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A B S T R A C T

Geometric control theory, developed by Basile and Marro, and independently, by Wonham and
Morse in the 1970s revolves around characterizing the properties of finite dimensional, linear
and time-invariant systems using geometry. Some examples of these properties are invariance,
controllability and observability. The task addressed in this paper is to develop the geometric
tools for fractional systems using the diffusive representation (also known as the distributed
frequency) model. The mathematics involved in this approach is different from the classical case
as fractional systems are inherently infinite dimensional. Unlike the integer order derivative,
the fractional derivative is a non-local operator, and so the evolution of the so-called pseudo-
state depends on not just its current value but also its past history. Thus, the notion of an
initial condition for a fractional system can come in different forms. This leads to different
kinds of fractional derivative operators. With some of these operators, the semigroup property
is lost. With the distributed frequency model, the initial condition comes in the form of an
initialization function. This takes care of the infinite dimensional nature of fractional systems.
Furthermore, the distributed frequency model retains the semigroup property. This is useful
in developing invariance and controlled invariance for fractional systems. Moreover, these
properties of fractional systems are verified numerically using a higher order finite-dimensional
approximation, which retains all the geometric properties of the distributed frequency model.

. Introduction

Fractional systems are dynamical systems characterized by a non-integer order of differentiation of the variables involved.
ractional systems have been successfully used in a wealth of applications [1]. These include signal processing [2], control [3–
] electronics [7] and multi-agent systems [8], to name a few. In general, fractional models arise naturally in the mathematical
escription of systems characterized by memory behavior such as heat diffusion, and fractal structures such as repeated electric
omponents and patterned systems [9,10].

Similarly to the integer case, a linear fractional system can be represented in the time domain or in the frequency domain
i.e., fractional transfer functions). The same input–output behavior, captured by a fractional transfer function, can correspond to
ifferent time-domain descriptions of the fractional system.

A sound approach that takes into account the infinite-dimensional nature of fractional systems in its entirety relies on the so-called
requency-distributed (or diffusive) representation of fractional systems, see [11–19]. This method hinges on a description of the
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fractional system that uses a partial differential equation in two variables: one is a time coordinate, and the other – usually denoted
by 𝜔 – is used to characterize the infinite dimensional state of the system at any point in time. Importantly, this approach does
not rely on any notion of fractional derivative, and it leads to the same input–output behavior of fractional systems defined using
fractional derivatives. Interestingly, using this method the initial condition of the system becomes a function of 𝜔, which entirely
characterizes the natural evolution of the system from any point in time onward, thus guaranteeing the semigroup property.

Over the past two decades, the theory of fractional diffusive systems has been developed leading to important results such as
stability, controllability, and techniques for initialization. However, there are important aspects of the theory of fractional diffusive
systems which are yet to be addressed and understood. In particular, a geometric theory for this class of fractional systems has
never been developed. Geometric control is instrumental in the understanding of structural system-theoretic properties of dynamical
systems. In geometric control, the focus is on the subspaces where the trajectories of the pseudo-state of the system evolve, and
their characterization in terms of invariance properties [20–22]. Moreover, the geometric approach to control theory provides the
natural set of tools for the solution of important control and estimation problems including disturbance decoupling, model matching,
unknown-input observation and monotonic tracking to name a few; see [23,24] and the references therein. The theory of geometric
control for fractional systems has only been recently developed in [25] for fractional systems involving the Caputo derivative, which,
however, suffers from the problem deriving from forcing a finite-dimensional structure onto an inherently infinite-dimensional
system. In fact, fractional systems are inherently infinite dimensional, meaning that the corresponding state space is an infinite
dimensional vector space. As such, the fractional derivative is not a local operator, unlike integer order derivatives. This means
that in order to compute a fractional derivative of a function 𝑓 at a point, say 𝑡, it is not enough to know the behavior of 𝑓 on
an arbitrarily small neighborhood around 𝑡. As a results, fractional models relying on any definition of fractional derivative do not
njoy the semigroup property. In other words, knowing the state at a specific point in time is not sufficient to uniquely determine the
uture evolution of the system. In addition, there exists many non-equivalent definitions of fractional derivatives [26,27], and any
efinition of fractional system that relies on the notion of a fractional derivative suffers from initialization issues [11]. Although
hese issues can be addressed by defining the initial condition of the system as a function of time (referred to as initialization
unction), see [28,29], the time invariance cannot be recovered, and the system defined using the notion of fractional derivative
oes not enjoy the semigroup property.

In this paper, we develop a geometric theory for fractional diffusive systems, and we use it to address the disturbance decoupling
roblem by pseudo-state feedback and dynamic output feedback. In particular, we first introduce a notion of invariance. Importantly,
e extend the concept of analytic continuation from a segment to prove that this class of infinite dimensional systems enjoys the
roperty that if a pseudo-state trajectory is entirely contained in an invariant subspace, then the initialization function is also
ontained in the same subspace almost everywhere. This implication normally ceases to be true for infinite dimensional systems,
ut it holds true for diffusive fractional systems, and it allows to retain some of the properties that finite LTI systems enjoy.

We then introduce and develop a theory of controlled invariance and its dual (i.e., conditioned invariance), and we show that
f the initialization function lies on a controlled invariant subspace, then it is always possible to force the pseudo-state trajectory
f the system to evolve on that subspace. We also conjecture the opposite implication, and we show that this is actually the case
or some classes of control input functions. This suggests that it is impossible to force the trajectory of a fractional diffusive system
n a controlled invariant subspace if the initialization function does not belong to the same controlled invariant subspace. While
his is obvious if we restrict ourselves to a pseudo-state feedback, there are instances where other types of fractional systems can
e forced to evolve on a controlled invariant subspace using a suitable feedforward control function, even if the past pseudo-state
rajectory was not contained on such controlled invariant subspace [25]. This does not seem to be the case with diffusive fractional
ystems irrespective of the type of control utilized. This is a major difference which highlights the fact that using a control other
han a pseudo-state feedback does not offer more flexibility, at least for what concerns maintaining trajectories on subspaces of the
seudo state-space.

As aforementioned, the last part of the paper deals with the most important application of geometric control theory: the
isturbance decoupling problem. Surprisingly, when we consider fractional diffusive systems, the conditions under which the
isturbance decoupling problem is solvable remain the same of systems based on Caputo Derivative. However, the formal derivation
f the result is radically different, and, as such, we believe that it is valuable per se as it adds insight in this important class of systems.

We conclude by illustrating via numerical examples how the developed theory can be applied to the design of the controller,
which is, at least in the latter case, another diffusive fractional system.

2. Distributed frequency model

In this paper we are concerned with models in the form
𝜕𝑧
𝜕𝑡

(𝜔, 𝑡) = − 𝜔𝑧(𝜔, 𝑡) + 𝑣(𝑡), 𝑧(𝜔, 𝑡0) = 𝑧0(𝜔), (1)

𝑥(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)𝑧(𝜔, 𝑡)d𝜔, (2)

where 𝑣 is the input, 𝑧 is referred to as a frequency state variable, and 𝑧0 is the initialization function, and 𝜇𝛼(𝜔) =
sin(𝜋𝛼)

𝜋
𝜔−𝛼 ,

see [17].
We begin showing that, if we take the Laplace transform of (1)–(2), we obtain the input–output relation

𝑋(𝑠) = 1 𝑉 (𝑠), (3)
2

𝑠𝛼



Communications in Nonlinear Science and Numerical Simulation 136 (2024) 108088V. Arumugam et al.

I

T

where 𝑋 and 𝑉 are the Laplace transforms of 𝑥 and 𝑣, respectively. It is well known that the frequency distributed model (1)–(2)
and the fractional integrator 1

𝑠𝛼
are equivalent. The standard proof of this property involves the integral identity

∫

∞

0

sin(𝜋𝛼)
𝜋𝜔𝛼

1
𝑠 + 𝜔

d𝜔 = 1
𝑠𝛼

, (4)

which can be evaluated using a keyhole contour integral; see [17]. In this paper we propose an alternative derivation of (4) using
the Euler’s reflection formula 𝛤 (𝑧)𝛤 (1 − 𝑧) = 𝜋∕ sin(𝜋𝑧), where 𝛤 (𝑧) is the Euler gamma function.1

Theorem 2.1. The system described by (1)–(2) has the same transfer function as the system described by (3).

Proof. Taking the Laplace transform of the partial differential equation in (1) under zero initial conditions yields

𝑠𝑍(𝜔, 𝑠) = −𝜔𝑍(𝜔, 𝑠) + 𝑉 (𝑠),

whence

𝑍(𝜔, 𝑠) = 1
𝑠 + 𝜔

𝑉 (𝑠). (5)

Taking the Laplace transform of both sides of (2) and substituting for 𝑍(𝜔, 𝑠) from (5) yields the following:

𝑋(𝑠) = ∫

∞

0
𝜇𝛼(𝜔)𝑍(𝜔, 𝑠)d𝜔

= ∫

∞

0
𝜇𝛼(𝜔)

1
𝑠 + 𝜔

𝑉 (𝑠)d𝜔

=
(

∫

∞

0
𝜇𝛼(𝜔)

1
𝑠 + 𝜔

d𝜔
)

𝑉 (𝑠).

t suffices to show the identity in (4). Recall the Euler reflection formula

𝛤 (𝑧)𝛤 (1 − 𝑧) = 𝜋
sin(𝜋𝑧)

, (6)

where

𝛤 (𝑧) = ∫

∞

0
𝑥𝑧−1𝑒−𝑥d𝑥.

Consider

𝛤 (𝛼)𝛤 (1 − 𝛼) = ∫

∞

0
𝑥𝛼−1𝑒−𝑥d𝑥∫

∞

0
𝑦−𝛼𝑒−𝑦d𝑦

= ∫

∞

0 ∫

∞

0
𝑥𝛼−1𝑦−𝛼𝑒−(𝑥+𝑦)d𝑥d𝑦.

For some 𝑠 ∈ C, let 𝑡 and 𝜔 be a change of variables from 𝑥 and 𝑦 with 𝑥 = 𝑠𝑡 and 𝑦 = 𝜔𝑡. Then the corresponding Jacobian
determinant is

|𝐽 | =

|

|

|

|

|

|

|

|

𝜕𝑥
𝜕𝑡

𝜕𝑥
𝜕𝜔

𝜕𝑦
𝜕𝑡

𝜕𝑦
𝜕𝜔

|

|

|

|

|

|

|

|

=
|

|

|

|

|

𝑠 0
𝜔 𝑡

|

|

|

|

|

= 𝑠𝑡.

he boundaries of integration with these new variables remain unchanged. Thus,

𝛤 (𝛼)𝛤 (1 − 𝛼) = ∫

∞

0 ∫

∞

0
(𝑠𝑡)𝛼−1(𝜔𝑡)−𝛼𝑒−(𝑠𝑡+𝜔𝑡)𝑠𝑡d𝑡d𝜔

= ∫

∞

0 ∫

∞

0
𝑠𝛼−1+1𝑡𝛼−1−𝛼+1𝜔−𝛼𝑒−(𝑠𝑡+𝜔𝑡)d𝑡d𝜔

= ∫

∞

0 ∫

∞

0
𝑠𝛼𝜔−𝛼𝑒−(𝑠𝑡+𝜔𝑡)d𝑡d𝜔

= 𝑠𝛼 ∫

∞

0
𝜔−𝛼

∫

∞

0
𝑒−𝑠𝑡𝑒−𝜔𝑡d𝑡d𝜔

= 𝑠𝛼 ∫

∞

0
𝜔−𝛼{𝑒−𝜔𝑡}d𝜔

= 𝑠𝛼 ∫

∞

0
𝜔−𝛼 1

𝑠 + 𝜔
d𝜔

1 Notice that another alternative proof, which makes use of the beta function can be found in [30].
3
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By (6),

𝜋
sin(𝜋𝛼)

= 𝑠𝛼 ∫

∞

0

𝜔−𝛼

𝑠 + 𝜔
d𝜔,

whence,

∫

∞

0

𝜇𝛼(𝜔)
𝑠 + 𝜔

d𝜔 = ∫

∞

0

sin(𝜋𝛼)
𝜋

𝜔−𝛼

𝑠 + 𝜔
d𝜔 = 1

𝑠𝛼
.

