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1 Introduction

In this paper, we consider the double layer potential associated to the fun-
damental solution of a second order differential operator with constant coef-
ficients in Holder spaces. Unless otherwise specified, we assume throughout
the paper that

ne N\ {0,1},

where N denotes the set of natural numbers including 0. Let o € [0,1],
m € N\ {0}. Let ©Q be a bounded open subset of R" of class C""® and
we understand that C™% = C™. For the definition and properties of the



classical Schauder spaces we refer for example to [7, Chap. 2], [8, §2]. We

employ the same notation of reference [8] with Dondi that we now introduce.
Let vq or simply v = (v);=1,... , denote the external unit normal to 0.

Let Ny denote the number of multi-indexes v € N with |y| < 2. For each

a = (a2 € CV2, (L1)

we set

a? = (@1j)15=1,..n a) = (@j)j=1,...n a=ag.
with a;; = 2_1ael+ej for j # 1, aj; = ae;+e;, and a; = ae;, where {ej :
j=1,...,n} is the canonical basis of R”. We note that the matrix a? is
symmetric. Then we assume that a € CN? satisfies the following ellipticity
assumption

inf Re a&7 3 >0, 1.2
geRn j¢[=1 Z} 1% (1-2)
[v|=2
and we consider the case in which
a;; € R Vi,j=1,...,n. (1.3)

Then we introduce the operators

n n
Pla,Dju = Z Ox, (@102 u) + Z a;0z,u + au,
lj=1 =1
n n
Bsv = Z ;1O ;v — Z v,
1j=1 =1

for all u,v € C%(Q), and a fundamental solution S, of Pla, D], and the
boundary integral operator corresponding to the double layer potential

Wola, Sa p](z) = /B ) By, (Sale — ) do, (1.4)

0Sa
= — aiV —(x —vy)do
/m u(y) Z;I an(y) 8:5]-( y) do,

- /652 w(y) Z v(y)aSa(r — y) doy Vo € 002,
=1

where the density or moment p is a function from 02 to C. Here the sub-
script y of B , means that we are taking y as variable of the differential oper-

ator By, . The role of the double layer potential in the solution of boundary
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value problems for the operator P|a, D] is well known (cf. e.g., Giinter [13],
Kupradze, Gegelia, Basheleishvili and Burchuladze [19], Mikhlin [23].)

The analysis of the continuity and compactness properties of Wq|a, Sa, -]
is a classical topic and several results in the literature show that Wq[a, Sa, |
improves the regularity of Holder continuous functions on 9€2. We briefly
recall some references (see also [8]).

In case n = 3 and Q is of class C1® and S, is the fundamental solution of
the Laplace operator, it has long been known that W[a, Sa, -] is a linear and
compact operator in C1*(9€2) and is linear and continuous from C°(99) to
CY*(99Q) (cf. Schauder [29], [30], Miranda [25].)

In case n = 3, m > 2 and Q is of class C™ and if Pla, D] is the
Laplace operator, Giinter [13, Appendix, § IV, Thm. 3] has proved that
W[99, a, S, -] is bounded from C™=2%(9Q) to C™ 1% (9Q) for o/ €]0, al.

In case n > 2, o €]0, 1], O. Chkadua [2] has pointed out that one could
exploit Kupradze, Gegelia, Basheleishvili and Burchuladze [19, Chap. 1V,
Sect. 2, Thm 2.9, Chap. IV, Sect. 3, Theorems 3.26 and 3.28] and prove
that if Q is of class C™®, then W[0Q, a, Sa, -] is bounded from C™ 1% (9Q)
to O™ (99Q) for o/ €]0, al.

In case n = 3 and Q is of class C? and if Pla, D] is the Helmholtz
operator, Colton and Kress [4] have developed previous work of Giinter [13]
and Mikhlin [23] and proved that the operator Wq[a, Sa, ] is bounded from
C%(09) to C1*(99Q) and that accordingly it is compact in C1*(9Q).

In case n > 2, a €]0, 1[ and § is of class C? and if P[a, D] is the Laplace
operator, Hsiao and Wendland [15, Remark 1.2.1] deduce that the operator
W[OS, a, Sa, ] is bounded from C%*(99Q) to C1*(9) by the work of Mikhlin
and Prossdorf [24].

In case n = 3, m > 2 and Q is of class C™% and if Pla, D] is the
Helmholtz operator, Kirsch [17] has proved that the operator Wgla, Sa, | is
bounded from C™~1%(9Q) to C™(9Q) and that accordingly it is compact
in C"™*(09).

Then Heinemann [14] has developed the ideas of von Wahl in the frame
of Schauder spaces and has proved that if Q is of class C™ % and if S,
is the fundamental solution of the Laplace operator, then the double layer
improves the regularity of one unit on the boundary, i.e., Wqla, Sa, ] is
linear and continuous from C™%(9€) to C™1:%(9Q).

Mitrea [27] has proved that the double layer of second order equations
and systems is compact in C%?(9Q) for § €]0, a[ and bounded in C%(99)
under the assumption that  is of class C1'®. Then by exploiting a formula
for the tangential derivatives such results have been extended to compactness
and boundedness results in C1#(9Q) and CH(99), respectively.



In [8], we have proved that if m > 1, 5 €]0, o], a €]0, 1], then Wq[a, Sa, -]
is linear and continuous from C™#(982) to C™*(0N2) and a related result if
we chose 5 = 0.

In this paper we plan to consider the case in which € is of class C'b! and
show that if the maximal function of the tangential gradient with respect to
the first variable of the kernel of the double layer potential is bounded, then
Wala, Sa, -] is linear and continuous from C%3(9Q) to C1#(9Q) for 5 €]0,1]
and is linear and continuous from C%1(9) to the generalized Schauder
space C1¥1(9€) of functions with 1-st order tangential derivatives which
satisfy a generalized wi-Holder condition with

wi(r) ~rlin7| asr — 0,

see Theorem 5.11. Our proofs are based on Theorem of [21, Thm. 6.6] on
integral operators, that we report here in the case in which the domain of
integration is a compact differentiable manifold, see Theorem 3.12. The-
orem 3.12 requires that we can estimate the maximal function associated
to the tangential gradient of the kernel of the double layer potential with
respect to its first variable and that the same tangential gradient belongs
to a certain class of kernels. Then we prove the membership in the class of
kernels by exploiting the imbedding and multiplication properties that we
have highlighted and proved in [21] and that we report here in the special
case we need, see Section 3. Here we note that the properties of Section 3
actually simplify a proof that would be otherwise long to explain.

2 Notation

Let M,(R) denote the set of n x n matrices with real entries. J; ; denotes
the Kronecker symbol. Namely, 6;; = 1if [ = j, §; = 0if [ # j, with
l,j € N. |A| denotes the operator norm of a matrix A, A’ denotes the
transpose matrix of A. We set

Bn(fvr) = {77 eR": ’§ - 77| < T} ’ (21)

for all (§,7) € R"x]0, +oo[. If D is a subset of R™, then we set
B(D)={fC”: fisbounded} , |flpp) =suplf| ¥/ < BD).

