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ABSTRACT The permanent magnet synchronous motors are widely used for the propulsion of electric
vehicles. Thesemotors have good performance, but result expensive because the permanentmagnets installed
on their rotor contain rare earths. A promising solution to reduce the cost of the motors is to replace the
magnets with an excitation coil, which requires to transfer its own supply power to the rotor of the motor.
The power transfer is performed by means of a rotary transformer. This paper develops a simplified steady
state model of the rotary transformer which allows to asses with good accuracy the position of some points in
the waveforms of the currents in the primary and secondary coils of the transformer and in the excitation coil.
The inputs of the model are the inductive parameters of the transformer itself and the electrical parameters
of the power switches that compose the inverter that supplies the primary coil and of the diodes that form the
rectifier connected to the secondary coil. The accuracy of the analytical expressions that give the position
of the points on the current waveforms is verified by comparison with the results obtained from simulations
and with the current waveforms acquired from a prototypal transformer available in the lab.

INDEX TERMS Rotary transformer, analytical model, excitation coil.

I. INTRODUCTION
It is common opinion that a wider use of electric vehicles
(EVs) can reduce polluting emissions and delay the depletion
of fossil fuels. The electric motor is one of the most important
components of EVs. It must provide high starting torque,
operate over a wide speed range, offer high efficiency and
simplicity of control. In the past, dc motors have been used;
currently, induction motors, switched reluctance motors and
permanent magnet motors are installed on EVs [1]. The latter
offer the best performance in terms of power density, spe-
cific power and efficiency [2]. Unfortunately, their cost has
recently increased due to the use of rare earths in the produc-
tion of magnets and therefore studies have been undertaken
to evaluate the possibility of reducing the quantity of magnets
needed in each motor. A promising solution is to use excita-
tion coils instead ofmagnets to create the rotormagnetic field.
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The motors that implement this solution are often denoted as
electrically excited synchronous motors (EESMs). Different
aspects have been considered in [3] to optimize the design
of the EESMs. In [4] the excitation system of the EESM
encompasses a small asynchronous exciter and a rotating
three-phase diode bridge rectifier. In [5] a brushless EESM
having a rotor with slots similar to those of a synchronous
reluctance machine is considered.

The excitation coil could be powered by means of brushes,
but they are subject to wear and require periodic mainte-
nance. Paper [6] presents a radical solution to this problem by
proposing a motor with a winding-free rotor and a stator that
has both excitation and power windings. Another particular
solution is presented in [7], where an EESM with one set of
stator windings and two set of rotor windings is considered.
A component of the stator flux rotates asynchronously to the
rotor and induce a voltage across one of the rotor windings
set. The consequent current is rectified and used to supply
the other rotor winding set that generates the magnetic field.
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However, the approach most often considered in the literature
to get rid of brushes and rings relies on a wireless power trans-
fer system built around a high frequency rotary transformer
(HFRT). In [8] a model comprehensive of the motor and of
the HFRT coil is presented. In studying the HFRT different
aspects should be considered, such as the coils layout [9],
the losses and thermal effects [10], the overall system mod-
eling [11]. This paper is focused on this last aspect and aims
at developing closed form formulas that describe the steady
state behavior of the HFRT and of the excitation coil. More
in details, the obtained formulas give the time instants of
the occurrence of particular points in the current waveforms
and the corresponding values of the instantaneous current.
Given thewaveform of the currents considered in this applica-
tion, the knowledge of the pairs of time-current values in these
key points allows to completely reconstruct the entire current
waveform during a supply period. To achieve this result, the
paper performs a detailed analysis of the functioning of a
HFRT operating at steady state. The analysis is carried out
following the approach of predicting the system operation
rather than explaining the results obtained from a prototype or
by simulation. This approach leads to a deeper understanding
of the system behavior and allows to make apart the aspects
of its functioning intrinsic to its structure from those which
instead depend on the particular implementation under con-
sideration.

In performing the analysis, some simplifications have been
introduced to obtain workable expressions of the amplitudes
of the currents at the key points. Beside illustrating the func-
tioning of the system, these expressions could give useful
hints about the sizing of the transformer, of the excitation
coil, of the rectifier and of the supply high frequency inverter
(HFI). Moreover, they can be used to assess the effects
of the variations of one or more parameters of the rotary
transformer on the amplitudes of the currents. The analysis
method proposed in this paper has been applied to a prototy-
pal HFRT whose electromechanical parameters are known.
The accuracy of the obtained results has been verified by
comparing them with the outcomes both of simulations and
of experimental tests performed on the prototype.

The paper is organized as follows. Section II gives a
detailed description of the overall system, considering the
parasitic effects of its components and analyzing the func-
tioning of the diode rectifier in different working conditions
along one supply period. Section III develops the equations
that express the currents behavior as a function of the supply
voltage, of the parameters of the rotary transformer and of the
excitation coil, of their parasitic element and of those of the
supply inverter and of the rectifier. Section IV finds approx-
imate solutions of the equations developed in Section III to
work out the analytical expressions for the amplitudes of the
currents at the key points and a description of their wave-
forms. Section V compares the analytical result with those
coming from simulations. Section VI compares the analytical
results with the outcomes of experimental tests performed on
a prototype. Section VII concludes the paper.