Therefore,

𝑋(𝑠) = 1
𝑠𝛼

𝑉 (𝑠),

s required. ■

It is common to represent a system such as (3) in the time domain as a fractional differential equation of the form 𝛼𝑥(𝑡) = 𝑣(𝑡),
here the operator 𝛼 is a differential operator of fractional order 𝛼. We note that there are multiple definitions of fractional
erivatives (the most well known include Riemann–Liouville, Caputo and Grünwald–Letnikov derivatives). However, irrespective of
he chosen definition of fractional derivative, the input–output behavior of the above equation is the same, thereby leading to (3).
he problem with any approach relying on fractional derivatives – irrespective of the particular definition – is that the resulting
ractional system does not enjoy the semigroup property, as outlined in the Introduction. In other words, the use of a fractional
erivative hides the infinite-dimensional nature of the system, which, however, cannot be ignored when solving an initial value
roblem.

To overcome this limitation, in this paper we use the diffusive representation of fractional systems that does not involve any
ractional derivative.

Importantly, the distributed frequency model can be used to model fractional systems given by ratios of fractional polynomials.
n fact, taking 𝑉 (𝑠) = 𝐴𝑋(𝑠) +𝐵𝑈 (𝑠) we find that 𝑋(𝑠) = (𝑠𝛼 𝐼 −𝐴)−1𝐵𝑈 (𝑠), and adding the output equation 𝑌 (𝑠) = 𝐶 𝑋(𝑠) +𝐷𝑈 (𝑠)
e obtain 𝑌 (𝑠) = 𝐺(𝑠)𝑈 (𝑠), where 𝐺(𝑠) = 𝐶 (𝑠𝛼 𝐼 − 𝐴)−1𝐵 + 𝐷 as required, see [17] for details of the derivation. It is now clear
hy the variable 𝑥 is commonly referred to as pseudo-state: the information that 𝑥 carries at any point in time is not sufficient

to compute the future evolution of the system. In fact, in this context, the knowledge of the function 𝑧(𝜔, ⋅) at a given instant is
equired to integrate the differential equation. However, 𝑥 has the same structure of the state of a classical integer system, in that
t obeys 𝑋(𝑠) = (𝑠𝛼 𝐼 − 𝐴)−1𝐵𝑈 (𝑠).

3. Geometric foundations

A crucial building block for solving the disturbance decoupling problem is the notion of controlled invariance. It turns out to be
more convenient and natural to consider an even more fundamental notion, namely, the concept of invariance.

3.1. Invariance

The classical notion of 𝐴-invariance for fractional systems using the distributed frequency model is considered in this section. We
onsider a model in the form (1)–(2). Solving the partial differential equation in (1) using the Laplace transform yields the following
olution for 𝑧(𝜔, 𝑡):

𝑧(𝜔, 𝑡) = 𝑒−𝜔(𝑡−𝑡0)𝑧0(𝜔) + ∫

𝑡

𝑡0
𝑒−𝜔(𝑡−𝜏)𝑣(𝜏)d𝜏. (7)

To characterize invariance for fractional systems, consider the homogeneous system
𝜕𝑧
𝜕𝑡

(𝜔, 𝑡) = − 𝜔𝑧(𝜔, 𝑡) + 𝐴𝑥(𝑡), 𝑧(𝜔, 𝑡0) = 𝑧0(𝜔), (8)

𝑥(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)𝑧(𝜔, 𝑡)d𝜔, (9)

Definition 3.1. A subspace  of the pseudo-state space R𝑛 is said to be an invariant of the homogeneous fractional system in (8)
if for every initialization function 𝑧0(𝜔) that is in  almost everywhere, the corresponding trajectory 𝑥(𝑡) is in  for all 𝑡 ⩾ 𝑡0.

Recalling that a subspace  is 𝐴-invariant if 𝐴 ⊆  , the following theorem characterizes 𝐴-invariant subspaces by conditions
on trajectories of the pseudo-state.

Theorem 3.2. Consider the system in (8) and let  be a subspace of R𝑛. Then the following statements are equivalent:

(i) The subspace  is invariant;
(ii) The subspace  is 𝐴-invariant, i.e., 𝐴 ⊆  ;
(iii) For every trajectory 𝑥(𝑡) that is in  for all 𝑡 ⩾ 𝑡0, the corresponding initialization function 𝑧0(𝜔) is in  almost everywhere.

The following lemmata are required to prove this theorem.
4
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Lemma 3.3 (Analytic Continuation From a Segment). Let 𝑓 be an analytic function on an open and connected set ℵ in the complex plane
containing the line segment (𝑎, 𝑏) where 𝑎, 𝑏 ∈ R with 𝑎 < 𝑏. If 𝑓 (𝑧) = 0 for all 𝑧 ∈ (𝑎, 𝑏), then 𝑓 (𝑧) = 0 for all 𝑧 ∈ ℵ.

Proof. Consider an arbitrary point 𝑐 ∈ (𝑎, 𝑏). Because 𝑓 is analytic, it can be locally expanded as a power series about 𝑐, that is,
there exists a 𝜌0 > 0 such that

𝑓 (𝑧) =
∞
∑

𝑘=0
𝑎𝑘(𝑧 − 𝑐)𝑘

for all 𝑧 = 𝑐 + 𝜌 exp(𝑖𝜃) with 𝜌 < 𝜌0 and 𝜃 ∈ [0, 2𝜋). The claim is that 𝑎𝑘 = 0 for every 𝑘 ∈ N. This can be argued by contradiction.
Let 𝑘0 be the smallest 𝑘 such that 𝑎𝑘0 ≠ 0. Locally around 𝑐, it follows that

𝑓 (𝑧) = (𝑧 − 𝑐)𝑘0
∞
∑

𝑚=0
𝑏𝑚(𝑧 − 𝑐)𝑚,

where 𝑏𝑚
def
= 𝑎𝑚+𝑘0 for every 𝑚 ∈ N. Thus, 𝑏0 = 𝑎𝑘0 ≠ 0. Hence,

𝜑(𝑧)
def
=

∞
∑

𝑚=0
𝑏𝑚(𝑧 − 𝑐)𝑚

is an analytic function in a neighborhood of 𝑐 and it is non-zero at 𝑐. By continuity of 𝜑, it follows that 𝜑(𝑧) is also non-zero in a ball
of radius 𝜀1 with center 𝑐. Let 0 < 𝜀 < min{𝜀1, 𝜌0} such that 𝑧0

def
= 𝑐 + 𝜀 < 𝑏. Note that 𝑧0 ∈ (𝑎, 𝑏). Consequently, 𝑓 (𝑧0) = 𝜀𝑘0𝜑(𝑧0) ≠ 0,

which is a contradiction since 𝑧 ∈ (𝑎, 𝑏) and 𝑓 (𝑧) = 0 for all 𝑧 ∈ (𝑎, 𝑏). It follows that in an open neighborhood of 𝑐 in the complex
plane, 𝑓 (𝑧) = 0. Therefore, 𝑓 is zero in ℵ by the principle of analytic continuation. ■

Remark 1. Note that this lemma is stronger than the usual principle of analytic continuation found in many complex analysis
texts. The standard principle of analytic continuation requires the behavior of the function to be known in neighborhood ℵ. The
line segment (𝑎, 𝑏) is not a neighborhood in the complex plane.

Lemma 3.4 (Analyticity of the Laplace Transform). The Laplace transform of a function is analytic in the region of convergence.

This result follows from Fubini’s theorem and Morera’s theorem and it can be found in [31]. This last lemma shows that the
Leibniz rule holds for Eq. (2).

Lemma 3.5. Consider a solution of (1) such that 𝜇𝛼(𝜔)𝑧(𝜔, 𝑡) is integrable over [0,∞) with respect to 𝜔 for each 𝑡 ∈ [0,∞). Then, for
every 𝑡 ∈ [0,∞)

𝑥̇(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)

𝜕𝑧(𝜔, 𝑡)
𝜕𝑡

d𝜔.

roof. We need to show the following two points:

L1. 𝜇𝛼(𝜔)
𝜕𝑧
𝜕𝑡 exists for almost all 𝜔 and 𝑡 in [0,∞); and

L2. 𝜇𝛼(𝜔)
𝜕𝑧
𝜕𝑡 is integrable over [0,∞) with respect to 𝜔 for each 𝑡 ∈ [0,∞).

The first point follows since (1) holds for almost all 𝜔, 𝑡 ⩾ 0. Now we check the last point. Consider the following integral

∫

∞

0
𝜇𝛼

𝜕𝑧
𝜕𝑡

d𝜔 = ∫

∞

0
𝜇𝛼

(

−𝜔𝑧(𝜔, 𝑡) + 𝑣(𝑡)
)

d𝜔

= ∫

∞

0
𝜇𝛼

(

−𝜔𝑧0(𝜔)𝑒−𝜔𝑡 − 𝜔∫

𝑡

0
𝑒𝜔(𝑡−𝜏)𝑣(𝜏)d𝜏 + 𝑣(𝑡)

)

d𝜔

=
sin(𝜋𝛼)

𝜋 ∫

∞

0
−𝜔1−𝛼𝑧0(𝜔)𝑒−𝜔𝑡 −

1
𝜔𝛼

(

𝜔∫

𝑡

0
𝑒𝜔(𝑡−𝜏)𝑣(𝜏)d𝜏 − 𝑣(𝑡)

)

d𝜔.

ince

∫

∞

0
𝜔1−𝛼𝑧0(𝜔)𝑒−𝜔𝑡d𝜔

s finite, we only need to show that

∫

∞

0

1
𝜔𝛼

(

𝜔∫

𝑡

0
𝑒𝜔(𝑡−𝜏)𝑣(𝜏)d𝜏 − 𝑣(𝑡)

)

d𝜔

is finite. Indeed, we proceed as follows:
∞ 1

(

𝜔
𝑡
𝑒−𝜔(𝑡−𝜏)𝑣(𝜏)d𝜏 − 𝑣(𝑡)

)

d𝜔
5

∫0 𝜔𝛼 ∫0
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= ∫

∞

0

1
𝜔𝛼

(

𝜔
(

𝑣(𝑡) − 𝑒−𝜔𝑡𝑣(0)
𝜔

− ∫

𝑡

0

𝑒−𝜔(𝑡−𝜏)𝑣′(𝜏)
𝜔

d𝜏
)

− 𝑣(𝑡)
)

d𝜔

= ∫

∞

0

1
𝜔𝛼

((

𝑣(𝑡) − 𝑒−𝜔𝑡𝑣(0) − ∫

𝑡

0
𝑒−𝜔(𝑡−𝜏)𝑣′(𝜏)d𝜏

)

− 𝑣(𝑡)
)

d𝜔

= ∫

∞

0

1
𝜔𝛼

(

−𝑒−𝜔𝑡𝑣(0) − ∫

𝑡

0
𝑒−𝜔(𝑡−𝜏)𝑣′(𝜏)d𝜏

)

d𝜔.

