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ASYMPTOTIC ANALYSIS OF PERTURBED ROBIN PROBLEMS
IN A PLANAR DOMAIN

PAOLO MUSOLINO, MARTIN DUTKO, GENNADY MISHURIS

ABSTRACT. We consider a perforated domain Q(¢) of R? with a small hole of
size € and we study the behavior of the solution of a mixed Neumann-Robin
problem in Q(e) as the size € of the small hole tends to 0. In addition to
the geometric degeneracy of the problem, the nonlinear e-dependent Robin
condition may degenerate into a Neumann condition for ¢ = 0 and the Robin
datum may diverge to infinity. Our goal is to analyze the asymptotic behavior
of the solutions to the problem as e tends to 0 and to understand how the
boundary condition affects the behavior of the solutions when € is close to 0.
The present paper extends to the planar case the results of [36] dealing with
the case of dimension n > 3.

1. INTRODUCTION

In this article we continue the analysis of [36], where we have studied the as-
ymptotic behavior of the solutions of a boundary value problem for the Laplace
equation in a perforated domain in R™, n > 3, with a nonlinear Robin boundary
condition degenerating into a Neumann condition on the boundary of the small
hole.

The problem considered in [36] was degenerating under three aspects: in the
limit case the Robin boundary condition may degenerate into a Neumann boundary
condition, the Robin datum may tend to infinity, and, finally, the size € of the small
hole where we consider the Robin condition tends to 0. The analysis of [36] was
confined to the case of dimension n > 3, since the two-dimensional case requires a
different treatment. Indeed the technique of [36] is based on potential theory, and
as it happens often with such method, the case of dimension n = 2 and the one of
dimension n > 3 need to be treated separately because of the different aspect of
the fundamental solution of the Laplacian.

Boundary value problems with degenerating or perturbed boundary conditions
have been analyzed by many authors. Here we mention, for example, Wendland,
Stephan, and Hsiao [43], Kirsch [18], Costabel and Dauge [4], Ammari and Nédélec
[2], Schmidt and Hiptmair [40], and [35], 36].

As already mentioned, another feature of the problem considered in the present
paper and in [36] is the fact that the degenerating boundary condition is posed on
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the boundary of a small hole. Boundary value problems in domain with small holes
have been studied by many authors. Asymptotic analysis techniques have been used
for example in the works of Ammari and Kang [1], I’in [I7], Maz’ya, Movchan, and
Nieves [24], 25], 26] 27 28], Maz’ya, Nazarov, and Plamenevskij [29, [30], Nieves
[38], Nieves and Movchan [37], Novotny and Sokotowski [39]. We also note that
in Grossi and Luo [I5] boundary value problems in domains with small holes have
been studied with the goal of analyzing critical points of solutions.

The method of the present paper is instead, as in [36], the Functional Analytic
Approach proposed by Lanza de Cristoforis in [19] for the analysis of singular
perturbation problems in perforated domains. The purpose of the method is to
represent the solution of a pertubed problem in terms of real analytic maps and
known functions of the perturbation parameters. In particular, we observe that
such method has been successfully used for example in Dalla Riva and Lanza de
Cristoforis [Bl 6] [7, 8] and Lanza de Cristoforis [20], for the analysis of nonlinear
boundary value problems.

In scientific and engineering practice, Robin boundary condition has an impor-
tant role in many applications. Perhaps the most common use are the transport
PDEs utilized in the systems such as convective-dispersive solute transport (van
Genuchten and Alves [42]), heat transfer (e.g. temperature dependent boundary
conditions in forming of the glass containers ass seen at [12]), and convective-
diffusive mass transfer of different species. Here, the ability to define arbitrary
size of the internal perturbation with Robin boundary condition is important when
assessing processes at different scales — for example when analyzing sand fines mi-
gration from or into the well during oil or gas production the size of the perturbation
§ (wellbore diameter) will be finite at the wellbore scale assessment but 6 — 0 for
field scale analysis (see e.g. [13] for various Oil and Gas applications). In [35], [36]
and in the present paper, we have considered a Robin problem as simplified model
for the transmission problem for a composite domain with imperfect conditions
along the joint boundary. Such nonlinear transmission conditions frequently ap-
pear in practical applications for various nonlinear multiphysics problems (e.g.,
[32, B33, 34]).

We begin by introducing the geometry of our problem. Therefore, we fix a
regularity parameter o €]0,1[ and we take two subsets, one representing the un-
perturbed domain Q° and another representing the shape of the hole w?. The sets
Q° and w® satisfy the assumption

w' and Q° are bounded open connected subsets oﬁ%Q of class C1@
such that 0 € Q° Nw?® and that R? \ w’ and R? \ Q° are connected.

We refer to Gilbarg and Trudinger [I4] for the definition of sets and functions of
the Schauder class C** (k € N). We set

€0 = sup{f € ]0, +oo[ : ew’ € Q°, Ve € ]-0,0[}.

If € €]0, €[, then the set ewi is contained in Q°. We think of ew? as a hole and
we remove it from the unperturbed domain. Hence, we introduce the perforated
domain Q(e) by setting

Qe) = Q°\ ew?! Ve €]0,¢].

