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 a b s t r a c t

Motivated by an on-demand waste collection service offered by an Italian company, we investigate a multi-period 
fleet sizing problem with demand uncertainty. In a stochastic dynamic setting of several days, we consider a 
set of customers, each placing exactly one order on a known day. Future request demand is unknown, but 
all orders must be fulfilled. Customers have day windows that can be extended with early or late deliveries 
by paying a penalty when there is some flexibility. At the end of each day, we decide which pending orders 
to serve on the next day with a heterogeneous fleet of vehicles. The objective is to minimize total costs due 
to fleet sizing, staffing, and customer inconvenience. After describing the problem and its uncertainty model, 
we first provide lower-bounding and upper-bounding formulations for its static multi-period counterpart by 
employing robust optimization techniques. Then, we model it as a Markov Decision Process and present a solution 
method exploiting Approximate Dynamic Programming. We design myopic, policy function approximation, and 
innovative robust look-ahead approximation policies based on the static formulations provided and apply them in 
a folding-horizon fashion. Through an experimental evaluation of synthetic and realistic instances, we perform 
a computational analysis of the price of robustness varying the degree of uncertainty and maximum demand. 
Then, we provide managerial insights to suggest which policies to use and when. We show that applying robust 
optimization in a dynamic setting can partially overcome its conservative features at a small-medium price when 
uncertainty increases while guaranteeing feasibility.

1.  Introduction

Recently, on-demand services have increased more and more, espe-
cially after the COVID-19 pandemic and thanks to the spread of mobile 
platforms and apps. In particular, the global market for online home 
services is projected to reach a size of $8.2 billion by 2030 (Global 
Industry Analysts, 2024). These services involve both domestic cus-
tomers and companies. Indeed, on-demand marketplaces are not lim-
ited to consumer goods, food delivery, home maintenance and clean-
ing, transportation, and collection in reverse logistics. To satisfy such a 
fast-growing demand, any firm offering these services must ensure their 
feasibility, even before maximizing the profit, even in the presence of 
uncertainty.

Depending on the purpose and available information, these decision-
making problems are modeled as static or dynamic. The most common 
paradigms applied in the former case are Stochastic Programming (SP; 
see, e.g., Ruszczyński & Shapiro, 2003; Birge & Louveaux, 2011) and 
Robust Optimization (RO; see, e.g., Ben-Tal et al., 2009). To generate a 
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set of scenarios, SP relies on the assumption of knowing the uncertain 
data probability distributions. When these are not provided but some un-
certainty features are, one can use RO to handle the worst-case scenario 
and compute a so-called robust counterpart, that is, a deterministic refor-
mulation. Common RO approaches to approximate multiple stages and 
stochastic-dynamic problems are decision rules (replacing recourse deci-
sions with functions of the uncertain parameters – see, e.g., Bertsimas 
& Georghiou, 2015), uncertainty set splitting (i.e., methods partitioning 
realizations and computing a solution per each partition – see, e.g., Bert-
simas & Dunning, 2016), and finite adaptability schemes (precomputing 
a finite number of first-stage solutions available once uncertainty is re-
vealed – see, e.g., Hanasusanto et al., 2015). Another common paradigm 
to deal with stochastic-dynamic problems is Approximate Dynamic Pro-
gramming (ADP; see, e.g., Powell, 2011), which is a well-known model-
ing and algorithmic framework, widely used especially when problems 
have a discrete-time multi-period nature. At each time unit, a decision 
is made by following some policy, e.g., a rule of thumb, myopic, or ex-
ploiting estimates about future outcomes.
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\begin {equation}\label {eq:feasible-vehicle-set} \begin {split} \gb {U} := \{ \gb {u} \in \{0,1\}^{|K| \times |T|}, \gb {y} \in \mathbb {N}^{|M|} \, | \, & \sum _{k \in K_m} u_{kt} \leq y_m, m \in M, t \in T,\\ & y_m \leq |K_m|, m \in M\}. \end {split}\end {equation}
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\begin {align}& \sum _{i \in \Nzero } q'_{i} x_{ikt} + \sum _{i \in \Ntilde } q_{i} x_{ikt} \le R_k u_{kt} && k \in K, t \in T, \gb {q} \in \mcl {U}^q \label {eq:max-capacity-per-k-per-day-rob}\end {align}
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As far as we know, few works design ADP policies by exploiting RO 
techniques. The existing literature offers limited insights about the ad-
vantages of ADP when decisions must be made at any period with scarce 
and uncertain information while ensuring a guaranteed protection level 
against critical scenarios that may emerge over time. In the applicative 
context of fleet sizing, the combination of ADP and RO to define policies 
has never been explored. However, it may be that such robust policies 
do not always perform well in all possible settings, and there may be 
more and less favored scenarios. In this work, we partially fill this gap 
by aiming to understand when these policies could be more beneficial 
than others in a strategic-tactical Multi-period Fleet Sizing problem with 
Uncertain Demands (MFSUD). Our study is motivated by an industrial ap-
plication concerning an on-demand waste collection system of an Italian 
company. Operationally, in a week-long planning period, customers put 
their waste outside their locations on pre-agreed days and request the 
service via an ad hoc platform. Waste is usually collected in the next days 
by heterogeneous vehicles with different capacities and costs depending 
on the types of garbage. Allowing some days of late pickup can also af-
fect the flexibility of the service. The uncertainty lies in the amount of 
waste associated with the orders. Tactically, while handling unknown 
demands, the decision maker wants to guarantee feasibility through a 
proper fleet size. More precisely, by simulating different weeks accord-
ing to the possible demand realizations, the decision maker determines, 
day after day, according to some policies, the type and number of vehicles 
to employ and when to serve customers. Fixed costs are only determined 
at the end of the simulated week, when the maximum number of vehi-
cles across all days is known. To support the decision maker in defining 
some of these policies, we apply RO since our primary purpose is to pro-
tect against critical scenarios in which demand variations or scarcity in 
historical data preclude the use of probabilistic models to forecast the 
future. By abstracting from the specific context of our industrial case, 
we underline that similar problems with multiple periods, limited capac-
ity, and uncertain demands (or durations) can be found in other areas, 
such as packing (see, e.g., Song et al., 2014, Schepler et al., 2022, and 
Hadj Salem et al., 2023), scheduling (see, e.g., Song et al., 2018 and 
Song & Leus, 2022), and healthcare (see, e.g., Range et al., 2019; Sag-
nol et al., 2018; Wang et al., 2021; Wang et al., 2023b; Akbarzadeh & 
Maenhout, 2024, and Wang et al., 2024).

