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Abstract
We consider the singularly perturbed problem F,(u, Q) := fgawzulz +
e~ !11 — |Vu|?|? on bounded domains € C R?. Under appropriate boundary con-
ditions, we prove that if €2 is an ellipse, then the minimizers of F.(-, 2) converge
to the viscosity solution of the eikonal equation [Vu| = 1 as & — 0.

1. Introduction

1.1. The Main Result

We consider the family of functionals
20, 1 2|?
Fou, Q) = | (&V2ul +—)1—|W|‘ dx, (1.1)
Q &

where Q@ ¢ R?isa C? bounded openset,e > O0andu € WO2 2 (€2). These functionals
were introduced in [4] and proposed as a model for blistering in [27]. In these cases
we are interested in the minimizers u, of F; in the space

22 Ju
A(R2) = qu e Wy (Q):a—z—lonaQ ,
n

where n denotes the outer normal to €2. The final goal is the understanding of the
behavior of u, as ¢ — 0. In [27] (and more explicitly in [5]) it is conjectured that

ug — u = dist(-, 0€2), (1.2)
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at least for convex domains €2. A first partial result in this direction was obtained
in [16, Theorem 5.1], where the authors proved that if 2 is an ellipse, then

lim min F, (-, Q) = Fo(i, Q). (1.3)
E—>

where Fj is the candidate asymptotic functional that we are going to introduce in
(1.4).

The main result of this paper is the proof of (1.2) in the same setting as in [16],
namely

Theorem 1.1. Ler @ C R? be an ellipse and, for every & > 0, let u, be a minimizer
of Fe (-, 2). Then

lim u, = dist(-, Q) in whi(Q).
£—>

This result is obtained as a corollary after showing that i is the unique minimizer
of a suitable asymptotic problem for F¢(-, ) as ¢ — 0. In order to rigorously
introduce it, we recall some previous results (see also the introduction of [10] for
a presentation of the history of the problem).

1.2. Previous Results

In what follows, © denotes a C? bounded open subset of R?. Independently
from the validity of 1.2, it is conjectured already in [4] that

(1) if u, is such that lim sup,_, o Fe (ue, 2) < oo, then u, converges up to subse-
quences to a Lipschitz solution u of the eikonal equation |Vu| = 1;

(2) if ug is a sequence of minimizers of F¢ (-, €2), then any limit u of u, minimizes
the functional

1
Fo(v, Q) := -/ Vot — Vo~ PdH!, (1.4)
3 Jvy
among the solutions of the eikonal equation. Here, Jy, denotes the jump set of

Vv and Vu¥ the corresponding traces.

A positive answer to the first point was obtained independently in [12] and [2].
A fundamental notion in this analysis and in particular in [12] is the one of entropy,
borrowed from the field of conservation laws.

Definition 1.2. We say that ® € C° (R2; R?) is an entropy if for every open set
Q c R? and every smooth m : Q — R? it holds that

(divm —0and [m|> = 1) = div(®(m)) = 0. (1.5)

We will denote by £ the set of entropies.
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We will consider the following family of entropies introduced first in [6, 16]:

4
Yoy (2) = 3 ((z o)y + (z- 011)3012) .

there (o, p) is an orthonormal system in R2,
Collecting the results of [12] and [2] we get the following statement:

Theorem 1.3. Lete, — Oanduy € Wg’z(Q) be suchthatlim sup,_, . F, (ug, 2) <
o0o. Then my, := V+uy is pre-compact in L' (Q). Moreover if my. converges to m in
LY(Q), then |m| = 1 a.e. in Q, for every entropy ® € £ it holds that

Lo = divd(m) e M(Q),

where M(RQ) denotes the set of finite Radon measures on 2, and

\/ |div X0, ()] | (§2) < lim inf F, (ug. £2),
— 0

(a1,002)

where \/ denotes the supremum operator on non-negative measures (see for exam-
ple [3, Def. 1.68]).

Theorem 1.3 motivates the introduction of the following space of vector fields,
which contains all the limits of sequences V»u,,, where u,, have equi-bounded
energy.

Definition 1.4. We denote by A(2) the set of all m € L*°(L; R?) such that
divm =0 inD'(Q), mP?=1 %*ae.inQ
and such that for every entropy @ € £ it holds that
Ko = div (®(m)) € Mioc(£2),

namely po is a locally finite Radon measure on 2. We moreover set

Fow, = \/ ‘divzal,az (vLu)

(or1,002)

Q).

Finally we denote by
AV(Q) = {u e Who@) : viu e A(Q)].

The functional I:"o (-, 2) coincides with Fy (-, 2) in the subspace of A%(Q) whose
elements have gradient in BV, (€2) (see [2]) and it is the natural candidate to be
the I'-limit of the functionals F.(-, Q) as & — 0%.

Although A(2) ¢ BVioc(£2), elements of A(€2) share with BV functions most
of their fine properties.



1292 EL10 MARCONI

Theorem 1.5. [11] For every m € A(S2) there exists a 1 -rectifiable set J C Q
such that

(1) for 7 -a.e. x ¢ J it holds that

.1 -

lim _2/ |m(y) — mx,r|dy =0,
Br(x)

where my , denotes the average of m on B,(x), namely x is a vanishing mean
oscillation point of m;
(2) for 7' -a.e. x € J there exist m™*(x), m~(x) € S! such that

1
lim — (/ Im(y) —m™ (x)|dy +/ |m(y) — m_()’)|d)’) =0,
B (x) B, (x)

where B*(x) := {y € B/(x) : £y -n(x) > 0} and n(x) is a unit vector normal
to J in x;
(3) for every ® € & it holds that

pold =[m- (®m™) — dm )AL,
uoLK =0 VK C Q\ J with #(K) < co.

The analogy with the structure of elements in A (£2) "BV, (£2) is not complete:
for these functions properties (1) and (3) can be improved to

(1’) s#'-ae. x ¢ J is a Lebesgue point of m;
(3’) forevery ® € £

po =n- (@m") —dm)NA'LI. (1.6)

In order to prove (3”) from (3) one should show that 114 is concentrated on J. This
is considered as a fundamental step towards the solution of the I"-limit conjecture
and it remains open. Notice moreover that by means of Theorem 1.5 we can give
a meaning to the definition of the functional Fy(-, €2) even for solutions u to the
eikonal equation with V+tu e AQ) \ BV6c(£2); Property (3”) would imply that
Fy coincides with Fjy on the whole A%(2).

