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ON RIGID ANALYTIC UNIFORMIZATIONS OF JACOBIANS OF SHIMURA
CURVES

MATTEO LONGO, VICTOR ROTGER AND STEFANO VIGNI

ABSTRACT. The main goal of this article is to give an explicit rigid analytic uniformization of
the maximal toric quotient of the Jacobian of a Shimura curve over QQ at a prime dividing exactly
the level. This result can be viewed as complementary to the classical theorem of Cerednik and
Drinfeld which provides rigid analytic uniformizations at primes dividing the discriminant. As
a corollary, we offer a proof of a conjecture formulated by M. Greenberg in his paper on Stark-
Heegner points and quaternionic Shimura curves, thus making Greenberg’s construction of local
points on elliptic curves over Q unconditional.

1. INTRODUCTION

In an attempt to investigate analogues in the real setting of the theory of complex multipli-
cation, Darmon introduced in his fundamental paper [§] the notion of Stark—Heegner points on
elliptic curves over Q. These points are expected to be defined over abelian extensions of real
quadratic fields K (see [4] for partial results in this direction) and to satisfy analogous proper-
ties to those enjoyed by classical Heegner points rational over abelian extensions of imaginary
quadratic fields.

Darmon’s Stark—Heegner points were later lifted from elliptic curves to certain modular Ja-
cobians by Dasgupta in [I0]. More precisely, let M be a positive integer and let p be a prime
number not dividing M. By working with modular symbols for the congruence subgroup I'g(pM),
Dasgupta defines a certain torus 7" over @, and a lattice L C T', and he proves that the quotient
T'/L is isogenous to the maximal toric quotient Jo(pM )PV of the Jacobian of the modular curve
Xo(pM). This statement, which can be phrased as an equality of L-invariants, turns out to be a
strong form of the conjecture of Mazur—Tate-Teitelbaum ([21]), now a theorem of Greenberg and
Stevens ([I5]). The very construction of T'/L allows Dasgupta to introduce Stark—Heegner points
on it, and these points map to Darmon’s ones under modular parametrizations. As a by-product,
an efficient method for calculating the p-adic periods of Jy(pM )PV is also obtained (in contrast
with the less explicit approach of de Shalit in [12]).

It is important to observe that both Darmon’s and Dasgupta’s strategies, making extensive use
of the theory of modular symbols, depend crucially on the presence of cusps on classical modular
curves, and this prevents their arguments from extending in a straightforward way to the situation
where modular curves are replaced by more general Shimura curves. In more explicit terms, the
above methods apply only under the following Stark—Heegner hypothesis:

(1) p is inert in K and all the primes dividing M split in K.

When F is an elliptic curve over Q of conductor N = pM, condition (IJ) implies that the sign
o(E/K) of the functional equation of the L-function attached to E over K is —1; the existence of
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Darmon’s Stark—Heegner points is thus predicted by the conjecture of Birch and Swinnerton-Dyer
for E/k.

The starting point of our investigation is the recent article [I3] of M. Greenberg, in which the
author proposes a program to generalize Darmon’s constructions to totally real number fields and
situations in which o(E/K) = —1 but condition () is not satisfied. To give an idea of Greenberg’s
approach in the special case where the base field is Q, assume that K is a real quadratic field such
that the conductor N of the elliptic curve E/q admits a factorization N = pDM into relatively
prime integers, where D is the square-free product of an even number of primes, the prime divisors
of pD are inert in K and the prime divisors of M split in K. Then o(E/K) = —1 and Greenberg
describes a p-adic construction of Stark—Heegner points on FE which are conjectured to be rational
over ring class fields of K and to satisfy a suitable Shimura reciprocity law, as in the original
work of Darmon. The key idea in [13] is to reinterpret Darmon’s theory of modular symbols in
terms of the cohomology of Shimura curves attached to the quaternion algebra of discriminant
D and, ultimately, of group cohomology. Greenberg’s construction of Stark—Heegner points on F
depends on the validity of an unproved statement ([13, Conjecture 2]) which is the counterpart of
Dasgupta’s version ([I0, Theorem 3.3]) of the theorem by Greenberg and Stevens; as a corollary
to the main theorems in this paper, we give a proof of [13] Conjecture 2] over Q, thus making
Greenberg’s results unconditional. This conjecture has also been proved, independently and by
different methods, by Dasgupta and Greenberg in [11].

More generally, the chief goal of our article is to give an explicit rigid analytic uniformization
of the maximal toric quotient of the Jacobian of a Shimura curve associated with a non-split
quaternion algebra at a prime dividing exactly the level, in the spirit of [10]. This result can
be viewed as complementary to the classical theorem of Cerednik and Drinfeld (for a detailed
exposition of which we refer to [6]) that provides rigid analytic uniformizations at primes dividing
the discriminant of the quaternion algebra. As will be made clear in the rest of the paper, our
strategy is inspired by ideas in [10] and [13], to which we are indebted, and introduces several new
ingredients for attacking the uniformization result; most remarkably, the explicit construction of
a cocycle with values in a space of measures on ]P’l((@p) and an analysis of the delicate properties
of a lift of it to a suitable bundle over ]P’l((@p), which are crucial for the proof of our main theorem.
Beyond its theoretical interest, the construction of this cocycle is significant for a second reason:
it is amenable to computations and — with notation to be explained below — paves the way to the
calculation of the period matrix of Jé) (pM)P™V " as Dasgupta does in [10, Section 6] for modular
Jacobians.

Finally, we would like to highlight one more feature of our work. Although we devote no effort
to this issue here, our results make it possible to define suitable lifts of Greenberg’s Stark—Heegner
points to Jacobians of Shimura curves, much in the same vein as the constructions in [10] lift
Darmon’s points to modular Jacobians. In fact, one of the long-run motivations of this article
is to extend to broader contexts the results on the arithmetic of Stark—Heegner points, special
values of L-functions and modular abelian varieties that are described by Bertolini, Darmon and
Dasgupta in [5]. Details in this direction will appear in future projects (see, e.g., [20]); we hope
that the results in the present paper may represent a first step towards a general and systematic
study of special values of L-functions and congruences between modular forms over real quadratic
fields as envisioned, for instance, in [3, Section 6] and [5].

Now let us describe the results of this paper more in detail; this will also give us the occasion to
introduce some basic objects that will be used throughout our work. Let D > 1 be a square-free
product of an even number of primes and let M > 1 be an integer coprime with D. Let B be the
(unique, up to isomorphism) indefinite quaternion algebra over Q of discriminant D and choose
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an isomorphism of algebras

loo : B®g R — My(R).
Let R(M) be a fixed Eichler order of level M in B and write I'Y (M) for the group of norm 1
elements in R(M). Fix a prime p f M D and an Eichler order R(pM) C R(M) of level pM in

B, and define as above 'Y (pM) to be the group of norm 1 elements in R(pM). Consider the
compact Riemann surfaces

(2) X¢ (M) :=T§(M)\H,  Xg(pM):=T¢ (pM)\H

where H is the complex upper half-plane and the subgroup of elements in B* with positive norm
acts on ‘H by Mobius transformations via the embedding B < B ®g R and the isomorphism .
The curves in (2]) are the Shimura curves attached to B of level M and pM, respectively.

Let

T, X (pM) — XP(M), P (pM)z ™5 TP (M)-z, P (pM)z 2 T (M)w, 2

be the two natural degeneracy maps; here w, is an element in R(pM) of reduced norm p that
normalizes FOD (pM). Denote by H the maximal torsion-free quotient of the cokernel of the map

= @ Hi(X§ (M), 2)" — Hi (X{ (pM), Z)

induced by pull-back on homology. Let J&(pM) be the Jacobian variety of X&' (pM) and let
JOD (pM )PV be its p-new quotient, whose dimension will be denoted by g; the abelian group H
is free of rank 2g. Now consider the torus

T:=G,,®zH

where G,, denotes the multiplicative group (viewed as a functor on commutative Q-algebras).
Following the strategy of Dasgupta in [10], we define a (full) lattice L in T and study the quotient
T/L. In order to do this, fix an isomorphism of algebras

(3) tp: B®qgQp o M2(Qp)

such that ¢,(R(M) ® Zj) is equal to My(Z,) and t,(R(pM) ® Zp) is equal to the subgroup
of Ma(Z,) consisting of upper triangular matrices modulo p. As done in [§] when D = 1, we
introduce the group

Ii= (R(M) @ Z[1/p]); <™ GLa(Qy),
which acts on Drinfeld’s p-adic half-plane H, := C, — Q, with dense orbits. We will regard H
and T as ['-modules with trivial action.

In Sections [2] and [B] we review some well-known facts on Hecke algebras, Shimura curves and
L-invariants. In Sections (] Bl and [6] we introduce an explicit element in the cohomology group
H! (F ,Meas(IP’l(Qp),H )) which defines by cup product an integration map on the homology
group Hy(T',Div®H,) with values in T(C,). We then consider the boundary homomorphism
Ho(T',Z) — Hy(I',Div° Hp) induced by the degree map; the composition of these two maps
produces a further map Hy(I',Z) — T'(C,) whose image we denote by L. As we will see, it turns
out that L is a lattice of rank 2¢g in T'(Q,) which is preserved by the action of a suitable Hecke
algebra. Finally, let K, denote the unramified quadratic extension of Q,.

The following is a precise formulation of the main result of this article, which is proved in
Section [7

Theorem 1.1. The quotient T'/L admits a Hecke-equivariant isogeny over K, to the rigid analytic
space associated with the product of two copies of JOD(pM)p‘nCW.
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We conclude this introduction by remarking that a proof of the conjecture proposed by M.
Greenberg in [I3], Conjecture 2] and alluded to above is given in §7.7]

Notation and conventions. If M and N are two abelian groups we write M ® N for M ®z N.

If R is a ring and M is a left R-module we endow M with a structure of right R-module by
the formula m/|r := r~! - m, where (r,m) + 7 - m is the structure map of M as a left R-module.

For any ring A and any A-module M the symbol M7 denotes the maximal torsion-free quotient
of M.

For any discontinuous cocompact subgroup G of PSLy(R) there are canonical isomorphisms

HI(G\Hvz) = HI(G7Z)T = G%“b‘

In the sequel we shall freely identify these three groups, and for every g € G we shall denote
by [g] € G?pb the class of g in any of them. If Gy is a subgroup of G then the natural map
7w : Go\H — G\H of Riemann surfaces induces by pull-back and push-forward homomorphisms

o Hl(G,Z)T — Hl(Go,Z)T, Ty - Hl(Go,Z)T — Hl(G,Z)T

which respectively translate, under the above identifications, to restriction and corestriction in
homology of groups.

If G is a group we denote by (F,,ds) the standard resolution of Z by left Z[G]-modules and,
in non-homogeneous notations, we write [g] = [g1]...|gr] for the elements of a Z[G]-basis of F,
as described in [7, p. 18].

For any right Z[G]-module M we write, as usual, B"(G,M) C Z"(G,M) C C"(G, M) for the
modules of r-coboundaries, r-cocycles and r-cochains, respectively, and H" (G, M) := Z"(G,M)/B" (G, M)
for the rth cohomology group of G with values in M. We use a similar notation, with lower indices
this time, for homology.

We represent an element of H,(G, M) by an r-cycle c =} my®[g] in Z,(G, M). Likewise, we
represent an element of H" (G, M) by a function f : G" — M in Z"(G, M) and denote sometimes
the value f(g1,...,9r) by fg1,....g.- Finally, we adopt the description of boundary and coboundary
maps given in [7, p. 59].

Acknowledgements. We would like to thank the anonymous referee for the careful reading and
for valuable remarks and suggestions. The second and third authors also thank the Centre de
Recerca Matematica (Bellaterra, Spain) for its warm hospitality in Autumn 2009, when part of
this research was carried out.