Our main contributions are the following:
1. We formally define the MFSUD and its uncertainty set by abstracting 
from the industrial application and focusing on a stochastic dynamic 
multi-period fleet-sizing problem.

2. We provide a static multi-period approximation of the problem in de-
terministic and stochastic contexts by applying Mixed Integer Linear 
Programming (MILP) and RO to offer lower and upper bounds.

3. We model the original stochastic dynamic problem as a Markov De-
cision Process (MDP).

4. By adapting the lower- and upper-bounding formulations, we define 
myopic, policy function approximation, and look-ahead policies to 
use in an ADP framework as a solution methodology to tackle our 
MDP.

5. We perform an experimental evaluation of these policies on two 
benchmark sets (one adapted from the literature and the other de-
rived from real-life data) and derive managerial insights for the in-
dustrial application that motivates our study.
The paper is organized as follows. In Section 2, we review the main 

literature related to the MFSUD, which we define in Section 3. Section 4 
provides three lower and three upper bounds and discusses their rela-
tionships. In Section 5, we describe our solution methodology based on 
ADP by formulating our problem as an MDP and devising myopic, pol-
icy function approximation, and look-ahead policies leveraging RO. We 
report on our experimental evaluation and managerial insights in Sec-
tion 6. In Section 7, we conclude and mention future research directions. 
In the Supplementary Materials SM1 and SM2 , we include detailed com-
putational results and further formulations, respectively.

2.  Related work

The MFSUD is a fleet sizing problem in a stochastic dynamic setting 
of several days. It is also similar to some dynamic stochastic multi-period 
routing problems and includes a form of service flexibility as soft day 
windows. Thus, in this section, we first briefly review these three areas 
of literature . Then, we highlight analogies and differences with our 
problem to position this paper.

2.1.  Multi-period fleet sizing problems with uncertainty

In logistics, most works studying the multi-period fleet sizing prob-
lem under uncertainty compare or combine stochastic and robust ap-
proaches. For instance, one of the first contributions in this context is 
the paper by List et al. (2003); for a freight transportation problem with 
a heterogeneous fleet, they present a two-stage stochastic program and 
incorporate a risk measure into the expected recourse function to han-
dle uncertain demands and fleet productivity. More recently, Shehadeh 
et al. (2021) address the uncertainty of passenger requests in on-demand 
last-mile transportation systems and provide a distributionally robust 
model (see, e.g., Lin et al., 2022) and an SP model solved with the sam-
ple average approximation approach. This method is combined with an 
adaptive large neighborhood search by Malladi et al. (2022) to compute 
the minimum-cost size of a fleet of mixed electrical and conventional ve-
hicles and serve uncertain requests over multiple operational periods. 
Beyond a two-stage program, Wang et al. (2023a) provide a distribu-
tionally robust model for a home service capacity planning problem to 
decide the number of providers to hire and their daily allocation to serve 
customers with uncertain demands and service times. Ribeiro (2024) ap-
plies ADP to a two-stage offshore supply vessel fleet sizing problem by 
defining two value function approximations.

In supply-chain management, Crainic et al. (2016) describe a mod-
eling framework for securing logistics capacity for a tactical-planning 
horizon by considering uncertainty in both supply and demand. Crainic 
et al. (2024) also take into account uncertainty in contract fulfillment; 
the original problem and its extension are formulated as a two-stage 
stochastic program, solved with a progressive-hedging meta-heuristic. 
In resource planning, Black et al. (2023) aggregate worker availability 
into a daily capacity, formulate distributionally robust models, and pro-
vide heuristics to fulfill a mixture of known and uncertain demands.

Regarding our context of waste collection, Zhang et al. (2021) min-
imize costs in a municipal system with uncertain demand handled with 
RO, whereas Desticioglu et al. (2022) present a chance-constrained pro-
gramming approach for the collection phase of a recycling process in a 
reverse logistics network design. Finally, Bernardo et al. (2023) achieve 
robustness in a two-stage stochastic program through a mean-variance 
model.

2.2.  Dynamic stochastic multi-period routing problems

The routing literature is mainly concerned with operational decisions 
about the allocation of vehicles and the minimization of transportation 
costs. However, it rarely investigates the ideal fleet sizing or its mix. In-
stead, the MFSUD is positioned between the strategic and tactical levels, 
guiding a decision maker interested in offering a service whose primary 
goal is feasibility. Indeed, in an on-demand collection system as in our 
industrial application, customers pay for a service and thus have to be 
satisfied without the need to outsource or pay additional costs. Routing 
costs are of secondary importance in this phase and become relevant at 
an operational level, so they were excluded from our setting. Nonethe-
less, some operational problems share similarities with ours, such as 
the dynamic multi-period vehicle routing problem, for which Angelelli 
et al. (2009) present short-term strategies. Wen et al. (2010) also include 
feasible service periods and develop a three-phase heuristic not con-
sidering potential future requests in planning. Albareda-Sambola et al. 
(2014) assume to know customer probability distributions and exploit 
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these in the routes of subsequent periods to design an adaptive service 
policy. Subramanyam et al. (2021) approximate a multi-stage problem 
with conservative and progressive two-stage robust models solved with 
branch-and-cut methods. Ulmer et al. (2018) use ADP with a value func-
tion approximation policy. Pham and Kiesmüller (2024) define a hybrid 
policy combining a genetic search and a graph neural network for the 
multi-period technician routing and scheduling, also studied by Nowak 
and Szufel (2024).

2.3.  Service flexibility as soft day windows

The most common way to include customer satisfaction in a model 
is to minimize service inconvenience in the objective function. List et al. 
(2003) and Pham and Kiesmüller (2024) penalize delays and deferrals. 
Zhang et al. (2021) focus on earliness and tardiness with respect to given 
time windows. Shehadeh et al. (2021) consider the duration of customer 
waiting times before boarding a vehicle and the time spent traveling in 
the vehicle itself. Due dates are more common in the literature than 
day windows. Ghezelsoflu et al. (2021) allow moving the service to 
other days in the planning period in a multi-period pickup and deliv-
ery problem for drayage operations. Angelelli et al. (2009) and Black 
et al. (2023) also allow a subset of the requests to be postponed, but 
one day at most. Keskin et al. (2023) present heuristics to implement 
the touting demand management technique in a dynamic vehicle rout-
ing problem to encourage customers who have not yet placed an order 
to request at an earlier point in time.