A fundamental tool in the study of fine properties of elements of A(2) is the
kinetic formulation [18] (see also [23] in the framework of scalar conservation
laws). Here we use a more recent version obtained in [13].

Theorem 1.6. Let m € A(R2). Then there exists 0 € M,.(2 X R/27wZ) such that
e Vex =00  inD(QxR/2n7), (1.7)
where x : Q x R/2n7Z is defined by

1 ife’s -m(x) >0,
x(x,s) = f . (1.8)
0 otherwise.
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We observe that if o solves (1.7), then
o+u®L!

also solves (1.7) for every u € Mioc(€2). This ambiguity is resolved in [13] by
considering the unique o( solving (1.7) such that

/;2 o p(x)doy(x,s) =0, Vo € CZ(RQ).

The above kinetic formulation encodes the entropy production of the family of
entropies

d . d .
En = {(I) €& —P(e")|y=5 = __(D(els)|s—§+n} .
ds ds

Condition (1.5) is equivalent to &= ®(e’*) - * = 0 for every s € R/27Z, therefore
for every ® € £ we can define V¢ : R/277Z — R such that

d o
() =2y (s + %) d6+3) s e R/27Z.

Notice that ® € &, if and only if Yo is w-periodic. Rephrasing the construction
in [13], we have the following identity: for every ® € £, and every ¢ € C Cl () it
holds that

(div®(m), £) = (950, ¢ ® Vo), (1.9)

namely

/ ®d(m) - Vidx = / () Yy (s)do.
Q QxR/27Z

A possibly weaker version of (3”) is the following:
(3”) Eq. (1.6) holds for every ® € &;.

This is equivalent to require that vy := (pyx)tlog| € Mioc(2) is concentrated on J
and moreover it would be sufficient to establish the equality Fy = Fo. The following
proposition is a partial result in this direction for general m € A(£2); we remark
here that a key step of the proof of Theorem 1.1 is to establish (3”) for a class of
m including the limits of V-4u,, where u, is a minimizer of F.(-, Q) and 2 is an
ellipse.

Proposition 1.7. Let m € A(Q2) and (00,x)xeq C MR/21Z) be the disinte-
gration of oy with respect to vy defined for vo-a.e. x € 2 by the properties
loox|(R/2wZ) = 1 and

/ W(X,S)dﬁo(x,s)=f/ @(x, s)dop x(s)dvo(x)
QxR/277Z Q JR/277Z

forevery g € CX(Q2xR/21Z). Then for vo-a.e. x € Q\ J there exists s = 5(x) €
R/27Z such that

1 1
00,x = £~ (&5 + 8547 — —,Cl) .
4 14
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Among other results, the same expression for og  has been obtained very
recently in [22] under the additional assumption that div ®(m) € L?(2) for every
® e £. As the authors point out, it is still not known if this additional assumption
is sufficient to establish that indeed o vanishes.

1.3. The Asymptotic Problem

Adapting the argument in [30] for scalar conservation laws to this context, it is
possible to prove that the elements of A(€2) with finite energy have strong traces
in L' at the boundary of Q. However, the conditions

u. € A(R), lim sup F; (ug, 2) < 00, and  u=limu, inW"!
e—>0 =0
do not guarantee that g—z = —1 on 9€2; in other words we can have boundary layers.

In order to take them into account we slightly reformulate the minimum problem
for F.(-, 2): given § > 0 we define

Qs = {x e R?: dist(x, Q) <8}, and S5:=Qs\ Q.

Being 2 of class C2, we can take § > 0 sufficiently small so that the function
— dist(x, 0€2) belongs to W22(Ss). We therefore consider the minimum problems
for the functionals F (-, s) on the space

As(Q) = [u € W22(Qs) - u(x) = — dist(x, 99Q) for ae. x € S(;} .

Notice that for every u € A(S2) the function u® : Qs — R defined by

P {u(x) ifx e Q, (1.10)

—dist(x, 0Q2) ifx € Qs \ 2

belongs to As(£2) and

F.(u’, Qs) = Fo(u, Q) +¢ [ |V*dist(x, 9Q)|%dx.
Ss

Similarly the restriction to €2 of any function in As(£2) belongs to A(£2), so that
the two minimum problems are equivalent. We will also denote by

As(Q) = {m € AQs) : m = =V dist(-, 9Q) in S,;} .

We will prove the following result:

Theorem 1.8. Let 2 be an ellipse. Then the function i, defined by (1.10) with
u = dist(x, 02), is the unique minimizer of Fo(-, Qs) in the space

AY(R) = {u e W) : VEu € A@) andu =i in S5
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We show now that Theorem 1.1 is a corollary of Theorem 1.8 and the previous
mentioned results: indeed let &, — 0ask — oo and for any & let u, be a minimizer
of Fg, (-, 2) on A(£2). By Theorem 1.3 and (1.3) we have that every limit point uq
of u,, belongs to A%(€2) and moreover it holds

Fo(ud, 25) < liminf Fe, (1 , Qs) = liminf Fy, (ug, , )
k— 00 k k—00

= lim min) Fe (-, Q) = Fo(it, Q) = Fo@®, Qs).
(

k—o00 A(Q

8

Since it® is the only minimizer of Fo(-, Qs) in AS(Q), then ug = u°,namely ug = u.

1.4. Related Results

1.4.1. Zero-Energy States The only case in which the behavior of minimizers of
Fe(-, Q) as ¢ — 01is completely understood is when lim,_,o min F¢ (-, ) = 0. All
the sets €2 admitting sequences with vanishing energy were characterized in [17]
and with the appropriate boundary conditions the limit function is in these cases u =
dist(-, 9€2). A quantitative version of this result is proven in [20] (see also [19]). In a
different direction, it was shown in [21] that the vanishing of the two entropy defect
measures divX,, ¢, (m) and divXg, ¢, (m) is sufficient to establish div ®(m) = 0
for every ® € £. Here we denoted by (e, e2) the standard orthonormal system in
R? and by

1 1 1 1
o= () (L))
1 2 V2) Ve
the orthonormal system obtained by performing a rotation of (e1, e2) by n /4.

