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We study degenerate elliptic operators of Grushin type on the d-dimensional sphere,
which are singular on a k-dimensional sphere for some k < d. For these operators
we prove a spectral multiplier theorem of Mihlin-Hérmander type, which is optimal
whenever 2k < d, and a corresponding Bochner-Riesz summability result. The proof
hinges on suitable weighted spectral cluster bounds, which in turn depend on precise

estimates for ultraspherical polynomials.

1 Introduction

In this paper we continue the study of spherical Grushin-type operators started in [13]
with the case of the 2-dimensional sphere. The focus here is on a family of hypoelliptic
operators {Lg;};-x.q, acting on functions defined on the unit sphere S in R!*4, that

is, on

Sdz{(zo,...,zd)eR1+d :zg—l—u-—i—zfi:l}, (1.1)
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for some d > 2. The special orthogonal groups SO(1 + k) with 1 < k < d can be
naturally identified with a sequence of nested subgroups of SO(1 + d), so that SO(1 + k)
acts trivially on the coordinates z;,,...,z,. Correspondingly each of these groups acts
on S? by rotations. We denote by Ay, the (positive semidefinite) 2nd-order differential
operator on S¢ corresponding through this action to the Casimir operator on SO(1 + k).
The operators A, fork =1,...,d commute pairwise and A; turns out to be the Laplace-

Beltrami operator on S¢. The operators we are interested in are defined as
Ed,k = Ad — Ak' (12)

withk=1,...,d—1.

While it may not be immediately apparent from the above formula, each operator
L4 can be written as minus the sum of squares of a system of smooth divergence-free
vector fields on S? (see Section 3.2 below), and in particular is a positive semidefinite
operator too. These vector fields span the tangent space of S? at each point not lying in
the k-submanifold S¥ x {0}, and consequently L, i is elliptic away from this submanifold.
Moreover, by introducing a suitable system of “spherical coordinates” (w,¥) on s4,
where o € S¥ and V= Wkp1,---¥g) € (—n/2,n/2)d_k (see Section 3.3 below for details),

one can write L ; in a neighbourhood of the submanifold Sk x {0} more explicitly as

d
Lax= D Y, +BW) A, (1.3)
r=k+1

where the Y, and their formal adjoints Y;" (with respect to the standard rotation-

invariant measure o on S%) are vector fields only depending on v, to wit,

1 a

COS VY, q -+ COS Yy OV,

(1.4)

.
and U : (—n/2,7/2)% % — R is given by

1

cos2 Y g ---cos? Yy

d
1= H (1+tan®y;) — 1. (1.5)

Jj=k+1

V() =

The vanishing of U(y) for v = 0 corresponds to the fact that £;; is not
elliptic at any point of the submanifold S¥ x {0}. The loss of global ellipticity is anyway
compensated by the fact that £;; is hypoelliptic and satisfies subelliptic estimates, as

shown by an application of Hérmander’s theorem for sums of squares of vector fields
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[32]. Indeed the expression (1.3) reveals the analogy of the operators L;; with certain

degenerate elliptic operators G, ; on R?, given by

gd,k = AX + |X|%Ayl (16)

where x,y are the components of a point in Rg_k X R)’i and A,, A, denote the
corresponding (positive definite) partial Laplacians, while |x|, is the Euclidean norm
of x.

In light of [28, 29], the operators G;, are often called Grushin operators;
sometimes they are also called Baouendi-Grushin operators, since shortly before the
papers by V. V. Grushin appeared, M. S. Baouendi introduced a more general class
of operators containing also the gd,k [5]. In these and other works (see, e.g., [18, 23,
49]), the coefficient |X|§ in (1.6) may be replaced by a more general function V(x). As
prototypical examples of differential operators with mixed homogeneity, operators of
the form (1.6) have attracted increasing interest in the past 50 years; we refer to [13]
for a brief list of the main results, focused on the field of harmonic analysis. More
recently, the study of Grushin-type operators began to develop also on more general
manifolds than R"”, from both a geometric and an analytic perspective [6, 7, 9, 10, 25,
26, 48].

In this article, we investigate LP boundedness properties of operators of the form
F(\/LT’,C) in connection with size and smoothness properties of the spectral multiplier
F : R — C; here LP spaces on the sphere S? are defined in terms of the spherical measure
o, and the operators F(\/ﬁk) are initially defined on L? (S?) via the Borel functional
calculus for the self-adjoint operator L ;. The study of the L” boundedness of functions
of Laplace-like operators is a classical and very active area of harmonic analysis, with
a number of celebrated results and open questions, already in the case of the classical
Laplacian in Euclidean space (think, e.g., of the Bochner-Riesz conjecture). Regarding
the spherical Grushin operators £;, in the case d = 2 and k = 1, a sharp multiplier
theorem of Mihlin-Hérmander type and a Bochner-Riesz summability result for £,
were obtained in [13]. Here we treat the general case d > 2, 1 < k < d, and obtain the
following result.

Let n € CX((0,00)) be any nontrivial cutoff, and denote by LYR) the L2 Sobolev

space of (fractional) order s on R.

Theorem 1.1. Let D = max{d, 2k} and s > D/2.
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(i) For all continuous functions supported in [-1, 1],

sup ||F(t ’Cd,k)”Ll(Sd)—)Ll(Sd) SS ”F”LE
0

t>

(ii) For all bounded Borel functions F : R — C such that F| . is continuous,
IF G/ Loz sdy-rreed) Ss sup I1EE)nllp2. (1.7)
t>

Hence, whenever the right-hand side of (1.7) is finite, the operator F( /Lqx)
is of weak type (1,1) and bounded on LP(S%) for all p € (1,00).

Part (i) of the above theorem and a standard interpolation technique imply the

following Bochner-Riesz summability result.

Corollary 1.2. Let D = max{d,2k} and p € [1,]. If § > (D — 1)|1/2 — 1/p|, then the
Bochner-Riesz means (1 —tLg )% of order § associated with £ ; are bounded on IP(S%

uniformly in ¢t € (0, ).

It is important to point out that weaker versions of the above results, involving
more restrictive requirements on the smoothness parameters s and §, could be readily
obtained by standard techniques. Indeed the sphere S¢, with the measure o and the sub-
Riemannian distance associated to L, (see Sections 3.2 to 3.4 below for details), is a
doubling metric measure space of “homogeneous dimension” Q = d+k, and the operator
L,y satisfies Gaussian-type heat kernel bounds. As a consequence (see, e.g., [17, 20,
21, 31]), one would obtain the analogue of Theorem 1.1 with smoothness requirement
s > Q/2, measured in terms of an L* Sobolev norm, and the corresponding result for
Bochner-Riesz means would give LP boundedness only for § > Q|1/p — 1/2|. Since Q >
D > D — 1, the results in this paper yield an improvement on the standard result for all
values of d and k.

As a matter of fact, in the case k < d/2, the above multiplier theorem is
sharp, in the sense that the lower bound D/2 to the order of smoothness s required in
Theorem 1.1 cannot be replaced by any smaller quantity. Since £ ; is elliptic away from
a negligible subset of S¢, and D = d is the topological dimension of S% when k < d/2,
the sharpness of the above result can be seen by comparison to the Euclidean case via

a transplantation technique [34, 42].
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The fact that for subelliptic nonelliptic operators one can often obtain
“improved” multiplier theorems, by replacing the relevant homogeneous dimension
with the topological dimension in the smoothness requirement, was first noticed in the
case of sub-Laplacians on Heisenberg and related groups by D. Miiller and E. M. Stein
[44] and independently by W. Hebisch [30] and has since been verified in multiple cases.
However, despite a flurry of recent progress (see, e.g., [13, 18, 38, 39] for more detailed
accounts and further references), the question whether such an improvement is always
possible remains open. The results in the present paper can therefore be considered as
part of a wider programme, attempting to gain an understanding of the general problem
by tackling particularly significant particular cases.

In these respects, it it relevant to point out that Theorem 1.1 above can be
considered as a strengthening of the multiplier theorem for the Grushin operators G, ;
on R proved in [40]: indeed a “nonisotropic transplantation” technique (see, e.g., [36,
Theorem 5.2]) allows one to deduce from Theorem 1.1 the analogous result where S%
and L are replaced by R and Ga k-

The structure of the proof of Theorem 1.1 broadly follows that of the analogous
result in [13], but additional difficulties need to be overcome here. An especially delicate
point is the proof of the “weighted spectral cluster estimates” stated as Propositions 4.2
and 4.3 below, essentially consisting in suitable weighted L! — L? norm bounds for

“weighted spectral projections”

(Lax/ D) xiiin (G Lax) (1.8)

associated with bands of unit width of the spectrum of /L . These can be thought of as

subelliptic analogues of the Agmon-Avakumovic-Hormander spectral cluster estimates

g, (VADIp L pz S iED/2 (1.9)

for the elliptic Laplacian Ay, which are valid more generally when /A, is replaced
with an elliptic pseudodifferential operator of order one on a compact d-manifold [33]
and are the basic building block for a sharp multiplier theorem for elliptic operators
on compact manifolds and related restriction-type estimates [24, 50, 52, 53]. Thanks
to pseudodifferential and Fourier integral operator techniques, estimates of the form
(1.9) can be proved for elliptic operators in great generality, but these techniques break
down when the ellipticity assumption is weakened. Nevertheless alternative ad hoc

methods may be developed in many cases, based on a detailed analysis of the spectral
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decomposition of the operator under consideration, often made possible by underlying
symmetries.

In the case of the spherical Grushin operator L;;, as a consequence of its
spectral decomposition in terms of joint eigenfunctions of the operators Ay, ..., A,
the integral kernel of the “weighted projection” in (1.8) involves sums of (d — k)-fold
tensor products of ultraspherical polynomials. This is a substantial difference from
the case considered in [13] (where d — k = 1) and requires new ideas and greater care.
Section 6 of this paper is devoted to the proof of these estimates. As in [13], here we
make fundamental use of precise estimates for ultraspherical polynomials, which are
uniform in suitable ranges of indices. These estimates, which are consequences of the
asymptotic approximations of [11, 45-47], could be of independent interest, and their
derivation is presented in an auxiliary paper [14].

In the context of subelliptic operators on compact manifolds, “weighted spectral
cluster estimates” were first obtained in the seminal work by Cowling and Sikora [17]
for a distinguished sub-Laplacian on SU(2), leading to a sharp multiplier theorem in
that case; their technique was then applied to many different frameworks [2, 15, 16,
36]. However, the general theory developed in [17], based on spectral cluster estimates
involving a single weight function, does not seem to be directly applicable to the
spherical Grushin operator £; (which, differently from the sub-Laplacian of [17], is
not invariant under a transitive group of isometries of the underlying manifold). For
this reason, here we take the opportunity to establish an “abstract” multiplier theorem,
which applies to a rather general setting of self-adjoint operators on bounded metric
measure spaces, satisfying the volume doubling property, and extends the analogous
result in [17] to the framework of a family of scale-dependent weights.

It would be of great interest to establish whether Theorem 1.1 is sharp when k >
d/2 or alternatively improve on it. The corresponding question for the Grushin operators
Ggron R4 has been settled in [37]; based on that result, one may expect that Theorem 1.1
and Corollary 1.2 actually hold with D replaced by d. However, when the dimension k of
the singular set is larger than the codimension, the approach developed in this paper,
which is based on a “weighted Plancherel estimate with weights on the first layer,” does
not suffice to obtain such result and new methods (inspired, for instance, to those in
[37] and involving the “second layer” as well) appear to be necessary.

We point out that the method of [37] for the Grushin operators G, ; is based on
a delicate inductive argument, which relates multiplication by a weight on the space
side to differentiation on the spectral side; in turn, this inductive argument crucially

hinges on special identities for Hermite functions. While setting up an analogous
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inductive scheme in the case of the spherical Grushin operators £, may be possible,
a number of nontrivial additional technical challenges would need to be tackled, due
to the discreteness of the spectrum of £;; and to the different nature of the available
identities for spherical harmonics compared to those for Hermite functions. We hope to

be able to investigate these matters in the future.

Structure of the paper

In Section 2 we state our abstract multiplier theorem, of which Theorem 1.1 will be a
direct consequence; in order not to burden the exposition, we postpone the proof of the
abstract theorem to Section 7.

In Section 3 we introduce the spherical Laplacians and the Grushin operators on
S?. A precise estimate for the sub-Riemannian distance ¢ associated with the Grushin
operator L ; is also given. Moreover, we introduce the system of spherical coordinates
on S¢, which is key to our approach.

In Section 4 we recall the construction of a complete system of joint eigen-
functions of A,,..., A, on S4, in terms of which we explicitly write down the spectral
decomposition of the Grushin operator L;, = A; — A;. We also prove some Riesz-type
bounds for £; ;. Moreover we state the crucial “weighted spectral cluster estimates” for
the Grushin operators ﬁd,k; due to its technical nature, the proof of these estimates is
deferred to Section 6.