II. CIRCUIT ANALYSIS
The simplified scheme of the circuit for the high frequency
inductive supply of the excitation coil is sketched in Fig. 1.

FIGURE 1. Schematic of the high frequency inductive supply.

The element that characterizes the system is the HFRT. It is
modeled by the self-inductances Lp and Ls and the parasitic
resistances RLp and RLs of its primary and secondary coils
and by their mutual inductance M.

The current ip, supplied by the HFI, flows in the primary
coil. The HFI is formed by the four MOSFET T1, T2, T3, and
T4 arranged in a H-bridge and controlled by the phase shift
technique. The dc side of the HFI is supplied by the constant
voltage Vdc. The secondary coil is connected to a full-wave
diode rectifier (DR) formed by the diodes D1, D2, D3, and D4.
The dc side of the DR supplies the excitation coil, modeled
by its self-inductance Le and its resistance Re.
This is the most common solution found in the litera-

ture, even if other layouts can be implemented, for example
based on a three-phase transformer [12] or on a single-phase
transformer with a center-tap secondary coil connected to a
two-diodes rectifier [13].

A. HIGH FREQUENCY INVERTER OPERATIONS
Given the high frequency of the supply voltage, some authors
analyze the behavior of the HFRT considering only the first
harmonic of the involved currents and voltages [14], [15].
This paper, instead, considers the real waveform the supply
voltage. According to the phase shift technique, the switching
commands of transistors T1 and T3 are complementary square
waves with duty cycle equal to 50% and switching period T.
The switching commands of T2 and T4 have the same wave-
form but are shifted of the phase angle ϕ. In the hypothesis
that the on-resistances RT of the transistors are equal to zero,
the voltages of the nodes PA and PB with respect to PC are
square waves with amplitude Vdc and shifted one with respect
to the other of the phase angle ϕ, corresponding to a time
delay of δT, as shown in the upper and in the middle plots of
Fig. 2. The supply voltage vAB of the primary coil is given
by the difference vAC-vBC and is shown in the lower plot of
Fig. 2. It is a quasi-square wave having period T, equal to the
switching period of the HFI, and duty cycle given by

δ =
φ

2π
. (1)
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FIGURE 2. Voltages relevant to the phase shift technique.

A more accurate model of the transistors should consider
their on-resistances RT. According to the scheme of Fig. 1
and to the HFI operations described above, two of these
resistances are always connected in series to the primary coil.
Consequently, looking upstream from the nodes PA and PB
to the HFI output, the primary side of the system can be
modeled with the equivalent scheme of Fig. 3, where the HFI
is formed by the ideal transistors ITx and the on-resistances
are connected in series to the primary coil. The supply voltage
vp generated by the ideal HFI takes the values Vdc, 0, or -Vdc
according to the switching commands of the transistors and
satisfies the relation

vp = Rp,eqip + Lp
dip
dt

−M
dis
dt

, (2)

where Rp,eq is defined as

Rp,eq ≜ 2RT + RLp. (3)

FIGURE 3. Equivalent scheme of the high frequency inverter.

B. DIODE RECTIFIER OPERATIONS
Analysis of the DR functioning is performed with the help of
Fig. 4, which models the four diodes of Fig. 1 as the series of
an ideal diode IDx and of its on-resistance RDx and forward
voltage VDx.
From the simple consideration that a positive is flows

through D1 and that in the node SB it sums to any current
flowing through D2 to originate the excitation current ie,
it derives that is ≤ ie. A symmetrical result is obtained when
is < 0, so that it comes that in any operating condition

|is| ≤ ie. (4)

FIGURE 4. Equivalent circuit of the diode rectifier.

Moreover, in the nodes SC and SD, the currents satisfy

is = iD1 − iD3
is = iD4 − iD2, (5)

whilst for the nodes SA and SB it is

ie = iD1 + iD2
ie = iD3 + iD4 (6)

The two voltages vs and ve are linked through the DR
and their actual relation depends on the conduction condition
of the four diodes ID1-ID4 that, in turn, changes according to
the instantaneous amplitude of the current is with respect to ie.
In any case, from Fig. 1 it can be immediately recognized that

vs = −RLsis − Ls
dis
dt

+M
dip
dt

(7)

ve = Reie + Le
die
dt

. (8)

1) RECTIFIER OPERATIONS WITH |is| = ie
If is = ie, from the first of (5) and (6) it derives that
iD2 = -iD3.
However, the currents in the diodes must be positive, hence

it comes that if is = ie, then iD3 = iD2 = 0 and the current
flows only through diodes D1 and D4.

