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Abstract: We investigate the Kazdan-Warner equation on a network. In this case, the differential equation is
defined on each edge, while appropriate transition conditions of Kirchhoff type are prescribed at the vertices.
We show that the whole Kazdan—-Warner theory, both for the noncritical and the critical case, extends to the
present setting.
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1 Introduction

The Kazdan-Warner equation
Au = ¢ — heY, (1.1)

where c is a constant and h a given function, was introduced in [15] in connection with the problem of pre-
scribing the Gaussian curvature of a compact manifold M. The resolvability of (1.1) depends on the sign of c.
Let h denote the average of h on M. In [15], it is shown that,

(i) ifc=0andh # 0, then (1.1) is solvable if and only if h changes sign and h < 0;

(ii) if ¢ > 0, then (1.1) is solvable if and only if the set {h > 0} is not empty;

(iii) if ¢ < 0, if (1.1) is solvable, then h < 0. For h < 0, there exists a constant —co < c(h) < 0 such that (1.1) is

solvable for any c¢ € (c(h), 0) and not solvable for any ¢ < c(h). Moreover, c(h) = —co if and only if h < 0

in M.

If ¢ < 0, c = c(h) is not included in the previous cases and deserves particular attention. It has been shown
in [8] that, if c(h) > —o0, then (1.1) can be also solved for ¢ = c(h).

The previous theory has been recently extended in [13, 14] to the case of a combinatorial graph. Here
the Laplacian is replaced by a finite difference operator, the so-called graph Laplacian, and most of the effort
is to reproduce in a finite-dimensional setting some crucial properties as the maximum principle and the
Moser-Trudinger inequality.

An intermediate situation between a compact manifold and a combinatorial graph is given by a net-
work (or metric graph) I, which is given by a finite collection of vertices connected by continuous non-self-
intersecting edges (see Section 2 for the precise definition). On a network, differential equation (1.1) is defined
on each edge, while appropriate transition conditions of Kirchhoff type are prescribed at the vertices. In this
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paper, we obtain the same conclusions of the manifold and the graph cases, showing that the Kazdan-Warner
theory remains unchanged for different classes of manifolds, also non-regular such as in the case of networks.
To prove these results, we shall adapt the method by Kazdan and Warner [15, Theorem 5.3] (see also [14,
Theorem 2]) and, for the critical case, some techniques of [8, 13] with some specific arguments for networks.

The study of the theory of differential equations on networks is motivated by two features: the networks
provide simplified mathematical models for physics, chemistry and engineering where one can investigate
phenomena in a “quasi-one-dimensional” environment. Moreover, being encompassed in the larger family of
non-regular manifold, they are a first step toward the approach to more general manifolds. The recent study
of differential equations on networks steamed mainly in the framework of hyperbolic systems and spectral
theory (we refer the reader to the monographs [3, 5, 18] and references therein). A general theory for linear
and semilinear differential equations has been developed mainly employing the variational structure of the
problem, and in this framework, the natural transition conditions at the vertices are the Kirchhoff conditions
(forinstance, see [17-19]; see also [10, 11] for a stochastic interpretation). The theory has been also extended
to some nonlinear problem such as traffic flows [12], optimal control problems through the corresponding
Hamilton-Jacobi equations [4, 16] and mean field games [1, 7, 16], nonlinear Schrédinger equations [2, 9].
For nonlinear problems, different transition conditions at the vertices can arise.

The paper is organized as follows. In Section 2, we introduce some notation and preliminary results. In
Sections 3, 4 and 5, we study respectively the cases ¢ = 0, ¢ > 0 and ¢ < 0. In Section 5, we also discuss the
critical case ¢ = c(h).

2 Notation, definitions and preliminary results

Anetwork I = (V, E) is a finite collection of points V := {v;};c; in R" connected by continuous edges E := {e}}¢j,
where each edge does not intersect itself and any two edges can only have intersection at a vertex. Fori € I,
we set

Inc; := {j € J : ejisincident tov;}.

A coordinate 7j: [0, ;] — R", with I; > 0, is chosen to parametrize ej, i.e. ¢j := m;((0, l;)). We assume that I

is compact and connected, and we denote by |I'| the sum of the lengths of the edges ej, j € J.
Forafunctionu: I' - R, we denote by y;: [0, [;] — R therestriction of u to ej, i.e. u(x) = u;(y) for x € e;j,

y = n;l(x) € (0, ;). Given v; € V, we denote by oju(v;) the oriented derivative at v; along the arc e; defined by

dju(vi) = _lim by 09) ~ (5 (i)

xeep w00 - (vi)
if the limit exists, where 7; is the parametrization of arc e;. For a function ¢p: I' - Rand A c I, we set
j $() dx:= Y J b(r) dr.
A T 0.pnma)

