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Abstract

In this paper we study Strichartz estimates for the half wave, the half Klein—Gordon
and the Dirac Equations on compact manifolds without boundary, proving in particular
for each of these flows local in time estimates both for the wave and Schrodinger
admissible couples (in this latter case with an additional loss of regularity). The strategy
for the proof is based on a refined version of the WKB approximation.

Mathematics Subject Classification 35Q41 - 35L.05

1 Introduction
1.1 Main results

The study of dispersive equations in a non-flat setting is a topic that has attracted
significant interest in the last years, and many powerful tools and techniques have been
developed. In the case of compact manifolds without boundary, we should mention
the seminal works [9] for the wave and [3] for the Schrodinger equation respectively.
In the former, the author shows that due to the finite speed of propagation, Strichartz
estimates are the same as the estimates on flat Euclidean manifolds, while in the
latter the authors prove Strichartz estimates with some additional loss of derivatives
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for the Schrodinger equation. In both cases, the estimates are only local in time, as
indeed the compactness of the manifold prevents from having global dispersion. More
recently, in [7] the author extended these results to deal with the fractional Schrédinger
propagator e'’ 2 for o € [0, +00)\{1}. All of these results are essentially based
on the so-called WKB approximation, that will be the key tool in our strategy as well.

The aim of the present paper is two-folded: as a first result, we investigate the disper-
sive properties of the “half” wave/Klein—-Gordon equation on a compact Riemannian

manifold without boundary (M, g) of dimension d > 2, that is for system

iou(t, x) + PYut,x) =0 u(t,x): R, x M — C,
(M
(0, x) = uo(x)
where P,, = —Ag +m?, m > 0 and A, denotes the Laplace-Beltrami operator on

. . i pl/2 . .
(M, g). Notice that the solution u = Py to system (1) is classically connected
to the standard wave/Klein—Gordon equations: the function

. 1/2
sin(t P, o pl/2
%MI(X) =R(e" ™ Hug(x) + 1/2
PH’L Pﬂ’l

eirP,l,/z

u(t,x) = cos(tP,,l/z)uo(x) + up(x)

indeed solves the system

d2u(t, x) + Puu(t, x) =0,
u(0, x) = up(x), 2
oru(0,x) =ui(x).

In particular, we shall prove that solutions to (1) satisfy local in time Strichartz esti-
mates both for wave and Schrodinger admissible pairs: these estimates, whose proof
as we shall see requires a refined version of the WKB approximation, improve on the
existing results provided by [9]. As a second result, we will prove Strichartz estimates
for the Dirac equation on compact manifolds, that is for system

idu —Dypu=0, u:R xM—>CV, 3
u(0, x) = uo(x) @
where again (M, g) is a compact Riemannian manifold without boundary of dimen-
sion d > 2 equipped with a spin structure, D,, represents the Dirac operator and the
dimension of the target space N = N(d) = 215 depends on the parity of d (see
Sect. 3.1). The estimates, in this case, can be somehow deduced, as we shall see, from
the ones for (1), after “squaring” system (3). We should mention that the construction
of the Dirac operator on curved spaces is a delicate but fairly classical task (see, e.g.,
[4-12]); we include a short overview of this topic in Sect. 3.
Before stating our main Theorems, let us recall the definitions of admissible pairs:
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Strichartz estimates for the half wave/Klein-Gordon...

Definition 1 (Wave admissible pair) We say a pair (p, q) is wave admissible if
2 d-—
pe[zyoo]s qe[zaoo)s (pand)#(zsoos3)a ;+T<_'

Definition 2 (Schridinger admissible pair) We say a pair (p, q) is Schrodinger admis-
sible if

|

2
)4 € [2a OO], q € [29 OO), (ps q’d) 75 (27 0072)7 ; +

<X
N

We also denote
1 1 1 1 1 1
KG w
Vpa ( ) 2 ¢ 14 Vpa 2 ¢ 14

In what follows, we shall use standard notation for the Sobolev spaces, that is

el zzsay o= 11— D)l 2 gy

Also, we shall use the classical Strichartz spaces X (I, Y (M)) where the X norm is
taken in the time variable and the ¥ norm in the space variable
We are now in a position to state our main results.

Theorem 1 (Strichartz estimates for wave and Klein—-Gordon) Let M be a Riemannian
compact manifold without boundary of dimension d > 2. Let I C R be a bounded
interval. Then, for any m > 0 the following estimates hold:

(1) for any wave admissible pair (p, q), we have

irPL/? .
lle uollLrr,La(my) < C(I)IluollHyg{q(M), 4)
(2) for any Schrodinger admissible pair (p, q), we have
12
et ®)

" uollerazaay < CDMuoll g -

Remark 1 Let us compare this result with the one in [9]. In fact, it is possible to deduce
Strichartz from Theorem 2 of [9] one can deduce Strichartz estimates for a solution u
to the half wave/Klein—Gordon equation (1) with m > 0, d > 2. We observe that the

principal symbol of hPY? is qo(x,§) = ,/g"/ (x)&:&; and rank 352610(x, E=d—1;
then, Theorem 2 states that

||M||L1)<1;B;ﬂl My = CD) luoll as
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for some s, r, p, g and ¢ (here B;',’ q denote the standard Besov spaces). In particular,
from the embedding Bg,z(/\/l) — L1(M) that holds for every g € [2, +0o0], we get

.Pm/
le' ™ uollLr e (M) < C(1)||u0||Hyp M)
provided that p € [2, +00], ¢ € (2, +00] and
>2 if(d—l)(%—é)zl,
d—1

2 d—1 .
= =z - o< ==
> + 7 =5 otherwise.
This recovers estimate (4).
On the other hand, in order to prove estimate (5), we have to consider an “h-

dependent principal symbol” of hP,:l/2 which is g 5 (x, §) = \/gi’j(x)éiéj + h2m?
withm = mifm > Oand m = 1 if m = 0 (as in definition (10)). Then,
rank 8§q,;,, n(x, &) = dforany h > Orather than rank 8§qo (x, &) = d—1asmentioned
above. This will give us the Schrodinger admissible pairs as on the flat manifolds. The
ﬁ loss of regularity is a consequence of the delicate analysis of the term ¢y , with
respect to i € (0, 1]. For the details, see the end of this section and Remark 4.

Theorem 2 (Strichartz estimates for Dirac) Let M be a Riemannian compact manifold
without boundary of dimension d > 2 equipped with a spin structure. Let I C R be a
bounded interval. Then, for any m > 0 the following estimates hold:

(1) for any wave admissible pair (p, q), we have

e P ug Lot Laomy < CDuoll a7 (6)
(2) for any Schrodinger admissible pair (p, q), we have
||€”D’"M0||Ln(1,m(M)) < CD)luoll e s (7

Remark 2 Notice that our argument could be adapted with minor modifications to
prove the same Strichartz estimates for equations posed on R¢ with metrics g satisfying
the following assumptions:

(1) There exists C > 0 such that for all x, & € RY,

“lEP < ng’%x)s,sk Clel ®)

Jj.k=1
(2) Forall x € N4 there exists Cy > 0 such that for all x € R4,

10%g/* ()| < Co. joke{l,....d}. )
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We should stress the fact that assumptions (8)—(9) are much weaker than the classical
“asymptotically flatness” assumptions, for which global in time Strichartz estimates
have been proved for several dispersive flows, (see in particular [5] for the Dirac
equation). On the other hand, in our weaker assumptions above we are only able to
prove local-in-time Strichartz estimates.