In this condition, from the analysis of the circuit of Fig. 4
it comes that

vs = RD4is + VD4 + ve + RD1is + VD1. (9)

In (9) and in some of the following equations, different sub-
scripts have been used for the on-resistances and the forward
voltages of the diodes in order to make easier recognizing
the path followed in Fig. 4 to compute the voltage drops.
Nevertheless, the analysis of the system is simplified by
considering the same value RD for all the RDx and the same
VD for all the VDx. Thus, (9) simplifies into

vs = 2RDis + 2VD + ve, (10)

i.e. vs must be high enough to compensate for the voltage
drops across the conducting diodes D1 and D4 and to force ie
to flow across Re and Le.
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By substituting (7) and (8) in (10) and by remembering
that the latter one holds for is = ie, the following relation is
obtained

2VD = − (RLs + 2RD + Re) is − (Ls + Le)
dis
dt

+M
dip
dt

.

(11)

Manipulation of (2) and (11) leads to the expressions of the
rates of the primary and secondary currents that hold when
is = ie:

dip
dt

=
1

1 − k2eq

1
Lp

(
vp − Rp,eqip

)
−

k2eq
1 − k2eq

1
M

(
2VD + Rs,eqis

)
(12)

dis
dt

=
k2eq

1 − k2eq

1
M

(
vp − Rp,eqip

)
−

1
1 − k2eq

1
Ls,eq

(
2VD + Rs,eqis

)
, (13)

where Rs,eq and Ls,eq are defined as

Rs,eq ≜ RLs + 2RD + Re, Ls,eq ≜ Ls + Le, (14)

and k2eq is

k2eq ≜
M2

LpLs,eq
=

Ls
Ls,eq

k2. (15)

By substituting back (12) and (13) in (7) and consider-
ing the definition (15), the following expression of vs is
obtained:

vs = −RLsis +
M
Lp

(
1 −

k2eq
k2

)(
1

1 − k2eq

) (
vp − Rp,eqip

)
+

Ls
Ls,eq

(
1 − k2

1 − k2eq

) (
2VD + Rs,eqis

)
.

(16)

On the contrary, if is = −ie, the conducting diodes are D2
and D3 and vs is

vs = 2RDis − 2VD − ve. (17)

Substitution of (7) and (8) in (17) leads to

2VD = Rs,eqis + Ls,eq
dis
dt

−M
dip
dt

. (18)

Manipulation of (2) and (18) leads to the expressions of the
rates of the primary and secondary currents that hold when
is = −ie:

dip
dt

=
1

1 − k2eq

1
Lp

(
vp − Rp,eqip

)
−

k2eq
1 − k2eq

1
M

(
−2VD + Rs,eqis

)
(19)

dis
dt

=
k2eq

1 − k2eq

1
M

(
vp − Rp,eqip

)
−

1
1 − k2eq

1
Ls,eq

(
−2VD + Rs,eqis

)
. (20)

On its turn, (16) changes into (21)

vs = −RLsis +
M
Lp

(
1 −

k2eq
k2

)(
1

1 − k2eq

) (
vp − Rp,eqip

)
+

Ls
Ls,eq

(
1 − k2

1 − k2eq

) (
−2VD + Rs,eqis

)
. (21)

About the rate of ie, obviously it is

die
dt

= ±
dis
dt

, (22)

with the + or − sign according to the sign of is.

2) RECTIFIER OPERATIONS WITH |is| < ie
If ie > is > 0, at a first glance it could be supposed to have
three conducting diodes, for example D1, D2, and D3 carrying
the currents ie, ie-is, and is, respectively. In this condition, the
voltage ve, computed across theD1, D3 pair or theD2, D4 pair,
can be expressed in two different ways as

ve = −VD3 − RD3(ie − is) − VD1 − RD1ie
ve = −VD4 − RD4is − VX2, (23)

where VX2, highlighted in Fig. 4, is the voltage across the
diode D2, which is assumed not to conduct. Equating the two
expressions of ve, VX2 results

VX2 = VD + 2RD (ie − is) . (24)

Hence, the diode D2 is directly polarized and should be
in conduction state. Consequently, the hypothesis of having
only three conducting diodes is wrong and, instead, all the
four diodes are in conduction state.

Then, (23) can be rewritten as

ve = −VD3 − RD3iD3 − VD1 − RD1iD1
ve = −VD4 − RD4iD4 − VD2 − RD2iD2, (25)

and equating the two expressions of ve the following relation
is obtained

iD3 + iD1 = iD4 + iD2. (26)

By manipulating (26) and (6), it derives that

iD1 = iD4, (27)

iD2 = iD3. (28)

By substitution of (28) in the first of (25) and consider-
ing (6), relation (29) is obtained

ve = −2VD − RDie. (29)

The voltage vs results as the sum of the voltage drops across
D4 and D3 and is given by

vs = (RD4iD4 + VD4) − (VD3 + RD3iD3) = RDis, (30)
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where the last equality has been obtained by using (27) and
the first of (5). By comparison with (10), it comes that now
vs is lower than the voltage needed to have two conduct-
ing diodes. Indeed, if the diodes resistance is neglected, the
secondary coils can be considered short-circuited.

Substitution of (7) in (30) leads to

0 = − (RLs + RD) is − Ls
dis
dt

+M
dip
dt

. (31)

From (2) and (31) the rate of ip and is when ie > is > 0 are
worked out as

dip
dt

=
1

1 − k2
1
Lp

(
vp − Rp,eqip

)
−

k2

1 − k2
1
M

(RLs + RD) is

(32)

dis
dt

=
k2

1 − k2
1
M

(
vp − Rp,eqip

)
−

1
1 − k2

1
Ls

(RLs + RD) is.