In Section 5 we use the Riesz-type bounds and the weighted spectral cluster
estimates to prove “weighted Plancherel-type estimates” for the Grushin operator L .
After this preparatory work, the proof of Theorem 1.1, which boils down to verifying the

assumptions of the abstract theorem, concludes the section.

Notation

Throughout the paper, for any two nonnegative quantities X and Y, we use X < Y or
Y 2> X to denote the estimate X < CY for a positive constant C. The symbol X ~ Y is
shorthand for X < Y and Y 2 X. We use variants such as 5, ;, and >~ ;, to indicate that

~

the implicit constants may depend on the parameters a and b.

2 An Abstract Multiplier Theorem

We state an abstract multiplier theorem, which is a refinement of [17, Theorem 3.6] and
[20, Theorem 3.2]. The proof of our main result, Theorem 1.1, for the operator £, will

follow from this result.
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9216 V. Casarino et al.

As in [17, 20], for all g € [2,00], N € N\ {0} and F : R — C supported in [0, 1], we
define the norm I1F g by

1/q
N .
(%v 2 iz1 SUPjel(i—1)/m,i/N] |F()‘)|q) if g<oo,

SUP;clo0,1] [F)] if g=oc.

IF g = 2.1)

Moreover, by K we denote the integral kernel of an operator T. Further, let n €

C((0,00)) be any nontrivial cutoff.
Theorem 2.1. Let (X,0) be a bounded metric space, equipped with a regular Borel
measure . Let £ be a nonnegative self-adjoint operator on L?(X). Let g € [2, 00]. Suppose

that there exist a family of weight functions x,.: X x X — [0, 00), where r € (0,1], and a

constant ? € [1, c0) such that the following conditions are satisfied:

(a) the doubling condition:
wBx,2r) < uBx,r) VxeX Yr>O0;
(b) heat kernel bounds:
Kexp(—te) & V)| Sy wB(y, 1) 711 + o(x, y) /157N

forall N >0, forall t € (0,00) and x,y € X;

(c) the growth condition:
1S 7,.(x,y) S (1+0(x,y)/m)M0 (2.2)

for some M, > 0, forallr € (0,1l and x,y € X;

(d) the integrability condition
/X (1 + 006, y) /1) P 0,6,y 1 du) Sy (B, ) 2.3)

forallre (0,1], 8 > 0 and forall y € X;

(e) weighted Plancherel-type estimates:

ess sup, x/(B(y, 1/)) /X 71w %, 9) 1Kp e & PP du) S IFWNH)F . (2.4)
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Ultraspherical Grushin Operators 9217

for all N € N\ {0} and for all bounded Borel functions F : R — C supported
in [0, N].

Finally, assume that s > 9/2. Then the following hold.

(i) For continuous functions F : R — C supported in [-1, 1],

sup [IF (V) )11 ) Ss 1Pl
t>0

(ii) For all bounded Borel functions F : R — C continuous on (0, c0),

IFVD) 1 )Ll o) Ss sup IF (&) 1l 9. (2.5)
t>

Hence, whenever the right-hand side of (2.5) is finite, the operator F(J/2) is
of weak type (1, 1) and bounded on LP(X) for all p € (1, 00).

Since the subject is replete with technicalities, which could weigh on the
discussion, we defer the proof of the abstract theorem to Section 7.

Let us just observe that Assumption (b) only requires a polynomial decay in
space (of arbitrary large order) for the heat kernel; hence this assumption is weaker
than the corresponding ones in [20], where Gaussian-type (i.e., superexponential) decay
is required, and in [17], where finite propagation speed for the associated wave equation
is required (which, under the “on-diagonal bound” implied by (2.4), is equivalent to
“second order” Gaussian-type decay [51]) and matches instead the assumption in [31]
(see also [36, Section 6]).

Another important feature of the above result, which is crucial for the applica-
bility to the spherical Grushin operators L;; considered in this paper, is the use of a
family of weight functions, where the weight =, may depend on the scale r in a nontrivial
way; this constitutes another important difference to [17], where the weights considered
are effectively scalar multiples of a single weight function (compare Assumptions (d)
and (e) above with [17, Assumptions 2.2 and 2.5]).

The attentive reader will have noticed that it is actually enough to verify
Assumptions (c) and (d) for scales r = 1/N for N € N\ {0} (indeed, one can redefine
7, as 7y 1, When 1/r ¢ N); the slightly redundant form of the above assumptions is

just due to notational convenience.
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3 Spherical Laplacians and Grushin Operators
3.1 The Laplace-Beltrami operator on the unit sphere

Ford € N, d > 1, let S% denote the unit sphere in R*4 as in (1.1). The Euclidean
structure on R!*¢ induces a natural, rotation-invariant Riemannian structure on S¢. Let
o denote the corresponding Riemannian measure, and A ; the Laplace-Beltrami operator
on the unit sphere S¢ in R4,

It is possible (see, e.g., [27]) to give a more explicit expression for A ; as a sum of

squares of vector fields, namely,

Ag=— D 73, (3.1)
0<j<r=<d

here the vector fields Z; ; are the restrictions to the sphere of the vector fields on R1+d

given by
7 B 0
jr =i T Zro
J J azr 8Z]
where (2, ..., z;) are the coordinates of R1+4,

Indeed the rotation group SO(1+d) acts naturally on R'*¢ and S¢; via this action,
the vector fields Zj,r (0 <j < r < d) correspond to the standard orthonormal basis of the
Lie algebra of SO(1 + d), and A corresponds to the Casimir operator. The commutation

relations

[Z] Zj’,r’] = 8 ) Z + Sj,r,Zr,j/ — Sj,j/Zr'r/ - 8 /Z' (32)

i L Pl rr' ey

are easily checked and correspond to those of the Lie algebra of SO(1 + d).

3.2 A family of commuting Laplacians and spherical Grushin operators

By (3.2), the operator A; commutes with all the vector fields Z; .. (this corresponds to the
fact that the Casimir operator is in the centre of the universal enveloping algebra of the

Lie algebra of SO(1 +d)); in particular it commutes with each of the “partial Laplacians”

Ap=— D 7% (3.3)

0<j<s<r

forr=1,...,d.
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Assume that d > 2. We now observe that, forr = 1,...,d — 1, we can identify

SO(1 +r) with a subgroup of SO(1 + d), by associating to each A in SO(1 +r) the element

A 0
0 I
of SO(1+d). Via this identification, the operator A, corresponds to the Casimir operator
of SO(1 + r), and therefore it commutes with all the operators A fors=1,...,r.
In conclusion, the operators A;,...,A; commute pairwise and admit a joint

spectral decomposition. In what follows we will be interested in the study of the

Grushin-type operator

d r-1
Lop=Ra—x== 2 D7, (3.4
r=k+1 j=0

fork=1,...,d—1.
The operator L;; is not uniformly elliptic: indeed it degenerates on the k-

submanifold E; , = S* x {0} of S%. More precisely, if
Zax=12;, 1 k+1=<r=<d,0=<j<r}

is the family of vector fields appearing in the sum (3.4), then it is easily checked that,
for all z € S¢,

TZSd if Z ¢ Ed,k!

Hg'k '=span{X|, : X € Z;} = (3.5)

(T,Eq )t if zeEg,.
On the other hand, the commutation relations (3.2) give that

[Zj,d’ Z]/,d] - _Z],]/

for all j,j/ = 0,...,d — 1; in particular the vector fields in Zd,kr together with their
Lie brackets, span the tangent space of S at each point. In other words, the family of
vector fields Z; satisfies Hormander’s condition and (together with the Riemannian

measure o) determines a (non-equiregular) 2-step sub-Riemannian structure on S with
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9220 V. Casarino et al.

the horizontal distribution H** described in (3.5). The corresponding sub-Riemannian

norm on the fibres of H¥* is given, forall p € S and v € Hg'k, by

Vg, =infd | D" a : (ax)x eR%k, v= D" ayX|,t. (3.6)
XeZgx XeZgk

For more details on sub-Riemannian geometry we refer the reader to [1, 8, 12, 43].
We remark that from (3.4) it follows that ﬁd,k is positive semidefinite; moreover,
from the fact that Z;; satisfies Hormander’s condition, it follows that £, is hypoel-

liptic and moreover L ;f = 0 if and only if f is constant, whence
ker L, = ker A,. (3.7)

3.3 Spherical coordinates

In order to study the operator L, it is useful to introduce a system of “spherical
coordinates” on S¢ that will provide a particularly revealing expression for Ly in a
neighbourhood of the singular set E ;.

For all w € S¢~1 and v € [-7/2,7/2], let us define the point |, ¥] € S¢ by

lw, ¥ = ((cos ¥)w, sin ). (3.8)

Away from ¥ = +x/2, the map (w,¥) — |w,¥] is a diffeomorphism onto its image,
which is the sphere without the two poles; so (3.8) can be thought of as a “system of
coordinates” on S¢, up to null sets. In these coordinates, the spherical measure ¢ on sd

is given by
do(lo, 1) = cos® 'y dy doy (),

where o;_; is the spherical measure on S%~!. Moreover, the Laplace-Beltrami operator

may be written in these coordinates as

1 ad 1
0s?! v—+

ANyj=—-—+——— —A , 3.9
d cosd—lwat/fc 3y  cosZy 41 3.9)

where A;_;, given by (3.3), corresponds to the Laplace-Beltrami operator on S4-1 (see,
e.g., [56, §IX.5]).
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We now iterate the previous construction. Let k € N such that 1 < k < d be fixed.

Starting from (3.8), we can inductively define the point

Lo, 1= | L@ Vien ] Vs ] -0 ¥4 ] (3.10)
of S¢ for all y = Wgg1r--- 1 Wq) € [—7/2,7/21%% and w € S¥; if we restrict ¢ to

(—7/2,7/2)%%, then (3.10) defines a “system of coordinates” for an open subset Qak

of S% of full measure, namely,
Qi ={lo,¥] : weSk, v e (—n/2,7/2)%7F).
In these coordinates, the spherical measure o on S¢ is given by
do(lw, ¥1) = cos? Ly ---cos® Yy, dvg - Ay, dog(@), (3.11)

where o}, is the spherical measure on S¥. Moreover, starting from (3.9), we get inductively
that

d
1 1 9 ) 1
Aa=-— —cos" ly —+ AL
d r_%d cos? Y, ;- -+ cos? Yy cos™ Ly, v, wrﬁllfr cos2 Yy, - COS2 g k

where again A is the operator given by (3.3).

In particular, the Grushin operator £;; = Aj;— A, on S? may be written in these
coordinates as in (1.3), where the vector fields ¥, and the function U : (—x/2, 7/2)3% —
R are defined by (1.4) and (1.5), respectively. Note that 2U(y) vanishes only for v = 0,

corresponding to the singular set E; . We also remark that

! ~ ~ 2
cosYypy - cosg 1 W= (3.12)

forr=k+1,...,d, uniformly for || < ¢, for any given ¢ € (0,/2); here
= = . 3.13
Y] =¥l je{njrlax N1 ( )

The formula (1.3) for the sub-Laplacian corresponds to a somewhat more

explicit expression for the sub-Riemannian norm (3.6) on the fibres of the horizontal
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9222 V. Casarino et al.

distribution, which is better written by identifying, via the “coordinates” (3.10), the

tangent space TLw,z//]Sd with TwSk x R4k for all |, V1 € Q4. Under this identification,

dk T, Sk x Rk if vy #£0,
Hiow1 = (3.14)
(0} xR&*k §f y =0
and, for all (v, w) € H‘Lia')’fw, its sub-Riemannian norm satisfies
2 Zf:kﬂ(cos Ypy1 o COSY) 2 [Wil3 + () vl if ¢ #0,
(v, W)z, = d ) . (3.15)
Zr=k+l |Wr|2 if ¢ =0,
where w = (W, ..., wy) € R4, |w|, is its Euclidean norm, and |v|, is the Riemannian

norm of v e T, S.

3.4 The sub-Riemannian distance

Thanks to (3.15), we can obtain a precise estimate for the sub-Riemannian distance g
associated with the Grushin operator £ ;. This is the analogue of [49, Proposition 5.1]
that treats the case of “flat” Grushin operators on R", and [13, Proposition 2.1], that
treats the case of £, on S2.

In the statement below we represent the points of the sphere in the form |w, ¥]
forw e S, ¢ € [—n/2,n/2]d_k, as in (3.10); moreover, || has the same meaning as in
(3.13). We also denote by og gk and or s the Riemannian distances on the spheres Sk
and S%.

Proposition 3.1. Lete € (0,7/2). The sub-Riemannian distance ¢ on S associated with

L4 i satisfies

12 Orgk(@, @)

' , (3.16)
max{|y|, ||}

o(lw, ¥1, Lw/l 1///—|) ~ |y — 1///| + min QR,Sk(wrw/)

if max{|¥|, |¥'|} < ¢; if instead max{|¥|, |¥'|} > ¢, then

o(lw, ¥, |, ¥v']) =~ oggallo, ¥, |, ¥']. (3.17)
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Consequently, the o-measure V(|w, ¥ ], r) of the o-ball centred at |w, ¥ with radius r > 0

satisfies
V(lw, ¥1,r) ~ min{l, r% max{r, |y [}*}. (3.18)
The implicit constants may depend on «.