As the parameter € tends to 0, the perforated set Q(e) degenerates to the punctured
domain Q°\ {0}.
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As we have done in [30], for each € €]0, o[ we study a nonlinear boundary value
problem for the Laplace operator: we consider a Neumann condition on 9€2° and a
nonlinear Robin condition on edw’. In order to define the boundary value problem
in the set Q(e), we fix two functions

§° € CO(09°), gt e CO* (0w

Next we take a family {F}cejo,e,| Of functions from R to R, and two functions §(:)
and p(-) from 0, o] to ]0, +o0].
Now for each € €]0, ey we consider the following boundary value problem:

Au(z) =0 Vz € Qe),

Doon u(z) = g¢°(x) Ve N,

0  S(E () 2 I @€)
8V€wi ’U,(J?) - 6( )Fe( ( )) + P(G)

where vgo and v, denote the outward unit normal to 9Q° and to d(ew?), respec-
tively.

As in in [30], our aim is to analyze the behavior of the solutions to problem
(1.1) as ¢ — 0 and to understand how the size of the hole and the functions ¢ and
p that intervene in the nonlinear Robin condition affect the asymptotic behavior
of solutions to problem (L.I). We will adapt the techniques of [36] for the case of
dimension n > 3 to the planar perforated domain of the present paper.

The article is organized as follows. In Section [2] we analyze a toy problem in an
annular domain. In Section [3|we transform problem into an equivalent system
of integral equations. In Section [d] we analyze such system and we prove our main
results on the asymptotic behavior of a family of solutions and of the corresponding
energy integrals. Finally, Section [5| contains some remarks on the linear case and
Section [fl some conclusions.

(1.1)

Vz € eOw’ ,

2. A TOY PROBLEM

As we have done in [35], [36], we consider problem (1.1)) in the annular domain

Q(e) = BQ(Oa 1) \BQ(Oa 6) )
where, for 7 > 0, the symbol B, (0,7) denotes the open ball in R? of center 0 and
radius 7. In other words, we take Q° = B5(0,1) and w’ = B(0,1).
We set g = 1, F.(7) = 7 for all 7 € R and for all € €]0, ¢, g° = a, and g° = b,
where a,b € R. In addition, we take two functions §, p: ]0, 1[—]0, +oo[ and for each
€ €]0, 1] we consider the problem

Au(z) =0 Vo € B(0,1)\ Ba(0,€),

0
61/1532(0,1)u(x) =a Vo edB:(0.1), (2.1)
u(z) = d(e)u(z) + b Vz € OB2(0,€).

p(€)

It is well known that for each e €]0, 1] problem (2.1)) has a unique solution in

C1(Q(e)). We denote such a solution by u..

81/]1332(075)
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On the other hand, in the unperturbed domain B2 (0, 1) the Neumann problem
Au(z) =0 Vz € By(0,1),
0 (2.2)
——u(x) =a Vz e dBy(0,1
Dm0 (z) 2(0,1)

is subject to compatibility conditions on the Neumann datum on 9B3(0,1). In
particular, in this specific case of constant Neumann datum, problem has a
solution if and only if

a=0. (2.3)

For a = 0, the Neumann problem (2.2)) has the one-dimensional space of constant

functions in B5(0, 1) as the space of solutions, whereas if instead we have that a # 0,
then problem does not have any solution.

As a consequence, if the compatibility condition does not hold, the unique
solution u. of problem clearly cannot converge to a solution of ase—0
(since problem has no solutions). Also, as we shall see, the solutions may
diverge as € — 0 even if a = 0, because of the terms §(e) and p(e). Here we wish to
investigate how the Robin condition on the region edw® influences the asymptotic
behavior of the solution as € — 0.

Now, our goal is to explicitly construct the solution u. of our toy problem
and then analyze the behavior of u. as ¢ = 0. We search for the solution u. in the
form

uc(zr) = Acloglz| + B. Vo € Qe),

and we need to determine the constants A, and B, so that the boundary conditions

of problem (£2.1)) hold.

Since
T

= A —_—
Vue(x) T2l

to satisfy the Neumann condition on 0By (0, 1), we must have
A.=a.

On the other hand, to satisfy the Robin condition on B3(0, €), we need to determine
B, so that

x T b
— a——= =d(¢)(alog|x| + Be) + — Vo € 0B2(0,¢), 2.4
i.e.,
g—(5(6)(0L10 e—l—B)—l—i Vz € OB2(0,€)
€ - g € ,D(E) 2 I .
Therefore,

BGZ%(%_%@) —aloge,

and, as a consequence, also

1 /a b —
ue(x)zalog\x|+@(zf@) —aloge Ve Qe). (2.5)

We can rewrite (2.5) as

1 €
uc(z) = alog|z| + e (a - b@ — aed(e) log e) Vo € Qe).
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This, for example, implies that if
~ — fim
lo= llg%eé(e)loge eER, ro= llg% e eR,
and
a—brg—alyg #0,

then the value of the solution () is asymptotic to (a — bro — alp)/(ed(€)) as €
tends to 0 for all fixed T € Q\ {0}.