(33)

If -ie < is < 0 the four-diode conduction is enables as
well and, consequently, vs is still given by (30). Hence,
(32) and (33) hold also in this operating condition.
The expression relevant to the current ie is found by sub-

stituting (8) in (29). It is

die
dt

= −
2VD
Le

−
Re + RD

Le
ie (34)

and obviously results to be independent from is.

III. CURRENT QUALITATIVE ANALYSIS
The aim of this Section is to fix in the supply period of the
HFRT a time instant suitable to be used as initial point for the
quantitative analysis of the currents that will be reported in
the next Section.

The first step in the qualitative analysis of the HFRT
is recognizing that proper operation of the excitation coil
requires ie to be continuous and nearly constant. On the
other hand, supplying the excitation coil through a rotary
transformer entails that both ip and is have a predominant
alternate component. Consequently, is must cross the zero
value while ie is close to its nominal value. This condition
is inherent to the functioning of the system and happens
irrespectively from its actual parameters. After this crossing
point, the general functioning of the system is derived from
the equations worked out in the previous Section.

A. DR OPERATIONS AFTER is ZERO CROSSING
In a time interval around the zero crossing of is the condition
|is| < ie is verified and consequently (32) and (33) hold.
Exactly at the crossing instant, being is = 0, they change into

dip
dt

=
1

1 − k2
1
Lp

(
vp − Rp,eqip

)
(35)

dis
dt

=
k2

1 − k2
1
M

(
vp − Rp,eqip

)
. (36)

Let us consider the positive zero crossing of is. It can
actually happen only if dis/dt is positive and hence, from (36),

vp must be equal to Vdc. Consequently, at the crossing instant,
ip is increasing as well and, if M > Ls, the rate of is is higher
than the rate of ip.
After the zero crossing and before is reaches ie, the rela-

tions (32) and (33) hold with vp = Vdc so that the two
currents keep on increasing even if with a decreasing rate.
In the meantime, ie decreases with the rate given by (34). This
behavior carries on until is reaches the same value as ie.

B. DR OPERATIONS AFTER is REACHES ie
When the current is reaches ie, the diodes D1 and D4 carry
the current is = ie whilst D2 and D3 stop conducting. Then
the system behavior is described by equations (12) and (13)
with vp = Vdc.
With respect to the situation described in the previous

Subsection, Rs,eq is slightly higher than (RLs+ RD), Ls,eq
is much higher than Ls, and k2eq is much lower than k2.
These conditions give the hint that dis/dt and dip/dt are still
positive and that the two currents further increase even if at
a rate much slower than before because the first terms in
the right-hand side of (12) and (13) are lower than the ones
of (32) and (33). Being is = ie, the current in the excitation
coil increases at the same rate as is. This behavior carries on
until vp switches to 0.

Neither the zero crossing of is nor its intersectionwith ie are
suitable starting points to perform a more depth analysis of
the system functioning. Indeed, both of them happen after the
switching of vp from 0 to Vdc, with two delays that depend on
all the system parameters and cannot be directly controlled.

C. DR OPERATIONS AFTER vp SWITCHES TO 0
Let us assume that the two-diode conduction carries on even
after the switching of vp to 0. If this condition actually occurs,
(13) still holds in the form

dis
dt

= −
k2eq

1 − k2eq

1
M
Rp,eqip −

1
1 − k2eq

1
Ls,eq

(
2VD + Rs,eqis

)
.

(37)

The currents is and ip, just after the switching can be con-
sidered the same as just before it. Consequently, the variation
of the rate of is caused by the switching of the supply voltage,
obtained from (13) with vp = 0 and vp = Vdc, results in

1
dis
dt

≜
dis
dt

∣∣∣∣
vp=0

−
dis
dt

∣∣∣∣
vp=Vdc

= −
k2eq

1 − k2eq

1
M
Vdc. (38)

Because of the switching of vp, vs is subjected to a variation
as well. It is obtained from (16) in the form

1vs ≜ vs|vp=0 − vs|vp=Vdc = −

(
1 −

k2eq
k2

)
1

1 − k2eq

M
Lp
Vdc.

(39)

From (10) and (8) and by the hypothesis that is = ie it
comes that

die
dt

=
vs
Le

−
(2RD + Re) ie

Le
−

2VD
Le

. (40)
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From the last one it derives that the variation of the rate
of ie is

1
die
dt

=
1vs
Le

= −

(
1 −

k2eq
k2

)
M
LpLe

Vdc. (41)

After some manipulations that involve the second of (14)
and (15), (41) can be rewritten in the form

1
die
dt

= −k2eq
1
M
Vdc. (42)

Clearly (38) and (42) are different being the absolute value of
the variation of dis/dt higher than that one of die/dt. It means
that after the switching of vp the condition is = ie cannot
be maintained because is would decrease quicker than ie
and become lower than this latter one. Consequently, the
four-diode conduction takes place.