A function u is said to be continuous on T if it is continuous with respect to the subspace topology of T, i.e.
uj € C([0, [j]) foranyj € Jand u]'(ﬂj_l(Vi)) = uk(n;l(vi)) foranyi € I, j, k € Inc;.
We introduce some functional spaces for functions defined on the network. The space L?(I'), p > 1, con-

sists of the functions that are measurable and p-integrable on each edge ej, j € J. We set

1

p

e o= (TWilErcey )
jel

The space L*(T') consists of the functions that are measurable and bounded on each edge e;j, j € J. We set

Iflzeo := suplfjlliLeoe;)-
jeJ
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The Sobolev space WP (I'), k € Nand p > 1, consists of all continuous functions on I' that belong to Wk’p(e,-)
for eachj € J. We set

K 3
Ifllwer 2= <Z|I6’fll’fp) :
=0

As usual, we set HY(T') := W*2(T), k € N. The space CX(T') for k € IN consists of all continuous functions on T
that belong to Ck (ej) forj € J. The space C k(T') is a Banach space with the norm

- BF|lLco.
Ifllc I}}lgglla fl

The following lemma gives a Poincaré inequality for compact networks.

Lemma 2.1. For every function f € HY(T) with Jr f(x) dx = 0, there hold
() Ifo0)l < VITTIof 2,
(ii) frfz(X) dx < |TJ? Jrlaf(x)l2 dx.

Proof. By definition of H!, the function f is continuous on T'; hence there exists a point xq € I' such that
f(xo) = 0. Since T is connected, for any point x € T, there exists a path y: (0, r) — I on the network such that
¥(0) = xo, y(r) = x, [y'(s)| = 1 and r < |T'|. Hence we have

If01 = |f(xo0) + j(foy)’(s) ds| < jlaf(y(s))lds < VrIOfllzy) < VITIIOf 2.
0 0
We deduce that
jf%x) dx < j|r|||af||§z dx = [T Of 2. 0
T T

We also give an analogue of the Trudinger—Moser inequality for compact networks.

Lemma 2.2. For any B, 6 € R with § > 0, there exists a constant C (depending only on B, 6§ and the network)
such that, for all functions f € H*(T) with [ |0f|? < 6 and [.f = O, there holds

Jeﬁfz(") dx < C.
T

Proof. We adapt the argument of [14, Lemma 7]. The case 8 < 0 is obvious because T has a bounded total
length. Fix B > 0, and consider a function f as in the statement. By Lemma (2.1) (i) and the assumption
lofl?. < 8, we have
Jeﬁfz(x) dx < Jeﬂlflllafllfz dx < BT T, B
r r
We consider the Kazdan-Warner equation on the network T',

Pu=c-he', xeejje],
uj(vi) = ug(vi), j,kelng, vie 'V, (2.1)
Z a,-u(vi) =0, vi €V,

jelng;

where c is a given constant and h is a continuous function on I'. Note that the Kazdan-Warner equation
is defined on each edge, while, at the vertices, we impose the continuity of u and the Kirchhoff condition,
a classical condition for differential equations defined on networks (see [18, 20]).

Definition 2.1. We introduce the notion of solution to problem (2.1).
(a) A strong solution to problem (2.1) is a function u € C?(T') which satisfies (2.1) in a pointwise manner.
(b) A weak solution to problem (2.1) is a function u € H'(T') such that

I dudep dx = —¢ j ¢ dx + J he'¢ dx forall ¢ e H(T). (2.2)
T T T
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Remark 2.1. One can easily check that, ifu € C%(T') is a weak solution of (2.1), then it is also a strong solution.
Moreover, any weak solution of (2.1) is also a strong solution. Actually, a weak solution u fulfils 0%u = ¢ — he¥
in distributional sense inside each edge e;. The right-hand side of this equality is continuous; hence, by
standard theory, u € Cz(ej) for every j € J. Being a weak solution, u also belongs to H(I'); hence, u belongs
to C2(I') and is a classical solution of the differential equation in (2.1) inside each edge. By these last prop-
erties, integrating by parts (2.2), we obtain that u also fulfils the Kirchhoff condition in (2.1). In conclusion,
u is a strong solution to (2.1).

In the next three sections, we discuss the solvability of (2.1) in the cases ¢ = 0, ¢ > 0 and ¢ < 0.

3 The Kazdan-Warner equation with case c = 0

Theorem 3.1. Assume ¢ = 0 and h # 0. Then problem (2.1) has a solution u if and only if h changes sign and
|.h<o.
r

Proof. Assume that u is a solution to problem (2.1) with ¢ = 0. We note that the hypothesis h # 0 prevents u to
be constant. Letting ¢ = 1 in (2.2), we get fr he" dx = 0, which implies that h must change sign. Integrating
e7%0%u = —h by parts on T, we get

J(au)ze‘” dx + z z e M Mdu(vy) = - J hdx.