2.4.  Our positioning

Our study of the MFSUD brings some innovation in all three afore-
mentioned areas, i.e., waste collection, dynamic stochastic multi-period 
routing problems, and service flexibility.

As to our context of waste collection, none of the works mentioned 
in Section 2.1 is about multi-period fleet sizing or applies ADP. The 
most similar applications to ours are Zhang et al. (2021) and Bernardo 
et al. (2023). Zhang et al. (2021) consider an operational problem with a 
static context of one day, a homogeneous fleet, and resident satisfaction 
as the penalty cost against a time window constraint. They also use a 
cardinality-constrained uncertainty set to model uncertain demands and 
present a MILP robust counterpart obtained by traditional dualization. 
Conversely, Bernardo et al. (2023), limited to two stages, incorporate 
variance as a measure of the additional route-failure distance into the 
objective function of their SP model. They use normal distributions to 
estimate the demands’ mean and standard deviation. However, their ap-
proach can consider any probability distribution with a known mean and 
a different distribution for each customer’s demand, being thus closer to 
moment-based Distributionally RO (see, e.g., Kuhn et al., 2025) than RO. 
They develop a hybrid sampling-based solution approach by starting 
from a scenario set to design a single robust scenario, from which they 
derive a robust solution. Our problem setting has several differences 
from both of them. First, being set at the strategic-tactical level, we do 
not take into account operational routing costs. Then, we assume multi-
ple periods, heterogeneous vehicles, and day windows to compute cus-
tomer inconvenience. As Zhang et al. (2021), we also have a cardinality-
constrained uncertainty set. Still, the derived MILP robust counterpart is 
just one of the model formulations we present, and is the starting point 
to devise a robust lookahead policy in an ADP framework. Different 
from Bernardo et al. (2023), we cannot assume specific demand prob-
ability distributions as our industrial data are insufficient to estimate 
them correctly. For these reasons, we believe our application, with the 
aforementioned assumptions on customers, vehicles, and uncertain de-
mands, is new in the waste-collection fleet-sizing field regarding setting 
and solution methods.

In terms of dynamic stochastic multi-period routing problems, our 
setting resembles more the work by Subramanyam et al. (2021), who 
tackle their multi-stage problem by leveraging RO techniques. Like us, 

they also model uncertainty through a cardinality-constrained uncer-
tainty set and provide lower and upper-bounding approximations. How-
ever, concerning the problem definition, they are not focused on fleet 
sizing but routing, assume a set of homogeneous and not heterogeneous 
vehicles, do not consider service flexibility, and minimize transportation 
costs due to pending orders only, whereas we include future requests 
with their minimum demand. As to the uncertainty model, their un-
certainty set has a complementary nature with respect to ours, as they 
assume customer demands are known, and what is uncertain is when 
customers show up and require service. This is the opposite of our ap-
plication, where customers, their order placement days, and their mini-
mum and maximum demands are instead known, as they are established 
with a contract, but the actual demand values are unknown. Given also 
the differences in the objective functions, the worst-case realizations in 
the two problems may not coincide. Moreover, from a methodological 
point of view, they achieve robustness through robust cover inequali-
ties defined for each period and each realization of the uncertainty set. 
On the contrary, we only need to compute the worst-case realization for 
each period and each vehicle. Furthermore, they do not explicitly de-
fine ADP policies, whereas we classify various types and evaluate their 
cost in different configurations of the parameters involved (e.g., varying 
maximum demand).

Lastly, concerning service flexibility, our assumptions are similar to 
those by Ghezelsoflu et al. (2021). Still, they assume a minimal number 
of customers on the same route, thus limiting the possible assignment 
combinations. In our industrial case, we allow for late delivery only for 
specific days according to the garbage type. Also, we have different flexi-
bility categories for customers: early delivery only, late delivery only, or 
both (of 1 or 2 days at most). This is also consistent with the main finding 
by Izadkhah et al. (2022), who state that convincing only a handful of 
customers to accept such a delay can lead to significant cost reductions.

3.  Problem definition

In this section, we first formally describe the MFSUD and the as-
sumed uncertainty model. Then, we introduce some notation and mod-
eling choices used throughout the rest of the paper.

3.1.  Problem description

We consider a stochastic dynamic setting over a planning period 
𝑇 ′ ∶= [0, 𝜏] of 𝜏 + 1 days, where 0 is the start of the planning period and 
𝑇 ∶= [1, 𝜏] is the index set of 𝜏 subsequent days. We denote by 𝑁 the 
index set of customers who place exactly one order each during 𝑇 ′ ⧵ {𝜏}. 
For this reason, throughout the paper, we use “customer” and “order” in-
terchangeably. More precisely, an order is placed by a customer 𝑖 ∈ 𝑁
on a known day 𝑑𝑖 ∈ 𝑇 ′ ⧵ {𝜏} and is associated with an uncertain de-
mand 𝑞𝑖 ∈ ℕ. All customers must be served. Each customer 𝑖 ∈ 𝑁 has 
an inner day window 𝑇𝑖 ∶= [𝑑𝑖 + 𝑒𝑖, 𝑑𝑖 + 𝓁𝑖] for the service; if 𝑖 is flexible, 
i.e., allows for early (E) or late (L) service, 𝑇𝑖 is extended to the day win-
dow [𝑑𝑖 + 𝑒𝑖 − 𝛿𝐸𝑖 , 𝑑𝑖 + 𝓁𝑖 + 𝛿𝐿𝑖 ], where 𝛿𝐸𝑖  (𝛿𝐿𝑖 ) is the maximum number 
of days of early (late) delivery, each of which incurs a penalty cost of 𝜙𝐸

(𝜙𝐿). Note that, if there is no flexibility, the inner day window and the 
day window coincide. We define the cost of serving a customer 𝑖 ∈ 𝑁
on a day 𝑡 ∈ 𝑇  as:

ℎ𝑖𝑡 ∶=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

[(𝑑𝑖 + 𝑒𝑖) − 𝑡]𝜙𝐸  if 𝑡 ∈ [𝑑𝑖 + 𝑒𝑖 − 𝛿𝐸𝑖 , 𝑑𝑖 + 𝑒𝑖),
0  if 𝑡 ∈ [𝑑𝑖 + 𝑒𝑖, 𝑑𝑖 + 𝓁𝑖],
[𝑡 − (𝑑𝑖 + 𝓁𝑖)]𝜙𝐿  if 𝑡 ∈ (𝑑𝑖 + 𝓁𝑖, 𝑑𝑖 + 𝓁𝑖 + 𝛿𝐿𝑖 ],
∞  if 𝑡 ∈ 𝑇 ∖𝑇𝑖.