2. HECKE OPERATORS ON HOMOLOGY AND COHOMOLOGY

2.1. Review of the general theory. In this subsection we essentially follow [I], §1.1]. Let G
be a group; a Hecke pair (for G) consists of a subgroup G of G and a subsemigroup S of G such
that

e GCGS;

e G and s~ 'G's are commensurable for every s € S.
Now let (G, S) be a Hecke pair and let M be a left Z[S]-module. Fix a double coset GsG with
s € S and form the finite disjoint decomposition GsG = [], s;G. Define the function ¢; : G — G
by the equation g~'s; = sj(i)ti_l(g). The Hecke operator T'(s) on the chain ¢ = > m, ® [g] in
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Cr(G, M) is defined by the formula
-1
T(s)-ci= Y s;(mg) @ [ti(gr)] - [ti(gr)],
i

where g = [g1] . .. |gr] in non-homogeneous notation. Likewise, we define the Hecke operator T'(s)
on the cochain f € C"(G, M) by the formula

T(s)- f(gr,--9r) = Z sif (ti(g1),-- - ti(gr))-

2

These operators induce operators, denoted by the same symbols, on H,.(G, M) and H" (G, M).
If M and N are left Z[G]-modules we may consider the cup product

[,]: H(G,M) x H(G,N) — Hy(G,M @ N),

which is defined as follows. Choose representatives ¢ = Zg mg ® [g] of ¢ € Hi(G, M) and f of
f € H(G, M); then [c, f] is represented by

e, f]:=> my® f(g).
g

It is easy to check that

(4) [T(s) - ¢, [l =[c,T(s) - fl,
for all s € S, from which one gets the equality

[T(s) -c, f] = [c,T(s) . f].

2.2. Hecke algebras attached to Eichler orders over Z. We apply the previous formal
considerations to our arithmetic setting. Let B be the quaternion algebra over Q of discriminant
D > 1; the requirement that D > 1 will be made only from §4.2]on. Fix an integer N > 1 prime
to D and let R C B be an Eichler order of level N; set I'g := R*. For every integer n > 1 and
every prime { define

rioc(my .= {(2Y%) e Ma(Z) | ¢c=0 (mod (")} .

If ¢ { N define Sgy to be the set of elements in R ® Z, with non-zero norm. If there exists an
integer ny > 1 such that ¢**|N and ¢! 4 N fix an isomorphism of algebras

v : B ®g Qp — Ma(Qy)

such that (R ® Z,) = TP¢(£™), and define Sgy to be the inverse image of the semigroup
consisting of matrices (2 Y) € My(Z¢) with ¢ =0 (mod £™), a € Z; and ad — bc # 0. Finally, set

Sg = B* QHSR@,
l

where the product is taken over all prime numbers ¢. Then (I'gr, Sg) is a Hecke pair. Write
nr: B — Q for the reduced norm; for every integer n > 1 define

T,:= Y T(a),

aESR
nr(a)=n

and for every integers n > 1 prime to ND define
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If ¢ is a prime then we have T, = T'(gp) for a certain gy = go(¢) € R; moreover,

Lrgol'r = HgirR

(2

for some g; = g;(¢) € R of reduced norm ¢ and i € {0,...,¢}if 1 N (respectively, i € {0,...,¢—1}
if /| N). As customary, if /| N is a prime we will also denote Ty by U, to emphasize that we are
considering an operator at a prime dividing the level. The Hecke algebra H(I'g, Sg) of the pair
(Tr, Sg), defined in [I, p. 194], is commutative and can be explicitly described as

H(Tr,Sgr) = Z[Tg for all primes ¢, Ty o for primes £ { ND].

See [23, §5.3] for details and proofs. As before, let w, € R(pM) be a fixed element of reduced
norm p which normalizes T (pM); as a piece of notation, for R = R(M), R = R(pM) and
R = R(pM) := wpR(pM)w, ! we denote H(T'r, Sg) by H(M), H(pM) and H(pM), respectively.

We will be particularly interested in the Hecke operator U, € H(pM). In this case, U, = T'(go)
for a fixed choice of gy € R(pM) of reduced norm p such that 1,(go) = (§3)uo for some uy €
Fboc(p); the element gg gives rise to a coset decomposition

p—1
T5 (pM)gol§ (pM) = [ [ :T§ (pM)
=0

with the g; such that ¢,(g;) = (;}ig)ui for some u; € Ti°¢(p) and every i € {0,...,p — 1}.

Fix once and for all an element wy, € R(pM) of reduced norm —1 which normalizes T'} (pM).
In addition to the operators described above, the involutions W), = T'(w,) and We, = T'(ws) in
H(pM) will also play a key role in our discussion. More precisely, w, can be taken such that

tp(wp) € (g _01) 'F%Joc(p)'

A direct computation then shows that the a; := w, 1g; lie in TP(M) and that, actually, {as =

1,a0,...,ap_1} is a set of representatives of I (M)/TH (pM); from this one deduces the well-
known fact that U, = —W, on H.

2.3. A Hecke algebra attached to R(M)® Z[%]. The formalism described in §2.1] can also be
applied to the Hecke pair (I, S(, a7)) where I is as in the introduction and

S(p,M) = B>< N H SR(M),Z)
t#p

the product being taken over all prime numbers different from p. Throughout we shall write
H(p, M) as a shorthand for the Hecke algebra corresponding to the pair (I',S(, 1)), which is
again commutative.

Similarly as before, in this algebra one defines Hecke operators Ty for primes ¢ # p and
involutions W), and Wy,. These operators correspond to double coset decompositions I'gy(¢)I" =
IL g (0T, TwyI' = wpl’ and TweI' = wooI', respectively, with exactly the same choices of the
gi(£), of wy, and of wee in R(pM) as made before. Finally, in complete analogy with what has
just been done, one can also introduce the Hecke operator U,. However, since I'gI" = w,I" for any
g € S(p,ar) of reduced norm p, now we have U, = W,
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3. L-INVARIANTS

3.1. Singular homology groups. Recall the isomorphism ¢, : B ®g Q, =~ M2(Q,) of ([B]) and
the Eichler order R = R(M) of B of level M chosen in the introduction. For every integer r > 1
let C, C R* denote the subgroup of elements whose p-component is mapped by ¢, to a matrix
(‘Z 3) such that a =1 (mod p") and ¢ =0 (mod p"). Moreover, let I'? be the subgroup of norm
1 elements in C,.N B*; we shall write I'?(M) whenever the level of R is not fixed from the outset.

Note that 'L = T'g(M) NT1(p") as a congruence subgroup of SLy(Z). Finally, in order to have
uniform notations, set X := X (pM) and 'Y := TP (pM).

For every r > 1 define the compact Riemann surfaces

XP.=T,\H if D>1, X! =T, \H U {cusps},

where X! is the compactification of the open modular curve Y,! := I'.\H obtained by adding a
finite number of cusps.

Let So(I'?,C) be the C-vector space of holomorphic 1-forms on X, which is isomorphic to
HY(XP R) as an R-vector space (see, e.g., [27, Theorem 8.4]). In particular, if g” is the genus
of XP then the dimension of H'(XP,R) over R is 2g”. Since X” is compact, Poincaré duality
gives an isomorphism

o' (XxP R) ~ Hi(XP,R)
of R-vector spaces. As a consequence, the universal coefficient theorem for homology yields
canonical isomorphisms of R-vector spaces
(5) Sy(TP,C) ~ H(XP,R) ~ Hy(XP,Z) @z R

In particular, the abelian group Hi(X”,7Z) is free of rank 2¢”. The above discussion and the
universal coefficient theorem for homology show that H;(XP,Z,) is also free of rank 2¢” as a
Z,-module.

There are canonical projection maps

T XP — xP (),  xP — xP

for r > s > 0. For every integer r > 0 let W, denote the Atkin-Lehner involution on X,p defined
as in [2 §1.5] via the adelic description of X as the double coset space

XP = B*\(B* x H)/C,.
Explicitly, W, is the map [(g, 2)] — [((2 _01) - g, z)] Define
Top =M1, 0 Wp: XTD — X(?(M).
This gives rise to a map
T =Ty X Top: X2 — XP (M) x XP(M)
and thus, by pull-back, to a map
T Hl(XOD(M),Zp) ®H1(X(?(M),Zp) - Hl(vava)

on homology groups. (Note that for » = 0 these maps coincide with the maps 7, mo, 7, 77, 75,
m* appearing in the introduction.) For > 0 define the Z,-module

HP = [Hi(X},Zp) /Tm(m))]

and let T? denote the image in Endg, (H}) of the Hecke algebra H(pM) ® Zy; as above, we shall
rather write T?(M) if needed. Thanks to isomorphisms (), it follows that T2 is canonically



8 MATTEO LONGO, VICTOR ROTGER AND STEFANO VIGNI

identified with the p-new quotient of the classical Hecke algebra acting on S5 (F,’? , (C) as defined,
for example, in [I8, §2].

3.2. Jacquet—Langlands correspondence. Denote by T%’D'neW(DM ) the quotient of the Hecke
algebra TL(DM) acting faithfully on the C-vector space of weight 2 cusp forms on I'}(DM) which
are new at D. For every r > 0 the Hecke-equivariance of the Jacquet—Langlands correspondence
between classical and quaternionic modular forms (see, e.g., [19, Theorem 2.30]) gives a canonical
isomorphism of rings

(6) JL, : TLHPew (DAY =5 TP (M)

making the natural diagram

JL,
Ty P (DM) —— TP (M)

| |

JLs
TP (DM) —= TP (M)

commutative.
3.3. Quaternionic Hida theory. Being finitely generated as a Z,-module, the algebra T2 (M)
is isomorphic to the product of the localizations at its (finitely many) maximal ideals; write

T2ord = TP ’Ord(M ) for the product of those local components in which the image of U, is a unit.
Following Hida, define the ordinary Hecke algebra as

TR = lm TP (r > 1),
T

Furthermore, if we set
T&D_HCW(DM) — 1£1 TTI,’D_HOW(DM)
r

then isomorphism (@) shows that there is a canonical isomorphism
Tl,D—now,ord(DM) ~ TD’Ord(M)
oo - [e.e] *
Denote by

A :=7Z,[1 + pZ,], A = 7Zy[Z;]
the Iwasawa algebras of 1+pZ, and Z;, respectively, so that A has a natural A-algebra structure.
There is a structure of A-module on ']I‘go’ord(M ) defined on group-like elements d € Z,; by d — (d).
Since, as a consequence of the Jacquet-Langlands isomorphism, T2 (M) is a quotient of TH(DM)
and the projection map takes U, to U,, there is a canonical surjective map of A-algebras
TLY(DM) —» TEOY(M).
Thanks to [I7, Theorem 3.1], T&4(DM) is a A-algebra which is free of finite rank as a A-

module. In particular, it immediately follows that ’]TODO’OM(M ) is finitely generated as a A-module.

Thanks to [I7, Corollary 3.2] (see also [10, Theorem 5.6] for the result in this form), if I3 is the
augmentation ideal of A then the canonical projection

TLY(DM) — Ty (DM)
induces an isomorphism of Z,-algebras

(7) p: TR (DM) /I3 L (DM) = Ty (DM).
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The next result is the counterpart of isomorphism ([7]) in our general quaternionic setting.

Proposition 3.1. For every D > 1 the canonical projection T (M) — ']I'é)’ord(M) induces an
isomorphism of Z,-algebras
pp : TR /T TR (M) =5 TP (M)

which sits in the commutative diagram

TL(DM) /T, T (D M) —= T (D M)

i |

TODO,ord(M)/[ATgo,ord(M) PD ,]I,(l)),ord(M)
where the vertical arrows are the canonical surjections.

