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Abstract. We prove multiplication and embedding theorems for classes of kernels of integral opera-
tors in subsets of metric spaces with a measure. Then we prove a tangential differentiation theorem
with respect to a semi-tangent vector for integral operators that are defined on an upper-Ahlfors reg-
ular subset of the Euclidean space and a continuity theorem for the corresponding integral operator
in Hélder spaces in the specific case of a differentiable manifold.
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1 Introduction

Volume and layer potentials are integrals on a subset Y of the Euclidean space R™ that depend
on a variable in a subset X of R™. Typically, X and Y are either measurable subsets of R" with
the n-dimensional Lebesgue measure, or manifolds that are embedded in R", or boundaries of open
subsets of R™ with the surface measure and X may well be different from Y.

For many relevant results in Holder spaces, one can introduce a unified approach by assuming
that X and Y are subsets of a metric space (M, d) and that Y is equipped with a measure v that
satisfies an upper Ahlfors growth condition that includes non-doubling measures (cf. (4.2)). With
this respect we mention the works of Garcia-Cuerva and Gatto [6], [7], Gatto [8] who have considered
the case X =Y = M and proved T'1 Theorems for integral operators. Then one can also consider
a stronger growth condition. Namely, the strong upper Ahlfors growth condition (4.9) that has
been introduced in [15] to treat the dependence of singular and weakly singular integral operators
both upon the variation of the density and of the kernel, when the kernel belongs to certain classes
of kernels that generalize those of Giraud [10], Gegelia [9], Kupradze, Gegelia, Basheleishvili and
Burchuladze [13, Chapter IV] and the so-called standard kernels.

In this paper, we first introduce some basic multiplication and embedding theorems for such
classes of kernels (see Section 3).

In Section 4, we summarize and complement some results of [15].

In Section 5, we prove the tangential differentiation Theorem 5.1 with respect to a semi-tangent
vector for integral operators defined on an upper-Ahlfors regular subset of the Euclidean space.

In Section 6, we consider the case in which Y is a compact manifold of codimension 1 in R, and
we show application of the results of [15], of the above mentioned properties of the kernel classes
and of Theorem 5.1 by proving Theorem 6.3 on the continuity of the tangential gradient of a weakly
singular integral operator that is defined in Y upon variation both of the kernel and of the density
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in Holder spaces. Here we mention that Theorem 6.3 applies to relevant integral operators such as
the layer potentials. In a forthcoming paper, we plan to apply the multiplication and embedding
theorems of the classes of kernels of Section 3 and of Theorem 6.3 to analyze the continuity properties
of the double layer potential that is associated with the fundamental solution of a second order elliptic
operator with constant coefficients.

2 Notation
Let X be a set. Then we set

B(X)={feC*: fisbounded} , |fll5x) Esg{p]f] Vfe B(X),

where CX denotes the set of all functions from X to C. If (M, d) is a metric space, we set
B(&r)={neM: d¢&n) <r} (2.1)
for all (§,7) € M x]0,+o0] and
diam (X)) = sup{d(z1,x2) : 21,22 € X}

for all subsets X of M. Then C°(M) denotes the set of all continuous functions from M to C and
we introduce the subspace CP(M) = C°(M) N B(M) of B(M). Let w be a function from [0, +-o00| to
itself such that

w(0) =0, w(r) >0  Vre€|o,+oo[,
w is increasing, lim w(r) =0, (2.2)

r—0t
t
and sup (at)

(a,)€[1+00[x]0,+oo[ AW (t)

S

< +00.

If f is a function from a subset D of a metric space (M,d) to C, then we denote by |f : D|,.) the
w(-)-Holder constant of f, which is delivered by the formula

|f(z) = fy)] .
—w(d(:c,y)) .x,yED,x;«éy}.

If [ f : D]y < oo, we say that f is w(-)-Holder continuous. Sometimes, we simply write | f|,,.) instead
of | f : D|u(). The subset of C°(D) whose functions are w(-)-Hélder continuous is denoted by C%«) (D)

and |f : D], is a semi-norm on C%“0)(D). Then we consider the space (D) = €0 (D)N B(D)
with the norm

|f . Dlw() = Sup{

0,w(-
I lge0m) =sup IS @)+ fluy  Vf € (D).
In the case in which w(-) is the function r® for some fixed a €]0, 1], a so-called Holder exponent, we
simply write |- : D|, instead of |- : D], C%*(D) instead of C*" (D), CY*(D) instead of C" (D),
and we say that f is a-Holder continuous provided that |f : D|, < 4o0.

3 Special classes of potential type kernels in metric spaces

If X and Y are sets, then we denote by Dx«y the diagonal of X x Y, i.e., we set

Dxxy ={(z,y) e X xY : 2=y} (3.1)
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and if X =Y, then we denote by Dx the diagonal of X x X, i.e., we set
DX = ]DXXX .

An off-diagonal function in X x Y is a function from (X X Y)\ Dxyy to C. We now wish to consider
a specific class of off-diagonal kernels in a metric space (M, d).

Definition 1. Let X and Y be subsets of a metric space (M, d). Let s € R. We denote by Ky xxy,
the set of all continuous functions K from (X x Y) \ Dxxy to C such that

1K

sup 1K (2,y)| d(z,y)* < +o0.
(2.5) (X XY \Dx v

Ks,xxy —

The elements of K x«y are said to be kernels of potential type s in X x Y.

We plan to consider ‘potential type’ kernels as in the following definition. See also Dondi and the
author [5], where such classes have been introduced in a form that generalizes those of Giraud [10],
Gegelia [9], Kupradze, Gegelia, Basheleishvili and Burchuladze |13, Chapter IV].

Definition 2. Let X and Y be subsets of a metric space (M, d). Let s1, so, s3 € R. We denote by
Ks,.50.55(X X Y') the set of all continuous functions K from (X x YY)\ Dxy to C such that

1K

o epy OO) = sup{d(a:,y>81|f<<x,y>| (@) € X x V2 # y}

d(z’,y)”
e e

e X,d £ yeY\ B(x',Qd(x',x”))} < 400.

K(xla y) - K(ajﬂa y)’ .