It is easy to check that

∫

∞

0

1
𝜔𝛼

(

−𝑒−𝜔𝑡𝑣(0)
)

d𝜔

is finite. Moreover,

∫

∞

0

1
𝜔𝛼 ∫

𝑡

0
𝑒−𝜔(𝑡−𝜏)𝑣′(𝜏)d𝜏d𝜔 ⩽ ∫

∞

0

1
𝜔𝛼 𝑀 ∫

𝑡

0
𝑒−𝜔(𝑡−𝜏)d𝜏d𝜔

⩽ 𝑀 ∫

∞

0

𝑒−𝜔𝑡 − 1
𝜔𝛼+1

d𝜔 < ∞,

where 𝑀
def
= sup{𝑣′(𝜉) | 𝜉 ∈ [0, 𝑡]}. ■

The proof of Theorem 3.2 is presented below.

roof. First, consider the statement (i) implies (ii). Let 𝑇 = [𝑇1 𝑇2] be a change of coordinates matrix where 𝑇1 is a basis for  and
2 is a basis for  ⟂. Then letting 𝑧(𝜔, 𝑡), 𝑥(𝑡) and 𝐴 represent the coordinates of 𝑧(𝜔, 𝑡), 𝑥(𝑡) and 𝐴, respectively in this new basis
ields the following:

𝑧(𝜔, 𝑡) =
[

𝑧′(𝜔, 𝑡)
𝑧′′(𝜔, 𝑡)

]

, 𝑥(𝑡) =
[

𝑥′(𝑡)
𝑥′′(𝑡)

]

and 𝐴 =
[

𝐴11 𝐴12
𝐴21 𝐴22

]

. (10)

To show that 𝐴 ⊆  , it suffices to prove that 𝐴21 = 0. Notice that since 𝑥(𝑡) ∈  for all 𝑡 ⩾ 𝑡0, it follows that 𝑥̇′′(𝑡) = 0 for all 𝑡 ⩾ 𝑡0.
Thus,

𝑥̇′′(𝑡0) = ∫

∞

0
𝜇𝛼(𝜔)

𝜕𝑧′′

𝜕𝑡
(𝜔, 𝑡0)d𝜔

= ∫

∞

0
𝜇𝛼(𝜔)(−𝜔𝑧′′0 (𝜔) + 𝐴21𝑥

′(𝑡0))d𝜔

= ∫

∞

0
𝜇𝛼(𝜔)𝐴21𝑥

′(𝑡0)d𝜔, since 𝑧0(𝜔) ∈  for almost all 𝜔 ∈ [0,∞).

= 𝐴21𝑥
′(𝑡0)∫

∞

0
𝜇𝛼(𝜔)d𝜔. (11)

It is easy to check that the integral in (11) diverges but 𝑥̇′′(𝑡0) = 0. Therefore, 𝐴21𝑥′(𝑡0) = 0, which implies that 𝑥′(𝑡0) ∈ ker 𝐴21. But
recalling that 𝑥′(𝑡0) can be made arbitrary by selecting an appropriate 𝑧0(𝜔), it follows that 𝐴21 = 0. Thus, 𝐴 ⊆  .

Next consider the statement (ii) implies (i). Suppose that a subspace  is 𝐴-invariant. That is, 𝐴 ⊆  . Assume that 𝑧0(𝜔) ∈ 
almost everywhere. Using the principle of induction over the continuum2 (also known as real induction), to show that 𝑥(𝑡) ∈  for
ll 𝑡 ⩾ 𝑡0, it suffices to show the following three statements:

(a) 𝑥(𝑡0) ∈  ;
(b) 𝑥(𝑡0) ∈  implies that there exists a 𝑡1 > 𝑡0 such that 𝑥(𝑡) ∈  for all 𝑡 ∈ [𝑡0, 𝑡1);
(c) 𝑥(𝑡) ∈  for all 𝑡 ∈ [𝑡0, 𝑡1) implies that there exists a 𝑡2 > 𝑡1 such that 𝑥(𝑡) ∈  for all 𝑡 ∈ [𝑡0, 𝑡2).

learly, condition (a) follows from the assumption 𝑧0(𝜔) ∈  for almost all 𝜔 ∈ [0,∞). Now assuming that 𝑥(𝑡0) ∈  , there are two
ases3 to consider: either there exists a 𝑡 such that for all 𝑡 ∈ (𝑡0, 𝑡), 𝑧(𝜔, 𝑡) ∉  for a set of 𝜔 with nonzero Lebesgue measure or there
xists a 𝑡 such that for some 𝑡 > 𝑡 > 𝑡0, 𝑧(𝜔, 𝑡) ∉  on a set of 𝜔 with positive Lebesgue measure. In the former case, the following
ust be true:

𝜕𝑧
𝜕𝑡

(𝜔, 𝑡0) ∉ 

2 The principle of induction over the continuum, equivalent to the least upper bound property of the real numbers is the following. Let 𝑎 ∈ R and 𝑆 ⊆ [𝑎,∞)
ith the following three properties:
(i) 𝑎 ∈ 𝑆;
(ii) If 𝑎 ∈ 𝑆 then there exists a real number 𝑥 > 𝑎 such that [𝑎, 𝑥) ⊆ 𝑆;
(iii) For all 𝑥 ∈ R, if [𝑎, 𝑥) ⊆ 𝑆, then there exists a real number 𝑦 > 𝑥 such that [𝑎, 𝑦) ⊆ 𝑆.
Then 𝑆 = [𝑎,∞).
3 The case where 𝑧(𝜔, 𝑡) ∈  for almost all 𝜔 ∈ [0,∞) and all 𝑡 ⩾ 𝑡0 need not be considered in the following argument since that would imply 𝑥(𝑡) ∈  for
6

ll 𝑡 ⩾ 𝑡0.
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for a set of 𝜔 with positive Lebesgue measure. But observe that
𝜕𝑧
𝜕𝑡

(𝜔, 𝑡0) = −𝜔𝑧0(𝜔) + 𝐴𝑥(𝑡0) ∈ 

or almost all 𝜔 ∈ [0,∞) since 𝑧0(𝜔) ∈  for almost all 𝜔 ∈ [0,∞) and 𝐴𝑥(𝑡0) ∈  . This is a contradiction. Therefore, the former case
annot occur. In the latter case, choosing 𝑡1 = (𝑡0 + 𝑡)∕2 yields 𝑧(𝜔, 𝑡) ∈  for all 𝑡 ∈ [𝑡0, 𝑡1), whence by (2), 𝑥(𝑡) ∈  for all 𝑡 ∈ [𝑡0, 𝑡1).

Hence, condition (b) is satisfied. Finally, to show (c), suppose that 𝑥(𝑡) ∈  for all 𝑡 ∈ [𝑡0, 𝑡1). Similar to (b), there are two cases4 for
𝑥: either there exists a 𝑡 > 𝑡1 such that for all 𝑡 ∈ (𝑡1, 𝑡), 𝑥(𝑡) ∉  or there exists a 𝑡 > 𝑡1 for which 𝑥(𝑡) ∈  for some 𝑡 ∈ [𝑡1, 𝑡). Note
hat (c) follows immediately from the latter case. The former case cannot occur and it can be shown by contradiction. Notice that
(𝑡) ∉  for all 𝑡 ∈ (𝑡1, 𝑡) only if 𝑥̇(𝑡1) ∉  . Moreover, 𝑥(𝑡) ∈  for all 𝑡 ∈ [𝑡0, 𝑡1) implies that 𝑧(𝜔, 𝑡1) ∈  for all 𝑡 ∈ [𝑡0, 𝑡1) by (7). So
2) implies that 𝑥(𝑡1) ∈  . Thus,

𝜕𝑧
𝜕𝑡

(𝜔, 𝑡1) = −𝜔𝑧(𝜔, 𝑡1) + 𝐴𝑥(𝑡1) ∈  .

Hence,

𝑥̇(𝑡1) = ∫

∞

0
𝜇𝛼(𝜔)

𝜕𝑧
𝜕𝑡

(𝜔, 𝑡1)d𝜔 ∈  ,

which is a contradiction. Thus, condition (c) also holds. Therefore, by the principle of real induction, 𝑥(𝑡) ∈  for all 𝑡 ⩾ 𝑡0.
Now, to show that (ii) implies (iii), suppose 𝑥(𝑡) ∈  for all 𝑡 ⩾ 𝑡0. Note that making a change of coordinates with the matrix 𝑇

yields the expression for 𝑧 in the first equation of (10). It suffices to show that 𝑧′′0 (𝜔) = 0 for almost all 𝜔 ∈ [0,∞). The solution to
1) can then be written as:

𝑧′(𝜔, 𝑡) = 𝑒−𝜔(𝑡−𝑡0)𝑧′0(𝜔) + ∫

𝑡

𝑡0
𝑒−𝜔(𝜏−𝑡0)𝐴𝑥(𝜏)d𝜏 (12)

𝑧′′(𝜔, 𝑡) = 𝑒−𝜔(𝑡−𝑡0)𝑧′′0 (𝜔), (13)

since  is 𝐴-invariant and 𝑥(𝑡) ∈  for all 𝑡 ⩾ 𝑡0. Because 𝑥(𝑡) ∈  , it must be that

∫

∞

0
𝜇𝛼(𝜔)𝑧′′(𝜔, 𝑡)d𝜔 = 0.

Substituting the solution from (13) yields

sin(𝜋𝛼)
𝜋 ∫

∞

0
𝜔−𝛼𝑒−𝜔(𝑡−𝑡0)𝑧′′0 (𝜔)d𝜔 = 0.

for all 𝑡 ⩾ 𝑡0. This is equivalent to

∫

∞

0
𝜔−𝛼𝑒−𝜔𝜏𝑧′′0 (𝜔)d𝜔 = 0 (14)

for all 𝜏 ⩾ 0. Observe that exchanging the variables 𝜔 and 𝜏 with 𝑡 and 𝑠, respectively, (14) can be rewritten as:

𝐹 (𝑠)
def
= 

{

𝑡−𝛼𝑧′′0 (𝑡)
}

= 0,

for all real 𝑠 ⩾ 0. Notice that this Laplace transform converges on the right half plane. Thus, it is analytic by Lemma 3.4. It follows
from Lemma 3.3 that 𝐹 (𝑠) = 0 for all 𝑠 in the right half plane. Hence, by the injectivity of the Laplace transform, it immediately
follows that 𝑡−𝛼𝑧′′0 (𝑡) = 0 for almost all 𝑡 ∈ [0,∞) which implies that 𝑧′′0 (𝜔) = 0 for almost all 𝜔 ∈ [0,∞).