Proof. Note that the sub-Riemannian distance ¢ and the Riemannian distance og ga
are locally equivalent far from the singular set E; : since Hg'k = T,M forall p € s4\
Eq  (see (3.5)), and the Riemannian and sub-Riemannian inner products on T,M depend
continuously on p, it is enough to apply [13, Lemma 2.3] by choosing as M and N the
Riemannian and sub-Riemannian S¢, respectively, and as F the identity map restricted
to any open subset U of S with compact closure not intersecting E. Then [13, Lemma
2.2], applied with K = {(lo, ¥1, | @', ¢¥']) € S x S : max{|y|, |¢']} > ¢}, vields (3.17).

Note now that the expression in the right-hand side of (3.16) defines a contin-
uous function @ : Qj; x Q4 — [0,00), which is nondegenerate in the sense of [13,
Lemma 2.2]. Hence, in order to prove the equivalence (3.16), it is enough to show that ®
and o are locally equivalent at each point p, € Q; 4, and then apply [13, Lemma 2.2] with
K ={(lo,y1, o, ¥'] €S x5 : max{jy], [y} <e).

Consider now the Grushin operator G = gd,k on Rg_k X R;i defined in (1.6). The
associated horizontal distribution HY and sub-Riemannian metric are given by

RA-k x RF if x 0, w2 + |xI;2vi2 if x #0,

Hg

@y = (3.19)

|(w, V)5 =
Rk x {0} if x=0, lwi2 if x=0,

forall (x,y) € RA* x R¥ and (w,v) € Hg{ " Moreover, according to [49, Proposition 5.1],

the associated sub-Riemannian distance oy satisfies

/
N . _1/2 ly =yl 3.20
og((x,y),(x,y)) = |x—X|+minily —y| ' max(x 70 | (3.20)
Let py = |wg Y| € Qgx Choose coordinates for S* centred at wy, thus
determining a diffeomorphism f from an open neighbourhood A of 0 in R¥ to a
neighbourhood f(A) of p in S¥. By the equivalence of norms, up to shrinking A, we may

assume that

ldf, (W)l =~ Wiy (3.21)
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9224 V. Casarino et al.

forally € A, w € RF =~ TyRk, where the norms in (3.21) are those determined by the

Riemannian structures of Sk and R¥; similarly, we may also assume that

orsk(FW.FY) =1y — V| (3.22)

for all y,y’ € A. Let now U = B x A, where B is a neighbourhood of ¢, with compact
closure in (—m/2,7/2)% ¥, and define F : U — S¢ by F(x,y) = |f(y),x]. A comparison
of (3.14) and (3.15) with (3.19), taking (3.12) and (3.21) into account, immediately shows
that [13, Lemma 2.3] can be applied to the map F and the sub-Riemannian structures

associated with G and ﬁd,k; consequently, up to shrinking U, we obtain that

o(F(p), F(p")) ~ 0g(p,p) =~ ®(F(p), F(p")

for all p,p’ € U, where the latter equivalence readily follows from (3.20) and (3.22).
Finally, the estimate (3.18) for the volume of balls follows from (3.11), (3.16), and
(3.17) by considering separately the cases |¢/| small and || large. [ |

4 A Complete System of Joint Eigenfunctions

Let d,k € N with 1 < k < d. In this section we briefly recall the construction of a
complete system of joint eigenfunctions of Ag,..., A on S9. This will give in particular
the spectral decomposition of the Grushin operator L, = Ay — Ag.

This construction is classical and can be found in several places in the literature
(see, e.g., [56, Ch. IX] or [22, Ch. XII), where explicit formulas for spherical harmonics
on spheres of arbitrary dimension are given, in terms of ultraspherical (Gegenbauer)
polynomials. The discussion below is essentially meant to fix the notation that will be
used later.

By the symbol P;a'ﬂ )

we shall denote the Jacobi polynomial of degree j € N and

indices «, 8 > —1, defined by means of Rodrigues’ formula:

@y C (DY (g _ e B
BP0 = =0+ (dX ((1 0 (1 + x) f) (4.1)

for x € (—1,1). We recall, in particular, the symmetry relation

PJ(_ot,ﬁ)(_X) — (—l)jP](,ﬂ’a)(X), (4.2)
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forj € N, «,8 > —1 and x € R. Ultraspherical polynomials correspond to Jacobi
polynomials with « = g [55,(4.7.1)].

4.1 Spectral theory of the Laplace-Beltrami operator

We first recall some well-known facts about the spectral theory of A (see, e.g., [64, Ch.
4] or [4, Ch. 5]). The operator A, is essentially self-adjoint on L2(S%) and has discrete

spectrum: its eigenvalues are given by
2=+ (d—-1)/2) —(d—1)/2), (4.3)
where ¢ € Ny, and
Ny =N+ (d - 1)/2. (4.4)
The corresponding eigenspaces, denoted by #!(S%), consist of all spherical harmonics

of degree ¢’ = ¢ — (d — 1)/2, that is, of all restrictions to S of homogeneous harmonic

polynomials on R!*9 of degree ¢; they are finite-dimensional spaces of dimension

¢ +d ¢ +d—2 20 +d—-100+d-2
d = —_ = —-—
“‘3(8)_( v ) ( v -2 ) d-1 ( d-2 ) .5

for £ € N, (the last identity only makes sense when d > 1), and in particular
a, (%) ~, 0471 (4.6)

(this estimate is also valid when d = 1, provided we stipulate that 0° = 1).

Since A is self-adjoint, its eigenspaces are mutually orthogonal, that is,
HESD) L HY (5%
for ¢,¢' € Ny, £ # ¢'. Moreover, if Ef is an orthonormal basis of #!(S%), then

> 2@ =0 H ! a8 4.7)

ZeE?

for all z € S9 [54, Ch. 4, Corollary 2.9].
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4.2 Joint eigenfunctions of Ag and Ag_;

We start the construction of joint eigenfunctions with the case k = d — 1, and look for
eigenfunctions of A; that are simultaneously eigenfunctions of A;_;.

Following, for example, [56, §IX.5], one can use the expression (3.9) for A, to
solve the eigenfunction equation for A, via separation of variables. More precisely, we
look for functions W on S of the form X ® Z, that is,

W(lw, ¥ = X(W)Z(w)
in the coordinates (3.8), such that
AgW=323w  and A, ,Z=iFz,

for some £ € N;, m € Ny;_,. This leads to a differential equation for X that is solved
in terms of ultraspherical polynomials. Namely, if Z € H™(S%!) is nonzero and ¢ > m,
then W = X ® Z is in #¢(S%) if and only if X is a multiple of

X, () = cypy(cos )"~ @D2ZPMI | (sin ). (4.8)

Here the normalization constant c,,, is chosen so that
/2
/ X, )1 cosy dy =1, (4.9)
—/2

that is, by means of [55, (4.3.3)],

[ere-mt1/2re+mt1/2)]" (4.10
Com = 2mI(L+1/2) . |

We remark that, if £ € N; and m € Ny_;, then 2¢ and 2m have different parities (see
(4.4)), so

£>m < £>m+1/2; (4.11)

this equivalence should be kept in mind in what follows.

Define

I;={¢,m) : LeNg, meNy_;, £>mj}. (4.12)
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Ultraspherical Grushin Operators 9227

Then, for all (¢, m) € I;, we obtain an injective linear map
H S 5 Z e X2, @2 e HASD),

which is an isometry with respect to the Hilbert space structures of L2(S¢~1) and L2 (S9),

and a decomposition

Heh= @ xt,eonmE™h (4.13)

meNg_;
m</{

(cf. [56, page 466, eq. (1)]). The summands in the right-hand side of (4.13) are joint
eigenspaces of A; and A;_; of eigenvalues kg and 1K respectively; hence they are
pairwise orthogonal in L2(S%).

4.3 Joint eigenfunctions of Ay, ..., Ak

We go back to the general case 1 < k < d and we look for a complete system of joint
eigenfunctions of Ag, ..., Ag.

It is natural to introduce the index set

J((ik) :{(Ed’gd—l""’gk) ENd XNd—l X eee XNk . gd Zed_l > zek}

,,,,,

d d k+1
Xegrte V) =Xy 00 W)Xy o We1),

where ¢ = (/RPN /) and the functions XZMM are defined in (4.8). Then, for all

,,,,,

X$ L ®Z:loyl- XL (Z), (4.14)

..........

is an eigenfunction of A, ..., A, of respective eigenvalues )de, e ,Afk. More precisely,

iterating (4.13), we obtain the orthogonal direct sum decomposition

neh= @ xg

(k)
(a, L)y

0, ® HE(SH).

,,,,,
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As a consequence, each function f € L%(S%) may be written as

f = Z Z Cld ..... Lk ZXd ..... Lk ®Z, (415)

d
CZd ..... YA = (f’Xed O ®Z>

,,,,,

In particular, for all (¢g4,...,4;) € J( ), the orthogonal projection nf & of L?(S%) onto

,,,,,

the joint eigenspace of Ay, ..., A, of eigenvalues kdd, e, k’gk is given by
nd e ife D XD L ®DXE , ®Z (4.16)
ZeE},

..........

oV, (4.17)

...............

where

Kéfk(a), o) = Z Z(w)Z(w')

ZeEk
Eek

is the integral kernel of the orthogonal projection of L%(S¥) onto #% (S¥).

For all bounded Borel functions F : R4%+1 _, C, we can express the operator

F(Ag, ..., Ay in the joint functional calculus of A;,..., A, on L%(S%) as
F(Ag,....Ap)= > FoL....af)xd .. (4.18)
gl ed®

A Of the operator F(Ay, ..., Ap) is given by

.....

d k d
ICF(Ad ..... Ak) = Z F()"(dl-"l)"[k)K[d ,,,,, lk' (419)
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and in particular, by (4.7) and (4.9), for all 2’ = |/, ¥/ € s4,

..........

where o}, is the Lebesgue measure on Sk, and ap, (S*) denotes the dimension of ' (Sk)
as in (4.5).
We note that the operators of the form (4.18) include those in the functional

calculus of the Grushin operator £;, = A; — Ay; namely,

_ dk d
F(cd,k) - Z F()‘Z,m) Z nld ,,,,, Ly’
e myerf (Egrti)ed P
Lg=t, Ly=m
where

I = ((t,m) : LeNy, meN, £=m+d-k)/2)

—{@,m) : Alg,... L) eIP 1 tg=10, t,=m)
(see (4.11) for the latter equality) and, for all (¢, m) € I(k),

Ak —ad k. (4.21)

‘Lm

In light of (4.21), from the positive semidefiniteness of Ed,k and (3.7) it follows that, for
all (¢,m) € I(k),

24>k (4.22)
and
A4 =)k ifandonlyif 2¢=o0. (4.23)

4.4 Riesz-type bounds

In this section we prove certain weighted L? bounds involving the joint functional
calculus of Ay, ...,A;, which, in combination with the weighted spectral cluster
estimates in Section 4.5 below, play a fundamental role in satisfying the assumptions

on the weight in the abstract theorem and proving our main result.
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A somewhat similar estimate was obtained in [13, Lemma 2.5] in the case d = 2
and k = 1. Differently from [13], the estimate in Proposition 4.1 below is proved for
arbitrarily large powers of the weight; this prevents us from using the elementary
“quadratic form majorization” method exploited in the previous paper and requires a
more careful analysis, based on the explicit eigenfunction expansion developed in the
previous sections.

For later use, it is convenient to make a change of variable in the functions Xedm

defined in (4.8): namely, we introduce the functions )?gm :[-1,1] — R defined by

)?gm(x) — C@m(l _ Xz)m/z_(d_Z)/4P§T;,:;l_)1/2(X), (4.24)

where (¢, m) € I; and c,,, is given by (4.10).
Lettyq: S — R be defined, for all (Zg,...,29) € s4, by

td,d(ZO’ oo ,Zd) =Zz4.

