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Abstract

We study continuous dependence estimates for viscous Hamilton-
Jacobi equations defined on a network I". Given two Hamilton-Jacobi
equations, we prove an estimate of the C2-norm of the difference be-
tween the corresponding solutions in terms of the distance among the
coefficients. We also provide two applications of the previous estimate:
the first one is an existence and uniqueness result for a quasi-stationary
Mean Field Games defined on the network I'; the second one is an esti-
mate of the rate of convergence for homogenization of Hamilton-Jacobi
equations defined on a periodic network, when the size of the cells van-
ishes and the limit problem is defined in the whole Euclidean space.
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1 Introduction

In the recent years, there is an increasing interest in the study of dynamical
system on networks, in connection with problem such as vehicular traffic,
data transmission, crowd motion, supply chains, etc. As consequence, many
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results for linear and nonlinear PDEs in the Euclidean case have been pro-
gressively extended to the network setting and also to more general geomet-
ric structures. Here, we are interested in continuous dependence estimates
for viscous Hamilton-Jacobi (HJ for short) equations. Let us recall that
such estimates play a crucial role in many contexts, for example for regular-
ity results, error estimate for numerical schemes, rate of of convergence in
vanishing viscosity and homogenization [10, 16].

Our analysis is inspired by the results in [19], where it is proved a continuous
dependence estimate in the C?-norm for solutions of a viscous HJ equations
in the periodic setting with an explicit dependence on the distance of the
coefficients and an explicit characterization of the constants. We prove an
analogous result for viscous HJ equations defined on networks with Kirch-
hoff conditions at the vertices. To this end, we use some results concerning
the study of these equations on networks [1, 2, 9] and suitably adapt the
arguments in [19] to this specific setting.

Then, the previous continuous dependence estimate is applied to two prob-
lems:

(i) the well-posedness of a quasi-stationary Mean Field Games system de-
fined on a network;

(ii) an estimate of the rate of convergence for homogenization of HJ equa-
tions defined on a periodic networks.

Mean Field Games (MFG for short), introduced in [17], modelize the interac-
tion among a large number of agents. In this theory, the agents are assumed
indistinguishable, infinitesimal and completely rational and their behaviour
is influenced by the statistical distribution of the states of the other agents.
In the classical formulation, MFG lead to the study of a coupled system of
two evolutive PDEs, a backward HJ equation for the value function of the
representative agent, a forward Fokker-Planck (FP for short) equation for
the distribution of the agents. Recently, a different strategy mechanisms
from classical MFG theory has been proposed in [21] (see also [11]): the
agents are myopic and choose their strategy only according to the informa-
tion available at present time, without forecasting the future evolution. In
this case, the Nash equilibria for the distribution of the agents are character-
ized by a quasi-stationary MFG system, which is composed of a stationary
HJ equation and a evolutive Fokker-Planck equation.

While classical MFG on networks have been studied in [1, 2, 8], here we
consider a quasi-stationary MFG defined on a network and we prove exis-
tence and uniqueness of the corresponding solution. Existence is proved via



a fixed point argument and the continuous dependence estimate is crucial
since in this case it is not possible to exploit the regularizing effect of the
parabolic HJ equation to show the continuity of the fixed point map. The
continuous dependence estimate is also exploited to prove uniqueness of the
solution, which, with respect to the classical case, requires no monotonicity
assumption.
The second application of the continuous dependence estimate is to a ho-
mogenization problem. By means of the classical perturbed test function
method (see [12]), we show that the solution of a viscous HJ equation, de-
fined on a periodic lattice of size €, converges, as ¢ — 0, to the solution of
an effective problem defined in all the Euclidean space and we also give an
estimate of the rate of convergence. Moreover, we obtain a characterization
of the corresponding effective operator in terms of the Hamiltonians defined
on the edges of the lattice. We note that a similar problem was studied for
first order HJ equations in [15] and for linear second order equations in [7].
The paper is organized as follows: in Sect. 2 we fix our setting and our
notations for the network. Sect. 3 is devoted to our main result, the continu-
ous dependence estimate for the solution to an HJ equation on the network.
In Sect. 4 we tackle quasi-stationary MFGs on the network: in particular, we
obtain existence and uniqueness of a solution without requiring any mono-
tonicity assumption. Sect. 5 concerns the homogenization of HJ equations
on a lattice: the main result is a rate of convergence estimate.

2 The network I': notations and definitions

We consider a bounded network I' ¢ RY composed by a finite collection of
bounded straight edges £ := {I',,a € A}, which connect a finite collection
of vertices V := {v;,i € I}. We assume that, for o, € A with o # £,
I'n NT'g is either empty or made of a single vertex. For an edge I', € &
connecting two vertices v; and v; with ¢ < j, we consider the parametrization
To ¢ [0, £o] — Ty given by

Ta(y) = lyv; + (ba — y)villy" for y € [0,4a],

where /,, is the length of the edge. We also denote with A; = {a € A:v; € Ty}
the set of indices of edges that are adjacent to the vertex v;.

For a function v : I' — R, we denote with v, : (0,4,) — R the restriction of
v to Iy, ie.

va(y) :=v|r, o Ta(y), forall y € (0,4,).



Moreover we define for = € I',\V the derivative along the arc

Ouv(w) = 22 (y) for y = 77 (2).
dy
Remark 2.1. The function v, is defined only on (0,£,); nevertheless, when
it is possible, we denote v, also its extension by continuity on 0 and on £,,.
Note that, in this way, v, may not coincide with the original function v at
the vertices when v is not continuous.