Then, the rates of is and ip come respectively from (32)
and (33) setting vp = 0 and are

dip
dt

= −
1

1 − k2
1
Lp
Rp,eqip −

k2

1 − k2
1
M

(RLs + RD) is (43)

dis
dt

= −
k2

1 − k2
1
M
Rp,eqip −

1
1 − k2

1
Ls

(RLs + RD) is. (44)

The rate of ie is given by (34). All the three currents decay
toward zero, but is and ip decreases much quicker than ie
because of the high value of k2 and the values of M and Ls,
which are much lower than Le.
This operating condition carries on until vs switches from

0 to -Vdc.

D. DR OPERATIONS AFTER vp SWITCHES TO -Vdc
As demonstrated in the previous Subsection, just before vp
switches to -Vdc the condition is < ie holds and is decreases
quicker than ie.
After vp switches to -Vdc, (32) and (33) change into

dip
dt

= −
1

1 − k2
1
Lp

(
Vdc + Rp,eqip

)
−

k2

1 − k2
1
M

(RLs + RD) is (45)

dis
dt

= −
k2

1 − k2
1
M

(
Vdc + Rp,eqip

)
−

1
1 − k2

1
Ls

(RLs + RD) is. (46)

and is decreases even faster. At the same time, the condition
is < ie is maintained. The rectifier carries on operating in
this condition until the negative crossing of is. Then the
conduction diodes changes from the pair D1, D4 to the pair
D2, D3. From here on, the currents continue to decrease in
a symmetrical way with respect to the description given in
Subsection III-A.

The time instants of the switching of vp to 0 or to -Vdc
are fixed only by the switching period and the phase shift of
the HFI. Consequently, both of them can profitably be used
as starting points for a quantitative analysis of the system

operations. From this point of view, the switching of vp to 0 is
more advantageous because it corresponds to the maximum
of ie whilst the minimum of ie is reached with a delay with
respect to the switching of vp to -Vdc.

IV. CURRENT QUANTITATIVE ANALYSIS
This Section uses the results of the previous one to work
out analytical expressions of the currents in the different
working conditions of the system. The aim of this activity
is finding the relations that link the system parameters to the
values of the currents in some particular time instants, such
as the ones corresponding to their peak values. In performing
the analysis, some simplifications are introduced in order to
obtain closed form results.

A. CURRENTS AFTER vp SWITCHES TO 0
Let us set origin t0 for the time reference at the switching
instant of vp from Vdc to 0, as shown in Fig. 5. The values
of the currents at t0 = 0 are denoted as ip0, is0, and ie0, with
is0 = ie0 as demonstrated in the previous Section. Integration
of (44) and (34) would give exponential expressions for the
two currents. In order to make easier the analysis of the sys-
tem, the rates of the currents are approximated by constants
equal to their values at t0. This assumption corresponds to
substitute is0 for is in (44) and ie0 for ie in (34).

FIGURE 5. Qualitative waveforms of Is and ie.

According to this simplification, at the time instant

t1 = t0 + (1 − 2δ)
T
2

= (1 − 2δ)
T
2

, (47)

i.e., when vp switches from 0 to -Vp, the currents reach the
approximate values given by

is1 = is0 −

[
k2

1 − k2
1
M
Rp,eqipo +

1
1 − k2

1
Ls

(RLs + RD) iso

]
(1 + −2δ)

T
2

(48)

ie1 = ie0 −

(
2VD
Le

+
Re + RD

Le
ie0

)
(1 − 2δ)

T
2

. (49)

B. CURRENTS AFTER vp SWITCHES TO -Vdc
After the switching of vp to -Vdc the rate of is is given by (46).
In this case, an approximation can be done by considering
only the effect of Vdc whilst neglecting the effects of the
resistances.
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Under this approximation, the current is decreases
according to

is = is1 −
k2

1 − k2
1
M
Vdc (t − t1) , (50)

crosses the zero and then keeps decreasing with the same rate
until it reaches -ie.

In the meantime, ie decrease with the same rate considered
to obtain (49), and is approximated by

ie = ie1 −

(
2VD
Le

+
Re + RD

Le
ie0

)
(t − t1) . (51)

The current is reaches -ie at the time instant t2, after a time
interval equal to

1t ≜ t2 − t1 =
is1 + ie1

k2
1−k2

1
M Vdc +

2VD
Le

+
Re+RD
Le

ie0
, (52)

obtained equating (50) to the opposite of (51).
The complexity of (52) makes it difficult to be used in

the subsequent analysis. However, 1t can be approximated
by

1t ∼=
2ie0

k2
1−k2

1
M Vdc +

2VD
Le

+
Re+RD
Le

ie0
, (53)

obtained by considering that ie is nearly constant so that ie1
can be approximated by ie0, and by neglecting the difference
between is1 and is0 = ie0.

At t = t2, ie reaches its minimum value

ie2 = ie1 −

(
2VD
Le

+
Re + RD

Le
ie0

)
1t (54)

whilst is keeps decreasing even after t2 with a different
slope.