T iel jelnc; T
Taking advantage of the Kirchhoff condition and of the continuity of u at each vertex, we obtain

I(au)ze‘“ dx = - J h dx.
T r

Since u cannot be constant, we deduce Ir hdx < 0.

Conversely, we prove that, for any h which changes sign and satisfies Ir h < 0, there exists a solution
to (2.1). We define the set

B:= {v e HY(T) | Jhevdx =0, Jvdx = O}.
r r

We claim that B is not empty. Since h changes sign, there exists a point x¢ € I' such that h(xp) > 0. By the
continuity of h, without any loss of generality, we can assume xg € e; for some j € J; namely, there exist
j€Jand yg € (0, Ij) such that h;(yo) > 0. Moreover, still by the continuity of h, there exists € > 0 such that
(Yo - &,y0 +¢€) c(0,1;) and h;(y) > w forally € (yo — €, yo + €). Consider a function w € C(T') such that
wi(y) =1ify € (yo— 5,y0 + 5), wj(y) = 0ify ¢ (yo — €,y0 + €) and wj = 0if j € J\ {j}. For £ > 0, the function
we(-) := ew(-) fulfils

£
Yot3

J heV dx = I he'e dx+ ¥ j hee dx > J h(y)e™e ) dy — j|h| dx >

eh;(yo)e* _J
e 2
T ey ]GI\{]}ej

|hldx >0 (3.1)
yo-5 r r

provided that ¢ is sufficiently large. On the other hand, for ¢ = 0, we have wy(x) = 0 and, by assumptions,

J he"o® gy — J hdx < 0.
T T

Therefore, there exists £o > 0 such that Ir he"® = 0. Hence the function w(-) := wg,(-) - jr We,/IT| belongs
to B, and the claim is proved.
Consider the functional

JWw) =

N =

j|av|2 dx forallv e B.
r



DE GRUYTER F. Camilli and C. Marchi, Kazdan-Warner equation on networks —— 697

Let {Vy}nen be a minimizing sequence for J over B, i.e. limy_, oo J(vy) = infp J. By Lemma 2.1 (ii), we have that
the functions v, are uniformly bounded in H(I'). We deduce that, possibly passing to a subsequence, there
exists 1 € H'(T) such that, as n — +0c0, v, — i weakly in HY(I') and v,, — @ uniformly on I'. In particular, we
get that & belongs to B, and it is a minimizer of J on B.

We claim that i is a strong solution to problem (2.1). Actually, by standard Lagrangian multiplier theory,
there exist A, u € R such that

0= %(3(& i 1) —Arj he™9 dx - J(a + 1) dx)LO - rjaaaqb dx—Arjhe“qb dx - p J ¢ dx

for every ¢ € H'(T). Choosing ¢ = 1, since &i € B, we get u = 0. Arguing as in Remark 2.1, inside each edge e;,
there holds 0% + Ahe¥ = 0 in distributional sense. By the continuity of ii, we infer that i € Cz(e,-) and, since
it € HY(T), also that it € C%(T). Moreovet, il is a strong solution to

0’ = -Ahe", xceej, je],
Z ajfl(vi) =0, vi €V,

jelnc; uj(vi) = tr(vi), Jj,kelInc, vie V.

We claim that A > 0. The function i also solves e 29%ii = —Ah; integrating this relation, by Kirchhoff and
continuity conditions, we get

j(aa)ze*’2 dx = -1 J hdx.

r r

Let us first prove that the left-hand side of this equality is positive. We proceed by contradiction assuming
fr(aﬂ)ze‘ﬁ = 0. Hence 011 = 0, and in particular, @ is constant. Since i € B, we get e Jr h = 0 contradict-
ing the assumption Jr h < 0. Therefore, the left-hand side in the last equality is positive; again by virtue
of fr h < 0, the constant A must be positive. Finally, the function u(-) := @(-) + log(A) is a strong solution
to (2.1). O

4 The Kazdan-Warner equation with casec > 0

Theorem 4.1. Assume ¢ > 0. Then problem (2.1) has a solution u if and only if h is positive somewhere.

Proof. Assume that u is a solution of (2.1); choosing ¢ = 1 as test function in (2.2), we get Ir he' = ¢|T| > 0.
Hence {x € T | h(x) > O} # 0.