For x = v; € I, we define the outward derivative at the vertex

V0(0) — v (h)

( . ) hliné1+ . , if v; =1, (0),
Opv (g, (1)) := ¢ . B
lim Va(la) — volla h), if v; = mo (o) -

h—0t h
Setting

o 1 if V; = Wa(ea),

Mie =21 i vy = ma(0),

we have

Dav(V3) = Nia Ova (15t (15)).

We introduce some functional spaces defined on the network I'. The
space C(T") is composed of the continuous functions on I'; the space

PC(T):={v:T =R :v, € C([0,4,]), for all « € A}

is composed of the piece-wise continuous functions on I', i.e. functions which
are continuous inside the edges but not necessarily at the vertices. For m € N

C"(T):={veC(l):v,€C™([0,¢,]) for all a« € A},

is the space of m-times continuously differentiable functions on I' endowed
with the norm

H?f”cm ZaeAZk<m H HLOO (0,40

For o € (0,1], the space C"™? (I") contains the functions v € C™ (') such
that 0™v, € C%7 ([0, £,]) for all o € A with the norm

V]| gmory = |0l omry + SUP[0™Va]0.10.0.,
[vllcmery = ollgmr) + 591" vl 0



where, for o € (0,1] and w: A — R,

w(y) —w(z
s — sy 20 =0 (2)
y#z ly — 2|
y,z€EA
The integral of a function v on I' is defined by
Lo
/ x)dx = Z / Ve (
acA

and we set ( fr x)dz. For p € [1,00], we define the Lebesgue space
LP(T) ={v: vy € LP((0,44)) for all « € A},

endowed with the standard norm. For any integer m € N, m > 1, and
p € [1,00] we define the Sobolev space

W™P(T) :={v e C(T): v, € W™P((0,4,)) for all a« € A},

endowed with the norm

e —— (ZZH ol

k=1acA

P
p
Lp(0,0) + ”U”Lp(r)> .

We also set H™(T') = W™2(T).

The couple (I, dr), where dr is the geodesic distance on the network, is a
metric space. Denote with M the space of Borel probability measures on I'.
For 1 < p < oo, the LP-Wasserstein distance d,, between o, 7 € M is defined
by the Monge-Kantorovich transport problem

dy(0,7) = min { /F Ry, y)}

Xell(o,7)

where II(o, 7) denotes the set of transport plans, i.e. Borel probability mea-
sures on I' x I with marginals o and 7 (see [6]). Since I' is compact, the
Wasserstein distance d,, metrises the topology of weak convergence of prob-
ability measures on I'. In particular, for p = 1, we have

o) =sup{ [ )il =) T SR 110 - S0)] < dr(e) |
(2.1)



We shortly recall the definition of diffusion process on the network I' (see
[13, 14] for details). Consider the linear differential operator £ defined on
the edges by

Lou(z) = pad®u(z) + Bo(z)0u(z), 2 €Ty, ac A
with domain
D(L)={ueC?(): Y piadatu(v) =0, i€l
aG.Ai

where p; o € (0,1), 3 e 4, Pia = 1. Then, the operator £ is the infinitesimal
generator of a Feller-Markov process (X¢, i), with X; € T',,, such that, for
zy = 7o (Xt), we have

dr; = By, (:L't)dt + ,Uatth + df@t + dhi,t. (2.2)

In (2.2), W} is a one dimensional Wiener process; ¢;; and h;y, i € I, are
continuous non-decreasing and, respectively, non-increasing processes, mea-
surable with respect to the o-field generated by (X, o) and satisfying

¢; ; increases only when X; = v; and x; = 0,
hit decreases only when X; = v; and x; = 1.
3 The continuous dependence estimate

We consider the following HJ equation on I"

— 0% + H (2,00) + p=0, z€ (T \V),acA,

Z 'Via,uaaav(yi) =0, vi €V,

acA; (31)
vlr, (Vi) = vlr, (vi), o, B €A, eV,

(v) =0.

where H : ' x R — R is given for z € I',, by

Ha(x7p) :igg{_ba($va)p_fa($va)}‘ (32)

Problem (3.1) represents the dynamic programming equation for the optimal
control problem with long-run average cost functional

PR g
p= 1gf hTHigoIéf TEm |:/0 f(Xt, at)dt]
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where a; is a feedback control law of form a; = a(X;) and X; is a diffusion
process on I' such that x; = 7, (X¢) satisfies (2.2) with B, (z) = Bo(z,a(z))
(see [1, Section 1.3] for more details). Connected with the optimal con-
trol interpretation of (3.1), the second equation is a Kirchhoff transmission
condition, where the quantity pia = Yiata(D ne A Yialta) ' Tepresents the
probability that the trajectories of the diffusion process enter in edge I'q,
a € A;, from the vertex v;; it can be also interpreted as a Neumann bound-
ary condition if §(A;) = 1. The third equation implies continuity of the
solution at the vertices and the last one is a normalization condition.

We assume that A is a compact separable metric space (for simplicity, A is
a subset of some Euclidean space) and we make the following assumptions

(H1) po and 7;, are positive constants and

Z’Yiaﬂa:L ae A ieA.

aGAi

(H2) by, fo : T x A — R are continuous and there exist two constants K
and L such that

ba(z,0)] < K, [ba(z1,0) = ba(w2,a)| < Llz1 — 22

3.3
Fa@a) K, |fal2r,0) — fa@na) < Lior—as] )
for all , 21,29 € 'y, a € A and a € A.

For the study of the ergodic problem (3.1), it is expedient to introduce for
A € (0,1) the discount approximation

— 0?0+ H (x,@v)‘) + At =0, z€(T,\V),ac A,

Z ’Yiaﬂaaav)\(l/i) - 07 Vi € V, (34)
aGAi
U)\|Fa(7/i):v)\|1—‘5(yi)v a,B € A, vi €V.