C. CURRENTS AFTER is REACHES -ie
After is reaches -ie, its evolution carries on in a sym-
metrical way with respect to the analysis performed in
Subsection III-B. The condition is = -ie is maintained and
the two current vary with opposite rates. The rate of is, given
by (13) with vp = -Vdc, is still negative but its absolute value
is much smaller than in the previous condition. Instead, the
rate of ie, according to (22), is positive being opposed to
that of is, thus confirming that ie reached its minimum value
at t = t2. Expression (13) can be simplified by neglecting
the voltage drop across Rp,eq with respect to -Vdc so that at
the time instant t3 = T/2, when vp switches back to 0, ie is
approximated as

ie3 = ie2+

[
k2eq

1−k2eq

1
M
Vdc+

1
1 − k2eq

1
Ls,eq

(
2VD++Rs,eqie0

)]
× (δT − 1t) . (55)

At t3 it is ie3 = ie0. Using (49), (54), and (55), this relation
can be rewritten in the form

−

(
2VD
Le

+
Re + RD

Le
ie0

)(
(1 − 2δ)

T
2

+ 1t
)

+
1

1 − k2eq

[
k2eq
M
Vdc + −

2VD
Ls,eq

−
Rs,eq
Ls,eq

ie0

]
(δT − 1t) = 0.

(56)

If 1t is neglected with respect to the other time intervals,
ie0 is easily found by solving (56) with 1t = 0 obtaining

ie0 =

1
1−k2eq

(
k2eq

1
M Vdc −

2VD
Ls,eq

)
δT −

2VD
Le

(1 − 2δ) T2
Re+RD
Le

(1 − 2δ) T2 +
1

1−k2eq

Rs,eq
Ls,eq

δT
. (57)

By exploiting the approximations Rs,eq ≈ Re, Re+Rd ≈

Re, and Ls,eq ≈ Le, (57) is rewritten as

ie0 =

k2eq
1−k2eq

Le
Re

1
M Vdcδ

(1 − 2δ) 1
2 +

1
1−k2eq

δ
−

2VD
Re

. (58)

Otherwise, using expression (53) for 1t, a more accurate
approximation of ie0 is obtained from (56) by solving the
second-degree equation

ai2e0 + bie0 + c = 0 (59)

whose coefficients are given by (A1)-(A3) in the appendix.
Generally, (59) has two solutions and both of them could be
positive. In this case, the solution to be selected to approx-
imate ie0 is the one with the lower absolute difference with
respect to (57).
Once ie0 has been obtained from (57), (58), or (59), ie1 is

easily obtained from (49) and ie2 from (54) using (53).

D. DETERMINATION OF ip AND is
According to the analysis performed in Sections III-A
and III-B, it is is0 = ie0, so that it is possible to work out ip1
by

ip1 = ip0−
(

1
1 − k2

1
Lp
Rp,eqip0+

k2

1 − k2
1
M

(RLs+RD) is0

)
× (1 + −2δ)

T
2

, (60)

obtained from (32) approximating ip with ip0 and is with is0 in
the time interval (t0, t1) and remembering that in this interval
vp = 0.
In the time interval (t1, t2), while is switches from ie to

-ie, (32) still holds and is is about symmetrical with respect to
the zero value so that the time integral of the second term on
the right-hand side of (32) is small. Moreover, now vp = -Vdc
and its contribution to the variation of ip is much larger than
the one due to the resistive drops across Rp,eq and (RLs+RD).
Consequently, the following expression can be written.

ip2 = ip1 −
1

1 − k2
1
Lp
Vdc1t. (61)
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After is reached -ie, in the time interval (t2, t3) ip evolves
according to (19) with vp = -Vdc. At t = t3, ip is equal to -ip0
and is approximated as

ip3 = −ip0 = ip2 +

[
1

1 − k2eq

1
Lp

(
−Vdc + Rp,eqip0

)
+

k2eq
1 − k2eq

1
M

(
2VD + Rs,eqis0

)]
(δT − 1t) , (62)

where ip and is have been substituted for by -is0 and -ip0
because in the considered time interval both of them are near
to their negative peak value.

Substituting (60) in (61) and then using the obtained
expression of ip2 in (62) allows to work out ip0 in the form

ip0 =

ip0,vp + ip0,is0 −
k2eq

1−k2eq
1
M (δT − 1t) 2VD

2 +
Rp,eq
Lp

(
−

1
1−k2 (1 − 2δ) T2 +

1
1−k2eq

(δT − 1t)
) ,

(63)

where the terms ip0,vp and ip0,is0 accounts for the contribu-
tions of vp and of is0, respectively. They are given by

ip0,vp =
1
Lp

[
1

1 − k2
1t +

1
1 − k2eq

(δT − 1t)

]
Vdc (64)

and

ip0,is0 =
1
M

[
k2

1 − k2
(RLs + RD) (1 − 2δ)

T
2

−
k2eq

1 − k2eq
Rs,eq (δT + −1t)

]
is0.