Then C%(D) denotes the set of continuous functions from D to C and we
introduce the subspace C2(D) = C%(D)N B(D) of B(D). Let w be a function



from [0, 4+o00[ to itself such that

w(0) =0, w(r) >0  Vre€l0,+oo],

w is increasing, lim+w(7“) =0, (2.2)
r—0

and sup w(at)
(a,t)€[1,+o0[x]0,+o0] AW (t)

< +00.

If f is a function from a subset I of R" to C, then we denote by |f : D[,
the w(-)-Holder constant of f, which is delivered by the formula

|f(x) = f(y)

72Dl = {08

:x,yG]D),x;éy}.

If |f : Dl < oo, we say that f is w(-)-Hélder continuous. Sometimes,
we simply write |f|,() instead of |f : D|,.). The subset of C°(D) whose
functions are w(-)-Holder continuous is denoted by C%“)(D) and |f : DIy

is a semi-norm on C%“()(D). Then we consider the space C’l?’w(')(]D)) =
C%+0)(D) N B(D) with the norm

£l gy =50 @) +1floy VS €C0(D).

Remark 2.3 Let w be as in (2.2). Let D be a subset of R™. Let f be a
bounded function from D to C, a €]0,+oo[. Then,

wpy @ =10

z,y€D, |z—y|>a w(|x - y|)

2
< ) S%p\fl-

In the case in which w(-) is the function r® for some fixed a €]0,1], a so-
called Holder exponent, we simply write |- : D, instead of | : D|,«, C%%(D)
instead of C%" (D), C’l?’a(]D)) instead of CI?’TQ (D), and we say that f is a-
Holder continuous provided that |f : D|, < oo.

3 Special classes of potential type kernels in R”

In this section we collect some basic properties of the classes of kernel that
we need. For the proofs, we refer to [21, §3]. If X and Y are subsets of R",
then we denote by Dx«y the diagonal of X x Y, i.e., we set

Dxxy ={(z,y) e X XY : z =y} (3.1)



and if X =Y, then we denote by Dx the diagonal of X x X, i.e., we set
]DX = ]DXXX .

An off-diagonal function in X x Y is a function from (X x Y)\ Dxxy to C.
We now wish to consider a specific class of off-diagonal kernels.

Definition 3.2 Let X and Y be subsets of R™. Let s € R. We denote by
Ks xxy (or more simply by Ks), the set of continuous functions K from
(X xY)\ Dxxy to C such that

1K e sup K (2, )| [ = y]* < +o00.

s, X XY =
() (X XY )\Dx xy
The elements of Ks x xy are said to be kernels of potential type s in X x Y.

We plan to consider ‘potential type’ kernels as in the following definition
(see also paper [8] with Dondi, where such classes have been introduced in a
form that generalizes those of Gegelia [10], [19, Chap. IV] and Giraud [12]).

Definition 3.3 Let X, Y C R"™. Let s1, s2, s3 € R. We denote by
Ks1.50,55(X X Y) the set of continuous functions K from (X xY)\Dxxy to
C such that

HKHKsl,sz,ss(XXY) = sup{|x - y|SI‘K(xay)‘ : (xay) € X x Y,H? 7& y}

‘x/_y’SZ K / K " .
+sup m| (@, y) — K(z",y)| :

2" e X2 #£2" ye Y \B, (2,22 — x”|)} < +00.
One can easily verify that (Ks, s;,s,(X X Y), || - [[k,, ., ., (Xxy)) is @ normed
space. By our definition, if s, s2, s3 € R, we have
K150, (X X Y) C Koy xxy
and
I Nicey xony S IE i, g (xxv) V€ Ky 5,65 (X X Y.

We note that if we choose s5 = s1 + s3 we have a so-called class of standard
kernels. Then we have the following elementary known embedding lemma
(cf. e.g., [21, §3]).



Lemma 3.4 Let X, Y C R™. Let s1, s2, s3 € R. If a €]0,+00][, then
KCs1,50,55(X X Y) is continuously embedded into Ks, s,—a,s5—a(X X Y).

Next we introduce the following known elementary lemma, which we exploit
later and which can be proved by the triangular inequality.

Lemma 3.5 1

sl =yl <l =yl < 22" —yl,
for all ', 2" e R, 2/ £ 2", y € R"\ B, (2/,2]|2" — 2”|).

Next we state the following two product rule statements (cf. [21, §3]).
Theorem 3.6 Let X, Y C R™. Let sy, so, s3, t1, to, t3 € R.

(1) If K1 € K, 50,65(X XY) and Ko € Ky, 1,,1,(X X Y'), then the following
inequality holds

|K1 (xla y)KQ(.’E/, y) - Kl(xﬂv y)KQ(‘THv y)|

SN K llks, g ny o) 120l K1, 1y 0 (XY
|{L‘/ _ ZL‘//|83 2|51\|:L,/ _ :L‘H|t3
N\ =y T =y

forall ' 2" € X, o' #2", y e Y\ B,(2, 22" — 2"]).

(i) The pointwise product is bilinear and continuous from

]C81751+83,83 (XXY) XICtl,tl-i-Ss,S:s (XXY) to ’C81+t1,81+83+t1783 (XXY) :

Proposition 3.7 Let X, Y C R". Let s1, s2, s3 € R, a €]0,1]. Then the
following statements hold.

(i) If K € Ky, 5p.55(X x Y) and f € C)¥(X), then
K (2, y) f(@)] |z=y[* < [ Kk, xxv Sg{plfl V(z,y) € XxY\Dxxy .
and
K (2',y) f(z) — K (2", y) f(z")]
|ﬂ§’ o $1/|53

o] |:E/ . ﬂf”|a
S K ks, .05 O Ll g0 {W T T oy }

forall 2/, 2" € X, o' £ 2", y e Y\ B, (2, 2] — 2"]).



(ii) If so > s1 and X and Y are both bounded, then the map from
Ky 52,55 (X X Y) X OB (X)) to Ksysp.85(X X Y)

that takes the pair (K, f) to the kernel K(xz,y)f(xz) of the variable
(x,y) € (X xY)\ Dxxy is bilinear and continuous.

(iii) The map from
Ksiy0,5 (X X Y) x CY) to Kg,s9,(X X Y)

that takes the pair (K, f) to the kernel K(x,y)f(y) of the variable
(x,y) € (X xY)\ Dxxy is bilinear and continuous.

Next we have the following imbedding statement that holds for bounded
sets (cf. [21, §3]).

Proposition 3.8 Let X, Y be bounded subsets of R™. Let s1, sa, s3, t1, ta,
t3 € R. Then the following statements hold.

(1) If t1 > s1 then Ky, xxy ts continuously embedded into K¢, xxy -

(11) If t1 > s1, t3 < s3 and (ta —t3) > (s2 — s3), then Ks, s5.55(X X Y) is
continuously embedded into Ky, 1, 1,(X X Y).

(111) If t1 > s1, t3 < s3, then K, s14s5,65(X X Y) is continuously embedded
into the space Kty 444565 (X X Y).

We now show that we can associate a potential type kernel to all Holder
continuous functions (cf. [21, §3]).

Lemma 3.9 Let X, Y be subsets of R". Let o €]0,1]. Then the following
statements hold.