Moreover, fork=1,...,d — 1, let tak: S — R be defined by

t if 2,
tax (Lo, ¥]) = k(@) it Y| <m/ (4.25)

0 otherwise,

for all (w,¥) € SK x [-n/2,7/21% % (here |y| = ||« as in (3.13)). Finally, we set, for
k=1,...,d-1,

d
Tap= D It (4.26)
r=k+1
Letus fixk € {1,...,d — 1}. From the above definitions it is readily seen that, for

all (w, V) € SF x (—7/2,7/2)%7k,
tgr(lo, ¥1) = sini, for r=k+1,...,d
and consequently

Tg (Lo, D) = Y. (4.27)
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Proposition 4.1. TLet 1l < k < d. Forall N € [0,00) and all f € L%(S%) such that f L
ker Ay, q,

l7af 2y Sw 1Cag/ Desn)™f 2 say. (4.28)
Proof. By interpolation, it is enough to prove the estimate in the case N € N.
Let us first prove the inequality in the case kK = d — 1. From (4.24) and known

identities for Jacobi polynomials [22, §10.9, eqs. (4) and (13), pages 174-175], one easily
deduces that

X}?g,m(X) = O‘Z,m}?grl,m(x) + a@—l,m}?gfl,m(x) (4.29)

for all (¢, m) € I;, where

e—m+12e+m+1/2)
“em = 40+ 1) '

We remark that, in the case (¢ —1,m) ¢ I, the condition (¢, m) € I; forces t—m—1/2=0
and oy ; ,, = 0; in other words, the term with )?Z—l,m in the right-hand side of (4.29)
appears only when (¢ — 1,m) € I; too. On the other hand, if (¢, m) € I;, then Oy =
/(€ —m)(€ + m)/¢. Consequently, by iterating (4.29), we easily obtain, for all N € N and
(¢, m) eIy,

N
XL 0 =D @)t X (0, (4.30)
Jj=0

where

(L —m)(L+m)/L)N/2 if (L —N+2j,m)ely,

otherwise.

Let now f € L? (S%); then we can write (see (4.15))

f= z Z az,m,ZXgm(X)Z'

(Z,m)eId ZEEgl_l
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where, for all m € N,_;, E4™! is an orthonormal system of eigenfunctions of A; ; on

S9-1 of eigenvalue A%~!. Then from (4.30) we deduce
N
Nij sed
ty af = Z z Z Apm,z % mX e Nt2j,m 2
Jj=0 (¢, m)ely ZGE,dr:l

and consequently, by the orthogonality properties of the X, ,, ® Z (see Section 4),

C—m)(+ N
163 af 1220y Sv D (W) > @t (4.31)

(Z,m)eld ZGE,%_I
d __1d/yd d _yd-1/yd
Recall that AgXi, ®2) = Aj (X7, ®2) and Ag (X7, ®2) = Ay (Xp, ®2), where
A =02 - (d-1)/2)? and 141 =m? - ((d-2)/2)?

by (4.3). From these formulas, together with (4.22) and (4.23), we deduce that, for all
,m)ely,

2~ g2, A —ad-l~ 2 _m?2  whenever A4 #£0. (4.32)

If f L ker A, then the coefficients a, ,, , in (4.31) vanish unless 24 # 0, and from (4.32)

we deduce

12y af 2 say Sy 1(Ag — Ag_ )/ ADY*Fllp2sa), (4.33)

which is (4.28) in the case k =d — 1.

Let now 2 < r < d. By the discussion in Section 3, the parametrization
(w,¥) +— |w,¢¥] defined in (3.10) with kK = r allows us to identify, up to null
sets, the sphere Se with the product S” x [—n/2,n/2]d‘r, where the measure o on S¢
corresponds to cos?~! Vg ---cos” ¥, dy do,(w) on the product. Consequently the space
L2(S%) is identified with the Hilbert tensor product of the Lebesgue spaces L%(S") and
L2([—7/2, /21977, cos?1 Vgq---cos" ¥, dy). Hence the inequality (4.33), applied with

d = r, yields a corresponding inequality on the sphere S¢, namely

1Y Fllzzsay Sn 10A = Ar_))/ADY2f I 2 sa) (4.34)

for all f L ker A, (here the relation between t;, and ¢, , in (4.25) was used).
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Recall now that the operators A, for r =1,...,d have a joint spectral decompo-
sition (see Section 4) and that A, <A, spectrally whenever 1 <r; <r, < d (see (4.22)).

So (4.34) implies the inequality

ey Fllzzsay S 10Ag — A/ Ay DV 2 f 2 sy (4.35)

whenever k < r < d and f L ker A, ;. The desired inequality (4.28) then follows by
summing the inequalities (4.35) forr=k+1,...,d. [ |
4.5 Weighted spectral cluster estimates

Let d,k € Nwith 1 < k < d. For (¢, m) € 1" and x = (Xg,Xg_1,- -+ Xgs1) € [-1,1197F,

define

dk oy _ wd 2 wh+1 2
im0 = > XL G XD G (4.36)
ar )T
Lag=L, Lxy=m

where )?gs has been defined in (4.24). Here we are interested in bounds for suitable
weighted sums of the %}dn’f for indices ¢, m such that the eigenvalue \/)% of /Ly
ranges in an interval of unit length (whence the name “spectral cluster”). The bounds
that we obtain are different in nature according to whether m < ef or m > e¢ for

some fixed € € (0,1) and are presented as separate statements. We remark that, in the

d.k

em Of Lg is comparable with the eigenvalue Ag of Ay

case m < e/, the eigenvalue A
consequently, the range m < ¢f will be referred to as the “elliptic regime,” while the

range m > €{ will be called the “subelliptic regime.”

Proposition 4.2 (Subelliptic regime). Let € € (0,1) and d > 2. Fix 1 < k < d — 1. Then,
forallie N\ {0}, @ €10,k/2), and x € [-1, 1]4-k,

20
> auEh %‘?,;’j(x)[ AZ’,’;/E] <, 9 min(i, 1/]x]}F2. (4.37)
€,myel®
mze@d

Ay eli? (i4+1)2]
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Proposition 4.3 (Elliptic regime). Lete € (0,1) and d > 2. Fix 1 < k < d — 1. Then, for
alli e N\ {0} and x € [-1, 1147k,

> ephH 2% @ < i (4.38)

emyery
m<el
Mk eli? (i+1)2]

where %Ed,f was defined in (4.36).

Analogous estimates are proved in [13, Section 4] in the cased =2 and k = 1; in
that case, each of the products in (4.36) reduces to a single factor. Treating the general
case, with multiple factors, presents substantial additional difficulties. In order not to
disrupt the presentation of the proof of our main theorem, the proofs of Propositions 4.2

and 4.3 are postponed to Section 6.

5 The Multiplier Theorem

Fix d,k € Nwith 1 < k < d. In this section we complete the proof of our main result,
Theorem 1.1, for the spherical Grushin operator £ ;.

5.1 The weighted Plancherel-type estimate

By means of the estimates from Sections 4.4 and 4.5 we shall prove a “weighted
Plancherel-type estimate” for the Grushin operator £ .

For all r € (0, 00), we define the weight w, : S? x S — [0, 00) by

V]

— (5.1)
max{r, |{'[}

o (lw, ¥, |, ¥']) =

for all (v, V), (o', ¥') € S¥ x [—7/2,7/2]97%; here || = |¢|,, as in (3.13).

Proposition 5.1. Let @ € [0,k/2) and N € N\ {0}. For all Borel functions F : R — C
supported in [0, N], and all z’' € s4,

I+ @1 (20 K sy 2 2y So VENTHT2IFN) 2.
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Ultraspherical Grushin Operators 9235

Proof. We shall prove the apparently weaker estimate
w1, 2) Ky sz (2 nzgay So VENHTV2IFN) Iy 2 (5.2)

forall z € S%. Proposition 5.1 follows by combining the estimate (5.2) with the analogous
one where o = 0.

Recall that £, = A; — Ag. Hence, by (4.19), we can write

— d,k d
ICF(»\/ Ld,k) - Z F( )\'Zd,zk) Kld ..... yan

gty el P
k k
Cart)edy)  Carti)edy’

where ¢ = max{1/2,(k—1)/(d—1)} € (0,1) and /\?fek is given by (4.21). Consequently, for
allz = |, ¥/] € s4,
||wN71(',Z/)aICF(\/m)(',Z/)”LZ(Sd)
< ||wN71(',Z/)aK1 (',Z/)”LZ(gd) + ||w'N71(',Z/)aKz('rZ/)”[)(gd) (5.3)
Sa min{N, |¢/|71}a [||K1 ('rz/)”LZ(gd) + ||Tg,kK2('rZ/)||L2(§d)] ,

where 7,4, is the function defined in (4.26), and the estimate (4.27) was used.
We note that, due to the choice of ¢, for all (¢4,...,¢;) € Jék) with € > €,

k+1 o p2 ~ p2
M =G, =4 (5.4)

(see (4.3)). In particular, K,(-,z’) L ker(A;, ), and moreover

—a/2

Ky(,2) = L352AY2

1 Kaa (1 7) (5.5)

for all z’ € S%, where

_ dk 5 k+1\a/2 [, dk d )
Ko = z ()”Zdlfk/)‘fkﬂ)a/ F( )”fdlfk) K@d yyyyy Li!
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9236 V. Casarino et al.

indeed, recall that Kf ¢, 18 the integral kernel of the orthogonal projection of the joint
dreeer k

eigenspace of Ay, ..., A of eigenvalues Add, e, A’gk (see Section 4.3), so

,,,,,,,,,,

forallr =k, ...,d and z' € S%, and therefore (5.5) follows by comparing the definitions
of K, and K, ,.
As a consequence, we can apply Proposition 4.1 with f = K, (-, Z'), and from (5.3)

we deduce that

lop-1(:, Z/)QKF(M)(', z) ||L2(Sd)

Sa min{N, |W/|_1}a [||K1 ('rZ/)HLZ(Sd) + ||K2,a('lz/)||1,2(sd)]
forallz = |o/,y'] € S9. In light of (3.18), the estimate (5.2) will follow from

1Ky (212 g2, S N mingV, [y'| Y2 PV 11, (5.6)

1K, (2122 gy Soo N min{, [~V | F QI - (5.7)
In fact, instead of (5.6), we shall prove the stronger estimate

1K1 G212 g0y S NEIFQ)IF, - (5.8)

In view of (2.1), (20), and (5.4), we can rewrite (5.7) and (5.8) as

dk
b (0E5)

2 SO0 /"

(k)
(g, lr)edy

21X L WP

,,,,,

N
S N min(y, |9/ 12" sup [F()|?
i—1 Aeli=1.

and

N
2xd WO S, NS sup [F()P
3 heli-1,i)

>, 6H

dk
P(J5E5)
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Ultraspherical Grushin Operators 9237

So it is enough to prove that

> a, ©SHeEE AxE @1 <, N mingw, | R

La Lx dreer
Warti)eTS
Ly>elyg
Ak, eli=1)2 2]
and
ky|y-d INV d—1
> @ SHIXE L @HPSN
gty el P
lx=<elq
dk .
Aedlke[(z—l)z,ﬂ]
fori=1,...,N.Fori =1 itis easy to verify the above estimates, since each of the sums

contains at most two summands, with (¢, — (d — 1)/2,¢, — (k — 1)/2) € {(0,0), (1, 1)},

_____ , are bounded. For i = 2,...,N, these estimates follow from

Propositions 4.2 and 4.3, applied with m = ¢, and ¢ = ¢. |

5.2 Properties of the weight

We shall need some properties of the weights @, : S? x S — [0, c0) defined in (5.1). The
following lemma extends [13, Lemma 5.1], where only the case d = 2, k = 1 was treated.

We refer to [40, Lemma 12] and [36, Lemma 4.1] for analogous results.

Lemma 5.2. Forallr > 0anda,8 > 0suchthata + 8 > d + k and @ < min{d — k, k},
and for all z' € S¢,

[0 +e@2) (4w (e, )70 do@) S, VE D, (5.9
S
Moreover

1+ w,(2,2) S (1+0(z,2)/r) (5.10)

forallr > 0 and z, 2 € S9.

Proof. Due to the compactness of S9, both (5.9) and (5.10) are obvious for r > 1. In the

following we assume therefore that r < 1.
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9238 V. Casarino et al.