(65)

Once ip0 is worked out, it can be inserted in (48) to find is1.
Then the analysis can be concluded quickly by using (60)
and (61) con obtain ip1 and ip2 and by remembering that ie2
is equal to is2, obtained from (54).
The results obtained from the previous equations are

obviously approximations of the actual values. In [16] the
approximation error is reduced by suitable tuning coeffi-
cients. In this paper, a better approximation of the current’s
values is obtained by an iterative procedure that uses is1
obtained from (48) and ie1 coming from (49) to assess a
more accurate value of 1t, by means of (52), and of ie0 by
solving (56) obtaining (66), as shown at the bottom of the
page.

The new value of ie0 is used in (49) to update ie1 and the
new value of ip0, given by (63), is used again in (48) to update
is1. Then the procedure starts again from (52) computing a

new value of 1t. It is repeated until the obtained results con-
verge to stable values. The analysis of the waveforms of the
currents involved in the functioning of the rotary transformer
is completed by computing ip1 and ip2 by (60) and (61) and
ie2 = -is2 by (54). The flowchart of the iterative procedure is
reported in Fig. 6.

FIGURE 6. Flowchart for currents computation.

V. VALIDATION BY SIMULATION
The results obtained in the previous Sections have been
verified by simulations performed in the Matlab-Simulink
environment. The model used for the simulations has the
parameters listed in Tab. 1. They are taken from a prototypal
setup used for the experiments described in the next Section.
A number of simulations have been performed with different
values of δ and the amplitudes of the currents ip, is, and
ie have been acquired at the time instant t0, t1, t2 once the
system reached the steady state. In Fig. 7, the values of ie0
and ie2 obtained from the simulation are highlighted by the
blue circles and the red stars, respectively, whilst the same
quantities computed using the equations worked out in the
previous Sections are plotted using the solid blue line and the
dashed red line.

Given the high value of Le, ie is nearly constant and, hence
the difference between ie0 and ie2 is very small. For this
reason, the series of circles ad stars appear superimposed and

ie0 =

−
2VD
Le

[
(1 − 2δ) T2 + 1t

]
+

1
1−k2eq

[
k2eq
M Vdc −

2VD
Ls,eq

]
(δT − 1t)

Re+RD
Le

[
(1 − 2δ) T2 + 1t

]
+

1
1−k2eq

Rs,eq
Ls,eq

(δT − 1t)
(66)
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TABLE 1. Prototype parameters.

FIGURE 7. Simulated and approximated values of ie0 and ie2.

the same happens with the two lines. It is more important
to notice that the lines and the marks correspond nearly per-
fectly, thus demonstrating the accuracy of the results coming
from the analytical approximation.

This accuracy is confirmed by Fig. 8, which reports the
absolute and the relative errors between the results coming
from the simulation and those worked out analytically. The
figure shows that the percentual error is less than 2% when
δ > 0.1 and never exceeds 4%. Even in the worst case, the
absolute error is less than 0.1 A.

Given the equalities is0= ie0 and is2 = -ie2, these good
performances are confirmed by Fig. 9, relevant to is0, is1
and is2. The approximation of is1, instead, is not so good,
and indeed the green crosses in Fig. 9 do not superimpose
perfectly with the dotted green line. The absolute and relative
errors relevant to is0, is1 and is2 are reported in Fig. 10. This
figure shows that the maximum absolute error is of about
0.4 A and that it happens when δ = 0.2. For smaller values of

FIGURE 8. Absolute and relative errors on ie0 and ie1.

FIGURE 9. Simulated and approximated values of is0 and is1 and is2.

FIGURE 10. Absolute and relative errors on is0 and is1 and is2.

δ the absolute error decreases but the relative one increases
and reaches the values of about 80% when δ = 0.05. The
corresponding absolute error is of 0.2 A.

Like it happens with is, Fig. 11 shows that the approx-
imations of ip0 and ip2 are good whilst the approximation
of ip1 is less accurate. Indeed, the green crosses are not
superimposed to the dotted green line. Nevertheless, analysis
of the absolute and relative errors plotted in Fig. 12 reveals
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FIGURE 11. Simulated and approximated values of ip0 and ip1 and ip2.

FIGURE 12. Absolute and relative errors on iP0 and iP1 and iP2.

that ip is approximated much more accurately than is. Indeed,
the absolute and relative errors on ip0 and ip2 are comparable
with those on ie0 and ie2, which are very small. The errors on
ip1 are much smaller than those relevant to is1. The maximum
absolute error on ip1 is a little more than 0.2 A and happens
when δ = 0.3 whilst the maximum relative error is less than
5% and happens when δ = 0.1.
Beside the currents, the procedure described by Fig. 6 gives

an approximation of1t. It is reported in Fig. 13 and compared
with the values coming from the simulations. Also in this
case, the approximated values match satisfactory with those
obtained by simulation. Fig. 14, which reports the approx-
imation absolute and relative errors confirms the obtained
accuracy.

VI. EXPERIMENTAL VALIDATION
The prototypal HFRT, shown in Fig. 15, has the geometrical
layout given in Fig. 16. The windings of the primary and
secondary coils are wounded into two cup cores that are faced
each to the other through the airgap g. The dimensions of
the cores are listed in Tab. 1. In order to effectively carry
out its functions, the HFRT must be installed on a EESM
with a configuration that could be similar to one of the two

FIGURE 13. Simulated and approximated values of 1t.