(1)

If 𝑖 ∈ 𝑁 is served during the inner day window [𝑑𝑖 + 𝑒𝑖, 𝑑𝑖 + 𝓁𝑖], the ser-
vice cost is 0. Otherwise, a penalty proportional to the number of days 
of early or late delivery is incurred. Serving a customer outside of 𝑇𝑖 is 
not allowed.
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We use 𝑁𝑡 to refer to the subset of orders becoming known on the 
day 𝑡. In particular, 𝑁0 is the set of orders pending at the beginning of 
𝑇 ′ (𝑡 = 0), for which the known demand is indicated with 𝑞′𝑖 , for each 
𝑖 ∈ 𝑁0. Conversely, we let 𝑁̃ be the set of future orders with uncertain 
demands. Thus, 𝑁 = 𝑁0 ∪ 𝑁̃ . At the end of each day 𝑡 ∈ 𝑇 ′ ⧵ {𝜏}, we 
select the pending orders to serve on day 𝑡 + 1 by considering inner day 
windows, early and late deliveries, and possibly future orders. If new 
orders arrive on a day 𝑡, the set of pending orders is updated.

During the planning period, a fleet 𝐾 of a limited number of hetero-
geneous vehicles can be employed. In particular, 𝐾 ∶=

⋃

𝑚∈𝑀 𝐾𝑚, where 
𝑀 is the index set of different vehicle models (or types) and the index sets 
{𝐾𝑚} are the disjoint subsets of vehicles of type 𝑚. Given 𝑚 ∈ 𝑀 , each 
vehicle 𝑘 ∈ 𝐾𝑚 has a resource capacity of 𝑅𝑚 and a cost 𝑓𝑚 correspond-
ing to the fixed costs of one vehicle of that type – with a slight abuse of 
notation, we refer to the resource capacity of vehicle 𝑘 of type 𝑚 (i.e., 
𝑘 ∈ 𝐾𝑚, with 𝑚 ∈ 𝑀) both with 𝑅𝑚 and 𝑅𝑘. Each vehicle may be utilized 
on any day within the specified planning period 𝑇 , with the associated 
daily staffing cost of 𝑔.

The goal is to minimize total costs due to fleet sizing, staffing, and 
customer inconvenience. In particular, the first component is deter-
mined by the maximum daily number of vehicles per type exploited 
across the planning period. The second component concerns the num-
ber of vehicles per type used each day. The third component is the total 
penalty associated with service early and late deliveries when customers 
allow for some flexibility. Hence, there is a trade-off between the sav-
ings of serving customers during their inner-day windows and the costs 
of the vehicles employed. Also, when solving the problem dynamically, 
on a given day, if we decide to exploit more vehicles than in previous 
days, these additional vehicles will be available in the following days. 
The corresponding staffing costs must be paid if they are used. For this 
reason, decisions made in a specific period can also influence subsequent 
periods.

This problem definition also models cases where a customer places 
multiple orders, in a finite known number, in the planning period. In-
deed, it suffices to duplicate the customer as many times as the number 
of orders and reduce the problem to the MFSUD.

3.2.  Uncertainty model

We assume the demands of future customers are uncertain values 
modeled as independent random variables falling within the bounded 
ranges [𝑞

𝑖
, 𝑞𝑖], for each 𝑖 ∈ 𝑁̃ , accordingly to our on-demand waste ap-

plication where customers are allowed to place an order with a demand 
within a certain agreed interval. We denote by 𝑞𝑖 ∶= 𝑞𝑖 − 𝑞

𝑖
 the maxi-

mum deviation from the minimum possible quantity. Even by assuming 
this, when historical data of actual demand are not enough to repre-
sent a statistically significant sample, we cannot derive any information 
about the demand probability distributions. Nonetheless, since the ran-
dom variables can take arbitrary values from some known intervals, the 
optimization problem can be cast through an uncertainty model over a 
deterministic and set-based domain by exploiting RO techniques rather 
than SP.

Though possible, it is unlikely that all future customers simultane-
ously ask for their maximum demand. Thus, optimizing over the abso-
lute worst case may yield robust yet over-conservative solutions for the 
average case. This is the main limit of Soyster (1973)’s approach to find 
robust solutions to general linear programs. It is typically assumed that 
at most Γ random variables can exceed their minimum values. This Γ pa-
rameter is known as the budget of uncertainty (Bertsimas & Sim, 2004). 
Depending on the degree of robustness the decision maker wishes to in-
clude in the model or according to historical data, Γ ranges from 0 to a 
maximum value, which in our case is |𝑁̃|. The higher the value of Γ, the 
higher the level of robustness achieved: if Γ = 0, there is no uncertainty, 
and all future customers require their minimum demands; on the con-
trary, Γ = |𝑁̃| is the absolute worst case. We represent the demand un-
certainty model of the MFSUD with the following cardinality-constrained

(sometimes also called budgeted) uncertainty set:
 𝑞 ∶=

{

𝒒 ∈ ℕ|𝑁̃| ∣ 𝑞𝑖 =
∑

𝑞∈𝑄𝑖

𝑞𝜉𝑖𝑞 ,
∑

𝑞∈𝑄𝑖

𝜉𝑖𝑞 = 1, 𝑖 ∈ 𝑁̃,

∑

𝑖∈𝑁̃

∑

𝑞∈𝑄𝑖⧵{𝑞𝑖}
𝜉𝑖𝑞 ≤ Γ,

𝜉𝑖𝑞 ∈ {0, 1}, 𝑖 ∈ 𝑁̃, 𝑞 ∈ 𝑄𝑖

}

,

(2)

where 𝑄𝑖 ∶= 𝑞
𝑖
,… , 𝑞𝑖 is the set of all possible demand values of customer 

𝑖 ∈ 𝑁̃ . Since every customer of 𝑁̃ places exactly one order during the 
planning period 𝑇 ⧵ {𝜏}, the number of uncertain orders is |𝑁̃|. At most 
Γ demands exceed their minimum value. Also, each demand is picked 
from an interval of natural numbers, so the number of values it can take 
is finite, and so is the cardinality of  𝑞 . In our multi-period setting, the 
worst case is achieved when at most Γ customers require their maximum 
value on the same day and must be served by the same vehicle. Thus, 
w.l.o.g., we rewrite  𝑞 by restricting sets 𝑄𝑖 to {𝑞𝑖, 𝑞𝑖}, 𝑖 ∈ 𝑁̃ , i.e., only 
minimum and maximum demands of every future order.