1.4.2. States with a Vanishing Entropy Defect Measure The case when 2 is
an ellipse is special since we know a priori that there exists an orthonormal system
(a1, a2) in R? for which the minimizers u? in A(§2s) of the asymptotic problem
Fo(-, ) satisfy

divEy, o, (vlus) —0  inD(Qy). (1.11)

This situation has been considered more extensively in [ 14, 15], where in particular
the authors proved the minimizing property of the viscosity solution (1.3) for more
general domains and functionals. In this direction we only mention here that the
same arguments of this paper allow to prove Theorem 1.1 also in the case where 2
is a stadium, namely a domain of the form

Q = {x € R? : dist(x, [0, L] x {0}) < R}  forsome L, R > 0.

We finally mention that under the additional assumption (1.11) we can prove Prop-
erty (37).
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1.4.3. A Micromagnetics Model A family of functionals E, strictly related to
(1.1) was introduced in [28,29] in the context of micro-magnetics. An analogous
result to Theorem 1.1 was proved in [8] even for general smooth domains €2, while
the I'-limit conjecture is still open also in this setting. Although Theorem 1.5 has
a perfect analogue for the elements in the asymptotic domain of E, (see [7]), the
main difficulty seems to be a still not complete understanding of the fine properties
of these elements. In this direction we notice that the method used here to establish
Proposition 1.7 gives the analogue in this setting of the concentration property (3°)
(see [25]).

2. Lagrangian Representation of Elements in A (£2)

The Lagrangian representation is an extension of the classical method of char-
acteristics to the non-smooth setting: it was introduced in the framework of scalar
conservation laws in [9,24] building on the kinetic formulation from [23]. This
approach is strongly inspired by the decomposition in elementary solutions of
non-negative measure valued solutions of the linear transport equation, called su-
perposition principle (see [1]). Indeed by Theorem 1.6, the vector fields m € A(2)
are represented by the solution x of the linear transport equation (1.7). The main
difficulty in this case is due to the source term which is merely a derivative of a
measure. This issue is reflected in the lack of regularity of the characteristics de-
tected by our Lagrangian representation, which have bounded variation but they
are in general not continuous. A fundamental feature for our analysis is that we can
decompose the kinetic measure o in (1.7) along the characteristics.

2.1. Lagrangian Representation

We introduce the following space of curves: given 7' > 0, we let

= {(y,t;,t;):OSt; <tf <T,y = (v, ¥s) €BV((t,, 1));
Q x R/27Z), y, is Lipschitz} .

We will always consider the right-continuous representative of the component y;.
Moreover we will adopt the notation from [3] for the decomposition of the measure
Dv where v € BV(I; R) for some interval I C R,

Dv:Dv+Djv,

where Dv denotes the sum of the absolutely continuous part and the Cantor part
of Dv and D/v denotes the jump part of Dv. We will need to consider also Dv
for functions v € BV(I; R/2n7Z). In this case Dv = Dw where w is any function
in BV(7; R) such that for every z € I the value w(z) belongs to the class v(z) in
R/2n7Z. For every t € (0, T') we consider the section

F(ﬂ—{(%y’y)er (7”;)}
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and we denote
e I'(t) > QxR/2nZ

(v, 1, 1)) =y (0).

Definition 2.1. Let m € A(R) and Q' be a W>*-open set compactly contained in
2 We say that a finite non-negative Radon measure w € M(I") is a Lagrangian
representation of m in €' if the following conditions hold:

(1) for every ¢ € (0, T) it holds that
(e)s [wLT ()] = L2 x L1, 2.1)
where yx is defined in (1.8);

(2) the measure w is concentrated on curves (y, 1, t;r ) € T" such that for . Lae.
te,, ty+ ) the following characteristic equation holds:

(1) = ", 2.2)

(3) it holds the integral bound
/Tot.Var.(o,T)ysdw(y) < 00;
r

(4) for w-ace. (y, 1, , 1)) € T itholds that

t;>0=y @, +) €dQ, and 1 <T =y () —) €0

For every curve y € I' we define the measure o3, € M((0, T) x Q' x R/27Z)
by

oy = (id, y)yDiys + A Ef — A E; (2.3)
where

Ef :={(t,x,5) € (0, T) x Qx R/2xZ : y,(t) = x and y;(t—)
<s <y (t+) < ys(t—) + 7},

E = {(t, x,5) € (0, T) x  xR/217Z : y,(t) = x and y;(t+)

<s < y(t=) < ys (1) + 7).

(2.4)

Notice that since R/27Z is not ordered, given s; # s» € R/2nZ the condition
s1 < s7 is not defined. Nevertheless we use the notation s € (s, s2) ors; < s < 57
to indicate the following condition (depending only on the orientation of R /27 7Z):
ift;,1h e Raresucht; < < t; + 27, ¢t = ¢! and ¢/ = ¢’ then there exists
t € (11, 1) such that ¢! = ¢'*.
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Lemma 2.2. Let  be a Lagrangian representation of m € A(Q2) on Q. Let us

denote by
Op 1= —/ oydw
r

andby x : (0, T) x 2 x R/2nZ — R the function defined by x (t, x,s) = x(x,s)
foreveryt € (0, T). Then it holds that

e Vix =050, €D (0,T)x Q2 xR/217). (2.5)

Proof. We show that (2.5) holds when tested with every function of the form
o(t,x,5) = ¢(Mex,s) with ¢ € C((0,7)) and ¢ € CX(Q' x R/2nZ). It
follows from (2.1) and (2.2) that

(€ -Vix,¢) = — / e’ Vep(x, s)C ()7 (t, x, s)dtdxds
- _ iys(t) . Vx d d
/((m | K PNt Odl ()

t;r d
N _f/ (D) Vep(y 0)E (Ddrdo.
rJn, t

By the chain-rule for functions with bounded variation we have the following
equality between measures:

d d -
0oy =Vep(y () - —ye(®) + dsp(y () Dyys + Z, (p(t;. y(tj+)
_(p(tj’ V(f]—))) Stja

where J,, denotes the jump set of y. Therefore, proceeding in the chain (2.6), we
have

) t d t B
(€5 Vifod) = — /r [ S0 @canao + /r [ et oxwabrdo
ty ty

+/ 37 (s, v (t4) — (. v (1;-)E(1))dw.

tj EJV
By definition of o7, in (2.3) it holds that

t+

/f dsp(y NEDADye () + Y (0. v (t54) = @(t). v (=) (1))do
t

4 l‘jEJy
= / dsp(x, )¢ (t)doy,

therefore in order to establish (¢!* - V, ¥, ¢) = (3504, ¢) it suffices to prove that

¥ d dtdw =0
/r/, Lo ()¢ (drde = 0.
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By Point (4) in Definition 2.1 for w-a.e. y € T it holds that ¢(y(z, +)) =
¢(y(;f =) = 0, and, in particular,

vod o
//7 S, 9O (ndido = —//7 oy ()¢ (dtdw
rJe dt rJe

Xo(x, $)¢ (t)dtdxds

v/(O,T)xQxR/ZnZ
=0,

where we used (2.1) in the second equality and that x does not depend on ¢ in the
last equality. This concludes the proof. O

Definition 2.3. We say that 0 € M. (' x R/27Z) is a minimal kinetic measure
if it satisfies (1.7) and for every o’ solving (1.7) it holds that

Vo 1= (poilo| < (po)lo’| =1 vor.