Conversely, for any h € CO(T') with {h > 0} # 0, we prove that problem (2.1) admits at least one solution.
To this end, it is expedient to introduce the set

B:- {v e H'(D) | Jhe” dx = c|r|}.
T

We claim that B is not empty. For ¢ > 0, we introduce the function w, as in the proof of Theorem 3.1, while
for ¢ < 0, we set w, = £. Since wg = Wg, the function

Jr heWedx ife>o0,
g(e) := _ .
Jr heWedx ife<o0
is well defined and continuous, it fulfils lim,_, o, g(€) = +oo (by virtue of estimate (3.1)) and

lim g() = lim e J h=0.
£€—-00 £—-00
r

Hence there exists # € R such that g(#) = c|T'|, namely, B # 0.
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We consider the functional

N|

J) := Jlaulzdx+cjudx forall u € B.
r

r

As a first step, let us prove that J is bounded from below in B. To this end, for any u € B, we set &t := fr u/|T|
and v := u — u. Note Ir v = 0 and ov = ou. Since u € B, it holds Jr he' dx = c|I'|e”, which implies

u = log(c|T|) - log(J’ he" dx);
T

replacing this equality in the definition of 7, we get

1
IJ(u) = Ellaullfz + c|T|log(c|T|) - c|T| log(j he” dx). (4.1)
r
Let us now estimate Ir he"; if v is constant, then, by Jr v = 0, it must be v = 0 and, in particular Jr he" = fr h.
For v non-constant, it is expedient to introduce the function v := v/||0v||;> which verifies v € H(T"), jr V=0

and [|0V|;> = 1. Lemma 2.1 (ii) and Lemma 2.2 guarantee that, for any € R, there exists a constant Kp
(depending only on B) such that
192 < I, j 7™ dx < Kg.
r
For every ¢ positive, for f; := %, there holds

2 2 2
[ her dx < il [ 05 dx < e 1O K.
T T

Replacing this estimate in (4.1), we obtain

1
I(u) > Ellaullfz + c|T|[log(c|T]) - elloull?. - log(lhlleKp,)]

and, in particular, for g := T
1
d(u) 2 leaulliz + c|T|[log(cIT']) - log(llhll=Kp,, )] (4.2)

Hence the proof that J is bounded in B from below is accomplished.

Let {un}nenw be @ minimizing sequence for J in B; set i1, := fr u,/|l'| and vy, := uy, — ti,; hence ouy, = ovy,
and by estimate (4.2), dv, is bounded in L?(T), uniformly in n. By Lemma 2.1 (ii), also v, is uniformly
bounded in L%(T), and therefore the functions v, are uniformly bounded in H'(T'). Moreover, by the defini-
tion of J, we get that Ir u, are uniformly bounded, and consequently also i, are uniformly bounded. Being
Un = Vp + iy, also the functions u, are uniformly bounded in H(T'). Possibly passing to a subsequence, there
exists u € H(T') such that, as n — +co, u, — u in the weak topology of H'(T'), u, — u uniformly, u € B and
J(u) = ming J.

We claim that u is a solution to (2.1). By standard Lagrangian theory, there exists A € R such that, for
every ¢ € H\(T),

0= %(J a(u+t¢)2 dx +c J(u +tp) dx—/\(cll"l - rj het*t¢ dx))ltzo
:Jdub¢dx+c!¢dx—/\f|’he ¢ dx. (4.3)

Choosing ¢p = 1, we get c|[T| = A Jr heY; since u € B, we get A = 1. In conclusion, relation (4.3) with A = 1 is
equivalent to the definition of weak solution to (2.1). O
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5 The Kazdan-Warner equation with case c < 0

Theorem 5.1. Assume c < 0.

(i) If (2.1) has a solution, then Ir h<oO.

(i) If Ir h < 0, then there exists a constant c(h) € [-co, 0) such that (2.1) has a solution for any c(h) < ¢ <0
and no solution for ¢ < c(h).

(iii) For fr h < 0, let c(h) be defined as in (ii). Then c(h) = —oco ifand only if h < 0 inT.

We introduce the definition of upper and lower solution to (2.1).

Definition 5.1. A function u € C2(I') is said to be a lower (respectively, an upper) solution of (2.1) if

u-c+he">0, xeejje], ’u-c+he'<0, xeejjel,
Z oju(vi)=0, vieV, resp., Z oju(vi) <0, vieW
jelng; jelng;

In order to prove Theorem 5.1, we need some preliminary results.

Lemma 5.1. If there exist a lower solution u_ and an upper solution u, of (2.1) such that u_ < u., then there
exists a solution u of (2.1) such that u_ < u < u,.