(i) If p € CO(X UY), then the map Z[u] defined by
El(z,y) = plz) —ply) Y@,y € (X xY)\Dxxy  (3.10)
belongs to K_q,0,a(X xY).

(i) The operator = from C¥*(X UY) to K_p0.a(X x Y) that takes p to
Elu] is linear and continuous.

In order to introduce a result of [21, Thm. 6.6], we need to introduce a
further norm for kernels in the case in which Y is a compact manifold of
class C! that is imbedded in M = R” and X =Y.



Definition 3.11 Let Y be a compact manifold of class C' that is imbedded
mn R™. Let s1, s2, s3 € R. We set

K s (Y X Y) = {K € Ky upss (Y X V) 2

sup  sup / K(x,y)dv(y)| < —i—oo}
z€Y rel0,4o00[ |/ Y \Bn(z,r)
and
16Nty = Kl gt
+sup sup / K(z,y)dv(y)| VK € ICE,I’S%S3 (Y xY).
z€Y rel0,4o0[ |/ Y \Bn(z,r)

Clearly, (ICELS%SS(Y xY), |- HICﬁ-l,sz,s?,(YxY)) is a normed space. By definition,

K2, 0.6 (Y x Y) is continuously embedded into s, 50,55(Y x Y). Next we
introduce a function that we need for a generalized Hélder norm. For each
0 €]0, 1], we define the function wy(-) from [0, +oo] to itself by setting

0 r=20,
wp(r) = 7“9\ Inr| 7 €]0,rg],
rg|lnr9| r €lrg, +ool,

where 19 = e~ /% for all § €]0,1]. Obviously, wy(-) is concave and satisfies
condition (2.2). We also note that if D C R™, then the continuous embedding

Gy () € ;0 (D) € 67 (D)

holds for all & €]0, 6[. Here the subscript b denotes that we are considering
the intersection of a (generalized) Holder space with the space B(D) of the
bounded functions in . Then we introduce the following result of [21,
Thm. 6.3 ].

Theorem 3.12 LetY be a compact manifold of class C' that is imbedded in
R™. Let sy € [0,(n—1)[. Let B €]0,1], t; € [B,(n—1)+0], t2 € [5,+0], t3 €
10,1]. Let the kernel K € Ky, s,+11(Y X Y') satisfy the following assumption

K(,y) e C'Y \{y}) WyeY.

Then the following statements hold.



(i) If t1 < (n—1) and grady K (-,-) € (K¢ t,,45(Y x Y))", then the fol-

lowing statements hold.
(a) Ifto — B> (n—1),ta < (n—1)+ B +t3 and

/K dU Golmln{ﬁ (n—1)+t3+p— tz}( )’

then the map from COP(Y) to CHmin{B(n—D)+tst+B-t2}(y) that
takes pu to the function [, K(-,y)u(y)doy is linear and contin-
uous.

(aa) Ifto — = (n—1) and
/ K(-y)do, € Chmaxr?ws Oy

then the map from COP(Y) to Cl’max{rﬁ’“ts(')}(Y) that takes p to
the function [y K(-,y)u(y) doy is linear and continuous.

(i) If t1 = (n — 1) and grady K(-,-) € (K§17t27t3(Y X Y))n, then the
following statements hold.

(b) Iftao—p>(n—1), ta <(n—1)+ 5 +t3 and

/K dO’ 601 min{s,(n—1)+t3+L— tg}(Y)’

then the map from C%P(Y) to C;7min{ﬁ’(n_1)+t3+ﬂ_t2}(Y) that
takes pu to the function [, K(-,y)u(y)doy is linear and contin-
uous.

(bb) Ifto — 8= (n—1) and
/K dO’ ECvlmax{r c;.zt‘g()]»(}/)7

then the map from COP(Y) to Cl’max{rﬁ’“’ts(')}(Y) that takes p to
the function [y K(-,y)u(y)doy is linear and continuous.

(i) If t1 > (n — 1) and grady . K(-,-) € (K t2,t5(Y X Y))", then the fol-
lowing statements hold.
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(c) Ifto—>(n—1),ta < (n—1)+ B +t3 and
/ K(-,y) day c Cl,min{ﬁ,(nfl)Jrﬁfh,(n71)+t3+,37t2}(Y) ’
Y

that takes p to the function [, K(-,y)u(y) doy is linear and con-
tinuous.

(cc) Ifta — B =(n—1) and

[ K)o, € crmstet s 0}y,
Y

then the map from C%P(Y) to CLmaX{rBWW*HB*tlth3(‘)}(Y) that
takes pu to the function [, K(-,y)u(y) doy is linear and continu-
ous.

We also need to consider convolution kernels, thus we introduce the following
notation. If n € N\ {0}, m € N, h € R, a €]0, 1], then we set

Ky = {k e O} (R™\ {0}) : k is positively homogeneous of degree h} :

loc
(3.13)
where C]"*(R™ \ {0}) denotes the set of functions of C™(R™ \ {0}) whose

loc - 7

restriction to € is of class C"*(Q2) for all bounded open subsets © of R"
such that Q C R™\ {0} and we set

[kl = klloma@ma01)) Yk € KR

We can easily verify that (/Czl’a, [ - ||ic;",a) is a Banach space. We also

mention the following variant of a well known statement.

Lemma 3.14 Let n € N\ {0}, h € [0,+o0[. Ifk € C’loo’cl(R” \ {0}) s
positively homogeneous of degree —h, then k(x —y) € Kppy1,1(R™ x R™).
Moreover, the map from K(i’;ll to KCn pt1,1(R™ xR™) which takes k to k(x —y)
is linear and continuous (see (3.13) for the definition of IC(i’}ll .

Proof. Since k is positively homogeneous of degree —h, we have

lk(z —y)| < ( sup |k])|z—y|™" V(z,y) € (R" x R") \ Drnxgn .
OB, (0,1)

11



Since k is positively homogeneous of degree —(n — 1), the inequality of
Cialdea [3, VIII, p. 47] (see also [7, Lem. 4.14] with a = 1) implies that if
o, 2" e R o £ 2"y e R\ B, (2, 2|2’ — 2”]), then

k(2 —y) = k(2" — )|

< (2' 4 2h) max{ sup |k|,|k: OB,(0,1)]1}
OB, (0,1)

x|(a = y) = (2" = y)[(min{| (2" - )|, |(=" = »)[HT".
Then Lemma 3.5 implies that [z” — y| > %]z’ — y|, and thus we have
k(2" —y) — k(2" —y)|

’x/ _ x//’ hal
< (2+2h)max{ sup |k, |k: OB,(0,1)];}——7—2"F
o5 (o) n ‘l’/ _ y‘h-‘rl

and the proof is complete. a

If X and Y are subsets of R"™, then the restriction operator
from Kp p111(R" X R") to Kp py11(X xY)
is linear and continuous. Thus Lemma 3.14 implies that the map

from the subspace IC(i’1 of CUHR™\ {0}) to Knni11(X xY),
h ,h=+1,

loc

which takes k to k(x — y) is linear and continuous.

Remark 3.15 As Lemma 3.14 shows the convolution kernels associated to
positively homogeneous functions of negative degree are standard kernels.
We note however that there exist potential type kernels that belong to a class
KCs1,50,55(X X Y) with so # 51+ s3.

