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ARTICLE INFO ABSTRACT
Keywords: This study investigates the integration of a semi-stochastic model, based on the Langevin equations with drift-
Turbulent channel flow correction, into the Wall-Modeled Large-Eddy Simulation (WM-LES) framework for simulating particle-laden
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turbulent channel flows in one-way coupling conditions. Various velocity statistics are presented for both the
carrier and dispersed phases. The results confirm that the proposed approach accurately reproduces particle
dynamics across a range of Reynolds and Stokes numbers when compared with reference data from Direct
Numerical Simulations. The model effectively captures key aspects of particle behavior, including velocity
fluctuations, accurate near-wall particle velocities and the expected logarithmic profile of the axial velocity in
the logarithmic region. Additionally, it successfully replicates the trends in particle concentration both near
the wall and throughout the bulk region of the flow. The findings highlight the potential of the proposed semi-
stochastic WM-LES framework to enhance the accuracy and efficiency of particle-laden flow simulations. The
proposed approach provides valuable insights into turbulent particulate transport modeling and may benefit
applications in engineering and environmental sciences, such as sediment transport, pollutant dispersion, and
industrial mixing.

1. Introduction In the context of particle-laden flows, the accuracy of WM-LES
depends not only on the turbulence model for the carrier phase but also

Particle-laden, turbulent multiphase flows are fundamental to a on the representation of subgrid-scale velocity fluctuations sampled by
wide range of natural and industrial processes, including atmospheric the particles and the reconstruction of near-wall turbulence. Developing
transport of aerosols (Calderén et al., 2022), sediment transport (Zhu reliable modeling approaches within the WM-LES framework is essen-
et al., 2013; D’Alessandro et al., 2021), pollutant dispersion (Lu and tial to capturing key phenomena such as turbophoresis, preferential
Seinfeld, 2005; Li et al., 2022), and combustion in engines (Suo et al, concentration, and particle deposition. In this context, this study aims

2021; Liberatori et al., 2024). Accurately predicting the behavior of to advance the modeling of particle-laden turbulent flows in WM-
these flows is crucial for optimizing engineering applications and un-

derstanding environmental phenomena. However, the complexity of
turbulent interactions between the carrier phase and the dispersed
particles poses significant modeling challenges. Large-Eddy Simulation
(LES) provides a powerful tool to capture turbulence dynamics by
resolving large-scale structures while modeling the effects of smaller,
unresolved scales, thus reducing the computational cost of such simu-
lations. However, when applied to wall-bounded flows, standard LES
requires extremely fine grids near solid boundaries, making computa-
tions still prohibitively expensive in many cases of practical interest. T :
Wall-modeled LES (WM-LES) (Piomelli and Balaras, 2002; Bodart and particle in a Stokes flow, which has become the standard approach
Larsson, 2011; Larsson et al., 2016; Bose and Park, 2018) offers a in deterministic Direct Numerical Simulation (DNS) studies. In such
more feasible alternative by incorporating wall models to approximate cases, the entire turbulent velocity field of the carrier phase is fully
near-wall turbulence, significantly reducing computational costs. resolved, and various interpolation schemes are employed to determine

LES by addressing the challenges associated with near-wall turbulence
reconstruction and its impact on particle dynamics.

In the context of particle-laden turbulent flows, modeling the trans-
port and dispersion of the dispersed phase requires an appropriate
formulation of the forces acting on the particles. These forces depend
on the relative motion between the carrier phase velocity at the particle
location and the particle velocity itself. However, no exact formulation
exists for these forces in a turbulent flow. A widely used reference is
the expression derived by Maxey and Riley (1983) for an isolated, small
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the gas velocity at particle locations. However, in the context of LES,
the velocity field is only partially resolved, meaning that evaluating the
particle forces based solely on the resolved flow field would neglect
the effects of unresolved velocity fluctuations on particle motion. To
address this limitation, additional modeling strategies are required to
account for subgrid-scale turbulence effects on the particle dynamics
(see e.g. the review by Marchioli, 2017). Additional complexity arises
in the frame of WM-LES, where the entire velocity field in the near-wall
region should be modeled.

In the last decades, many researchers have contributed to the ad-
vancement of both Wall-Resolved Large-Eddy Simulation (WR-LES)
and WM-LES for particle-laden turbulent flows. These efforts have
focused on improving the accuracy of particle behavior predictions,
particularly in challenging regions such as the near-wall area, where
traditional methods often struggle due to high particle concentrations
and complex turbulence structures. In the field of LES of particle laden
flows, Yeh and Lei (1991) were the first to investigate particle disper-
sion in turbulent flow using LES, followed by many others (Apte et al.,
2003b,a; Dritselis and Vlachos, 2011; Marchioli et al., 2006; Wang and
Squires, 1996). In the simulation of two-phase flows at low Reynolds
numbers, WR-LES combined with the Lagrangian point-force method
has demonstrated the ability to produce results that align well with DNS
and experimental observations (Bini and Jones, 2008; Pozorski and
Apte, 2009; Kuerten, 2016; Minier, 2016; Wu et al., 2022; Hausmann
et al.,, 2023). Different models have been designed to account for
subgrid-scale turbulence. Broadly speaking, two types of models have
been developed to account for missing subgrid-scales in the particle
equation of motion. The first type involves stochastic models, either
by adding broadband stochastic noise to the Navier-Stokes equation
for the continuous phase (Kuczaj and Geurts, 2006), or by introducing
an additional velocity term in the particle equation of motion (Simonin
et al., 1993). The second type uses approximate deconvolution of the
filtered fluid velocity to estimate the unfiltered velocity, which is then
applied in the particle equation of motion (Kuerten, 2006).