One can easily verify that (K, 5,5, (X XY, [|-]
if s1, 9, s3 € R, we have

Kay 09,05 (X xY)) 18 @ nOrmed space. By our definition,

Kzsl,é‘z,Ss (X X Y) g ICsl,XXY

and
||K||K51,X><Y < ||KH/C51,32,33(X><Y) VK € IC81782,83(X X Y) .

We note that if we choose s9 = 51 + s3 we have the so-called class of standard kernels. We now turn
to prove a series of statements in a metric space setting that extend the validity of corresponding
statements for the classes that had been introduced in Giraud [10], Gegelia [9], Kupradze, Gegelia,
Basheleishvili and Burchuladze [13, Chapter IV]. We start with the following elementary known
embedding lemma.

Lemma 3.1. Let X and Y be subsets of a metric space (M,d). Let s1, s3, s3 € R. If a €]0, +00],
then Ks, s,.55(X X Y) is continuously embedded into K, sy—a,55—a(X X Y).

Proof. Tt suffices to note that if 2/, 2" € X, ' # 2", then

d(@',y)=" _ d@',y)* d@'2")" _ d@',y)* (%d(x’,y))a

d(x’, x//)s;g—a - d(m/’ LE”)53 d(l", y)a — d(‘r/,x//)s;ﬂ d(ZE',y)
27 VYyeY\B( 2 2")).

_d(a,y)*

o d(ZE’, l.l/)sg
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Next we introduce the following known elementary lemma, which we exploit later and which can
be proved by the triangular inequality.

Lemma 3.2. Let (M,d) be a metric space. Then
1
S’y y) < d(@",y) < 2d('.y),

forall 2’2" € M, o' # 2", y e M\ B(a',2d(z', 2")).
Next we prove the following product rule for kernels.
Theorem 3.1. Let X and Y be subsets of a metric space (M,d). Let sq, Sa, s3, t1, ta, t3 € R.

(1) If Ki € Ky, 59,55(X X Y) and Ky € Ky 1,4,(X X Y), then the following inequality holds

|Kq (2, y) Ko (2, y) — Kq (2", y) Ko (2", y)|

< [[K4]

d(SC/, .13”)53 2\51|d(x/’ x//)tg
Ky s,55(XXY) HK2 H’thz,fs (XxY) (d(l", y)52+t1 d(a;’, y)t2+51 )

forallx' 2" € X, 2’ # 2", ye Y\ B(«,2d(2', 2")).
(ii) The pointwise product is bilinear and continuous from

ICS1,S1+83,53 (X X Y) X Kt1,t1+83783 (X X Y) to K81+t1751+83+t1753(X X Y)

Proof. (i) By the triangular inequality and by the definition of the norm for kernels, we have

Ky (2,y) Ko (2, y) — Ko (2", y) Ka(2", )|
< |[Ka(asy) = K", y) [ [ y)| + B (2", y)| [ (2 ) — Ka(2”, y)
d(x’,a:”)53 d(]}/,l‘”)t3
Ksis9,55(XXY) HKZH’Ctl,tzvts (XxY) (d(SU/, y)sz+t1 d(l’/, y)t2d(x”, y)31 >

< [} |

If s; > 0, Lemma 3.2 implies that

1 < 1 251
d(x/l7 y>51 — d(l'/, y>812—81 d(xl7 y>51 '

If instead s; < 0, Lemma 3.2 implies that

1 1 27

< = .
d(z”,y)sr — d(z’,y)a25  d(a!,y)*

Hence, the validity of the inequality of statement (i) follows.
(ii) Since

1K ., xor 12l xr
K K < 51,Xx b1, XX
| Ky (2, y) Ko (z,y)| < d(z,y)srd(z,y)h

statement (ii) is an immediate consequence of the inequality of statement (i) with s3 = t3, so = s1+s3,
t2 = tl + S3. ]

Vo,ye X xY,z #y,

Then we have the following product rule of a kernel and of a function of either v € X or y € Y.
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Proposition 3.1. Let X and Y be subsets of a metric space (M,d). Let si, s2, s3 € R, a €]0,1].
Then the following statements hold.

(i) If K € Ky, 00.65(X X Y) and f € C)*(X), then
K (2, ) f ()] d(z, )" < K]k, xonv Sup [fl V(z,y) € (X xY)\ Dxy

and

|K (2, y) f(2") — K(2",y) f(2")]
< || K|

d(x/, x//)s;; s d(x/7 l,//)a
Ko ez (O I F ey { g 2 g

forallz', 2" € X, o' #2", y € Y\ B(a/,2d(«,2")).
(ii) If so > s1 and X and Y are both bounded, then the map from
Krsass(X X Y) X C)"3(X) 10 Ky s.05(X X Y)

that takes (K, f) to the kernel K(x,y)f(x) of the variable (x,y) € (X X Y)\ Dxxy is bilinear
and continuous.

(iii) The map from
K s0,(X X Y) X CP(Y) 10 Ky 06,(X X Y)

that takes (K, f) to the kernel K(x,y)f(y) in the variable (xz,y) € (X X Y) \ Dxxy is bilinear
and continuous.

Proof. (i) The first inequality is an obvious consequence of the definition of the norm in ICs, xxy. To
prove the second one, we note that

K0T - K 6)
< K () — K0 1G]+ K )6 — 1)
d / 11\ 83 d /’ M\ o
< D e { e + e |

If s; > 0, Lemma 3.2 implies that

d(m/’ xl/)oc < d(‘r/7m//>a s d(:tl, x//)o&

d(z",y)s ~ d(a,y)m2m T d(a )
If instead s; < 0, Lemma 3.2 implies that

d(ml’ x//)a < d(x/’ x//)a B 2_51 d(l_/’ x//)cx

d(z",y)s — d(a,y)2e T d(a )

Hence, the second inequality in statement (i) holds true. To prove (ii), it suffices to note that

d(fE,, x//)sg B d(SU/, .13”)53d(l’/, y)52—81

d<$/,$//)83
d(z',y)» — d(a,y)d(a!,y)2

d(z',y)2

< (diam (X UY))= =

to apply the second inequality of statement (i) and to invoke the first inequality of statement (i).
Statement (iii) is obvious. O
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We also point out the validity of the following elementary remark that holds if both X and Y are
bounded.