Proof. For D = 1 this is simply (7). In general, we only have to show that the kernel of the
canonical projection

(8) Té)o,ord(M) . Tg),ord(M)

is [ A']I‘go’ord(M ). Tt is straightforward to check that I A']I‘go’ord(M ) is indeed contained in the kernel
of the homomorphism in (&), hence there is a surjection

oD Té)o,ord(M)/[[\Té)o,ord(M) _ Tg),ord(M)

of Zy-algebras. For every integer r > 0 let us denote by TrPoord (DALY the kernel of the

projection ']I'i’ord(DM ) — ']I',l?’ord(M ) induced by the Jacquet—Langlands correspondence recalled
in §3.2] so that we have a canonical short exact sequence

(9) 0 — TP Y DM) — TP Y(DM) — TP (M) — 0.
After setting T2 d(Dar) = @T%’D'Old’ord(DM) and tensoring by A/I; over A, from se-

quence (@) we obtain the diagram
T&D—old,ord (DM)/II_\T&)D-old,ord —_— Tééord (DM)/I['\Tég)rd (DM) . TODO’OYd(M)/I]\TODO’OYd(M) — >0
i :lp iﬂD

0 5 T(l),D-old,ord(DM) T(l),ord(DM) TOD,ord (M) 0

with exact rows and surjective left vertical arrow. The snake lemma then implies that the kernel
of pp is trivial, which shows that pp is an isomorphism. O

3.4. Definition of the L-invariant. The map [d — 1] — d yields a canonical identification
Ii/13 = L)
Composing with the branch log, : Z; — Z, of the p-adic logarithm satisfying log,(p) = 0 we
then obtain a map
log, : Iz /13 — Z,
which, by a notational abuse, will be denoted by the same symbol. The composition of the

isomorphism
IATgO’Ord(M)/I/%TgO’Ord(M) ~ ']I'go,ord(M) ®[\ (I[\/I/%)
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with the map
id @ log, : TRO"Y(M) @5 (I/13) — TRYM) @ Zy
produces a map
(10) IRTRO (M) /TR (M) — TR (M) @5 Zp.
Now note that
TR (M) @5 Z = T2O(M) @5 (/1) = TEO(M) /I TR (M) = TE ™ (),

the last isomorphism following from Proposition 3.1l Composing this chain of isomorphisms with
([I0Q) yields a map

IxTRem () /2T (M) — TP ().
Finally, composing with the canonical projection I3 T (M) — I; T2 (M) / I/g\']I‘oDo’()rd(M ) we
obtain a map
(11) ITLO (M) — T ™" (M)
which is denoted by ¢ — t'.
As discussed in §2.2, U, + W, =0 on Héj ; hence, since I/Vp2 = 1, we conclude that the image
of 1 = U2 in ']I'OD’Ord(M ) is trivial. It follows that

1—U2 € IyTE(M).
Definition 3.2. The L-invariant
LD = M) = (1-U2) e Ty (M)
is the image of 1 — Ug under the map (ITI).
Observe that Ell, is equal to the L-invariant defined by Dasgupta in [10, Definition 5.2].

Proposition 3.3. The L-invariant ££(M) is the image of Ell,(DM) under the canonical surjec-
tion Ty (DM) — TE (M),

Proof. This follows immediately from the definition of the L-invariants and the commutativity of
the diagram in Proposition Bl O

3.5. Singular points and L-invariants. The arguments in this subsection are essentially a
formal variation on those in [15] and [10, §5.4], so we will be rather sketchy.

Let X := DivY(S) denote the group of degree zero divisors on the set S of supersingular points
of X (M) in characteristic p, and write X* := Homgz(X,Z) for its Z-dual. As explained, e.g., in
[16] §1.7], the group X has a natural Hecke action; moreover, the Hecke algebra of X canonically
identifies with that of HOD . There is a non-degenerate, symmetric pairing

Q: X xX — Q;
for which the Hecke operators are self-adjoint. The map () defines an injection
ji X —X"2Q)
by setting j(z)(y) := Q(z,y). For simplicity, put G, := Gal (Q,/Q,) for the local Galois group

at p; there is a short exact sequence

(12) 0— X -5 X* Q) — JP(pM)P"¥(Q,) — 0
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of left T (M)[Gp]-modules. Composing the pairing  with the p-adic valuation ord, gives rise
to the non-degenerate monodromy pairing

ordpo@: X x X = 7Z
at p. Now set ordx(x)(y) := Ol"dp(Q(:E, y)), thus obtaining an injection
ordy : X «— X*.

Analogously, if log,, is the branch of the p-adic logarithm such that log,(p) = 0 then we obtain a
map

logy : X — X* ®z7Z,

defined by logx (2)(y) := log, (Q(x,y)).
Recall that EI’? = EI’? (M); the next result seems to be well known to experts.

Proposition 3.4. There is an equality EII,) -ordx = logy of maps from X to X* ® Z,.

There are at least two ways of proving the above statement but, for the sake of brevity, we
will not provide any details, as the methods are very similar to the standard ones in the classical
modular setting, already present in the literature ([I0], [I5]). One way of showing it is to proceed
as in the proof of [I0, Proposition 5.20], upon noticing that the arguments of [22] §8] can be
adapted to our quaternionic setting. Besides, more indirectly, one can also prove Proposition [3.4]
by exploiting the commutativity of the diagram of Proposition Bl combined with [I0, Proposition
5.20].

4. MEASURE-VALUED 1-COCYCLES

4.1. Bruhat-Tits tree, harmonic cocycles and measures on P!(Q,). Let 7 be the Bruhat—
Tits tree of M(Q)), whose set V = V(T) of vertices consists of the maximal orders of Ma(Q)).
We denote by v, the vertex My(Z,) and by ¥, the vertex {(;C p;llb) | a,b,c,d € Zy}.

The set & = E(T) of oriented edges of T is the set of ordered pairs (v1,v2) with vy, vy € V such
that v1 Nwvg is an Eichler order of level p. We call v; = s(e) and va = t(e) the source and the
target of e, respectively, and write € for the reversed edge (v2,v1). Set e, := (vy, 0s).

Given v,v" € V, the distance between v and v’ is the length of a path without backtracking
from v to v/, i.e., the smallest number of edges needed to connect v with v’.

The group GL2(Q)) acts transitively and isometrically on V by the rule v — gug~t forv ey
and g € GLa(Q)). Hence, it also gives rise to a natural action of GL2(Q),) on &, which is again
transitive. As a piece of notation, write 0 := wy(v) and é := wy(e) for any v € V and any e € €,
respectively. Similarly, for any v € GL2(Q,) and any subgroup G of GLy(Q,) write 4 := wp YWy, 1
and G := prwljl. Observe that é, = ¢, for all e € £.

We say that a vertex of T is even (respectively, odd) if its distance from v, is even (respectively,
odd). We write V't (respectively, V™) for the subset of V consisting of even (respectively, odd)
vertices, and we write 1 (respectively, £7) for the subset of £ made up of those oriented edges,
called even (respectively, odd), whose source is even (respectively, odd). Notice that V= = pt
and E- =&t =&,

Let GL3 (Q,) be the subgroup of GL2(Q,) whose elements are the matrices v such that
ord,(det(v)) is even, and recall from the introduction the subgroup

I = (R(M) @z Z[1/p]) " <2 GLF(Qp).
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It follows from [26, Ch. II, Theorem 2| that the segment connecting v, and v, is a fundamental
domain for the action of I" on 7, by which we mean a subgraph 7' of T such that every vertex
(respectively, edge) of T is I'-equivalent to a vertex (respectively, edge) in 7’. The stabilizers of
Vs, Ux and e, in I are TP (M), f(l))(M) and T (pM), respectively. Furthermore, by [26, Ch. II,
Theorem 3], we know that

that is, I' is the amalgamated product of the stabilizers of v, and 0, over the stabilizer of e,.
The free abelian group Z[ET] over £1 can be canonically identified, via projection, with the

quotient Cg of Z[€] by the relations e+¢€ = 0 for all e € £. Setting Cy := Z[V], we obtain a short

exact sequence

(14) 0—Ce 20y 287 0

where p(e) :=t(e) — s(e) and deg is the degree map.
If X and A are sets write F(X, A) for the set of functions from X to A. Now suppose that A
is an abelian group; there are two degeneracy maps

s, ot F(E,A) — F(V,A)
v (pl) v Sage, ()

v (@) o Dy, ve):
Put
Fo(E,A) :={v e F(E A |v(e)=—v(e) forall e € E}.

An A-valued harmonic cocycle is a function v € Fy(E, A) such that ¢4(v) = 0; we write Fpar(A)
for the abelian group of A-valued harmonic cocycles.

Finally, assume further that A is a left G-module for some subgroup G of PGL2(Q,). Then
F(&,A) and its submodules Fy(€, A) and Fp(A) are endowed with a structure of left G-modules
by the rule 9v(e) := g - v(g~'e). The next result is proved in [I3, §8].

Lemma 4.1 (Greenberg). The sequence of I'-modules
0 — Fhar(A) — Fo(E,4) 25 F(V,4) — 0
18 exact.

By applying Shapiro’s lemma, the short exact sequence of Lemma 1] induces a long exact

sequence
15) 0 — Far(A)F —5 ATECM) (4 % )0
— HY(T, Fuar(A)) 2 HY(T, Fo(E, A)),

where

m(e) = H' (To(pM), A) ., = ker (H' (To(pM), 4) — H'(To(21), 4)°).

p-new

The group GL2(Q,) acts on the left on P1(Q,) by fractional linear transformations and this action,
as before, factors through PGL2(Q)).
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Set Ue, := Zp. Since GL2(Q)) acts transitively on £ and the stabilizer of e, in GL2(Q,) is

GL2(Z,), we may define a map from € to the family of compact open subsets of P! (Qp) by
er— U :=7y(Ue,),

where v € GL2(Q,) is any element such that e = y(e.). Notice that Uz = P1(Q,) — U,. The sets

{U.}ece form a basis of compact open subsets for the p-adic topology of P1(Q,).

Let A be a free module of finite rank over either Z or Z,, equipped with a left action of a
subgroup G of PGL3(Q,). Let M(A) := Meas(P*(Qy), A) denote the space of A-valued measures
on P1(Q,) and write Mo(A) C M(A) for the submodule of measures of total mass 0. Define a
left action of I on M(A) by imposing that

(v »)(U) =v(y~H(U))
for all compact open subsets U of P1(Q,). Thanks to the above observation (see also, e.g., [10,
§2.3] and [13, Lemma 27]), there is a canonical isomorphism of G-modules
(16) ]:har(A) i> MO(A)7 cC—— Ve
given by the rule v.(U,) := c(e).
4.2. Construction of the measure-valued 1-cocycle. From here until the end of the paper
we assume that D > 1. In this subsection we define a measure-valued cohomology class g which
will be a crucial ingredient for our purposes. The construction of g will be done in stages.

Choose a system ) of representatives for the cosets I'Y(pM)\TI'. Since I' acts transitively on
ET and TP (pM) is the stabilizer of e,, we have Y = {7e}ece+ With 4. € I' such that v.(e) = ex.
Any other system of representatives is of the form )’ = {v.}.ce+ with
(17) Yo = fe)re
for a suitable f(e) € I'Y(pM).

Definition 4.2. The universal 1-cochain associated with ) is the 1-cochain
o T — Fo(E,H (TP (pM), Z) ) ~ Fo(€,T¢ (pM)5)
determined for all v € I' by the following rules:
o forall e € £F let g, € T (pM) be defined by the equation .y = Gry.eVy-1(e)» then set

Iugniv(fy)(e) = [g'y,e]§

e for all e € £~ set

Foniv (1)(€) = =113, (7)(2).

As in the introduction, let
H =Hg = [H (¢ (pM),Z) ,/Im(7*)]
Fix a non-zero torsion-free quotient H of H and let

(TP (pM),Z) =~ TF (pM)* — H

T

be the quotient map. In subsequent sections we will specialize to H = H, which represents
the most relevant case for this article. However, in connection with [13, Conjecture 2|, other
interesting instances arise for H = H;(A,Z) where A g is a modular abelian variety (e.g., an

elliptic curve) that is a p-new quotient of JP (pM).
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Let ,u% e C! (F,]:o(cf’ ,H)) be the 1-cochain defined, in terms of the universal 1-cochain of
Definition E.2], by

(18) (1) (€) = i (i (1) (€)

for all v € T" and all e € £. The following properties of ,u%, whose verification is easy but
somewhat tedious, will be used repeatedly.
Proposition 4.3. (i) The cochain ,u% lies in Z* (F,]:o(cf’,H)), i.e., it is a 1-cocycle.
(i) The class of pgy in H* (T, Fo(€,H)) is independent of the choice of V.
(iii) Ifv € Z* (F,}"O(S,H)) is cohomologous to ,u% then there exists a system of representatives
V' for T®(pM)\I such that v = ,u%.