Next consider the statement (iii) implies (ii). It is required to show that if a subspace has the property that 𝑥(𝑡) ∈  for all 𝑡 ⩾ 𝑡0
nly if 𝑧0(𝜔) ∈  for almost all 𝜔, then that subspace must be 𝐴-invariant. By the semigroup property of this model, it follows that
(𝑡) ∈  for all 𝑡 ⩾ 𝑡 ⩾ 𝑡0 if and only if 𝑧(𝜔, 𝑡) ∈  for almost all 𝜔 ∈ [0,∞). Since 𝑡 is arbitrary, it must be that 𝑧(𝜔, 𝑡) ∈  for all

𝑡 ⩾ 𝑡0 and for almost all 𝜔 ∈ [0,∞). Therefore,

𝜕𝑧
𝜕𝑡

(𝜔, 𝑡0) = lim
𝑡→𝑡0

𝑧(𝜔, 𝑡) − 𝑧(𝜔, 𝑡0)
𝑡 − 𝑡0

∈  .

Moreover, by (1),

𝐴𝑥(𝑡0) =
𝜕𝑧
𝜕𝑡

(𝜔, 𝑡0) + 𝜔𝑧(𝜔, 𝑡0) ∈  .

Also, 𝑥(𝑡0) can take any arbitrary value in  since there exists a 𝑧(𝜔, 𝑡0) for which

𝑥(𝑡0) = ∫

∞

0
𝜇𝛼(𝜔)𝑧(𝜔, 𝑡0)d𝜔.

As a result, 𝐴 ⊆  , as desired. ■

4 Again, the case where 𝑥(𝑡) ∈  for all 𝑡 ⩾ 𝑡 need not be considered.
7
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This shows the invariance property for fractional systems. In particular, note that condition (iii), the converse of condition (i),
olds for fractional systems of this kind. This is rather obvious in the classical case, since if 𝑥(𝑡) ∈  for all 𝑡 ⩾ 𝑡0, then clearly

𝑥0 = 𝑥(𝑡0) ∈  . However, this property is in general not guaranteed in infinite dimensional systems. The geometric theory with the
distributed frequency model forms a nice parallel with the classical theory. The analogue of this for controlled invariance is still a
subject of investigation.

3.2. Controlled invariance

In similar spirit, the concept of controlled invariant subspaces is stated below. In this case, the system considered is of the form
𝜕𝑧
𝜕𝑡

(𝜔, 𝑡) = − 𝜔𝑧(𝜔, 𝑡) + 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡), 𝑧(𝜔, 𝑡0) = 𝑧0(𝜔), (15)

𝑥(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)𝑧(𝜔, 𝑡)d𝜔, (16)

This system is also said to be inhomogeneous.

Definition 3.6. A subspace  of R𝑛 is said to be controlled invariant if for each initialization function 𝑧0(𝜔) in  , there exists a
control 𝑢 such that 𝑥(𝑡) ∈  for all 𝑡 ⩾ 𝑡0.

Controlled invariant subspaces are characterized geometrically in the following theorem. While the result matches the characteri-
zation of controlled invariance for classical systems, this characterization is not guaranteed to hold in general for infinite-dimensional
systems.

Theorem 3.7. Let  be a subspace of R𝑛. Then for a system of the form in (15), the following statements are equivalent:

(i)  is controlled invariant;
(ii) 𝐴 ⊆  + im𝐵;
(iii) There exists a matrix 𝐹 ∈ R𝑚×𝑛 such that (𝐴 + 𝐵𝐹 ) ⊆  ,

where im𝐵 denotes the image of matrix 𝐵.

Proof. First, to show (i) implies (ii), assume  is controlled invariant. So for all 𝑧0(𝜔) ∈  , there exists a control 𝑢 such that 𝑥(𝑡) ∈ 
for all 𝑡 ⩾ 𝑡0. For the sake of deriving a contradiction, suppose that 𝐴 ⊈  +im𝐵. Take 𝑧0(𝜔) ∈  such that 𝐴𝑥(𝑡0) ∉  +im𝐵. Then

𝑥̇(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)

𝜕𝑧
𝜕𝑡

(𝜔, 𝑡)d𝜔

= ∫

∞

0
𝜇𝛼(𝜔)(−𝜔𝑧(𝜔, 𝑡) + 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡))d𝜔,

by (1). Now consider orthogonally decomposing this system into two components: one in  and one in ⟂, where (⋅)′ and (⋅)′′ denote
the components of (⋅) in  and ⟂, respectively. Then since 𝑧0(𝜔) ∈  and 𝑥(𝑡) ∈  for all 𝑡 ⩾ 𝑡0, it follows that 𝑧′′0 (𝜔) = 0 and
𝑥̇′′(𝑡0) = 0. Thus,

𝑥̇′′(𝑡0) = ∫

∞

0
𝜇𝛼(𝜔)(𝐴𝑥(𝑡0) + 𝐵𝑢(𝑡0))′′d𝜔

= (𝐴𝑥(𝑡0) + 𝐵𝑢(𝑡0))′′ ∫

∞

0
𝜇𝛼(𝜔)d𝜔.

ecause the integral above diverges and 𝑥̇′′(𝑡0) = 0, it must be that (𝐴𝑥(𝑡0)+𝐵𝑢(𝑡0))′′ = 0. However, (𝐴𝑥(𝑡0)+𝐵𝑢(𝑡0))′′ ≠ 0 is immediate
rom the assumption 𝐴𝑥(𝑡0) ∉  + im𝐵. This is a contradiction and thus 𝐴 ⊆  + im𝐵.

The statement (ii) implies (iii) is a standard result, see for instance [22] for a proof of this.
Finally, to show (iii) implies (i), suppose there exists a matrix 𝐹 ∈ R𝑚×𝑛 such that (𝐴 + 𝐵𝐹 ) ⊆  . Let 𝑢(𝑡) = 𝐹𝑥(𝑡) and consider

n arbitrary 𝑧0(𝜔) ∈  . The partial differential equation governing the evolution of 𝑧(𝜔, 𝑡) is of the form

𝜕𝑧
𝜕𝑡

(𝜔, 𝑡) = −𝜔𝑧(𝜔, 𝑡) + (𝐴 + 𝐵𝐹 )𝑥(𝑡).

Applying Theorem 3.2, it follows that 𝑥(𝑡) ∈  for all 𝑡 ⩾ 𝑡0. Thus,  is controlled invariant. ■

If any control 𝑢 exists that can keep the pseudo-state in  then one can always implement a pseudo-state feedback 𝑢(𝑡) = 𝐹𝑥(𝑡)
hat can keep the pseudo-state trajectory in  . A state-feedback matrix satisfying (iii) in Theorem 3.7 will be referred to as a friend
f  .

As mentioned before, in this case, unlike the result on invariance, the converse of condition (i) is an open problem. That is, the
8

ruth of the following implication is not known: if there exists a control 𝑢 such that 𝑥(𝑡) ∈  for all 𝑡 ⩾ 𝑡0, then 𝑧0(𝜔) ∈  .
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3.3. The converse implication

The above section showed that, similarly to LTI systems, fractional controlled invariant subspaces guarantee that, if the
nitialization function belongs to the controlled invariant, then the pseudo-state trajectory can always evolve on that controlled
nvariant subspace by means of a pseudo-state feedback. However, one might wonder whether there are instances where we can
till evolve on a controlled invariant even if the initialization function does not belong to such a controlled invariant in a set of
on-zero Lebesgue measure by using a more general feedforward control. This is, in fact, the case for another class of fractional
ystems defined using the Caputo fractional derivatives, see [25]. More formally, the problem at hand can be expressed as follows.
et  be a controlled invariant subspace and let 𝑧0(𝜔) be such that

∫

∞

0
𝜇𝛼(𝜔) 𝑧0(𝜔) d𝜔 ∈  .

Under which conditions, if any, there exists a control 𝑢 such that 𝑥(𝑡) ∈  for all 𝑡 ≥ 0?
Let 𝑢 be a control such that

𝑥(𝑡) = ∫

∞

0
𝜇𝛼(𝜔) 𝑧(𝜔, 𝑡) d𝜔 ∈  . (17)

Assume, without loss of generality, that 𝑢 is a control in the form 𝑢(𝑡) = 𝐹 𝑥(𝑡) + 𝑣(𝑡), where 𝐹 is a friend of  , and 𝑣 is an arbitrary
(measurable) input signal. Using a change of coordinates in the pseudo-state space adapted to  and a change of coordinates in the
input space adapted to 𝐵−1 (see e.g. [22, p. 77]), we can write the differential equation in partitioned form as

𝜕
𝜕𝑡

[

𝑧1(𝜔, 𝑡)
𝑧2(𝜔, 𝑡)

]

= −𝜔
[

𝑧1(𝜔, 𝑡)
𝑧2(𝜔, 𝑡)

]

+

[

𝐴𝐹
1,1 𝐴𝐹

1,2
0 𝐴𝐹

2,2

]

[

𝑥1(𝑡)
0

]

+
[

𝐵1,1 𝐵1,2
0 𝐵2,2

][

𝑣1(𝑡)
𝑣2(𝑡)

]

,

where the sub-matrices are defined conformably with the changes of basis. This differential equation is decoupled, in the sense that
the evolution of 𝑧2(𝜔, 𝑡) only depends on 𝑣2, i.e., matrix 𝐴𝐹

2,2, is irrelevant for the evolution of the system. We can therefore write
the following equation

𝜕
𝜕𝑡
𝑧2(𝜔, 𝑡) = −𝜔𝑧2(𝜔, 𝑡) + 𝐵2,2 𝑣2(𝑡).

Since we have assumed that the control maintains the pseudo-state in  , then (17) is equivalent to

∫

∞

0
𝜇𝛼(𝜔) 𝑧2(𝜔, 𝑡) d𝜔 = 0

for all 𝑡 ≥ 0. The important problem, which is currently only a conjecture, is that for the existence of a control 𝑣2 such that
this latter equality is satisfied, 𝑧2(𝜔, 0) must be zero. This would imply that it is impossible to evolve on a controlled invariant
subspace unless the entire initialization function belongs to the controlled invariant subspace almost everywhere. This seems to
be a unique property of diffusive fractional systems. In fact, other infinite dimensional generalizations of the geometric control,
including fractional systems defined by Caputo fractional derivative, do not enjoy this property. At the moment, it is only possible
to prove this result under additional simplifying – but practically relevant – assumptions. We prove it, for the sake of argument, in
the scalar case. The same argument can be adapted – mutatis mutandis – to the vector case.