The following statement concerns existence, uniqueness and regularity of
classical solutions to the HJ equations (3.1) and (3.4) (see [4, Theorem II1.2],
[9] and [1, Proposition 3.2 and Theorem 3.7]).

Proposition 3.1. There ezists a unique classical solution v* to the equation
(3.4). Moreover,



(i) there exist a positive constant C1 and 6 € (0,1), both independent of
A, such that

M| oo (ry < K, (3.5)
[ = (WM [ zory < C1(1+ K + L) = K, (3.6)
where K, L as in (3.3);

(ii) for X — 0, M — p, v} — (v*) — v and the couple (v, p) is the unique
classical solution to (3.1). Moreover

HUH02,9(F) < K (37)

We give some preliminary results for equations (3.1) and (3.4). The first
result is a strong maximum principle for the linear HJ equation (see [1,
Lemma 2.8] or [9, Theorem 3.1]).

Lemma 3.2. For g € PC ('), the solutions of

—pa0?v + gov =0, inTo\V,a € A,
Z inoe,U/oeaoev(Vi) =0, 1€1,

acA;

vlr, (Vi) = vlr, (1), a,BE A iel

are the constant functions on .

The second result is a comparison principle for (3.4) (see [1, Lemma 3.6]
and [9, Corollary 3.1]).

Lemma 3.3. If u,v € C?(I) satisfy

—1a0%v + H (2,00) + M > —po0%u + H (z,0u) + M, if z € To\V,a € A,

Z Viaﬂaaav(yi) Z Z ’Yiouuloeaozu(’/i)y Zf V; € V,
a€A; a€A;
then v > u.

We now give a continuous dependence estimate for the solution of (3.1)
and (3.4) with respect to the data of the problem.

Theorem 3.4. Fori=1,2, consider H : T xR — R and F': T' — R such
that H,(x,p) = supge 4 { b (z,a)p — fi(x,a)} forx € To, a € A. Assume
that



(i) b, fi,i=1,2, satisfy (H2) with the same constants K, L;

(i1) HH&HCLT(FQX(_KK)) < Kg fora € A, i=1,2, where K as in (3.6)
and T € (0,1];
(iii) for some 6 € (0,1], the functions F': T — R, i = 1,2, fulfill
|Filwr < Kp and [Filor, <Lp Vo €A

For i = 1,2, let v} be the solution of (3.4) with Hamiltonian H(z,p) =
Hi(z,p) + Fi(z) and set w} := v} — (v}). Then, there exists a positive

constant Cy, independent of A, such that
Hw{‘ — 'LU%\HCQ(F) < Cpmax <max bl (x,a) — b2 (x,a)|
CMEA x,a
max | £, @) — f2(x.)| + max|Fi(x) - F2(@)])+

1 2 1 2
max[Hy — Holy rox(-& &) + max{Fy — Falor,.

(3.8)
Estimate (3.8) also holds for v;, i = 1,2, solution to (3.1) corresponding to
H(z,p) = H'(z,p) + F'(z).
Proof. We shall proceed by contradiction. We assume that, for k& — +oo,
there exist sequences A, — 0, bi*, fi* FOF i = 1,2, satisfying (H2) and
(747) with the same constants K, L, §, Kp and Ly and vi)‘k, 1 = 1,2, solution
to (3.4) with discount Ay and coefficients bgk, fé’k and F* such that

A A
c =[lwi* — wy*[lozr

>k max <max bL* (2, a) — b2F(x,0)|
C\{GA x,a

+ max | [ (z,a) = [25(z,a)| + max |F3* (@) — F2*(x)])

+max[HY* — H*M), 1 (g g +max[Fy* — F2¥gr,

acA acA
where wi)"c = U?k - <Uz)\k> and
H&’k(x,p) = sup {_bgk(xaa)p - f(i7k(x7a)} ) rely, 1=1,2.
acA

The function wi)"c = vi)‘ k— (vi)‘k>, 1= 1,2, solves the equation
— 1002w HOF (2, 0w} + F* (@) + Mpw* + M (o)) =0, z € (T\V), o € A,
ZaeAi ’Yiaﬂaaocwi)\k (Vz) = 07 v; € V,

wiAk‘Fa(Vi) = w?k‘Fg(Vi)a a,B€ A, v; €V.



Hence the function W* = clzl(wi‘k - w% *) solves the equation

16 ?WE e L (HY* (2, dwi™)

—HY (g, awg"“)) +RF=0, z€(T,\V),ac A,
ZaeAi YiakaOaWF(vi) = 0, vi €V,
W, (vi) = W¥r, (v), a,B € A,v €V,

(3.9)

where

RF = )\kclzl((fui‘ﬂ — (")) + ;! (Hl’k(x,(‘)w;‘k) — H¥*(x, 0wy*))
MWE 4 et (Flk(x) - sz(az)) .

Since H" belongs to C1(T'y x R) for all o € A, we rewrite (3.9) as

— o OPWE £ gFOWF + RF =0, z€ (T,\V),a € A,
>aed, YiakaOoWE () =0, v €V, (3.10)
WEr, (i) = WF|r, (), o, B e A,y eV,

where .
gﬁ(w) = / 8pHé’k (x, t@wi’; +(1- t)@wg‘”jl) dt
0

and we aim to pass to the limit in (3.10) for k£ — oo.