3.3.  Modeling choices common to all formulations

Hereafter, we introduce the decision variables common to all math-
ematical formulations in Section 4:

• 𝑥𝑖𝑘𝑡 ∈ {0, 1}, binary variable equal to 1 only if vehicle 𝑘 ∈ 𝐾 serves 
customer 𝑖 ∈ 𝑁 on day 𝑡 ∈ 𝑇𝑖;

• 𝑢𝑘𝑡 ∈ {0, 1}, binary variable equal to 1 only if vehicle 𝑘 ∈ 𝐾 is used 
on day 𝑡 ∈ 𝑇 ;

• 𝑦𝑚 ≤ |𝐾𝑚|, auxiliary variable for the maximum number of vehicles 
of type 𝑚 ∈ 𝑀 used on a day across 𝑇 .
To facilitate the notation, we define two additional sets. For any sub-

set 𝑆 of customers in 𝑁 , let 
𝑿(𝑆) ∶= {𝒙 ∈ {0, 1}|𝑆|×|𝐾|×|𝑇 |

|

∑

𝑘∈𝐾

∑

𝑡∈𝑇𝑖

𝑥𝑖𝑘𝑡 = 1, 𝑖 ∈ 𝑆,

𝑥𝑖𝑘𝑡 = 0, 𝑖 ∈ 𝑆, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 ⧵ 𝑇𝑖},
(3)

be the set of all possible assignments of the customers of the set 𝑆 to 
the vehicles in 𝐾 within their day windows. When 𝑆 = 𝑁 , we simply 
write 𝑿. Also, given 𝒙 ∈ 𝑿(𝑆), we denote by ℎ(𝒙) ∶=

∑

𝑖∈𝑆

∑

𝑘∈𝐾

∑

𝑡∈𝑇𝑖

ℎ𝑖𝑡𝑥𝑖𝑘𝑡

the corresponding cost of serving customers in 𝑆. As for vehicle fixed 
costs and usage, we exploit the following set to bind the variables {𝑢𝑘𝑡}
and {𝑦𝑚} so that each variable 𝑦𝑚 takes the correct value: 
𝑼 ∶= {𝒖 ∈ {0, 1}|𝐾|×|𝑇 |, 𝒚 ∈ ℕ|𝑀|

|

∑

𝑘∈𝐾𝑚

𝑢𝑘𝑡 ≤ 𝑦𝑚, 𝑚 ∈ 𝑀, 𝑡 ∈ 𝑇 ,

𝑦𝑚 ≤ |𝐾𝑚|, 𝑚 ∈ 𝑀}.
(4)

As before, given (𝒖, 𝒚) ∈ 𝑼 , we denote by 𝑓 (𝒚) ∶=
∑

𝑚∈𝑀
𝑓𝑚𝑦𝑚 the corre-

sponding cost for using at most 𝑦𝑚 vehicles of type 𝑚 ∈ 𝑀 in each period, 
and by 𝑔(𝒖) ∶= 𝑔

∑

𝑘∈𝐾

∑

𝑡∈𝑇
𝑢𝑘𝑡 the overall staffing cost.

4.  MILP formulations

In this section, we introduce the MILP formulations based on the no-
tation presented in Section 3.3. These provide lower and upper bounds 
to the MFSUD and are used in Section 5 to build policies within the ADP 
framework.

4.1.  Lower bounds

We provide three lower-bounding formulations: the first considers 
pending orders only (see Section 4.1.1), the second builds upon the first 
by including uncertain customers with their minimum demand (see Sec-
tion 4.1.2), and the third assumes to know a realization of the uncer-
tainty set  𝑞 (see Section 4.1.3).
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4.1.1.  Pending orders only
The first lower bound corresponds to the minimum cost to serve the 

customers in 𝑁0 only (i.e., the orders known at time 0) and does not 
consider the demands of future customers 𝑁̃ : 
DET0 = min

𝒙∈𝑿(𝑁0)
(𝒖,𝒚)∈𝑼

𝑓 (𝒚) + 𝑔(𝒖) + ℎ(𝒙) (5a)

s.t. 
∑

𝑖∈𝑁0

𝑞′𝑖𝑥𝑖𝑘𝑡 ≤ 𝑅𝑘𝑢𝑘𝑡 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (5b)

The objective function (5a) minimizes the total costs due to fleet sizing, 
staffing, and customer inconvenience. Constraints (5b) state that, every 
day, the loaded demand of each used vehicle cannot exceed its resource 
capacity. We call the optimal value of formulation (5) DET0, where the 
subscript emphasizes that it can be computed at time 0.

4.1.2.  Pending orders and minimum uncertain orders
We can obtain a lower bound tighter than DET0 by assuming min-

imum demand for uncertain customers, thus adding the corresponding 
costs in the objective function (5a) and quantities in the resource capac-
ity constraints (5b): 
LB0 = min

𝒙∈𝑿
(𝒖,𝒚)∈𝑼

𝑓 (𝒚) + 𝑔(𝒖) + ℎ(𝒙) (6a)

s.t.
∑

𝑖∈𝑁0

𝑞′𝑖𝑥𝑖𝑘𝑡 +
∑

𝑖∈𝑁̃

𝑞
𝑖
𝑥𝑖𝑘𝑡 ≤ 𝑅𝑘𝑢𝑘𝑡 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (6b)

We refer to this lower bound as LB0, which, similarly to DET0, can 
be computed at time 0.

4.1.3.  Ex-Post
The last lower bound, called EP, is the ex-post formulation, analo-

gous to the perfect information in SP (see, e.g.,  Birge & Louveaux, 2011). 
Indeed, this bound improves upon DET0 and LB0 by considering a spe-
cific realization of the uncertainty set  𝑞 , i.e., it assumes that the set 𝑁
of all orders placed during the planning period is entirely known: 
EP = min

𝒙∈𝑿
(𝒖,𝒚)∈𝑼

𝑓 (𝒚) + 𝑔(𝒖) + ℎ(𝒙) (7a)

s.t. 
∑

𝑖∈𝑁
𝑞′𝑖𝑥𝑖𝑘𝑡 ≤ 𝑅𝑘𝑢𝑘𝑡 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (7b)

As all orders are known, we use 𝑞′𝑖 , 𝑖 ∈ 𝑁 in constraints (7b).

