)) by [14, Theorem A]. Now, denoted by H := Opn(1) the ample
generator of Pic(X), we have Hy = Opz(m) = mHz for some positive integer m,
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hence H = mH = Opx(m). Moreover the condition H < N gives m?* < (" 2) -1,
so m < 3. Therefore we get Case (1) of the statement.

Assume now that dim Z > 3. Let £ be the ample generator of Pic(Z). As we noted
above, either (Z, Hz) = (P3, Ops(2)), in which case (X, &) = (P", Op» (1)®"3) and
L = Ops(2), so this leads to Case (3) of the statement, or £ = H . In this last case we
have ry Hz; + Kz = Oz. Hence, by adjunction and the Lefschetz—Sommese theorem,
rzH + (Kx + det£) = Ox and H generates Pic(X). Writing det £ = eH with e a
positive integer, we get —Kx = (rz + e)H. Therefore X is a Fano manifold of index
rx =1z + e. So we are in Case (11) of the statement.

Case (I). A complete description of the triplets (X, £, H) and of the corresponding
pairs (Z, Hz), with (Z, Hz) a del Pezzo manifold, is given in [18, Theorem 4 and Re-
mark]. Note that for dim Z > 3, condition b2(Z) > 2 rules out all cases listed in that
theorem. So dim Z = 2 and the remark leads to Cases (4)—(6), (8)-(10), (12) and (15) of
the statement.

Cases (IIT) and (VI). In Case (VI), let G be any fiber of §: Ppi(G) — P!; then
G 2 P" 7. Let Gy := Z N G be the fiber of § restricted to Z. Since Z € |2L + SF|, we
get Go = Q" "1, a smooth quadric hypersurface in P"~" provided that G is a general
fiber of §. Moreover (Lz)a, = (Hz)g, = Ogn-r-1(1), hence q := §|z is a quadric
fibration over P!. In Case (III), every fiber of the morphism ¢: P* x F; — P! induced
by the ruling projection F; — P! is isomorphic to P! x P'. Moreover, denoted by F
the general fiber of ¢, we get (Hz)p = Op1yp1(1, 1), hence ¢ is a quadric fibration over
PL. In other words (Z, Hz) has the same structure as in (VI), so we treat Cases (IIT) and
(VI) at the same time. Moreover n — r > 3 and, by [19, Theorem 0.4], (X, &, H) is one
of the following:

(a) (X, H)is ascroll over P' and £ 22 Opn-1(2) @ Opn-1(1)®=1 for every fiber F
of the projection 7: X — P1;
(b) (X, H) is a quadric fibration over P! and £p = Ogn-1(1)®" for any general fiber F

of the fibration X — P*.

Claim: Case (a) cannot occur.

To prove this fact we need to know the genus ¢ = ¢(Z, Hz). In Cases (II) and
(VI-)—~(VI-v), let ¢: Z — P! be the quadric fibration.

In Case (II) it is immediate to compute g. Denote by p; and p the projections of Z
onto the first and the second factor, respectively, and consider the diagram

N,

P! F) ——PpL

The Picard group of Z is Pic(Z) = Z?, generated by S, ¥ and F, where S = p; ! (t) for
apointt € P, ¥ = p, ! (o) with o the (—1)-section of Fy, and F' = p, ' (f) for a fiber f
of the projection F; — P!, We have

Kz = pi Kp1 + ps Ky, = [-25 — 25 — 3F]
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and
Hyz = piOpi (1) + p3lo + 2f] = [S + ¥ + 2F).

By the genus formula, noting that F? = 0, S = 0 and X2 - F = 0, we get
29—2=(Kz+2Hz) - Hy=F - (S+YX+2F)*=2F-5-% =2,

whenceg=2=n—r—1.
Next we compute g = g(Z, Hz) in all subcases of (VI). Consider the following dia-
gram

7 “——— P:=Pp(G)

A

Pl

and let L be the tautological line bundle of G on P. Denoted by G = ¢*Op1(1), the
canonical bundle of P is

Kp=—(n—r+1)L+ (degG — 2)G,
whence the canonical bundle of Z is
Kz;=(Kp+2Z)z=(—(n—r—1)L+ (degG — 2+ 5)G) .
Again by the genus formula, we derive