Remark 1. Let (M,d) be a metric space. Let X, Y be bounded subsets of M. Let s, s9, s3 €
[0, +00]. If a €]0, +00[, then Lemma 3.2 implies the validity of the following inequality

d(a',y)*
SUP{W|K(£L’/, y) — K(ﬂf//, y)’ :

2" e X,a<d(,2"),yeY\ B, Qd(x',x”))}

_ (diam (X UY))*

e K iy v ((20)7% 4 (2772a)7)

for all K € Ky, xxy and accordingly the norm on Ky, 5, 5, (X x Y) defined by setting

d(',y)*
}Csl,XXY + SUP{W’

2" e X,0<d(2',2") <a,yeY \ Bz, 2d(a:’,x”))}

K(.f/’ y) - K(ZL‘”, y)l :

HKHCL;Ksl,SQ,SS(XXY) = HK’

is equivalent to the norm |[| - [[ic, .. ., (xxy) on Ky, o o (X X Y).
Next we prove the following embedding statement that holds for bounded sets.

Proposition 3.2. Let (M,d) be a metric space. Let X, Y be bounded subsets of M. Let sy, s, s3,
t1, to, t3 € R. Then the following statements hold.

(1) Ifty > s1 then Ky, xxy is continuously embedded into K¢, xxy -

(ii) Ifty > s1, t3 < s3 and (ta —t3) > (s2 — S3), then K, s, .5,(X X Y) is continuously embedded
mto ]Ctl,tQ,tg (X X Y)

(ili) Ift1 > s1, t3 < s3, then Ky, s, 4s5.55(X X Y) is continuously embedded into ICp, 4, 414.45(X X Y).
Proof. Statement (i) is an immediate corollary of the following elementary inequality

d(z,y)" K (z,y)| < d(z,y)" " d(z,y)" | K (2,y)]
< (diam (X UY))" || K| V(z,y) € X XY \ Dxxy,

Ksy,xxvy

which holds for all K € Ky, xxy. To prove (ii), it suffices to invoke (i) and to note that

d(z', y)™

d(z’, z'")ts &

(@', y) — K(2",y)|
A, y)= = d(a,y)”
d(m, x)ts=ss d(x!, xl")s3
d(a’,y)?72d(x", 2" )5 TR K |k, Ly e (XxY)
(e, y)= =2 (27 (2, y) 2 2 K ||k
d( )tz t3)—(s2— 83)2155 55||K|

K (2, y) — K(2", y)]

IA A

51 s9, 53(XXY)

IN

Ksy,s9,55(XXY)
~ (dlam (X U Y)) (t2—ta)—(s2= 83)2t3 S3||I(HICSLSQ,%(XXY)

for all 2/,2" € X, 2’ # 2", y € Y \ B(2/,2d(2',2")) and K € K, 5,5, (X x Y). Finally, statement
(iii) is an immediate corollary of statement (ii). O
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We now show that we can associate a potential type kernel to all Hélder continuous functions.

Lemma 3.3. Let X and Y be subsets of a metric space (M,d). Let o €]0,1]. Let CO*(X UY) be
endowed with the Holder seminorm |- : X UY|,. Then the following statements hold.

(i) If u € COY(X UY), then the map Z[u| defined by
Elpl(z,y) = ple) —ply)  V(wy) € (X X Y)\Dxxy (3:2)
belongs to K_u00(X X Y).
(ii) The operator = from C¥*(XUY) to K_n 0.4 (X XY) that takes pu to =[] is linear and continuous.
Proof. 1t suffices to observe that
(@) — p()| < |p: XUYad(z,y)*  V(z,y) € (X xY)\Dxyy

and that

d x/’a,/.// «

(0la') = ) = (uta”) = )| = ') = )| < s X UYL G

for all 2/, 2" € X, o/ # 2", y € Y \ B(a,2d(2', 2")). O

Sometimes the kernel has a special form which we need later on. Thus we introduce the following
preliminary lemma for standard kernels.

Lemma 3.4. Let X and Y be subsets of a metric space (M,d). Let s; € R, s3 €] —o00,1], 6 €]0,1].
Let C%(X UY) be endowed with the Hélder seminorm |- : X UY|g. Then the following statements
hold.

(i) The map H from K, xxy x C¥(X UY) to Ky, _g.xxy, which takes (Z,g) to the function from
(X xY)\ Dxyy to C defined by

H[Z, g)(z,y) = (9(x) —gW)Z(z,y)  V(z,y) € (X x V) \Dxxy (3.3)
15 bilinear and continuous.
(ii) The map H from
Ko o148 (X X Y) X C¥UXUY) to Ky pstests-0-0(X xXY),
which takes (Z, g) to the function defined by (3.3) is bilinear and continuous.
Proof. (i) It suffices to note that the Holder continuity of ¢ implies that

lg: XUY|y
H\Z < = —
| [ ,g](a:,y)\ = d(x’y)sl—e

(ii) By Lemma 3.3, the linear operator from

Koy o155 X X Y)Y X OO (X UY) t0 Koy tomss(X XY) X K_gop(X xY)

1Z]

Ksi,xxvy \V/(ZE, y) S (X X Y) \]D)XXY‘ (34)

that takes (Z, g) to (Z,=[g]) is linear and continuous. By the elementary embedding Lemma 3.1, the
inclusion map from
Ksios14s53,55(X X Y) X K_goo(X xY)

t0 Ky, s14s5—(1-0),55—(1-0) (X X Y) X K_g _(1-55),0—(1—s5)(X x Y') is linear and continuous. Then the
product Theorem 3.1 (ii) for standard kernels implies that the product is continuous from

Koy s1455—(1-0),55—(1-0) (X X Y) X K_g _(1-5),0—(1—55) (X X Y))
t0 s, —0,61+55—1,55—(1-0)(X x Y) and thus the proof is complete. O
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4 Preliminaries on upper vy-Ahlfors regular sets

We plan to consider integral operators in subsets X and Y of a metric space (M,d) when Y is
endowed of a measure as follows.

Let N' be a o-algebra of parts of Y, By C N .
Let v be measure on N . (4.1)
Let v(B(z,r)NY) < +o0  VY(x,7) € X x]0,+00].

Here By denotes the o-algebra of all Borel subsets of Y.