4.2.  Upper bounds

Here, we provide four upper bounds to the MFSUD based on RO. 
In particular, we represent the worst-case scenario as a MILP model in 
Section 4.2.1. In Sections 4.2.2 and 4.2.3, we give two equivalent MILP 
formulations that account for the uncertainty model presented in Sec-
tion 3.2. In Section 4.2.4, we describe the MFSUD as a bilevel program.

4.2.1.  Worst case
Although it is over-conservative to consider the absolute worst case, 

the optimal value of formulation (8), denoted by WC0, is a valid though 
likely weak upper bound. By assuming that every future customer re-
quires maximum demand, we obtain a formulation similar to the ex-post 
one, except for constraints (8b) which consider 𝑞𝑖 for every 𝑖 ∈ 𝑁̃ : 
WC0 = min

𝒙∈𝑿
(𝒖,𝒚)∈𝑼

𝑓 (𝒚) + 𝑔(𝒖) + ℎ(𝒙) (8a)

s.t. 
∑

𝑖∈𝑁0

𝑞′𝑖𝑥𝑖𝑘𝑡 +
∑

𝑖∈𝑁̃

𝑞𝑖𝑥𝑖𝑘𝑡 ≤ 𝑅𝑘𝑢𝑘𝑡 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (8b)

4.2.2.  Dualized robust counterpart
To achieve an upper bound tighter, less conservative than WC0, we 

can exploit the uncertainty set  𝑞 defined in (2). To consider any pos-
sible realization of  𝑞 , we formulate the capacity constraints as: 
∑

𝑖∈𝑁0

𝑞′𝑖𝑥𝑖𝑘𝑡 +
∑

𝑖∈𝑁̃

𝑞𝑖𝑥𝑖𝑘𝑡 ≤ 𝑅𝑘𝑢𝑘𝑡 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 , 𝒒 ∈  𝑞 (9)

The worst-case realization of  𝑞 can then be modeled as: 
∑

𝑖∈𝑁0

𝑞′𝑖𝑥𝑖𝑘𝑡 +
∑

𝑖∈𝑁̃

𝑞
𝑖
𝑥𝑖𝑘𝑡 + max

𝑆⊆𝑁̃
|𝑆|≤Γ

∑

𝑖∈𝑆
𝑞𝑖𝑥𝑖𝑘𝑡 ≤ 𝑅𝑘𝑢𝑘𝑡 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (10)

We apply the dualization technique introduced by Bertsimas and Sim 
(2004) to obtain a robust counterpart approximating the MFSUD. First, 
we need the following proposition.

Proposition 1  (Bertsimas and Sim (2004)).  Given a vector 𝒙∗ ∈ 𝑿, 𝑘 ∈
𝐾, and 𝑡 ∈ 𝑇 , the protection function of the (𝑘, 𝑡)-constraint (10)
𝛽𝑘𝑡(𝒙∗,Γ) ∶= max

𝑆⊆𝑁̃
|𝑆|≤Γ

∑

𝑖∈𝑆
𝑞𝑖𝑥𝑖𝑘𝑡 (11)

equals the objective function of the following linear optimization problem: 
𝛽𝑘𝑡(𝒙∗,Γ) =max

∑

𝑖∈𝑁̃

𝑞𝑖𝑥
∗
𝑖𝑘𝑡𝜉𝑖𝑘𝑡 (12a)

s.t.
∑

𝑖∈𝑁̃

𝜉𝑖𝑘𝑡 ≤ Γ (12b)

0 ≤ 𝜉𝑖𝑘𝑡 ≤ 1 𝑖 ∈ 𝑁̃ (12c)

Proof.  In our problem, Γ represents the number of customers exceeding 
their minimum demand. Thus, Γ is integer, and the optimal solution of 
the formulation (12) consists of precisely Γ {𝜉𝑖𝑘𝑡} variables equal to 1. 
This is equivalent to the selection of a subset 𝑆 ⊆ 𝑁̃ , with |𝑆| = Γ, and 
corresponding cost function ∑𝑖∈𝑆 𝑞𝑖𝑥∗𝑖𝑘𝑡. ∎
Since the formulation (12) is feasible and bounded for all Γ ∈ [0, |𝑁̃|], we 
can dualize constraints (10) to obtain a dual problem also feasible and 
bounded. The resulting formulation, corresponding in the first robust 
counterpart approximating the MFSUD and with its optimal solution 
denoted by DUA, is as follows: 
DUA = min

𝒙∈𝑿
(𝒖,𝒚)∈𝑼

𝑓 (𝒚) + 𝑔(𝒖) + ℎ(𝒙) (13a)

s.t.
∑

𝑖∈𝑁0

𝑞′𝑖𝑥𝑖𝑘𝑡 +
∑

𝑖∈𝑁̃

(

𝑞
𝑖
𝑥𝑖𝑘𝑡 + 𝑏𝑖𝑘𝑡

)

+ Γ𝜌𝑘𝑡 ≤ 𝑅𝑘𝑢𝑘𝑡 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇

(13b)

𝑏𝑖𝑘𝑡 + 𝜌𝑘𝑡 ≥ 𝑞𝑖𝑥𝑖𝑘𝑡 𝑖 ∈ 𝑁̃, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇𝑖
(13c)

𝑏𝑖𝑘𝑡 ≥ 0 𝑖 ∈ 𝑁̃, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇𝑖
(13d)

𝜌𝑘𝑡 ≥ 0 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (13e)

In particular, to represent  𝑞 , for each future customer 𝑖 ∈ 𝑁̃ , now 
we have a continuous variable 𝑏𝑖𝑘𝑡 representing the excess demand with 
respect to the minimum value 𝑞

𝑖
. Also, for each vehicle 𝑘 ∈ 𝐾 and each 

day 𝑡 ∈ 𝑇 , we bind Γ to another continuous variable, 𝜌𝑘𝑡. We refer the 
reader to Bertsimas and Sim (2004) for further details.

This upper-bounding formulation (13) has at most (|𝑁̃| + 1) ⋅ |𝐾| ⋅
|𝑇 | variables and |𝑁̃| ⋅ |𝐾| ⋅ |𝑇 | constraints more than the deterministic 
ex-post formulation (7). Also, it is a multi-period extension of the model 
provided by Song et al. (2018) to represent a bin packing problem under 
uncertainty.