We first observe that, since wi)"c € C%9(T) with ||w27\’“\|02,9 < K and H3* €
CY7 (T, x [-K, K]), then the functions g*, o € A, are uniformly bounded
and Holder continuous of exponent 7. Hence, there exists g : ' — R such
that for any o € A

9" = ga for k — oo, uniformly in I',. (3.11)

Moreover, we claim that the function R¥ is uniformly #-Hélder continuous.
Indeed, by (3.6) and the definition of ¢, we have

o [ HyF @ gt — H2H (@, 0ut)|

A _ N _
< <1 + szkch(F)) G H = By poxcryi) S 1 lwg*llezory <1+ K.
On the other hand, by our choice of ¢, we have

[c,gl <Fa1’k _ Fﬁ’f)] =t [F;’k _ ngk} <1

0,0q 0T
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hence, our claim is proved.
We now claim that

|R || poo(ry = ok(1)  as k — oo (3.12)

where limy_, o 0x(1) = 0, uniformly in 2 and may change from line to line.
Indeed, we have

Ak Ak
Wy™ — Wy

M VE = N, = o0x(1). (3.13)

Ak Ak
[Jwi* — w2kH02(F)
Moreover, we have
A Ak - < 7% k,1 k2
Ml e < ma (K max 5 (2, @) — (. )]+
max |47 (2,0) — f53(a, )] + max [FX4(@) — F24(2)]), (314
where K as in (3.6). Indeed, to prove (3.14), it is sufficient to observe that
vy (z) = vg"“ (z) £ A, ' max (K max b5 (2, a) — bE2(x, a)|
OCEA x,a

+max |5 (2, ) — f2(@,0)] + max |F2H (@) — F2(@)))

are a subsolution and a supersolution of the equation satisfied by vi"“ and
to apply Lemma 3.3. By (3.14) and (H2), we have
e ((0r") = (03] < ¢ max (K max |bg* (z, a) = b3 (. 0)|
+max |7 (e,0) = £3¥(0,0)| + max [ FA* () - F2¥(@)l) [ do = (1),
| ' (3.15)
Furthermore, taking into account (3.6) and (H2), we have
c,?l (Hl’k(x, 8w§‘k) — H?*(x, awg"“))

_ Ak k k
< " mase (0w - ry mave ¥ (7, @) — ¥z, )
+ max |fLF (z,a) — f2R(x, a)]) < ¢, ' max (K max |bL* (2, a) — b2F (2, 0)|
x,a CVGA x,a
+max | fo* (2, 0) — f2*(2,0)]) = ox(1);
by our choice of ¢, we also have

‘c,;l <Fa1k(:17) - ng(:n))‘ <ct max ‘Flk(x) — F?*(2)| < 1/k.

11



By these estimates, (3.13) and (3.15), we obtain the claim (3.12) and we
conclude that for any o € A

R =0 for k — oo, uniformly in I'y. (3.16)

For k — oo, W* uniformly converges to a function W € C2(I') along with
all its derivatives up to order 2. Moreover, taking into account (3.11) and
(3.16), W is a solution to

— 0 0*W + goW = 0, x € (T \V),a €A,
Zae.Ai %aﬂaaawi(%') =0, y, eV,
Wilr, (vi) = Wilr, (vi), o, B e A,y eV,

By Lemma 3.2, it follows that W is constant and, since (W*) = 0 for all ,
then also (W) = 0. It follows that W = 0 which gives a contradiction to
Wkl g2y =1 for all k € N.

The estimate for the solutions of the ergodic problem (3.1) follows immedi-
ately from Prop. 3.1.(ii) and since (3.8) is independent of . O

Remark 3.5. When assumption (ii) drops, it is possible to prove a L*-
continuous dependence estimate. More precisely, assuming (i) and (iii) of
Theorem 8.4, there exists a constant Cy such that

Hw% — wé\HLoo(p) < (Cp max (max ]bé(m,a) — b?x(az, a)|
aE.A x,a

+ max|f1(z,a) — f2(x,0)] + max |Fd(x) ~ F2(x)]).
(3.17)

Estimate (3.17) also holds for v;, i = 1,2, solution to (3.1) corresponding to
H(z,p) = H'(z,p) + F'(2).

The proof is similar (and simpler) as the one of Theorem 3.4 so we shall
omit it and we refer the reader to [19, Theorem 2.1].

4 Quasi-stationary Mean Field Games on networks

Quasi-stationary Mean Field Games, introduced in [21] (see also [11]), mod-
elize the case when the agent cannot predict the evolution of the population
in the future, as in the classical MFG theory, but, at each instant, it de-
cides its behaviour only on the basis of the information available at the
current time. This feature leads to systems given by an evolutive Fokker-
Planck equation and a stationary HJ equation (which in fact depends on

12



time through the cost). More precisely, at each time ¢ € [0,7], given the
distribution of the population m(t), the representative agent assumes that
it will not change in the future and solves an optimal control problem with
long-run average cost functional

T
p(t) = inf lim inf lEyvt [/ (f(Ys,as) + F[m(t)](Ys)) ds
a T—oo 1 t

where Y is a fictitious dynamics on the network such Y; = x and F' is an
additional cost term which depends on the distribution of the agents. If
the corresponding HJ equation, see (3.1), admits a smooth solution v(t),
then the optimal feedback law a}(z) = —0,H (x, 0v(t)) gives the vector field
governing the evolution of the distribution of the population at time ¢. This
leads to study a class of quasi-stationary MFG systems

—pa0*v + H(z,00) + p = Flm(t)](x), (
om — p1o,0?m — 0 (m,H (z,0v)) = 0, (
> e, YiakaOav(vist) =0, (vi,t) €V x (0,T),
ZaeAi Maaam(Via t)+ nz’aapHa(Vh &UOc(Vir t))m‘f‘a (Vi7 t) =0, (
U‘Fa (Vi7 t) = U’F/a (Vi7 t)? m‘Fa (V“ t) = m|rﬁ (VZ’ t) ) a, B € A, (Via t) €eVx (07 T)7
Vi Yip
(v) =0, m(z,0) =mo(x), xel,
(4.1)
where H as in (3.2), my € M describes the initial distribution of the players
and F' is the nonlocal coupling cost (see below for the precise assumptions).
These systems loss the standard forward-backward structure of MFG. In
order to establish the existence of a solution, it is crucial to have some
regularity in time for the value function v. In the classical approach for
MFG, such a regularity follows from the parabolicity of HJ equation; here,
it will be retrieved using the continuous dependence estimate of Section 3.
We first recall some basic results concerning the Fokker-Planck equation

om — ped*m — 0 (bm) = 0, in (Ta\V) x (0,7), a € A,
ZaeAi Lo Oam(Viy t) + nigbo (vi, t)m|p, (viyt) =0, t€(0,T), v; €V,
; ivt
mlr, (3, 1) = mlr, (v ), te(0,7), a,p € A;, v; € V\OT,
Yia YiB
m (x,0) = mo(x), zel.