4 Technical preliminaries on the differential oper-
ator

Let ©Q be a bounded open subset of R of class C2. The kernel of the
boundary integral operator corresponding to the double layer potential is
the following

By (Salz =) == alel@)gi}(% —Y) (4.1)
I J

J=1

12



n

=Y uaSalz—y)  V(z,y) € (99)*\ Dag
=1

(cf. (1.4)). In order to analyze the kernel of the double layer potential, we
need some more information on the fundamental solution S,. To do so, we
introduce the fundamental solution S,, of the Laplace operator. Namely, we
set

m]aﬂ\%” Ve e R"\ {0}, ifn>2,

where s, denotes the (n—1) dimensional measure of 9B,,(0, 1) and we follow
a formulation of Dalla Riva [5, Thm. 5.2, 5.3] and Dalla Riva, Morais and
Musolino [6, Thm. 5.5], that we state as in paper [8, Cor. 4.2] with Dondi
(see also John [16], and Miranda [25] for homogeneous operators, and Mitrea
and Mitrea [28, p. 203]).

Proposition 4.2 Leta be asin (1.1), (1.2), (1.8). Let Sa be a fundamental
solution of Pla, D]. Then there exist an invertible matriz T € M,(R) such
that

a? =TT, (4.3)

a real analytic function Ay from 0B, (0,1) xR to C such that A1(+,0) is odd,
bo € C, a real analytic function By from R™ to C such that B1(0) = 0, and
a real analytic function C from R™ to C such that

Sa(z) = @SH(T%) (4.4)
+|x!3’"A1(%, jz]) + (B1(z) + bo(1 — 62.)) In |2| + C(a)

for all x € R™\ {0}, and such that both by and B; equal zero if n is odd.

Moreover,
1

det a2

is a fundamental solution for the principal part of Pla, D].

S (T~ )

In particular for the statement that A;(-,0) is odd, we refer to Dalla Riva,
Morais and Musolino [6, Thm. 5.5, (32)], where A;(+,0) coincides with fj(a, )
in that paper. Here we note that a function A from (0B, (0,1)) x R to C is
said to be real analytic provided that it has a real analytic extension to an
open neighbourhood of (9B,,(0,1)) x R in R**1. Then we have the following
elementary lemma.
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Lemma 4.5 Let n € N\ {0,1}. A function A from (0B, (0,1)) x R to C is
real analytic if and only if the function A from (R™\ {0}) x R defined by

~ T

Az,r) = A(m,r) V(z,7) € (R"\ {0}) xR (4.6)

1s real analytic.

Proof. If A is real analytic then, it has a real analytic extension A? to an
open neighborhood U of (0B,(0,1)) x R in R™"!. Since the function é—‘ is

real analytic in 2 € R™ \ {0}, then the composition A of A* and of (%', r) is
real analytic.

Conversely, if A is real analytic, we note that A is an extension of A to
the open neighborhood (R™\ {0}) x R of (0B,(0,1)) x R in R**! and that
accordingly A is real analytic. O

Then one can prove the following formula for the gradient of the funda-
mental solution (see reference [8, Lem. 4.3, (4.8) and the following 2 lines]
with Dondi. Here one should remember that A;(-,0) is odd and that by = 0
if n is odd).

Proposition 4.7 Let a be as in (1.1), (1.2), (1.3). Let T € M,(R) be
as in (4.3). Let Sa be a fundamental solution of Pla,D]. Let By, C be

as in Proposition 4.2. Then there exists a real analytic function Ao from
0B, (0,1) x R to C"™ such that

1

DS, (2) = ————|T 2| 2t (P! 4.8
() Sn\/m\ |7"x" (a'?) (4.8)
+|x\2’”A2(%, \z|) + DBy (z)In|z| + DO(z) Vo € R™\ {0}.

Moreover, As(-,0) is even.

Then one can prove the following formula for the kernel of the double layer
potential

Bf, (Sa(x —y)) = =DSa(z — y)a®v(y) — v/ (y)alV Sa(z — y) (4.9)

1 - —n
T ) e = ) vl)
2—n r—y 2)
—|T — A y |0 — ar’v
o= " s o= )ty

—DBi(z —y)a®v(y) In|z — y| - DC(x - y)aPu(y)
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)V Sa(x—y)  Vryedaty.

(see reference [8, (5.2) p. 86] with Dondi). Then the following statement
holds (see reference [8, Lem. 5.1, inequality at line 13 of p. 86] with Dondi).

Lemma 4.10 Let a be as in (1.1), (1.2), (1.3). Let Sa be a fundamental
solution of Pla, D]. Let a €]0,1]. Let Q be a bounded open subset of R™ of
class C1®. Then the following statements hold.

(1) If o €]0,1[, then

bo,a = sup{|x—y|”_1_a|B;27y (Salx —y))|: x,y € 00,z # y} < 4o00.

(4.11)
If n > 2, then (4.11) holds also for a« = 1. If n =2 and DB1(0) =0,
then (4.11) holds also for o = 1.

(ii) If n =2 and o = 1, then

| Bg,y (Salz — 1)) |
(1 +[In |z —yl])

bo,a = sup{ cx,y € 00, T # y} < 4oo.  (4.12)

In particular, the kernel By, (Sa(z —y)) belongs to K. aq)x(aq) for
all € €]0, +0o0].

(i)
2" —y[" "

|:C’ _x//|

b = sup{ B, (Sala’ — ) — Fa (Saa” — 1) |

22" €00, 2" # 2"y e 00\ B,(2, 2] — m”|)} < 400.

By applying equality (4.9), we can compute a formula for the tangential
gradient with respect to its first variable of the kernel of the double layer
potential and establish some of its properties. To do so we introduce the
following technical lemma (see reference [8, Lem. 3.2 (v), 3.3] with Dondi).

Lemma 4.13 Let Y be a nonempty bounded subset of R™. Then the follow-
ing statements hold.

(i) Let F € Lip(0B,(0,1) x [0,diam (Y)]) with

[P0, r") — F(0",r")]
|0/ _ 9//| + |7“/ _ T‘”| :

Lip(F) = {

15



@,r"), (0" ,7") € 0B,(0,1) x [0,diam (Y)], (¢,7") # (9",1"”)} .
Then

Py 2" —y
‘F <\w’ il y|> - (Ix” —yp I ! (4.14)

;o //|

< Lip(F)(2 + diam (v))2.=2

2" — g

Vy €Y \ Bn(x/7 2’.T/ - xI/’) )

for all 2’2" €Y, 2’ # 2". In particular, if f € C1(0B,(0,1) x R, C),
then

2 —y a —y
My =swf | (=20 o) = 1 (=l -

ca 2 eYa £ 2"y e Y\ By(d, 202" - x”|)}

2" — ]

|:L;/_$//|

is finite and thus the kernel f (\i:zl’ |z — y[) belongs to Ko11(Y xY).

(ii) Let W be an open neighbourhood of (Y —Y). Let f € CY(W,C). Then
My = Sup{f(ﬂf/ —y) = fl@" =y’ —"|7":
22" eY,d £y e Y} < +00.