This means that, under suitable assumptions on the behavior of d(e) and p(e)
as € — 0, the value of the solution u.(T) at a fixed point 7 € Q\ {0} behaves like
(a —brg — aly)/(ed(€)). If instead for each € positive and small enough, we take &,
such that |Z.| = €, then

1 €
ue(Z.) = aloge + @ (a - b@ — aed(€) log e)
1

= 5 (aeé(e) loge+a— bm
1

= eo(e) (“ - b%) '

— aed(e) log 6)

o))

In particular, if
a—brg#0,

then the value wu.(Z.) of the solution at Z. is asymptotic to (a — brg)/(ed(e)) as
e —0.
We now consider the energy integral of u.. A direct computation shows that

/ |Vu6(x)|2dx=/ 9 (alog]) P d
Q(e) Q(e)
1
z/ az—2 dx
Q(e) |z

1
1
:a227r/ fdr:a227r<floge>.
e T

We note that equation (2.5)) provides a solution of the linear toy problem (2.1))
also if d(¢) < 0. In case d(¢) < 0, uniqueness for the solution of problem (2.1)

may fail since indeed 0 = —d(€) could be a mixed Steklov-Neumann eigenvalue of
problem
Au=0 in Q(e),
0
u=0 on dBy(0,1),
61/9(6)
0

o u=ocu on JdB(0,¢).
A detailed discussion on how to extends the results also to the case d(e) < 0 and
the analysis of the behavior of Steklov-Neumann eigenvalues may be the subject of
future investigations.

It is also interesting to look at a nonlinear toy problem with arbitrary functions
F.(-). Then repeating the same line of reasoning, the only difference appears in the
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equation (2.4]), that will take the form
T T b
2 oa .
2| |zf? p(e)

If we additionally assume that the functions F, : R — R are invertible then by (2.6))
for each € €]0, 1] the constant B, can be uniquely found,

= d(€)Fe(alog|x| + Be) + Vo € B2 (0,€) . (2.6)

ap(e) — eb
ep(€)d(e)
and the analysis can be performed in a similar way as we have previously done.
However, if the functions F. are not bijections, then the analysis of the existence
(and possibly uniqueness) of the solution becomes more complex. For example,
a solutions can be derived under specific conditions on the parameters if suitable
rescaling of the functions F, are locally invertible. This shows how rich the problem
is even in the simple situation of a circular annular domain. On the other hand,
many of the features mentioned here are preserved for the general 2D case. Below,
we provide an accurate analysis of the general problem formulated above, making,
where appropriate, a reference to the similar feature highlighted here for the toy
problem.

BE=FE_1< )—aloge,

3. INTEGRAL EQUATION FORMULATION OF THE BOUNDARY VALUE PROBLEM

As in [35] B6], we use the Functional Analytic Approach, introduced by Lanza
de Cristoforis in [19], to analyze problem when the parameter e is close to 0.
We refer to [9] for a detailed presentation of the method. In order to apply such
approach, we need to define classical objects of potential theory. We first denote
by S the fundamental solution of the Laplace operator, i.e. the function from
R?\ {0} to R defined by

1
Sa(x) = o log|z| VzeR?\{0}.

By means of Sy, we construct the single layer potentials, that we use to represent
the solutions of problem (I.1]). So let 2 be a bounded open connected subset of R?
of class C™®. We introduce the single layer potential by

0@ = [ Sale—yuly)do, VoeR?,
00
for all u € C°(9). If u € C°(AN), then v[dQ, ] is continuous in R2. Moreover,
if p € C%*(09Q), then the function v [0Q, u] = [0, p g belongs to cle(Q),

and the function v~[08, u] = v[0Q, ] r2\q belongs to Cllo’co‘ (R2\ Q). The normal
derivative of the single layer potential on 0€), instead, presents a jump. To describe

such jump, we set
W09, p](x) = / vo(x) - VSa(x —y)u(y)do, Ve R,
o0

where vq denotes the outward unit normal to 9Q. If p € C%*(99), the function
W*[09, 1] belongs to C%*(9€2) and we have

iui[aﬂ,u] = :F}M + W*OQ, n] on o0 .
8VQ 2
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We will use density functions with zero integral mean and thus we find it conve-
nient to set

00 (90°)y = {f e C%(90°): [ fdo= o}.
one

By arguing as in [36, §3], we are ready to establish in Proposition a corre-
spondence between the solutions of problem (|1.1)) and those of a (nonlinear) system
of integral equations.

Proposition 3.1. Let € €]0,¢q[. Then the map from the set of triples (u°, u*, &) €
C%2(00°)9 x C¥*(Ow?®) x R such that

1
—p0@) + | vae(x) VSa(z —y)u’(y) doy
2 /mo & 2 (3.1)

—|—/ Voo () - VSo(x — es)u'(s) dos = g°(z) Va € 0Q°,
Ow?

%,ui(t) + 6/390 Vi (t) - VSa(et — y)p’(y) doy + /a Y (t) - VSa(t — s)p'(s) dos
= 65(6)F€< So(et — y)u°(y) doy + / So(t — s)u'(s) do

oQe Ow'

log e ; S i € i
+ 0 /awiﬂ do+—6(€)€) +o )5 e,
(3.2)

to the set of those functions u € C1*(Q(e)) which solve problem (1.1]), which takes
a triple (u°, ut, &) to the function

So(z —y)p’(y) doy, + So(z — es)p'(s) dog + £ vV € Qe)
a0° Aw? d(e)e
is a bijection.
By Proposition [3:1] we can study the behavior of the solutions of boundary value

problem (|1.1)) by analyzing those of the system of integral equations (3.1)-(3.2)) as
e — 0. As we have done in [36], we make some structural assumptions on the

nonlinearity and we assume that
there exist €1 €]0, €g[, m € N, a real analytic function F from R™! to R,

and a function n(-) from |0, 1] to R™ such that ny = liII(l) n(e) € R™ and that
[ d