To prove (5.10), we observe that, for all (w, ¥, |, ¥'] € s4,

Wl o, W=

max{r, [y'|} ~ max{r, [¢'|} ~

1+ o(lw, ¥, o, ¥ ]/r (5.11)

The last inequality follows immediately from (3.16) in the case max{|vy|, |¥'|} < /4, and
it is trivial when |/| > 7/8 (since |¥|/ max{r, |¥'|} < 1 in that case); in the remaining
case (|y| > /4 and |y'| < 7/8), the points |, ¥ ] and | &', '] belong to disjoint compact

subsets of S¢, whence

o(lo, 1, [ ¥ D=1y -y (5.12)

and the desired inequality follows.
In order to prove (5.9), we fix z = |&/,¢"] € S% and split the integral in the
left-hand side of (5.9) into the sum Z?:o Ij where

I = /S (1+0(z2)/1) (1 +w,(2,2)) do(2)
J

and

Sy = {lw,v1 es? : max{|y|, |¥'|} > n/4},

12 M]
~ max{|y|, [y} ]’

S, = [Lw,m €SI\ S, ¢ prer(@, @)
S, ={lov1est\Susy s vl < v/,

S = f{lov1 e8I\ (SUSY : yl/2 < Wi}
We first estimate Z,. In the case |'| > 7/8, we use (3.17) to conclude that
7y < /Sd(l +0r(z,2) /N Pdoz) < ~V(Z, 1),
sincer < 1 and 8 > d (cf. [20, Lemma 4.4]). In the case || < 7/8, instead, o(z,2") >~ || =~

1 by (6.12) for all z € S5, and

B—d
r

T, ~ rP max{r, |[v/|}* = remax{r, v }fF—— <V,
0 {r, v’} {r, I¥"'I} ax(r, [y ]Fe ~ (z,r)

by (3.18), since 8 —d > k —a > 0.
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Ultraspherical Grushin Operators 9239

In order to estimate Z;, we decompose 8 = B, + 5, with 8, > d —k — « and
By > 2k. Thus (3.16) and (5.11) imply

N o Iy — /| )‘“
I, ~ /81(1 +o0(z,2)/r) (1 + max(r, [9]] do (2)
< (max{r, [¢/'|}/r)" /S (140 2)/r P (1 +y —¢'l/r) do(z)
1
< (max{r, [¥'[}/r)* /S (1 + og sk (@, )2 /1) P21+ |y — ¢'|/1) P do (o, ¥])
< (max(r, |y'|}/r)* /S 1+ 0 e (@,0)/r) /2 doy (@)
<[ (L1 = '1/r) P dyg. Ay,
[—7 /4,7 /419K

< (max{r, [y'|}/r*r#rd=* = rd max(r, |y'|}¥(r/ max(r, |y 1) <V, 1),

since 8,/2 > kand a < k.
In order to estimate Z,, instead, we write 8 = §; + f,, with §; > d —« and §, > k,

so, again by (3.16),

’ ’ -B —a
2

r rmax{|y], [¢/| max{r, [{'[}

|w|)'§l( 2 )
< 1+ 2 14—
N/2|w'swsn/4( T * nax(r, 1971}

AN iz
x/k(l—i—w) dody,... dyy,,
S

Ty

~hr1—a
< (max{r, IWI}/F)“/ (1 + @) rlyD*dyy. .. dy,

[—7 /4,7 /4ld—k

< (max{r, [¢'|}/r)*r¢* = rd max(r, |y/ [} (r/ max{r, |y'|D** < V(Z, 1)

where we used the fact that max{|y|, [¢'|} >~ [ — ¢'| ~ |¢| on S,.

Finally, to estimate Z;, we decompose g = Bl + Bz as above and get

_ I\ A "N\ —B2
I g/ (1 I Lt ') (1 + M) do (lw, ¥1)
Ss r riy’|

)
S (1+M) dy Sk S VT,

[—7 /4,7 /4]d—k

where we used the fact that max{|y|, |[¥'|} >~ |¢’| on S;. |
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9240 V. Casarino et al.
5.3 Proof of the main result

The previous estimates finally allow us to verify the assumptions of the abstract

theorem in Section 2 and prove our multiplier theorem for the Grushin operators L ;.

Proof of Theorem 1.1. Let « € [0, min{d — k, k}). We apply Theorem 2.1 with (X, 0, u) =
(Sd,g,a), £=Lyrq=20= d+k—o, 7, = (1+w,)”. Note that the assumptions (a) and (b)
easily follow from [21]; as a matter of fact, (a) also follows from Proposition 3.1, and (b)
could be derived from Proposition 5.1 via the results of [41, 51] (cf. the discussion in [13]).
Moreover, the assumptions (c) and (d) are proved in Lemma 5.2, while the assumption
(d) is proved in Proposition 5.1. By choosing « sufficiently close to min{d — k, k}, we can

make 0 = d + k — « arbitrarily close to D = max{d, 2k}, and the desired results follow. &

6 Proof of the Weighted Spectral Cluster Estimates

Here we discuss the proof of the estimates stated in Section 4.5. Specifically, the proofs
of Propositions 4.2 and 4.3 are presented in Sections 6.3 and 6.4, respectively, while

Sections 6.1 and 6.2 are devoted to the discussion of a number of preliminary results.

6.1 Estimates for ultraspherical polynomials

In this section we collect a number of estimates for the functions Xgm discussed in
Section 4.2 (or rather, the }?gm from (4.24)), which play a crucial role in the proof of the
weighted spectral cluster estimates.

We first state some elementary uniform bounds that follow readily from the
discussion in Section 4 (see especially (4.7) and (4.13)). In the statement below, we

convene that 0° = 1.

Proposition 6.1. Letd e N, d > 2.
(i) Forall¢eNyandxe[-1,1],

d-2,3d 2 d-1
E md=2X3, x)|? $q 0470
meNg_;
m<¢{

@) X, o Sa €9 V/2/m@=D/2 for all (¢, m) € I,.

More refined pointwise estimates can be derived from asymptotic approxi-

mations of ultraspherical polynomials in terms of Hermite polynomials and Bessel
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Ultraspherical Grushin Operators 9241

functions, obtained in works of Olver [47] and Boyd and Dunster [11] in the regimes
m > e£ and m < e, respectively, where € € (0, 1).

Here and subsequently, for all ¢, m e Rwith ¢ #0and 0 <m < ¢, Ay and bglm
will denote the numbers in [0, 1] defined by

m
i (6.1)

bL’,m -

and

l— Y4
@ =1-b2, = W (6.2)

The points +a,,, € [-1,1] play the role of “transition points” for the functions )?gm in

the estimates that follow.

Theorem 6.2. ILetd € N, d > 2. Let € € (0,1). There exists ¢ € (0,1) such that, for all
(¢, m) eIy, if m > el then

(Zfl + |X2 — a%ym|)7l/4 forall xe [—1, 1]:

X (0] Sqc 6.3)
|x|~1/2 exp(—ctx?) for |x| > 2a, .
while, if m < €, then
-1/4
—(d-2)/2 ((Hm)“/3 2 _ 32 —
~ % + |y —bs | forall xel[-1,1],
XL (0] S ¢ tm (6.4)

¢d=1/2 g—m if y<b,,,/(2e),

where y = /1 — x2,

In the case d = 2, the derivation of the estimates in Theorem 6.2 from the
asymptotic approximations in [11, 47] is presented in [13, Section 3]; a number of
variations and new ideas are required in the general case d > 2, and we refer to [14]
for a complete proof (indeed, in [14] a stronger decay is proved in the regime m > ¢¢ for
|x| > 2a, ,, than the one given in (6.3)). Here we only remark that combining the above

estimates yields the following bound.
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9242 V. Casarino et al.

Corollary 6.3. Letd €N, d > 2. There exists ¢ € (0, 00) such that, for all (¢, m) € I; and
xel-1,1],

~1/4
y—(@-2/2 (lj—zm Fy? - b§'m|) forall xel[-1,1],

1X¢, (01 <q (6.5)

£@-1/2 gxp(—cm) if y<b,,,/(2e),

where y = +/1 — x2.

Proof. Let ¢ € (0,1) be a parameter to be fixed later. If m < e¢, the desired
estimates immediately follow from (6.4), by taking any ¢ < log2 (indeed, note that
1 +m)*3 >1+m).

On the other hand, for m > ¢¢, we may apply the estimates (6.3). Note that m ~
¢ 2 11in this range, so 1/¢ ~ (1+ m)/¢%; moreover |x* —a, ,|* = |y? = b, ,|* and y < 1, so
the 1st estimate in (6.5) immediately follows from the 1st estimate in (6.3).

Assume now that y < be'm/(Ze). Since b&m > ¢ in this range, aim/(l —€2) < 1.

Consequently

. b, (4€® -1 +ai, . 4e2 -1 1—(e/(20)2 ,
- 4e2 4e2 = 4e2 ' 1 —¢2 em

This shows that, on the one side, |x| 2 1; on the other side, if ¢ € (0,1) is chosen
sufficiently large, then |x| > 2a,,,. Therefore we can apply the 2nd estimate in (6.3)
and obtain that

1X&,,(x)| < exp(—c'0)

for a suitable constant ¢’ € (0, 00). Since £ ~ m in this range, this clearly implies the 2nd

estimate in (6.5) for an appropriate choice of c. ]

6.2 Estimating sums with integrals

In the proofs of the weighted spectral cluster estimates, we will need multiple times
to majorize a sum with the corresponding integral. For this purpose we will repeatedly
invoke a couple of elementary lemmas, whose statements are reproduced below for the
reader’s convenience.

The following statement can be found in [18, Lemma 5.7].
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Ultraspherical Grushin Operators 9243

Lemma 6.4. Let « € [1,00). Let @ € R" be open and convex and ¢ : & — (0,00) be

locally Lipschitz and satisfying
Vol < kp(w)
for almost all u € Q. Let P C Q be such that, for some r € (0, 1],
inf Vol(B,(w) N Q) = k1

(here B,(u) is the Euclidean ball centred at u of radius r, and Vol is the Lebesgue

measure) and moreover we can decompose P = P; U --- U Py for some N < « so that

Cinf  inf |u-—u'|, > 2r.
Jj=1,..Nu,u'ep;
u#u’

Then

> o = e | padx

ueP

In the one-dimensional case, a simplified version of the above lemma can be

found in [13, Lemma 4.1] and is stated below.

Lemma 6.5. Let « € [1,00). Let D C R be open and ¢ : D — R be a nonnegative

differentiable function satisfying

9" ()] < k¢ (x)

for all x € D. Let R € R be such that

inf{lx —x'| : x,xX eR, x#x}>«"L.

Then, for all intervals I € D with length Vol(I) > k1

S b0 < cK/Iqs(x) dx,

xeRNI

where the constant C, depends only on « and not on I, R, ¢.
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9244 V. Casarino et al.

Both Lemmas 6.5 and 6.4 require a control of the gradient of the integrand
function in terms of the function itself. In order to verify this assumption in the

applications below, the following lemma will be useful.

Lemma 6.6. Fora,tcR,s e (0,00), define
E(a,s,t) = (s+la—t) 2 (6.6)

Let k €[1,00). Let Q@ € R”, and aj Q — (0,00), ﬂj : Q2 — R be such that
IVagla, IVBjly < ka;

J

forj =1,...,N. Define E(y,x) = H;v=1 E(yj,aj(x),ﬂj(x)) for y € R"™ and x € Q. Then, for
ally e R¥N and x € ,

IV, E(y, %), < Nk E(y, x).

Proof. By the Leibniz rule, it is enough to consider the case N =1. Set o = «;, B = B;.
Define X(a, s, t) = s + |a — t| and X(y, x) = X(y, «(x), B(x)). Note now that

X(alslt) Zsl |aSX(alSlt)|l|atX(alslt)| S 11
whence, by the chain rule,
VX (¥, )]y < [V @)y + VB, < 2ca(x) < 2X(y, %)

and

Vi E(, )l _ 1
E(y,x) 2

Vo X7, 0l _
X(y,x)

as desired. [ |

6.3 The subelliptic regime

Here we prove Proposition 4.2. To this aim, we first present a couple of lemmas that will

allow us to perform a particularly useful change of variables in the proof.
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Lemma 6.7. Let w € R"” and define the matrix M(w) = (mjls(w))J'.LS:1 by

1 if j=s,
mjls(w) = 1w if j>s,

—w; if j<s.

Then

detM(w) = Z ij.

S<{1,...,n} jeS
|S| even

Proof. Observe that m; (w) = §; ; + p; ;w;, where p; ¢ = sgn(j — s). Consequently, if G,
denotes the group of permutations of the set {1,...,n} and €(o) denotes the signature of

the permutation o, then

detM(w) = > e(@)[[m), ;W)
j=1

eSSy

=2 <@ [] roow;

ey Jio(#A]

= 2 (lw) 2 <«@]lr0n

Sc{1,...,n} \jeS ceGy jes
olgec=id

= Z HWJ det(pl'm)frlnﬂ'

SC{l,...n} \jeS

where S¢ = {1,...,n} \ S. We note that (/’l,m)ﬁ;:l is a skewsymmetric matrix, so its
determinant vanishes when |S| is odd; if |S| is even, instead, its determinant is the square
of its pfaffian, and using the Laplace-type expansion for pfaffians (see, e.g., [3, 8§IIL.5, p.

142]) one can see inductively that the determinant is 1. |

Lemma 6.8. LetQ:{veR”:f/j;ﬁ—l forall j=1,...,n}, where
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9246 V. Casarino et al.

Let v — w be the map from Q to R" defined by

V.
w; = —L
J 1+ ;
forj=1,...,n. Then
q n 71 vj
et(dy, Wy = H 147 Z H 1470
j=1 J J sc{1,..,n}jes J

|S| even

Moreover, for all € € (0, 1), the map v — w is injective when restricted to

€

Q :=jveR": VjZOVj:L...,n,ZVjSG
J

Proof. From the definition it is immediate that

1
8V5Wj = —1 n f}] mj,S(W),

where M(w) = {mj's(w)}]'?s:1 is the matrix defined in Lemma 6.7, so

n
1
det(d, wy)i_, = H1+f/. det M(w),
j=1

and the desired expression for the determinant follows from Lemma 6.7.
Note that, if v € @, then 0 < vi, |f/j| < Zjvj <e<l,sol+ f/j >0and Q, € Q.In

addition, the equations w; = Vj/(l + f/j) are equivalent to v — wjf/j = w;j, that is,

Mw)v = w.