We will denote the class of ,u% in H' (T, Fo(€,H)) by M%JI; although, by part (ii) of the propo-
sition above, this class is independent of the choice of a system of representatives, we keep the
superscript ) in the notation because we reserve the unadorned symbol for a slightly different
cohomology class (cf. Definition [£.10]).

Proof. Part (i) follows straightly by unwinding the definition of /‘]134)1' As for (ii), a direct compu-
tation reveals that if )’ is another system of representatives for T'¥ (pM)\I' then

u — = 8((f)),
the coboundary associated with the function [f] : & — H such that [f](e) := mu ([f(e)]) for e € £F
and [f](e) :== —mm([f(€)]) for e € £; here f(e) is as in (7). Finally, to prove claim (iii) let g be
a function in F(E1,H) = Fy(&,H) whose image under the cobounday map is ,u% — v, and let
[l &8 — T (pM)

be an arbitrary lift of g; then it can be checked that v = ,u%/ for ) = {f’(e)’ye}eeg+.

Now recall the map
0 H' (T, Frax(H)) — H' (T, Fo(€, H))
from (I3, with A = H.

Lemma 4.4. The class p2; lies in Tm(p).

Proof. By (3] and Shapiro’s lemma, there are exact sequences fitting in the commutative diagram

4

- —— H'(T, Far(H)) —— H' (T, Fo(E,H)) ———— H' (T, F(V,H)) ———— - -

T 1~

o —— HY(TF (pM), H) —— 0" (I§ (pM),H) — H' (0§ (M), H) x H" (0§(M),H) — -

p-new

Let Y be any system of representatives for I'{ (pM)\I'. The class in H* (I'§ (pM), H) correspond-
ing to u%’l under the above isomorphism can be represented by the cochain

g €TF(pM) — p(g)(e.) € H

which, according to Definition €2 is equal to g ([g]). If G € {TF(M),T5 (pM), fO(M)} then G
acts trivially on H, so there is a canonical isomorphism

H'(G,H) ~ Hom(H,(G,Z),H).
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Under these identifications, the map in the lower right corner of the above diagram is
H(TP (M), H) — H'TP(M),H) x H (TP (M), H)
Ly (M) Iy (M) )
f — T (corh g ombun
with cor indicating corestriction. Now observe that for H = H there is an equality of maps
Iy (M) [P\ _ x _x

(Corrg’ (o)’ TP (pM>> = (i, 73)

where the 7 for ¢ = 1,2 are the pull-backs defined in the introduction. Since H is a quotient of
H = [H{ (T (pM), Z) ;/Tm(7}) + Im(73)] .,

we deduce that the image of p2 in H' (T&(M),H) x H* (fOD (M), H) is trivial, and the lemma is
proved. O

Remark 4.5. Some words of caution are in order here: Lemma 44 does not prove that the cocycle
,u%}l lies in Z! (F, ]:har(H))- Rather, it only shows that some cocycle cohomologous to it takes values
in Fhar (H). However, by part (iii) of Proposition 3] this implies that there do exist choices of )
such that /‘]134)1 belongs to Z! (F,]—'har(H)).

The last observation in Remark motivates the following

Definition 4.6. A system of representatives ) for I'Y(pM)\I is said to be harmonic if ,u%
belongs to Z! (I‘, ]:har(H)).

Let us introduce a class of systems of representatives for the cosets Fg) (pM)\I' which can be
explicitly constructed and shown to be harmonic. This construction will be useful in §5.2] but
may be also of independent interest, as it is amenable to explicit calculations: building on the
computational tools developed in [14], our recipe can be implemented in order to compute the
lattice of p-adic periods that we introduce in Section [Gl

Definition 4.7. A system of representatives Y = {7¢}ece+ for TP (pM)\I is called radial if the
two conditions

(1) {76}5(6):1) = {72'/711}?:0 for all v € V+’

(2) {’Ye}t(e):v = {:Yi’}’y}?:(] for all v € V™
hold for suitable choices of sets of representatives {v;}:_,, {Vi}t_y, {7v}toev+ and {7 }yep- for
the cosets TY (pM)\IE (M), TF (pM)\T'P (M), TP (M)\T' and T (M)\T, respectively, such that
Y =5 = Yo. =Y. = 1.

The next result justifies the formal introduction of the notion of radial systems.

Proposition 4.8. Radial systems of representatives exist and are harmonic.

Proof. The existence of radial systems follows from the fact that 7 is a tree. More precisely, for
any choice of sets of representatives {v;}7_, and {%;}/_, of IF (pM)\I'F (M) and TR (pM)\T'H (M),
respectively, with 79 = 49 = 1 conditions (1) and (2) in Definition [£7] uniquely determine sets
{7 }vev+ and {7y },ep- satisfying them.

Let us now prove that radial systems are harmonic. According to Lemma [£.1I], we need to
show that, with slightly abusive but self-explaining notation, v := g (/‘]1)4}1) e Z'(T,F(V,H)) is
identically zero. Firstly, notice that

(19) vy(v) =0 for all y € TP (M), vs(0,) =0 for all § € TD(M).
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Indeed, once again with a slight abuse of notation, for v € T (M) one has

P pm X *
v (0) = Y [gre] = [eorbih (D] = i) € mi (B (XP (1), 2)),
s(e)=vx
hence the image of v, (v,) in H vanishes. Similar considerations apply to elements 4 in f‘g) (M).
Secondly, one has

U~ (V) = or all v € , U~ (Uy) = orallve )V .
20 o 0 forallveVt 4o (0x) =0 forallveV

In fact, with notation as in Definition B7] for v € VT there are equalities

p
vy, (vs) = ZM%)L% (7 lew) = Z%“%ﬁv () = Z(M%ﬂ’i')’v - ”HJ{I,%)(G*)’
i=0 i

(2

and this vanishes in H because the +; and the ~;7, belong to ) by definition of ,uﬁ.
Similarly, if v € YV~ then

P
Uy, (04) = Z /‘]1)1}1,% ('71'_15*) = Z %ﬂ%ﬁv (&) = Z('u%ﬁ/m - N%}I,:ﬁ) (€x),
=0 7

i
which is again trivial because the 4; and the 7;v, are in ).
This is enough to prove the lemma, as one can check that v is uniquely determined by conditions

([I9) and (20]). O

Let Y be an arbitrary harmonic system. Before proceeding with our arguments, we make an
observation which will prove useful later.

Remark 4.9. The analogue of part (ii) of Proposition [£.3]for ,LL%}I does not hold true in H' (I‘, Fhar (H))

Indeed, there exist several choices of harmonic systems ) such that the classes of M%)I and M%)I, in
H! (F,}"har(H)) are different; this is due to the fact that ker(p) is not trivial. More precisely, it
is immediate to check from (I3]) that

ker(o) = (H x H)/H

where H is the image of H in H x H under the embedding a — ((p + 1)a, —(p + 1)a).

Fix once and for all, for the rest of this article, a prime r { pDM and set

tr =T, —r—1,

which we regard as an operator in either H(M), H(pM) or H(p, M) according to the context.
Definition 4.10. The class pyy is the image of ¢, - ,u% in H! (F, fhar(H)).

Dropping Y from the notation is justified by the following
Lemma 4.11. The class py is independent of the choice of ).

Proof. Tt suffices to show that ¢, vanishes on the kernel of g, i.e., that ker(g) is an Eisenstein
submodule of H' (T, Far(H)). If this is true then ¢, also acts on Im(g) < H'(I', %5(£,H)), and
the lemma follows from part (ii) of Proposition .3l

As pointed out in Remark 9] ker(p) is equal to the image of H x H = H° (F,]—"(V,H)) in
H! (F,]—'har(H)). Since Hecke operators commute with the connecting maps of the long exact
sequence ({B) by [1, Lemma 1.1.1], it is enough to show that H°(I', F(V,H)) is Eisenstein.
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Let f € HY(I, F(V,H)). According to Section & T,(f) = Sty si - f where the s; € R(pM)
are elements of norm r. Since the elements in R(pM) fix both v, and 0, it follows that

T (f)(ve) = (r+ ) f(vs),  Te(f)(04) = (r + 1) ().

Since T).(f) is again I'-invariant, it is completely determined by these two values. Hence T).(f) =
(r+1)f, and we are done. -

In light of isomorphism (I6l), we shall denote by py; also the measure-valued cohomology class
in H' (F,MO(H)) associated with py. In the special case where H = H, we denote py simply

by .

5. MULTIPLICATIVE INTEGRATION PAIRINGS

5.1. An integration pairing for Shimura curves. As in §4.2] let H be a non-zero torsion-free
quotient of H, which now we further assume to be stable for the action of H(pM). This holds for
all the cases we are interested in, like H = H or H = H;(A,Z) where A g is a modular abelian
variety that is a p-new quotient of JOD (pM).

The aim of this section is to introduce a suitable analogue of the integration pairing defined
by Dasgupta in [10, §3.2]. Notice though that when D > 1 there is no natural action of T'
on DivP'(Q) and consequently Dasgupta’s pairing makes no sense. Instead, following ideas of
Greenberg ([13]), we shall construct a pairing

(,): Hi(I,D) x H'(I', Mo(H)) — C} @ H
where, for notational convenience, from here on we set
D := Div’ Hp.

Notice that if H = H then Cf @ H = T(C,). Let C(P'(Q,),C,) denote the Cp-algebra of C,-
valued continuous functions on P'(Qy); since it is naturally a submodule of F(P*(Q,),C,), it

inherits a left action of GL2(Q,). The multiplicative group C (]P’l((@p), (Cp) " of invertible elements
of C(P'(Qp),Cp) consists of the CxX-valued functions in C(P*(Q,), Cp). As in [10, Definition 2.2],

given a function f € C(P! (Qp),(@p)X and a measure v € My(H) we define the multiplicative
integral of f against v as a limit of Riemann products

][ fav = tim T f(tv) ® v(U) € CX @ H.
P1(Qp) I41=0

In the above formula the limit is taken over finer and finer covers U of P! (Qp) by compact open
disjoint subsets, and ¢y is an arbitrary point of U for every U € U. The limit converges in C; @ H
because v is a measure. This produces a pairing

(21) (7) : C(Pl(Qp)a (Cp)>< X MO(H) — C; ® H.
One can easily verify that the pairing (2I]) satisfies
(v-fiy-v)=(fv)

for all v € GL2(Qp), f € C(PH(Qy), (C][,)X and v € My(H). Since the multiplicative integral of a
non-zero constant against a measure v € M(H) is 1, the above pairing induces another pairing

(22) (1) :C(PHQy),Cp) ™ /T x Mo(H) — C @ H.
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For any d € D let f; denote a rational function on P!(C,) such that div(f;) = d. The function f,
is not unique; more precisely, it is well defined only modulo multiplication by constant non-zero
functions. Since the divisor d is not supported on Pl(Qp), the function f; restricts to a function

in C(PY(Qp),C,) " which will be denoted in the same fashion by an abuse of notation. Thus the
map d — fy defines an embedding
D — C(PY(Q,),C,) /TS

which is invariant under the natural left actions of GL2(Q,). Hence, composing this injection
with ([22)) yields a GLa(Qp)-invariant pairing (denoted, by a slight abuse of notation, by the same
symbol)

(23) (,) : D x My(H) — C; @ H, (d, p) ::]il(@)fddu

which, by construction, factors naturally through (D ® My(H))r. By cap product, we finally
obtain the desired pairing

(24) (,): Hi(I,D) x H'(T, Mo(H)) — C; ® H.
5.2. Hecke-equivariance of the integration map. Recall from above that D := Div" H, and

let also py be as in §4.21 Fixing py in the second variable of the pairing (,) of ([24]) yields a
homomorphism

(25) / . Hy(I\D) — C} @ H.