Theorem 3.8. Consider the differential equation
𝜕𝑧(𝜔, 𝑡)

𝜕𝑡
= −𝜔𝑧(𝜔, 𝑡) + 𝑢(𝑡). (18)

Let one of these assumptions hold:

(A1) 𝑢 is piecewise constant; or

(A2) 𝑢 is a ramp; or

(A3) 𝑢 is an exponential.

Then, if

∫

∞

0
𝜇𝛼(𝜔) 𝑧(𝜔, 𝑡) d𝜔 = 0,

then 𝑧(𝜔, 0) is equal to zero.

Proof. Let us consider (A1), so suppose that 𝑢(𝑡) = 𝑢0 for some constant 𝑢0 ∈ R. Then by (7), it follows that

𝑧(𝜔, 𝑡) = 𝑒−𝜔𝑡𝑧0(𝜔) +
𝑢0
𝜔

−
𝑢0𝑒−𝜔𝑡

𝜔
. (19)

We have

𝑥(𝑡) =
∞
𝜇𝛼(𝜔)𝑧(𝜔, 𝑡)d𝑡 = 0, (20)
9

∫0
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for all 𝑡 ⩾ 0. This implies that 𝑥̇(𝑡) = 0 for all 𝑡 ⩾ 0. Thus, by Lemma 3.5, we have

𝑥̇(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)

𝜕𝑧
𝜕𝑡

d𝑡 = 0. (21)

Now, from (19) we find 𝜕𝑧
𝜕𝑡 =

(

𝑢0
𝜔𝛼 − 𝑧0(𝜔)𝜔1−𝛼

)

𝑒−𝜔𝑡. Substituting this equality into (21) we find

𝑥̇(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)

( 𝑢0
𝜔𝛼 − 𝑧0(𝜔)𝜔1−𝛼

)

𝑒−𝜔𝑡d𝑡

= ∫

∞

0
𝑦(𝜔)𝑒−𝜔𝑡d𝑡, where 𝑦(𝜔)

def
= 𝜇𝛼(𝜔)

( 𝑢0
𝜔𝛼 − 𝑧0(𝜔)𝜔1−𝛼

)

.

Viewing 𝑥̇(𝑡) as the Laplace transform of 𝑦(𝜔) allows us to conclude that 𝑦(𝜔) = 0 for almost all 𝜔 ∈ [0,+∞). Therefore,
𝑢0
𝜔𝛼 − 𝑧0(𝜔)𝜔1−𝛼 = 0, i.e., 𝑧0(𝜔) = 𝑢0∕𝜔. This implies that 𝑧(𝜔, 𝑡) = 𝑢0∕𝜔 and for the integral ∫ ∞

0 𝜇𝛼(𝜔)
𝑢0
𝜔 d𝜔 to be zero, we must

ave 𝑢0 = 0. Hence, 𝑧0(𝜔) = 0.
Let us now consider 𝑢 to be a simple function, i.e., we define 𝑢(𝑡) = 𝑢𝑘 for all 𝑡 ∈ [𝑡𝑘−1, 𝑡𝑘], where 𝑘 = 0,… , 𝑛, and 𝑡−1 = 0. Let

∈ [𝑡𝑛−1, 𝑡𝑛). We find

𝑧(𝜔, 𝑡) = 𝑧0(𝜔) 𝑒−𝜔 𝑡 + ∫

𝑡

0
𝑒−𝜔 (𝑡−𝜏) 𝑢(𝜏) 𝑑𝜏

= 𝑧0(𝜔) 𝑒−𝜔 𝑡 + ∫

𝑡0

0
𝑒−𝜔 (𝑡−𝜏) 𝑢0 𝑑𝜏 + ∫

𝑡1

𝑡0
𝑒−𝜔 (𝑡−𝜏) 𝑢1 𝑑𝜏 +⋯ + ∫

𝑡

𝑡𝑛−1
𝑒−𝜔 (𝑡−𝜏) 𝑢𝑛 𝑑𝜏

= 𝑧0(𝜔) 𝑒−𝜔 𝑡 + 𝑒−𝜔 𝑡

𝜔

𝑛−1
∑

𝑘=0
𝑢𝑘 (𝑒𝜔 𝑡𝑘 − 𝑒𝜔 𝑡𝑘−1 ) +

𝑢𝑛
𝜔

(1 − 𝑒−𝜔 (𝑡−𝑡𝑛−1)).

Then, from 𝜕𝑧
𝜕𝑡 = 0 yields

𝑧0(𝜔) = 1
𝜔

(

−
𝑛−1
∑

𝑘=0
𝑢𝑘 (𝑒𝜔 𝑡𝑘 − 𝑒𝜔 𝑡𝑘−1 ) + 𝑢𝑛 𝑒

𝜔 𝑡𝑛−1

)

.

Substituting this into (20)

𝑥(0) = ∫

∞

0

1
𝜔𝛼+1

(

𝑢0 (1 − 𝑒𝜔 𝑡0 ) −
𝑛−1
∑

𝑘=1
𝑢𝑘 (𝑒𝜔 𝑡𝑘 − 𝑒𝜔 𝑡𝑘−1 ) + 𝑢𝑛 𝑒

𝜔 𝑡𝑛−1

)

𝑑𝜔 = 0.

The integrand is asymptotically equivalent, as 𝜔 → 0, to

1
𝜔𝛼

(

𝑢0 𝑡0 −
𝑛−1
∑

𝑘=1
𝑢𝑘 (𝑡𝑘 − 𝑡𝑘−1) + 𝑢𝑛 𝑡𝑛−1

)

+
𝑢𝑛

𝜔𝛼+1
.

he first addend is integrable but the second is not because 𝛼 ∈ (0, 1), and therefore 𝑢𝑛 = 0.
The same argument can be applied for any 𝑡. For example, we choose a time 𝑡 smaller than 𝑡𝑛−1 (say between 𝑡𝑛−2 and 𝑡𝑛−1), then

we can prove that 𝑢𝑛−1 must be zero, and so forth.
Consider (A2), so 𝑢(𝑡) = 𝑢0𝑡 for some 𝑢0 ∈ R. Then, by (7), we have

𝑧(𝜔, 𝑡) = 𝑒−𝜔𝑡𝑧0(𝜔) +
𝑢0(𝜔𝑡 + 𝑒−𝜔𝑡 − 1)

𝜔2
.

The second partial derivative of 𝑧 with respect to 𝑡 is

𝜕2𝑧
𝜕𝑡2

= (𝜔2𝑧0(𝜔) + 𝑢0)𝑒−𝜔𝑡.

ince 𝑥(𝑡) = 0 for all 𝑡 ⩾ 0, we have 𝑥̇(𝑡) = 0 and 𝑥̈(𝑡) = 0 for all 𝑡 ⩾ 0. Therefore, by Leibniz rule,5

𝑥̈(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)

𝜕2𝑧
𝜕𝑡2

d𝜔

= ∫

∞

0
𝜇𝛼(𝜔)(𝜔2𝑧0(𝜔) + 𝑢0)𝑒−𝜔𝑡d𝜔

= 
{

𝜇𝛼(𝜔)(𝜔2𝑧0(𝜔) + 𝑢0)
}

= 0.

Hence, 𝜔2𝑧0(𝜔) + 𝑢0 = 0. So we have 𝑧0(𝜔) = −𝑢0∕𝜔2. But for

𝑥(0) = ∫

∞

0
𝜇𝛼𝑧0(𝜔)d𝜔 = ∫

∞

0
− sin(𝜋𝛼)

𝑢0
𝜔𝛼+2

d𝜔

5 The first two conditions L1 and L2 are obviously satisfied. It is easy to adapt the argument presented in the previous case to show that the condition L3
10

s also satisfied by repeating the integration by parts twice.
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to exist, we must have 𝑢0 = 0. Hence 𝑢(𝑡) = 0 and 𝑧0(𝜔) = 0.
Finally, consider (A3). Let 𝑢(𝑡) = 𝑢0 𝑒𝛽𝑡, where 𝑢0, 𝛽 ∈ R and 𝛽 ≠ 0. By (7),

𝑧(𝜔, 𝑡) = 𝑒−𝜔𝑡𝑧0(𝜔) +
𝑢0

𝜔 + 𝛽
𝑒𝛽𝑡 −

𝑢0
𝜔 + 𝛽

𝑒−𝜔𝑡.

Hence,

𝑥̇(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)

𝜕𝑧
𝜕𝑡

d𝜔

= − ∫

∞

0
𝜇𝛼(𝜔)𝜔𝑒−𝜔𝑡𝑧0(𝜔)d𝜔 + ∫

∞

0
𝜇𝛼(𝜔)

(

𝑢0𝛽
𝜔 + 𝛽

𝑒𝛽𝑡 +
𝑢0𝜔
𝜔 + 𝛽

𝑒−𝜔𝑡
)

d𝜔.

ince the first integral in the right hand-side converges, the second integral also converges. If 𝛽 > 0, then ∫ ∞
0 𝜇𝛼(𝜔)

𝑢0𝛽
𝜔+𝛽 𝑒

𝛽𝑡d𝜔
onverges and so ∫ ∞

0 𝜇𝛼(𝜔)
𝑢0𝜔
𝜔+𝛽 𝑒

−𝜔𝑡d𝜔 must converge. This latter integral converges precisely when 𝑢0 = 0. Therefore, 𝑢0 must be
zero. Now, if 𝛽 < 0, then

∫

∞

0
𝜇𝛼(𝜔)

(

𝑢0𝛽
𝜔 + 𝛽

𝑒𝛽𝑡 +
𝑢0𝜔
𝜔 + 𝛽

𝑒−𝜔𝑡
)

d𝜔 = ∫

∞

0

𝜇𝛼(𝜔)
𝜔 + 𝛽

(

𝑢0𝛽𝑒
𝛽𝑡 + 𝜔𝑒−𝜔𝑡

)

d𝜔.

his integral diverges for all 𝑡 > 0 unless 𝑢0 = 0. Hence, 𝑢0 = 0 and we conclude that 𝑧0(𝜔) = 0. ■

Since every Lebesgue measurable function can be obtained as the limit of a sequence of piecewise constant functions, Theorem 3.8
eems to suggest that the result is true for a much more general class of control inputs. However, at this stage this remains a
onjecture, and a formal proof is yet to be developed.