Since w; = Vj/(l + f/j) > 0, from Lemma 6.7 it follows that det M(w) > 1, so the matrix
M(w) is invertible and the above equation is equivalent to v = M(w)~!w; in other words,
if v € Q_, then v is uniquely determined by its image w via the map v — w, that is, the

map restricted to €, is injective. |
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Proof of Proposition 4.2. We start by observing that, for all (¢, m) €I (k), if we assume
el < m, then, forall (£4,...,£;) € ink) with £; = ¢ and £, = m,

€li < ¢, jeltk, ..., d—1}; (6.7)
in particular
¢;~¢>1, forall jelk,...,d} (6.8)
and, by (4.6),

am(Sk) ~ mk1 >~ L

Thus, in view of (4.36), the estimate (4.37) can be equivalently rewritten as

k—1—2a|5d 2 Tk+1 2 d—1—20 3+ —1k—2«
> X e D] X L G| Se min{i, [x|~'}*72*. (6.9)
(Egrti)ed P
elg=lg

Ak €l (41)?]
We now note that, by (4.3) and (4.21),
W+ d+k—2)d-k)/a=13- 1}, (6.10)
and therefore, for all i € N\ {0},

Mk elif i+ DA = Z—eli®, i+,

where h is a positive integer depending only on d and k (one can take, e.g., h = [(d+ k —
2)(d — k)/4]). Thus the estimate (6.9) will follow if we prove that

k—1—20|5d 2 k+1 2 d—1—20 s s —1k—2«
Z gd |de,ld_1(Xd)‘ Xlk+1,ﬂk(Xk+l)| Se i mln{lr |X| } '
gl ed®
elg<ly

02 —02eli?,(i+1)]
(6.11)
foralli € N\ {0} and x € [—1,1]97¥%; indeed, to deduce (6.9) it suffices to apply (6.11) h

times, with i replaced by i,i +1,...,i + h — 1, respectively.
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9248 V. Casarino et al.

Due to (4.2), we may restrict without loss of generality to x € [0,1]4 7%, In
addition, for each fixed i, the sum in the left-hand side of (6.11) is finite, since £;—£; 2 1

and therefore
by <ly+b S0E—2 <@+

the boundedness of the functions )?z;_i Ll, tas (see Proposition 6.1(ii)) then shows that the

estimate (6.11) is trivially true for each fixed i (with a constant depending on i), and
therefore it is enough to prove it for i sufficiently large.
It is convenient to reindex the sum in (6.11). Let us set

p:£d+£k’ quﬂd_j_H—Ed_j, for all je{l,...,d—k}, (612)

and let us introduce the notation
Q=g+ + gy
We need to determine how the conditions describing the summation range in (6.11)
can be reinterpreted when using the indices p,q;,...,q,_; instead of ¢,,...,¢;. First,
note that
gd - Ek = O,

so the condition ({4,...,¢;) € J((ik) is equivalent to

Qi1 9 €N+1/2, peN+d+k—2)/2, (6.13)

p>Q+k-1, p—Q=k—-1 (mod 2). (6.14)
Moreover
2 — 2 =pq,
so the condition ¢2 — ¢2 € [i?, (i + 1)?] is equivalent to

pQ € [i?, (i + 13 (6.15)
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Furthermore
Q  1-4/t,
p 144/,
and t — {—jr; is strictly decreasing on [0, c0); consequently, the condition €f; < ¢ is
equivalent to
a < &*p, (6.16)

T+e
As previously discussed, it will be enough to prove the estimate (6.11) for i

where € = (1_5)1/4 € (0,1).
sufficiently large; in the following we will assume that
1+1/i<él,
Under this assumption on i, from (6.15) and (6.16) we deduce that
Q<& /pa<éti+1) <éi (6.17)

We also remark that, forj=1,...,d — k,

d—k J-1
Ed—j-ﬁ-l =+ Zd—] =p + Q], where Q] = z qr — qu, (618)
r=j+1 r=1

in particular, by (6.2), (6.12), and (6.18),

2 1 eé—j _ 4qip+q) g 6.19
azzd,jﬂ,ed,j -+ ez ] - + ~ +q. 2 — ( . )
djr1 @+gtgpT P

where the latter estimate follows from (6.13)-(6.14). Moreover, by (6.12) and (6.18),

g  1-Lg j/taj
P+q  1+lg /lg

so (6.7) implies
g <&@+a) (6.20)

forj=1,...,d—k.
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9250 V. Casarino et al.

To prove the estimate (6.11), we split the sum into two parts. Let us first consider

the range

x| >2 max (6.21)

a, g
Jelld—k) a1t

here, and in what follows,

x| = |x|,, = max |xXg_ ;.|
oo ic(l,..d—k) d—j+1

In light of (6.3), the inequalities

d —Jj+1 TP Ve
Xog jrtay Ed-jrD)l Se L =

hold for allj € {1,...,d — k}. Moreover, for one of the quantities

d
|X€dlzd71(xd)|’ | Zk+1 Zk( k+1)|

the better bound |x|~1/2 exp(—cp|x|?) holds for some ¢ > 0, thanks to the 2nd estimate

in (6.3) and to (6.8). As a consequence, we obtain

d 2 kl d—k—1)/2)1— 2
X o G| 1XE L [P S p@TF V2 %! exp(—20plx?)

<y X174 R (px)2) N

for arbitrarily large N € N. Note then that the condition (6.21), together with (6.19),
implies that

x> > a/p,
which, together with ¢4 — (2 = pQ € [i?, (i + 1)?], yields

ix| > Q> 1.
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Ultraspherical Grushin Operators 9251

Then
Z Ek—l—ZaP’Zd (x )|2“_ |}?k+1 (x )|2
d Lglg—1\d Oy, 0 k41
(d - tR)eTS
elg=lg
26l (i+1)%
|x|>2 max; a(d7j+1,gd7j
—(d-k)—2N k—1—-2a—N

Sew X7 > pi=

Q<é*p
pQeli?,(i+1)%]

IxI?Za/p

< x|~ (@-R)-2N Z Z pk—1—2a—N

Q<ilx| peli?/Q,(i+1)2/ql
§ |X|—(d—k)—2N z (i/a)(iZ/O)k—l—za—N
a<ilx|
_ i2k—l—4ot—2N|X|—(d—k)—2N Z QN —k+2a
a<ilx|

2k—1—40—2N —(d—k)—2N N+d—2k+2
<i |x| (@RI =2 (| | N2kt 20

— id—l—2a|X|—k+2a (i|X|)_N 5 id—l—Z(x min{i, |X|—l}k—20!,

since i|x| 2 1 and k—2« > 0, provided N is large enough. Note that, in estimating the sum
in p, we used the fact that the interval [i?/Q, (i + 1)?/Q] has length (2i + 1)/Q ~i/Q > 1.
This concludes the proof of (6.11) in the range (6.21).

Let us now discuss the range

x| <2 max (6.22)

a;, . "
jell,d—k) Ca-it1itd
We first note that (6.22) and (6.18) imply
x1* < a/p,

which, combined with pQ € [i?, i + 1)?] and Q € N + (d — k)/2, implies

p Si/lx]| and Q 2z max{1,i|x|}.
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9252 V. Casarino et al.

Note that, by (6.19), forallj=1,...,d — k,

@y i a )’ =005/ (0+3)), (6.23)

where ¢(w) = 4w/(1 +w)?. Note that the map ¢ : [0, 1] — [0, 1] is an increasing bijection,
such that w < ¢(w) < 4w; its derivative is given by ¢’'(w) = 4(11;—‘/‘”/’)3 and vanishes only at
w = 1. As a consequence, setting 5(]- = /<p—1(X]?), with j € {1,...,d — k}, one has 5(]- ~ |Xj|;
moreover, in light of (6.23) and (6.20),

’

2 20~ |32 A
|Xd—j+1 - (afd_j+1,éd_j) | —e€ |Xd—j+1 - q]/(p + qJ)
uniformly for x € [0, 1197k In particular, in this range, by (6.3),

d—j+1
|de—j+11d—j

2 — = N
(Xd_j+1)| SE C‘(Xgi_j+1r l/p/ qj/(p + qJ))

forallj=1,...,d —k, where E is defined as in (6.6). Then

k—1-2a|3d 2 Tk+1 2
Z tq |X£d,zd_1(Xd)‘ ---‘Xekﬂ,ek(xkﬂ)’
gty el P
elg=<lg
02— 02eli?,(i+1)?]
|x|<2max; azd—j—%—l'ld—j
d—k
k—1-2 - =2 A
oD P EGE 0 P gi/ o+ a)
a<é'p j=1
pQeli?,(i+1)?]
Ix1*<a/p
iz k—1—2«a
< i = (%
SR 5 D T e
max({1,i|x|}<Q<éi peli2/Q,@i+1)2/al
where X = (Xg,...,X,1), 9= (qy,...,94_y) and

(69l

d—k
&p.q =[] EE3_11.1/p.qi/ (0 + @)
j=1

We now want to bound the inner sum in p with the corresponding integral. To

justify this, we first note that

19,(1/P)1, 13,(a;/ (@ + 4| <. 1/p
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Ultraspherical Grushin Operators 9253

forallj = 1,...,d — k, on the range of summation; here we are using the fact that

the condition Q < éi implies that g; + |g;| < Q < €%i?/Q < ép and é < 1, whence

p+q;~.p 2 g2 1. Thus, by Lemma 6.6,

10,8, p, | S EE, P, Q).

Moreover the interval [i?/Q, (i + 1)2/Q] has length (2i + 1)/Q ~ i/Q > 1. Hence, by

Lemma 6.5,

k—1—2«a

-2 N
> (la) > EGpo

max({1,i|x|}<Q<éi peliz/Q,(i+1)%/Q]

iz k—1-2«a (i+1)2/a .
S 5) / E&,p,q) dp
15

2
max{1,i|x|}<Q=<éi /Q

i+1
'2k—1—40t/ s
~ i E(x,u,q) du,
; z

max({1,i|x|}<Q<éi
where the change of variables p = u?/Q was used, and

g, u,q) = Q% *&(x,u%/Q,q)

d—k

= 0™ * ] e3_;1, Q/u?, g/ (WP + g;Q)).

J=1

At this point, we can also bound the remaining sum in q,...

corresponding integral. Indeed, it is easily checked that

IV, (Q/u?)],1V,(q;Q/(u? + §;0))| <. Q/u?

’qd—k with the

forallj=1,...,d -k, on the range of summation; here we are using that |g;|Q < Q% <

e%i2 <e?y?andé <1,sou? + 3,0 ~, u?. Therefore, by Lemma 6.6 and the Leibniz rule,

IV, 8 u, 9| < EE, u, 9.
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9254 V. Casarino et al.

Hence, by Lemma 6.4,

" i+1 .
j2k—1-4a > S8, u,q du
' max{1,ix}}<Q=<éi

i+1
Se i2k—1_4"‘/ / 2(x,u,q)dgdu
i max({1,i|x|}<Q<éi

~ If Ex p.@p¥ 12 dgdp
max({1,i|x|}<Q=<éi
pQeli?,(i+1)?]

s [ E@ppwptdpdv
max{i~!,|x|}2 <V <é?
p?veli?,(i+1)%]

where the change of variables g; = pv; was used, and V := Z]?lz_lk v; (note that Q < €i and
pQ > i? implies V = Q%/(pQ) < &2). Now,

{f E&, p,pv)p* " dpdv
max{i~!,|x|}2<V<é?
p?veli?,(i+1)2]

i d—1-2a d—k v
< v ) J | -1/2
~ H (ﬁ) [1 %60 1190, dp dv
. _ i J
max{i~!,|x|}? <V <é? J=1
p2Veli?,(i+1)3]
d—k v

< id—l—Za/ y—(d—20)/2 H )_((21—]‘4-1 _ J_|-172 gy

max{i~!,|x])2 < V<2 =1 1+v;

where 7; = >%F v, — 377\ v, and the fact that the interval [i/v/V, (i + 1)/v/V] has

length V~1/2 was used. We can now use the change of variables

indeed, v |f/j| € [0, €%] for allj e {1,...,d—k} on the domain of integration, and moreover

€ < 1, whence

forall jef{1,...,d—k}
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and (see Lemma 6.8)

d—k 1
e, o ax= (15 ) X =t
J=1 J ) sc{1,...,d—k} jeS J
|S| even
so the change of variable yields
V.
d—1-2 - J |-1/72
! a/ . LV d—j+1 7~ 11 o /2dv
max{i~!,|x|}2 <V <e? + V]'
d—k
d—1-2 —(d—2a)/2 =2 -1/2
:6 ld 1 a/ |W| (d—2a)/ H ‘dej#»l _W]‘ 1/ dW
max{i~!,|x[}2 < w] =1