Proof. Set ki(x) = max{1, —h(x)} and k(x) = k1(x)e*+®, and consider the sequence of functions {un}nen
defined inductively as up = u; and u,,, € C*(T') the solution of

Lun+1 =f(X’ un)_kuH, XEej,jEI,
Z Ojun+1(vi) = 0, vi €V, (5.1)

jelng;

where Lu = 0%u — ku and f(x, u) = c — h(x)e“. We first observe that the sequence {uy,}nen is well defined.
Indeed, since k(x) > e7l4+li> =: A > 0, the differential equation in (5.1) can be written as

—azun+1 + H(X, ups1) + Atpe1 = 0

with H(x, r) := (k(x) = D)r + f(x, r) - k(x)uy(x); hence the result in [7, Proposition 10] ensures the existence
of a solution to (5.1). Moreover, by the linearity of (5.1), the maximum principle in [7, Proposition 12] guar-
antees the uniqueness of this solution. We claim that

U_ < Upy1 <Up <u, foranyneN. (5.2)
Since

L(u - uo) = f(x, uo) — kuo — 0%up + kup >0, xe ej,jel,
Y 9j(ur —uo)(vi) 20, vieV,

jelnc;

the inequality u; < ug = u; on I follows immediately by the maximum principle (see [7, Proposition 12]).
Assuming inductively that u, < u,-1, we have

L(uns1 — un) = k() (Un_1 — un) + h00) (et — e¥r)
> k1 (0™ (Un_1 — upn) - k1 (x)(er! — e'n)

> k() (™ — e u,_q —u,) forx e ej,jel,

where &(x) € [un(x), up—1(x)]. By induction, we have u, > u,_1, and recalling the condition at the vertices,
we get
L(uns1-un) 20, xeejjel,
Y OjUni —un)(vi) 20, vieV.

jelng;
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We conclude again by the maximum principle that u,,; < u, in I'. We finally observe that, arguing as before,
we have
L= = uns1) 2 k(xX)(up —u-) + h(x)(e"*" —e*-) >0, xecej, je],

Y. Oj(U-~un1)(vi) 20, Vi€V,
jelnc;
and therefore u_ < uy,1 on T for all n. Hence the claim (5.2) is proved.

By [7, Proposition 10], there exists a positive constant C (independent of n) such that ||u,||g: < C and,
in particular, ||uy,||z~ < C for every n € IN. Replacing the bounds (5.2) in the differential equation of (5.1), we
obtain that [|0%uy ||z~ are uniformly bounded; this property and again the bounds (5.2) ensure [Ju,|z < C.
The Ascoli-Arzela theorem vyields that, up to passing to a subsequence, {u,} converges in H'(I') to a func-
tion u € HY(I') which is a weak solution to (2.1) with u_ < u < u,. Finally, by Remark 2.1, u is a classical
solution to (2.1). O

In the next lemma, we show that (2.1) admits a lower solution u_ for any ¢ < 0.
Lemma 5.2. If ¢ < O, then there exists a lower solution u_ of (2.1).

Proof. Set u_ = —A for some constant A > 0. Then the function u_ fulfils the Kirchhoff condition in (2.1) and
also
?u_(x) —c+h(x)e* W = —c+h(x)e >0, xeejjel,

for A sufficiently large. Hence u_ is a lower solution to (2.1). O

Proof of Theorem 5.1. Assume that there exists a solution u of (2.1). Then, integrating (2.1) on I', we get

- j h(x) dx = J(au(x))ze‘”(x) dx - ¢ J e dx > 0
T T T

and therefore (i).

We now assume that fr h(x) dx < 0. Recall that, by Lemma 5.1 and Lemma 5.2, problem (2.1) has a solu-
tion if and only if there exists an upper solution u. . Moreover, it is easy to see that, if u, is an upper solution for
a given ¢ < 0, then it is also an upper solution for any ¢ such that ¢ < ¢ < 0. Hence it follows that there exists
a constant c(h) with —oo < ¢(h) < 0 such that (2.1) admits a solution for ¢ > c(h) and no solution for ¢ < c(h).

We show that c(h) < 0. Let m € C%(T) be a solution of

’m(x) = Jh(x) dx-h(x), xeejje],

r (5.3)
Z ojm(vi) =0, vieV

jelng;

(existence of a weak solution to (5.3) is proved in [7, Proposition 13], while the regularity follows by
Remark 2.1), and let a be a positive constant such that

- jr h(x) dx
2[h(X)l|ze
We define b = In(a), ¢ = 3a [ h(x) dx and u, (x) = am(x) + b. Then ¢ < 0 and

max|e?™™ — 1| <
xel’

a|.h(x)dx
1|+-[F#<0

< alh(x) e — <

al.h(x)dx
%u,(x) — ¢ + h(x)e*® = gh(x)(e™™™ - 1) + JF%

Moreover, by (5.3), u, is continuous and verifies the Kirchhoff condition because m enjoys the same proper-
ties. Hence u, is an upper solution, and therefore we conclude that

c(h) < g J h(x)dx < 0.
T

We finally prove (iii). Note that [ h < O ensures h # 0.
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We first show that, if h < 0in T, then (2.1) is solvable for any ¢ < 0, and therefore c(h) = —c0. Fixed ¢ < 0,
let m be a solution of (5.3), and choose two constants a, b such that a fr h(x) dx < ¢ and e®™m™+b _q 5 0
for x € I'. We show that the function u, (x) = am(x) + b is an upper solution of (2.1). Indeed, there holds