65(6)FE($T> = F(r,n(e)) for all (r,¢) € Rx]0, 1.
(3.3)

4. ANALYTIC REPRESENTATION FORMULAS FOR THE SOLUTION OF THE
BOUNDARY VALUE PROBLEM

Under the additional assumption (3.3)), we can rewrite the set of equations (3.1))-
B2 as

1
— —p(x) + vae () - VSa(x — y)u’(y) doy
2 /ago (4.1)

—|—/ vaeo(z) - VSa(x — es)u'(s) dog = g°(x) Vo € 09Q°,
Ow?
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L v,i(t) - et — ° o v,i(t) - S (t — s)u'(s) do
GO+ [ valt)- VSalet =) doy + [ vn(t)- VSalt = s)u' (9o

= F<e§(e) /&mo Sa(et —y)u’(y) doy, + €d(e) /a Sa(t — s)p'(s)dos

n €d(e) loge/
2w o

for all € €]0,€e1[. In order to pass to the limit as e — 0 in equations (4.1))-(4.2),
we need to know the asymptotic behavior for € close to 0 of the quantities €d(e),
ed(e) loge, and ﬁ which appear in (4.2]). As a consequence, we now assume that

pdo e, 77(6)) +e )5 e,
(4.2)

. €
lo zlﬂed(e)logeeR, 70 :151(1)—'0(6) eR. (4.3)
Condition (4.3) implies also lim._,q ed(e) = 0.
In (4.1)-(4.2), we replace the quantities

ed(e), ed(e)loge, n(e), @,

by the auxiliary variables 71, 72, 73, and 74, respectively, and we introduce the
operator A = (A%, AY) from | — €1, e1[xR™F3 x CO2(90°)y x CP*(Ow?) x R to
CY2(90°) x CY*(Ow') by setting

AO[€771a727’Y33747M07,UJiaf](x)

1, 0
=—5u (x) + /Emo vae(z) - VSa(z — y)u’(y) doy (4.4)

+ / Voo () - VSa(x — es)p'(s) dog — g°(x) Vo € 09°,
Ow?
Ai [6, V15725 7Y3, V45 p’ov N’iv 5](0

*li € v,i(t) - (et — ¢ o
= 500+ [ valt) VSi(et =) (s) doy,

+ /am Vi (t) - VSa(t — s)pi(s) do (4.5)

- F(’Yl Sa(et —y)u’(y) doy + 71 So(t — s)u'(s) dos
oNe Aw'

+ 2 pido+€s) — gt Vee o,
27 Awi
for all (e,71,72, 73, V4, u%, pt, €) €] — €1, €1 [XR™H3 x CO(90°)g x C%Y(dw?) x R.
By definitions (4.4)-(4.5)), for € €]0, €[ the system of equations

o

Al [e,€d(e), €d(€) log e, n(e), ﬁ

A°[e, e0(e), €d(€) log e, n(e), ot E(x) =0 Vo €00, (4.6)

0t El() =0Vt € o' (4.7)
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is equivalent to the system of integral equations (4.1))-(4.2). Letting ¢ — 0 in
(4.6)-(4.7), we obtain the equations

1
- 5#0(95) + / vao () - ViSa(z — y)u’(y) doy
o (4.8)
+ voo () - VSg(x)/ pi(s)dos = g°(x) Va € 0Q°,
Ow'

i,ui(t) + /8 Vi (t) - VSt — s)u'(s) dos
lo

(4.9)
:F(%/&M” dg+§7”0) +g'(t)ro VYt € ow'.

For € €]0,¢;[ small enough, we would like to prove the existence of solutions

(u, ut, €) to ([4.6)-(4.7) around a solution of the limiting system (4.8))-(4.9). There-
fore, we further assume that

ngste~m lbi) in the un&{nownv (n°, 1, &) admits a solution (4.10)
(B, 1, &) in CV*(992°) x CY*(dw") x R

We now note that if (i°, fi', €) is a solution of the system (Z.8)-(.9), by integrating
(4.8) on 9Q° and by the equalities

~0 1 ~0

/ / vao (x) - VSa(x — y)a°(y) doy doy = 3 / (°(y) doy
aqe Joqe aqe

(cf. [9) Lemma 6.11]) and

/ VQo (x) . VSQ(I’) dO’I =1
a0e
(cf. [9 Corollary 4.6]), we must have

/ it (s) do, :/ 9°(x) do .
duwi a0e

This implies that the triple (2, ', &) in C%*(99°)y x CO*(dw') x R is a solution
of system (4.11))—(4.13]) below
1

= 5H%(x) + /89 vao () - VSa(z — y)u’(y) doy

(4.11)

= ¢°(z) — vqo () - VSQ(x)/ 9°(y)do, Va € 0Q°,

Qe
g,ui(t) —|—/ Yi(t) - VSa(t — s)u'(s) do
o Out _ ' (4.12)
= F(i /mo goda+§,no) +g'(t)ro Vt e ow',
i(s)dog = °(z)doy . .

| wdn = [ g (413)