For what concerns stochastic modeling, the earliest formulations
focused on the particle velocity itself, with one of the first examples
being the stochastic closure by Fukagata et al. (2004), later refined
by Amiri et al. (2006). Shotorban and Mashayek (2006) introduced a
model for the subgrid fluid velocity experienced along the trajectory
of a fluid parcel, which also shows reasonable accuracy for particles
with very low inertia. The study by Cernick et al. (2015) evaluates
the performance of various stochastic models, specifically those pro-
posed by Fukagata et al. (2004), Shotorban and Mashayek (2006),
and Berrouk et al. (2007), in the context of inertial particles in decay-
ing homogeneous isotropic turbulence, comparing the results against
direct numerical simulations both with and without gravity. Vinkovic
et al. (2006) employed a stochastic model for subgrid-scale velocity
fluctuations of particles based on a modified Langevin equation. Bini
and Jones (2008) developed a stochastic model for subgrid-scale fluid
velocity contributions, capturing the non-Gaussian behavior of particle
acceleration observed in experiments and DNS. They achieved this
using a nonlinear stochastic differential equation for the particle—fluid
relative velocity. Later, they applied this approach to a droplet-laden
spatially developing mixing layer. Pozorski and Apte (2009) studied
the impact of using the filtered velocity field in particle motion equa-
tions within homogeneous isotropic turbulence. They focused on the
changes in preferential concentration patterns of particles and proposed
a stochastic Langevin model for the subgrid contributions to fluid
velocity. This model, based on subgrid-scale turbulence kinetic energy,
successfully reconstructs the particle turbulence kinetic energy. More
recently, Wu et al. (2022) propose a machine-learned subgrid-scale
model applied to LES of heavy particles in isotropic turbulence, with a
particular focus on particles with varying Stokes numbers. The model,
based on the gene expression programming method, is tested for the
first time in multiphase problems. The results show that the proposed
model significantly improves predictions of particle statistics, including
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particle acceleration, velocity, and clustering, compared to traditional
models. Hausmann et al. (2023) developed a modeling framework
for LES of particle-laden turbulent flows that captures the interac-
tions between the particle and fluid phases on both the resolved and
subgrid-scales. Unlike most existing subgrid-scale models, the proposed
framework accounts for the influence of subgrid-scale velocities on
particle acceleration and also considers the impact of particles on the
turbulent fluid flow. Even if subgrid-scale plays a role in the modeling
of turbulent, particle-laden flows, there are different conditions under
which the latter can be neglected. When the particle relaxation time
is much larger than the typical turbulent flow time scales and the
smallest time scales resolved in the LES, the subgrid scales of the fluid
velocity have been shown to have a minimal influence on particle
motion (Uijttewaal and Oliemans, 1996; Wang and Squires, 1996; Yeh
and Lei, 1991). In such cases, the effects of unresolved turbulence on
particle dynamics are negligible, and a subgrid model for the particle
equation of motion is unnecessary. Armenio et al. (1999) showed
through both a priori and a posteriori studies that subgrid scales had
little effect on particle motion, particularly in cases where the particle
relaxation time is significantly larger than the turbulence time scales.
Moreover, Wang and Dalla Barba (2023) assessed the reliability of LES
neglecting the subgrid-scale fluctuations for different LES resolutions
of turbulent sprays laden with droplets demonstrating that, in many
cases, these can be successfully neglected, at least for what concerns
the reproducibly of mean droplet motion and evaporation.

In turbulent flows bounded by walls, the gradient in turbulence
intensity along the wall-normal direction causes inertial particles to
migrate toward the wall, leading to increased particle concentrations
in the near-wall region. Accurately capturing this effect poses a chal-
lenge for WM-LES, as the small-scale structures and sharp gradients
characteristic of the viscous sublayer and buffer region are not ex-
plicitly resolved in this modeling approach. As a result, WM-LES is
often viewed as less suitable for predicting turbophoresis compared
to more detailed methods. Compared to WR-LES, the literature on
WM-LES for particle-laden flows is relatively limited, reflecting the
additional complexities involved in modeling subgrid-scale particle
dynamics near the wall. To the best of the authors’ knowledge, the first
effort to develop an advanced model for WM-LES of particle-laden flows
was presented by Johnson et al. (2020), who specifically addressed
these challenges in the context of turbophoresis. In particular, using
a DNS-tuned interpolation kernel below the first grid point has been
shown to improve the prediction of particle concentration profiles
within the WM-LES framework. Recently, Fazeli et al. (2024) assess
the performance of WM-LES using an algebraic equilibrium wall model
for internal turbulent flows, with and without particles, in 90° bent
pipes. They compare the results with experimental data, DNS, and
other numerical approaches, including standard LES and Reynolds-
averaged Navier-Stokes (RANS) with a Reynolds stress model (RSM).
Their findings indicate that, despite the limitations of equilibrium wall
models in nonequilibrium flows, WM-LES accurately predicts particle
deposition efficiency for Stokes numbers greater than 0.5 but performs
less accurately for smaller Stokes numbers.

Finally, Wang et al. (2025) presented a new wall model for LES of
particle-laden flow over an erodible bed. The model incorporates con-
served momentum flux and Prandtl’s mixing length for turbulent vis-
cosity, alongside empirical expressions for particle mass flux, saltating
height, and a correction coefficient. The model’s performance is tested
against WR-LES with Lagrangian particle tracking, showing superior
predictions of particle statistics compared to other methods.