Remark 3 We stress the fact that, to the very best of our knowledge, Theorem 2 is
the first result concerning the dispersive dynamics of the Dirac equation on compact
manifolds. We should point out the fact that it is not a trivial consequence of Theorem 1,
as it would be in the Euclidean setting: while indeed in the flat case the relation
D,zn = —A + m? directly connects the solutions to the Dirac equation to a system of
decoupled Klein—Gordon equations, in a non-flat setting, as the definition of the Dirac
operator requires to rely on a different connection, the so-called spin connection, this
identity becomes D,zn = —As+ %R + m? where Ag is the spinorial (not the scalar)
Laplace operator and R is the scalar curvature of the manifold (this is the so-called
the Lichnerowicz formula). For the details, see Sect. 3.2.

As a final result, we will show that the estimates (6) are sharp in the case of the
spheres in dimension d > 4: this requires writing explicitly the eigenfunctions of the
Dirac operator on the sphere and to prove some asymptotic estimates for them; as we
will see, these will be a consequence of some well known asymptotic estimates for
Jacobi polynomials.

1.2 Overview of the strategy

The strategy for proving Theorem 1 follows a well-established path based on WKB
approximation: in fact, our proof is strongly inspired by the one of Theorem 1 in [3]
and the one of Theorem 1.2 in [7]. As a consequence, we shall omit some of the
proofs that can be found in those papers. On the other hand, in order to obtain our
Strichartz estimates we will need some “refined” version of the WKB approximation:
let us briefly try to review the main ideas.

Recall that P, = —Ag + m? and Py = —Ag. The first ingredient that we need is
the following standard Littlewood—Paley decomposition:

Proposition 1 Let ¢ € C3°(R) and ¢ € C5°(R\{0}) such that

o) + iw(z—z")\) =1, »eR.
k=1
Then for all q € [2, 00), we have
00 1/2
1 izamy < Cq | 18CPO) fllLacan + (Z ||go(z—2kPo>f||iq(M)>

k=1

Proof See, e.g., Corollary 2.3 in [3]. O
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The second ingredient is the following 7'T* criterion:

Proposition2 Let (X,S, ) be a o-finite measured space, and U : R —
B(L*(X, S, u)) be a weakly measurable map satisfying, for some constants C, y, § >
07

WO 2x)y—»r2x) S C, T € R,
||U(f)U(S)*||L1(x)_>LOO(x) <ChoA+1t—slhH™", t,seR.

Then for all pair (p, q) satisfying

1 1 1
pe[zvoo]v qe[lvoo]v (pqut)#(ziooil)v ;<T<§_;>v

we have
U@ ullLr®,racxy) < Ch " llullL2x)
where k = 8(% -1

Proof See [10] or Proposition 4.1 in [20] for a semiclassical version. m]

Then, the third main ingredient we need is given by the following proposition. Here
and in what follows, we shall denote with

ifm >0
=" = (10)
1 ifm=0.

Proposition 3 (Dispersive estimates) Let m > 0, and ¢ € Ci°(R\[—m, m]) with m
given by (10). Then, for any t € [—ty, to],

. 1/2 _ _ g
leFn” p(—h* Aguoll Lorny < Ch™4(L+ [t|h™ ™" ug | 1 agy: - (11
foranyt € h%[—to, tol,

. 1/2 g _ _
e Pr” p(—=h* Aguoll oo pgy < Ch™ " U+ [t1h™ D)™ lugli prag- (12)

Let us quickly show how Theorem 1 can be derived from these three Propositions.

Proof of Theorem 1 We first consider the Strichartz estimates for wave admissible pair
by using (11). From Proposition 2 and (11), we infer that

itPil? 2 A < Ch~ 7V
[l ( Ul Lr ((—1,101,L9(M)) < P fluoll L2 am)-

@ Springer



Strichartz estimates for the half wave/Klein-Gordon...

By writing I as a union of N intervals I, = [c — ty, ¢ + fo] of length 27y with N < C,
we have

it/ _p2 o
lle ( AguollLr,Lamy < Ch7rallugll 2 agy-

Taking 4 = 27K, Proposition 1 and the Minkowski inequality give

12
‘P
e ™™ uollLrr,Lamy)

00 1/2
o2 . ) B
< Clle PG (Poyuoll Lo 1.La (M) + € (Z le'" P g2 ZkPo)uoan(]’Lq(M)))

k=1
oo 1/2
—2ky W —2k
< Clluollz2omy +C (;2 72 Po)Mo||L2<M)> < CIIMoIlHy,\;{q(M)

since [P, Pp] = 0, and where we have used that

” ll‘Pm llP,,,

o(Po)uollLaimy S lle P(POuoll s (pmy = 11— Ag)* 2@ (Po)uoll 2 ag)
S Cll@(Po)uoll 2 m)

as (1) € C°(R).

We now turn to the proof for Schrodinger admissible pairs; here we make use of
(12). We write I as a union of N = N, intervals I, = [¢, — W28, ¢, + B 219],
cn € R, of length 2h%to with N < Ch’%. Using Proposition 2, we infer that

1/p
N

12 12
le"™" p(=h* Ag)uoll Lot Loy < <Z/ e P <p(—h2Po)u0||€q(M)dt)

Upp=vis V542
S CNYPh7raluoll 2 pgy < Ch 7020 luoll L2 pg)-
Arguing as for the wave admissible pairs case, we conclude that

1B uol ot oty < Cluol g .
20 (M)

]

Therefore, the only thing we need to prove is Proposition 3: Sect. 2 will be devoted
to this. As the proof is quite technical and involved, before entering the details let us
try to explain the main ideas and the main improvements with respect to the existing
results.

We are going to prove the dispersive estimates (11) and (12) by making use of
the WKB approximation and stationary phase theorem (see [13] for generalities). For
(11), one can obtain the estimate by using the “standard” WKB approximation, as
done in [3, 7] after a slight refinement of the stationary phase method. However, for
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(12), a more structural modification is needed: roughly speaking, the standard WKB
approximation says that any s-dependent symbol Aj, can be written asymptotically as
follows

N—1
Ap~ Y hlaj+0mM),
j=0

where here the terms (a;); are independent of /4. In order to obtain the dispersive
estimate (12), we consider instead an i-dependent WKB approximation, that is,

N—-1
An~ > hlaj,+00N).
j=0

The difference is that after the asymptotic expansion a; j will still be #-dependent,
but their values and all the derivatives will be uniformly bounded w.r.t. & € (0, 1].

To explain it better, let us consider the following semiclassical half Klein—-Gordon
equation (i.e., m > 0) on the flat manifold (R, 8jk):

ihd, i +hvm2 — ATl =0, %0, x) = p(—h>A)ug(x). (13)

We seek i as the following oscillatory integral

~ _ ig (s,x,€) ~ é}- dé
u(s,x)—/Rdeh h (S, X Cl(S,X,é,h)u() (E)W (14)
where
N .
a(s,x,E.h) = haju(s.x. &), a0 x,8) = &),
j=0
ajn0,x,6)=0 forj>1
and

Sp(0,x,8) =x-§.
We first consider the standard i-independent WKB approximation. Proceeding as
in [7] using the fact that the principal symbol of h2P,, is poo(x,&) =& |2, we know

that S, satisfies Sy, (¢, x, §) = x - & +¢|&] which solves the following Hamilton—Jacobi
equation

¥ Sh —VIVxSIZ =0, Sp(0,x,8) =x-§
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and (a; ,(t, x, §)); independent of 4 exist for ¢ small enough. Then the problem that
u solves is indeed a wave equation which is essentially equivalent to the following
one:

02 — Al = f ()

where f(if) := —m?W plays the role of an inhomogeneous term. Obviously, the
Strichartz estimates obtained by this k-independent WKB approximation are far from
optimal for the massive case and can not be global-in-time.