. Conditioned invariance

Consider the system
𝜕𝑧
𝜕𝑡

= − 𝜔𝑧(𝜔, 𝑡) + 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡)

𝑥(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)𝑧(𝜔, 𝑡)d𝑡

𝑦(𝑡) = 𝐶𝑥(𝑡) +𝐷𝑢(𝑡). (22)

Definition 4.1. Let  ⊆  be a subspace. An oracle observer for the system (22) modulo  is a system
𝜕𝑧
𝜕𝑡

= − 𝜔𝑧(𝜔, 𝑡) + 𝑃𝑥(𝑡) +𝑄𝑢(𝑡) + 𝑅(𝑦 − 𝑦)

𝑥(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)𝑧(𝜔, 𝑡)d𝑡

𝑦(𝑡) = 𝐶𝑥(𝑡) +𝐷𝑢(𝑡)

such that for any pair of initialization functions (𝑧0(𝜔), 𝑧0(𝜔)) and any control 𝑢(𝑡), we have 𝑧0(𝜔) = 𝑧0(𝜔)∕ implies 𝑧(𝜔, 𝑡) = 𝑧(𝜔, 𝑡)∕
or all 𝑡 ⩾ 𝑡0, where 𝑎 = 𝑏∕ means that 𝑎 − 𝑏 ∈ .

efinition 4.2. Consider the system in (22). A subspace  is said to be conditioned invariant if there exists an oracle observer for
22) modulo .

heorem 4.3. Let  be a subspace of the pseudo-state space. Then the following statements are equivalent

(i)  is conditioned invariant;
(ii) 𝐴( ∩ ker 𝐶) ⊆ ;
(iii) There exists a matrix 𝐺 such that (𝐴 + 𝐺𝐶) ⊆ ;

roof. We first show that (i) implies (ii). Let  be conditioned invariant and take an arbitrary 𝑥0 ∈  ∩ ker 𝐶. Choose 𝑧0(𝜔) ∈ 
uch that 𝑥(0) = 𝑥0. Let 𝑧0(𝜔) = 0 and 𝑢(𝑡) = 0. Then notice that 𝑧0(𝜔) − 𝑧0(𝜔) ∈  and thus, 𝑧(𝜔, 𝑡) − 𝑧(𝜔, 𝑡) ∈  for all 𝑡 ⩾ 𝑡0. Hence,

𝜕𝑧
𝜕𝑡

− 𝜕𝑧
𝜕𝑡

∈ 

for all 𝑡 ⩾ 𝑡0. Therefore,
𝜕𝑧
𝜕𝑡

(𝜔, 𝑡0) −
𝜕𝑧
𝜕𝑡

(𝜔, 𝑡0) = − 𝜔𝑧0(𝜔) + 𝑃𝑥0 + 𝑅(𝑦 − 𝐶𝑥0) − (−𝜔𝑧0(𝜔) + 𝐴𝑥0)

= − 𝜔(𝑧0(𝜔) − 𝑧0(𝜔)) − 𝐴𝑥0.

It immediately follows that 𝐴𝑥0 ∈  since
𝜕𝑧 (𝜔, 𝑡 ) − 𝜕𝑧 (𝜔, 𝑡 ) ∈  and 𝑧 (𝜔) − 𝑧 (𝜔) ∈  .
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𝜕𝑡 0 𝜕𝑡 0 0 0



Communications in Nonlinear Science and Numerical Simulation 136 (2024) 108088V. Arumugam et al.

𝑧

The result (ii) implies (iii) is standard. See [22] for a proof.
Finally, we show that (iii) implies (i). Suppose there exists a matrix 𝐺 such that (𝐴+𝐺𝐶) ⊆ . Then we claim that the following

system

𝜕𝑧
𝜕𝑡

= − 𝜔𝑧(𝜔, 𝑡) + 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) + 𝐺(𝑦 − 𝑦)

𝑥(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)𝑧(𝜔, 𝑡)d𝑡

𝑦(𝑡) = 𝐶𝑥(𝑡) +𝐷𝑢(𝑡),

is an oracle observer for (22) modulo . To see why, consider arbitrary initialization functions 𝑧0(𝜔), and 𝑧0(𝜔) and an arbitrary
control 𝑢(𝑡). Further, suppose that 𝑧0(𝜔) − 𝑧0(𝜔) ∈ . We now show that 𝑧(𝜔, 𝑡) − 𝑧(𝜔, 𝑡) ∈  for all 𝑡 ⩾ 𝑡0. Let us define
𝜖(𝜔, 𝑡)

def
= 𝑧(𝜔, 𝑡) − 𝑧(𝜔, 𝑡) and 𝑒(𝑡)

def
= 𝑥(𝑡) − 𝑥(𝑡). Then

𝜕𝜖
𝜕𝑡

(𝜔, 𝑡) = − 𝜔𝑧(𝜔, 𝑡) + 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡) + 𝐺(𝐶𝑥(𝑡) +𝐷𝑢(𝑡) − 𝐶𝑥(𝑡) −𝐷𝑢(𝑡))

− (−𝜔𝑧(𝜔, 𝑡) + 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡))

= − 𝜔(𝑧(𝜔, 𝑡) − 𝑧(𝜔, 𝑡)) + 𝐴(𝑥(𝑡) − 𝑥(𝑡)) + 𝐺𝐶(𝑥(𝑡) − 𝑥(𝑡))

= − 𝜔𝜖(𝜔, 𝑡) + (𝐴 + 𝐺𝐶)𝑒(𝑡)

𝑒(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)𝜖(𝜔, 𝑡)d𝜔.

We know that 𝜖0(𝜔) = 𝑧0(𝜔) − 𝑧0(𝜔) ∈  and (𝐴 + 𝐺𝐶) ⊆  and thus, 𝜖(𝜔, 𝑡) ∈  for all 𝑡 ⩾ 𝑡0 by Theorem 3.2. Therefore,
(̂𝜔, 𝑡) − 𝑧(𝜔, 𝑡) ∈  for all 𝑡 ⩾ 𝑡0 and from which, it follows that  is a conditioned invariant. ■

5. Output nulling

We now parallel the theory of controlled invariance with the theory of output nullingness. Loosely speaking, an output nulling
subspace is a controlled invariant subspace in which the pseudostate trajectory can evolve while maintaining the output at zero.
Building on the theory of controlled invariance for fractional systems, the extension to output nullingness relies exclusively on the
pseudostate-to-output map 𝐶 and on the input-to-output map 𝐷, and therefore it follows along the same lines of the integer case
and does not present major issues.

Definition 5.1. A subspace  is said to be an output nulling subspace if, for any initialization function 𝑧0(𝜔) ∈  , there exists a
control function 𝑢 such that the pseudostate trajectory generated by the system remains in  and the output remains identically at
zero.

The following result adapts Theorem 3.7 to the case of output nulling subspaces; its proof requires only minor modifications.

Theorem 5.2. Let  be a subspace of  . The following statements are equivalent:

(a)  is output nulling;

(b)
[ 𝐴
𝐶
]

 ⊆ ( ⊕ 0 ) + im
[ 𝐵
𝐷
]

;

(c) There exists 𝐹 ∈ R𝑚×𝑛 such that
[ 𝐴+𝐵 𝐹
𝐶+𝐷𝐹

]

 ⊆  ⊕ 0 .

In this case, we say that 𝐹 is an output nulling friend of  . We denote by F() the set of output nulling friends of  . Obviously,
an output nulling subspace is also controlled invariant, and an output nulling friend of  is also a friend of  (the converse is true
if 𝐷 = 0).

Even though the concepts of controlled invariant and output nulling subspaces are conceptually different in the fractional setting,
the geometric condition characterizing these subspaces in terms of the matrices 𝐴, 𝐵, 𝐶 and 𝐷 is analogous to the classical one,
thanks to the equivalences that we have established in Theorems 5.2 and 3.7. This enables us to define the concept of supremal
output nulling subspace as a finite-dimensional subspace of  despite the infinite-dimensional nature of the system. Therefore, the
supremal output nulling subspace, usually denoted by ⋆, can be computed in finite terms by using a sequence of finite-dimensional
subspaces derived form matrices 𝐴, 𝐵, 𝐶 and 𝐷, which converges to ⋆ in at most 𝑛 − 1 steps, see e.g. [22, p. 162].

In order to study the assignability of the closed-loop spectrum with respect to ⋆, we need to make a preliminary observation
on the reachability of a diffusive fractional system.

The set of points that can be reached from the origin for a diffusive fractional system is the same as for any fractional system
characterized by the same pair of matrices (𝐴,𝐵). In fact, the input-to-state transfer function is independent from the particular
type of fractional system considered, and the reachability is characterized by the controllability matrix [ 𝐵 𝐴𝐵 … 𝐴𝑛−1𝐵 ],
see [13,18,27,32–34]. We observed in [25] that the image of the controllability matrix is the smallest 𝐴-invariant subspace
containing the column-space of 𝐵. Theorem 3.2 guarantees that the reachable subspace is the same also for diffusive fractional
12

systems, which we denote by ⟨𝐴 ∣ im𝐵⟩.
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From (b-c) in Theorem 5.2, we notice that, as in the integer case, we can define the set of points which are reachable with
pseudo-state trajectories lying on ⋆, and this set turns out to be a subspace of ⋆ that only depends on the matrices 𝐴, 𝐵, 𝐶 and
𝐷. In line with the integer case, this subspace will be denoted by ⋆ and referred to as the largest reachability subspace, and from
the previous discussion, we can write ⋆ = ⟨𝐴+𝐵 𝐹 ∣ ⋆∩𝐵 (ker𝐷)⟩, where 𝐹 is an output-nulling friend of ⋆. It can be proved, as
n the integer case, that the subspace ⋆ is independent from the particular output-nulling friend 𝐹 of ⋆. Hence, the closed-loop
pectrum of 𝐴+𝐵 𝐹 , where 𝐹 is an output-nulling friend of ⋆, can be divided into two multi-sets: the eigenvalues of the mapping
+ 𝐵 𝐹 ∣ ⋆ and the eigenvalues of 𝐴 + 𝐵 𝐹 ∣ 

⋆ . In turn, the eigenvalues of 𝐴 + 𝐵 𝐹 ∣ ⋆ can be divided into two multi-sets:
he eigenvalues of 𝐴 + 𝐵 𝐹 ∣ ⋆ are all freely assignable with a suitable choice of 𝐹 , whereas the eigenvalues of 𝐴 + 𝐵 𝐹 ∣ ⋆

⋆ are
independent from 𝐹 , and are the invariant zeros of the quadruple (𝐴,𝐵, 𝐶,𝐷). Likewise, the eigenvalues of 𝐴+𝐵 𝐹 ∣ ⋆+⟨𝐴 | im𝐵⟩

⋆ are
all freely assignable with a suitable choice of 𝐹 , whereas the eigenvalues of 𝐴 + 𝐵 𝐹 ∣ 

⋆+⟨𝐴 | im𝐵⟩ are fixed for all 𝐹 , and belongs
o the set of uncontrollable modes of the system.

. Disturbance decoupling problem by pseudo-state feedback

With the result established on invariance and controlled invariance, the disturbance decoupling problem can now be solved for
ractional systems using the distributed frequency model.

Consider the following fractional system
𝜕𝑧
𝜕𝑡

(𝜔, 𝑡) = − 𝜔𝑧(𝜔, 𝑡) + 𝐴𝑥(𝑡) + 𝐵 𝑢(𝑡) +𝐻 𝑤(𝑡)

𝑥(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)𝑧(𝜔, 𝑡)d𝜔

𝑦(𝑡) = 𝐶 𝑥(𝑡) +𝐷𝑢(𝑡) + 𝐺𝑤(𝑡), (23)

where 𝑤 is the disturbance and 𝐻 and 𝐺 are matrices that distribute the disturbance into the pseudo-state and the output,
respectively. In the system above, we did not consider the initial condition for the sake of readability, because the disturbance
decoupling problem is concerned with the input–output behavior of the system, and as such the initial state is irrelevant. The
solution to the disturbance decoupling problem involves finding the conditions under which the output 𝑦 can be decoupled from
the disturbance. The solution to this problem is presented in the theorem below.