By [9, Theorem 6.25], we deduce that there exists a unique solution f° in
C%*(09°)g of ([4.11). In other words, if there exists a solution (i°, [’ &) of the
system (4.8)-(4.9)), then /i° is determined as the unique solution in C%*(9Q°)q of
(a17).
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To have a pair (i, £) in C%*(dw') x R solving (£.12)-([.13), we observe that if
there exists £ € R such that

1 5 .
/ 9°(x)do, = |8wl|1F(2—0/ g°do +¢&, 770> —|—/ g'(t) doyro (4.14)
Qe T Joqe dw'

then [J, Corollary 6.15] implies the existence of a unique solution i’ in C%(dw?)
of

1 .
iu’(t) +/ Vi (t) - VSa(t — s)u'(s) dos
Ow?
= F(l—o/ g°do+ € 770) +g' (o Vt € Ow'
27 o0 ’ ’

and such solution satisfies also

/ p(s)dos = / g9°(x) do .
Ow’ o0ne

In other words this means that if there exists é € R such that equation (4.14) holds,
then there exists a unique pair (42, i) in C%*(9Q°)g x C%*(Gw') such that the

triple (70, i, €) in C%*(90°) x CO*(dw') x R solves system (E.8)-([7.9).
Furthermore, we note that equality (4.14) can be rewritten as

(55 f 9"t Em) = g (v o' |
Pl do+E ) = = i do — °do). 415
(277 I 5770) |aoﬂ|1<7’° oL T fone? ") (4.15)

Thus, in particular, if F (-,m0) is not globally invertible, there can be multiple £eR

such that (4.15) holds.

In the following proposition, we study the solvability of the system of integral
equations —, by applying the Implicit Function Theorem to A, under suit-
able assumptions on the partial derivative 9, F (é—gr J. 900 9° do + {N , 7]0). The symbol
9, F(7,n) denotes the partial derivative of F with respect to the first variable.

Proposition 4.1. Let assumptions (3.3)) and (4.3) hold. Let ([L",[ﬁ,g) be as in
assumption (4.10). Assume that

8715'(21—0/8mgod0+£,7]0) #£0.

™

Then there exist 3 €]0, €1], an_open neighborhood U of (0,10,m0,70) in R™*3 an
open neighborhood V of (°, fit, €) in C%(99°)o x C®*(dw?) xR, and a real analytic
map (M°, M*,Z) from | — €2, e2[xU to V such that

€

(66(6), ed(€)loge, n(e), @

and such that the set of zeros of A in | — eg, ea[ XU X V coincides with the graph of
(M°, M*,Z). In particular,

<M0[07 03 1077’]077'0]7 Ml[07 03 107’)7()77'0]7 E[Ou 07 lOaﬁOarO]) = (ﬂoaﬂi7£) .

) €U Ve €0, e,

Proof. Standard results of classical potential theory (see, e.g., [9], Miranda [31],
Lanza de Cristoforis and Rossi [22]), real analyticity results for integral operators
with real analytic kernel [21], assumption and real analyticity results for the
composition operator ([3, p. 10], [I6], and Valent [4I, Thm. 5.2]) imply that A is
a real analytic operator from | — €1, e [xR™F3 x C%*(9Q°)q x C%*(Gw?) x R to
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C%(99°) x C**(dw'). We verify that by standard calculus in Banach space the
partial differential 9,0 i ¢yA[0,0,lo, 10,70, 1%, fi*, €] of A at (0,0, 1o, 10,70, 1%, fi*,€)
with respect to the variable (u°, u*,£) is delivered by

6(u°,ui,§)AO[O707 lo,770’7‘0,,&0,ﬂi,g](ﬁo7ﬁi,g)($)

1
= 3T+ [ vne(a) - VSale — ) (0) do,
aae
+ vo(z) - VSQ(QS)/ a'(s)dos Va € 09°,
Ow'

E%ﬂw+ém%m»V&u—®ﬁwm%

—8TF(Z—O/ goda—l—f,no)(li/ ﬁida—f—g) Vt € dw',

21 Joqe 2T Joui

for all (@, ', &) € CO(90°) x C%%(Gw’) x R. The next step is to prove that
the partial differential 9,0 i ¢)A[0,0, 1o, 70,70, i° il 5} is a homeomorphism from
CY2(00°)y x C%(dw') x R onto CO*(9°) x C%*(dw'). We observe that the
partial differential 9,0 i ¢)A[0,0,lo, 10, 70, i1, i 5] is a Fredholm operator of index
0: indeed it is the sum of an invertible operator and a compact operator. As
a consequence, to prove that the operator a(uoﬁuié)A[O,0,l077’]077"0,ﬂ0,ﬂi7£] is a
homeomorphism, it is enough to show that it is injective. Therefore, let us assume
that

a(uo,,u,i,f)A[O7 07 lOa Mo, 70, [J/Oa ﬁi7 g] (ﬁoa ﬁi7g) =0.
We integrate the equality

a(uo,;ﬁ,f)AO[O, 0, l07 Mo, 7o, /107 ﬂi7 5] (ﬁ07ﬁl7g)(x) =0 Vaed’ )
that together with the equalities
—o0 1 —o0
[ v Vi - pr)doydon =5 [ w0,
oQe JoQe a0e

(cf. [9) Lemma 6.11]) and

/ Voo () - VSa(2) doy = 1
o0e

(cf. [9 Corollary 4.6]), implies

/ a'(s)dos = 0. (4.16)
Ow?
Accordingly,

1
fiﬁo(as) + / vao(x) - VSa(x —y)i°(y) doy, =0 V€ 00°.
a0°

Since [,q, % do = 0, by [9, Theorem 6.25] we have i° = 0. Then we note that by
(4.16) equality
a(H"aMixf)Ai [07 07 lO» Mo, 7o, [LO7 ﬂiﬂ g] (ﬁovﬁiv g)(t) =0 Vie 8wi

reads as

1 . , -1 N
O / Vi (1) - VSa(t — 8)T(s) dos — @F(—O / 9°do + g,no) (4.17)
2 Ow'? 27T o0e
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for all ¢t € dw'.