We moreover say that w is a a minimal Lagrangian representation of m if it is a
Lagrangian representation of m according to Def. 2.1 and

0w =2'"® 0,
with o; minimal kinetic measure for % '-a.e.r € (0, T).

The existence of a minimal kinetic measure is proven in the following lemma:

Lemma 2.4. For every m € A(Q) there exists a minimal kinetic measure . More-
over there exists vmin € My (2) such that for every minimal kinetic measure o it
holds that viin = (px)zlo].

Proof. Since d;0 is uniquely determined by (1.7), we have that a kinetic measure
o is minimal if and only if for v,-a.e. x € 2 the disintegration o, satisfies the
following inequality:

I =lox|l =

o + ! H Va € R. 2.7)
Therefore all minimal kinetic measures are of the form
Vg ® ((UO)X + O[(x),Cl> s

where o : Q — R is a measurable function such that for v,,-a.e. x € € it holds
that

H (©00)x + a(x)L! H < H (00)x + L] H Ve e R. (2.8)

The existence of such an « is trivial and in particular it holds that

Vmin = <min ” (00)x + all H) vg.
aeR
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In Sect. 3 we will show that for every m € A(S2) there exists a unique minimal
kinetic measure op;in, namely that for vyip-a.e. x € 2 there exists a unique «(x)
such that (2.8) holds.

The main result of this section is

Proposition 2.5. Let @ C R? be a bounded open set, m € A(S2) and Q' be a W>>
open set compactly contained in Q be such that ' -a.e. x € 3Q is a Lebesgue
point of m. Then there exists a minimal Lagrangian representation w of m on 2.
In particular it holds that

00| = f oy |de. 2.9)
r

The existence of a Lagrangian representation for weak solutions with finite
entropy production to general conservation laws on the whole (0, ') x R? has been
proved in [24]. The case of bounded domains when €' is a ball was considered in
[25] for the class of solutions to the eikonal equation arising in [29]. The extension
to the case where 2’ is a W2 open set does not cause any significant difficulty.
In particular the argument proposed in [25] applies here with trivial modifications
and leads to the following partial result:

Lemma 2.6. In the setting of Proposition 2.5, let 0 € Mjoc(2 X R/217Z) be a
locally finite measure satisfying (1.7). Then there exists a Lagrangian representation
w of m on Q' such that

/ Tot.Var. - .+ vsdw < To|(Q x R/27n7Z).
r Yty

We now prove Proposition 2.5 relying on Lemma 2.6.

Proof of Proposition 2.5. Let m € A(S2) and let & be a minimal kinetic measure.
By Lemma 2.6, there exists a Lagrangian representation w of m such that

/r Tot.Var.(, .+ ysde < T|5]. (2.10)

By definition of o, it holds that

lowll < </F |0y|da)) ((O, T) x Q x ]R/ZJTZ) = /FTOt-VaI'(z;,J)Vsdw'
(2.11)

By Lemma 2.2, the measure o, satisfies (2.5); being 6 a minimal kinetic measure
for m, it follows that T||o|| < ||oy]|. In particular the inequalities in (2.10) and
(2.11) are equalities and (2.9) follows. O

The following lemma is a simple application of Tonelli theorem and (2.1); since
it is already proven in [26], we refer to it for the details.

Lemma 2.7. For w-a.e. (y, 1, t;‘) e T it holds that for £'-a.e. t € (t,, t;‘)

(1) yx(2) is a Lebesgue point of m;
(2) &7 - m(y (1)) > 0.

We denote by I'y the set of curves y € I such that the two properties above hold.
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3. Structure of the Kinetic Measure

The main goal of this section is to prove Proposition 1.7. As a corollary we will
obtain the concentration property (3”) presented in the introduction for solutions
m € A(S2) with a vanishing entropy defect measure. The key step is the following
regularity result (the strategy of the proof is borrowed from [25], where an analo-
gous statement was proved for the solutions to the eikonal equation arising in the
micromagnetics model mentioned in the introduction, and we finally observe that
in that situation this result is sufficient to establish the concentration property (3°),
while it is not the case here):

Lemma3.1. Lety € Iy andt € (1, t3), and set X = (1) and § := P;(i+).
Then there exists ¢ > 0 such that for every § € (0, 1/2) we have at least one of the
following:

(1) the lower density estimate holds true:

K72 ({x € B (%) : € -m(x) > —8})
2

lim inf > ¢f;

r—0 r

(2) the following lower bound holds true:

lim sup M > c83.

r—0 r

The same statement holds by setting 5 := y;(f—).

Proof. We prove the lemma only for § = y,(f+), being the case § = y;(f—)
analogous. Let 8; > 0 be sufficiently small so that for #!-ae. r € (7,7 + 8;) it
holds that

. - 1)
e el > cos (5) . (3.1)

Since 7, satisfies (2.2), then for every r € (O, %‘) there exists ¢, € (f, 7 + ;1) such
that
7:(t) € B.(X) Vte(i,t), and  y,(t;) € dB,(X).
Moreover since cos(§/5) € (1/2, 1), then (3.1) implies
r<t —t<2r

For every r € (0, %‘) we denote by

Ep(r)i={t & (1) : m(7e(0)) - PO > 0},

E_(r):={t € (I, 1;) : m(px (1)) - & D=0 5 0},
Since y € I, for Plaete (0, t,) it holds that

m(py (1)) - 70 > 0,
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therefore, being § € (0, %), we have
(t,t) CEL(r)UE_(r).
In particular
LUELr)+LNE-(r)) =1, —T =

In the remaining part of the proof we assume that & 1(E —(r)) > r/2, being the
case Z! (E4(r)) > r/2 analogous.
Given ¢ > 0, we consider the strip