Now we turn to the #-dependent WKB approximation that we shall use in Sect. 2.2.
Taking py.n = |€]* + h>m? as the principal symbol, as we will see in Eq. (30), the
phase Sj, now takes the form S, = x - & + ty/h?m? + |&|2 for m > 0. Then we will
get that

draon — Ve h®m? + h2|E|2 - Viagn =0,

which yields that ap ;(¢,x,&) = ¢@(&) for any + € R. Analogously, we have
akp(t,x, &) =0fork =1,..., N and ¢t € R. As a result, we deduce the following
oscillatory integral representation for u:

1 o
i x) = ——— / f M E VI g (16 12 (y)dE dy.
Qrh)? Jra Jrd

This formula holds for any ¢ € R. Thus the Strichartz estimates that this WKB approx-
imation produces are really the “standard” ones for Klein-Gordon equation in the flat
Euclidean case.

We can conclude: compared to the standard WKB approximation, this #-dependent
version gives the exact integral formula for the half Klein—Gordon equation on
(R4, § jk)- Then the Strichartz estimates that we deduce directly is exactly the one for
the Klein—Gordon equation rather than the one for the wave equation. Furthermore,
on the flat Euclidean manifold, we can get the global-in-time Strichartz estimates by
using this s-dependent WKB approximation (see, e.g., [11, Chp. 2.5]) while only
local-in-time Strichartz estimates will be obtained by using the /-independent WKB
approximation.

Notice that we may take pj., = |€|* + h%m? for any /i > 0 as a principal symbol
instead of p,, 5; in this case, the corresponding WKB approximation still allows to
prove local-in-time Strichartz estimates, but not the global ones.

We conclude the introduction with the following remark, that is technical:

Remark 4 Compared with the Klein—-Gordon Strichartz estimates on flat manifold
(R4, s jk), we will lose some regularity on the initial datum (see (7)) on compact
manifolds (M, g). As we will see later (formula (31)), on the compact manifold, the
phase term S, satisfies

0rSy(t,x, &) — Vg\/hzmz + hzgjk(x)ajshaksh =0
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and takes the form

Sn(t,x, &) = x - £ + 1,/ gl &&; + h2m? 4+ O@?).

Compared with the phase term on the flat manifold, we have an error term O(¢%) which
will complicate our argument when considering the stationary phase theory, and this
will eventually produce the additional loss of regularity.

The paper is organized as follows: Sect. 2 is devoted to the proof of Proposition 3,
while Sect. 3 contains the proof of Theorem 2 as well as a discussion on the sharpness
of these latter estimates on the sphere.

2 Dispersive estimates: proof of Proposition 3

This section is devoted to the proof of Proposition 3. Let us start by recalling some
basic results about coordinate charts and semiclassical calculus.

2.1 Preliminaries: coordinate charts, Laplace-Beltrami operator and semiclassical
functional calculus

A coordinate chart (Uy, Vi, k) on M comprises an homeomorphism « between an
open subset U, of M and an open subset V, of R?. Given x € Cy°(Uy) (resp.
¢ € Cgo(V,()), we define the pushforward of x (resp. pullback of ¢) by k. x = x ok !
(resp. k*¢ = ¢ o k). For a given finite cover of M, namely M = U,crU, with
#F < oo, there exist x, € C°(Uy), k € Fsuchthat 1 =3} x,(x) forallx € M.

For all coordinate chart (U, Vi, k), there exists a symmetric positive definite
matrix g, (x) := (gj’? )1<j,t<a With smooth and real valued coefficients on V,. such
that the Laplace—Beltrami operator Py = —A, reads in (U, Vi, k) as

d
Py = kg = = D |2e (071918 (0|2 (x)p),
jl=1

where |g, (x)| = +/det(gc (x)) and (g,{e(x))lgj,ggd := (g¢(x))~!. Thus in the chart
(Ug, Vi, k), the Klein—Gordon operator reads as Py = k. Pk ™.

We now recall some results from the semiclassical functional calculus that will be
used throughout the paper. For any v € R, we consider the symbol class S(v) the
space of smooth functions a; on R* (may depend on &) satisfying

sup (099 an(x. £)] < Cap (€)',
he(0,1]

for any x, & € RY and (£) = /1 + |£]2. We also need S(—o0) := N,crS(v). We
define the semiclassical pseudodifferential operator on R¢ with a symbol a;, € S(v)
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by
1 .
Oy @) i= o [0 Sy, unayae 9

where u € .7 (R?) the Schwartz space.
On a manifold M, for a given a; € S(v) the semiclassical pseudo-differential
operator is defined as follows

Opj, (ap) := k™ Opy(an)kx.

If nothing is specified, the operator Opj (a,) maps C5°(U,) to C*°(U,). In the case
Supp(ap) C Vi x R?, we have Opy}, (ap) maps C3°(U,) to C3°(U,) hence to C*°(M).

We are going to construct an #-dependent WKB approximation in order to obtain
an h-dependent phase term Sj,. To do so, we first introduce the following /#-dependent
symbol pr. X

Pl n (. 6) = gl ()88 + hi® (16)

with the choice of m given by (10). In order to obtain the dispersive estimate (12), we
will have to slightly modify the principal symbol py , of the operator th,ﬁ into an
“h-dependent principal symbol” p .

Let us now describe the relationship between the general operator f (h?P,,) and the
h-dependent symbol f(py ;). In what follows, several cut-off functions will appear;
we will denote them by X(j ) for j =1,2,3,... with the spirit that, as we shall see,

(n) =1 S (n—1)
Xk~ = 1 near Supp(xy ).

Lemma 1 Let X,gl) € Cy°(Uy) be an element of a partition of unity on M and )2,52) €

C5°(Uy) be such that X,Ez) = 1 near Supp(x,gl)). Then for f € Ci°(R), m,m" > 0
andany N > 1,

N—-1
FE P =" W xP0opjas ) x" +hV Re n (), (17)
rd

where q}"h € S(—o0) with Supp(qj’h) C Supp(f o pfn,’h)forj =0,....,N — 1.

Moreover, q;5 , = f o p,, , and, for any integer 0 < n < %, there exists C > 0 such
that for all h € (0, 1],

1R, W)l =5 Ay Hnaty < Ch2 (18)
Proof The proof closely follows the one of [3, Proposition 2.1] or [7, Proposition 3.2],
and we only need to change the principal symbol of 4% P,, in [3, Proposition 2.1] with

our symbol p , . as defined in (16). We omit the details. O
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Before going further, let us introduce the following auxiliary functions: for a given
@ € CO(R\[—2m?, 2m?]) we take

¥ € CR\(0}) : Vh e (0, 1]and A € Supp(g), Y +h*m%) =1 (19)
and
Y1) =P (20)

Obviously, ¥ € C3°(R). The idea is that the function v helps regularize the square
root of the operator P,,, in view of applying Lemma 1. We have that

o 12
elh ll‘llf(thm)w(_thg) = elth (p(—thg). (21)

According to the partition of unity and (21), it suffices to consider the operator
. 1/2 .
el"Pr"p(—h?A,) on a chart, i.e.,

. pl/2 cp—1 2
e!le (p(_h2Ag)XI£l) — elh [I//(/’l Pm)w(_thg)X’gl)’ K € f

where X,El) € C{°(Uy) is an element of a partition of unity on M. Using Lemma 1,
we infer that there is a symbol a, € S(—00) satisfying Supp(ax) C Supp(¢ o pg )
and an operator Rj .y satisfying (18) such that

x20p (a) x P

-1 2
+ N et VPR () (22)

e VP (2 A )y (D = o Y P)

with X,Ez) given in Lemma 1. Let
u(t) = e VP Y Dopk (g, x D
K K
then u solves the following semi-classical evolution equation

(ihd; + ¥ (h* Pw)u(t) =0,
) P ) (23)
uli=0 = X« Oph (ax) Xk "Uo-

We can now decompose the operator v (h? P,,) on manifold M: letting X,£3), X:54) €

CSO(UK) such that X;?) = 1 near Supp( XK@)) and XK(4) = 1 near Supp( )(,53)), and letting

m be given by (10), Lemma 1 yields
VPt = P 0Rh (@ )X + hY Ryen (h), (24)
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where

N—-1
a“() =y, + Y kb, (25)
j=1

with q}f’h € S(—00) and Ry .y (h) satisfies (18).