The group Hy(I', D) is an H(p, M )-module, while C; @ H is naturally an H(pM )-module, because
of our assumptions on H. Our present aim is to prove the following

Proposition 5.1. The integration map [ is equivariant for the actions of the Atkin-Lehner
involutions W), and Wo, and of the Hecke operators Ty with ¢ {pDM.

We devote the rest of this subsection to the proof of this proposition. Let
Te{T;| {pDM} U{W,, W}
and let ) be a harmonic system of representatives for T (pM)\T'; we want to show that
<T-c,tr ',u%> =T <c,tr ',u%>

for all c € Hi(I', D). Thanks to () and the commutativity of the Hecke algebras, this is equivalent
to showing that

(26) (T-c;uly) =T (c; )

for all ¢ € t,- H1(I", D). Note that, by Lemma [£.IT] and (@) again, it follows that both <T -c, ,u%>

and <c, uf@ are independent of the chosen harmonic system ).

Let W € {W,, Wu} denote any of the two involutions. We shall prove (26]) by computing the
two sides of the equality by means of two different choices of harmonic systems ).

In both Hecke algebras H(p, M) and H(pM) one has that W = T'(w) for an element w € R(pM)
satisfying Tw = wI" and TP (pM)w = wT'y (pM). On Hy(T, D) the involution W acts as

C—de Vie] »—>Z ) w tew], dy € D for all k,

hence
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(27) <W c, ,uH ][fw 14, ( )d,un %w( —hmH H fa, (tv) ®,un vkw( —IU).

k UeUd
On the other hand, W acts on H simply by conjugation by w, so that

(28) W {emi) =tim [T I fa(tv) @0, (V).

k Ueu

Given a radial (hence harmonic, by Lemmal[L.8) system ) = {7 }.ce+, let us introduce the system

“V = {wr 1w et
Notice that “Y is again radial, because conjugation by ws (respectively, w,) leaves each of
TP (pM), TP (M), To(M) and T invariant (respectively, leaves TH(pM) and T' invariant and
interchanges I'Y (M) and T'g(M)). Again by Lemma L8 we obtain that ) is harmonic, and thus
the above observations apply.

If one computes (27) with respect to ) and computes (28]) with respect to ¥} it follows that

7)) is equal to (28]), as we wished to show.
Now let £4pDM be a prime number and fix a radial system ).

Lemma 5.2. Let ,ug) ezt (F,]:o(é’ H)) be the cocycle determined by the rule
NH «/ Z 7TH g’y e

for every v € T' and every even edge e € ET. Then

(i) ,u[(HIZ) is a cocycle which takes values in Fya (H);
(ii) Tg(u]%}l) = ,u[(HIZ) +b for some b € ker(o) C Z (T, Fyar(H)).

Proof. For simplicity, write v := ,u% ezt (I‘,]:har(H)) and v = ,u]%? Set I(¢) :=4{0,...,¢}. An
easy computation shows that
- 279j V)
i

for all v € ', where j = j(i) is the permutation of I(¢) such that ¢;(y) = gi_lfygj.
For every edge e € £1 one has

(’ng ’ Vt;l(’y))(e) - FH([gl (’y),g o 16])

with 911 ()97 1y 1e © P (pM) satistying the equation

)95
—1 _ _
(29) nglv’leti (v) = 9171 (n),9; vt Ttig = 1e) T It ()95 v e Vg o)
For every g € GLy(Q,) and every v € ' with g~lyg € I there exists hy . € T¥(pM) such that
Yg-1(e) = hg@g_l’yeg. Using the equality 7771(6)7_1 = gy—14-1(c) Ve, One shows that
_ ~1 ~1
Vg ty—te ty Hy) = g v=1(e) (gj 9“/*17“/*1(6)92')hgi,eVggl(e)'
Comparing with formula (29]), we deduce that

_ -1 Np—1
947 ()95 1 e T Mg 1) (95 9y=171(0)91) Mg

7



20 MATTEO LONGO, VICTOR ROTGER AND STEFANO VIGNI

gy e hg; ~—1(c) and hg_:e are in T (pM), we conclude that 9]-_197*177*1(@92‘ belongs

to 'Y (pM) as well. Accordingly, in H we have
-1
91y tre) = 195 91 51@91] gy pm10)] = gl

An easy calculation now yields that g-- — gfy—l(e)’,\/—l. Hence
ZWH i(Grye)]) — ZWH([hgi,Tl(e)]) + Z”H([hgi@])

Let us introduce the functlon

p:ET —H, e — Zﬂ'H([hgi,e])

Since 91

and extend it to an element of Fy(&, H) by the obvious recipe. Since
(ve)(e) = =2 mallhoq-rcal):

it follows that the cocycle v(¥) represents the same class as Ty(v) in Z! (T, Fo(€,H)). In other
words, the class of b:= Ty(v) — v in H'(T, Fo(€,H)) is trivial.

Let us now prove that v(¥) ¢ Z? (F,}"har(H)). In order to show this, write i — o(i) for the
permutation of I(£) such that ¢;(gy.c) = gigy,edo(;)- Note that

D [tilgve)) =D 197 Gredowy] =D L9595 9s] = malgs ' 9r.e5]

i 7 ses ses

where S is a suitable subset of I(¢) and ms € Z for all s € S. Therefore it suffices to show that
the cocycle defined on I' by the rule

v —s <e — 7 ([g5 ' 9y.e95) )>

for e € £1 is harmonic. Keep the notation of Definition F7] for the radial system ). For every
s € S define

H, =g, T (pM)gs, Ty :=g; 'Tys
as subgroups of GL2(Q,). Then a system of representatives for the cosets H \I's is given by the
set

{7, = 95 " vivwgs }-

Arguing as in LemmalL8|, one immediately shows that the cocycle in Z' (g; 'T'gs, Fo(€,H)) defined
on e € £T by the rule

95 'vgs — (e - m([g’%e])>,
where 7,95 ygs = 9, Ve is harmonic. Since ¢, = 95 1 y.cgs, this is enough to conclude that

v takes values in Fhar(H) as well. Hence b actually lies in Z 1 (F,}"har(H)). By the above
observation, if b is the class of b in H* (T, Fyar (H)) then o(b) = 0, as we wanted. O

Now the equivariance of the integration map under Ty follows easily. In fact, keeping the
notation introduced before, Lemma implies that

<Tf(c)7’/> = <C’ Tf(y» = <Cv V(Z)> = T€(<Cv I/>),

which concludes the proof of Proposition B.11
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5.3. The p-adic valuation of the integration map. Unless otherwise stated, for the rest of
the article set H := H. Let

red: H, — T
be the GL2(Q))-equivariant reduction map which is described, e.g., in [6, 1.2] and choose a base
point 7 € K}, — Q, such that red(r) = v,.
Let 41,72 be two arbitrary elements of I'. Let {eq,...,e,} be the even geodesic joining v, with
red(y1(7)) =71 (v.) € VT. By this we mean that e; € £ are even edges such that

e s(e1) = v, S(en) =11 (vs) =: Uy;
e t(e;) =t(ej+1) =: v; for odd indices in {1,...,n —1};
e s(e;) = s(e;y1) =: v; for even indices in {2,...,n — 2}.

Notice that, above, the integer n is always even. It is our aim here to prove the following result,
which will be used in the next section.

Proposition 5.3. Keep notation as above. If the g; for i = 1,...,n are elements of FOD(pM)
such that e, 72 = give, with €] € ET then

or t—n(r) _ i
W f,, TP 0) =Y sl e B

i=1

In order to prove the formula in the proposition, let 79 := 7, 7, := 71(7) and for every
i=1,...,n—1 choose 7; € K;, — Q, such that red(r;) = v;. Since

t—m(r)  t—T, =Ty t-T

t—7  t—Tp_1 t—Tpo -1

it is easy to check that

n—1
t— Y1 (T) t— Ti+1
0rdp<]1 ———du,, (t>> = Z][OT% (ﬁ) Ay, (1)-
i=0 v

Proposition 5.3 now follows recursively from the next computation.

Lemma 5.4. Let vy, vy € V be consecutive vertices and let 1,70 € K, —Q, be such that red(r;) =
v; fori=1,2. Set e := (v,v2) if v1 € VT and e := (vo,v1) otherwise. If v € T then

_ —lg] ifvy eV
]é ordp <i - Z) i (8) = o if vl eV
1

where g € Y (pM) is such that vy = gyer for some €' € EF.

Proof. Let us give the details only for v; € VT, the other case being analogous. Consider the
points 75, 1= 7Ye(2) and 7, := v.(71), so that

red(7y,) = Vs, red(7s,) = Ox.

Thanks to the I'-equivariance of (2I]), we have

t— t— T,
][ordp <t — Ti) d,u%ﬁ(t) :fordp <t — > . d(%ll%,w)(t)'
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Now, by [6l, 1.2] (see also [10L p. 444]), there is an equality

1 (t—rﬁ*> -1 ifteZ,
or = ,
"\t -7, 0 ift¢Z,

hence

t—T _
Fords (S22 i, (0 = - 02,

T1
By definition, we have
wh (et Zy) = (v (e) = 9]
where 7y = g7y-1(¢). Thus we find that

Fod, (122 dut, (0 = -l

which is the searched-for equality. O

6. THE LATTICE OF p-ADIC PERIODS

From the long exact sequence in I'-homology associated with the short exact sequence

0— D —DivH, <5 Z — 0
we extract the boundary homomorphism
0: Hy(T',Z) — Hy(T',D).
Set
o= /o 0: HyT',Z) — T(C,p)

and let L be the image of ® in T'(C,).

Proposition 6.1. The module L is contained in T(Qp,) and is preserved by the action of the
Hecke algebra.

Proof. Let F' be a non-trivial finite extension of Q,. Any point 7 € F' — Q,, can be used as base
point in order to compute the map 9 on Z(I', Z); explicitly, one has

9 <Z ai[%,1|%,2]> = 2(7;11(7) —7) ® a;[7i 2]

(2

on a generic 2-cycle in Z(I',Z). This shows that 0(H(I',Z)) C H; (T, Div’ H,(F)), and from
the very definition of the integration pairing it then follows that L C T'(F'). Since this holds for
all finite extensions F' of Q,, we deduce that L is contained in T'(Q,).

Finally, the submodule L is invariant under the action of the Hecke operators because the map
® is Hecke equivariant. In fact, the boundary map O is Hecke equivariant by, e.g., [9, Lemma
5.1.3] (one just needs to formally replace Dasgupta’s Ag = PGL2(Q) with '), and the integration
map f is Hecke equivariant as well by Proposition .11 O

Set
Ty = (T1)x ® (m2)« : Hy (XoD(pM),Z) — H; (X(?(M),Z)2,

where (7;), is the push-forward of the map m; for i = 1, 2.
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Lemma 6.2. There is a canonical injection X : ker(my) < H which has finite cokernel and is
equivariant for the action of W.

Proof. As endomorphisms of Hq (Xé:) (M), Z)z, there is an equality
« _(p+1 T,
xom = < T, p+1)°

But the eigenvalues of T}, are bounded by 2,/p, so the above endomorphism is injective and has
finite cokernel. A formal argument concludes the proof. O

There is yet another way to interpret ker(m,). Namely, applying Shapiro’s lemma to the long
exact sequence in homology attached to (I4]) gives an exact sequence of abelian groups

[4 T
(30) Hy(TE (M), 2)* — Hy(T,2) - H, (TP (pM),Z) = H, (TH (M), Z)?,
with 0 being the connecting homomorphism; it follows that
(31) ker(m,) = Im(0).

Below, fix 7 € K, — Q, such that red(7) = v, and use it to compute the map 0 on Z3(I',Z) as in
the proof of Proposition

Proposition 6.3. The diagram

Hy(T,Z) — %~ ker(n,) —2 > H

18 commutative.