Spe 1= {er,; 23t e (1) : |y (t) — x| <s}. (3.2)
Forevery (y, 1,/ t+) e Ilet (ty i t+ i yl be the nontrivial interiors of the con-
nected omponents of y~ ((s —8),5—%8)  which intersect

y_l (Sm X (E — ‘5—‘8, s — %6)) Notice that we have the estimate

5
N, <1+ gTot.Var.yS.

For every i € N we consider
Ti:={(y.t,,6]) €T : Ny > i}
and the measurable restriction map

Ri: Ty —»T.
oty ) = (vt 1)
We finally consider the measure

e¢]

@:= Y (R);(w.Iy).

i=1

We observe that @ € M (I"), since, for every N > 0,

5
< / Nydw < / <1 + gTot.Var.ys> do(y) < 00,
r r

by Point (3) in Definition 2.1. The advantage of the measure @ is that it is concen-
trated on curves whose x-components are transversal to y, on the whole domain
of definition. This property allows us to prove the following claim:

(L T)

Claim 1. There exists an absolute constant ¢ > 0 such that for @-a.e. (y, t+) €
I' it holds

4 3 £
1 - . < = ~
<z <{te(ty,ty).y(t)eS,,8x(s—§8,s—§8>})fcg.
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Proof of Claim 1. It follows from (3.1) and the characteristic equation (2.2) that
there exists a Lipschitz function f; : R — R such that

@ :te@i+8))C {ze"g + fp(z)e"(ﬂ%) iz € R} and
Lip(fy) < tan (g) . 3.3)

Similarly for @-a.e. (y,t,,t}) € I there exists a Lipschitz function f, such that

V’V

(e @) fze™ + £, D i zeR]  and

d tand, —t 28
Efy(z)e <— ané, — an(g >>

for #l-ae. z € R. By the definitions of S, . in (3.2) and of f; in (3.3), it easily
follows that

-1
socfremen o) eon(Z)) 2t 2 o)
o)) 34
+8<COS<§>> . (3.4)

Given (y, t.; v by ) e I let us consider the function gy : (ty ) ) — R defined by

gy () = yx (1) 'ei(§+%)-

By construction of @, for w-a.e. (y,t, o ly fyeTland L'-ae.r e (ty 1 +) it holds
that
d (2
78 (1) < —sin <§8) . (3.5)
On the other hand
d 5 (8
Ef)?(yx(t) -e'’) > —sin (§> . (3.6)

By (3.4), forevery r € (7, 1,}) such that y, (t) € Sy it holds that

. S\ ! . S\\ !
fryx (@) -e¥) —¢ <cos (5)) <g® = fry@)-e')+¢ <cos (g)) :

Therefore, by (3.5) and (3.6), we have

| 2¢ (cos (%))71 ~
<z ({ Vx(t)esra})_ |m( 8)—sin(%)| 5057

for some universal ¢ > 0. This concludes the proof of the claim. O

™
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By construction we have
~ 3 - 4.3 is
(e)pd0 > L7 {(x,5) € Spe x |5 — 58,s— 58 m(x)-e” >0
for every ¢t € (0, T'). Therefore
3 = 40 3 is
T.%" (x,8) € Spe X s—gé,s—§8 cm(x) e’ >0
4
5

5/92”1 ({t:y(r)eSr,sx<
r

< &a)
cC—-w .
)

vl
|
>
oY
|
| W
(2
——
—_——
S———"
Q
S
~
(98]
~
N

On the other hand, since y € I'y and LYE_(r) > r/2 there exists € > 0 such
that for every ¢ € (0, £) it holds that

£ <{(X,S) € Sre X <§ - 23,5 - %8) tm(x) e > O})

L (s < (5 ~dase %5)) (3.8)

eréd

>
-5
By (3.7) and (3.8) it follows that

. erd 8T  ré&?
o) > — —=—T.
5 ce 5¢

We consider the split I' = I's. U ', where

.= {(y, ty_,t;') el: t; —1t, >r}, and
Fo={(y.t,. ) el :of —1 <r}

We will prove the following claim, from which the lemma follows immediately:

Claim 2. There exists an absolute constant ¢; > 0 such that the two following
implications hold true:

(1) if &(T-) > 2T then

72 <|x € Boy () : €7 m(x) > —5]) > c16r2;

Q) if () > T then

10¢ °

V(Bar (X)) = c18°r.
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Proof of (1). By definition of I'. and the assumption in (1) we have

Tr252< Al et ) v € B (F < s 28 i
E_ﬁ ( G(V’y)'y()e 2r(x)x(s_’s_§>)w

<73 <{(x,s) € By (¥) x (s —5,5— %5) cm(x) - e > o})
< T5.47 ({x € By (X) : m(x) - &5 > —3}).

Proof of (2). For w-a.e. (y, 1, t;r) € I', the image of y, is contained in By, (X)
and Tot. Var.(y;) > % Since w is a minimal Lagrangian representation, this implies
that

8 Trs3

Tvmin (B2 (X)) = [00|((0, T) X By (X)) = f Tot.Var.yydw > —o(I'c) = ——.
5 50¢

o

Proposition 3.2. Let m € A(RQ) and 0 € M(Q2 x R/2nwZ) be a minimal kinetic
measure. Then for vimin-a.e. x € Q\ J it holds that

supp dsox = {s,s +}  forsomes € R/2n’Z. 3.9)

Proof. Let w be a minimal Lagrangian representation and let s, s’ € R/27 Z; from
the explicit expression of o,, we have that for £' x vpin-ae. (r,x) € (0,T) x Q
such that supp(ds(0y)r.x)) N (s, s”) # O there exists (y, 1, t;r) € I'y such that

te,, t;'), v =x, and [y(t—) € (s,s) or y(t+) € (s,5)].

Given s1, 52 € 71Q/2n7Z with 51 # 57 and 51 # 52 + 7, we set
1
851,50 = 5m1n{|s1 — 82, Is1 + 7 — 521}

so that the intervals 1] := (51 — 85, .50, S1 + 85,.50) » 12 1= (52 — 85,59+ 52 + 0s;.5,)>
I3 := (51 +7 — 8y 55, 51 + 7T +8,,5,) and Iy := (52 + 7 — 85, 5., 2 + 7 + 85, 5,)
are pairwise disjoint and the distance between any two of these intervals is at least
85,5, We denote by

E(s1,82) = {(t,x) € (0, T) x Q : supp(d5(0)s,x)) N Ij # P for j =1,2,3,4}.