2.2 The WKB approximation and semiclassical dispersive estimates
Inserting (24) into (23), the main operator we are going to study is
ihd; + Opj, (¢ (h))
on M which is equivalent to
ihd; + Opy,(¢" (h))

on R¥. Then the following result represents the key ingredient in the proof of Propo-
sition 3.

Lemma2 Letg € Ci°(R\{0}), K be a small neighborhood of Supp(¢) not containing
the origin, a € S(—o0) with Supp(a) C (p )~ " (Supp(p)) and let vy € CF°(R?).
Then there exist ty > 0 small enough, S, € C*®([—to, to] X R2) and a sequence
of functions aj p(t, -, -) satisfying Supp(a; x(t, -, -)) C (p’é‘o)_l(K) uniformly w.r.t.
t € [—ty, to] and w.r.t. h € (0, 1] such that forall N > 1,

(ihd; + Opy (" (M) In (1) = Ry (1)

where q* is given by (25),

N
In()vo(x) =Y hI Ty(Sp(1), aj p(0))vo(x)
j=0

N
= Zhj [(Znh)_d /f e"hil(Sh(t’x’g)_y's)aj,h(t,x, &)vo(y) dydé] ,
j:() R2d
(26)

Jn(0) = Opy,(a) and the remainder Ry (t) satisfies that for any t € [—tp, to]l, h €
0, 1]andn < §

”RN(t)”H*”(Rd)%H"(Rd) < ChN_zn. (27)
Moreover, there exists a constant C > 0 such that
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(1) forallt € [—tg, to] and all h € (0, 1],
d—1
1IN Ol L1 gty pooay < Ch™ A+ [t]h™H ™7 ; (28)
(2) forallt € h'/*[—tg, to] and all h € (0, 1],

d
1IN Ol 1 ety ooy < CR47HA+ [e|h~H 72, (29)

Remark 5 Compared with the existing results on the dispersive estimates for Jy-
type oscillatory integrals (see, e.g., [3, 7, 9]), (29) is much more complicated even if
eventually all the results are based on the stationary phase theorem. In fact, estimate
(29) involves a much deeper insight into the behaviour of the eigenvalues of the Hessian
matrix V%EIVDh where, as we shall see,

Sp(t, x, y,m) =t g(@)x — y) - 0+ /Inf? + W22,

More precisely, V,%CT)h has d — 1 eigenvalues away from O uniformly w.r.t. 4 and it has
a unique eigenvalue of the size O(h?). In order to apply the stationary phase theorem
for (29), we will first need to use the stationary phase theorem to deal with a submatrix
of V%%h associated with the d — 1 eigenvalues which are away from 0 uniformly w.r.t
h, and then use the Van der Corput lemma in order to deal with the remaining terms
associated with the eigenvalue of size O(h?). This strategy has been used to deal with
the Klein—Gordon equations [11, 21].

Proof We split the proof into three steps: the construction of the WKB approximation,
the estimates for the remainder Ry for (27) and the semiclassical dispersive estimates
(28) and (29). For the reader’s convenience, we will omit the index « since the chart
has been fixed and we will borrow the notations and the results from [7, Step 1 and
Step 2, Proof of Theorem 2.7] directly. The arguments of Step 1. and Step 2. below are
essentially the same as in [7, Step 1 and Step 2, Proof of Theorem 2.7] (except taking
the supremum over & € (0, 1]), thus we only give the sketch of the proof of these two
steps.

Step 1: the WKB approximation.
We are going to seek for Jy (¢) satisfying (26). Before going further, we look for
Sy, satisfying the following Hamilton—Jacobi equation

0 Sn(t) — ¥ (pin,n) (x, VaSu(1)) =0, (30)
with $,(0) =x - &.

Proposition 4 Let  be given by (19)—(20). There exists ty > 0 small enough and a
unique solution Sy, € C*([—to, to] X R2) to the Hamilton—Jacobi equation

3D

{ 0 Sn(t, x, &) = ¥ (pj,n)(x, VaSp) =0,
Sn(0,x,8) =x-§.
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Moreover, forall a, B € N9 | there exists Cyup > Oindependent of h (with h € (0, 1])
such that for all t € [—ty, to] and all x, & € R,

sup (0297 (Su(r.x. &) —x - £)| < Cap. |+ > 1, (32)
he0,1]
sup (3202 (8101, %, 8) = x - € = 19 (P (5, ©)| < Caplt®. (33)
he0,1)

Proof This proposition holds since v (p; ) satisfies the following condition: for all
o, p € N there exists Cup > O such that for all x, § € R4,

sup 10997 go.nl < Cap.

|
he(0,1]

Indeed, it satisfies the condition (A.2) in [7, Appendix A] uniformly w.r.t. 4 € (0, 1].
Then following the argument in [7, Appendix A], we get a unique solution Sj, to the
Hamilton—Jacobi equation (31) and Sy, satisfies [7, Eqns. (2.19) and (2.20)] uniformly
w.r.t. & € (0, 1]. Hence (32) and (33). O

In the next proposition, we describe the action of a pseudodifferential operator on
a Fourier integral operator.

Proposition 5 Let b, € S(—0o0) and ¢, € S(—0o0) and S, € C®(R*) such that for
alla, B € N, |a+ B| > 1, there exists Cop > 0,

sup |8§‘8§(Sh(x, &) —x-8)| < Cup, forallx§ e RY. (34)
he(0,1]
Then
N-1
Opn(by) o Jn(Sh, cn) = Z B Ty (S, (by < ch) ) + hY Ty (Sh, v (h)),
j=0

where (b, < cp) j is an universal linear combination of

80 by (2., Vi Sh(x, )80 cn(x, )41 Sy (x, £) - - 9% Sy (x, £),
witha < B, a1+---+ax =aand || = 2foralll =1, ..., kand|B| = j. The map

(bp, cn) — (b < cp) and (by, cp) +— ry(h) are continuous from S(—o0) X S(—00)
to S(—o0) and S(—00) respectively. In particular, we have

(bp <cp)o(x,&) = bp(x, ViSp(x,8))cp(x, &),
i(bp<cp)i1(x,8) = Vybp(x, Vi Sp(x,8)) - Vicn(x,§)

1
+ 3T (V2bu (. 0,Sh(x. £) - ViS(x. §)) - c(x. §).
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Proof This is a variant of [7, Proposition 2.9] (see also in [13, Théoreme IV.19],
[14, Lemma 2.5]) and [2, Appendix]. From [7, Proposition 2.9], we know that this
proposition holds if by, ¢, and S;, are h-independent. Then for any 2 € (0, 1], this
proposition holds for b3, ¢ and Sj. Finally, this proposition holds for 4-dependent
symbols by taking i =h. O

We are now in a position to explicitly write down the WKB approximation. From
(30), Propositions 2 and 5, we infer that

N

(ihd; + Opy(q()) Iy = = Y B Jn(Su(®), crn(®) + WM I (S5 (0), Py (h, 1),
r=0

(we recall that the symbol ¢ (k) is defined by (25)), where ry 41 € S(—0o0) and

co,n(t) = 0 Sp(D)ao,n(t) — Y (pam,n)(x, ViSy())ao,n(t) =0,
—crp(t) = i0iar—1 1 (1) + (W (Piip) <ar—1,0)1 + (q1,0 <ar—1,1)0