In this context, WM-LES for particle-laden turbulent flows requires
further development to improve the reliability and general applicability
of existing models. In the work by Fazeli et al. (2024), a deposition
model is used for the near-wall treatment of particles. Although the
study is applied to a relatively complex geometry, it does not employ
a general stochastic model to account for the velocity fluctuations
experienced by particles near the wall. The model proposed by Wang
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et al. (2025) includes empirical expressions, along with a dedicated
erosion/deposition/saltation model, tailored to the specific configura-
tion. The paper by Johnson et al. (2020) represents one of the first
and promising contributions in the field. By using a specific inter-
polation technique, modifying the interpolation scheme for particles
between the first grid point and the wall, they were able to successfully
reproduce turbophoresis, at least for relatively high Stokes numbers.
However, as stated by the authors themselves, the accurate prediction
of particle behavior at low and moderate Stokes numbers remains
critically dependent on information that is typically unavailable in
standard wall-modeled LES. Our model seeks to improve this situa-
tion by introducing a stochastic component aimed at enhancing the
representation of turbophoresis also at low Stokes numbers.

In our model, the carrier phase is described by the three-dimensional,
incompressible Navier-Stokes equations, solved using implicit filtering
along with a Wall Adapting Local Eddy (WALE) viscosity subgrid-
scale model (Nicoud and Ducros, 1999) and an equilibrium wall model
to reconstruct near-wall stresses. Particle dynamics are modeled with
the classical point-particle approach, while a semi-stochastic model is
employed to reconstruct the carrier-phase velocity fluctuations sampled
by the discrete phase in the near-wall region, where LES resolution is
limited. This model is based on Langevin equations with drift correction
for the streamwise and spanwise velocity components, while the wall-
normal velocity is reconstructed separately similarly to what has been
proposed in Johnson et al. (2020).

The paper is structured as follows: Section 2 provides a detailed
description of the numerical methodology employed. Section 3 presents
an in-depth analysis of the Lagrangian statistics of particles obtained
from semi-stochastic WM-LES simulations of a turbulent channel flow
laden with solid particles at different Stokes and friction Reynolds
numbers. Finally, conclusions are drawn, while Appendix provides a
sensitivity analyses of specific model parameters.

2. Numerical approach
2.1. Governing equations of the carrier phase
The mechanics of the carrier phase is described by the three-

dimensional, incompressible formulation of the Navier-Stokes equa-
tions,

V-a=0, @
_ Vs

% ava=-—2Pv. (Vi (Vi + ")) )
ot Py

where @ is the filtered fluid velocity field, p the hydrodynamic pressure
and p, the density of the fluid; implicit filtering is employed. The total
viscosity v,,, is given by the sum of the molecular, kinematic viscosity,
vy, and turbulent viscosity, v, v;,, = v, +v,. The equations are solved
within a rectangular box, discretized using a fixed, uniform, and equi-
spaced Cartesian grid. Pressure field is stored at the cell centers, while
velocities are stored at the center of cell faces to prevent odd-even
decoupling between pressure and velocity (Costa, 2018). Boundary
conditions are imposed on the sides of the Eulerian domain using ghost
nodes. A Wall-Adapting Local Eddy (WALE) viscosity model (Nicoud
and Ducros, 1999) is used for the sub-grid scale fluid fluctuations.
WALE model efficiently imposes a vanishing eddy viscosity close to the
wall without the need of dumping functions. In Einstein index notation
v, is given by Nicoud and Ducros (1999):

3/2
(G,;G, )Y

v, = (C,4)? ,
t w (Si,jSi,j)S/z+(Gi,jGi,j)5/4

3

where the model constant is assumed to be C,, = 0.565 (Nicoud and
Ducros, 1999) whereas,

1
Gij=SikSkj+ 8482 ;— 70

3 i,j (Sm,nsm,n —82,,8 ) 4

m,n=“m,n
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The local, equivalent grid size, 4, is assumed to be 4 = (AxAyAz)!/3.

A wall-model (WM) is used near to the wall by modifying the total
viscosity, v,,;. The WM is based on an algebraic equilibrium model that
is able to impose no-penetration and no-slip conditions together with
the proper wall stress (De Vanna et al., 2021). The WM provides an
estimate of the local wall stress, 7,,, based on the local filtered LES
velocity, u;, at an interface located at around two or three Eulerian
points away from the wall in order to minimize the log-layer mismatch
effect and improve the accuracy of the WM-LES, see e.g., De Vanna
et al. (2021). The Reichardt’s wall law is used for velocity extrapolation
and stress reconstruction (Reichardt, 1951):

U, 1 noyh g

— =—log(1+xyt)+C | 1—e"TT —Ze 3 |, 7

u, los (1+557) ”( ¢ T 2

=2 ®
vy

The non-linear, algebraic Egs. (7)-(8) are solved via a Newton-Raphson
algorithm in order to find u,, given the filtered velocity U, at the
distance y; from the wall, with x the Von Karman constant and C, =
7.8. Then, the correct wall stress is computed as:

T, = pyus- ©

The numerical velocity gradient at the wall, g—i’ , is computed and the
. . . . . w
kinematic viscosity at the wall is corrected as:

T

_w 10

v, =
tot,w ﬂ
Py 9y lw

It should be noted that the velocity gradient at the wall, g—i T is
computed using wall tangential velocity component evaluated at the
first grid point away from the wall and ghost nodes. Finally, the ghost
nodes of viscosity field are modified in order to impose the correct
wall-viscosity, v,,, ,, and correct the stress distribution on the wall.