Definition 3. Let X and Y be subsets of a metric space (M,d). Let vy €]0,+o00[. Let v be as
n (4.1). We say that Y is upper vy-Ahlfors regular with respect to X provided that the following
condition holds

there exist 7xy.,, €]0,400], ¢x v, €]0,+00][ such that
v(B(xz,r)NY) < cxyp, Y
for all z € X and r €]0,7x vy, |- (4.2)

In the case X =Y, we say that Y is upper vy-Ahlfors regular.

One could show that if n € N, n > 2 and if YV is a compact embedded differential manifold in
R™ of codimension 1, then Y is upper (n — 1)-Ahlfors regular with respect to R”. Then one can
prove the following basic inequalities for the integral on an upper Ahlfors regular set Y and on the
intersection of Y with balls with center at a point z of X of the powers of d(z,y)™! with exponent
s €] — oo, vy|[, that are variants of those proved by Gatto |8, page 104] in the case X =Y (for a
proof see [15, Lemmas 3.2, 3.4]).

Lemma 4.1. Let X and Y be subsets of a metric space (M,d). Let vy €]0,400[. Let v be as in
(4.1). LetY be upper vy -Ahlfors reqular with respect to X. Then the following statements hold.

(i) v{z}) =0Vz e X NY.

(i) Let v(Y) < 4o00. If s €]0,vy]|, then

dv(y) - Vy _
/ = < Y s . vy —8
Cs, XY ig}g/}; d(SE,y)S — V( )a + Xy, YUY _ Sa

for all a €]0,rx vy, [ If s =0, then

dv(y)
! = =v(Y).
GOxy i?ﬁ/ydu,mo V()

(iii) Let v(Y) < +oo whenever rxy,, < +oo. If s €] —oo,vy|, then

d
Coxy = sup (A / v(y) < 400.
” (z,t)€X X]0,+00] B(z,t)NY d(x,y)*

By the Holder inequality one can prove the following statement of Hille-Tamarkin (see [15, Propo-
sition 4.1]).
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Proposition 4.1. Let X and Y be subsets of a metric space (M,d). Let vy €]0,4+00], s € [0, vy].
Let v be as in (4.1). Let v(Y) < 4+o00. Let Y be upper vy-Ahlfors regular with respect to X. Then
the following statements hold.

(1) If (K, ) € Ksxxy X L°(Y), then the function K(z,-)p(-) is integrable in'Y" for all x € X and
the function A[K, ] defined by

AIK, ¢l(z) = /Y K(z,y)ol)dy) VreX (4.3)

1s bounded.

(i) The bilinear map from KCs xxy X L°(Y') to B(X), which takes (K, ) to A[K, ¢] is continuous
and the following inequality holds

sup [A[K, ¢]] < ¢ xy [ e, o 1]l ) (4.4)

for all (K, @) € Ko xxy X LP(Y) (see Lemma 4.1 (ii) for ¢, xy ).

Under the assumptions of the previous proposition, one can actually prove that the function
A[K, ¢] is continuous. To do so, we first introduce the following result for potential type operators.

Proposition 4.2. Let X and Y be subsets of a metric space (M,d). Let v be as in (4.1). Let
v(Y) < +oo. Let s € R. Let K € Ky xxy. Let d(x,-)~* belong to LL(Y \ {z}) for all x € X. Let

sup/ d(x,y) *dv(y) < +0. (4.5)
z€X JY\{x}

If v({z}) =0 for all x € X NY and if for each € €]0,4o00[ there exists 6 €]0,+o0o[ such that

sup/ d(z,y)?dv(y) <e if FeN, v(F) <9, (4.6)
F\{z}

reX
and if ¢ € LX(Y), then the function A[K, p] from X to C defined by (4.3) is continuous.

Proof. Let # € X. It suffices to show that if {z,};en is a sequence in X which converges to Z, then

lim [ K(z;,y)e(y) dv(y) = /Y K(Z,y)p(y) dv(y) .

Jj—00 %

We now turn to prove such a limiting relation by exploiting the Vitali Convergence Theorem. To do
so, we prove the validity of the following two statements.

(j) There exists Nz € N such that v(N;z) = 0 and

lim K(zj,y)0(y) = K(T,y)e(y)  Yye Y\ N;.

J]—00

(jj) For each € €]0,4o0], there exists ¢ €]0, 4+o0[ such that

sup /F K(ap,p)e(y)ldvly) <e i F e N,u(F)<3.

jEN
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Since v({Z} NY) = 0, we can take Nz = {Z} NY and statement (j) follows by our continuity
assumption on K that follows by the membership of K in K xxy. We now turn to prove (jj). By
our assumptions on K, we have

1Kol drw) < 1K,y [ deasn)™ drlieleze

for all j € N. Thus it suffices to choose § €]0, +oo[ such that

sup /F Az, y)~* dv(y) < e(1 + | K|

zeX

le,Xxy||90||Lgo(Y))_1 if FeN, v(F) <9,

and statement (jj) holds true and the proof is complete. O]

In order to apply Proposition 4.2 in the case Y is upper Ahlfors regular, we need to prove the
following lemma.

Lemma 4.2. Let X and Y be subsets of a metric space (M,d). Let vy €]0,+o00[, s € [0,vy[. Let v
be as in (4.1). Let v(Y) < +oo. Let Y be upper vy-Ahlfors reqular with respect to X. Then for each
€ €]0, +00| there exists § €]0, +oo[ such that

sup/ d(z,y)*dv(y) <e it FeN, v(F) <96, (4.7)

zeX JF

Proof. We first note that if ' € A/, then F is a subset of Y. Accordingly F is also upper vy-Ahlfors
regular with respect to X and we can choose rx vy, = "x vy, CX,Foy = Cxyuy- 1f 8 > 0, then
Lemma 4.1 (ii) implies that

v
sup/ d(z,y) " dv(y) < v(F)a * + cxyuy Y gvv—s Va €]0,7x vy | -
zeX JF Vy — S

Thus if € €]0, +o00[, then we choose a. €]0,rx .y, [ such that

Vy Vv —s €
CX Yoy Q" <5
Vy — 8 2

and we can set § = 5. Then we have

sup/ d(z,y)*dv(y) < da_® + e
F

zeX 2
whenever F' € N and v(F) < 6. If instead s = 0, then condition (4.7) holds trivially with 6 =e. [

Proposition 4.3. Let X and Y be subsets of a metric space (M,d). Let v be as in (4.1). Let
v be finite. Let s € [0,vy[. Let'Y be upper vy-Ahlfors reqular with respect to X. If (K,p) €
Ksxxy X L(Y), then the function A[K, ¢| from X to C defined by (4.3) is continuous.