By equality (4.16), by

/ / Voe(t) - VSa(t — s)TT'(s) dors doy = - / 7 (s) dos
Ow? Jow? 2 Joui

(cf. [0 Lemma 6.11]), and by integrating on Ow', we deduce that & = 0.
Then [9, Corollary 6.15] implies that i = 0. Hence, we have shown that the
operator J(,0 i ¢)A[0, 0,10, 7m0, 70, ii°, i, é] is injective, and as a consequence, being
a Fredholm operator of index 0, also a homeomorphism. Therefore, we can apply
the Implicit Function Theorem for real analytic maps in Banach spaces (cf. Deimling
[I1, Thm. 15.3]) and deduce that there exist €5 €]0, €[, an open neighborhood U
of (0,1p,m0,70) in R™*3, an open neighborhood V of (% it,€) in C%*(9Q°)y x
C%?(0w') x R, and a real analytic map (M, M*, =) from | — eg, €2[xU to V such
that
€

(eé(e), ed(e) loge, n(e), O
and such that the set of zeros of A in | — €3, e2[xU X V coincides with the graph of
(M°, M* Z). In particular,

(MO[Oa 07 l0777077"0]7 M,L[Oa 0) l07770>7"0]7 E[Oa 0; 10,7']0,7“0]) = (~07/]i7£) 5

and thus the proof is complete. O

) eU Ve €)0, e,

By Proposition [I.I] we know that there exists a family of solutions to the system
of integral equations —. Then we can exploit the representation formula
of Proposition and introduce a family of solutions to (1.1)). We do so in the
following Definition [4.2

Definition 4.2. Let the assumptions of Proposition [£.1 hold. Then we set

u(e,x) = So(x — y)MP°e, ed(€), €d () log e, n(e), L](y) doy
Qe p(e
[ So(z — es)M'[e, ed(¢), ed(€) log e, (), i](s) dos
i p(e)
E[G, 65(6)7 65(6) IOg 63 77(6)’ p(ee)]

d(e)e

for all € Q(e) and all € €]0, ea].

We are ready to exploit the representation formula of Proposition and the
analyticity result of Proposition concerning the solutions of the system of inte-
gral equations (4.1)-(4.2) in order to prove formulas for suitable restrictions of the
solutions u(e, -) and for the corresponding energy integral in terms of real analytic
maps. We start by considering the restriction of the solution u(e, ) to a set which
is “far” from the point where the hole degenerates.

Theorem 4.3. Let the assumptions of Proposition [{.1] hold. Let Qp be a bounded
open subset of Q2% such that 0 & Q. Then there exist €y €]0, e2[ and a real analytic
map Upr from ]| — enr, enr[xU to CH*(Qpr) such that

Qunr CQe) Ve €]0,enr],
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and that
u(e, )

€ Ele,ed(e), ed(e) log e, n(e), -5 4.18
= UM[eveé(e)’e(s(G) logﬁ,n(e),—](x) + [ ( ) ( ) & 77( ) p( )] ( )

o) 5(e)e
for all x € Qpr and al € €]0, epr[. Moreover, if we set
Uy () = Sy(z —y)a°(y)do, Vx e Qe,

onNe
we have that Ups[0, 0,1, no, 0] = Uppiny T S2|§27M Joq0 9° do, and Gy is a solution
of the Neumann problem

Au(z) =0 VYzreQ’,

4.19
0 0 Sz(a:)/ g°do Vx € 00°. (4.19)
oQe

u(r) = g°(x)

augo 6VQO

Proof. We can take ep; €]0, o[ small enough so that
QuNew =0 Ve €] — e, em|-

Recalling Definition 4.2 we set

Unile, 71,72, 73, Y4l (%) = - So(z —y)MCe, y1,72, 73, V4] (y) doy

+ . Sao(x — es)M"*[e, v1,7v2, V3, V4] (8) dos V€ Qur,
for all (€,7v1,72,73,74) €] — €nr, €ar[xU. Then Proposition and real analyticity
results for integral operators with real analytic kernel (cf. [2I]) imply that Uy is a
real analytic map from | — epr, exr[xU to C12 () and that equality holds.
By Proposition we also have Ups[0,0,lo,n0,70] = Uppioyy + SQITM fBQO g°do,
Moreover, standard properties of the single layer potential (cf. [9, §4.4]) imply that
Uy is a solution of the Neumann problem . O

Then we consider the behavior of the rescaled solution u(e, et).