The numerical algorithms employed in this work have been build
upon the opens-source code CaNS by Costa (2018). Egs. (1)-(2) are
numerically integrated in time by means of a low-storage, third-order
Runge-Kutta algorithm using a pressure-correction scheme. Second-
order finite difference stencils are used to discretize differential op-
erator in space, thus guaranteeing an overall second-order temporal
and spatial accuracy (Costa, 2018). Finally, it is worth noting that, the
pressure Poisson equation is solved with the method of eigenfunction
expansions. This approach allows for very efficient FFT-based solvers
in problems with different combinations of homogeneous pressure
boundary conditions (Costa, 2018). In the following the symbol Az will
refer to the finite time-step from time ¢ to t"*! whereas the notation
Ar, will be used to refer to the rth Runge-Kutta sub-time-steps. The
coefficients of the Runge-Kutta algorithm are: agyx = {8/15,5/12,3/4},
Brk =10,-17/60,-5/12} and ygx = arg + frk-

2.2. Governing equations of the dispersed phase

The point-particle equations are employed to describe the dispersed
phase dynamics in a one-way coupling regime:

dv u,—v

—2 = f(Re,) —2L, 1n
dt 7,

dxp

ar o 12
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Fig. 1. Schematics of domain decomposition near the walls as a function of
the distance from the wall.

where v, is the particle velocity, x), is the particle position, u,, the fluid
velocity field evaluated at the particle position, x,, and 7, is the particle
relaxation time:

2
pp 9,

7, = ; T8y, R (13)
with p, the particle density and d,, the particle diameter. To account for
particle finite inertia it is adopted the factor f(Re,) = 1 + 0.15Re%-687
based on the Schiller-Naumann relation (Naumann and Schiller, 1935),
with Re, = v, —u,|d,/v, the particle Reynolds number.

The main problem in Eq. (11) is that the fluid velocity at particle
position u,, is not fully known.

To calculate the fluid velocity sampled by the particle, we split the
domain into three different regions as sketched in Fig. 1. In viscous
units, an inner layer where y* < y;f ,» an interface layer where y;f L
yt < y] u and an outer layer where y+ > yI - The interface separating
the outer and inner layer is considered to be located in the middle
of the interface layer at yf. In turn, the interface layer is defined by
the boundaries located at y}" . = Y5 —4%/2 and y}f’ y = Vi +A47/2,
with A;’ the interface thickness expressed in internal units. The different
distances from the wall that define the different layers will be discussed
in Section 3, whereas, in Appendix, it will be shown that the final model
is quite insensitive from the chosen values.

Away from the wall, i.e., y* > y;“ - the filtered fluid velocity
sampled by the particles, &, can be extracted at particle position from
the Eulerian flow dynamlcs On the other hand, in the inner layer,
ie, yt < y';, ,» where the equilibrium wall model is employed, only
an estimate of the mean fluid velocity sampled by particles is known,
@,. Hence, we can write the fluid velocity, at particle position, as a
function of the particle distance from the wall, y;“:

- ' o<yt

up+up’ ypsyI,L

\/;ﬁp +(1 - \/E)ﬁp +V1- au;, y;r’L <yr< y;H (14
- + > ot

u,+u,e, Y, Zyl’H.

According to Wang and Dalla Barba (2023), in the present work we
assume negligible the sub-grid contribution u,e in the outer region;
we compute the filtered fluid velocity at particle position from the
Eulerian flow dynamics by using trilinear interpolation. The effect of
sub-grid motions on particle transport in regions almost homogeneous
has a little impact on single-point statistics, as shown in Angelilli
et al. (2022), Wang and Dalla Barba (2023). In addition, this decision
allowed us to isolate and evaluate the effect of the proposed near-
wall model without introducing possible interactions or superpositions
with additional stochastic modeling. On the contrary, we use a semi-
stochastic model for the velocity fluctuation u/ in the inner layer.
Finally, in the interface layer, the fluid velocity sampled at the particle
position is computed as a combination of the velocity in the inner and
outer layer by means of the parameter «, which goes smoothly form
zero to unity going from the inner to outer layer. It is worth noting
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that, this specific relation employed to combined the velocity fluctua-
tions ensure a continuity in the standard deviation of the fluctuation
fields moving away from the wall. To ensure a smooth transition the
parameter « is computed as in the following:

+ =t
L, Yy =Vim
= 2 _ 943 + + +
@=93 =20, yi, <yr<yjy (15)
+ o ot
0, Y, =Vip

where the parameter ¢ varies linearly from zero to one within the
interface layer.
In the inner layer, we assume that the fluid velocity fluctuations,
w, can be estimated by using the following stochastic model by Dehbi
(2010) along the flow and span-wise directions, respectively:

4 “a'\ d 2 D, d

al 2L )= 2L )Ly Zae s, x4 (16)
o, o, | g T P o, 1+ Stk
u/ ul

d<L3>:_(L’3)ﬂ+ [ldé’ a7
o, o, | 1, T

where 1 is the component of u (fluid velocity fluctuations sampled
by particles) along the strearnw1se direction and u’ , that along the
span-wise direction. The symbols o, and o, refer the root mean-square
of velocity fluctuation components along the flow and span-wise direc-
tions, respectively. The variables d¢, and d¢, are modeled as a series of
uncorrelated Gaussian random numbers with zero mean and variance
equal to the time increment, dt. The parameter s, is defined to be equal
to one and positive for the lower wall and negative for the upper wall
of the channel. The Stokes number, Stk, is defined as:

)
Stk = T—, (18)
L

with the Lagrangian fluid time scale r; computed as a function of the
Lagrangian integral scale, T; (Kallio and Reeks, 1989; Wang and Stock,
1993; Dehbi, 2010):

T £\ —04(1+0.01) 2

TL=7L 1—(1—ﬁ)<1+T—‘;> “1. (19)
T :T+v_f (20)

L L u2 ’

T

pe_ J10 3 <5 o

L + +2 +

7.122 + 0.5731yp — 0.00129yp , 5< ¥, < 200

where Ty, is the fluid Eulerian integral time scale and f = T, /Ty. In
this work the value of § is taken to be # = 0.356, as given by Wang and
Stock (1993), and is used to compute T}, from T; . Finally, the particle
drift is corrected according to the drift correction term, represented by
the last terms on the right-hand-side of Eq. (16), D,

I7ANTAN
D, = b p (22)
dy
where ”pz is the component of u along the wall-normal direction.