In order to conclude, it is enough to bound the last integral with a multiple
of min{i, |x|"1}¥"2¢, To do this, it is convenient to split the domain of integration
according to whether w; is larger or smaller than Ziczl_jH foreachj =1,...,d — k,
and according to which j corresponds to the maximum component w; of w. In

other words,

d—k
—(d—2a)/2 =2 . —-1/2
/ 3 [w| H ‘Xd_j_H Wj‘ dw
max{i~ !, x|} S|w| j=1

d—k

(d—2a)/2 -1/2
S S ) SIUETETTY ) [ R
JC{1,...,d—k} =1 WJ*_maXJ w; j=1
W]>2Xd —jt1 VjeJ
WJSZXd7]+1 vjeJ®©
where J¢ = {1,...,d — k} \ J. We estimate separately each summand, depending on the

choice of j, € {1,...,d —k} and J C {1,...,d — k}, noting that, in the respective domain

of integration, |)_‘§i—j+1 — w72 ~ 1/2 forallj e J.
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9256 V. Casarino et al.
Suppose first that j, € J, and set J' = J\ {j,}. Then

d-k
—(d—2a)/2 =2 B ~1/2
/nax{i*,wnzﬁwl lw I1 ‘Xd—j+1 Wj‘ dw

Wi _szaxj wj Jj=1
wjzzxd_j+l VjeJ

) -2 .~ 7C
W]§2Xd_j+1 VjeJ

5/ ij(d72oz)/271/2 H/ ijl/Z dw; | dw;
max{i~!,[x|}2 Swj, * wi<wy,

JjeJ’
=2 -1/2
X H/ , ‘Xd_j+1—Wj‘ de
icJC Wjizxd7j+l
—(d=|J|—-20)/2—1
ST xagml / . Wj*(d \T|—2)/ dw,
e g max{i~!,[x|}2Swj,

< 1x17" max{i ™!, |x 71742 < max(i~!, x|} K2 = minfi, x| 712,
which is the desired estimate. Here we used that d — |J| — 2a > k — 2a > 0.
Suppose instead that j, ¢ J. In this range, |x|> < max{i~!,|x|}? < |w| ~ w; <

Jx ~

2 2 ~ ~ 1 2
Xg 41 = |x|“, whence wj, ~ [w| ~max{i"", |x[}*. So

d—k
—(d—2a)/2 -2 -1y
%nax{i—l,|xn25|w| lwl [1 )Xd—j+1 Wj) dw
wj, =max; wj j=1

>9%2 1
w,zzxd_].+1 VjeJ
. %2 i~ 7C
w]§2.>((17].Jrl VjeJ

< max(i”, ) =@2 (] [

22 —1/2
S ‘Xd_jﬂ — W-‘ dw;
jege’ Wis2Xg i

J

-1/2
X H/W w; dwj

Jeg  wiSmax(i=l |x)2
. —(d— C . . — —
< max{i~!, x|}~ @20V x|l < minfi, x| 712,
and we are done. [ |

6.4 The elliptic regime

We now discuss the proof of Proposition 4.3. We first observe that a straightforward

iteration of Proposition 6.1(i) yields the following estimate.
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Ultraspherical Grushin Operators 9257

Lemma 6.9. Fixd e N,d > 2, ands e N,1 <s <d-1. Forall {; € N; and all
(Xd,. . "XS+1) € [_1, l]d_sr

s—1|3d 2 xs+1 d—1
Z £ |X£d,£d,1(xd)| | Xy o & s+1)| Sty
(Ca-r,ts)E]) |
lg—1=tq

Proof of Proposition 4.3. Arguing as at the beginning of the proof of Proposition 4.2,

we readily see that it suffices to prove the estimate

k-1|3d 2 k+1 jd-1
> X e D |sz+1,£k(xk+1)‘ Se (6.24)
(gt P
Lp<elq

26l (i+1)%

for all x € [0,1]% % and i € N\ {0}.
We preliminary remark that, since € € (0, 1), the conditions ¢, < ef; and 6(21 —Ei €
[i?, (i + 1)?] imply that

We first deal with the terms in the sum with ¢, = 0 (observe that this may
happen only for k = 1). The condition 6(21 € [i2, (i + 1)?] uniquely determines the value of
£4. Using the estimate in Proposition 6.1(ii) to bound )?é:i 0(Xg41) in the left-hand side
of (6.24) and then applying Lemma 6.9, we obtain

»d 2 k42 k+1 2
Z ‘derfd-l (Xd)’ tee ’Xlkﬂ,@kﬂ (Xk+2)’ |X£k+1 O(Xk+1)|
(fd' ,€k+1)€J(k+1)
2 eli?,(i+1)?]
k+2 2
S Z Z +1‘ £q.bq_ 1(Xd)’ ’sz st (Xk+2)’
Cgella  (0g 1, tiin)edf)

e5eli?, (i+1)?]

S

£q€Ng
eZeli?,(i+1)7]

lg-1=q

5 id_l

’
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9258 V. Casarino et al.

which is the desired bound. In what follows, we shall therefore assume that ¢, > 0 in

the range of summation.

Define yj = /1 —X]? forj = k+1,...,d, and recall the notation (6.1). Fix j, €

{k+1,...,d}, and let us consider the range of the sum in (6.24) where

Yj, = by, . /(2e).

Tk Tk —

By (6.5), in this case,

oI 12 < gl =20,
|ng*lgj*_1(X]*)| Nej* e T

for a suitable ¢ € (0, c0). Hence, by (6.25),

k-1|3d 2 wk+1 2
> G X ea G| [XpT g Grg)
g RIS
O<lr<elq
4 —02eli?,(i+1)%]
Yesbe, ;1 /(2€)
< Z e—ZC(]‘*,l
Zj**leNf**l
k—1|3dx—1 2 k41 2
X >, G X e & D X G
(k.
20 ti)ET
ef**zszf**l
e Sel
wd 2 J+1 2 js—1
X Z ’Xed,ed_l(xd)‘ ~~‘Xz,'*+1,ej*(xj*+1)’ &

ity )ed 3
Gjx=lj—1

ael\ [ +i2,,) C+(i+1)?]

(6.26)

Now, for a fixed ¢; <, i, the interval [\/ﬁi +1i2, \/E% + (i + 1)2] has length ~_ 1; so the sum

over {; essentially contains only one term, and moreover ¢; >~ i. Thus, by applying

3
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Lemma 6.9 first to the sum over EJ-*,n- £4_; and then to the sum over
we get
k—1|57d 2 k+1 2
> R e G R G|
(gt P
O<{lr<elq

2 —2eli?,(i+1)?]
kabéj* ,Zj*71 /(29)

56 id*l Z e*ZC(j*,l

Lix—1€Njy1
k—1|50x—1 2 k1
X Z Ek X[j*fhﬂj*fz (XJ*—I)’ et ’X5k+1ylk
k
(ej*_z,...,ek)ej}*lz
ljx—2=bj, 1

5 id_l Z e_zcgj*ilgj*—l S id_l.

Z]l**leNj**l

This concludes the proof of the estimate (6.24) in each range (6.26) corresponding to any

joelk+1,...,d}.

It remains to consider the range of the sum where

v > bej,z,-,l/(ze) forall je{k+1,...,d}.

Here we may assume y; > 0 forj=k+1,...,d (otherwise the range is empty). We split

the range of summation further, according to the value of k,, defined as the smallest

index in {k, ..., d} for which one has

bej,ej,l/(ze) <Yy = 2b£j'£j71 forall j>k,.

Note that the above inequality implies that
Ciq > 4y forall j>k,,

J

and moreover, by Corollary 6.3,
2 2 —(-2) =2 2 52 2
Kt GO S 77 B 4 /G G0 /G)

for k, <j < d, where 2 was defined in (6.6).

(6.27)

(6.28)
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Assume first that k, > k. Then y; > 2b,, , ,thatis,
kIR —

1
Zk*_l < Eyk*gk*’ (629)
whence, by Corollary 6.3,
ks —(ky—1
IXZk*,fk*q(Xk*)lz N Yk*( g

Moreover, from (6.25), (6.27), and (6.29) we deduce that

Ceo—1 Se Wi, Yik,+1 " Va-
Hence

k—1|3d 2 k+1 2
> OMNXE e D[ X ()]
(b))
O</{lr<elq
2 —2eli? (i+1)?]
bty /(2€)<yj=<2beje; \ Vi>ks
Yke>2boy 0

k—1|3d 2 Sk+1 2
5 Z Zk Xek*—lrek*—Z (Xk*_1)| ot |X5k+1,gk (Xk+1)|

k
(Ut l)ETE

Chey—1 SelVky Vs t1-Vd

d
x > il T v TR0 4o/ 6.
(Edreri ) €T F) J=ki+1
C_12=jy; Vi>ks
Lqel\fi2+02, [ +1)2+62]

(6.30)

We now want to bound the inner sum with the corresponding integral. Note that,
forj=k,+1,...,4d,

2 2 2 2
Vetgter Ga /N Vg oy Cy /] S 44/

in the range of summation; moreover the interval [\/i2 + 02, \/(i +1)2 + ¢Z has length ~ 1

and its endpoints are =~ i, because ¢, < i. Hence, in view of Lemma 6.6, we can apply
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Lemma 6.4 to the inner sum and obtain that

2 =
z -1) H y] -(-2) (y], i 1/52,52 1/£2)

)
(Cdre st T Il
Lj_1=Ljyj Vj>ky

aelfi2+62, [ (i+1)2+67)]

d

_ —(-2)
< (v v /g[mm H

J=ks ULy Yk

J 11-1/2 dﬁ
J

The change of variables t];l = Ejfl/(ﬁjyj),j =k, +1,...,d, then gives

2

-l -1/2
ﬁdel\/m,\/m H Zz de, -+ dtg

Gy =y; Vi>ks

- dey.

yd)

y.+1...y
< / / I YpoVal g g g
~ ; - — 22 (1/2 ke’ d-1%%d
tgel/i2+62, /(i+1)2+62] e rbd-1~1 g |1 tj, |1/
d d .
. .d—k, j—k—1
[T @vad =i [T
J=kit1 J=k+2
whence, by (6.31),
—(k*—l) —(- 2)~ 2 2 -d—k.
> H y; VB /6 16) ST
(€d )T j=ki+1
G124y Vj>k
Lqel,/i2+E2, ) (i+1)2+62]
and, by (6.30),
k—1|3d 2 k+1 2
>, X e x| |sz+1,ek( Xi11)]
W ti)<TS
O</{lr<elq
Z—2eli?,(i+1)%
bg] [j71/(26)<yj§2b[j,gj71\v’j>k*
Yiee>2bey sy,
-d—k, 1-k,
ST, V)
k—1 k+1 2
x Z 9 ‘ ek* l,zk* ,( —1)| | zkﬂ,zk( k+1)’

k
(1o i) ET

Lry—1 SelVhy Viw+1-Yd

-d—k 1—ky ky—2 :d—1
Sel (Yk*yd) Z Ek* 1561 ’

Lhy—1 SelViy Viw+1-Yd

(6.31)

1k
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where Lemma 6.9 was applied to the sum in (Ek*, ...,%;) and the fact thatk, > k+1> 2

was used. This concludes the proof of (6.24) in this range.