O%u,(x) - ¢ + h(x)e¥ ™ = g J h(x) dx — ah(x) — ¢ + h(x)e®™W*b < h(x)(e™W+b _ g) <0,
r
while the continuity and the Kirchhoff conditions for u, come again from those of m. Hence u, is an upper
solution to (2.1), and therefore, for any ¢ < 0, there exists a solution to (2.1).
Conversely, let us prove that c(h) = —co implies h < 0 in I. To this end, as in [13, Theorem 2.3], we argue
by contradiction assuming that {h > 0} is not empty. Forany c < 0, let u be a solution to (2.1) (whose existence
is ensured by c(h) = —00), and let ¢, € C*(I') be a solution to the problem

az¢c+c¢c=h, xeej, je],
Y 9jpcvi)=0, vieV (5.4)

jelng;

(whose existence is ensured by [7, Proposition 10]). We claim
Pc(x)>e @ >0 forallx eT.

In order to prove this relation, by the maximum principle [7, Proposition 12], it suffices to prove that e™ is
a lower solution to (5.4). Actually, there holds

o%(e™¥) + ce¥ = e “[-0%u + |oul® + c] = e “[he" + |oul?] > h;

moreover, e ¥ is continuous and satisfies the Kirchhoff condition because u does it. Hence our claim is proved.
Let us assume for the moment that there holds

lim c¢p.(x)=h forallx eT; (5.5)
C——00

then this property would contradict ¢ > 0 in {h > 0}, accomplishing the proof. Therefore, it remains to
prove (5.5); to this end, we observe that the operator A := —92, coupled with Kirchhoff condition, is a maximal
monotone operator (for the precise definition and main properties, we refer the reader to the monograph [6,
p. 101]). Applying [6, Proposition VII.2 (c)] with A equal to %, we obtain lim._,_, U = h, where u. solves
I+ %‘)(uc) = h. By linearity, we get u. = c¢., accomplishing the proof of (5.5). O

5.1 The critical case ¢ = c(h)

Proposition 5.1. For fr h < 0 and c(h) > —oo, problem (2.1) with ¢ = c(h) admits a solution.

Proof. Note that Theorem 5.1 (iii) ensures that h changes sign (and obviously, h # 0). Given a decreasing
sequence {ci}kxew With c(h) < cx < 0 converging to c(h) as k — +0o0, we consider

u=cx-he', xeejje],
Y dju(vi) =0, vie V. (5.6)

jelng;

The idea is to show that a sequence of solutions uj of (5.6), appropriately chosen, converges for k — oo to
a solution of (2.1) with ¢ = c(h).

Lemma 5.3. For each k € IN, there exist a lower solution ¢y = —A € R and an upper solution Yy to (5.6) with

Y > Pi.

Proof. To show the existence of a lower solution, it suffices to argue as in Lemma 5.2 choosing A sufficiently
large so that
—cx+h(x)e™ > —cx — |hllp=e™ =: 6 > 0. (5.7)
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For the upper solution, we choose i as a solution to (2.1) with ¢ replaced by any ¢ € (c(h), cx) (Whose
existence is established in Theorem 5.1).

Finally, it remains to prove the inequality ; > —A (see also [21, Claim 3] for a similar argument). Denot-
ing by X a minimum point of {y on T', we claim that y(x) > —A.

Assume first that X € e; for some j € J. The first equation in (2.1) yields

h(x)e¥ ™ = ¢ — 0% hr(X) < G < O

and, in particular, h(X) < 0. On the other hand, the function ¢y = —A satisfies h(x)e™ > ¢i. The last three
relations give e¥<(® — ¢=4 > 0, which is equivalent to (%) > —A.

Assume now X = v; for some i € I and, for later contradiction, Y (v;) < —A. Observe that, for any j € Inc;,
the restriction of ¥y to e; attains its minimum at v;, and consequently, 9;)(v;) = 0. Taking into account
the Kirchhoff condition in (2.1), we deduce 9 (v;) = 0 for all j € Inc;. On the other hand, by (5.7) and the
continuity of h, there exists > 0 such that

1)
Cr+ [hllpoed < -5 (5.8)
Moreover, by the continuity of ¥, and i (v;) < A, (5.8) ensures
1)
OFPi() = & - h(0E™® < &yt [hllzwe ™ <=2 < 0

for any x € e; sufficiently close to v;. In conclusion, near v;, the function 9;i is strictly decreasing with
0jYi(vi) = 0, and therefore iy is strictly decreasing. This fact contradicts that 1, attains its minimum at v;.