We tried to use a correspondlng stochastic model along the wall-
normal direction to describe velocity fluctuations. However, it leads to
the arising of a spurious preferential concentration of particles in cor-
respondence of the interface layer (not shown). This spurious behavior
was observed independently from the thickness of the interface layer.
We attribute the issue to the interaction of inertial memory of particle
velocity and the different regions of the model that increase the resident
time near the interface. Indeed, if a particle exits the interface layer
towards the outer one experiencing a positive fluctuation, it can be
immediately forced back into the interface layer by “random” negative
fluctuations induced by the carrier in the outer layer. On the contrary if
a particle resident in the inner layer experiences negative fluctuations,
these will force the particle to maintain its position for longer times.
To avoid these issues, inspired by the model proposed in Johnson
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10°

10764 ( ‘
1072 1071 10° 10! 102 10°

Fig. 2. Representation of the modulating function provided by Eq. (24) as a
function of the distance from the wall in internal units, y*, assuming y,* = 100.

et al. (2020), we consider along the wall-normal direction velocity
fluctuations sampled by the particles as modulated by the fluctuations
of the carrier phase, u,, ;, located above the particle at the interface
location, y7:

At

—I— +N, 23
st L+ Stk 23)

dfy")
dyt

Wy = fO g + 5,k (V))

where we considered the following modulating function:

(24)

with the constants C; = 2.536, C, = 0.578 and C; = 0.403. This
modulating function allows us to preserve a quadratic scaling of the
root-mean-square of velocity fluctuations near the wall as sketched in
Fig. 2 and assumes unity value at the interface location, yf. Eq. (23)
mimics the form of Eq. (16) and includes a drift correction term with
a proportionality constant k, which has been empirically set to be
k = 100. In addition, a random Gaussian noise, N, of zero mean
and variance proportional to u,/25 is added to the right-hand-side
of Eq. (23). It is worth noting that, the intensity of k, which was
set empirically, does not affect significantly the model but ensure a
more correct turbophoretic behavior of particles near the walls. In
addition, since the model without the noise N is deterministic in this
direction, this stochastic noise mimics the randomness of small scale
fluid motions.

Egs. (11)-(12) are evolved in time using the same Runge-Kutta
scheme adopted for the carrier phase. On the other hand, an implicit
Euler algorithm is used to advance in time Eqgs. (16)—(17) across each of
the sub-steps of the main Runge—Kutta algorithm for the time increment
At,. The Lagrangian time scale, z; is evaluated according to Eq. (19),
whereas the variables d¢, and d¢, are modeled as a series of uncorre-
lated Gaussian random numbers with zero mean and variance equal to
the finite time increment 4z,. It is also worth remarking that the finite
time increment in the right-hand-side of Eqgs. (16)-(17)-(23) is set to
be equal to the sub-time-step Ar,. In addition, when a particle transits
from the outer layer to the interface one the velocity fluctuations are
initialized as the local velocity fluctuations sampled from the Eulerian
carrier phase.

Finally, lookup tables are used together with linear interpolation
for what concerns the estimation of the drift coefficient given by
Eq. (22), the root-mean-square of particle fluctuations appearing in
Egs. (16)-(17), o, and o,, and the axial component of the mean
velocity, #,. In the present work, data for lookup tables have been
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Table 1

Summary of simulation parameters, including Reynolds numbers, Re, =
U,25/vs, Re, = u.8/v,, and particle properties. The particle diameter, d,, is
scaled by the channel height, 25, whereas the particle diameter d = d,/I,,
with /. the viscous length. The Stokes number is defined as Stk* = 7,/t,, with
t, the viscous time scale. The quantities @ and ¥ are the volume and mass
fractions of the dispersed phase, respectively. The volume fraction is defined
as @ = V,/V,, with V, the total volume occupied by the particles and V, the
volume occupied by the fluid. The mass fraction is ¥ = p,/p,®.

Case Re, Re, d,/(26) d¥ Stkt @ [
Sim1 18100 500 8.164-1075  0.0816 1 32-107°  8.6-10°°
2582-10%  0.2582 10 1.0-1077  2.7-10™*
8.165-10* 0.8165 100  32-10°  86-107°
Sim 2 40000 1000  4.083-1075  0.0816 1 40-1070  1.1-10°®
1291-10%  0.2582 10 13-10%  35.107°
4.083-10* 0.8165 100  4.0-1077 1.1-1073
Sim 3 87100 2000 2.041-1075 0.0816 1 5.0-1071" 141077
6.455-1075  0.2582 10 1.6-107°  43-10°°
2.041-107*  0.8165 100 5.0-107% 1.4-10™*

Table 2
Grid spacing along the streamwise, Ax, wall-normal, 4y, and spanwise, 4z,
directions, respectively.

Simulation  Re, Re, Axt Ayt Azt Ax Ay Az

Sim 1 18100 500 63 21 31 0.0625  0.0208 0.0313
Sim 2 40000 1000 126 42 62 0.0625  0.0208  0.0313
Sim 3 87100 2000 252 84 124  0.0625 0.0208  0.0313

obtained at different friction Reynolds numbers from the Direct Numer-
ical Simulation (DNS) of turbulent channel flow by Hoyas and Jiménez
(2008) and are provided in Fig. 3.