Theorem 4.4. Let the assumptions of Proposition hold. Let Z,, be the real
analytic map from | — e, ea[xU to R defined by

Zm[€a71772573774] = Mi[6771772’73774}(5) dgs,
Ow’
for all (,71,72,73,V4) €] — €2, €[ xU. Let Q,,, be a bounded open subset of R? \ w?.
Then there exist €, €]0,e3] and a real analytic map U, from | — e€pm, em[XU to
CH(Q) such that

eQ CQe) Ve €]0, e,
and that
u(e, et) = Upe, €d(€), €d(€) log €, n(e), %](t)
log € € E[G, 65(6)7 55(6) 1Og € 77(6), p(es)]
+ B e e8(0). 0O log (0, ]+ o
vVt e Qs
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for all € €]0, €,,[. Moreover, if we set

U (t) = So(t — s)i'(s) dog + Sa(y)ia®(y) do, Yt € R*\ W',
Ow? o0ne
we have that Up,[0,0,1l,10,70] = Uy ey and Uy, s a solution of the Neumann
problem

Au(t) =0 VteR*\wi,

_ L ) Z, (4.20)
U(t)ZF(—/amg dU-l—fJ]o)—i-g (t)ro Vt € 0w,

and
Zm[oaoal()vnO;rO} :/ godo'
o0Ne

Proof. We take €,, €]0, e2[ small enough and we can assume that
€Qm CQ° Ve €] — e, em|-
If € €]0, €, [ then
€

u(e, et) = /890 Sa(et — y)MCe, ed(e), €d(€) log e, n(e), W]( y) doy,
);

\_/

+ / Sa(et — es)M'[e, ed(e), €d(e) log e, m(e ]( ) dos
dw?

Zle, €0 (€), ed(e) log e, m(e), e ]

/—\

p(e)

5(e)e
= | Salet =Ml ebe),ed() logene), () doy
+ [ Salt = )M le,ed(6),ede) log e, (o) @(s) do,
S [ Aleed(e) b e) loge.n(0). <) do
Ele, ed(e), 65(56261;5 “n) xal T

(cf. Definition [4.2). Hence, we set

Um[€a71772773774](t) E/@Q SQ(Et7y)Mo[6371772373774](y)do—y

+ SQ(t_S)Mi[67717’727’73,74}(8) dos Vi 6%,
Ow?

for all (e,7v1,72,73,71) €] — €m,em[XU. By arguing as in the proof of Theo-
rem [4.3] we verify that U, and the map Z,, of the statement are real analytic
from | — €, €m[xU to C1¥(Q,,) and to R, respectively, and that equality
holds. By Proposition we also deduce that Z,,[0,0,lo,70,70] = [,. 9° do, that
U [0,0,10,10,70] = ﬁmlﬂ—m. Also by standard properties of the single layer potential
(cf. [9, §4.4]), we deduce that @y, is a solution of the Neumann problem (4.20). O

Remark 4.5. We note that if [, ; a'do # 0 (ie., if [, g°do # 0), then the
function @, of Theorem is not harmonic at infinity (cf. [9 Definition 3.21 and
Theorem 4.23]).
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Finally, we study the behavior of the energy integral fﬂ(e) |Vu(e, )2 dr as the
parameter € approaches 0.

Theorem 4.6. Let the assumptions of Proposition[4.1] hold. Let tp and iy, be as
m Theorem and Theorem respectively. Then there exist €. €]0, e2] and two
real analytic maps E1 and Eo from | — €., e.[xU to R such that

/ IVu(e, )| do = Eyle, €6(c), ed(e) log e, n(e), ——]
Q(e) ple) (4.21)
+ (loge) Bale, ed(¢), ed(e) log e n(e), 51,

for all € €]0,€.[. Moreover,
El [07 07 lOa Mo, TO]

= /690 (ﬂM(a:) + Sy(x) /E)QO g° dor)ygo(x) . V(ﬂM(x) + Sa(x) /6(20 g° da) doy
_ /a i (D005 (0) + Vi () dor
- (4.22)
and
E5[0,0,lo, 10, 7] = —%(/@Q ° da)2. (4.23)

Proof. We set

Ce = IC;%Zm [e, ed(e), ed(e) log e, n(e), p(€6)]
Ele, ed(€), €d(e) log e, n(e), =&
.0, O 8@ i) | o
d(e)e
The Divergence Theorem implies that
/ |Vu(e, )| dz
Q(e)

= / |V(u(e,x) - CE) % dx
Q(e)

- / (ue, ) — ce) 0 (u(e, z) — cc) doy
o0 8I/Qo

—/8 (uleret) = c)vs (1) - Vi (ule, ) — ) dor.,

for all € €]0, e2[. Then we take Uy and €y as in Theorem with

QM = QO\BQ(O,TM) 5
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for some rp; > 0 such that Bo(0,75) C 2°. We verify that if € €]0, eps], then
0
u(€, ) — ce u(€, ) — ce) doy
g, (060) =) g (wtes) = )
= [ Unle.ed(e).ebe) oz (o). <=

p(e)
X Vo (z) - VUpre, €d(€), €6 () log e, n(€), —)]( x)doy
= 2, e (0, B6) oz (). )
x /8  var(@) - VUnle,ed(6), ed(e) log (), pie)](x) do, .