29—2=(Kz+(n—r—1)Hyz) - Hy "' = (degG — 2+ )Gz - Hy "' =
=2(degG — 2+ ),
since Gz - Hy "' = Go- Hy "' = (Hg,)" "' = (Ogn-r1(1))"771 = 2.
Therefore g = deg G + 5 — 1 and we have the following table, where 1k(G) =n —r — 1:
| Subcases | degG | B [degG+7 |

(VI{) | rk(G)—2 | 1 n—r
(Vi) | k(G)—1| O n—r
(VI-iii) rk(G) —1 n—r
(VI-iv) rk(G) -2 | n-r—-1
(VI-v) | rk(G)+1 | —2 n—r

Hence
9(Z,Hz) =n —r —2 in Subcase (VI-iv);
9(Z,Hz) =n—r—1 inall the other subcases.

Now we assume by contradiction that (X, £, H) is as in (a). The following argument
is inspired by [10]. We can write X = Ppi(V), where V = @, Op1(a;), with a; >
as > --- > a, = 0. Let £ denote the tautological line bundle of ¥ on X and identify
any fiber F of 7: X — P! with 7%Op1(1). We know that Hp = Opn-1(1) = &5,
hence H = ¢ + bF, with b > 1 because of the ampleness of H by [3, Lemma 3.2.4].
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Moreover we have £ = Opn-1(2) @ Opn-1(1)®"=1. Therefore (£ ® [~2¢])p =
Opn—180pn—1(—1)2T =1 and h0((£®[2€]) ) = 1 for any fiber F, so 7, (E®[—2¢]) =
Opi(c) € Pic(P'). Pulling back via m, we have an injection 0 — 7*Opi(c) —
E ® [—2¢]. Now, twisting by [2€], we obtain an exact sequence

0—[2+cF]—E—Q—0 @.1.1)

where the rank-(r — 1) vector bundle Q is ample, being a quotient of an ample vector
bundle. Restricting (4.1.1) to any fiber F', we getc1(Qp) = ¢1(Ep)—26-F =r+1-2 =
r — 1 = rk(Qp). Therefore Qp is uniform of splitting type (1,...,1), hence Qp
Opa-1(1)®(=1) [32, Theorem 3.2.1, p. 51]. Moreover, being (Q & [—¢])r = 05"~
there exists a rank-(r — 1) vector bundle W = @;;i Op1(b;) such that Q ® [—¢]
7*W, whence Q = @g;i [€ + b, F]. Recalling that Q is ample, we have b; > 1 for all
j=1...,r — 1. The sequence (4.1.1) gives

det & = (26+cF)+det Q = (26+cF)+(r—1)é+(degW)F = (r+1)+(deg W+c¢) F.

Since det £ is ample, we obtain deg W + ¢ > 1. Now put F := £ @ Hem==1) Note
that F is ample and of rank (n — 1). Moreover ¢ = g(Z,Hz) = g(X,F), the curve
genus of (X, F), so we can compute g with the genus formula

1%

1

N2

R .

29—2=(Kz+(n—r—1)Hz) - Hy "L
The canonical bundle of 7 is given by
Kz =(Kx+det&)z = ((—n€ + (degV —2)F + (r+ 1)+ (degW +¢))z =
=(—(n—r—=—1&+ (degV — 2+ degW +¢)F)z,
therefore
29 —2=
=(—(n—r—1¢+ (degV —2+degW+c)F +(n—r—1)(E+bF))z-Hy "
=2(degV —2+degW+c+ (n—r—1)b),
since F'- H 7"~ = (Ogn-r-1(1))"~"~! = 2. We have thus proved that
g=degV —1+degW+c+ (n—r—1)b, (4.1.2)

from which we derive

g>n—r—1. “4.1.3)
This is clearly a contradiction in Subcase (VI-iv). In Case (III) and Subcases (VI-i)—(VI-
iii) and (VI-v) the Inequality (4.1.3) is actually an equality, so all the following condition
hold: V = (9%?1", degW +c=1andb=1. Therefore X =P' x P*land H = £+ F.
Let [ be any fiber of X — P"~!. We note that (" = degV = 0 and £"~! = [. Therefore
we have

r<deg& = (det&)-&" = ((r+1)¢+ (degW+)F) - " =degW +c = 1,

which is a contradiction. This finally proves the claim.
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So only Case (b) can occur. Hence both Cases (III) and (VI) lead to (14). Note that,
by Lemma 2.4, (Z, Hz) cannot be as in Subcase (VI-iv).