FIGURE 14. Absolute and relative errors on 1t.

FIGURE 15. Prototypal HFRT.

shown in Fig. 17. According to the layout on the left, the
core of the secondary side is fitted into the shaft through the
hole in the central column. The solution on the right, instead,
shows the core of the secondary side inserted into a socket
drilled in the shaft. The first layout is good from a thermal
point of view because it helps to cool the core, while the
second is better from a structural point of view.
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FIGURE 16. Sketch of the HFRT layout.

FIGURE 17. Sketch of the HFRT installed on an EESM.

During the experimental tests, the HFRT has been supplied
by an HFI available in the lab. The HFI was designed to
supply the transmitting coil of a wireless power transfer
system [17] and is built around the SiC-MOSFET module
CCS050M12CM2 from Cree [18] that now is out of pro-
duction. A module with about the same characteristics has a
bulk price of about 317 Euro. For the considered application,
this module has oversized voltages and currents so that for
an industrial realization of the HFI different power switches
could be selected. By selecting six discrete SiC-MOSFETs
from the price-list of an on-line seller, the price of the power
section of the HFI could decrease to about 21 Euros. The total
cost of the cores and of the Litz wire used to build up the
HFRT resulted of 11.5 Euros.

During the tests, the voltages and currents relevant to the
primary and secondary coils have been acquired by means
suitable probes connected to a digital oscilloscope The volt-
age waveforms relevant to one of the tests are reported in the
upper half of Fig. 18 whilst the lower half of the figure shows
the currents.

According to Fig. 3, the voltage vp cannot be acquired,
instead, the voltage vAB at the HFI output downstream the
MOSFETs on-resistances RT is reported. Because of the
voltage drop across the latter resistances, the magnitude of
vAB decreases a little while the magnitude of ip increases. The
figure shows that vs is subjected to a ringing phenomenon due
to the resonance between the secondary coil inductance Ls
and the parasitic capacitances of the diodes that form the DR.

The effects of the parasitic capacitances of the diodes and
of the MOSFETs are recognized in the waveforms of the
currents as well. Indeed, both ip, drawn with the solid blue

FIGURE 18. Primary and secondary voltages and currents.

line, and is, denoted by the dashed red line, exhibit smooth
transitions between one operating condition and the other so
that the cusps corresponding to the time instants t0, t1, and t2
are not easily recognized.

The approximated values of the currents at the time
instants t0, t1 and t2 have been computed using the procedure
described in Fig. 6, considering the parameters of Tab. 1 and
the duty cycle obtained by processing the vp waveform. The
approximated values of the three currents at the time instants
t0, t1, and t2 are plotted in Fig. 19 using the circle to mark ip,
the triangle for is, and the cross for ie. In order to make easier
the analysis of the figure, the samples of the experimental
currents have been filtered by a low pass filter having cutoff
frequency equal to 200 times the supply frequency. The figure
shows that the approximated values computed at t0 and t1
match satisfactory with the current waveforms and that most
of the difference between the approximated and the experi-
mental values is due to the smooth behavior of the latter ones.
Being ie nearly constant, it results unaffected by the parasitic
capacitances and, indeed, the matching of the approximated
values with the experimental ones is very good in all the three
time instants. The difference between the two sets of values

FIGURE 19. Primary and secondary currents with nominal airgap.
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is due to the parasitic resistances of the connectors and cables
that links the HFRT to the DR and that should be summed to
RD and Re.

The test has been repeated after increasing the airgap
between the two cores of the HFRT from 0.4 mm to
1.0 mm. In this new condition, some parameters of the HFRT
changes as reported in Tab. 2. The corresponding experi-
mental waveforms and approximated currents are plotted in
Fig. 20. Also in this case, the correspondence between the
approximated and the experimental current is, in general, sat-
isfactory. If only ie is considered, the correspondence is quite
good.

TABLE 2. Prototype parameters with increased airgap.

FIGURE 20. Primary and secondary currents with increased airgap.

As a final test, the efficiency of the HFRT with nominal
airgap was evaluated. For this purpose, the average power
delivered by the transformer over a supply period, computed
from its secondary current and voltage, was divided by the
average absorbed power, computed by processing the pri-
mary voltage and current. The difference between the second
and the fist quantity gives the transformer losses. The effi-
ciency and the power losses turned out to be about 92% and
about 5 W, respectively.

VII. CONCLUSION
The paper presented an analytical model of a rotary trans-
formed used to supply the excitation coil of a synchronous
motor. All the steps followed in developing the model have
been carefully analyzed and justified. The result of this
activity is a procedure that allows to assess the values of
the currents flowing in the transformer’s coils and in the
excitation coil as a function of the transformer and excitation

coil parameters and of the supply voltage. In order to obtain
closed form expressions of the currents, the presented model
does not account for the parasitic capacitances of the supply
inverter and of the diode rectifier. Nevertheless, it is able to
work out the current values with satisfactory accuracy despite
the non-idealities of the power converters connected to the
transformer.

APPENDIX
The coefficients of (59) are

a = −
Re + RD

Le

[
(1 − 2δ)
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2
Re + RD
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+ 2
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+ −
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)
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