(4.2)
The vertex conditions for the FP equation are obtained by duality with re-
spect to the corresponding vertex conditions for the HJ equation and express

13



conservation of the flux and, respectively, a rule for the distribution of the
density.

We introduce suitable parabolic spaces for weak solution of the FP equation.
We set V = H(T') and

H}(T):={v:T > Rst. vy € H(0,4,) for all o € A},

(unlike V', continuity at the vertices is not required), endowed with the norm

1
3
1ol g2y = (Z ||8Ua||%2(0,za) + HUH2L2(F)) :

acA

By Remark 2.1, for v € H}(T), we still denote v, the extension by continuity
of v, on the whole interval [0, £,].
We also define

wir, (vi) _ wlr, (1)
Yia Yip

W::{w:F—HR:wGHl}(F) and foralliGI,oz,ﬁGAi},

PC(I x[0,T]) :={v:T'x[0,T] = R: v(-,t) € PC(T)for all ¢t € [0,7] and
U|Fa><[O,T] € C(Fa X [O,T]) for all @ € ./4}

Definition 4.1. For mg € L*(I"), a weak solution of (4.2) is a function
m € L?(0,T; W) N C([0,T); L)) such that dym € L?(0,T; V') and
(Oym,v)yr v + / pwOmovdx + / bmOvdr =0  for allv € H'(T), a.e. t € (0,T),
r r
m (-,0) = my.

The following result concerns existence, uniqueness and stability for the
solution of (4.2) (see [2, Theorem 3.1 and Lemma 3.1])

Proposition 4.2. We have

(i) For b€ L>¥(I' x (0,T)), mg € L*(T"), there exists a unique weak solu-
tion to (4.2). Moreover, there exists C' = C(||b]|so) such that

Ml 20,70y + 1l oo 0. 7,22y + 1106l 200,70 < C llmoll 2y -
(4.3)
Moreover, if mg € M, then m(t) € M for all t € [0,T)].
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(ii) Let b be such that
0" — b in L (I'x (0,T)),  |Ibllzerx(o.1)), 10" Iz rx0.1)) < K

with K independent of n. Let m™ (respectively m) be the solution of
(4.2) corresponding to the coefficient b"™ (resp. b). Then, the sequence
(m™) converges to m in L* (0,T; W) N L> (0,T; L*(T")), and the se-
quence (Oym™) converges to (9ym) in L*(0,T;V").

Proposition 4.3. For mg € L*(T) N M, let m be the solution of (4.2)
found in Proposition 4.2. Then there exists a constant Cyy, depending only
on ||bl|p~ and ||mq||rz2, such that

di(m(t),m(s)) < Cwlt — s (4.4)

Proof. Let ¢ : T' — R with |¢(x) — ¢(y)| < dr(x,y), hence ¢ € H(T'). For
s,t € [0,T] with s < t, by Definition 4.1 and regularity of m, we have

/ o) (m(t) — m(s))de < / / (ulm| 06| + mlp| [ dadr

e [ [ tomigaar + ol [ [ maear
<l U/\am\ da:dr} [//Ma:dr} —i—HbHLoo//mdxdr

Exploiting [.m(r)dz = 1 for any r € [0,T], (4.3) and (2.1), by the previous
inequality we get (4 4). O

We now prove the well posedness of system (4.1).

Theorem 4.4. Assume (H1), (H2), mg € L>(T) N M, H, € CY" (T, x
(—K,K)) (where K as in (3.6)) and F : M — L*(T) satisfies
(F) Fo : M — C%9(0,4,), a € A, and there exist Cp > 0 and 6 € (0,1]

s.t.
max, || Fo[m]||coe < Cr,

maXey HFa[ml] - Fa[mg]Hco,e < CF dl(ml,mg)
for all m, mqy, mo, a € A.

Then, the system (4.1) admits a unique solution (u,p,m), where (u,p) €
C([0,T),C*(T")) x C([0,T]) is a classical solution to the HJ equation for
any t € [0,T] and m € L*(0,T;W) N C([0,T); L3(T) N M) with dym €
L?(0,T; V') is a weak solution to the FP equation.
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Proof.
Ezistence: We consider the convex, compact set

X = {m € C([0,T]); M) : di(m(t),m(s)) < Cw|t — s|3,s,t [o,T]},

where Cyy as in (4.4), and we define a map 7 : X — X in the following way:
given m € X, let (u(t), p(t)), t € [0,T], be the solution of the HJ equation

—p1a0%u 4+ H(x,0u) + p = Fim(t)](z), z € ([a\V),a € A,

ZQE.AZ' ’YiaﬂaaaU(Vi) =0, v €V, (4 5)
U‘Fa (Vl) = u’Fﬁ(Vi)7 Of,,@ € Ai7Vi € Vu '
(uy =0 xel.

Then, m = T (m) solves the FP equation (4.2) with b = 0,H (z, 0u).