Remark 1. Setting a value of Γ guarantees that we are protected against 
all cases with up to Γ customers requiring more than their minimum de-
mand. If only a subset of the demand coefficients, upper-bounded by 
Γ, will change to affect the solution adversely, then the robust solu-
tion will be feasible deterministically. For the cases when more than Γ
customers exceed their minimum demand, Bertsimas and Sim (2004) 
provide a bound on the probability of violating constraints affected by 
uncertainty when (i) the random variables are independent and symmet-
rically distributed on the interval [−1, 1] (or standardized and uniformly 
distributed) and (ii) Γ ≥ 1. Their goal is to state that the robust solution 
will be anyway feasible with very high probability. Hereafter, we adapt 
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this bound to our notation by considering the uncertain customers 𝑁̃ . 
First, we define 𝜈 = Γ+|𝑁̃|

2  and 𝜇 = 𝜈 − ⌊𝜈⌋. Then, the following holds: 

ℙ

(

∑

𝑖∈𝑁̃

𝑞𝑖𝑥𝑖𝑘𝑡 > 𝑅𝑘𝑢𝑘𝑡

)

≤ ℙ
⎛

⎜

⎜

⎝

∑

𝑖∈𝑁̃

∑

𝑞∈𝑄𝑖⧵{𝑞𝑖}
𝜉𝑖𝑞 > Γ

⎞

⎟

⎟

⎠

≤ 𝐵
(

|𝑁̃|,Γ
)

, (14)

where

𝐵
(

|𝑁̃|,Γ
)

= 1
2|𝑁̃|

⎧

⎪

⎨

⎪

⎩

(1 − 𝜇)
|𝑁̃|

∑

𝑙=⌊𝜈⌋

(

|𝑁̃|

𝑙

)

+ 𝜇
|𝑁̃|

∑

𝑙=⌊𝜈⌋+1

(

|𝑁̃|

𝑙

)

⎫

⎪

⎬

⎪

⎭

= 1
2|𝑁̃|

⎧

⎪

⎨

⎪

⎩

(1 − 𝜇)
(

|𝑁̃|

⌊𝜈⌋

)

+
|𝑁̃|

∑

𝑙=⌊𝜈⌋+1

(

|𝑁̃|

𝑙

)

⎫

⎪

⎬

⎪

⎭

. (15)

From (14) and (15), once setting the desired probability, we can 
compute the minimum value of Γ needed. 

4.2.3.  Recursive robust counterpart
An alternative way to obtain an equivalent robust counterpart to the 

MFSUD is to express the robustness of each assignment of orders to a 
vehicle 𝑘 ∈ 𝐾 on a day 𝑡 ∈ 𝑇  by using recursive equations, as done for 
the vehicle routing problem with time windows by Munari et al. (2019). 
We consider constraints (10) again. Let 𝑧𝑘𝑡𝑖𝛾  be the largest vehicle load 
after the first 𝑖 customers (with 𝑖 = 0, 1,… , |𝑁|) have been included in 
the assignment to the vehicle 𝑘 ∈ 𝐾 on the day 𝑡 ∈ 𝑇  when 𝛾 = 0, 1,… ,Γ
orders have attained their maximum demand. For a given pair of vehicle 
𝑘 ∈ 𝐾 and day 𝑡 ∈ 𝑇 , the value of 𝑧𝑘𝑡𝑖𝛾  is computed recursively as: 

𝑧𝑘𝑡𝑖𝛾 =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

0  if 𝑖 = 0
𝑧𝑘𝑡𝑖−1,𝛾 + 𝑞′𝑖  if 𝑖 ∈ 𝑁0

𝑧𝑘𝑡𝑖−1,𝛾 + 𝑞
𝑖

 if 𝑖 ∉ 𝑁0, 𝛾 = 0

max
{

𝑧𝑘𝑡𝑖−1,𝛾 + 𝑞
𝑖
, 𝑧𝑘𝑡𝑖−1,𝛾−1 + 𝑞𝑖

}

 if 𝑖 ∉ 𝑁0, 1 ≤ 𝛾 ≤ Γ.

(16)

To be robust feasible, the vehicle load must satisfy 𝑧𝑘𝑡𝑖𝛾 ≤ 𝑅𝑘, for ev-
ery 𝑖 = 1,… , |𝑁|, 𝛾 = 0,… ,Γ, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇𝑖; however, because 𝑧𝑘𝑡𝑖𝛾  is non-
decreasing through the orders assigned to the vehicle 𝑘 on the day 𝑡, it 
is enough to ensure that 𝑧𝑘𝑡𝑖Γ ≤ 𝑅𝑘𝑢𝑘𝑡. By linearizing Eq. (16), we model 
the feasibility of the customers assigned to the vehicle 𝑘 ∈ 𝐾 on the day 
𝑡 ∈ 𝑇  with the following constraints: 
𝑧𝑘𝑡𝑖𝛾 ≥ 𝑧𝑘𝑡𝑖−1𝛾 + 𝑞′𝑖𝑥𝑖𝑘𝑡 𝑖 ∈ 𝑁0, 𝛾 = 0,… ,Γ (17a)

𝑧𝑘𝑡𝑖𝛾 ≥ 𝑧𝑘𝑡𝑖−1𝛾 + 𝑞
𝑖
𝑥𝑖𝑘𝑡 𝑖 ∈ 𝑁̃, 𝛾 = 0,… ,Γ (17b)

𝑧𝑘𝑡𝑖𝛾 ≥ 𝑧𝑘𝑡𝑖−1𝛾−1 + 𝑞𝑖𝑥𝑖𝑘𝑡 𝑖 ∈ 𝑁̃, 𝛾 = 1,… ,Γ (17c)

0 ≤ 𝑧𝑘𝑡𝑖𝛾 ≤ 𝑅𝑘𝑢𝑘𝑡 𝑖 ∈ 𝑁, 𝛾 = 0,… ,Γ. (17d)

Hence, we get the following robust counterpart whose optimal value is 
referred to as REC: 
REC = min

𝒙∈𝑿
(𝒖,𝒚)∈𝑼

𝑓 (𝒚) + 𝑔(𝒖) + ℎ(𝒙) (18a)

s.t. (17a) − (17d) 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (18b)

Compared to the ex-post formulation, the formulation (18) features 
at most |𝑁| ⋅ (Γ + 1) ⋅ |𝐾| ⋅ |𝑇 | and (|𝑁0| ⋅ (Γ + 1) + |𝑁̃| ⋅ (2Γ + 1)

)

⋅ |𝐾| ⋅
|𝑇 | additional variables and constraints, respectively.