O
Lemma 5.4. Fix k € IN. The minimum of the problem
inf{Jx(u) : u € HY(T), -A < u(x) < Yx(x) forall x € T}, (5.9)
where 1
Te(u) := 5 Jlaul2 dx + ck J udx - j het dx,
r r T
is attained by some function u with
~A <<y (5.10)
Moreover, i is a solution of (5.6).
Proof. Let {v,}, be a minimizing sequence for Jx. Then there holds
Jk(vp) + 0(1) < Jx(=A) = cx(-A)|T| - e I h<C
T
for some constant C (independent of k). Moreover, we have
C+0(1) = k(vp) = % j|avn|2 dx + ¢ J Vpdx — J he'" dx
T r r
2%Ilavnlzdx+ckjwkdx—||h||LooJe‘/’k dx, (5.11)
r T T

where the inequality is due to the constraint -A < v, < . We deduce that |[0v,|;2 are uniformly bounded;
on the other hand, also ||v,||;~ are uniformly bounded. Therefore, the sequence {v,}, is uniformly bounded
in H'(T'). We infer that, possibly passing to a subsequence, there exists &i € H'(I') with —A < i < Yy such that
vy — i uniformly and v, — it weakly in H'. By the lower semicontinuity of Jy, we get Jy(i1) < liminf,, Jx(v,);
hence @ is a minimum point for (5.9). Let us assume for the moment that inequalities (5.10) hold true; then,
by standard Lagrange multipliers method, we have %Jk(ﬂ + t)|t=0 = O for any ¢p € H(T), from which we
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get (2.2). Arguing as in Remark 2.1, we get that i is a strong solution to (5.6). Therefore, it remains to prove the
inequalities in (5.10); since the proofs are similar, we shall only provide the one for the first relation. As a first
step, we claim that it cannot exist an interval [x1, x2] c e; (for some j € J) such that & = —A on [x1, x2]. Actu-
ally, for later contradiction, assume that there exists such an interval [x1, x>]. Without any loss of generality,
we can assume x; = 0. We introduce the function

R —-A + amin{x, x, — x} ifx € (0, x),
ux) :=
u(x) otherwise,
where a > 0 is a constant so small that i is admissible for (5.9) and to be suitably chosen later on. We have
X2
Ml [ (e - e dx.
0

a’x; acyx;

Jr(i) = Jp(@) = - %

By the Lagrange theorem, for every x € (0, %), there exists & € (0, x) such that
—A+a2 X2
2 b
by symmetry, there holds also %™ — e®) < qe~4*4% X for every x € (%, x,). Replacing these two inequali-
ties in the previous one, we get

el _ g0 = go=A+aly < ge

2
x X
T (@) - T (id) > —az%z +a[—ck - 2||h||Looe_A+“72]Z2.

For A sufficiently large and a sufficiently small, we get a contradiction. Finally, we claim that, if & > -A
on some interval (x1, x») c e; (for some j € J), then & > -A on é;. Indeed, let us assume -4 < i < P on
some (X1, x) and, by later contradiction, #i(x;) = —A. Then ¢ := i + A attains a minimum at x,. Moreover, as
before, by the Lagrange multipliers method, i solves (5.6) on (X1, x»). Then, for x — x5, by (5.7), we have

0%¢p = cx—he’ = cx—he™ +0(1) <0,
which provides a contradiction. O

We can now conclude the proof of Proposition 5.1. Denote by uyg, k € N, a solution of (5.6) given by
Lemma 5.4. Assume for the moment that the sequence {u} is bounded in H'(T'). Hence there exists u € H(T')
such that, as k — +co, up to a subsequence, ux — u in the weak topology of H*(T') and uy — u uniformly.
Passing to the limit in the weak formulation of (5.6), we get that u is a weak, and therefore also a strong,
solution to (2.1) with ¢ = c(h).

It remains to prove that {u}y is bounded in H. To this end, fix 0 < § < maxr h, an interval D inside
some edge e;j such that D c {h(x) > 6} and a point X € D; by the same arguments as in [8, p. 743] (note that
we can use [8, Lemma 2.1] because any solution of the equation in D is also a solution in a 2-dimensional
domain), we get that the uy’s are uniformly bounded in D. Therefore, the functions wy(x) := uy(x) — ux(x)
satisfy wy(X) = 0, and there exists C; > 0 such that |uy(x)| < C; for any k. Arguing as in Lemma 2.1 (i), we get
IWkllze < [T1Z10wyllz2 = IT12 [9ukllz2, and we deduce

— 1
luillze < fuk(O] + Iwillze < C1 + T2 [|0ugll 2. (5.12)
On the other hand, choosing ¢ = 1 as test function in the weak formulation of (5.6), we get

J he' dx = ci|I|. (5.13)
r
Since cy are negative, relations (5.11) with v,, = uy and (5.13) entail

1 dugll?
C> 5 Jlaukl2 dx + cx J uy dx - J he' dx > % +Ck J’Iukl dx - ci|T|
r r T r

2
lloukllz> 3
2~ + Gl + cilTIz [ ouylz> - cxlTl,

where the last inequality is due to (5.12). Hence ouy are uniformly bounded in L?; by (5.12), the u;’s are
uniformly bounded in L* and consequently also in H'. O



704 —— F. Camilliand C. Marchi, Kazdan-Warner equation on networks DE GRUYTER

Acknowledgment: The authors wish to thank the anonymous referees for many suggestions, which were
useful to improve the overall presentation.