It was shown in [13] that the constraint forces o to be m-periodic in s, in
particular for LY X vpin-a.e. (¢, x) € (0, T) x 2 the support of d;0,, is w-periodic.
Therefore if (7, x) € (0, T) x Q is such that (3.9) does not hold, then there exist
four distinct points 51, 52, 51 +7, s2+7m € R/2mwZ belonging to supp(ds(0)s.x)- In
particular L X vin-a.e. (¢, x) € (0, T) x  for which (3.9) does not hold belongs

to
U  EGiLs.

s1,526nQ/2nZ
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By the discussion at the beginning of the proof, we have that for £! x vyin-a.e.
(t,x) € E(s1,52) and every j = 1, 2, 3, 4 there exists (y;, ty_/,, t;r,,) € I'y such that

te(, . t), (@ =x, and [()st=)€l; or (ypst+) € 1))

We show that if (r,x) € E(s1,s2), then x is not a vanishing mean oscillation
point of m. Let us assume by contradiction that x is a VMO point of m and there
exists ¢ € (0, T) such that (¢, x) € E(s1, s2); by applying Lemma 3.1 for every
J =1,2,3,4 there exists §; € I; such that

- Lr{x' € Br(x) 1 €' - m(x') > =8, 5, ))
r—0 r2

> 685‘1 52

Since it does not exist any value 7z € R? with |i2| = 1 such that s - €'/ > —§;, ,
forevery j = 1, 2, 3, 4, this proves that x is not a vanishing mean oscillation point
of m. Thm 1.5 implies that H'-a.e. x € \ J is a VMO point of m, therefore since
Vmin < H1, then the set of points x € '\ J for which there exists t € (0, T') such
that (¢, x) € E(s1, 52) iS vmin-negligible.

Letting s1, s> vary in 7Q/27Z, this proves the claim. O

Remark 3.3. Proposition 1.7 states for the measure oy the same property we ob-
tained here for a minimal kinetic measure o. Although o9 is not always a minimal
kinetic measure, the two statements are equivalent since vyin < Vo < Vpin and
ds00 = 0,0 (see the discussion in Lemma 2.4).

Corollary 3.4. For every m € A(S2) there exists a unique minimal kinetic measure
omin Of m. In particular for every minimal Lagrangian representation w of m on
Q' C Q it holds that

0w =20, T)® omin. 2.

Moreover the disintegration of omin With respect to vmin has the following structure:

(1) for vpin-a.e. x € Q\ J it holds that

1 1
(Omin)x = 5(85—% + 854_%), or (Omin)x = _5(8§—% + 8§+%)

for some s € R/2w 7.

(2) for vipin-a.e. x € J let m™, m™ and n denote the traces and the normal to J at
x as in Theorem 1.5 andlet B € (0, w) and s € R/2xZ be uniquely determined
by

mt =B and  mm =P,
Then

(Omin)x =M - € gg(s — 5L,
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where gg : R/2nZ — R is m-periodic and for every s € [0, ] is defined by

c(B) [(sins = cos ) Lix/a—p.x/2451(5)] if € (0,7/4]
85(5) = {e(B) [(sins = 08 B) L2/ (5) +cos p = 2| if B € (w/4,7/2]
Zxp(s) ifB € (r/2,7),
(3.10)

and where c¢(B) > 0 is such that

2
f |gp(s)|ds = 1.
0

Proof. In particular let o be a minimal kinetic measure; since o is m-periodic in
the variable s, it follows from Proposition 3.2 that for vpip-a.e. x € '\ J it holds
that

1 1
Oy = —2+2nc(8§_% +6§+% +C.,Z ), or
1 1
Oy = —m((S;,% +8§+% +C$ )

forsome s € R/27wZ and some ¢ € R depending on x. The necessary and sufficient
condition (2.7) for minimality trivially implies ¢ = 0. By Theorem 1.5 and (1.9) it
holds that

n- (@) — @) AT = (pr): (—dsYooL] x R/27Z).

The following identity was obtained in Sect. 4.2 of [13]: for every g € [0, /2] it
holds that

) ) 27
er - (D) — v Py =~ /O g5(5)ds Vo (s)ds, (3.11)

where gg : R/2n7Z — R is a w-periodic defined by

2
gp(s) = (sins — cos B) Lz /2-p.x/2+8(5) — ;(sin,B — Bcos B) Vs € [0, ].

Observe that the constraint divm = 0 implies that for .#!-a.e. x € J it holds
mt .n = m™ -n. Therefore, with the notation introduced in the statement, we have
n = +e'S. We prove (3.10) first in the case 8 € [0, 7/2].

Choosing @ such that Y5 (s) = Yo (s +5), we deduce from (3.11) that

n- (q>(m+) - d)(m_)) = (ll . eif) el <<I> (ei(§+ﬂ)) ) (ei(i_ﬂ)»
= (n- )’ fi Vo (s +5+3) e+ Dds

= (n . ei‘?) er - /_Z VYo (S +5+ %) ¢ (3 ds
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(n-e)er-(@(c7) =@ ("))
_ (n ) eis) /OZﬂ gp()Y} (s)ds

_ (n ) eiE) /02” gp(s — )Vl (s)ds.

This shows that for vyip-a.e. x € J with 8 € (0, w/2) there exist two constants
c¢1 > 0and ¢ € Rsuch that o, = ¢1(gg(- —5) + )L Ttis a straightforward
computation to check that the choice in (3.10) is the unique that satisfies the con-
straint in (2.7). In particular o, is uniquely determined for vpyip-a.e. x € J such
that 8 € (0, w/2).

The case B € (7/2, ), can be reduced to the previous case exchanging m™
with m~, and therefore changing the sign of n and replacing s with 5 4+ 7. Since
Js¥o and gg for B € (0, /2] are m-periodic, then the same computations as above
leads to

- 2w
n- ((I)(m+) - <I>(m_)) = — (n . e”) /0 8rn—p(s —5)0s¥a(s)ds.

Similarly the choice in (3.10) is the unique that satisfies the constraint (2.7). oy
being uniquely determined for vyjp-a.e. x € 2, the measure oy, is unique. O

The following lemma links the jump set of the characteristic curves with the
jump setof m € A(2):

Lemma 3.5. Let m € A(Q) and Q' be a W>* open set compactly contained in
Q. Let moreover w be a minimal Lagrangian representation of m on Q. Then for
w-a.e. (y,1,, t;‘ ) € T the following property holds: for every t € (z,, t;‘ ) such
that ys(t+) # ys(t—) it holds that y,(t) € J.