HereY =Y ={y1—vy2: y1,y2 € Y}. In particular, the kernel f(z—y)
belongs to the class Koo1(Y xY'), which is continuously imbedded into
IC07171(Y X Y)

(11i) The kernel In |z — y| belongs to Ke11(Y X Y') for all e €]0, 1].

Proof. For the proof of (i), the first part of (ii) and (iii), we refer to the
above mentioned paper [8, Lem. 3.2 (v), 3.3]. The imbedding of the second
part of (ii) follows by the imbedding Proposition 3.8 (ii). 0

We are now ready to prove the following statement. For the definition
of tangential gradient gradyn and tangential divergence divgg, we refer to
Kirsch and Hettlich [18, A.5], Chavel [1, Chap. 1].

Lemma 4.15 Let a be as in (1.1), (1.2), (1.8). Let Sa be a fundamental
solution of Pla,D]. Let a €]0,1]. Let 2 be a bounded open subset of R™ of
class C1®. Then the following statements hold.
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(1) Ifh e {1,..., n}, then

(gradon By, (Salw = y)n (4.16)
= B, (Sale = ) ~ () D (o) By, (Salo — )

=1

n (z—y)" - v(y)

" suVdeta® [T-Ha —y)I"

- Z;‘l,z: (Tﬁl) 'Z(»Tz - yz)(Til)jh
<Dl o)
S AT

' Tl —y)P
_Z?zl v (@) [v(@)va(y) — va(@)u(y)]

spVdet a@|T—1(x — y)|™

~2 =l =l (2 e = ol ) )

[z —y
»’Uh—yh Ty — U
X 1% — — Vp\T
Z (@ — Oy
0As <1:— ) .
Z a9, \z =yl sz =yl v(y)le -yl

XZVI [ (Jh\:c—y\ (xj_iij)_(zﬁ_yh»

e
-5 (=L y|) ()
« fjw (@ [mx) e

0’B 0’B
=303 ule) (o) ta =)~ o)t =)

7,2=11=1

Xaj.v,(y)In |z —y|

~DBi(z —y)a®u(y) > u(z) l:yl(x)xh_yh - Vh(-%')w:|

=1 ‘LL’ - y‘Q

17



for all (z,y) € (02)? \ Daq, where we understand that the symbols

043

Viedl,....,n
dy;j ¢ s

denote partial derivatives of any of the analytic extensions of Ay to an
open neighborhood of (0B, (0,1)) x R in R,
(it) The kernel gradaq . Bf , (Sa(z — y)) belongs to (Kn—a,n,a (0 x on))".
Proof. (i) By formula (4.9), we have

9 B (Sale — )

oxp,
= — (=n) z": (T_l)jz(l'z - yz)(T_l)jh (x — y)t -v(y)
snVdeta® = Tz —y)I? Tz —y)|"
1 - —MNn
*mw Ha —y)|"vn(y)
—(2—n)|z —y| IR Ih Yy x_y,x— aPu(y
2=l =3l " P A I o= ya®ty)
n (zi—y;)(®n—yn)
Ay x—vy djnlx —y| — ==L
_ZT(| — ,|x—y\)a(2)1/(y) _ nl Y
j=1 Yy X y‘ ‘I y‘
Ay x—y (2) Th — Yn
- e —y))a' W v(y) —————
S = e )
" 9’B;
- (v —y)aj.v:(y) In|z — y|
= O0xp0x;
DBz — 1) a® Th = Yn
1z —y)av(y) P—E
" 9%C . oS
— — . _ LW ZPa.
= Oxp0x; (= y)ajovs(y) —vly)" - a oxyp, (@=y)

for all (z,y) € (092)?\Dsq. Then the definition of tangential gradient implies
the validity of formula (4.16).
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We now turn to the proof of (ii). If suffices to show that if h € {1,...,n},
then each addendum in the right hand side of formula (4.16) belongs to the
class Kp—an,a(002 x 09).

By Lemma 3.14 the kernel m belongs to Ky, n41,1(0Q2 x 0€2).
Since there exists cq o €]0, +00[ such that

v(y) - (= y) < cqale -y Va,y €00

the kernel v(y) - (x — y) belongs to K_1_q,—a,1(0Q x 09Q) (cf. e.g., reference
[8, Lem. 3.4 and p. 87 line 8] with Dondi). Then the product Theorem 3.6

implies that the kernel % belongs to Kpn—1—an—a,1(00 x 0Q). By

Lemma 3.4, K,—1—a,n—a,1(02 x 09) is contained in K, 1—qn—1,a (02 x 09).
By Lemma 3.14 the kernel % belongs to ICq,21(9Q x 09). By
Lemma 3.4, K01 2.1 (0 x 0Q) is contained in Kj 14q,q(02 x 09Q). Then the
a-Holder continuity of v and Propostion 3.7 imply that

- Z?,z:l(T_l)jZ(xz - ?/Z)(T_l)jh
o)) ==

> e (T7Y)j(@e — y) (T 1)
Tz —y)?

=1

—Up (.75)

belongs to K1 14a,q(02 x 082). Then the product Theorem 3.6 (ii) implies
that

(z — y)t v(y) . o) o (e Z?,z:l(T_l)jZ(xz - yZ)(T_l)jh
T-1(z —y)| ; i )[ 1(z) T-1(z - y)]2 (4.17)
Z?,z:l(T_l)jz(xt —y) (T ")

() T @ —y)P
€ Kn—ana(09Q x ).

We now consider the second addendum in the right hand side of formula
(4.16) and we observe that

> vi(x) [Vl(l’)Vh(y) - Vh(ﬂf)Vl(y)]
spVdet a@|T-1(z — y)|
_ Yn@) @) (vay) — va(@) — va(@)((y) — w@)]
spVdet a@|T—1(x — y)|™

for all (x,y) € (09)% \ Dyq. Since v is a-Holder continuous, Lemma 3.9
implies that vy, (z) —v4(y) belongs to K_q 0,4 (02 x 0€2). By Lemma 3.14 the

19



kernel W belongs t0 Ky, 511,1(02x Q) C Ky pi1-(1—a),1—(1—a) (02 X
0f2). Then the product Theorem 3.6 (ii) implies that

V() — va(y)

n—oa,n+oa—o,x Q Q'
T = y)| © el 09)

Then the a-Hoélder continuity of v and Propostion 3.7 implies that

> WW(%M(@ € Kn—a.na(0Q x 09Q).
=1

Hence,

Zzn:l v () [Vl(JU)Vh(?J) - Vh(x)Vl(y)]
T (2 —y)|

€ Knana(@2x0Q).  (4.18)

We now consider the third addendum in the right hand side of formula
(4.16). Since Ag is real analytic in 9B, (0,1) x R, Lemma 4.13 (i) implies
that the kernel As (ﬁ, |z — y|> belongs to Ko 1,1(0Q x 0f2). Since the

function [¢ |1*”% of the variable £ € R™ \ {0} is positively homogeneous of

degree —(n — 1), Lemma 3.14 implies that the kernel |z —y 1_”% is of
class ICp,—1.,,1(02x 0R). Then the product Theorem 3.6 (ii) and Proposition

3.7 (iii) imply that the kernel

—nTh — Yn r—y
B e N L)

belongs to the class Kp—1,1(092 x 0Q). By the imbedding Proposition 3.8
(ii) with

s1=n—1, so=n, s3=1, ti=n—a, to=n, t3=a,

KChn—1.n,1(02 x 09) is contained in ICp,— o o (02 x 99). Since the components
of v are of class C%®, the product Proposition 3.7 (ii) implies that

—n T —

~@= ke =l e (2L e =l ) a®uty) (1.19)
3 wi(z) (=) T; - Z’r — () TZ - Zy’l'} € Knan.a(0Q x Q) .
=1

We now consider the fourth addendum in the right hand side of formula
(4.16). Let j € {1,...,n}. Since %—?2 is real analytic in 0B,,(0,1) xR, Lemma

J
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4.13 (i) implies that the kernel %—’2; <|§:Z\7 |z — y|) belongs to Ko 1,1(92 x
0f)). By Lemma 3.4,

ICO,M(@Q X 89) - K071_(1_a)71_(1_a) (GQ X 89) = /Co’a,a(aQ X 69) .