Note first that the map 7T is well defined. Indeed, thanks to Prop.3.1, The-
orem 3.4 and (F), there exists (u,p) € C([0,T],C*T)) x C([0,T]) which
solves (4.5) for any ¢ € [0,T]. Moreover, by Prop. 4.2, there exists a unique
solution m, in the sense of Def. 4.1, to problem (4.2) with b = 0,H (Ou).
Since m € C([0,T); L*(T)) can be identified with the corresponding Borel
measure with density m(¢) on I' at time ¢, by Prop. 4.3, we also have that
T maps X into itself.

We prove that 7 is continuous. Given m,, m € X, let (u™(t), p"(t)),
(u(t), p(t)) be the solutions, for any t € [0,T], of the HJ equations (4.5) with
right hand side F[m™(t)] and, respectively, F[m(t)] and let m™ = T (m"),
m = T(m). If m" — m in X, then d;(m"(t),m(t)) — 0 uniformly for
t € (0,T). Invoking again Theorem 3.4, by (3.8) and (F), for any ¢ € [0, 7]
there holds

Il (#) = u(®)llo2ry < Comax [[Fa[m” (t)] — Fa[m(t)][lcos
< C’Ianeaj( di(mp(t), mal(t)),

with C independent of m™, m. The previous estimate and Prop. 4.2.(ii)
with 0" = 0p,H (z,0u"), b = 0, H (x, 0u) imply that m" converges to m in X
and therefore the map 7 is continuous.

By Schauder fixed point theorem, we conclude that there exists a fixed point
of T and therefore a solution of (4.1).

Uniqueness: Suppose that there are two solutions (uy, p1,m1), (ug, p2, m2)
of (4.1).
As in [2], we introduce the function ¢ : I' — R as

©q is affine on [0, 4,], 0o (Vi) =via if a € A;.
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Note that ¢ € H}(T) is strictly positive and bounded. Hence the reciprocal
o~ ! is well defined, positive and bounded; this property will play a crucial
role in our argument.

Set M = ¢~'(m1 —my). The transition condition of m; and the definition
of ¢ ensure that M(t) € HY(T) for a.e. t € (0,T). Hence, we can use
Definition 4.1 for m; and mo with M (t) as a test function obtaining

1d _ _
5 g7l m = ma) (O™ 21 ey + 0m1 —ma)(O) (™) 2y

T /r pd(m1 —ma)(t)(m1 —ma)(H)3(p™")dx

- /F by (my — ma)(H)OM (8)da — / (by — bo)ma(DOM (D)dz (4.6)

r

where b; = 0pH (-, 0u;(+,t)) for i = 1,2. We now estimate the three integrals
in the right hand side of equality (4.6). Since now on, C' will denote a
constant that may change from line to line but is always independent of M.
By Cauchy-Schwarz inequality, we get

_AMWrWﬁWW—WWWVWx

< /F (w(ml —ma)(t)(m1 — mg)(t)a((’p_l)spl/%p_l/Q‘ da

IN

1 _ 1 _
ﬂwmrw@meIWﬂ;m+§Aumrwmmmw¢wﬁm$

%Ha(ml —ma) (1) (™) |72y + Cll(ma — m2) (£ (™) |72y
(4.7)

IN

where the last inequality is due to the boundedness of u and to the properties
of ¢. Moreover, by the boundedness of b; and of u, again using Cauchy-
Schwarz inequality, we have

_ /F by (my — ma)(H)OM (£)dz
== [ a1 =m0 = ma) ) = (ams = )0l
/ ‘bl mi —me)(t)0(my — mg)(t)cp_l‘ dx +/ ‘bl(ml — m2)2(t)8(cp_l)| dx
I

SZHa(ml—ma)(t)(usfl)l/QHL + Cll(m1 = ma) ()™ ) 2|72y
(4.8)
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Let us also assume for the moment the following estimate

— 1 = bama021(0)da < J100ms = ma) )™ ) 2
FOom1 —ma) O™ Ry (49)

whose proof is postponed at the end.
Replacing relations (4.7), (4.8), (4.9) in (4.6), we get

d _ _
lltmy = ma) ()™ 2y < Cllma = ma) &™) 22 ry-

Since m1(0) = ms2(0), by the previous inequality we get mq(t) = ma(t) for
all t € [0,T], hence uy = ug in I x [0,T] and p; = po.
It remains only to prove inequality (4.9). To this end, we first estimate

161 = bollzcry = [OpH(,0ur(:,t)) — OpH (-, Oua(:, 1))l Lo (r)
< Cfour(-,t) — Qua (-, t)|| oo (1)
Moreover, applying Theorem 3.4 on H;(z,p) = H(z,p) — F[m;(t)],we get
[0y (-, t) — Qua (-, t) | poo(ry < C di(ma(t), ma(t)).

By the last two inequalities, for § = dy(m1(t), ma(t)), we get [|b1—ba|| oo () <
Cé and we deduce

/ (b1 — bo)ma(H)OM(8)] dz < C / 5 [ma()OM (8] dx
r I

1 2 ma(t)[?
< —/,u|8M(t)|2<,0dx—|—C'/md:E. (4.10)
8 Jr rope

We denote I; and I respectively the two integrals in the right hand side of
the last inequality. We have

L

IN

2 [ u0Gms — )P+ sl — maf?(o(o ™) ] da

< 200(m1 —ma) (™) ey + Cll(m1 — ma) (™) 2 -
Moreover, since ma € C([0,T], L*(T)), we have
L= (152/F [maf*da < C8* < Cllmi—mal[fary < Clltmi—ma) (™) 272
where we used the definition of é and the properties of . Replacing these

estimates for I; and I in (4.10), we accomplish the proof of inequality (4.9).
U
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5 Homogenization of HJ equations defined on a
lattice structure

In this section, we describe an application of the continuous dependence
estimate in Section 3 to the study of a homogenization problem for a HJ
equation defined on a periodic network.