Proof. Since w is a minimal Lagrangian representation, by Proposition 2.5 and
Corollary 3.4 it holds that

/ 0 1d = [60] = £ X |omin] = £ X (vin ® | Gimin)x )
I

as measures in (0, T) x Q' x R/27xZ. By Corollary 3.4 it follows that for £! X vyin-
a.e. (t,x) € (0,T) x (2\ J), it holds that

supp (E‘ X Iamin|> C{s,5+m} (3.12)
t,x

for some s € R/2xZ. Suppose by contradiction that there exists G C I' with
®(G) > 0and ameasurable function? : G — (0, T') such that forevery (y, 1, t;‘)
in G it holds that

iy)e@, . tf), v (@+) #r(f+), and  y (((y) e 2\ J.
For every (y, ., 1)) € G we set

&y =H'E} (i(y)) = H' E, ({(y)).  where
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EJ (i() =t x.5) € E, 11 =1(y)),

and E)jf are defined in (2.4). Let 6,, := [ |6 |[dw € MT((0, T) x Q' x R/2n7);
by definition we have 6, < |o,|. Let us denote by v := (p; x)z0,. Then by
definition of &, we have that ¥ is concentrated on (0, T) x "\ J and for v-a.e.
(t,x) € (0, T)x '\ J thereexistno§ € R/2nZ suchthatsupp(G,)r.x C {5, 5+7}.
Since (') > 0, this is in contradiction with (3.12). O

3.1. Solutions with a Single Vanishing Entropy

The goal of this section is to prove the following result about solutions with
vanishing entropy production:

Proposition 3.6. Let Q2 C R? be an open setandm € A(S2) be such that div Y6, (m) =
0. Then J is contained in the union of countably many horizontal and vertical seg-
ments. Moreover vmin is concentrated on J.

The result follows from Proposition 3.2 and the following general result about
BV functions for which we refer to [3, Proposition 3.92]:

Lemma 3.7. Let f € BV((0, T); R) be continuous from the right. Then for every
E C R at most countable it holds

Dl (£~ ®)) =0.
Proof of Proposition 3.6. We recall from [13] that
divXg, ¢, (m) = =2(px)z [sin(2s)o].

For vpmin-a.e. x € J itholds n = +e'S, therefore in order to show that J is contained
in a countable union of horizontal and vertical segments, it is sufficient to observe
that for every 8 € (0, ) it holds that

7. (3.13)

|

/ gp(s —3)sin(2s)ds =0 - s €
R/2nZ

This can be proven directly by using the explicit expression of gg in (3.10). Al-
ternatively, we refer to [6, Lemma 2.4], where the authors show that for m €
A(2) N BV (£2) it holds that

1
div By oy ()| S = cosQa)mt —m™PH'LJ,

where o € R/27Z is such that n = +¢/(®+T) Theorem 1.5 implies that the same
computation is valid for every m € A(2). Since cosQe) = 0 = « € % + %Z,
then divXy, ¢, (m) = 0 implies that n = ¢S with 5 € %Z a.e. with respect to the

measure VpyinLJ .
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Now we prove that vy, is concentrated on J: by Corollary 3.4, for vyin-a.e.
x € @\ J it holds that

/ Sin(25)d (55 + 85 = 0.
R/277Z
which trivially implies § € 5Z. By Lemma 3.5, we have

2 5o @\ D = [ @aiBinl (157 (52)) dotn) =0,

where in the last equality we used Lemma 3.7. O

Remark 3.8. The same argument shows that, in order to prove that vy, is concen-
trated on J, the assumption div X, 4, (m) = 0 can be replaced with div ®(m) =0
for any @ € &, such that {s : d;¢¢ (s) = 0} is at most countable.

4. Uniqueness of Minimizers on Ellipses

The goal of this section is to prove Theorem 1.8. Since the functional Fy is
invariant by rotations, then we will assume without loss of generality that the major
axis of the ellipse is parallel to x-axis in the plane.

The next result is essentially contained in [16] (see also [15]); for completeness,
we give the proof here.

Proposition 4.1. Let i® be defined as in Theorem 1.8. Then i’ is a minimizer of
Fo(-, Q2s) in Ag(Q). Moreover, for every minimizer ub of Fo(-, Q) in Ag(Q) the
function m = V+u® satisfies

divEe, e, (m) =0 and divE, ,(m) >0 inD'(Qs).
Proof. In [2], the authors noticed that for every u € A(€2;) it holds that

divE,, e, (V) > ‘

divEe, o, (Viu) (525)

Fou, Q) = H(

1(4.1)

2

> ((\divzel,ez(v%)\ @)+ ([aivEs 740 (Qa))z)

Let us denote by m := VL. Since for every u € As(2) it holds V4iu =min S,
then it follows from (4.1) that

1

(Qa))z) '

4.2)

Folu, Q) > ((’divzsl,gz(vﬁ) (93))2 + (’divzel,ez(vlu)

> divE,, 0, (Vu)(Qs)
= / Eel,ez(vj‘u) -ndH!
Q25

= divE,, e, (1) (2s5)
= Fo(ii®, ),
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where in the last equality we used divXg, ¢, (m) = 0 and divZ,, ¢, (m) > 0. This
shows, in particular, that i#° is a minimizer of Fy(-, 25) in A9(€2). Moreover for
every minimizer u of Fy(-, 2s) in Ag(Q), the inequality in (4.2) is an equality and
this completes the proof. O

Theorem 4.2. Let Q2 be an ellipse, and m € As(2) be such that
divEe, o,(m) =0, and  divEe, ., (m) > 0. (4.3)
Then
m.Q = V- dist(-, 99). 4.4)

Proof. The proof is divided into three steps: in Step 1 we link the assumptions in
(4.3) with the sign of 9501y relying on Corollary 3.4 and Proposition 3.6. Then we
will prove in Step 2 that the entropy defect measures of every m as in the statement
are concentrated on the axis of the ellipse. We finally prove in Step 3 that this last
condition forces m to satisfy (4.4).

Step 1. Let m € As(2) be as in the statement and o, be its minimal kinetic
measure. Then, for every ¢ € CC1 (s x R/277Z) such that ¢ > 0 and

supp ¢ C 25 X <(O, %) U (n, %7‘[)) )

it holds that

(050min, @) = _/ ds@domin > 0.