3. Results and discussion

In this section, we present numerical results from three different
semi-stochastic, Wall-Modeled Large Eddy Simulations (WM-LESs) of
a turbulent channel flow laden with solid particles at varying friction
Reynolds numbers, Re, = 500, Re, = 1000 and Re, = 2000. In each
case, the computational domain is a rectangular box of dimensions
L, X L,X L, =65x25x35 along the streamwise, wall-normal, and
spanwise directions, respectively, where § is the channel half-height.
The domain is discretized using a uniform Cartesian grid with N, x
N, X N, = 48 x 48 x 48 nodes. The grid resolution is deliberately kept
low to challenge the proposed model at its limits. Periodic boundary
conditions are applied in the streamwise and spanwise directions, while
no-slip and no-penetration boundary conditions are enforced on the
upper and lower boundaries of the domain. A bulk Reynolds number,
Re, = U)y25 /v, where U, is the streamwise bulk velocity, is maintained
by applying a pressure gradient to ensure a constant volumetric flow
rate. A sketch of the computational domain is presented in Fig. 4. As
previously stated, three different simulations are considered at varying
friction Reynolds numbers, as reported in Table 1. In each of the
three simulations, the flow is laden with N, = 150000 point particles,
a number chosen to minimize computational cost while ensuring a
sufficiently large sample for statistical analysis. More specifically, for
each simulations, three subsets of 50000 particles with different Stokes
number, Stk* =7,/t,, are examined. The latter is based on the viscous
time scale, 1, = [ /u,, where I, = v /u, is the viscous length, u, =
\/Tw/p; the friction velocity, and 7, the mean wall stress. The density
ratio is fixed to p,/p, = 2700. Table 1 provides also the particle
properties for each of the considered cases, whereas Table 2 provides
the grid resolutions.

Regarding the WM of the carrier phase, the velocity is extrapolated
to reconstruct the wall stresses starting from two Eulerian points away
from the wall, aiming to minimize the log-layer mismatch. The inter-
face points where the velocity is interpolated according to Eq. (7) are
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Fig. 4. Sketch of the computational domain.

Table 3
Interface values for different fric-
tion Reynolds numbers.

Re, Yie Yin
500 40 50

1000 80 100
2000 160 200

y;’,L ~ 40 for Re, = 500, y;"L ~ 80 for Re, = 1000, and y;’,L ~ 160
for Re, = 2000. Conversely, for the dispersed phase, the interface is set
according to Table 3, unless otherwise specified. It is worth noting that,
the semi-stochastic WM for particles is applied within the entire region
where the WM for the carrier phase is active (i.e. y* < y;r) and beyond,
in order to avoid sampling of spurious velocity at particle positions.
For two of the three cases considered in this work, we also per-
formed DNS as a reference. Specifically, we carried out DNSs of a

turbulent channel flow laden with point particles at Re, = 500 and
Re, = 1000, using the same Stokes numbers as in the LES cases. In the
reference DNSs, the computational domain extends over L, X L, X L, =
106 x 26 x 356 along the flow, wall-normal, and spanwise directions,
respectively, and is discretized using N, X N, x N, = 1216 x 512 x 640
nodes. The grid is stretched in the wall-normal direction to ensure
sufficient resolution of the viscous sublayer, with a minimum grid
spacing of 4y’ =~ 0.1 at the wall.

We begin by analyzing the velocity field statistics of the carrier
phase, evaluating the consistency of mean profiles and fluctuations
against reference data. This comparison validates the accuracy of the
adopted modeling approach and characterizes the main turbulent prop-
erties of the flow. The analysis then shifts to the statistics of the
dispersed phase.

3.1. Statistics of the carrier phase — Validation of the WM-LES implemen-
tation

Figs. 5, 6, and 7 show a comparison between the mean axial velocity
profiles and velocity fluctuations from the semi-stochastic WM-LES and
reference DNS data at Re, = 500, Re, = 1000, and Re, = 2000,
respectively. The mean axial velocity from the WM-LES closely follows
the expected logarithmic profile, showing good agreement with the
DNS data. A minor deviation from the logarithmic law is observed
in term of slope. Similarly, the root mean square of the velocity
fluctuations in all three directions is consistent with the DNS results.
However, some underestimation of the fluctuations, especially in the
wall-normal and spanwise directions, is observed. These discrepancies
can be attributed to the coarser grid resolution in the semi-stochastic
WM-LES. Despite this, the overall agreement confirms the accuracy
of the proposed approach in capturing the main turbulent features
of the flow. Although the lower grid resolution could be seen as a
limitation, it was intentionally chosen to test the model’s performance
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The statistics are also compared with the reference data from DNS.
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The statistics are also compared with the reference data from DNS.
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The statistics are also compared with the data from the DNS by Hoyas and Jiménez (2008).

under such conditions. The agreement in mean velocity profiles and
velocity fluctuation statistics, despite the discrepancies due to the low
grid resolution, supports the ability of the proposed modeling approach
to capture the key turbulent characteristics of the flow while keeping
the computational costs low.