Theorem 6.1. Given the system in (23), the output can be decoupled from the disturbance if and only if 𝐺 = 0 and

im𝐻 ⊆ ⋆.

Proof (If).. Consider the control 𝑢(𝑡) = 𝐹 𝑥(𝑡), where 𝐹 is an output-nulling friend of ⋆. The closed loop system becomes
𝜕𝑧
𝜕𝑡

(𝜔, 𝑡) = − 𝜔𝑧(𝜔, 𝑡) + (𝐴 + 𝐵 𝐹 ) 𝑥(𝑡) +𝐻 𝑤(𝑡)

𝑦(𝑡) = (𝐶 +𝐷𝐹 ) 𝑥(𝑡). (24)

Since (𝐴 + 𝐵𝐹 )⋆ ⊆ ⋆ = ⋆ + im𝐻 , by Theorem 3.7, it follows that 𝑥(𝑡) ∈ ⋆ for all 𝑡 ⩾ 0. Thus, 𝑦(𝑡) = 0 by Theorem 5.2.
(Only if). Now suppose that the output can be decoupled from the disturbance. From Theorem 2.1, we find the closed-loop

ransfer function between the disturbance and the output
(

(𝐶 +𝐷𝐹 )(𝑠𝛼𝐼 − 𝐴 − 𝐵𝐹 )
)−1𝐻 + 𝐺,

from which we conclude immediately that 𝐺 must be zero. Therefore, for the problem to be solvable, we must have ((𝐶 +
𝐷𝐹 )(𝑠𝛼𝐼 − 𝐴 − 𝐵𝐹 ))−1𝐻 = 0. Since the problem is solvable, the set of all points reachable from the disturbance input must
be in the kernel of 𝐶 + 𝐷𝐹 . From the transfer function being the same irrespectively of the definition adopted for fractional
systems, it follows that such a set is also independent from the definition of fractional systems and can be computed as
im[ 𝐻 (𝐴 + 𝐵𝐹 )𝐻 (𝐴 + 𝐵𝐹 )2𝐻 … (𝐴 + 𝐵𝐹 )𝑛𝐻 ], which is the smallest (𝐴 + 𝐵𝐹 )-invariant containing the image of 𝐻 , in
symbols, ⟨𝐴+𝐵𝐹 | im𝐻⟩, see [25, Section 4]. Therefore, under the assumption of solvability, we find (𝐶 +𝐷𝐹 )⟨𝐴+𝐵𝐹 | im𝐻⟩ = {0}.
Hence, ⟨𝐴+𝐵𝐹 | im𝐻⟩ ⊆ ker(𝐶 +𝐷𝐹 ) and ⋆ is the largest (𝐴+𝐵𝐹 )-invariant contained in ker(𝐶 +𝐷𝐹 ), because ⋆ is the supremal
output nulling subspace. Hence, it follows that ⟨𝐴 + 𝐵𝐹 | im𝐻⟩ ⊆ ⋆, which implies that im𝐻 ⊆ ⋆. ■

Remark 2. It is not difficult to generalize the statement of Theorem 6.1 to the case where the disturbance is measurable, and the
control function can take the form 𝑢(𝑡) = 𝐹 𝑥(𝑡) + 𝑆 𝑤(𝑡). In this case, the assumption 𝐺 = 0 is not necessary, and the solvability
condition becomes

im
[

𝐻
𝐺

]

⊆ (∗ ⊕ 0 ) + im
[

𝐵
𝐷

]

.

13
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The implication of this theorem is that if the system given in (23) can be decoupled with some control function, then there is a
seudo-state feedback that does the same job.

This forms a nice parallel with the classical theory. In fact, despite the fractional system being infinite dimensional, the desired
isturbance-to-output transfer function can be obtained through a pseudo-state feedback that does not require taking into account
he entire information on the infinite dimensional state – the 𝑧(𝜔, 𝑡) function – of the system.

Remark 3. A natural extension of the disturbance decoupling problem by static state feedback is the one where we impose the
requirement of closed-loop stability. The theory developed for the problem without stability extends straightforwardly to the case
with stability by replacing ⋆ with the largest stabilizability output-nulling subspace, denoted by ⋆

𝑔,𝛼 , plus the obvious requirement
of the stabilizability of the pair (𝐴,𝐵). This subspace can be obtained as the limit of the sequence

{

0 = 
𝑖+1 =

[ 𝐴
𝐶
]−1((𝑖 ⊕ 0 ) + im

[ 𝐵
𝐷
])

∩  , 𝑖 ∈ N ⧵ {0},

which is monotonically non-increasing and converges in at most 𝑛−1 steps.6 In this recursion,  represents the stabilizable subspace
of the system, i.e., the set of points in the pseudo-state space for which a pseudo-state feedback can stabilize the system. Note that
this concept is well posed in the fractional setting because  is an 𝐴-invariant subspace, and therefore Theorem 3.2 guarantees that,
if 𝑥(𝑡∗) ∈  , then 𝑧(𝜔, 𝑡) ∈  for almost all 𝜔 ∈ R+ and for all 𝑡 ≤ 𝑡∗. We can easily compute  as

 = ⟨𝐴 ∣ im𝐵⟩ + u,

where the first term is the reachable subspace of the system, and u is the span of all eigenvectors associated with stable

uncontrollable eigenvalues, [35]. Specifically, u = im[ 𝑉1 … 𝑉𝑞 ] where
[

𝑉𝑖
𝑊𝑖

]

is a basis for ker[ 𝐴 − 𝜆𝑖 𝐼 𝐵 ] for every

stable uncontrollable eigenvalue 𝜆𝑖, with 𝑖 = 1,… , 𝑞, partitioned conformably. In a fractional setting, the stability domain is no
onger the left-half complex plane, but the region of the complex plane defined by the condition |Arg 𝜆| > 𝛼 𝜋∕2, and therefore,
n general, the solvability of a disturbance decoupling problem with stability for a given set of matrices depends on the fractional
rder 𝛼: this is the reason why we use the subscript 𝛼 in the symbol ⋆

𝑔,𝛼 . We also note that the sequence above can be conveniently
sed to compute ⋆ by simply replacing  with the entire pseudo state-space  , and ⋆ by replacing  with ⟨𝐴 ∣ im𝐵⟩.

xample 6.2. Consider the following matrices:

𝐴 =
⎡

⎢

⎢

⎣

0 −2 0
0 1 0
6 0 0

⎤

⎥

⎥

⎦

, 𝐵 =
⎡

⎢

⎢

⎣

0
−8
7

⎤

⎥

⎥

⎦

, 𝐻 =
⎡

⎢

⎢

⎣

5
0
0

⎤

⎥

⎥

⎦

𝐶 =
[

0 −1 −9
]

, 𝐷 = 0, and 𝐺 = 0.

sing the sequence (7.9) in [22, p. 162] we find

⋆ = im
⎡

⎢

⎢

⎣

1 0
0 −9
0 1

⎤

⎥

⎥

⎦

.

t follows that the disturbance decoupling problem is solvable, see Fig. 1, but the presence of two invariant zeros at (63 ±
√

20679 𝑖)∕110 ≈ 0.57 ± 3.92 𝑖, means that it is not solvable with closed-loop asymptotic stability for any value of 𝛼. In particular, if
= 1 the closed-loop system, for example using the output-nulling friend

𝐹 =
[

− 54
55 − 1

22 − 27
110

]

f ⋆ that assigns the remaining closed-loop eigenvalue at −1.5, is unstable as an integer system. However, if the dynamics is ruled
y a diffusive system with, for example 𝛼 = 0.75, this feedback matrix ensures that the closed-loop system is stable. In other words,
⋆ ≠ ⋆

𝑔,1 but ⋆ = ⋆
𝑔,0.75. In both the cases, the pseudo-state evolves on a controlled invariant subspace and the output is identically

ero, see Figs. 1–3.

. Input containing subspaces

Analogous to how controlled invariance gives rise to the notion of output-nulling subspaces, conditioned invariant subspaces can
e used to define the dual of output-nulling subspaces, which are called input-containing subspaces.

efinition 7.1. Let  ⊆  be a subspace. An autonomous oracle observer for the system (22) modulo  is a system governed by
𝜕𝑧
𝜕𝑡

= − 𝜔𝑧(𝜔, 𝑡) + 𝑃 𝑥(𝑡) + 𝑅 (𝑦 − 𝑦)

6 In this sequence,
[ 𝐴
𝐶

]−1((𝑖 ⊕ 0 ) + im
[ 𝐵
𝐷

])

denotes the inverse image of (𝑖 ⊕ 0 ) + im
[ 𝐵
𝐷

]

under the mapping
[ 𝐴
𝐶

]

, which is defined even if
[ 𝐴
𝐶

]

is not
14
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𝑥(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)𝑧(𝜔, 𝑡)d𝑡

𝑦(𝑡) = 𝐶 𝑥(𝑡)

such that for any pair of initialization functions (𝑧0(𝜔), 𝑧0(𝜔)) and any control 𝑢(𝑡), we have 𝑧0(𝜔) = 𝑧0(𝜔)∕ implies 𝑧(𝜔, 𝑡) = 𝑧(𝜔, 𝑡)∕
or all 𝑡 ⩾ 𝑡0, where 𝑎 = 𝑏∕ means that 𝑎 − 𝑏 ∈ .

We note that the difference between an autonomous oracle observer and an oracle observer is that the former does not require
nowledge/access to the input to provide the estimate of the pseudo-state in the quotient space ∕.

efinition 7.2. Consider the system in (22). A subspace  is said to be input-containing if there exists an autonomous oracle
bserver for (22) modulo .

The following result is the dual of Theorem 5.2, and is presented without proof for the sake of brevity.

heorem 7.3. Let  be a subspace of the pseudo-state space. Then the following statements are equivalent

a)  is input-containing;
b) [ 𝐴 𝐵 ]

(

( ⊕ ) ∩ ker[ 𝐶 𝐷 ]
)

⊆ ;

c) There exists a matrix 𝐺 such that
[ 𝐴+𝐺𝐶
𝐵+𝐺𝐷

]

( ⊕ ) ⊆ .

It is possible to define ⋆ as the dual subspace of ⋆, i.e., the smallest input-containing subspace of the system, which can be
omputed in finite terms using a sequence dual to the one for the computation of ⋆, see [22].