Proof. We plan to deduce the continuity of A[K, ¢] by the continuity Proposition 4.2. To do so, it
suffices to note that Lemma 4.1 (i), (ii) imply that v({z}) =0 for all x € X NY and that condition
(4.5) is satisfied. Moreover, Lemma 4.2 implies that condition (4.6) is satisfied. O

Next we plan to introduce a result on the integral operator

QlZ, 9, 1](:v)E/YZ(M/)(Q(&S)—Q(?J)MV(@/) Ve e X. (4.8)

when Z belongs to the class I, s, 5, (X X Y') as in Definition 2 and g is a C-valued function in X UY".
We exploit the operator in (4.8) in the next section and we note that operators as in (4.8) appear
in the applications (cf. e.g., Colton and Kress [3, page 56|, and Dondi and the author [5, § §]). In
order to estimate the Holder quotient of Q[Z, g, 1], we need to introduce a further norm for kernels.
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Definition 4. Let X and Y be subsets of a metric space (M,d). Let v be as in (4.1). Let s, s9,
s3 € R. We set

51,52,83

Kt (X xY)= {K € Koy opss(X X Y)
K(x,-) is v — integrable in Y \ B(z,r) for all (x,r) € X x]0, 4+o00[,

[ Ky <+oo}
Y\B(z,r)

sup sup
z€X rel0,+o00[

and

1K

= [IK]

ICSl,S?vSS(XxY)

/ K(x,y) dy(y)' VK € ICgth,Ss(X xY).
Y\B(z,r)

K2 sprs5 (XXY)

+sup sup
z€X r€]0,+o00[

Clearly, (K (XXY), [|]

51,582,583

( X><Y)) is a normed space. By definition, the space Kt (X x

’CQI,SQ,SS $1,52,53
Y') is continuously embedded into the space K, s, 5, (X x Y'). Then we consider a stronger version of
the upper Ahlfors regularity. Namely, we assume that Y is strongly upper vy-Ahlfors regular with

respect to X, ¢.e., that

there exist 7y v, €]0,+00], cx vy €]0,+00[ such that

v((B(x,r2) \ B(x,m1)) NY) < exyy (3" —17)

for all x € X and 1,72 € [0, rx v, [ With 71 < rg, (4.9)
where we mean that B(x,0) = () (in the case X =Y, we just say that Y is strongly upper vy-Ahlfors
regular). So, for example, if Y is a compact manifold of class C! that is embedded in M = R", then
Y can be proved to be strongly upper (n — 1)-Ahlfors regular with respect to Y. Next we introduce

a function that we need for a generalized Holder norm. For each 6 €]0, 1], we define the function
wy(+) from [0, +o00] to itself by setting

0 r=20,
we(r) =< r|Inr| 7 €)0,7y],
rf|lnre| 1 €]rg, +o0,

where rg = e/ for all # €]0,1]. Obviously, wy(-) is concave and satisfies condition (2.2). We also
note that if D C M, then the continuous embedding

Gy'(D) € V(D) € 6" (D)

holds for all & €]0,0[ (cf. Section 2). We are now ready to state the following statement of [15,
Proposition 6.3] on the Holder continuity of Q[Z, g, 1] that extends some work of Gatto [8, Proof
of Theorem 3, Theorem 4|. Here where we mean that C%?(X UY) is endowed with the semi-norm
|' XU Y| 8-

Proposition 4.4. Let X and Y be subsets of a metric space (M,d). Let
Vy E]O7+OO[7 B 6]07 1] ; 81 € [ﬁaUY + ﬁ[v Sy € [67 +OO[, 53 6]07 1] :
Let v be as in (4.1), v(Y) < 400.

(i) If s1 < vy, then the following statements hold.
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(a) If s9 — B > vy, s9 < vy + B+ s3 and Y is upper vy-Ahlfors reqular with respect to X,
then the bilinear map from

Kopsnss(X X V) x COP(X UY) to Cpmniortsstied xy

which takes (Z,g) to QZ, g,1] is continuous.

(aa) If s — B = vy and Y is strongly upper vy -Ahlfors reqular with respect to X, then the
bilinear map from

Ko onss(X X Y) x COP(X UY) to 0pm=eslx),
which takes (Z,g) to Q|Z, g,1] is continuous.
(i) If s; = vy, then the following statements hold.

(b) If s5— B > vy, S92 < vy + B+ s3 and Y is upper vy-Ahlfors reqular with respect to X,
then the bilinear map from

it (X y Y) y CO”B(X U Y) to Cg,min{ﬁ,vy+ss+ﬁfs2}(X) ’

51,582,583

which takes (Z,g) to Q|Z, g, 1] is continuous.

(bb) If s5 — 8 = vy and Y is strongly upper vy-Ahlfors reqular with respect to X, then the
bilinear map from

Kﬁ (X « Y) « CO,E<X U Y) to Og,max{rﬁ,wss (T)}(X) 7

51,52,53
which takes (Z, g) to QZ, g, 1] is continuous.

(iii) If s1 > vy, then the following statements hold.

(c) If s — B > vy, s < vy + B+ s3 and Y is upper vy -Ahlfors reqular with respect to X,
then the bilinear map from

’C51,52753 (X % Y) % C«O,,B(X U Y) to Cgvmin{vy-i-ﬁ—&,vy+83+5—82}(X> ’

which takes (Z,g) to Q|Z, g,1] is continuous.

(cc) If ss — B = vy and Y is strongly upper vy-Ahlfors reqular with respect to X, then the
bilinear map from

O,max{r“YJrﬁ’Sl Wsg (r)}

Kapsns:(X xY) x C*P(XUY) to C, (X),
which takes (Z,g) to QZ, g,1] is continuous.

5 A differentiation theorem for integral operators on upper Ahlfors reg-
ular subsets of R"

We first introduce some preliminaries.
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Definition 5. Let n € N\ {0}. Let X be a subset of R”, p € X. We say that a vector w € R" is
semi-tangent to X at the point p provided that either w = 0 or there exists a sequence {z;} ey in
X \ {p} which converges to p and such that

We say that a vector w € R" is tangent to X at the point p provided that both w and —w are
semi-tangent to X at the point p.