Since the functions |£|~("~1 and |¢[7"71;& of the variable ¢ € R™\ {0}
are positively homogeneous of degree —(n — 1), Lemma 3.14 implies that
the kernels |z — y|~™ 1) and |z — y|™ }(x; — y;)(z; — i) are of class
Kn-1n1(02 x 02). By Lemma 3.4, K;,_1,,1(092 x 0R2) is contained in
Kn-1n-1+a,a(082 x 092). Then the product Theorem 3.6 (ii) implies that
the product is continuous from

’Cn_17n_1+a,a(aQ X 89) X /Co@,oé(aQ X 89) to ]Cn_17n_1+a,a(aQ X 89)

Then the a-Hélder continuity of the components of v, Proposition 3.7 (ii),
(iii) and the imbedding Proposition 3.8 (iii) imply that

"L 9A T — .
> 5 Lol =yl ) a®u(y)|z — y] (4.20)
purill

lx —y|’

) |z — vy
—vp () <5jl|m —yl - L yl)ﬂ

|z — |
€ Kn1m110a(02 % Q) C Kn_ana(02 x Q).

X lﬁ;ul(x) [Vl(x) (5jh|$ —y| - (zj —yj)(@n — yh))

We now consider the fifth addendum in the right hand side of formula (4.16).

Since % is real analytic in 0B,,(0,1) x R, Lemma 4.13 (i) implies that the

kernel 85:? ( =Y |z — y[) belongs to o 11(0 x Q) that is contained in

lz—yl’
Ko.0.0(09 x 99Q) (cf. Lemma 3.4). Since the function |¢|~1¢ of the
variable £ € R™\ {0} is positively homogeneous of degree n — 2, Lemma 3.14
implies that the kernels [z —y|~ ("= (z;—y;) are of class Kp,_9.,—1.1(0Qx0N),
that is contained in Kp—2p—21a,a(02 x 02) (cf. Lemma 3.4). Then the
product Theorem 3.6 (ii) implies that the product is continuous from

Kn727n72+a7a(89 X 89) X K07a,a(aQ X aQ) to Kn72,n72+a,a(89 X 89) .

Then the a-Hélder continuity of the components of v, Proposition 3.7 (ii),
(iii) and the imbedding Proposition 3.8 (iii) imply that
0As

LY e (2)
o (2= 2de=al) oty (4.21)
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|z —y["! |z —y["!

" Ty — X —

% Zm@ [Vl(x)hyh _ Vh(x)liyl
=1

€ ICn_27n_2+a,a(6Q X 69) C ]Cn_a’ma(aﬁ X 8(2) .

We now consider the sixth addendum in the right hand side of formula (4.16).
Since Bj is analytic, Lemma 4.13 (ii) implies that the kernel 68925;3_ (r —vy)
belongs to Ko.1,1(992 x 0R) that is contained in Ky (02 x 0Q) for each
gl € {1,...,n} (cf. Lemma 3.4). Then the a-Hélder continuity of the

components of v and the product Proposition 3.7 (ii), (iii) imply that

n n

2 2
50> wla) )5t =) = (e g (= )] gt

jt=11=1

€ Ko,0,0 (092 x 09) .
By Lemma 4.13 (iii) and by Lemma 3.4, we have
Injz —y| € Kc1,1(002 x 0Q) C Ke 0,0 (00 x 0) Ve €]0,1].
Theorem 3.6 (ii) implies that the product is continuous from
Ko,0,a(0Q x Q) X Kea,a(02 x 0R) to  Keatea(0 x 00N).

Hence, inequalities n —a > €, @ < o and the imbedding Proposition 3.8 (iii)
imply that

n n 2 2
>0 Yo ule) i)y =) = la) () (4.22)
20

: 00,
J,2=11=1
XajV;(y)In |z —y| € Ke ate,a(02 X 0Q) C Kp—an,a(00 x 09Q) .

We now consider the seventh addendum in the right hand side of formula
(4.16). Since Bj is analytic, Lemma 4.13 (ii) and the product Proposition
3.7 (iif) imply that DBj(z — y)a®v(y) belongs to Ko 1.1(9Q x 9Q) that is
contained in Kg .0 (02 x Q) (cf. Lemma 3.4). Since the functions |£|72¢; of
the variable £ € R™ \ {0} are positively homogeneous of degree —1, Lemma
3.14 implies that the kernels |z — y|~2(x; — y;) are of class K;21(9Q x 99Q)
that is contained in K 14q,0 (02 x 9Q) (cf. Lemma 3.4). Hence the a-Holder
continuity of the components of v and the product Proposition 3.7 (ii) imply
that

n

Th — Xr] —
S () [Vl(x) | ;_ yy"; — () ‘xl_ ;f,; € Ki140.0(09 x 09).
=1
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Theorem 3.6 (ii) implies that the product is continuous from
Ko,0,0 (02 x 0Q) X K1140,0(02 X 0Q) to Ki1ta,q(0 x 08)
and thus the imbedding Proposition 3.8 (iii) implies that

n

DBi(x —y)a®v(y) Y w(x) [w<x> iAol ] I CEC)
=1

€ K1140.a(09 x 09) C Kn_an.a(09 x 09) .

We now consider the eighth addendum in the right hand side of formula
(4.16). Since C' is analytic, Lemma 4.13 (ii) implies that the kernel 6212780%(:6—
y) belongs to Ko 1,1 (082 x 012) that is contained in Kg o q (082 x 0R2) for each
gl € {1,...,n} (cf. Lemma 3.4). Then the a-Hélder continuity of the
components of v, the product Proposition 3.7 (ii), (iii) and the imbedding

Proposition 3.8 (iii) imply that

- - 820 820
j;l ; v(z) [”’(”’“)axha:cj (x—y) - Vh(az)axlawj (x —y)| ajsvs(y) (4.24)

G ICO,O(,CM((?Q X aQ) g lcn—a’n’a(aQ X 69) .