+ Z (grpn<ajp@), r=1,...,N—1,
ket jH=r,j<r—2
—en () =i0an—1.n + W (pan) <an—1,m)1 + (@1 <an—1,n)o

+ Z (Gr.n <ajn)i-

k+j+I=N,
JEN=-2

This leads to the following transport equations

10;a0,5(t) + (Y (pa.n) <aon)t + (q1,h <aon)o =0, (35)
i0ar n(t) + (W (piip) <arp)1 + (g1, <arp)o
=- > (qk.n <ajp) (36)
k+j+H=r+1,j<r—1
and
Ry () == h" T 0 (i), rv41 (B, 1)) 37)
with

ao.n(0,x,8) =a(x, &), arp(0,x,6)=0 forr=1,...,N. (38)
We rewrite the equations on a, j as follows

0rao,n — Vi(t,x,&, h) - Vyaon — fraon =0,
Oarn — Vi(t,x, &, h) - Vyar p — frarn = grn(h) (39)
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where

Vh(tv X, S) = (aél/f(prh,h))(x, VxSh(t’ x))’
1
Filt, 2, 8) = StrIVE (piig) (v, VaSh) - ViSH] +iqua(x. VaSh).

grnt,x,8) =i > (Grn <ajmi.

k+j+l=r+1,j<r—1

We now construct a, j, by the method of characteristics and by induction as follows.
Let Z,(t, s, x, &) be the flow associated with V},, i.e.,

0 Zy = —Vi(t,Zy), Zy(s,s,x, &) =x.

As Y (pi.p) € S(—00) and using the same trick as in [7, Lemma A.1], from (32) we
infer

sup |3§‘3£(Zh(t,s,x,€) —x)| < Coplt — 5] (40)
he(0,1]

for all |¢], |s| < #p. Then by iteration, the solutions to (35) and (36) with initial data
(38) are

t
ao,h(t,x,E)=a(Zh(0,t,x,$),E)eXP</0 fh(SaZh(S»tsan)»f)dS>,
t 1
ar,h(t,x,%')=/0 gr,h(s,Zh(&h%%‘)f)éXp(/ fh(T»Zh("»'vf»x»é),f)d‘f)d&

forr=1,...,N — 1.

Using the fact that a, g, fi € S(—00), itis easy to see thatag j € S(—o0). Then
g1.h € S(—o00) and a;;, € S(—o0). By iteration, we infer that a, , € S(—o0) for
any r = 1,..., N — 1. On the other hand, Supp(a) C pa’(l)(Supp(w)). According to
(40), this implies that, for 7o > 0 small enough and for any (x, §) € Po. é(Supp(go)),
we have (Z(t,s,x,£),&) € pa(l)(K) for all |¢], |s| < fo. Thus, ap (¢, x, &) = O for
(x. &) ¢ pg.o(Supp(9)) since Supp(g,.a(t, -, ) C Uog<r—1Supp(a; ;). This shows
that Supp(a, (¢, -, -)) C po_’(l)(K) uniformly w.r.t. t € [—to, fp]-

Step 2: L>-boundedness of the remainder. The proof of the boundedness of the
remainder is the same as in [7, Step 2, Page 8819-8820]. We use the notations therein
and only need to point out that there exists 7o > 0 small enough such that for all
t € [1g, fo],

sup [[ViVeSu(t, x,8) — Lpall K 1, forallx, & € RY.
he(0,ho]
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As aresult, for any «, o', B € N9, there exists Cqaa'p > 0 such that

sup 1099990 (A~ (1. x, y. &) — £) < Cawplt|
he(0,hp]

for any ¢ € [—1o, tp]. Here A is given by

1
At,x,y,&) = / VS, y+sx —y),&)ds.
0

Then by changing variable & +— A~!(¢,x,y, &), the action J,(S(t),rN41) ©
Jn(S(t), rnv+1)* becomes a semiclassical pseudodifferential operator. Then the proof
in [7] gives the boundedness from L?(R?) to L?(R?).

Concerning the boundedness from H "*(RY) — H"(R?), according to (37), we
only need to point out that, for any «, 8 € N and |«|, | 8| < n, there exists a symbol
IN+1,a,8 € S(—00) such that

3% Ry (1) o (8P vp)
. —_ ih—1 —v.
= ihNt k)49, (//de elh™ (Sn(t.x.8) yS)rNJrl,a,ﬁ(f,x,S)anO()’)dydE)

— ihN+17|a\*|ﬂ|(2nh)*d // eihfl(Sh(t,x,é)fyf)rN_’_l’a’ﬁ(t’ X, E)vo(y)dydé
R2d

thanks to the fact that ry1; € S(—o00) and Proposition 4. Then, repeating the proof
above by replacing 41 by rn11,4,8, We get (27).

Step 3: semiclassical dispersive estimates.
The kernel of J;, (S, (¢), a,(t)) reads

Li(t.x, y) = @iy~ f TSRO O (1 x, £)dE, 1)
Rd

where a; (1) = Zf/;ol h"ay ;,(t) and (ap(t))re[—1y,10] 1S bounded in S(—00) satisfying
Supp(ay(t, -, -)) € Po. (l)(K ) for some small neighborhood K of Supp(¢) not containing
the origin uniformly w.r.t. t € [—19, to].

It suffices to consider the case ¢ > 0, as the case ¢t < 0 can be dealt with in a similar
way. fO <r < horl+ th=! < 2, as Sy is compactly supported in & and aj, are
uniformly bounded in ¢, x, y, we get

|Ly(t, x, y)| < Ch=(1 4+ ¢h=1H)=@=D/2, (42)

Now let us consider the case & < ¢t < fg. Set A := th™' > 1. Then

1
Su(t,x, &) =x -E+1,/glUEE; +h2ﬁ12+t2f (1 —6)328, (61, x, £)do
0
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since Y (i) (x. &) =[50 + 22 on py h(K).

Setting p(x,€) = £'G(x)E = |n|* with n = V/GX)& or & = /g(x)n, where
o) = (gjg(x))ﬂ and G(x) — (g(x))fl = (g/e(x))ﬂ, the kernel L, can be written
as

Ly(t,x,y) = Qrh)™ / J Oy g (¢ x SemVe@dn,  (43)

R4

where /g(x) = 4/det g(x) and

@ (t, %, y, 1) :—Vg(x)(xt_y)'" +\/m

1
+ t/ (1 —6)028,(01, x, \/g(x)n)d6.
0

Now, let us deal with the wave and Klein—Gordon-type dispersive estimates sepa-
rately.

Wave type dispersive estimates: proof of (28). Let us start with the case m > 0. The
gradient of the phase @y, is

VEX)(x —y) n n
t VI + n2m?

1
+t\/g(x)/0 (1—9)(V,78,25h)(9t,x, g(x)n)do.

vn®h(t, X, ys 77) =

If |«/g(x)(x —y)/t| = C for some constant C large enough, we use the non-stationary

b o d—1
phase method which gives for any N > ==,

|Ly(t,x, y)| < Ch=40=N < cp=@HD/2=(d=D/2, (44)

Here we recall that A = rh~!.
We now deal with the case |/g(x)(x — y)/t| < C by using the stationary phase
method. For any [n;| > ¢ with some ¢ small but independent of 7, we have

1 N & n)

(A TR p———— )
7 |n|2+h2n”12[ DD T P g 2

where n(j) = ,....Mj-1,0j+1,...,Nd—1). Then for any j = 1,..., N and 1y
small enough, we have

} +O@)

|det V7, @nl = (Inj > + 2w (1n* + Pa®) T2 romy = ¢ @s)
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independently of 4. Let us now take a cover x;(x,§) € C (R x RY) such that

d
D o xj,m =1 on pyo(K). (46)
j=1

Notice that for any n € Supp(x ;) we have |n;| > e. Let

Ljnt,x,y,n;5)
_ R .
— Q)™ / IO (e myate, x, g COm) @A
"

We need the following parameter-dependent stationary phase theorem as in [9].