Here | - | denotes the Euclidean modulus in R™. We denote by 7,X the set of all semi-tangent
vectors to X at p. One can easily check that 7, X is a cone of R", i.e., that

Aw e T,X  whenever (A w) €]0,+oo[xT,X .

We say that 7,X is the cone of semi-tangent vectors to X at p. If T,X is also a subspace of R",
then we say that X has a tangent space at p, that 7,X is the tangent space to X at p and that
p + T, X is the affine tangent space to X at p. Next we state the definition of directional derivative
for a function defined on an arbitrary subset of R".

Definition 6. Let Z be a real or complex normed space. Let X be a subset of R”. Let ¢ be a
function from X to Z. Let p € X, v € T, X, |v| = 1.

We say that ¢ has a derivative at p with respect to the direction v provided that there exists an
element Dx ,¢(p) € Z such that

Dx.o(p) = lim 9lw;) = o) in Z

j=oo|my — p|

for all sequences {z;},en in X \ {p} which converge to p and such that

. XTj—p
v = lim ——.
j=oo |25 — pl

Then we say that Dy ,¢(p) is the derivative of ¢ at p with respect to the direction v.

We note that if there exist an open neighborhood W of p in R" and if ¢ is a continuously (real)
differentiable function from W to Z and satisfies the equality ¢ xnw = ¢ x~w, then ¢ has a derivative
at p with respect to the direction v and

Dx(p) = Dud(p) = do(p)[v] -

Indeed, do(p)[v] = lim;_,o dé(p) [mj*p} in Z and

|z —pl

16(z;) — 6(p) — do(p)[x; — 1l

0= lim
pve: |z; — pl
— fim || 25200 _ 45 {% p}
j—00 ‘.’Ij —p\ ‘xj _p‘ 7
i [ 222901 g [ 222 ]
LY =),
and accordingly
lim o(z;) = ¢p) = lim do(p) { Lo ] = d&(p)[ ] in Z
% Ja; =) jro0 |wj — pl
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for all sequences {x;};en as in Definition 5 of a semi-tangent vector. Then we can prove the following
differentiation theorem for integral operators that are defined on upper Ahlfors regular subsets of
R™. To do so, we set

Bu(z,p) ={y €R": |z —y| < p}
for all p > 0, z € R™.

Theorem 5.1. Let X, Y C R™. Let vy €]0,+o00[. Let (Y,N,v) be a measured space such that
By CN. Let v be finite. Let Y be upper vy-Ahlfors reqular with respect to X. Let s; € [0,vy[. Let
reX,veTl, X, |v|=1. Let a kernel K € Ky, 5,41.1(X X Y) satisfy the following assumptions

Dx ,K(x,y) exists in C Yy e Y\ {z},
DXW/ K(x,y)dv(y) exists in C.
Y

Let 1 € C}(R™). Then the function [, K(-,y)u(y) dv(y) admits a derivative with respect to v at the
point x, the function Dx K (z,y)(u(y) — p(z)) is v-integrable in the variable y € Y and the following
formula holds

Dx., /Y K (2, y)u(y) dv(y) (5.1)
- /Y D (2, 9)) (u(y) — ) d(y) + j(x) D /Y K (2, ) dv(y)

(see Definition 6 for Dx.,).
Proof. By the existence of Dx,, [, K(x,y)dv(y) and by the elementary equality

/Y K (2, y)uly) dv(y)

= [ K@) @lo) — ne) dol) + o) [ Koy avta)

(cf. Proposition 4.1), the existence of Dx,, [, K(x,y)u(y)dv(y) is equivalent to the existence of
Dx. [y K(z,y)(u(y) — p(z)) dv(y) and in the case of existence, we have

/ K (2,y)u(y) dv(y) = Dx,, /Y K (2,y) (u(y) — () dv(y) (5.2)

+Dxole) [ Klo)dv(y) + ula)Dx, [ Koy doly).
Y Y
We now turn to show the existence of

D /Y K (2, y)(u(y) — p(x)) dv(y) (5.3)

and to compute it. Let {z;};en be a sequence in X \ {z} such that

Tj—T
lim z; = @, v = lim
j—00 jooo |xj — x|

By the existence of Dy ,K(z,y), Dx.u(z) and by the continuity of K(-,y) and p at x, we have

! — (25, y) (uly) = nlzy)) = K2, y)(p(y) — p(2))] (5.4)
= Dx oK (2, y)(u(y) — (@) — K(z,y)Dxopu(z)  VyeY \{z}.
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We now turn to show the existence of the limit associated to the directional derivative of the integral
in (5.3) by applying the Vitali Convergence Theorem. If E € N, the Lipschitz continuity of pu,
Lemma 3.4 with # = 1 and Lemma 4.1 imply that

/E ﬁ 1K (2, 9) (uly) — ;) — Kz, y) (uly) — p(@)] dv(y)

J
1
< / I (25, ) (u(y) — ()]
ENBy (z,2|x;—z|) ‘ij - .Z"

N /E LK (@) () — ()]

NBy (z,2|z;—z|) |xj - .§L’|

1
.
E\By, (,2]x;—x|) |z —

K (2, y)(uly) — u(a:))] dv(y)

{ / 1 dv(y)
Kei—1.s 11—(1— s1—
Lobertim b= ENBn(z;,3|z;—x|) |$j - QZ’| |$j - y| -t
N / 1 dv(y)

ENBy, (z,2|x;—x|) |‘rj - JI| |ZE - y|81_1

1 x; —axlt
+/ 7, l dV(y)}
E\By (z,2|z;—x|) ’mj - .ZE‘ ‘iL’ - y‘ !