Funding: The second author is member of Indam-Gnampa, and he has been partially supported by the fon-
dazione Cariparo project “Nonlinear partial differential equations: asymptotic problems and Mean Field
Games”.

References

(1]

(2]

[10]

[11]

[12]

[13]
[14]

[15]
[16]

[17]

(18]
[19]

[20]

[21]

Y. Achdou, M.-K. Dao, O. Ley and N. Tchou, A class of infinite horizon mean field games on networks, Netw. Heterog. Media
14 (2019), no. 3, 537-566.

R. Adami, E. Serra and P. Tilli, NLS ground states on graphs, Calc. Var. Partial Differential Equations 54 (2015), no. 1,
743-761.

F. Ali Mehmeti, Nonlinear Waves in Networks, Math. Res. 80, Akademie, Berlin, 1994.

G. Barles and E. Chasseigne, An illustrated guide of the modern approaches of Hamilton—Jacobi equations and control
problems with discontinuities, preprint (2018), https://arxiv.org/abs/1812.09197.

G. Berkolaiko and P. Kuchment, Introduction to Quantum Graphs, Math. Surveys Monogr. 186, American Mathematical
Society, Providence, 2013.

H. Brezis, Analyse fonctionnelle, Collection Mathématiques Appliquées pour la Maitrise. Théorie et Applications Masson,
Paris, 1983.

F. Camilli and C. Marchi, Stationary mean field games systems defined on networks, SIAM J. Control Optim. 54 (2016),

no. 2,1085-1103.

W. Chen and C. Li, Gaussian curvature in the negative case, Proc. Amer. Math. Soc. 131 (2003), no. 3, 741-744.

S. Dovetta, E. Serra and P. Tilli, Uniqueness and non-uniqueness of prescribed mass NLS ground states on metric graphs,
Adv. Math. 374 (2020), 107352.

M. Freidlin and S.-). Sheu, Diffusion processes on graphs: Stochastic differential equations, large deviation principle,
Probab. Theory Related Fields 116 (2000), no. 2, 181-220.

M. 1. Freidlin and A. D. Wentzell, Diffusion processes on graphs and the averaging principle, Ann. Probab. 21 (1993), no. 4,
2215-2245.

M. Garavello, K. Han and B. Piccoli, Models for Vehicular Traffic on Networks, AIMS Ser. Appl. Math. 9, American Institute of
Mathematical Sciences (AIMS), Springfield, 2016.

H. Ge, Kazdan—-Warner equation on graph in the negative case, J. Math. Anal. Appl. 453 (2017), no. 2, 1022-1027.

A. Grigor’yan, Y. Lin and Y. Yang, Kazdan-Warner equation on graph, Calc. Var. Partial Differential Equations 55 (2016),
no. 4, Article ID 92.

J. L. Kazdan and F. W. Warner, Curvature functions for compact 2-manifolds, Ann. of Math. (2) 99 (1974), 14-47.

P.-L. Lions and P. Souganidis, Viscosity solutions for junctions: Well posedness and stability, Atti Accad. Naz. Lincei Rend.
Lincei Mat. Appl. 27 (2016), no. 4, 535-545.

G. Lumer, Espaces ramifiés, et diffusions sur les réseaux topologiques, C. R. Acad. Sci. Paris Sér. A-B 291 (1980), no. 12,
A627-A630.

D. Mugnolo, Semigroup Methods for Evolution Equations on Networks, Underst. Complex Syst., Springer, Cham, 2014.

S. Nicaise, Elliptic operators on elementary ramified spaces, Integral Equations Operator Theory 11 (1988), no. 2,
230-257.

Y. V. Pokornyi and A. V. Borovskikh, Differential equations on networks (geometric graphs), J. Math. Sci 119 (2004),
691-718.

X. Zhang and Y. Chang, p-th Kazdan-Warner equation on graph in the negative case, J. Math. Anal. Appl. 466 (2018), no. 1,
400-407.


https://arxiv.org/abs/1812.09197

	A note on Kazdan–Warner equation on networks
	1 Introduction
	2 Notation, definitions and preliminary results
	3 The Kazdan–Warner equation with case $c = 0$
	4 The Kazdan–Warner equation with case $c > 0$
	5 The Kazdan–Warner equation with case $c < 0$
	5.1 The critical case $c = c(h)$