We now consider the nineth addendum in the right hand side of formula
(4.16). By reference [8, Rmk. 6.1] with Dondi the kernels %—i?(m —y) belong
to the class K—1,n,1(0€ x 012) that is contained in KCp,—1 5—140,q0 (02 X 0Q)
foreach ! € {1,...,n} (cf. Lemma 3.4). Hence the a-Holder continuity of the
components of v, the product Proposition 3.7 (ii), (iii) and the imbedding
Proposition 3.8 (iii) imply that

o) - m(a) [w@)gj;u — )= @) 2w~ ) (4.25)
=1

€ Kt 110a(090 X 0Q) € Kn_ama(0Q x 99) .

By the memberships of (4.17)—(4.25), we conclude that each addendum in
the right hand side of formula (4.16) belongs to the class ICp,—q 5, (092 X 0Q)
and thus the proof is complete. a

5 Continuity properties of the double layer poten-
tial

As a consequence of Lemmas 4.10 and 4.15, we can apply Theorem 3.12
and prove the following classical result on the continuity of the double layer
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potential on the boundary (see Miranda [26, 15.VI], where the author men-
tions a result of Giraud [11]. For the Laplace operator in case n = 2 see
Fichera and De Vito [9, LXXXIII]).

Theorem 5.1 Letn € N\ {0,1}. Let a be as in (1.1), (1.2), (1.3). Let Sa
be a fundamental solution of Pla, D). Let a €]0,1[, 8 €]0,1], a + 8 > 1.

Let Q be a bounded open subset of R™ of class CY*. Then the following
statements hold.

(i) If B < 1, then the operator Wq[a, Sa, | from C%P(982) to CH+A=1(9Q)
defined by (1.4) for all u € COP(9) is linear and continuous.

(i) If B = 1, then the operator Wala, Sa, -] from C%P(0Q) = C%1(99Q) to
Clw@ats-1(9Q) = C1«=(9Q) defined by (1.4) for all p € CO1(99Q) is
linear and continuous.

Proof. By formula (4.9), we have %(Sa(- — 1)) € CH(00Q) \ {y}) for all
y € 09). By Lemmas 4.10 and 4.15, we know that the kernel of the double
layer potential belongs to Kp—1—qn—qa,1(02 x 0Q) and that its tangential
gradient with respect to the variable x belongs to (Kp—_qn,a(90 x 0Q))™.
We now plan to apply Theorem 3.12 (iii). We first note that reference [8,
Thm 9.2] with Dondi implies that Wq[a, Sa, 1] € C1%(99). Moreover,

f<1<n—-1l<n—-a=ti=n-1)+(1-a)<(n—-1)+5,
to=n>Mnm-1)+p, 0<s;=n—-1)—a<n-—1.

() IfB<1,thento—f=n—0F=n—-1)+1->n—1,
B<2<ts=n<nt+a+p—-1=(n—-1)+pF+t3, wherets=a,
and

min{f,(n — 1)+ 8 —t1,(n—1) +t3+ B —t2}
=min{f,(n—1)+F—-(n—a),n—1)+a+pf—-nt=a+pF-1<a.

Then

Wala, Sa, 1] € C1*(09Q)
C 01,a+5—1(8m _ Cl,min{ﬁ,(nfl)Jrﬁftl,(n71)+t3+,37t2}(89)

and Theorem 3.12 (iii) (c) implies that Wg[a, Sa, -] is linear and continuous
from C%#(9Q) to

Cl,min{ﬁ,(n—l)—&—ﬂ—h,(n—1)+t;;+,3—t2}(aQ) _ Cl,a—‘rﬁ—l(ag) )
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(i) If B=1,thents —f=n—pF=n—1and
Cl,maX{TB,M”’lHB’tl,wts(-)}(aQ) _ Cl,max{r,r"‘,wa(-)}(ag) _ Cl,wa(.)(ag)_
Then
Wala, Sa, 1] € CH¥(09Q) C Cl’“’a(')(aQ) — Cl,max{rﬂ,ﬂ"—l”ﬁ‘il,wtg(')}(ag)

and Theorem 3.12 (iii) (cc) implies that Wqla, Sa, -] is linear and continuous
from C*#(9Q) = C%1(99) to

Cl,max{’/‘ﬁ,’l”("*l)+ﬂ7t1 Wi ()} (89) _ Cl,wa(-) (89)

and thus the proof is complete. a

Next we introduce the following two technical statements in case n = 2.

Lemma 5.2 Let Q be a bounded open Lipschitz subset of R?. Then

cg)z sup |slogs|_1/ |log |z — y||doy < +00.
(89)NB2(0,5)

z€0Q,s€]0,1/e[

Proof. By the Lemma of the uniform cylinders, there exist r, § €]0,1/¢|
such that if x € 0€, then there exist a 2 x 2 orthogonal matrix R, such that

C(z,Ry,m,0) =2+ Ri(Bg,l(O, r)x] —4,4])

is a coordinate cylinder for Q around z, i.e., there exists v, € C%(B1(0, 7))
such that

R:(2—z) N (Ba—1(0,7)x] — 6,6]) (5.3)
={(n,y) € Ba—1(0,7)x] — 6,6[: y < 72(n)} = hypograph,(vz),
|’7x(77)’ < 5/2 V’I’] € IB32—1(077') ) ’Y:c(o) = 07

and the corresponding function -, satisfies the inequality
A = sup |7zl qonmro < 00
sehn CO(BL(0r)

(cf. [20, Defn. 10.1, Lem. 10.1]). By the continuity of the logarithm, it
suffices to show that the supremum of the statement is finite with s €]0,r|
and we note that (0Q2) N Ba(x,s) C (02) N C(z, Ry, 7, d) for all s €]0,r|.
Then we have

/ llog | — | do
(02)NB2(z,s)
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< / [ 1og | (1, 1o (m)] | /1 + csssup [7L 2
{n€]—rrl:n2+y=(n)2<s?}

s/{] Nl <2 el Vi
nel—nr,ri:n|<s

< A4lslogs|V/1+ A2  Vzed,se€l|0,1/ef.

Proposition 5.4 Letn =2. Leta be as in (1.1), (1.2). Let S, be a funda-
mental solution of Pla, D]. Let © be a bounded open Lipschitz subset of R2.

Let Sa be a fundamental solution of Pla, D]. Then vq[Sa,-| is continuous
from L>®(99Q) to CO+10)(90).

Proof. By Theorem 7.2 of [8] we already know that vg[Sa, | is continuous
from L>(98) to C°(09). We now take y € L>(9€2) and we turn to estimate
the Holder constant of v[Sa, p]. By formula (4.4) above, by the inequality
|T—12| > |T|'|z| for x € R?\ {0} and by Lemma 4.2 (ii) of [8], there exists
a constant ¢ €]0, +oo[ such that
[log [€]| ! [Sa(§)| < ¢ V& € Ba(0,1/e) \ {0},
-y

va' 2" € 00, 2" # 2"y € (00) \ B, (2, 2|2 — 2"]).