Case (IV). This is ruled out by Lemma 2.5.

Case (V). We claim that Kz + (dim Z — 1) H is not nef and that K 7 + (dim Z) H z is
nef. Indeed, let F' be a fiber of the scroll projection; to show the first assertion it is enough
to note that (Kz + (dimZ — 1)Hz)p = Opn-r-1(—1), since Kp = (Kz + F)p =
(Kz)r and (Hz)r = Opn—r—1(1). As to the second, we note that if K + (dim Z)Hy
is not nef, then (Z, Hz) = (P"~", Opn-~(1)) (e.g. see [3, Theorem 7.2.1]), which is a
contradiction. Therefore recalling that (Z, H) is a scroll over P!, we get the following
possibilities for (X, £, H) by [18, Theorem 2], Cases (2), (3) and (4), respectively:

@) (P", Opn(2) @ Opn (1)2=3) Opa(1));
(®) (Q", Ogr (1)=2), O (1))
(c) (X, H) is ascroll over P* and £ = Opn-1(1)®" for every fiber F' of the projection

X — PL
They give Cases (2), (7) and (13) of the statement, respectively. O

5 Final remarks

Another way to say that (Z, Hz) has small A-genus is to mean that A(Z, Hy) is small
in comparison with the degree. In this section we prove a result of the same type as
Theorem 4.1 in this direction.

We first need a lemma. Let S be a smooth surface and let L be a very ample line
bundle on S. Set d = L?. By ruled surface we mean a birationally ruled surface.

Lemma 5.1. If A(S, L) < &, then S is a ruled surface.

Proof. Recall that A(S, L) = 2+ d — h°(L). Let C be a smooth element in |L|. From
the exact cohomology sequence of

0—-0g—L— Lo —0,
we get
hO(Le) > h%(L) —1=d+1—A(S,L). (5.1.1)

Suppose that S is not ruled. Then L- Kg > 0, otherwise all plurigenera of .S would be
zero, a contradiction with the Enriques ruledness criterion [2, Theorem VI.17]. Therefore
d < 2¢(C) — 2, by genus formula. By applying Clifford’s theorem to Lo we thus get
ho(Lc) < +degLe + 1 = £ + 1. Combining this with (5.1.1) we get A(S, L) > £,
which contradicts our assumption. |

Proposition 5.2. Let X, £ and Z be as in 1.1 withn — r > 2. Let H be an ample line
bundle on X such that H z is very ample and assume that

A(Z, Hy) < % (&) - HMT 52.1)

Then Kx + det £ 4+ (n — r — 2)H is not nef.
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Proof. By [9, p. 28], we have A(S,Hs) < A(Z, Hyz), where S is the smooth surface
cut out by n — r — 2 general elements of |Hz|. Note that ¢,.(£) - H™ " is the degree of
Z embedded by |Hz|, since ¢, (€) is represented by Z. But this is also the degree d of
its surface section (S, Hg). Thus A(S, Hs) < 4 by (5.2.1), and therefore S is ruled, by
Lemma 5.1. By adjunction, Kg = (Kz +(n —r —2)Hz)s = (Kx +det€ + (n —
r—2)H)s = (Kx + det F)g, where F = £ @ H®("~7=2) is an ample vector bundle of
rank n — 2 on X. Since S is ruled we conclude that K x + det F is not nef. O

In particular, for n — r > 3, the vector bundle F = &€ ® H ©(n=r=2) i the Proposi-
tion 5.2 has at least a direct summand H, so we obtain the following

Corollary 5.3. Let X, £ and Z be as in 1.1 withn —r > 3. Let H be an ample line
bundle on X such that H 7 is very ample and assume that

1
A(Z,Hg) < 5 er(€) - H" ",

Then (X, & @ H"""~2) is one of the pairs listed in [24, Theorem], except Case 7.

Proof. Simply note that Case (7) of [24, Theorem] cannot happen under our assumption,
since it would require that F has no direct summands. o
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