< |HIK. . . {sw—<81—”c;q_1,x,y|xj afrn

’Uy—(sl—l) " L vy —S1
+2 Co—1.x.v|T5 — |

K, y)(uy) — ple))

< [[H[K, p]

_ Vy _
+V(E)a™" + cx vy a™
Vy — 81

for all a €]0,rx y., [ and 7 € N, where the last summand in the braces is absent if s; = 0. Now let
€ €]0,4+00[. Then we choose a €]0,7x v, [ such that

Vy

IHIE, p|

Vy —S1
Ka; 101 CX, Yoy a <e¢/3

y — 51

and j. € N such that
VHIE il . {3W<Sll>cgql,x,ywxj g
B A |} < /3

for all j € N such that j > j.. Thus if £ € N satisfies the inequality

1HE, pll|x v(E)a™ < €/3

s1—1,s1,1

we have

/E 1_ 7 1K (2, y) (n(y) — p(a;)) — K (2, 9) (nly) — p(@))| dv(y) < e

|,



Tangential gradient of an integral operator in a manifold 69

for all j € N such that j > j.. Then the pointwise convergence of (5.4) and the Vitali Convergence
Theorem imply that the pointwise limit of (5.4) is integrable in y € Y\ {z} and that

i | 5o ) = ) = K Go) ) = )] o)

j=oo Jy |x;
- /Y Do K (2,9)(u(y) — plx)) = K (2, y)Dxopilx) dv(y) (5.5)

By our assumptions, K(z,y) is integrable in y € Y \ {z} and Dx,u is bounded. Hence,
Dx K (x,y)(u(y) — pu(x)) is integrable in y € Y\ {z} and the right hand side of (5.5) equals

| DraK ) pts) = po) dvta) = [ KGeg)Dsoplo) dvt).

Hence,
Dy [ KGag)(uly) = uta) vl
= [ PraK ) ts) = p) dvty) = [ Ko.) dvlo) Do)
and formula (5.2) implies the validity of the formula of the statement. O

6 Tangential derivatives of weakly singular integral operators on embed-
ded manifolds of R” whose kernels have singular derivatives

Since a compact manifold Y of class C! that is embedded in R™ can be proved to be (n — 1)-upper
Ahlfors regular and each C! function on Y can be extended to a C! function in R"™ with compact
support (cf. e.g., proof of Theorem 2.85 of Dalla Riva, the author and Musolino [4]), the differentiation
Theorem 5.1 implies the validity of the following theorem, which is a variant of a known result. For
the definition of tangential gradient grad,-, we refer e.g., to Kirsch and Hettlich [11, A.5], Chavel [2,
Chapter 1].

Theorem 6.1. Let n € N, n > 2. Let Y be a compact manifold of class C* that is embedded in R™.
Let sy € [0, (n — 1)[. Let the kernel K € Ky, s,411(Y X Y) satisfy the following assumptions

Ky e '\ {y}) WyeY, /Y K(y)do, € C}(Y).

Let grady K (-,-) denote the tangential gradient of K(-,-) with respect to the first variable. Let ji €
C'(Y'). Then the function [, K(-,y)u(y)doy is of class C*(Y), the function [grady, K (z,y)](u(y) —
p(x)) is integrable in the variable y € Y for all x € Y and the following formula holds for the
tangential gradient of [, K (-, y)u(y) dv(y)

grady /Y K (2, y)uly) do, (6.1)
- /Y lgrady K (2, )] (u(y) — () do, + u(x)grady /Y K(z,y)do,.

forallz €Y.
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Next we prove formula (6.1) for the tangential gradient under weaker assumptions for p. To do
so, however we must strenghten our assumptions on the kernel.

Theorem 6.2. Letn € N, n > 2. Let Y be a compact manifold of class C* that is embedded in R™.
Let sy € [0,(n—1)[. Let B €]0,1], t; €]0,(n — 1) 4+ B[. Let the kernel K € Ky, 5,411 (Y X Y) satisfy
the following assumptions

K(y) e Y\ {y}) WyeY, /YK<-,y> doy € CL(Y),
gradY,xK('v ) S (lctl,YXY)n )

where grady K (-, -) denotes the tangential gradient of K (-,-) with respect to the first variable. Let y €

CYP(Y). Then the function Iy K, y)py) doy is of class C'(Y'), the function [grady. K (z,y)](u(y) —
p(x)) is integrable in y € Y for all x € Y and formula (6.1) for the tangential gradient of
[y K (-, y)uly) doy, holds true.

Proof. We plan to prove the statement by approximating p by functions of class C*(Y') for which
we know that the statement is true by Theorem 6.1. By the Mc Shane extension Theorem, there
exists ji € Cp°(R™) that extends u (cf. e.g., Mc Shane [16], Bjork [1, Prop. 1] Kufner, John and
Fucik [12, Thm. 1.8.3|). Possibly multiplying /i by a function of class C°(R™), we can assume that
fi has a compact support. Next we wish to approximate fi by functions of class C2°(R™) by means
of a standard family of mollifiers {7 }ccjo,+00] With

SUpPp 7)e g Bn(oa E) y Ne Z 07 / Me dr =1 Ve 6]0, —f-OO[

(cf. e.g., Dalla Riva, the author and Musolino [4, A. 11]). Thus we set
m(x) = pxnpi(z) Vo eR",

for all | € N. By known properties of the convolution, we have p; € C2°(R") for each [ € N. Moreover,
lli>r(1>10 W = fi uniformly in R".

We also observe that the Young inequality for the convolution implies that
sup || < sup il [ [me-i(y)ldy =sup|al  VIEN.
1:3 R™ Rn R™

Then we note that |y : R™|s < | : R"|g for all | € N. Indeed, if 2/, 2” € R", then

(") — ()] < . (2" —y) — (2" — y)|ne-1(y) dy

n

<l Rl =o' [ mpesy)dy =1 Rl ")

Then the sequence {iyy hien is bounded in C%#(Y) and converges uniformly to g in Y. Now let
B €]0,6], 0 < t; — 3 < n—1. By the compactness of the embedding of C*?(Y) into C%# (Y),
possibly selecting a subsequence, we can assume that

lim )y = p in %7 (Y).
l—o00
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By Lemma 3.4 (i), we have

lim grady , K (z,y)(u(y) — p(r)) = grady K (z,y)(u(y) — p(z))

l—00

in Kt _pyxy. Since 0 < t; — ' < n — 1, the Hille-Tamarkin Proposition 4.1 and Proposition 4.3
imply that

lim [ grady,K(z,y)(u(y) — wu(z)) do,

l—00 Y

= / grady , K (z,y)(u(y) — u(z)) doy, uniformly in z € Y
Y

and that [, grady K (-,y)(u(y) — u(-)) doy is continuous in Y for each [ € N. Then the validity of
formula (6.1) for g, implies that

lim gradYI/ K(z,y)m(y) doy, (6.2)