Theorem 3 Let ®(x, y) be a real valued C* function in a neighborhood of (xq, yo) €
R Assume that V,®(xo, yo) = 0 and that V%@(xo, yo) is non-singular, with
signature o. Denote by x (y) the solution to the equation Vy ® (x, y) = O with x(yp) =
X given by the implicit function theorem. Then whena € Cy°(K), K close to (xo, o),

‘ / PO q(x, yydx — AT FPEDD)| det(V2D (x (), y)) |2

xe™ 7 a(x(v), y)|

<R suplaface, y)l.
| <34n

Proof See Theorem 7.7.6 in [8]. O

Applying this stationary phase theorem and choosing x = n/), y =5 j» we have

d d
ILa(t.x. )<Y |A;L,-,h<r,x, yondnil < C Y NLja(t.x.y. ) o)
j=1 j=1
< Chfd)hf(dfl)/Z — Chf(d+])/2t7(d71)/2. (47)

Recall that . = th L forh <t < 1. Combining (42), (44) and (47), we conclude that
\Li(t, x, )] < k(1 +th™ =@,

If we take m = 0, as estimate (45) still holds, the proof works in the same way.

Klein—Gordon type dispersive estimates: proof of (29) Arguing as above for the
wave one, we only need to consider the case |r~'/g(x)(x — y)| < C. Unfortunately,
in this case

1 n®n
V2o, = |1y — —21 | f0u
T \/|n|2+h2n~12|: axd |n|2+hzﬂz2}r «
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from which we infer that

d

|det Vi, | = h%i? (1> + h*m?) ™2 + O@) > Ch*i* + O@).
Notice now that, differently from (45), we may not be able to control the above term

from below for ¢ € [k, tp] when & is small enough. To overcome this problem, we
split the phase term &, into two parts:

1
&) = Pp(2, x, y, n)+t/ (1 —6)328,(01, x, /g (x)n)do
0
where

Pyt x, v, m) =tV (x — y) -0+ 1/ In|? + h2m2, (48)

Let

At x. /g@om) = &' I A=OR SO xS0 g, (¢ 3 e (o),

then we can write
Ly(t,x,y) = Quh)™ / XY (¢ x Je(myg@)dn.  (49)
Rd

Then we turn to study this new oscillatory integral problem for any r € [0, h'/?1y].
The advantage is that for ¢ € [0, 241,

|8yan| < Ca(h™'1H* < C,

independently of /. So we only consider the interval ¢ € [k, h'/?#].
We can also write L j, as

Lin(t,x,y,n;) = (2nh>—d/

R4-

1 HONEX M (e e (2, x, v g ()m)y g (x)dn'D.

As explained in Remark 5, applying Theorem 3 as for the wave dispersive case we
infer that

/ Lj,/’l(t’ X, v, r]])dnj — h_d)\__d;] / el')»Fh(T]j)Ah(t’ X, nj)dnj L0 (h_d)\,_d;—]) ’
R R
(50)

where
ey (), 1AM )), )

Fr(nj) = ®p(&(j), nj),  An(t, x,nj) = | det(V2®;,(Z(n;). 0|72
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and, given by implicit function theorem, ¢ (#;) is the solution to the equation
V0 ®n(6.1;) =0 with £(n;.0) = ng’ (51)

with the point (n(()j), nj0) € R x R satisfying Vng)%h (n(()j), nj,0) = 0. Further-
more, by implicit function theorem, we know that ¢ is smooth and satisfies

') = =1V ®n (Y 118y, V0 D m )], (52)

Now we are going to study (50) by using the following Van der Corput lemma, see
[16].

Lemma 3 (Van der Corput) Let ¢ be a real-valued smooth function in (a, b) such that
lp® (x)| > cx for some integer k > 1 and all x € (a, b). Then

b
/ ey (x)dx

b
< Cer) Mk <|w(b>|+/ |w’|dx>

holds when (1) k > 2 or (ii) k = 1 and ¢'(x) is monotone.

To apply this lemma to (50), we are going to verify that |[F”(n;)| > C on
(¢(m;j), mn;) € Supp(x;). Using (51) and (52), we know that

F'(n)) = Vo, ®u@ ) 8" () - £/ (1)) + 2,003, Ba(C ), )¢ ()
+ 05, Ba(C (), 1))
= =V, 3y, G 1)), PV, Pa@ 013y, Vo B )
+ 07, Ba(C (), m))- (53)

Notice that

o By = — j )
Vn(])aﬂjq)h - (|T]|2 +h2n~12)3/27} )

and V,,( 0 3,7j 5}1 is an eigenvector of Vi( i CTDh(n(/ ), 1;). More precisely,

Wi’ + [,

) = ; ~ ~
Vi ®n ' 1) V009, By = i 227 Vn O Phe
Thus,
F'(n:) = (|§|2 iy M) > Ch2m?
J (|§|2 + |77j|2 + h2n~12)3/2 |’7j|2 + h2’;l2 =
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for (¢(n;),n;) € Supp(x;). Using now Lemma 3 with k = 2 into (50) yields
d
ILa(t, 2, ) <Y |
j=1

<ChHm @MW)~y D <o P (s

/Lj,h(t,x,y, ndn;|
R

~

for any ¢ € [h, h'/24] and (x,n) € p&é(K). Gathering together (42) and (54), we

conclude that for any 7 € h% [—10, to] with 7y small enough,
ILp| < Ch= 411+ th=1)=/2, (55)
This concludes the proof. O

2.3 Conclusion of the proof of Proposition 3

We are finally in position to prove Proposition 3. We need this additional result:

Lemma4 Let x(V, x@ e Cgo(Rd) such that x® = 1 near Supp(xV). Let K,
ajp(t, -, ) € S(=00), S € C®([—to, to] x R4 and J, be given as in Lemma 2.
Then for ty > 0 small enough,

Tn(Su (@), an(t, )P = x DI (Sn (), an ) x P + R(z)

where R(t) = OH—n (Rd)*)Han)(hoo).
Proof The proof follows the one of [7, Lemma 3.6]; we omit the details. O

‘We now turn to the

Proof of Proposition 3 Let Jy (t) = «*Jy(t)kx, R3 N = kK" Ryky with Jy and Ry
being given by Lemma 2.
Notice that

d 12
- (e ish=Yy (h Pm)XlEZ)J]/\cl(S)Xél))

=l 2
— _jpLeishT Y P"’)(ihas + w(thm))xlg)‘];f](s)x’gl)’

and J, (0) = Op}, (a,). Integrating the above equation over [0, 7], we infer

1 2
MV By Dop(a) xuo = %P Iy 0 x M uo

K

t
+ih_1/ e I=h ]'/’(th”’)(ihax+1ﬁ(h2Pm))X,£2)J1’f,(s)X,£1)uo ds.  (56)
0
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We now consider the terms inside the integral for the above formula. From (24), we
infer

(ihds + Y (> P)x P I () x D
=ihxP IG5 + x P 0ps (@ )P TG D + "N Roe n ()P T ()1 D.