Proof. Thanks to relation (@l and the obvious commutativity

(32) ordyot, =t,oord, : T(Qy) =Q) ® H — H,
it suffices to show that the diagram

Hy(D,Z) — 2~ ker(n,) —2 > H

L

d
Hy(T, D) T(K,) — =

is commutative. To compute the integration map f , fix a harmonic (e.g., radial) system of
representatives ) for ') (pM)\T.

Leta=),a; [’Yi,l\%’g], with a; € Z, be an element of Z,(T",Z); it follows from Proposition 53]
and the definitions of 0 and of pairing (24]) that

ordp</8(a)) = ord,((0(a), n)) = Zaiordp<][ %du%mz(tﬁ
= Z i(_l)jai[gi,j]

i j=1

(33)

where the g; ; € ['Y(pM) are defined as follows:
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e consider an even geodesic {e&i), ey eﬁf } from v, to 7 11(1)*);

e define g; ; € 'Y (pM) via the equation ’ye;i) “Yi2 = Gig Vel for some e;j €&,
This accounts for half of the above diagram. As for the other half, the map A is just the
restriction to ker(m,) of the projection H; (FOD (pM ),Z) — H, whereas the explicit descrip-
tion of 6 is somewhat more involved, since 6 is the composition of the connecting homomor-
phism Hy(I',Z) — H;(I',Cg) in the long exact sequence attached to (I4)) with the isomorphism
Hy(T',C¢) ~ Hy (Fg) (pM), Z) provided by Shapiro’s lemma. By unwinding definitions and writing
down explicit expressions of these two maps at the level of chains, one obtains that
(34) A(6(a)) = Z Z Qei* @ @ [Ge,i]

i ecEt

where

o Bi =) cet Qei-e € Cg, with ae; € Z, is such that o(F;) = 7;11 (V) — V;

® Ve V2 = gei Ve fore; € ET and ge; € rPm).
Here recall from (I4]) that p(e) := t(e) — s(e). In our case, for all i we may choose

E; = f:(—nj—ley') e Z[ET).
j=1
The claim of the proposition follows immediately by comparing ([33]) and (34]). O
We can now prove the main result of this section.
Theorem 6.4. The submodule L of T'(Q,) is a lattice of rank 2g.
Proof. According to [25, §4.2], it suffices to show that the image of L under the map
ord, : T(Qp,) — HC H®R

is a lattice of rank 2¢ in the R-vector space H ® R. Since H(I',Z) is a finitely generated abelian
group, the same is true of ord,(L). Moreover, by construction, H is a free discrete submodule of
H ®R, hence ord, (L) is a free discrete submodule of H ® R as well. Now, extending our previous
notation by linearity, observe that

ranky, (ord,(L)) = dimg, <ordp o /o 8(H2(F,Qp))> .
By Proposition [6.3] we know that

ordpo/oaz—(tro)\oe)@)zQp.

The map A ® Q, is surjective by Lemma [6.2, while so is t, ® Q, because the absolute values of
the Hecke operator 7T, acting on H are bounded from above by 2,/r. Combining this with (31),
we obtain that the image of ordo [0 9 is H @ Q,, whose dimension over Q,, is 2g. O

7. THE p-ADIC UNIFORMIZATION

7.1. The main theorem. The ultimate goal of this section is to prove Theorem [[.1], which
represents the main contribution of this article. We start by observing that, in analogy with [10],
Theorem [L1]is a consequence of the following result.

Theorem 7.1. The equality of maps EII,) -ord, = log,, holds on the lattice L.
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For the convenience of the reader, let us explain why Theorem [.1] implies Theorem [I.I} we
follow [10, pp. 449-450] closely. For any Z[W]-module M and sign € € {+1} we set M, :=
M /(W — €). This applies in particular to the Hecke module H; define

T. .= G,, ®z H..
Since, as shown in the proof of Proposition [6.1], the map ® is equivariant for the action of Wy,

and the cokernel of the canonical map H — H, @& H_ is supported at 2, it follows that there
exists an isogeny of 2-power degree

T/L—Ty/Ly ®T_/L_
of rigid analytic tori over Q,.
Fix a sign €; we prove Theorem [T by showing that T./L. admits a Hecke-equivariant isogeny
over K, to the rigid analytic space associated with Jéj (pM )pnew,

Notice that it follows from Lemma that ker(m.) ® Q is canonically isomorphic to H ® Q
and that there is a canonical injection A, : ker(m,) < H,. Write

T := T (M) C End(H ® Q)

for the image in End(H ® Q) of the Hecke algebra H(pM).

Now we freely use the notation of §3.5} in particular, X is the group of degree zero divisors on
the set of supersingular points of XOD (M) in characteristic p and X* is its Z-dual. Since X ® Q,
X*®Q, H.®Q and ker(m,)e ® Q are free T-algebras of rank one (see [16, Ch. 1]), we can choose
Hecke-equivariant maps &, and 7. making the diagram

(35) ker(m,) — > H, — "~ H,
[776 jfe
X ord x X
commute.

The map @, being Woo-equivariant, restricts to a map ®, : Ho(I', Z), — Tc(K,). Consider the
diagram

(36) Hy(D, Z). —22= Ty(K,) —= X* @ K
[es j
ker (7). e X

with the map # having already made its appearance in the exact sequence (30)).
In the statement below, let

ordy,log, : X* @ K} — X" ®Z,
denote the usual valuation and logarithm maps.
Proposition 7.2. Diagram (36) commutes up to elements in ker(log,) N ker(ord,).
Proof. To begin with, the map ord, o ®. is equal to —t,, o Ac o 6. by Proposition Thus
ord,o0é o ®. = —§ ot, 0N 0f. =ordx on.of. =ord,ojonob,

where the first equality follows from the commutativity of ord, and &, the second is a consequence
of the commutativity of diagram (35]) and the third follows from the definition of ordx. Hence
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diagram (306]) commutes up to elements in ker(ord,). Since the maps in diagram (30]) are Hecke
equivariant, Theorem [7.I] and Proposition [3.4] imply that diagram (30]) is commutative also up to
elements in ker(log,), from which the result follows. O

Notice that ker(log,) Nker(ord,) is a finite subgroup of X* ® K¢ whose order is supported at
the prime divisors of p — 1 if p > 2 (at 2 if p = 2). We are ready to prove Theorem [[.T] which we
reformulate below in terms of the e-components.

Theorem 7.3. There is a Hecke-equivariant isogeny over K, between T./m.(L) and the rigid
analytic space associated with Jé:) (pM)P™Y whose degree is divisible only by 2 and the primes
dividing the order of ker(log,) Nker(ord,) and coker(n. ® id) for e = +.

Proof. Recall exact sequence ([I2]), which gives a rigid-analytic uniformization of JOD (M)PReW in
terms of X and the map j. Since ker(log,) N ker(ord,) is finite, Proposition shows that the
map & induces an isogeny

Te/me(L) — JOD(M)p_neW
which is defined over K. The Hecke-equivariance is immediate and the statement on the degree
of the isogeny follows from the bounds given above. O

As already mentioned, Theorem [7.3] immediately implies Theorem [[.1] in the introduction.
Furthermore, thanks to the Hecke-equivariance of the isogeny in the theorem above, a proof of
Greenberg’s conjecture [I3] Conjecture 2] is also a consequence of Theorem [[3t see 7.7l for
details.

The rest of the article will be devoted to proving Theorem [7.11

7.2. A lifting theorem for measure-valued cohomology classes. As a piece of notation, in
the sequel write M := M(H ® Z,) for the Z,-module of measures on P}(Q,) (of arbitrary total
mass) with values in H ® Zj.

Define Y := Zg; we view the elements of Y as column vectors () — sometimes written as rows
only for notational convenience — and let the semigroup M(Z,) act on Y by left multiplication,
so that

v - & = (ax + by, cx + dy)
for every v = (‘; 2) € Ma(Zy) and every & = (g) e Y.

Similarly as before, write My for the Z,-module of measures on Y with values in H ® Z,,. The
above action can be used to define a left action of My(Z,) on My, like the one introduced in
411 If v € My we let Supp(v) denote the support of v, and we say that v is supported on a
compact open subset U of Y if Supp(v) C U. For any compact open subset U of Y we denote by
My the Z,-submodule of My consisting of those measures supported on U. It is immediate to
check that if v € M>(Zy) and v € My then v - v € M, y.

Let X := (Zg)’ denote the set of primitive vectors in Y, that is, the set of elements (a,b) € Y
such that a and b are not both divisible by p. Again, write Mx for the Z,-module of H ®Z,-valued
measures on X. We omit the proof of the following

Lemma 7.4. The kernel of the canonical projection q : My — Mx is preserved by the action of
M2(Zp)'

As a consequence of Lemma [7.4], one can define a left action of My(Z,) on Mx by the formula

v o= gy i) = qly - 7)
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for every o such that ¢(7) = v.
Now consider the map

T X — Pl(@p)v (aa b) — [(av b)]v

whose fibers are principal homogeneous spaces for Z;. The action of M(Z,) on Y restricts to
an action of GLy(Zp) on X and 7 is a homomorphism of left GL2(Zp)-modules, where the left
action of GLa(Z,) on P*(Q,) is by fractional linear transformations. The fibration 7 induces by
push-forward a map m, : Mx — M where 7,(v) := v(7~}(U)) for every v € Mx and every
compact open subset U of P}(Q,). With a slight abuse of notation, we then get a map . from
ZH TP (M), Mx) to ZY (TP (M), M) by the rule m,(v), := (1), and finally a map

Tt HY(DF (M), Mx) — H'(DF (M), M).

Recall the class p € HY(T, Mo(H)) defined in §42, which we can naturally regard now as an
element of H(I', M).

Theorem 7.5. There exists i € H'(TY (M), Mx) such that m (1) is the restriction of p to
LY (M).

In order to prove Theorem [L.H] for every integer r > 1 let X, be the set of primitive vectors
in (Z,/p"Zy,)?, again endowed with the natural left action of GL2(Z,). One immediately verifies
that X ~ lim X,. with respect to the canonical projection maps.

For r > 1 let T, := TP (p") NT'H (M), which is a congruence subgroup of 'Y (p" M).
Proposition 7.6. For every r > 1 set
U ={(z,y) eX |z €l+pZ,yepZ,} CX

and
Ur = {le:y) € P(Q) |z € L+ P'Zpy € P'Z,} CPHQy).
The maps
(i) H'(TFM),Mx) = ImH (T H@Zy), e {indesr,  fn(y) = iy(0r),

(i) H'(C§(M), M) = lm H (TF (p" M), H ©Zp),  p={pr}es1, pr(7) = 1y (Uy)
are isomorphisms.

Proof. We provide details for (i) only, as (ii) is completely analogous. For all » > 1 the action
of GLy(Z,) on X, is transitive and the stabilizer of (1,0) is the subgroup X(p") consisting of the
matrices (¢ %) with a =1 (mod p") and ¢ = 0 (mod p"). Thus the map (¢ %) — (a,c) describes
a bijection between the set of classes GLy(Z,)/2(p") and X,.

Let Mx, be the Z,-module of H ® Zp-valued measures on X,. Since X, is a finite set, the
module My, identifies canonically with the Z,-module of H ® Z,-valued functions on X,.. Then
we have a canonical isomorphism of GLy(Z,)-modules

(37) Mx ~ h&l/\/lxr, h—> [v > ,u(v —i—png)]

where the inverse limit is computed with respect to the norm maps v, : Mx, — Mx, , which,
for r > 2, are defined by p +— [z — Zm(y):x w(y)]. Here 7, : X, — X, _; stands for the canonical
projection.

Note that I'§ (M) injects into GLa(Z,) via 1, and in this way it acts on X,. Since I'J(M) is
dense in GLa(Z,) with respect to the p-adic topology, it follows that the action of I'} (M) on X,
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induced by ¢, is transitive. Hence, since ', = X(p") NT'H (M), for all r > 1 there exists, as above,
a bijection between T'}(M)/I', and X,..