3.2. Statistics of the dispersed phase

In this section, we present the analysis of the statistics of the
dispersed phase. To compute the velocity statistics and concentration,
the domain has been discretized along the wall-normal direction by
dividing it into a specified number of bins, N, = 100, distributed
according to a hyperbolic tangent function. The size of the jth bin,
A y;,j’ starting from the wall, is given by the following relation:

R . .
Ayf = e (tanh (2= ) = tanh i1 , (25)
b tanh(y) N, N,

with the factor y = 1.5and 1 < j < N, j € N. After splitting the
domain into bins, for each time step, each particle is assigned to a bin
based on its position, and the Lagrangian properties of the particles are
associated with the corresponding bin. Finally, the Lagrangian proper-
ties within each bin are averaged based on the number of particles in
that bin. The simulation is run with a time step 4t/t, = 5- 1073 for a
total time of /1, = 750. Statistical data were collected from /¢, = 375
to the end of the simulation at intervals of At /t, = 0.5, where the
timescale 7, is defined as t, = h/U,, with h the channel height and U,
the bulk velocity.

We begin the analysis of the dispersed phase statistics by examining
the mean axial velocity profiles, shown in Fig. 8, as a function of
the distance from the wall for Re, = 500, Re, = 1000, and Re, =
2000. As expected, the velocity profiles exhibit a logarithmic trend
in the logarithmic region, confirming consistency with the theoretical
behavior of turbulent channel flows. For the first two cases, the semi-
stochastic model predictions align closely with the DNS results across

all Stokes numbers and over the entire range of distances from the wall.
This agreement demonstrates the model’s ability to accurately capture
the dynamics of the dispersed phase along the streamwise direction. It
is worth noting that, in all cases, the velocity profiles show a minor
deviation from the Eulerian phase trend in correspondence with the
interface layer, before recovering in the near-wall region to match
the DNS trend imposed by the semi-stochastic model. In particular,
a small velocity overshoot is barely noticeable within the interface
region. The presence of such a feature can be attributed to interpolation
effects or numerical artifacts arising from the interface treatment, but
its negligible magnitude suggests that it does not compromise the
reliability of the model’s predictions.

Next, we present in Fig. 9 the root mean square of axial velocity
fluctuations of particles as a function of the distance from the wall
for Re, = 500, Re, = 1000, and Re, = 2000. In each case, the
statistical trends of the dispersed phase closely follow those of the
carrier phase in the outer layer, where the Eulerian statistics are used
to drive the motion of the particles. Conversely, in the inner region,
particle velocity fluctuations progressively deviate from the Eulerian
trend and recover a behavior more similar to the DNS results, owing
to the action of the semi-stochastic model. The only notable exception
occurs in the near-wall behavior of the case with Stk* = 100. In this
scenario, the DNS results exhibit a more pronounced deviation from
the corresponding semi-stochastic WM-LES predictions. Although we
cannot provide direct evidence, we hypothesize that this discrepancy
is due to inertial effects captured by the DNS but not fully reproduced
by our model. More specifically, in DNS, highly inertial particles mi-
grating from the outer layer towards the wall retain higher-intensity
fluctuations, which, upon reaching the near-wall region, contribute to
an increase in velocity fluctuation statistics. Our model, however, does
not entirely capture this mechanism, leading to a slight underprediction
of fluctuations for this particular Stokes number. Despite this localized
discrepancy, the model accurately predicts the overall trend of axial
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velocity fluctuations across all considered cases, capturing the key
features of the dispersed phase dynamics.

Analogous considerations can be made for the wall-normal and
spanwise root mean square velocity fluctuations, reported in Figs. 10
and 11, respectively. In these cases, the consistency between the con-
sidered cases and the reference DNS data is even more evident. It is also
worth noting that, as previously discussed, the low resolution employed
in the semi-stochastic WM-LES is responsible for the underestimation of
velocity fluctuations in the outer region, where the Eulerian statistics
are used to force the point-particle dynamics. We believe that the
underestimations of the wall-normal and span-wise particle velocity
fluctuations, particularly at Stk™ = 1, are due to the very coarse mesh
resolution. Indeed, the Eulerian WMLES fluid model at this resolution
is not able to fully reproduce the fluctuation levels observed in DNS,
see, for example, the gray curve corresponding to the carrier phase. At
Stk™ = 1, particles behave almost like tracers and closely follow the
lower-order velocity statistics of the carrier phase. On the other hand,
this underestimation is much less evident at higher Stokes numbers
due to inertial effects, which progressively decouple the particle motion
from the instantaneous carrier flow and make the particles less sensitive
to the under-resolved turbulent fluctuations. This underestimation of
fluctuations, in turn, leads to a corresponding underestimation of the
velocity fluctuations of the Lagrangian phase in this region. On the
other hand, near the wall, the semi-stochastic model allows for an ac-
curate representation of the Lagrangian dynamics of the particles. This
confirms that, considering the limitations due to grid resolution, the
model effectively captures the key statistical features of the dispersed
phase both along the span-wise and wall-normal directions.

Finally, we present the results of particle distribution in terms of
concentration over the binning of the domain described by Eq. (25).
The concentration profiles are normalized by the mean bulk concen-
tration., C,, which corresponds to a random, uniform distribution of
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particles in space along all three directions. It is worth noting that,
under this assumption, the normalized concentration would be unity
for tracers, i.e., particles with low Stokes numbers(see Fig. 12).