For ¢ € (0,1], let I'® be the periodic network generated by the lattice ¢Z".
Hence V¢ = ¢Z" and £° = {T, a € A%}, where

g ={ym+(e—yn:yec (0}

for some m,n € ZN with |m —n| = 1. Since I is a lattice, there are 2N
edges coming out of each vertex v; € V¢, in the directions of the vectors e
of the canonical basis of RY and in the opposite directions e_y.

For k € ZV, we define 'S, + k = {y(m+ k) + (¢ —y)(n+k) : y € (0,¢)} and
we say that a function ¢ : I'' — R is I''-periodic if

¢ =¢a HT=TL+k keZV.
On the network I'®, we consider the problem

—pa0*uf + H (z,2,0u°) +u® =0, ze (I5\V°),ac A,

> Viattadar (vi) =0, vi € V°, (5.1)
aGAi
u€|ra(yi) :uah—‘g(yi)v 04,56./4?,1/1' € Ve

with

Hy(z,y,p) = sup {=ba(z,y,a)p — fa(z,y,a)} .
ac

We assume that A is a compact metric space and b, f : RV xT'' xR = R
satisfy

(i) bas fo : RN xTL xR — R, a € A, are continuous and there exist
K,L > 0 such that for a € A, z1,72 € RY and y1,92 € T}, a € A,
there holds for ¢, = by, fa

’(boc(xlayha)‘ S K7
’(boc(xlayha) - ¢a(x27y27a)‘ < L(‘Z’l - ‘7:2’ + ‘yl - ?42‘)7

(11) b(l’, '7p)7 f(.Z', 7p) are Pl_periOdiC;
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(ili) pq and 7; o only depend on the direction e, parallel to I'y and ; o =
Yo, for a € Aand i € 1.

We denote with S the space of the symmetric N x N matrices.
We consider the effective problem

u+ H(x, Du, D*u) =0 z e RY, (5.2)

where the effective Hamiltonian H is defined as follows: for every (z, P, X) €
RN x RN x SV fixed, the value H(z, P, X) is equal to —p, where p is the
unique constant for which there exists a couple (v, p), with v I''-periodic
and p € R, solution to

—pad*(0+ Xy - y/2) + H(z,y,0(P-y))+p=0, ye (LL\V),aec Al

Z ViataOav(v;) = 0, v € V1,
aGAi
U|Fa(7/i):v|r/3(yi)7 a,ﬁEA%’I/Z- eVl

(5.3)
To display the dependence of v with respect to (z, P, X), we will denote
with v(-; 2, P, X') the solution to (5.3).

We need some preliminary results whose proof are postponed to the
Appendix; note that the bound (5.6) relies on the continuous dependence
estimates of Sect. 3.

Lemma 5.1. For any (z,P,X) € RY x RN x SN, there is a unique p € R
for which there exists a T'l-periodic solution to (5.3). Moreover

S| = Xew e+ [, Hlwy, P ex)dy]

p= N (54)
Zk:1 Vk
and there exists a constant C; such that
[o(-5 21, Py X1) [l c2o@y < Ci(l+ |Pr| + | Xq]) (5.5)
[o(5; 21, Pr, X1) = v(-5 22, Pa, Xo) || poory < Co(|Pr — Po| + | X1 — Xol)
+01|:E1 — l‘2|(1 + |P1| A |P2| + |X1| VAN |X2|) (5.6)

for every (x1, P, X1), (z2, Py, Xo) € RN x RN x SN, where 6 € (0,1] as in
(3.7).
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Remark 5.2. The formula (5.4) entails that the effective operator H is
convex and uniformly elliptic in X and there exists a constant C7 such that

‘H(bel)Xl) - H($27P27X2)| S C7’1(|P1 - P2| + |X1 - X2|)
+Clwy — @2 (1 + [P A [P + [ X1 A [X2)
for every (x1, Py, X1), (z2, P2, Xo) € RY x RN x SV,

Lemma 5.3. The problems (5.1) and (5.2) admit a unique bounded solution
u® and, respectively, u. Moreover, there exists a constant Cy such that

[ullczo@ey < Co,  lullc2s@yy < Co (5.7)
for some 6, § € (0,1].

Lemma 5.4. If g : RV — R is a smooth function, then it satisfies the
Kirchhoff condition at v; € V¢ in (5.1), i.e.

Z YiattaOag(vi) = 0.
aEA;
Theorem 5.5. Let u® and u be respectively the solution of (5.1) and (5.2).
Then, there exists a constant M such that for e sufficiently small
[0 — ul oo rey < Me°,
where § as in (5.7).
Proof. Given € € (0,1), for n € (0,00) define the function

6(x) = u(2) —u(e) — % (i ful(@)) = Tlal?  vweT?,
where v (y; [u](z)) := v(y;z, Du(x), D?>u(z)) is the solution of (5.3) with
(z,P,X) = (z, Du(x), D?>u(x)). Since u, u® and v are bounded, there exists
Z € I'® where the function ¢ attains its maximum.

Set ¢ := 40 (1 + 2Cy)e® and introduce the function

O@) i= v (2) — u(@) — 2 (L [)(@)) = TJof? — cla — a2

where |z — 2| is the standard Euclidean distance between z and #. We have
¢(z) = ¢(&) and also, by the definition of Z,

o) = d(z) = [B(2) - ()] + [6(x) — Bx)] > $(x) — d(x)
> =2 [o(Zs (@) — oS5 [ul(@))] + e
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for every x € OB(&,¢) NI, where B(#,¢) = {x € RY : |z — #| < &}. Using
the estimates in (5.6), Lemma 5.3 and recalling the definition of ¢, we get
3(2) = d(x) > = C1[2C0e° + (1 + [|Dul|oo + | D*ull o0 )e]E?