The set of functions My, is then identified with the set of functions from the cosets I'} (M) /T,
to H ® Z,, which is in bijection with the set of functions ¢ : 'Y (M) — H ® Z, such that
(v -68) = ¢(y) for all v € TP(M) and all § € T, namely, the coinduced I'}(M)-module

D

Coindgg (M)(H ® Zp). Thus Shapiro’s lemma shows that
(38)  H'TP(M), My,) = B (TP (M), Coind[? ™ (H © Zp)) = H'(Dy, H  Z,).

Finally, we obtain

H' (T (M), Mx) ~ H' (g (M), lim My, ) =~ lim H' (Tg (M), Mx, ) ~ lm H' (T, H ® Z,)
where the first isomorphism follows from (7)), the second from [24] Corollary 2.3.5] and the fact
that T (M) is finitely generated, and the third from (38)). O

Now we prove a result which obviously implies Theorem
Proposition 7.7. The map

Tt HY (DY (M), Mx) — H'(DF (M), M)

18 surjective.

Proof. A simple computation shows that there is a commutative square

HY(I'P (M), Mx) HY (TP (M), M)

T x

~ ~

lim HY(T,, H © Z,) 22" 1im HY(TP ()" M), H ® Z,)
& S
in which 5
cor, := corpd M L HY(T,, H @ 7)) — H' (TP (0" M), H @ Z,,)
is the corestriction (or transfer) map as defined, e.g., in [, Ch. III, §9] and the vertical isomor-
phisms are those in Proposition By Poincaré duality, and because H is a free abelian group
endowed with the trivial action of I', one has

HYT,,H ® Z,) ~ H'(T,,Z,) ® H ~ Ta,(J,) ® H.

Here J, stands for the Jacobian variety of X, = I';\H and Ta,(J,) is the p-adic Tate module of
Jr. The restriction maps

H'\(T,,H®1Z,) — H' (T,_1,H ® Z,,)
turn out to be induced by the canonical maps between Tate modules
Ta,(J,) — Tay(Jr—1)
arising from the universal property of Albanese varieties. Let us introduce the projective limit
Tay(Joo) = lim Tay(J).
r

The diamond operators act on Tay(.J,) and induce an action of 1+ pZ, on Ta,(J). In this way
the limit Ta,(Jx) becomes a module over the Iwasawa algebra A := Z,[1 + pZ,].
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Similarly, for all » > 1 there is an isomorphism
H (TG (p" M), H @ Z,) =~ Ta, (Jg' (0" M)) ® H,
and we can again form the projective limit Ta, (JP (p™°M)) := lim Ta,, (JE (p"M)).
If I, is the augmentation ideal of A then the map
: 1 gmeorr . 1(1D
lim HY(Ty, H ® Zp) = Jm H' (T (p" M), H ® Z,)
T r

corresponds, via the above isomorphisms, to the map

(39) Tay(Joo) @ H — (Tap(Joo)/In - Tap(Jeo)) @ H =~ Tay, (JP (p™M)) @ H

because JOD (p"M) is precisely the quotient of J, by the action of the diamond operators. The
map (B9)) is visibly surjective, and the proposition is proved. O

7.3. Splitting cocycles. Recall the homomorphism ® : Hy(I',Z) — T(C,) from Section [G]
whose image is contained in T'(Q,) and is, by definition, the lattice L. Since T'(C,) is divisible,
by the universal coefficient theorem there is a natural isomorphism

H?(T,T(C,)) ~ Hom(Hy(T', Z), T(C,)),
and ® defines in this way an element d € H? (F, T ((Cp)). By construction, the image in
H*(T',T(C,)/L) ~ Hom(H(T', Z),T(C,)/L)

of the class d is trivial, and L is the smallest subgroup of 7'(Q,) with this property. Fix a point
T € K, —Qp, ie., a K,-rational point on H,. Independently of this choice, the class d can be
represented by the 2-cocycle d € Z? (F, T (Kp)) given by

t— 7_1 T
(40) Aoy o ::][ t%()dﬂ'yz (),
PH(Qp) T

where p is a cocycle in Z! (F, Mo(H )) representing p, which we fix for the rest of this section.
Set H), := H ® K, for the rest of the article and consider the map

B :T(Kp) — Hy,  h®kr— h®log,(k) — L) - h @ ord,(k)

and the 2-cocycle 8z od € Z*(T', H,), whose image in H?(T', H,) we denote by d;. Then 8. (L)
is the smallest subgroup of H, such that the image of d in H? (F, H,/ ﬁE(L)) is trivial.
Theorem [7.1] is a direct consequence of the following result.

Theorem 7.8. The cohomology class dr € H*(T, Hy) is trivial.

This is the statement that we will prove in various steps in the remaining subsections. To
begin with, as in §6.4 we pick the base point 7 € K, — Q, appearing in ([40) in such a way that
red(7) = v,. In order to show that d is trivial in H?(T, H,), we shall first prove that it splits
when restricted to the subgroup T'J(M).

With obvious notation, the first observation is that

(41) (de)irp ary = 108,(A) 0o (ar)-
In fact, since red(7) = v, and ~; lies in the stabilizer of this vertex, we have

red(’yl_l(T)) = ’yl_l(red(T)) = Vs,
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thanks to the GL2(Qp)-invariance of the reduction map. Thus the geodesic joining red(r) with
red (v, 1(7’)) is trivial and Proposition [5.3] asserts that

ordp< 7[ #du%m (t)> = 0.

Since ord,, o t, = t, o ord,, it follows from (@) and (@Q) that ord,(d) vanishes on I'¥ (M), whence
equality (41]).

Now let o € H'(T§(M), Mx) be as in Theorem and choose i € Z'(I'f (M), Mx) repre-
senting 1. We claim that, at the cost of replacing it by a cohomologous cocycle, i can be chosen
such that m(fi)y = p, for all v € TH(M). For this, notice that it suffices to prove that the
push-forward map 7, : Mx — M is surjective. This can be shown, for example, using arguments
borrowed from the proof of Proposition [Z.6] the crucial facts being that a measure in M can be
identified with a compatible sequence of maps I'Y(M)/T¥ (Mp") - H ® Z, for integers r > 1
and that we have a canonical projection T'¥ (M) /T, — TP (M)/TH (Mp") at our disposal, so that,
after fixing compatible sets of representatives for Fg) (Mp")/T',., we can easily define a lifting to
My of an element in M. Observe that these are cocycles with values in measures taking values
in H ® Z,, which naturally embeds into H),.

Definition 7.9. The 1-cochain p = p, € C* (' (M), Hp) is defined as

o= | togyla = )i a.)

Note that p depends both on the choice of i and on the choice of 7, but we shall drop any
reference to either in order to lighten the notation.

Proposition 7.10. The 1-cochain p splits the 2-cocycle (d£)|1“g’(M) = logp(d)‘rgj(M).
Proof. We must show that
V1Pyo + Pyt = Pyine = Ing(d'\/Lw)

for all y1,v2 € TE(M). Since the action of TF (M) on H ® K, is trivial, one has
V1Pya + Py = Pyiye = —/Xlogp(ﬂf - Ty)d([uﬂ + ["72 - ﬂ7172)($7y)

T /X log,(z — 7y)d(fiy, — " fiy, ) (2, Y).-

Thus if 1 = (Cc” g) then

V1 Prs + Pyi = Pyiya = /Xlogp (N’m ’Yldla’\/z) (J}, y)

T —TyY B
log .
/X <aa: +by — 7(cx + dy)> iz (2,Y)
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Now we argue as in [I0, Proposition 5.14]. Since the integrand above depends only on x/y, we

deduce that
at+b— (ct +d)r
1 d t
1(Qp) ng < t—71 ) :u'yz( )

V1Pvy2 T Pyy = Pyiye = /]P’

t—vf1(7)> /
= log <7 dpt~, (t) — log, (a — c7) dpt, (t).
L o (7)) = [ o, 0 eyt

Since fiy, has total mass 0, the last integral in the above expression vanishes, and the result
follows from (@Q). O

7.4. Passing from TP (M) to T'Y(M). Notations and some of the ideas in this subsection are
borrowed from [I], §1]. Let Y be a locally compact and totally disconnected (p-adic) topological
space endowed with a left action of My(Z,).

Recall from §2.2] the elements g; = g;(p) for i = 0,...,p — 1, which give rise to the decom-
position of the double cosets associated with the Hecke operator U, and recall also the set of
representatives

{aoo =1,qq := w;lgo, ey Q= w;lgp_l}
for the cosets T (M)/TE (pM). Assume there exists a compact open subset Yo, of Y satisfying
the following conditions:
(I) YYao = Yoo for all v € TP (pM);

(I1) if Vi := ;- Yoo for i = 0,...,p — 1 and Yag := [[*=, ¥; then Y = Yoo [ ] Yass;

(IT) gi - Yoo C Yoo and [[77) gi - Yoo = Yao;

(IV) wp - Yag = Yoo and wy, - Yoo = pYag, so that w, - Y = Yo [[ pYas-
Then it follows from (I) and (IT) that

e ADE (M)
My ~ Code‘gD(pM) (My),
and Shapiro’s lemma produces an isomorphism
7 HY T (M), My ) — H (T (pM), My...).

Conditions (III) and (IV) on Y, ensure that the Hecke operator U, is well defined and well
behaved on H' (Fg)(pM), ./\/lyoo). In the spirit of [I, Lemma 1.1.4], we transport the operator U,
to an operator on H'! (Fg) (M), My) by means of the isomorphism .. Namely, define

(42) U,=9"'U,7.
The same argument applied to f(’? (M) in place of 'Y (M) shows the existence of an isomorphism
S HY TP (M), My,y) — HY(TE (pM), Mo, v..).
Lemma 7.11. For every v € H' (FOD(M),My) one has
(i) Wp_lUp(reSFg;(pM)(myw)) = resrg;(pM)(u‘yaﬁ);

(11) U]? (reSFOD(pM)V‘Yoo) = (WpUpreSFg)(pM)u)'Yoo N

(iii) (I/VpUpreng;(]DM)V)‘pyaff = WpUp(reng(pM)lqyw) = (Wgresrg(pM)(V))leaH.
Moreover, for every v € H* (fOD(M), M,.y) one has

(iv) UpWy t (resrp o) (Vipvae)) = Tesro g (V)i )-
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Proof. Let us show (i) first, the remaining statements being applications of or variations on
it. Let v € HY (TP (M), My) and fix a representative v of v in Z'(TJ (M), My); set n :=
respb m)(V)y.,)- An easy formal calculation shows that for all v € P (pM) the equality

(43) Qi Vorlaye = V7 T Ve T Py

holds in Z'(I'¥ (M), My). Here i — j(i) is the permutation of indices such that ai_lfyaj(i) €
L§ (pM).

Since a; - n is supported on Y;, we deduce that

—1
Q; V(i)
Qi Mgty = Valyi = Vaulvi T (Way) )y

Note, however, that (v, (VVaj(i))lYi? the reason is that, since 7 belongs to «; -

j(i)‘yj(i)) -

rP(pm )ozj_é), both measures are supported at ¥; and are in fact the restriction of vq,,, to this
compact open subset of Y.
Setting m := Z?:_ol Vaily; € My,q, equality ([@3) shows that

p—1 p—1
E aiua;le(i) = E Unly; +ym —m.
=0 i=0

Since a; = w,, Lg;, by definition the first term is Wp_lUp(n). On the other hand, the second term
equals I‘eSFOD(pM)(VD/aH) in H'(T§(pM), My, ), and (i) is proved.
For (iii), it suffices to show that

WUy (restp pan?iva) = Wyresen par (Vv )

and this is is deduced from (i) upon applying Wﬁ.
Part (iv) follows from (i) by taking into account that for every compact open subset U of ¥
the map W), induces an isomorphism

W, : HY(T (M), My) — H(DF(M), Mo,,.v)-
Finally, to check (ii) it is again enough to prove that
Uy (reSFOD(pM)V|Yoo) = Wylpresrp ;) (Vi)
which follows by applying (iv) to W,U,v. O

Since wf) = p - gp for some g, € FOD(pM), the map W; sends an element v € Z?! (F(?(M), MU)
to the cocycle v+ p - gpv A straightforward calculation then shows that

95 Yo
gpygglygp = V’Y + ’YVQP - VQP’
Thus, since the map v — yv,, — vy, is a coboundary, the equality

(44) ng/ =p-v

holds in H! (Fé) (pM), MU) for every compact open subset U of Y.
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7.5. Splitting on I'Y(M). Define fi := WUz € H* (fOD(M),waX) and let 7 be a 1-cocycle
representing fi. As above, we can define a Z,-bundle

trwpX —PHQy),  (z,y) — a/y
which induces a map 7, on cohomology.
Lemma 7.12. @, (p) = TeSHD (1) (n).
Proof. It is immediate to check that W,U,f is a lift of W,U,, - respo( M)(u), that is
(i) = WUy - TeSpD (ar) ().