We now consider the case where k, = k. Here, by (6.25), (6.27), and (6.28),

k—1|3d 2 k+1 2
Z Lo |X@d'(d71(xd)| ~'-|X£k+1,zk(xk+1)|
Carrti)edy)
O<tlr<elq
2 —02eli?,(i+1)%]
beje; ) /(2€)<yj<2bie; (Vi>k

d
k-1 —(-2) g o2 9 9 )
S Z Lo H Y; B(y?, 4 /03, 03,/
(Zdw.,@k)GJék) j=k+1
41ty Vi>k
La=el

Ll /2+E2,,/(i+1)2+E7]

d d-1
k-1 k+1-j =2 2 52 2
st Iy > 11 2674076 606D
J=ktl (Ca-1bi)edy  J=RHL
lj~eyji1-Ydl Vk<j<d
— (2 2 2 2
x > E(yg ta /g tg_1/tg)
£q3eNg
Lael /i3, (+D2+£5]
d X d—1
K1 +1—j —o2 2,2 4,2
Se [1 ¥ > [T s0f 40/ 6076
J=hetl Warmbp)edy, =R

i~eyjn yql Vk<j<d

E(ya La 1/t5 05 1/t5) dtg,

X
/zde[, [24€2,.)(+1)2+€2]

where the last inequality follows from Lemma 6.5 together with Lemma 6.6, the fact

that

10, (g1 /€1, 10, (€5_1 /LD S €q_1/5

in the range of summation and the fact that (since ¢;, <. i) the length of the interval

G +i2, J&+ G+ 1)2)is =, 1.
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Ultraspherical Grushin Operators 9263

The change of variables u = ,/¢% — ¢% in the inner integral then gives

k—1|3d 2 vk+1 2
Z Ek ’XKd:ed—l(Xd)| "“sz+1,zk(xk+1)|
o i €T
O<lip<ely
02 —02eli?,(i+1)?]
beje; /1 (2€)<yj<2bye; Vj>k

d d-1
k—1 k+1—j = (1,2 2 p2 2
Sel [1y > [T 50} g/ 6076
J=k+1 g1, ti)edy, =R

{i~eyjt1yal Yk<j<d

i+1
< [ B0t/ ), B ) du
1
k d k4+1—j s = 7
=i T] Y; J / > Eu, 7,0 du,

- 1 k
=k+1 (Ca1 i) €T30
Ci~eyjp1--yal Vk<j<d

where ¢ = Cgrr-- i), V= Wgqr---1Vks1) and

d—1
Ew, 7,0 = B(yi Ly /W + ), 5 /@ + ) [] EWF /6.6 ,/6).
j=k+1

We now want to bound the inner sum with the corresponding integral. Observe

that, since u € [i,i + 1],
Vi (bg1 /WP + )], IV (C5_1 /(WP + EO) S Lg_y /(WP + £5)
and

Vs (€ /D IV (€7 /e S €y /€ for j=k+1,...,d—1
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9264 V. Casarino et al.

on the range of summation. Thanks to Lemma 6.6, we can apply Lemma 6.4 and obtain
that

k—1 2 Tk+1 2
> GHXE (x| X G
Uar )T
O</{lr<elq
4 —t2eli?,(i+1)2]
b,y /(2€)<yj=<2be;e; \Vi>k

d N\ il
ST y]’.‘“" / / E(u,7,0)de, - dey  du
i 4i~eyji1yal Yk<j<d

J=k+1
i+1 2
< k-1 k+1—] 9 gdfl 12
~t Ya— 73 2
Jj= k+1 ti~eyjt1ydl Yk<j<d us + &
?
X H —2 12 4¢, ... ey, du.
J=k+1 J

The change of variables {; = uy;,; ---y47;, j =k, ...,d — 1, then gives

k—1|3d 2 k+1 2
> > RN R AR Y]
War i)
O</flx<elq
Z—2el? (i+1)%
beje;  /(2€)<yj<2bye; Vi>k

1 2.2
< 4d-1 v, /Hr / y2 - YaTa ~1/2
i k+1 < Td—1%el 1+yk+1"'ydrk
Y 1
x H Iz f 12dg... dry_, du
j=k+1 ]
2
_ a1 1— Td-1 ~1/2
= N 1+p2  ...p2¢2
TyeorTd—12e 1 Yk+1 Yd k
_ 2
! -1/2
X H 1_-[_2 d‘fk"'dl'd_l
j=k+1 J
2 2.2
el 1 Vi1 Ya% ~1/2
el 2 + 2 -1
Tk Td—1%el | Tg_y Td-1
2

T
H J—1|-1/2
X 1—‘[—2 / dfk"'dtd—l-
j=k+1 j
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Finally, the change of variables

1 T

tg_1 = , ti=—— for j=k,...,d-2
Td—1 ! T+l
yields
k—1|5%d 2 k41 2
Z ek |X£d:5d—1(Xd)| T |Xek+1y€k(Xk+1)|
()T
O<ly<elyg

2—e2eli?,(i+1)2]
beje;_ /(2€)<yj<2bye; (Vi>k

.d—1 2 2 2.2 2 ~1/2
Sel / ‘td—l+Yk+1"‘Ydtk"'td—2_1 /
treoitd—1el

d-1
< 1 ‘1-—@11’—”2d¢k~-(hd,l

j=k+1
d—1
< idfl/ [T [1-] *1/2/ vV dvdt, - dey_, <, 977,
tkv~~:td—2:61j:k+1 V] Sel
and we are done. |

7 Proof of the Abstract Multiplier Theorem

Here we give an outline proof of the multiplier theorem stated in Section 2. The proof
combines ideas from multiple works on the subject, including [13, 17, 20, 31, 36], to

which we refer for additional details.

Proof of Theorem 2.1. Similarly as in [36], for all r € (0, 0), B8 € [0,00), p € [1, 00] and

K : X x X — C, we define the norm
1Kl .- = eSS SUpcxnBE, ) P11 + 0, 2) /P K (. Z) o)
where p’ = p/(p — 1) is the conjugate exponent to p; if r € (0, 1], we also define the norm

K 5 = €8s supex B, VP I(1 + 0, 2) /1) 7,.(, 2V PR, 2) 1o
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9266 V. Casarino et al.

Let also Q denote the homogeneous dimension of (X, g, ), that is, a positive constant

(whose existence is a consequence of the doubling condition) such that
1(B(z,Ar)) S A2 pu(B(z, 1)

forallze X, r>0and A > 1.

Due to the doubling condition and the heat kernel bounds, we can apply [36,
Theorem 6.1] to obtain that, foralle > 0,all 8 > 0,allR € (0,o0) andall F: R - C
supported in [-R?, R?],

2
|||’CF(2)|||2,,3,R71 5,3,6 IF(R ')||Lz°+er (7.1)
2
||F(£)||L1(X)—>L1(X) 55 ||F(R ')”L%O/2+€r (7-2)

It is worth noting that, since =, 2 1 by (2.2), the estimate (2.3) trivially holds for all
B >Q,r>0andy € X [20, Lemma 4.4]; so it is not restrictive to assume in what follows
that 0 < Q.

Set A, = exp(—t2L) if t € [0, 00) and A, =01if t = co. From (7.1) we deduce that,
forallt € [0,00],alle > 0,all B8 > 0, all R € (0,00) and all F : R — C supported in
[R/16,R],

NKE s 1-aplll2pr1 Spie IIF(R-)IILEL min{1, (Rt)%}.
Let § € C,((—1/16,1/16)) be nonnegative with
/s(t)dtzl and /tkg(t)dtzo for k=1,...,20+2.
R R

(cf. [36, eq. (18)]). Then by Young's inequality we obtain that, for all ¢ € [0, 00], all € > O,
all B >0,allR €[1,00) and all F: R — C supported in [R/8, 7R/8],

: 2
||“C(E*F)(\/E)(I—At)'||2y/3,371 5/3,5 Ill'r(R)”L/C;O_*_6 mm{l, (Rt) }

In particular, by (2.2) and Sobolev’s embedding, for all ¢t € [0, <], all € > 0, all 8 > 0, all
N € N\ {0} and all F: R — C supported in [N/8,7N/8],

* . 2
K eorrma-anlls st Spe IFQDIgg - min(1, (0)?). (7.3)
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On the other hand, by (2.4), forall £t € [0,0¢], all N € N\ {0} and all F: R — C
supported in [N/16, N],

1K ey 1—ap I o1 S IFQV)ly o min{l, @ve)?).

Hence, by [20, eq. (4.9)], for all ¢t € [0,00], all N € N\ {0} and all F : R — C supported in
[v/8,7N/8],

1K S IF() || ming1, (N)?}. (7.4)

*
e a-aplllzon-1

Interpolation of (7.3) and (7.4) gives that, for all t € [0, 0], all € > 0, all 8 > 0, all
N € N\ {0} and all F: R — C supported in [N/4,3N /4],

: 2
“”C(S;'*F)(«/E)(I—At)|||;,ﬂ,N—1 Sﬁ,g ”F(N)”Lnge min{1, (Nt)“}. (7.5)

By (2.3) and (7.5), we then deduce that, for all r € [0, 00), all t € [0, 00], all s > 0/2,
alle €[0,s —0/2),all N € N\ {0} and all F: R — C supported in [N /4, 3N /4],

ess supz,ex/ |IC(S*F)(\/E)(1_A”(Z, Z)| du(z)
X\B(Z',r)

= A+ NIK emy v a-apllhen 7.6

Sse L+ND)TEJIK

*
eV a-apllzy v

~S,€

Sse (14N~ |F(V-)| 2 min{1, (N6)?),

where y is the midpoint of (9/2 + ¢, s); more specifically, the 2nd inequality follows
from (2.3) (applied with 8 = 2(y — ¢)) and the Cauchy-Schwarz inequality, while the 3rd
inequality is just (7.5) with y and s in place of 8 and 8 + €.
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9268 V. Casarino et al.

On the other hand, from (2.3) and (2.4) we deduce that, for all s > 0/2, all € €
[0, min{s — 0/2,0/2}), all N € N\ {0} and all F : R — C supported in [N/4, 3N /4],

IE ~ &« VOl 1 = 1K g eumyvs L on

Ss,g |||’C(F75*F)(\/E)|||;,y,N*1

= (1 + ND)y | | |}C(F—§*F)(«/E)|||;,O,N—1

(7.7)
Sse NVI(F =&« FYIN) Iy g

~S,€

Sse NENIF(N) ||
e+y

Soe NTUF Q) 0,

~S,€

where D is the p-diameter of X and y is the midpoint of (0/2, min{d,s — €}); more
specifically, the 2nd inequality follows from (2.3) (applied with § = 2y) and the
Cauchy-Schwarz inequality, the 4th inequality is (2.4), and the 5th follows from [20,
Proposition 4.6].

Finally, from by (2.3) and (2.4) we deduce that, if suppF C [0, 1], then

IFV D1 = 11Kpy 101
SKpys 11301
< (1+D)°|lIKzyg)ll5,0, (7.8)
SIFl,

< 1Flloos

more specifically, the 2nd inequality follows from (2.3) (applied with 8 = ?) and the
Cauchy-Schwarz inequality, while the 4th inequality is (2.4) applied with r = N = 1.

Combining (7.6) (applied with ¢t = oo, and € = r = 0) and (7.7) (applied with € = 0)
gives in particular that, for all s > 0/2, all N € N\ {0} and all F : R — C supported in
[N/4,3N /4],

IF(V/D)llo S IFQT) - (7.9)
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This estimate, combined with (7.8), easily gives a weak version of part (i): namely, for all

s>0/2and F : R — C supported in [1/2,1],

Sup IF(VOlli s IFlrg. (7.10)
t>

We now prove the full version of part (i). Fix an even cutoff function x € C°(R)
with x(0) = 1 and suppyx < [-1,1]. Let F : R — C be supported in [-1,1] and set
F =F — F(0)x. Note that, for all k € N,

IFO)x (V)llge S IFO) x llgze Spe IFO)] S l1F g,
by Sobolev's embedding, provided s > 1/q. In particular, from (7.2) it follows that

sup [FO)x (tvVD)ll1_1 s IFl g (7.11)
t>0

for all s > 1/q, and moreover
I1Flg S5 1Pl

Let now £ € CP(R) be such that suppé < (1/2,2) and ZkeZE(Zk-) = 1 on (0,00).
Decompose F = > keN Fk(2k~) on [0, 00), where ﬁ'k = F(Z‘k-)é; since suppﬁ'k C (1/2,2),
from (7.10) we deduce that

sup IE VD Sp I1Flpg
t>

provided B > 0/2. On the other hand, arguing as in the proof of [35, Lemma 4.8], one
deduces that, for all 8 > 0 and s > max{g, 1/q}, there exists ¢ > 0 such that

—k = .
27K B a;

~S

1Fillzg Sps 1Filloo + 27 I1Fl g <

the latter estimate is due to the fact that F(0) = O and, by Sobolev’'s embedding, if
||13'||L;1 < oo for some s > 1/q, then F is Holder continuous. In conclusion, for all t > 0 and
s>0/2,

IF@EVE) o0 < D IER D)y S5 D27 IF 0 S5 I1FIla; (7.12)
keN keN

combining the estimates (7.11) and (7.12) gives part (i).
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9270 V. Casarino et al.

As for part (ii), since the right-hand side of (2.5) is essentially independent of the
cut-off function n, we may assume that suppn € (1/4,1) and > ;_, n(2k) =1 on (0, o0).

We now argue as in [20, proof of Theorems 3.1 and 3.2]. For a given F : R — C
supported in [1/2, 00), we decompose dyadically F = >} n(2~*.)F. By applying (7.6) to
each dyadic piece and summing the corresponding estimate, we obtain, for all s > 0/2

and r > 0,

ess supz,ex/

1K _(2,2) du(@) < sup IF(2F)n]la.
B E+F) (VL) (1-4Ar) S e L

An application of [19, Theorem 1] then gives, for all s > 0/2,

IE * PYV Dl S sup In F2%)1l 9. (7.13)
€

On the other hand, by applying (7.7) to each dyadic piece of F and summing the

corresponding estimates, we obtain, for all s > 0/2,
I(F =& 5 /Dl S5 SUP InF @l (7.14)
eN

Combining the estimates (7.13) and (7.14) yields, for all F : R — C supported in
[1/2,00) and all s > 0/2,

~.

IF(V ) 1o S sup InF2*)la. (7.15)
eN

Via a partition of unity subordinated to {(1/2, 00), (—00, 1)}, we can now combine (7.15)
and (7.8) and obtain part (ii). [ ]
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