For all the Stokes and Reynolds numbers considered, turbophoresis
leads to an accumulation of particles near the wall, as expected. The
model fully captures the inertial effects on turbophoresis, with lighter
particles exhibiting lower accumulation and heavier ones showing a
stronger concentration near the wall. We observe that, for low Stokes
numbers, i.e., Stkt < 10, the particle concentration profiles obtained
from the semi-stochastic WM-LESs closely follow the reference DNS
data both in the near-wall region and in the bulk flow. On the other
hand, for higher Stokes numbers, some discrepancies appear in the bulk
region, while the near-wall behavior remains well-predicted. Even if we
cannot provide any evidence, we infer that, the reduction in accuracy
of the semi-stochastic WM-LES model for higher Stokes numbers in
the bulk region could be attributed to the way particle dynamics
are coupled with the Eulerian flow field. For low Stokes numbers,
particles behave almost like tracers, meaning their motion is strongly
influenced only by the local, instantaneous fluid velocity. Since the
semi-stochastic WM-LES approach captures the large-scale structures
and mean flow properties of the carrier phase in the bulk region,
the resulting particle concentration profiles remain consistent with the
DNS data across the entire channel in this case. However, for higher
Stokes numbers, inertial effects become more significant. In these cases,
particles respond more slowly to fluid velocity fluctuations and tend
to maintain their momentum over longer distances. This means that
their distribution is influenced not only by local turbulence but also
by their prior history of motion, including their interactions with
coherent turbulent structures. In the bulk region, when the resolution
is lower and subgrid-scale fluctuations are not explicitly resolved, the
model might not fully capture the transport mechanisms responsible for
the redistribution of inertial particles. As a result, discrepancies arise



X. Kong et al.

between the WM-LES and DNS data in this region. Despite this, the
near-wall behavior remains well-predicted because the semi-stochastic
model correctly accounts for the enhanced turbophoretic drift that
dominates particle accumulation in this area. Near the wall, turbulent
fluctuations are weaker, and the dominant effect is the progressive
drift of particles towards the boundary, which is well handled by the
model.

4. Final remarks and conclusions

This study investigates the integration of a semi-stochastic model,
based on the Langevin equation with drift-correction, into the Wall-
Modeled Large-Eddy Simulation (WM-LES) framework for simulating
particle-laden turbulent channel flows. For the carrier phase, the three-
dimensional, incompressible Navier-Stokes equations are solved using
implicit filtering. A WALE model is used to account for the effects of
the sub-grid scales of the turbulent motion on the resolved ones. An
equilibrium wall model, based on algebraic equations, is employed to
correct the stress field near the walls. The motion of the dispersed
phase is described using the classical point-particle approach, while a
semi-stochastic model, based on Langevin equations, reconstructs the
velocity fluctuations sampled by the particles in the near-wall region,
where the Eulerian velocity field is affected by the low resolution of
the LES and wall modeling. The results demonstrate that the proposed
semi-stochastic WM-LES approach successfully and accurately repro-
duces particle velocity statistics across a range of Reynolds and Stokes
numbers. In particular, the model provides a reliable approximation of
particle dynamics in turbulent flow, capturing average velocity fluctua-
tions, recovering the expected logarithmic profiles for the axial velocity
component in the logarithmic region, and accurately predicting near-
wall particle velocities. Additionally, the model efficiently reproduces
the trends in particle concentration both near the wall and in the
bulk region of the flow. While the model captures the key features of
the particle motion and concentration, some minor discrepancies are
observed in particle concentration predictions for higher Stokes num-
bers. In particular, the model tends to slightly underestimate particle
concentration in the bulk region, a limitation that may stem from the
inability to fully account for inertial effects at high Stokes numbers
and the low resolution employed for the simulations. Moreover, the
streaks are much less evident in the velocity field of the WM-LES cases,
compared to DNS. We attribute this to the limited grid resolution which
cannot describe near-wall flow velocity streaks. As a result, the particle
distribution in the LES does not exhibit a clear correlation with streaks,
highlighting a limitation of the present modeling approach. Finally, it
is worth remarking that the applicability of the method in two-way
coupling scenarios, or more complex geometries, has not been tested
here. Nonetheless, we believe that, with additional development, the
method could be easily extended to more complex geometries. In such
cases, a partitioned approach may be particularly effective: particles in
the bulk could be evolved using the resolved LES fluctuations, while
particles in the near-wall region could be treated using the stochastic
model proposed here. This strategy would allow the model to account
for the geometrical complexity of the flow, while limiting the use of
additional stochastic modeling only to the near-wall region, where it
is most needed. Despite these limitations, the present study highlights
the potential of this modeling approach for improving computational
efficiency while maintaining accuracy in predicting particle motion
and concentration. In conclusion, the findings of this study contribute
valuable insights into the modeling of particulate flows in turbulent sys-
tems. Future work should focus on refining the semi-stochastic model to
better capture inertial effects at high stokes numbers, and exploring its
potential in a wider range of flow configurations. This approach could
prove beneficial in industrial and environmental applications, such as
sediment transport, mixing, and pollutant dispersion.
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Appendix. Sensitivity of the semi-stochastic WM-LES model from
the interface parameters

In this appendix, a sensitivity analysis of the model proposed in this
paper is presented, focusing on the position of the model interface.
To this end, three different cases are considered, with the interface
located at y; = 70, y; = 90, and y; = 110, respectively. The interface
thickness is fixed in all cases and set to AI*™ = 20. The analysis
is reported for the case with Re, = 1000 and two Stokes numbers,
Stkt =1 and Stkt = 100, as the results for other configurations show
similar trends. The outcomes of the sensitivity analysis are illustrated
in Fig. A.13. Overall, no significant differences are observed across the
considered interface positions. Only minor discrepancies appear near
the wall for the concentrations of lower Stokes number case, which are
not considered to have a meaningful impact on the overall accuracy of
the model.

Data availability

Data will be made available on request.
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Stk* = 100 (solid lines). Red, green, and blue lines correspond to three different interface positions set at yj = 70, y} = 90, and y} = 110, respectively. The
interface thickness is fixed in all cases and set to AI* = 20. (For interpretation of the references to color in this figure legend, the reader is referred to the web

version of this article.)
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