According to ([@2)), one has U, = .71 .U, - . Since I'¥(pM) is a subgroup of finite index in
P (M), [1, Lemma 1.1.4] ensures that Shapiro’s isomorphism .# commutes with the action of
W,. More precisely, we have ./ -1, Wy=W, -~ ~1 hence we must show that

W, U, - Y(resrg)(M)(u)) = TeSpp () (m).
Thanks to part (iii) of Lemma [Z.11] applied to v := respp M)(u), we have
Wy - Up - S (v) = Wz?(reSFOD(pM)(V\Zp))
in H! (F(l))(pM),pr). Noting that P1(Q,)asr = Z,, it thus suffices to show that
y(resfé;(M)(u)) = Wg (resF(/):)(pM) (,u‘Zp)).

On the left hand side, j(resfég(M) (u)) is equal, by definition, to TespD (1) (,u‘Zp), since w, (]P>1 (Qp)—
Zp) = Zp. On the right hand side, since the action of GL2(Qp) on P!(Q,) factors through
PGL(Qp), we can argue as in (#4)) and obtain that W2(m) = respD (par) (,u|Zp) form = resrg)(pM)(V‘Zp),
as we wished to show.

Thanks to Lemma [T and equality @), for all 4 € TF (pM) we can write
(45) = Uiy +4m1 —m1 onXeo,  fi5 = pfig +Jma —my  on pXag

with m € ./\/lxOO and mg € Mx,,. The same argument as in the proof of Lemma [5.2] shows that
the cocycle ,ugf e 7! (T, Fhar(H)) given by

:uH—y ZWH g’ye

for v € ' and e € €T (where the functions ¢; are relative to the Hecke operator U,) satisfies the
equation
(46) Uy (i) = ) +

for some b € ker(gp) C Z'(T', Fuar(H)). Since ker(p) is Eisenstein (cf. the proof of Lemma
.11, applying ¢, to (@8] and recalling that the action of U, on H is by +1 yields the equality
Up(py) = £41y, from which we finally deduce that

Ug(resf‘g)(pM)M)’Y = Uﬁ(m) = My

Furthermore, it is clear that pu, = p, for all v € 'Y (pM), because the action of GL2(Q,) on
P(Q,) factors through PGL3(Q,). Thus we find from ({@5) and Lemma that 7,.(mq) and
7x(ma) are TY (pM)-invariant H,-valued measures on P}(Q,) and Z,, respectively. One easily



34 MATTEO LONGO, VICTOR ROTGER AND STEFANO VIGNI

shows that the groups of such measures are trivial; the reason for this is that the I‘g) (pM)-
invariance would otherwise contradict the fact that measures have to be p-adically bounded.
Thus 7«(m1) = 0 on PY(Q,) — Z, and 7.(m2) = 0 on Z,.

Now define the 1-cochain p € C* (f(l))(M), H,) by the rule

o= | oy (&~ Ty)ds () + | o8y~ r)dim — my)(ay)

+ / log, ( — 7y)d(§ma — ma)(z,y)
anH

for all 4 € f‘g) (M). As above, this cochain depends on 7 and on the choices made for the
representatives of the cohomology classes. Nevertheless, we can prove

Proposition 7.13. The 1-cochain p splits the 2-cocycle logp(d)|fO(M).

Proof. As in the proof of Proposition [TI0, if 41 = (2Y) then 4105, + p5, — P5,4, is the sum of
the three integrals

r—TY .
A= — 1 )
/pr e (aw +by — 7(cx + dy)> iz, (2, y),

r—TY “
B:==[ 1 d —
/Xoo 0g,, (aﬁby_T(chrdy)) (Jam1 —m1)(z,y),

r—TY .
= 1 d — .
C - 0g, (aﬁby_T(chrdy)) (2ma —ma)(z,y)
Since B and C' depend only on z/y, from the vanishing of m,(m;) and m.(m2) we deduce that
B = C = 0. As in the proof of Proposition [Z.I0], the claim follows from Lemma O

7.6. Proof of Theorem [T.8. Set U := P}(Q,) — Z, and write u for a cocycle in Z1(I', M)
representing p. Since every 7y € F(l)) (pM) leaves U invariant, the cochain ug given by the rule

pu(y) = (e pan) , (U)
is independent of the choice of 1 and belongs to Z! (I‘g)(pM), Hp). Below, by
Ll py
we obviously mean the cocycle v +— ﬁf - pu(7y), with ﬁf acting on H as usual.
Lemma 7.14. The equality (p — p)rp (par) = LY -y holds in Z* (T (pM), Hy).

Proof. Let v € T¥(pM). Using the decompositions X = X, [[Xag and wpX = X [ [ pXag we
split the difference

Py — Py =— /Xlogp(x — Ty)djiy + / . logp(x - Ty)d/j’y
Wp

— / log,,(z — Ty)d(ym1 —mq) — / log,(x — Ty)d(yma — ma2)

) pXam
into the sum of A and B with

A= —/ log,(z — Ty)djiy + /X log,(z — TY)dfiy — / log,(z — Ty)d(ymy —my)

oo
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and

B := —/X log,,( — Ty)djiy + / log,, (7 — Ty)dﬁv - / log,,(x — Ty)d(yma — ma).
aff

pXaf pXaf
By formulas (@3]), one has

A= —/X log,(z — 7y) (1 — Ug)dﬂfy.

As for B, since log,(p) = 0, using again (43]) we can write

/X log,(z — Ty)d(WI?ﬂ)ﬁ/ = / log,,(px — Tpy)djiy + / log,(z — Ty)d(yma — ma2)
PAaff

Xaff anff
— [ togy(e =i + | togy(a = rydlyma —ma),
Xafr pXamg
whence B = (. Therefore

(47) (=i == [ Togyla =) (1= V)i

By [10, Lemma 5.16] (once one makes the obvious modifications in the notation; namely, replace
m by v and —¢(m) by p,(U)), the integral in @Z) is equal to L5 - 11,(U), and the proof is
complete. O

Since I' = T'Y (M) 1D (M) P (M) by ([@3), the Mayer-Vietoris long exact sequence for amal-
gamated products of groups (cf. [28, Theorem 2.3]) yields an exact sequence

HY T8 (pM), Hy) 2, HXT, H,) — H* (TP (M), Hy) ® H*(TY (M), H,) — H*(TD (pM), H,)

which, by means of the identifications provided by Shapiro’s lemma, can also be regarded as the
long exact sequence in cohomology associated with the short exact sequence of I'-modules

0 — H, —s F(V,H,) - Fo(E,Hy) — 0

with F(f)(e) := f(t(e)) — f(s(e)) for all e € £. Observe that this exact sequence is nothing other
than the dual of (I4).

Let p — p denote the class of the cocycle (P_ﬁ)|r(?(pM) in H' (FOD (pM), Hp). The last ingredient
we need is the following

Proposition 7.15. A(p — p) = L - ord,(d).

Proof. Writing py; for the class of the cocycle py in H'(I'§ (pM), Hp,), by Lemma [Z14] it is
enough to prove that

A(py) = ordy(d)
in H?(T, H,). This equality, which is the counterpart of [I3, Equation (22)], follows by combining
Proposition 53] the commutativity relation (B2]) and the explicit description of the map A. O

Now we can prove Theorem [T.8] which implies Theorem [7.11

Proof of Theorem [7.8 The combination of Propositions [.10] and [Z.13] ensures that log,(d) lies
in the image of A; in fact, it follows from the definition of the maps involved in the above
Mayer—Vietoris sequence that

log, (d) = Alp — p),
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because p and p split logp(d)m? (ary and logp(d)‘fO (M)’ respectively. Proposition [(.15] then asserts
that

log,(d) = 55 -ordy(d),

hence d is trivial in H?(T, H),). O

7.7. Proof of a conjecture of M. Greenberg. As an application of Theorem [T.Il we give
a proof of the conjecture formulated by M. Greenberg in [13, Conjecture 2| in the special case
where the totally real field appearing in [13] is Q.

To state this result, let E/g be an elliptic curve of conductor N = pM D and let K be a real
quadratic field in which the primes dividing M split and the primes dividing pD are inert. In
particular, the completion K, of K at the unique prime above p is the unramified quadratic
extension of @, so this notation is consistent with the one used in the rest of the paper. Observe
that F acquires split multiplicative reduction over K,,, write ¢ € pZ, for Tate’s p-adic period of
E and let (gg) be the lattice in K generated by ¢g.

Now, as in [13, §3.4], choose a sign € € {£1} and set Hg := H;(E,Z). With the notation
used in the previous sections of this paper, there are natural Hecke-equivariant surjections

Hy (T8 (pM),Z) — H =5 Hp.

One can attach to £/ the measure-valued cohomology class pp := py, € H ! (I‘, Mo(H E)) intro-
duced at the end of §4.21

Fix an isomorphism Hg ~ Z. For every prime ¢ write ay(E) for the ¢-th Fourier coefficient
in the g-expansion of the newform associated with E by modularity. Thanks to Proposition
6.1 and Lemma [5.2] it is immediate to show that gy spans the one-dimensional subspace of
H! (F, MO(Q)) on which the Hecke algebra H(p, M) acts via the map

Mg H(pM) — Z
attached to E such that
)\E(Tg) = ag(E) if g)[pDM, )\E(Wp) = ap(E), )\E(Woo) = €.

Hence we conclude that our measure-valued class is an explicit version of the one considered in
[13, §8, (17)]. Recall from Sections bl and [6] that there is a pairing

(.\)g: Hi(T,D) x H' (I, Mo(Hg)) — C} @ Hg ~ CJ

and a Hecke-equivariant integration map
/ : Hl(F,D) — (C;
E

which fits into the commutative triangle

Hy(T, D) ——T(C,)

1d®7I'E
S

Cy.
Set
Dp ::/ 00: Hy(I',Z) — C)
E
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and let Ly C C; denote the image of ®. Arguing as in the proof of Theorem [6.4} or invoking
[13, Proposition 30], it follows that L is a lattice in K.

As in [I3], Definition 29|, we say that two lattices A; and Ay in pr are homothetic if A1 N Ag
has finite index in both A7 and As.

The result we want to prove, which was originally proposed in [13, Conjecture 2], is the following

Theorem 7.16. The lattices Lr and (qr) are homothetic in K.

Proof. Multiplicity one ensures that the Tate elliptic curve pr /{qE) is, up to isogeny, the unique
quotient of JOD (pM)P™Y on which the action of the Hecke operators Ty for £ { pDM and of the
Atkin-Lehner involutions W), and W, factors through Ag. Similarly, pr ® Hp ~ pr is the
unique quotient of K ® H on which the action of these operators factors through Ag.

Hence it follows from Theorem [L1] that K /{(¢r) and K /Lg are isogenous over K, which
amounts to saying that the lattices L and (g¢g) are homothetic in K*. O

Remark 7.17. If f € So(N)P™W is a normalized p-new eigenform with not necessarily integral
Fourier coefficients then Theorem [7.10, with the obvious modifications in the statement and in
the proof, holds true as well.
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