Then using Lemmas 2 and 4,

(ihds + ¥ (h* P) x P T () x D
N ) ) K (1) N (2) yk (1)
= Xk ([(hds 4+ Opy(g“ (M) IN (ks xe ' + Raue N(S) +h" Ro e N (@) X I (8) X
= xR N AP + Raje v () +hY Ry e n ()P T (5) D

where Ry . N (s) = Og-n (M)_)Hn(M)(hoo). Thus (22), (56) and this give

1 2 »

VI o (—h? Ag) Xictto = Fue TN (8) Xckto + R N1to (57)
with
1 2
Ren =hNe" VPR (h)
R ! Y -1 2
—ih”! f HmIMHIEED) (DR ()2 = Rasen(5)
0

" R XI5 )x") ds.

Itfollows from the Sobolev inequality and the fact R; . v = O g1 (A)— B2 (M) (RN —2m)
for any n < % that

IRe.vuoll oo pmy < CllRe Nuoll gapgy < CHN 724 Mgl y-a gy
< CpN 2] lwoll 1 ) -

Taking N large enough, we infer that for any ¢ € [—1o, tp],
—d —1,—4
IRenllLoopy S Ch™ (14 [t|h™ )™ 2.

From (57), Lemma 2 and this, we obtain (11) and (12). This completes the proof. O

3 Dirac equation

In this section, we show how to deduce Strichartz estimates for the Dirac flow from
estimates of Theorem 1.
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3.1 The Dirac equation on curved spaces

We begin with a brief overview of the construction of the Dirac equation in a non-flat
(or non-Lorentzian) setting; we shall refer to [6] for further details (see also Section 5.6
in [12] and Sect. 2 in [4]). Forany d > 2 let us consider a (d 4 1)-dimensional manifold
in the form R; x M with (M, g) a compact Riemannian manifold of dimension d
endowed with a spin structure; then, the Dirac operator on M can be written as

Dy = —iy®e ,Di —m (58)

with m > 0 is the mass and y/, j = 1,...,d is a set of matrices that satisfy the
condition

vy eylyi =287, i j=1,...d,
There are few different possible choices for the y matrices; notice anyway that the
explicit choice of the basis will play no role in our argument. Following [6], let us

define these matrices recursively as follows (in computations below, the index d will
be added to the y matrices in order to keep track of the dimensions):

0 i 01

o Cased = 2. We set

o Cased = 3. We set
. 10
=vi vi=vi vi=(Dyri= (0 _1>-
e Cased > 3 even. We set

' 0 i)/j, . 0 [ 42
Vj: .j d=1) " i=1,...,d -1, yj: / 20T )
a0 2

e Cased > 3 odd. We set

ydjzyd]_l, j=1,...,d—1, yj

The matrix bundle ¢’ is called n-bein and it is defined as follows
gl =e 5%, (59)
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where § is the Kronecker symbol, and in fact it connects the “spatial” metrics to the
Euclidean one. Finally, the covariant derivative for spinors D; is defined by

Do = 09, D; =0; + Bj, j=12,...,d (60)

where B writes

1
Bj=Sly vl

and w j“b , called the spin connection, is given by

wj“b = eiaajeih + ei“Fijkekb (61)

with the Christoffel symbol (or affine connection) Fij i

. 1.
Iy = Egll(ajglk + Okgjt — 918 jk)- (62)

We stress the fact that in the rest of this section we shall abuse notation by calling
functions what should be more precisely called spinors.

3.2 Strichartz estimates for the Dirac equation: proof of Theorem 2

We are now in a position to prove Strichartz estimates for the solutions to the Dirac
equation (3), deducing them from the ones for the Klein—Gordon that we have proved
in Sect. 1. The starting point is the following explicit formula, that has been proved in

[4]:
D2 2 1 S _ i i i 1 2
=m +ZRg—A _—Ag+BB,-+DB,-+BBi+ZRg+m (63)
where the spinorial Laplacian AS = D/ D;, D'W; = 9/ W — I, B = hiB;

and R, denotes the scalar curvature on (M, g). As a consequence, the solution u to
the Dirac equation can be written as follows:

u(t, x) = e"Pryy = W,,(Oug + i Wy, () Dyt

t
+/ Wi (t — $)(Q21 () (s) + Quu(s))ds (64)
0
where
: fm2
W (1) = M, Wy = 3; Wy,
m?> — Ag
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and
Qi(u) :=2B'"9u, Q:=-9Bi+B'B —TI"'B; - 1 Re (65)

Notice that as the manifold M is assumed to be smooth, the terms B;, I"I.J " and Re
are smooth.
We first consider the case m > 0. We set y,, = y;’g for wave admissible pair

(p,q), and yp, = yIIqu for Schrodinger admissible pair (p, ¢). Using Theorem 1 for
wave admissible pair or Schrodinger admissible pair (p, ¢), we infer

”eil«/m2

A
fvollrr,a( My < Cllvoll govg (agy-

Thus form > 0,

] Dnl ~ j ~
e = uollLrr.La My < Clluoll g7pg Ay + 10C sup [|B"0;u ()l y7pg—1 (pgy
N

+0C sup [1221(5) | 47001 (g
N

It remains to study the terms || B ;u(s) ||H71,471(M) and || 22u(s)]| H7Pa=1 (M) We first
show that

”Biaiu(s)HH?pq*l(M) S |Iu(s)||Hl7[)q(M)’ ||Q2u(s)||Hqu*1(M) S ||M(S)||H77M(M)'

Using standard interpolation theory (see, e.g., [ 18, Proposition 2.1 and Proposition 2.2,
Chp.4]), it suffices to show that

1B 0; £l -1 ny S NP2y, 180 f =t vty S 1LF ey (66)
where n > y,, is an integer. As By € C*°(M), we infer that
180 -1y S 1 f ey

On the other hand, as B/ d;u = 9; (B'u) — (3; B')u, we have

1B'3: fll -1y < A= A" 2B 0ill 2 vty 20wy 1 20y
<N =A™ 218 B" = (3 BO 2ty 2o 1 20m)
S Iz m-

The above two estimates and the interpolation theory show that
”Bl aif||HJ7pq—](_/\/l) ,S ”f”[-ﬁpq (M)*
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Analogously, as 2, € C*° (M), we also have that
||g22f||Hl7pq—1(M) ”Q2f”HVI”J(M) C”f“HVM(M)
Thus,

e PmuollLocr. Loy < Cllttoll 7 wmy T Cro sup (N gr7pa (1)

< lluoll y7vg (Aqy + Cto sup |||Dm|ypqu(s)”L2(M)'
s

The operator |D,, | is defined as follows
IDin| = Din[110,400) (Pm) — L(—00,0)(Dm)] (67)
and here we use the fact that for any s > 0,

Cill(1 = Ag) Fllizaimgy < NPl Fllz2omy < C2ll( = A Fll2pns

which is obtained by using the interpolation theory again and the fact that there are
constants Cj, C} > 0 such that for any n € N,

CHIL = A" Fllzzvy < Dml™ Fllz2omy < CollCE = A" Fll20pm)-
According to (67), [| Dy |, D] = 0. As a result,
e P uoll Lo, Loy < Clluoll g gy + Cto sup 11Dl 774" Prugll 201
< Clluoll giva (rgy + CNPmI 200l 2001y < Cllwoll g -
This gives (6) and (7) for m > O.