+4C1 (1 + 2Cp)e®0 > 0

for every & € B(&,¢) NT=. Therefore, ¢ attains a maximum at some point
Z € B(z,e) NT*.
Let us prove that there exists a constant M; > 0 (independent of € and 7)
such that )

n2lE| < M. (5.8)

By Lemma 5.1, Lemma 5.3 and the inequality ¢(&) > ¢(0), we obtain
gw < 4CH + 204 (1 + 2Cy)e>

We deduce that, for M; sufficiently large, we have 5'/2|&| < M;/2 and
therefore

1, 1, 1. 1 M 1 1
n2 |z < n2|2[ +nz|x — 7 §77271+7726§772M1,

hence (5.8).
We claim that there exists a constant M (independent of € and 7) such that

W (F) —u(d) < M [55 + n1/2] . (5.9)

We first show that & ¢ V¢. Indeed, assume by contradiction that & = v; €
V¢, By adding the term —dr(z, )2, where dr is the geodesic distance on
the network, it is not restrictive to assume that  is a strict maximum point
for ¢ and therefore da¢(v;) > 0 for all a € AS (recall the definition of d,
as the outward derivative at the vertex). Since u® and v solve respectively
(5.1) and (5.2), by Lemma 5.4 we have

0< Z Yiata a¢ VZ Z 'unua o <U + g|$|2 + C|$ — i|2) =0,
acA; acA; e
a contradiction and therefore & € (B(%,e)NI'¥)\ V=, Let a € A be such that
Z € I, and e, a unit vector parallel to I';,. Since u® satisfies (5.1) and 7 is
a maximum point for u®(z) — [u(z) + %v(z/e; [u](2)) + n|z|*/2 + c|z — £|?],
we have

0 >u® (&) — pad? [u(x) + 621)(;3 [u] (%)) + g|"17|2 +cfr - iﬂFL:fn *

) (5.10)
0 |u(@) + (5 (@) + el +ele — 2] ).

m | &
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We compute
2. (L, N 2 412
Ou(z) +e v(=; [Wl(@)) + Szl + clo — 2 loes
[ul(2)) + 0T - eq + 2¢(T — ) - eq,
and

0 [u@) + £'o(Z3 (@) + Gl + el - 3], =

=Du(@)eq - ea + O50(: [ul(@))] + 1+ 2.

Replacing the previous identities in (5.10) and using Lemma 5.1, Lemma
5.3, (5.8) and T € B(Z,e) NI'¢, we get

0 >u® (&) — pa (D*u(Z)eq - €q + 0; So(Z/e; [ul(2))) +H<a~:, g,Du(aE) . ea)
—M;(eCo(1 + 2C)) + n'2My + 2ce +n + 2c) > uf (%)
e (Du@)ea - eo+ S0 /23 (@) + H (2, L Du(d)-e,)

~My (e + /%) = w*(%) + H(#, Du(#), D*u(#)) — Ma(” + n'/?)

=u (%) — u(@) — Ma(e® +1'/?)
for some M, which may change from line to line but is always independent
of ¢ and ~; hence (5.9). For every x € I'®, by ¢(Z) > ¢(2) = ¢(z) > ¢(z),
we get by (5.9), Lemma 5.3 and Lemma 5.1

u () — (@) < [ut(Z) — u(@)] + [u(@) — u(Z)]+
e [v(z/e; [u)(2)) — v(@/e; [u](2))] + \»ﬂz
(

< M, [a +n1/2} + Coe 4+ 205(1 4 2Cy)e + 2 \xP

Letting n — 0%, we deduce
uf () — u(z) < Myl Vo e T°.

Reversing the role of u and uf, we get the statement. O
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A Appendix

Proof of Lemma 5.1. The proofs of existence and uniqueness of such a p and
of relation (5.5) rely on an easy adaptation of standard techniques; we refer
the reader to [3, 4, 12]. Relation (5.6) is due to (3.17) and (5.5).

We prove an explicit formula for p. Recall that, by the assumptions,
there are N different Hamiltonians Hy and N viscosity coefficients ux, k =
1,..., N, corresponding to the vectors e;. Integrating the HJ equation in
(5.3) along the N arcs I'y parallel to ey exiting from v; and denoting with
Wi, Y the corresponding coefficients in the Kirchhoff condition, we have

N
0= [ (=B o+ Xy u/2) + H(.p. 0, (P-2)) + pldy. (A1)
k=1

[

By periodicity of v, we have
[ 80wy = 0.,0(1) = 2.,0(0) = ~0-,0(0) 8,00,
€k

Replacing the previous identity in (A.1), we have
N

N
0= Z’yk,uk[@_ekv(O) + 0¢,,v(0)] + Z’Yk[Xek - e
k=1 k=1

N
+/ H(z,y,P-ep)dyl +p > Vi
€k k=1
Therefore, taking into account the Kirchhoff condition in (5.3) at v; = 0 and
observing that v = v_j, where y_ is the coefficient v, for the arc —eg, we
get (5.4).
O

Proof of Lemma 5.3. The statement is obtained by standard arguments; for
problem (5.1), we refer the reader to [5, Theorem 15.5.1], [18] and [20] while
for problem (5.2) we refer to [3, 4]. O

Proof of Lemma 5.4. Let g : R — R be a smooth function. Since vjq = Yo
and 74, ie only depend on the direction ey, parallel to 'y, we have
N

> YiataOag(vi) = Dg(vi) - > (Velwer + Vrire—)
acA; k=1

N
= Dg(vi) - > (Vkpker — Yriner) = 0.
k=1
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