= /Y [grady , K (2, y)](1u(y) — () dv(y) + p(x)grady /Y K(z,y)do,

uniformly in x € Y. Since K € Ky, yxy and s; < n — 1, again Proposition 4.1 and Proposition 4.3
imply that

l—00

lim K(Jc y)(y) doy, = / K(z,y)u(y) doy, (6.3)

uniformly in € Y and that fY (,y)u(y) do, is continuous in Y for each [ € N. By (6.2) and
(6.3), we deduce that [, K(-,y)u(y)do, belongs to C'(Y') and that formula (6.1) for its tangential
gradient holds true. O

By combining Proposition 4.4 and the previous theorem, we can now prove a continuity theorem
for the integral operator with kernel K and with values into a Schauder space on a compact manifold
Y of class C'. For the definition of the Schauder spaces C'#(Y) and C*0)(Y) of all functions
p of class C! on Y such that the tangential gradient of p is S-Holder continuous and w(-)-Hélder
continuous, respectively or for an equivalent definition based on a finite family of parametrizations
of Y, we refer for example to Dondi and the author [5, § 2|, Dalla Riva, the author and Musolino [4,
§ 2.20].

Theorem 6.3. Let n € N, n > 2. LetY be a compact manifold of class C* that is embedded in
R”™. Let sy € [0,(n—1)[. Let B €]0,1], t, € [B,(n — 1)+ B], ta € [B, +0o0], t3 €]0,1]. Let the kernel
K € Ky, s,+1.1(Y xY) satisfy the following assumption

K(y) e C'(Y\{y}) WyeY.
Let grady K (-,-) denote the tangential gradient of K(-,-) with respect to the first variable.
(1) Ift1 < (n—1) and grady K (-,-) € (K, 1,4, (Y x Y))", then the following statements hold.

(@) Ifta—B>(n—1),ta<(n—1)+ L +t3 and

/K dO' c Cl min{s,(n—1)+t3+L— tg}(Y>’

then the map from COP(Y) to CVmindB(n=Dtta+8-t} (V) that takes p to the function
[y K(-,y)u(y) doy is linear and continuous.
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(aa) Ifto— B =(n—1) and

/ K(,y) dO'y c Cl,max{rﬂ,th(.)}(Y)’
Y

then the map from COP(Y) to Cvmax’wisONY) that takes p to the function
[y K(-,y)py) doy is linear and continuous.

(ii) Ift1 = (n —1) and grady K (-,-) € (/Ctﬁht%t3 (Y x Y))n, then the following statements hold.
(b) Ifto—f>(n—1),ta<(n—1)+ B +t3 and
/ K(.7 y) dO'y c Olfmin{ﬁv(n_l)"’tB"‘B_t?}(Y) 7
Y

then the map from COP(Y) to CVmindB(n=Uttat+B-t}(Y) that takes p to the function
Iy K (-, y)u(y) doy is linear and continuous.

(bb) Ifto —B=(n—1) and

/ _[((7 y) do-y e C’Lmax{rﬁywtg,(')}(y) ,
Y

then the map from COP(Y) to CHmaxlr’wsONY) that takes p to the function
[y K(-,y)u(y) doy is linear and continuous.

(iil) If t1 > (n — 1) and grady K (-,-) € (K, 1,4, (Y x Y))", then the following statements hold.
(c) Ifto—fF>(n—1),ta<(n—1)+F+t3 and

/K )do, € C" min{B,(n—1)+B—t1,(n—1)+ta+B—ta} (y)

then the map from COP(Y) to C1mi{B(n=1)+5=t,(n=DHts+8-t2} (V') that takes u to the func-
tion [, K(-,y)u(y) doy is linear and continuous.

(cc) Ifto— B =(n—1) and

/ K(y)do, € Chmestrs =Vt w, O} (yy

then the map from COP(Y) to Crmatr®r =DV 0w O (YY) that takes p to the function
[y K(-,y)uy) doy is linear and continuous.

Proof. Since Y is a compact manifold of class C!' that is embedded in R", Y can be proved
to be strongly upper (n — 1)-Ahlfors regular with respect to Y. By Theorem 6.2, the function
[y K y) do,, is of class C1(Y) for all u € C®?(Y') and formula (6.1) for the tangential gradient
of fy ( ) do, holds true under any of the assumptions of (i)—(iii). Next, we consider statement
(1). Under the assumptions of (a), Proposition 4.4 (i) implies that map

from C’O’ﬁ(Y) to Covmin{ﬁ,(n*1)+t3+ﬂ7t2}(Y) :
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which takes y to the function [ [grady K (z,y)](u(y) — p(z)) doy is linear and continuous. By our
assumption on [, K(-,y) do,, the map
from CO8(Y) to COmin{B.5,(n=D+ta+~ta} ()

Y

which takes p to u(-)grady [, K(-,y)doy is linear and continuous. Then formula (6.1) implies that
the map
from Co’ﬁ(Y) to C’O,min{ﬁﬂ,(n*1)+t3+57t2}(Y)

that takes y to grady., [, K (-, y)u(y) doy, is linear and continuous. By Propositions 4.1 and 4.3, the
map from C*?(Y) to C°(Y) that takes p to [, K(-,y)u(y)do, is linear and continuous. Hence,
we deduce the validity of (a) of statement (i). The proof of (aa) follows the lines of the proof of
statement (a) by invoking statement (aa) instead of statement (a) of (i) of Proposition 4.4.

The proofs of statements (ii) and (iii) follow the lines of that of statement (i) by invoking state-
ments (ii) and (iii) instead of statement (i) of Proposition 4.4. In case of statement (iii) (c) we also
observe that the pointwise product is bilinear and continuous

from OO’B(Y) % CO,min{ﬂ,(n—l)—i—B—h,(n—1)+t3+6—t2}(Y)
to CO,min{ﬁ,(n71)+57t1,(n71)+t3+5*t2}(Y) )

In the case of statement (iii) (cc) we also observe that the pointwise product is bilinear and continuous
from COP(Y) x 0max{r? r(r=Hi=t wis (O} (y) to CO,maX{Tﬁyr("*l”B*tl,wt3(~)}(y)

(cf. e.g., Dondi and the author |5, § 2|). O
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