Let 2/, 2" € 09, ' # 2”. By Remark 2.3, there is no loss of generality in
assuming that 0 < 3|z’ — 2”| < 1/e. Then the inclusion Bo (', 2|2’ — 2|) C
Bo(z”, 32" — 2”|) and the triangular inequality imply that

|va[Sa, ul(2") = valSa, ul(z")] (5.5)

< Il { [ Sale’ — )] doy
Bo(a! 2|’ —x|)NO
+ [ Sala” ~ ) do,
Bo(a!,3|z’ —z'|)NOQ

s [ Sale =) —sa<x"—y>\day}-
OB (2’ 2]z’ —z"|)

Then Lemma 5.2 implies that

/ Sa(a’ — ) doy (5.6)
Ba(a!,2|x’—x"|)NO
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+ [ Sala — y)ldor
Bo (2,3’ —2'|)NOQ
< { / [log |2/ — ylldar,
Ba (2!, 2|z’ —z"'|)NOQ

- g "~ d, |
Bo (z",3|z’ —a''|)NO

< 23] — 2| log(3]a’ — 2"|)|
< 6008))|x’ —2"|(|log 3| + |log |z" — 2"||)
< 6008)| log 3|2|2" — 2”|| log |2" — 2"]|.

Moreover,

/ |Sa(e —y) — Sala” — ) |do, (5.7)
OO\Ba (2|’ —=""|)

|x/ _x//|

< c/ ;
OO\Bs (' 22’ —a|) 1T — Y

doy

Then Lemma 3.5 (iv) of [8] implies that there exists ci¥ €]0, +oo[ such that

d .
/ — L < cllog fo” —a”|
OO\Ba (2 2|z —2”|) T — Y

for all 2/, 2" € 0, 0 < |2’ — 2| < 1/e. Hence, the statement holds true. O

Next we prove a regularity statement for the double layer potential of a
constant function. To do so, we need to exploit the tangential derivatives
of a function defined on the boundary of an open set of class C!. If I,r €
{1,...,n}, then M, denotes the tangential derivative operator from C*(9£2)
to C°(09) that takes f to
{i{r - Vrgifl on 08, (5.8)

M, [fl =w

where f is any continuously differentiable extension of f to an open neigh-
borhood of 9. We note that M;,[f] is independent of the specific choice of

f (cf. e.g., reference [7, §2.21] with Dalla Riva and Musolino). Then we can
state the following.

Lemma 5.9 Letn € N\ {0}. Let Q be a bounded open subset of R™ of class
CHl. Leta be asin (1.1), (1.2), (1.3). Let Sa be a fundamental solution of
Pla, D]. Then Wala, Sa, 1] € C1#10)(99).
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Proof. By reference [8, Thm. 9.1] with Dondi, we know that Wq[a, Sa, 1] €
C1(092) and that the tangential derivatives of Wqla, Sa, 1] are delivered by
the following formula.

Mij[Wala, Sa, 1]] (5.10)
=nQj {V : a(l), 1} — ;@ {V . a(l), 1}
+v-aV{Q vj, 1] — Q; v, 1]} + Ry, vj, 1] on 0,

where

0Sa

Qjlg. l(z) = /8 (0(0) = g) 52 @ = Pty doy V€ 00,

for all (g, ) € CO1(9Q) x L>(95) and
Rlvi, v, 1) = Y ar {Qelvivy, 1] = niQelvy, 1] — Qe vy, v}
r=1
+a {vvqQ[Sa, vj] — vjva[Sa, v} on 99,

UQ[Saa Vj]($) = 90 Sa(x - y)l/j(y) day Vz € R"

for all 1,7 € {1,...,n}. By the Lipschitz continuity of the components
of v, Proposition 5.4 above and Theorem 7.2 of [8] imply that vo[Sa, V]
belongs to C’O*“’l(')((f?Q). By the Lipschitz continuity of the components of
v, Theorem 8.2 (i) of [8] implies that Q,[vv;,1], Q:[v,1], Q; [v- a), 1],
Qr[vj,v), belong to CO10)(9Q) for all 4, I, r € {1,...,n}. Hence, the
tangential derivatives M;;[Wa[a, Sa, 1]] belong to C%<10)(9Q) for all j, | €
{1,...,n}, and accordingly Wqa, Sa, 1] belongs to C1*1()(9Q) (cf. e.g., [8,
Lem. 2.2]). 0

As a consequence of Lemmas 4.10, 4.15, 5.9, we can apply Theorem
3.12 and prove the following theorem on the continuity of the double layer
potential on the boundary.

Theorem 5.11 Let § €]0,1]. Let Q be a bounded open subset of R™ of class
CYl. Assume that the following condition holds

sup  sup
z€0Q rel0,+o00(

/ gradyg . B, (Sa(z —y)) doy| < +oo, (5.12)
(OD\B, (z,r)

i.e., the maximal function of the tangential gradient of the kernel of the
double layer potential with respect to its first variable is bounded.
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Let a be as in (1.1), (1.2), (1.8). Let Sa be a fundamental solution of
Pla, D]. Then the following statements hold.

(i) If B < 1, then the operator Wqla, Sa, -] from C%P(9Q) to C1P(09)
defined by (1.4) for all u € COP(9Q) is linear and continuous.

(ii) If B =1, then the operator Wqla, Sa, | from CO1(0Q) to C1«1()(9Q)
defined by (1.4) for all p € C%1(0Q) is linear and continuous.

Proof. By formula (4.9), we have %(Sa( —y))) € CH(0Q) \ {y}) for all
y € 9. If n = 2, we choose € €]0, 1] and Lemma 4.10 (ii), (iii) implies that
the kernel of the double layer potential belongs to K¢ 1 (02 x 9). Then
the imbedding Proposition 3.8 (ii) implies that K. 1,1(9€ x 012) is contained
in K€71+E’1(8Q X 8Q)

If n > 3 Lemma 4.10 (i), (iii) implies that the kernel of the double layer
potential belongs to the class Kp_2,—1,1(02 x 092).

Then if n > 2 Lemma 4.15 and condition (5.12) imply that the tangential
gradient with respect to the variable x of the kernel of the double layer
potential belongs to the class (ICti (02 x 9Q2))™. We now plan to apply

n—1,n,1

Theorem 3.12 (ii). By Lemma 5.9, we have
Wala, Sa, 1] € 110 (6Q) C C2(8Q)  Va €]0,1].
Moreover,

B<1<n—-1=t <(n—-1)+48,
=n> = 7
tb=n>2>0, s {(n_l)—1<n—1 ifn>3.

(i) If 8 < 1, then

ta—f=n—-f>n-1, ty=n<(n—1)+B+1=(n—1)+p+t3 wherets =1.

and Wola, Sa,1] € €110 (9Q) C ¢rmin{B.(n=D+ts+6~t2}(90)). Thus The-
orem 3.12 (ii) (b) implies that Wgla, Sa,:] is linear and continuous from
C%3(09) to

Cl,min{ﬁ,(nfl)thngﬁftz}(aQ) _ Cl,min{ﬁ,(nfl)JrlJrﬁfn)}(89) _ CL’B(@Q) )

(i) If =1, thenty — 8 =n—F =n—1and Wg[a, Sa,1] € C1*10)(9Q) C
clmax{r?wi(m}(90). Thus Theorem 3.12 (i) (bb) implies that Waqla, Sa, -]
is linear and continuous from C%%(9Q) = C%1(99Q) to

Cl,max{rﬁ,wl(r)}(ag) _ Cl,max{rl,w1(r)}(aQ) — Clwl(')(aQ) .
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and thus the proof is complete. a

6

For the validity of condition (5.12), we refer to [22].
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