. Disturbance decoupling problem by dynamic output feedback

We consider the system 𝛴 governed by

𝛴 ∶

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕𝑧
𝜕𝑡

(𝜔, 𝑡) = −𝜔𝑧(𝜔, 𝑡) + 𝐴𝑥(𝑡) + 𝐵 𝑢(𝑡) +𝐻 𝑤(𝑡)

𝑥(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)𝑧(𝜔, 𝑡)d𝜔

𝑦(𝑡) = 𝐶 𝑥(𝑡) +𝐷𝑦 𝑢(𝑡) + 𝐺𝑦 𝑤(𝑡)
𝑑(𝑡) = 𝐸 𝑥(𝑡) +𝐷𝑧 𝑢(𝑡) + 𝐺𝑧 𝑤(𝑡),

(25)

where 𝑤(𝑡) ∈  = R𝑞 is the disturbance input, 𝑦(𝑡) ∈  = R𝑝 is the measurement output and 𝑑(𝑡) ∈  = R𝑟 is the to-be-controlled
output. We consider also the regulator 𝛴𝐶 , with the same fractional order of the system, ruled by

𝛴𝐶 ∶

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕𝜁
𝜕𝑡

(𝜔, 𝑡) = −𝜔𝜁 (𝜔, 𝑡) + 𝐴𝑐 𝜉(𝑡) + 𝐵𝑐 𝑦(𝑡)

𝜉(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)𝜁 (𝜔, 𝑡)d𝜔

𝑢(𝑡) = 𝐶𝑐 𝜉(𝑡) +𝐷𝑐 𝑦(𝑡),

(26)

where 𝜉(𝑡) ∈  = R𝑛 is the pseudo-state of the regulator. We want to control the system 𝛴 with the regulator 𝛴𝐶 such that in the
closed-loop system the output 𝑑 does not depend on the disturbance input 𝑤.

𝛴
𝑦

𝛴𝑐

𝑢

𝑤 𝑑

𝛴𝐶𝐿

We say that the feedback interconnection of system 𝛴 with the regulator 𝛴𝐶 is well posed if the matrix 𝐼 −𝐷𝑦 𝐷𝑐 is non-singular,
ee [22, Chpt. 3]. In such case, the closed-loop system 𝛴𝐶𝐿 can be written in state-space form as

𝛴𝐶𝐿 ∶

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝜕𝑧̂
𝜕𝑡

(𝜔, 𝑡) = −𝜔𝑧̂(𝜔, 𝑡) + 𝐴 𝑥̂(𝑡) + 𝐻̂ 𝑤(𝑡)

𝑥̂(𝑡) = ∫

∞

0
𝜇𝛼(𝜔)𝑧̂(𝜔, 𝑡)d𝜔

𝑑(𝑡) = 𝐶 𝑥̂(𝑡) + 𝐺𝑤(𝑡),

(27)

where 𝑧̂(𝜔, 𝑡) =
[

𝑧(𝜔,𝑡)
𝜁 (𝜔,𝑡)

]

is the extended initialization function, 𝑥̂(𝑡) =
[

𝑥(𝑡)
𝜉(𝑡)

]

is the extended pseudo-state, and the matrices in (27) are
defined by

𝐴
def
=

[

𝐴+𝐵𝐷𝑐𝑊 𝐶 𝐵𝐶𝑐+𝐵𝐷𝑐 𝑊 𝐷𝑦 𝐶𝑐
]

, 𝐻̂
def
=

[

𝐻 + 𝐵𝐷𝑐 𝑊 𝐺𝑦
]

,

15
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Fig. 1. White Gaussian noise and decoupled output with 𝛼 = 1.

𝐶
def
= [ 𝐸+𝐷𝑧 𝐷𝑐 𝑊 𝐶 𝐷𝑧 𝐶𝑐+𝐷𝑧 𝐷𝑐 𝑊 𝐷𝑦 𝐶𝑐 ],

𝐺
def
= 𝐺𝑧+𝐷𝑧 𝐷𝑐 𝑊 𝐺𝑦, (28)

where 𝑊 = (𝐼 − 𝐷𝑦 𝐷𝑐 )−1. The transfer function of the closed-loop system 𝛴𝐶𝐿 is 𝐺𝑑,𝑤(𝑠) = 𝐶 (𝑠𝛼 𝐼 − 𝐴)−1𝐻̂ + 𝐺. The (full order)
isturbance decoupling problem by dynamic output feedback is the problem of finding a compensator 𝛴𝐶 for 𝛴, if it exists, such
hat the feedback interconnection of 𝛴 with 𝛴𝐶 is well posed and the transfer function matrix 𝐺𝑑,𝑤(𝑠) of the closed-loop system 𝛴𝐶𝐿

s zero. Further, one can also introduce a stability requirement by constraining the eigenvalues of 𝐴 to be stable, i.e., to satisfy the
ondition |Arg 𝜆𝑖| > 𝛼 𝜋∕2 for all eigenvalues 𝜆1,… , 𝜆2 𝑛 of 𝐴. The equivalence between (a) and (b-c) in Theorem 5.2, and the dual
quivalence between (a) and (b-c) in Theorem 7.3 allows us to express the solvability condition for this problem (without stability)
s in the integer case in terms of the existence of a matrix 𝐾 ∈ R𝑚×𝑝 such that

i) im
[

𝐻
𝐺𝑧

]

⊆ (⋆ ⊕ {0}) + im
[

𝐵
𝐷𝑧

]

;

ii) ker [ 𝐸 𝐺𝑧 ] ⊇ (⋆ ⊕) ∩ ker [ 𝐶 𝐺𝑦 ];

iii) ⋆ ⊆ ⋆;

iv) 𝐼 +𝐾 𝐷𝑦 is non-singular, and 𝐾 satisfies
[

𝐴 + 𝐵𝐾 𝐶 𝐻 + 𝐵𝐾 𝐺𝑦
𝐸 +𝐷𝑧 𝐾 𝐶 𝐺𝑧 +𝐷𝑧 𝐾 𝐺𝑦

]

(⋆ ⊕) ⊆ ⋆ ⊕ {0}, (29)

here ⋆ is associated with the quadruple (𝐴,𝐵,𝐸,𝐷𝑧) and ⋆ with the quadruple (𝐴,𝐻,𝐶,𝐺𝑦), see [35]. Notice that (i)-(iii)
uarantee the existence of 𝐾 such that (29) holds. However, to solve the problem we need that at least one of the possibly infinite
atrices satisfying (29) to render 𝐼 +𝐾 𝐷𝑦 non-singular.

For the problem with stability, the conditions above are still necessary and sufficient for the solvability by replacing ⋆ with ⋆
𝑔,𝛼

nd ⋆ with ⋆
𝑔,𝛼 , plus the obvious requirement that (𝐴,𝐵) be stabilizable and (𝐶,𝐴) be detectable. The subspace ⋆

𝑔,𝛼 can be defined
n a dual way as the smallest detectability subspace, i.e., the smallest externally stabilizable input-containing subspace (𝐴,𝐻,𝐶,𝐺𝑦).

xample 8.1. Consider the following matrices:

𝐴 =

⎡

⎢

⎢

⎢

⎢

⎣

−30 0 0 0
0 0 0 0
0 0 −1 0
0 0 0 0

⎤

⎥

⎥

⎥

⎥

⎦

, 𝐵 =

⎡

⎢

⎢

⎢

⎢

⎣

0 1 0
10 0 0
0 13 −1
0 0 1

⎤

⎥

⎥

⎥

⎥

⎦

, 𝐻 =

⎡

⎢

⎢

⎢

⎢

⎣

−1
0
0
−1

⎤

⎥

⎥

⎥

⎥

⎦

𝐶 =
⎡

⎢

⎢

⎣

0 −1 0 −1
0 0 0 0

−14 0 0 1

⎤

⎥

⎥

⎦

, 𝐷𝑦 =
⎡

⎢

⎢

⎣

−11 0 0
−1 13 −5
0 0 −1

⎤

⎥

⎥

⎦

, 𝐺𝑦 =
⎡

⎢

⎢

⎣

−5
−1
0

⎤

⎥

⎥

⎦

,

[ ] [ ]
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𝐸 = 0 0 0 −20 , 𝐷𝑧 = 0 0 −1 , and 𝐺𝑧 = 1.
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Fig. 2. Evolution of the pseudo-state with 𝛼 = 1.

Fig. 3. Evolution of the pseudo-state with 𝛼 = 3∕4.

In this case, the subspaces ⋆ of the quadruple (𝐴,𝐵,𝐸,𝐷𝑧) and ⋆ with the quadruple (𝐴,𝐻,𝐶,𝐺𝑦) are, respectively R4 and the
origin, and a matrix 𝐾 that satisfies (iv) is

𝐾 =
⎡

⎢

⎢

⎣

0 0 0
0 0 0
1 −6 0

⎤

⎥

⎥

⎦

.

The quadruples (𝐴,𝐵,𝐸,𝐷𝑧) and (𝐴,𝐻,𝐶,𝐺𝑦) have invariant zeros at −20 and −1, respectively. The matrices 𝐹 and 𝐺 that assign
he closed-loop eigenvalues −1.5, −2.5 and −3.5 are given by

𝐹 =
⎡

⎢

⎢

⎣

0 −0.35 0 0
27.0259 0 −0.002 −1.5205

0 0 0 −20

⎤

⎥

⎥

⎦

, 𝐺 =

⎡

⎢

⎢

⎢

⎢

⎣

−0.9330 3.6652 −1.8661
1.8125 −9.0625 0.125

0 0 0
1.6875 −9.4375 −0.125

⎤

⎥

⎥

⎥

⎥

⎦

,

o that the closed-loop spectrum contains the assigned eigenvalues with double multiplicity (one for 𝐴 + 𝐵 𝐹 and one for 𝐴 +𝐺𝐶)
lus the invariant zeros, and it is therefore stable. Given the same noise shown in Fig. 1(a), the output is also identically zero and
he state evolves on a controlled invariant, see Fig. 4.

oncluding remarks

In this paper we have developed a geometric control theory for fractional systems realized using a diffusive representation, which
oes not rely on a definition of fractional derivative. Instead, the diffusive representation uses a partial differential equation to cater
or the infinite dimensional nature of fractional systems, thereby guaranteeing the semi group property. First, we have developed the
17

oncepts of invariance, controlled-invariance and conditioned-invariance. Then we have used such structural invariants to address
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Fig. 4. Evolution of the pseudo-state with 𝛼 = 1∕2.

the disturbance decoupling problem, by static-state feedback, and by dynamic output feedback, which are the fundamental problems
in control theory. Interestingly, the conditions under which we can maintain the state-trajectory of a diffusive fractional system
onto a controlled invariant (and the dual problem, for conditioned invariants) have the same structure as those for classical finite
dimensional linear systems. In other words, differently from Caputo-type fractional systems studied in [25], using a control other
than a feedback on the pseudo-state (an output injection, respectively) does not provide any benefit with the diffusive representation,
which is surprising as the pseudo-state contains only a very limited part of the information contained in the state of a fractional
system. We stress that these results have been possible thanks to a novel geometric theory that we developed in the framework of
diffusive fractional system. To the best of our knowledge, this kind of theory was entirely missing in the literature.

The classic solvability conditions for the disturbance decoupling problem (see Theorem 6.1 and (i)-(iv) in Section 8) are,
understandably, very stringent, because the task of decoupling the system output from a completely unknown deterministic
disturbance is extremely ambitious. As for standard LTI systems, whenever the structural solvability conditions are not satisfied, one
can relax the problem to that of finding the controller which minimizes some norm of the transfer function between the disturbance
and the output. In particular, for standard LTI systems, if this minimization involves the 𝐻2-norm, one can still use the classic
geometric solution based on output-nulling subspaces, applied to the Hamiltonian system. The counterpart of this problem for
distributed frequency models is currently under investigation by the authors.
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