It remains to show the case m = 0. By the Duhamel formula, for m given by (10),
we have

1
e"Poyy = Py — M/ 9Dy (5)ds.
0
Repeating the above proof for the case m > 0, we infer

1D oo itD
e “uollrr racmy < Clluoll y7pg (pq) + Cto sup D774 € uol 2 A1)
N
< C||u0||H7pq(M)'

This concludes the proof.
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Remark 6 As it is seen, by making use of formulas (63)-(64), we have been able to
deduce the Strichartz estimates for the Dirac flow from the ones for the half Klein—
Gordon equation with a rather simple argument. In fact, it would have been much
more complicated to tackle directly the study of the Dirac flow: if we studied the half-
spinor-Klein—Gordon equation, then the proof of the existence of solutions for @, in
Eq. (39) would have been significantly more involved. Indeed, in the spinorial case, the
equations on a, turn out to be first-order ODE systems in the form 9,a, — Aa, = F,
with a,, A and F, matrices, rather than simple transport equations. On the one hand,
the matrix .4 may not be self-adjoint, so the solution a, () may not have a bounded
compact support; on the other hand, for a general 7-dependent matrix F(¢), we do
not even know the formula for %e}— ® 30 we do not know the formula for ap.n, and
ar.p. Finally, let us mention that it might be possible to rely on an explicit WKB
approximation directly on the Dirac equation (see, e.g., [1] for its construction in
the flat case), but this seems to require a significant amount of technical work, and
therefore we preferred to rely on the strategy above.

3.3 The case of the sphere

As a final result, as done in [3] for the Schrodinger equation, we would like to test
the sharpness of the Strichartz estimates proved in Theorem 2 in the case of the
Riemannian sphere. In this case, the spectrum and the eigenfunctions of the Dirac
operator are indeed explicit and well known (see, e.g., [6, 19]); we include here a short
review of the topic, as indeed an explicit representation of these eigenfunctions will be
needed for our scope. Notice that in this section we will be considering the massless
Dirac operator, that is the case m = 0, and the subscript on the Dirac operator will be
used to keep track of the dimension.

As seen in Sect. 3.1, the definition of the Dirac matrices (and thus of the Dirac
operator) is slightly different depending on whether the dimension d of the sphere is
even or odd: it is thus convenient to discuss the two cases separately.

e Case d even. In this case, the Dirac operator can be recursively defined as

Dga = <3(9 + 0 Dg-1 )

1
d —
cot@) vy + Sind (_DSd_] 0

0 I 42
where the matrix yj , as we have seen, is given in this case by yj = ( / 2 0 ) .
d=2
272
Now, let x Efn be such that

Dai-1 Xjyy = £+ 5(d — D) x5, (68)

where £ = 0,1,2... and m run from 1 to the degeneracy d; of the eigenfunction
(notice that this parameter will play no role in our forthcoming argument). Then, we
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set

One can separate variables as follows:
W, 0, 2) = 0ue(0) X, (D W (6, ) = Yine(O) 1, () (69)

(notice that the first apex + in the above labels the first and second component of W,
while the second one distinguishes on the choice of the sign + performed in (68)).
Clearly, an analogous decomposition holds for the component W~. Then, plugging
(69) into the squared equation D2, W = —Aﬁ, 4V yields the following

Sd
9 d—1 2+ 41y cos 0
— f——cotf) ———2— 4+ (+ 4! = 22
|:(89 2 ) sinZ 0 ( 2 )sin20 i ne¥nt

which has a unique (up to a constant) regular solution
0041 i OE p =15+
@ne(0) = (cos 5)" 7 (sin3)" P, (cos @) (70)
where Py *# i a Jacobi polynomial with n — £ > 0 (this condition is required in order

to have regular eigenfunctions) and with eigenvalue Ai’ 4=+ %)2. Similarly, one
gets

d d
P§+Z,7+f—1
n—~{

Yne () = (cos §) (sin §)**! (cos ). (71)
Then, the functions
Ca(nt) wz(G)x(Q))
vl 6,9Q) = o tm 72
nem @80 := =7 (izwnae)xm(sz) 72
and
Ca(nt) (z‘w (@) x5, () )
w2 (6,9) = " tm 73
nen @)= =27\ 0004 (@) 73
both satisfy equation
DsaWl, 0,2 = £+ Hwl (0,2, j=1,2. (74)

The standard normalization condition
J i
<\y:|:n€m ’ \IJ:tn’Z’m’ > L2 = 8nn/8ee/ Bmm/ 8].]/
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fixes the value of the constant Cy(nf) to be

Colnt) = \/(n—Z)'(n-i-Z—i- 1)' (75)

SIPm+1)

e Case d odd. In this case, we can write the Dirac equation as

Dea = | 09 + d—1 to ) y?d + ! D.
= CcO _ _
s¢ 0 Ya sin O s

Lya-3,2 0

with yf = ) . As done for the even case, taking X,fn to be the

0  —Lusp
eigenfunctions of the Dirac operator on the (d — 1)-dimensional sphere, i.e. satisfying
(68), the normalized eigenfunctions to the Dirac operator are given by

Ca(nt)
V2

with @p¢, V¥ye given by (70)—(71), with )Zi defined as

Winim (9: Q) =

(06 (O) X () £ iV (0) X, (D)) (76)

S 1 - . -
Xem = E(l + Fd)Xem’ le+ = FXmm’

and where the normalization constant is given by (75). The functions given in (76)
satisfy Eq. (74).

We are now in a position to show that our Strichartz estimates (6) are sharp in
dimension d > 4. Let us consider system (3) on M = S¢ with m = 0, and let
us take as initial condition u( an eigenfunction of the Dirac operator for a fixed
eigenvalue A, = +(n + ‘21), with n € N. Then, the solution u can be written as
u = e"Poyy = ¢ y. By taking any admissible Strichartz pair we can write, given
that the time interval is bounded,

e uoll . sty ~ luoll Lase) (7

Now, we need the following spinorial adaptation of a classical result due to Sogge
(see [15]).

Lemma5 Letd > 2. Forany A = £(n + %) with n € N such that |\| is sufficiently
large, there exists an eigenfunction W, of the Dirac equation on S% such that the
following estimate holds:

Wl Loty < CIAPD W5l 120y (78)
with s(q) = ‘% — provzded 2((”1) < g < oo.
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Proof Let us deal with the case d even; the case d odd can be dealt with similarly.
Let us take for any eigenvalue A = £(n + %) an eigenfunction W in the form (72)-
(73) corresponding to the choice £ = 0, which is always admissible. Notice that the
functions x do not depend on n. Then, taking advantage of the classical asymptotic
estimates on Jacobi polynomials

1
/ (1 — x)"|P&PPdx ~ poP=2r=2
0

provided 2r < ap — 2+ p/2 (see, e.g., [17, page 391]), we easily get that

d-1_
2

S

||‘IJ/\||Lq(Sd) ~ |2

for [\] > land g > 2(d+1) 0O
By making use of this Lemma we can thus estimate further (77) as follows
luoll a2y ~ 14179 1ol 2s2)-
Then, taklng d>4and p=2in Strlchartz estimates (6) yields ¢ = 2(d 31) so that

s(g) = 2( d 1) which is exactly y 24 and thus estimates (6) are sharp provided
d>4.

Remark 7 Lemma 5 is the analog of Theorem 4.2 in [15], where the author proves the
same bound for homogeneous harmonic polynomials. Anyway, as the eigenfunctions
of the Dirac operator are not “pure” spherical harmonics, we cannot simply evoke this
result.

Remark 8 Notice that the argument above relies on the “endpoint” p = 2, and this is
the reason why we are only able to prove the sharpness in the case d > 4. Indeed, the
same computations provide

e ford = 2, by taking p smallest possible, that is p = 4 and thus g = co

3
ygoo = 7 and s(o0) = —

e ford = 3, astheendpoint (p, g) = (2, 0o) has to be excluded, by taking p = 2+¢
with & > 0 small:

W 2 and 22+ ¢) 2 3
= — Ky = —
Vote 2000 = 5717, P 24¢ 2Q2+¢)

which shows that the estimates are sharp in the limit ¢ — 0.
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