QxR/277Z

Proof of Step 1. Since divXy, ¢, (m) = 0, it follows from Proposition 3.6 that for
Vmin-a.e. x € J the normal to J at x is n(x) = €**® for some s(x) € %Z. Up
to exchange m™ and m™, we can therefore assume without loss of generality that
n(x) = (1,0)orn(x) = (0, 1) for vyip-a.e. x € J. We denote by J;, C J the points
for whichn = (0, 1) and J, C J the points with n(x) = (1, 0). We consider these
two cases separately.

Ifn(x) = (0, 1), then

1
(Ve (m) LI = (D@ = D) 2,

therefore mT(x) = —m (x) > O for v-a.e. x € Jj. In particular, using the same
notation as in Corollary 3.4, we have s = %n. We observe that by the definition of gg
in (3.10), forevery 8 € (0, ) itholds d,gg(s) > Ofor L'-a.e.s € (0, Z)U(r, %n)
and d;gg(s) < 0O for Ll-ae. s € (%n) U (%7‘[,27‘[). In particular for every
B €O m)and L-ae.s € (0, %) U (m, %n) it holds that

(n : e"f) 8,85(s — 5) = —ds8p(s — 5) > 0.
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Similarly, if n = (1, 0), then

1
(Ve e M) Ly = 5 (5P @ = 03P w) A,

therefore m;(x) = —m, (x) > 0 for vpip-a.e. x € Jy. In particular 5 = 0 so that
for every 8 € (0, ) and Ll-ae.s € (O, %) U (JT, %n) it holds that

(n : ei§> 8,25(s — 5) = 8,2p(s) = 0.

Therefore by Corollary 3.4, it follows that

271 -
05 Omin, = ") gh(s — 5)pdsdvmin > 0.
Oomins ) = [ [ (n-€) (s Srdsdunin =

Step 2. We prove that v, is concentrated on the axis of the ellipse.
Let us denote by

Q:{xeRz:x%+ax%<r2}

with r > 0 and a > 1. Let us assume by contradiction that vy (J, N {x € R2 .
x3 > 0}) > 0. Then there exists b > 0 such that vyin({x € J; : xo = b}) > 0.
By the analysis in the proof of Step 1 there exists A C R such that Z!(A) > 0
and for #'-a.e. x € A x {b} it holds m} (x) < 0. In particular we can choose
o € (m,3m/2) such that

and

|tan | <

2(r 4 9)
0= " ({x €QNJy:xo=bande® . m(x) > 0}) 0. (45

Let x; > 0 be such that (x1, b) € 925 and denote by
E = {x € Qs :x2 € (g(x1), b)}, (4.6)

where g(x1) = tan(a)(x; — x1) + b. The first constraint in (4.5) implies that
E C {x» > 0} (see Fig. 1).

We consider the following Lipschitz approximation of the characteristic func-
tion of E:

ifx ¢ E
Ye(x) = . 1 4. .

mm{l, < dist(x, 8E)} ifx € E.

We moreover consider p € C2°(mr + “%, «) such that p > 0 and ]R p(s)ds =1
and we test (1.7) with g, (s, x) = ¥.(x)p(s). If ¢ < §, then the choice of « in (4.5)
and of p implies that
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T2

Fig. 1. The figure illustrates the definition of E in (4.6)

{(x,5) € Qs x supp(p) : €' - Vihe < 0} C {(x,5) € (R \ Q) x supp(p) :
x3 > 0and x; < 0}.
Since m = m on Q5 \ £, then for Z? x Z'-ae. (x,s5) € (s \ Q) x supp(p) it

holds x(x,s) =1 o = 0. In particular, by the second condition in (4.5), we
have

els.m(x)>

e—0

lim inf/ e Ve () p(s)x (x, s)dsdx
QxR/2nZ

v

/{ Q bIxR)2 Z(_ SinS)’O(S)llf”\m—(x)>()(x)dsd7'[1(x)
Xelixp=byX T

. o — 7T
sin
& 2

> 0.

v

This contradicts Step 1, which implies that
| T @pex e s)dsdr = ~(0s0min. p © i) <0,
QxR/277Z

A similar argument excludes that vin({x € Jj : x2 = b}) > 0if b < 0 and that
vmin({x € Jy : x1 = a}) > 0if a # 0; see Fig. 2 which illustrates the sets E that
need to be considered in these cases.

Step 3. We prove that the unique m € As(2) for which vy, is concentrated on
the axis of the ellipse satisfies (4.4). In particular we show that m = m on

Qg:{erg:x1<O,x2>O},

this being the argument for the other analogous quadrants.
Let x € Q2 be a Lebesgue point of m and let 5(x) € (7 /2, ) be such that

SO = v dist(x, 99).
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Fig. 2. Theregions in blue indicate the sets E to be considered in order to repeat the presented
argument in the three cases not addressed in details

zy

Fig. 3. The picture represents the points ys, , ys( %)s Ysos while the arrows represent the values
of m at these points

For every s € (7/2, ) let t; > 0 be the unique value such that
Vs i=X + tseis S 895/2 N Qg.

By elementary geometric considerations (see Fig. 3) the following properties
hold:

(1) m(ys) - e > 0 forevery s € (/2,5(X));
2) m(yy) - e’ < 0 for every s € (s(x), m).

Inparticular forevery ¢ € (O, %min{i(i) —m/2, T — E()E)}) there exists» € (0, %)
such that

(1) foreverys € (5(x)—2¢,5(x)—¢)andevery y € B,(ys) itholds n'z(y)-e"_x > 0;
(2) foreverys € (5s(x)+e¢,5(x)+2¢) andevery y € B,(y,) itholdsm(y)-e'* < 0.

By Step 2 we have that
e Vix =0 inD(Q)

therefore for L'-ae. s € R/27Z the sets {x € Qs:e mx) > 0} and
{x € Qs e mx) < O} are invariant by translations in the direction ¢’ up to

negligible sets. Since m = /m in Q2 \ 2, then it follows by the previous analysis that
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for every & > 0 there exists r > 0 such that for £%-a.e. x € B, (x) the following
two inequalities hold:

mx)- e >0 forLl-ae s e (X)) —2e5(X) —e), “7)
mx)-e® <0 for L'-ae. s € 5(X) + &, 5(F) + 2¢). ‘

The two conditions in (4.7) implies that for £>-a.e. x € B, (x) itholds m(x) = &/
for some s(x) € [s(x) —mw/2 —¢,5(x) — /2 + ¢]. Since x is a Lebesgue point of
m, letting ¢ — 0, we obtain

m(E) = 5(¥) — % — ().
This concludes the proof. O
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