Similarly, if U,, and €,, are as in Theorem [{.4] with
Q= Ba(0,7,) \J ,

for some 7, > 0 such that By(0,7,,) 2 w?, then if € €]0, €.,
/ (u(e, et) — ce)vyi(t) - Vi(ule, et) — c) doy
Ow?
= | Ut es(@ o en(e). <10

€)
X Vi (t) - VU e, €d(e€), €d(€) log €, n(e), (—]( )doy .

@)

Therefore, we set €, = min{ep, €, } and
El [67 Y1,72,73, 74]

= Untle, 1,72, 73, val(2)vae (x) - VUM €, 71,72, 73, Ya) () doy
Q0

- ) Um[e, Y1,72,73, 74](t)l/qu (t) ) VUm[ev Y15 72,735 ’74](15) doy
Ow?
and

E2 [67 Y1,72,73, ’74}

1
= —Q—Zm[e7’yl,'yg,'yg,'y4}/ vao(z) - VUnr[€, 71,72, 73, V4l (%) do
T o0°

for all (e,7v1,v2,¥3,74) €] — €c, €c[xU. We verify that the maps F; and E5 are real
analytic from | — €., €.[xU to R and that equality (4.21) holds. Moreover, we also
have

El [0707 lOa 7707T0]

= /890 (ﬁM(éIC) + Sa(x) /890 q° dO’) Vo () - V(fLM(x) + Sy(x) /890 g° da) do,
[ s 0): V(0 do

and

E2 [07 07 l07 7o, TO]
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1
= g° dor/ vao () - V(ﬂM(z) + Sa(x) / g° da) do,
a0e a0 500

S or

1 2
=5 ([ o)
27 aQe

and accordingly equalities (4.22]) and (4.23)) hold. O

5. REMARKS ON THE LINEAR CASE

In this section, we make further considerations on the asymptotic behavior of
the solution in the linear case as the parameter € tends to 0. Clearly, we can apply
the results of Section [3| to the linear case. In particular, if we have

F.(r)=71 V(r,¢) € Rx]0,¢0][,
problem (1.1)) reduces to the linear problem
Au(z) =0 Vo e Qe),

8 o o
Doon u(z) =g¢°(x) Ve oNe, (5.1)
0 u(z) = 6(e)u(zr) + g'(z/e) Vo € edw’ .

p(e)
We also know that for each e €]0, €[, problem (5.1) has a unique solution in

C1(Q(e)), which we denote by ule]. Clearly,

8y€wi

65<6)FE(T1<6)7) —r V¥(r,e) € RX]0, €],

and thus we can take for example
n(e) =0 Ve €]0, el
F(r,n) =7 Y(r,n) € R%.
In particular,
no =20,
0, F(r,m) =1 VY(r,n) € R?.

All the assumptions in Sections [3] and [ are satisfied. In particular, the solutions
of the corresponding limiting system exist and are unique (see assumption (4.10)).
In the linear case, equations (4.8])-(4.9) become

- %#0(95) + /aszo vao () - ViSz(z — y)u’(y) doy,

. (5.2)
+ vgo () - VSg(x)/8 i p'(s)dos = g°(x) Vo €00,
1 . .
—pt(t) + Vi (t) - VSa(t — s)u'(s) dos
2 /W (5.3)

_ b

= prdo 4+ €+ g'(t)ro Yt € ow'.
2w Ow'
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By arguing as in the proof of Proposition one can prove that the system (5.2)-
(5-3) in the unknown (p°, pt, €) admits a unique solution (%, i*, €) in C%*(92°) x
CY*(dw?) x R. In particular, by integrating ([5.2)), we recall that we obtain

/ fi(s)dos = / g°(x) doy .
duw Qe
By integrating (5.3]), we deduce that

o o ,
/ g°(x) do, = |6wz|12—0/ g°(x) doy + |0w 1€ + ro/ g'(t)doy ,
oo ™ Jogrwe Ouw'?

which implies

¢ — 1 @ lio o _ i
f= g (- 0hgy) [ o'@o—ra [ g1 o).

We note that in case Q° = w’ = By(0,1) and

9°(x) =a Va€0B2(0,1), ¢'(t)=0b VtedBy(0,1),

£ = ((1 727r2l—07r)a—br0> = (a—alo fbr()).

Therefore, we recover also the results of Section [2}

we obtain

6. CONCLUSIONS

In this article, we have considered a perforated domain Q(¢) of R? with a small
hole of size ¢ and we have studied the behavior of the solution to a degenearing
mixed Neumann-Robin problem in §2(e) as the size € of the small hole tends to 0.
In addition to the geometric degeneracy of the problem, the nonlinear e-dependent
Robin condition may degenerate into a Neumann condition for ¢ = 0 and the Robin
datum may diverge to infinity. Our goal was to prove the existence of solutions
for € small and positive and to study the corresponding asymptotic behavior as
€ — 0. Instead of the more common methods of Asymptotic Analysis dealing with
asymptotic expansions, here we have employed the Functional Analytic Approach
proposed by Lanza de Cristoforis. Such method has the advantages to be applicable
to nonlinear boundary conditions as in the present paper and to provide rigorous
justifications to power series expansions. Moreover, such approach is quite versatile:
it has been applied to elliptic systems of partial differential equations (see Dalla
Riva and Lanza de Cristoforis [5l [6]) and currently some preliminary results have
been obtained also in order to consider parabolic equations (see Dalla Riva and
Luzzini [10] and Luzzini [23]).
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