4.2.4.  Bilevel optimization
Finally, we provide the last upper bound exploiting bilevel optimiza-

tion (see, e.g., Bard, 2013 and Dempe & Zemkoho, 2020). A bilevel 
program consists of an optimization problem, typically known as the 
follower, which is embedded within another problem, referred to as the 
leader. In our setting, the leader’s purpose is to choose a realization of 
the uncertainty set that presents the greatest challenge to the follower, 
thereby maximizing total costs. Then, since all orders (and their corre-
sponding demands) are known, the follower has to solve an instance of 

the ex-post formulation to minimize total costs. The bilevel formulation 
of the MFSUD, whose optimal value is called BIL0, is: 

BIL0 =max 𝑓 (𝒚′) + 𝑔(𝒖′) + ℎ(𝒙′) (19a)

s.t. 
∑

𝑗∈𝑄𝑖

𝜉𝑖𝑗 = 1 𝑖 ∈ 𝑁̃ (19b)

∑

𝑖∈𝑁̃

∑

𝑗∈𝑄𝑖⧵{𝑞𝑖}
𝜉𝑖𝑗 ≤ Γ (19c)

𝜉𝑖𝑗 ∈ {0, 1} 𝑖 ∈ 𝑁̃, 𝑗 ∈ 𝑄𝑖
(19d)

{𝒚′, 𝒖′,𝒙′} ∈ 𝑎𝑟𝑔 𝑚𝑖𝑛 𝒙∈𝑿
(𝒖,𝒚)∈𝑼

𝑓 (𝒚) + 𝑔(𝒖) + ℎ(𝒙) (19e)

𝑞𝑖 =
∑

𝑗∈𝑄𝑖

𝑗𝜉𝑖𝑗 𝑖 ∈ 𝑁̃ (19f)

∑

𝑖∈𝑁0

𝑞′𝑖𝑥𝑖𝑘𝑡 +
∑

𝑖∈𝑁̃

𝑞𝑖𝑥𝑖𝑘𝑡 ≤ 𝑅𝑘𝑢𝑘𝑡 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇

(19g)

𝑞𝑖 ∈ ℕ 𝑖 ∈ 𝑁̃ (19h)

Beyond the variables introduced in Section 3.3, whose optimal values 
(i.e., {𝒚′, 𝒖′,𝒙′}) are parameters in the leader’s formulation, the follower 
needs variables 𝒒 ∈ ℕ|𝑁̃| (see (19h)) to link demand values with the 
choices made by the leader. The leader’s variables {𝜉𝑖𝑗} are the same de-
scribing the uncertainty set  𝑞 as in (2). The expression (19a) represents 
the leader’s objective function. The same formula, yet minimized, is the 
follower’s objective function (19e). Constraints (19b) requires that every 
future customer places exactly one order with a specific demand value, 
whereas constraint (19c) states that at most Γ future orders will ex-
ceed the minimum demand value. Constraints (19d) specify the leader’s 
variables domain. Then, regarding the follower, constraints (19f) link 
the leader’s variables with the follower’s variables. Every day, for every 
vehicle used, the assignment must be feasible in terms of capacity, as 
required by constraints (19g). Since these are nonlinear, the terms 𝑞𝑖𝑥𝑖𝑘𝑡
have to be linearized to obtain a MILP formulation. To do so, we in-
troduce auxiliary non-negative variables {𝑣𝑖𝑘𝑡} ∈ ℕ, 𝑖 ∈ 𝑁̃, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 , 
and the following constraints: 

𝑞𝑖 − (1 − 𝑥𝑖𝑘𝑡)𝑞𝑖 ≤ 𝑣𝑖𝑘𝑡 ≤ 𝑞𝑖𝑥𝑖𝑘𝑡 𝑖 ∈ 𝑁̃, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇𝑖 (20a)

0 ≤ 𝑣𝑖𝑘𝑡 ≤ 𝑞𝑖 𝑖 ∈ 𝑁̃, 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇𝑖 (20b)

Then, constraints (19g) can be replaced by the following ones: 
∑

𝑖∈𝑁0

𝑞′𝑖𝑥𝑖𝑘𝑡 +
∑

𝑖∈𝑁̃

𝑣𝑖𝑘𝑡 ≤ 𝑅𝑘𝑢𝑘𝑡 𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (21a)

4.3.  Relationships among bounds

Among the bounds of the compact formulations in Sections 4.1 and 
4.2, the following relationships hold:

DET0 ≤ LB0 ≤ EP ≤ BIL0 = DUA = REC ≤WC0 (22)

The lower bounds DET0 and LB0 may not seem significant because they 
are too optimistic and do not provide a solution that protects against the 
worst demand scenarios. Nonetheless, they are easy to compute in ad-
vance at the beginning of the planning period and have thus a practical 
value. On the contrary, the lower bound given by EP cannot be known 
a priori, but it has a theoretical and computational value. Of course, 
the gap between LB0 and EP represents how much the former under-
estimates the actual cost under a specific realization of the uncertainty 
set. DUA and REC are equivalent and coincide with BIL0, being this the 
minimum cost to pay to handle the worst realization according to the 
definition of the uncertainty set  𝑞 . WC0 cannot be lower than any of 
these upper bounds. When the demand realization is known, BIL0, DUA, 
and REC coincide with EP. If Γ = |𝑁̃|, then BIL0 =WC0.
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5.  Solution methodology

Hereafter, we model and tackle the MFSUD as an MDP by applying 
ADP and designing proper policies.

5.1.  Markov decision process

To represent the stochastic nature of the arrival of orders over the 
days, we model our problem as an MDP, i.e., a stochastic framework 
of a series of epochs over a finite and discrete planning period, used to 
model sequential decision-making under uncertainty (see, e.g., Powell, 
2011). As introduced in Section 3, the decision-making process is timed 
to correspond with each day of the planning period 𝑇 ′ = [0, 𝜏]. Here, we 
describe the main components of our MDP.

5.1.1.  States
At each decision epoch 𝑡 ∈ 𝑇 ′, the pre-decision state 𝑠𝑡 contains all the 

relevant and available information, besides input data, to make assign-
ment decisions. In particular, a pre-decision state 𝑠𝑡 includes:

• the current set 𝑁(𝑠𝑡) of orders received on epochs 𝑡′ ∈ 𝑇 ′ ⧵ {𝜏}, 0 ≤
𝑡′ ≤ 𝑡, that are still pending;

• the current vector 𝒚𝑡(𝑠𝑡) ∈ ℕ|𝑀| of the number 𝑦𝑚(𝑠𝑡) of vehicles per 
each type 𝑚 ∈ 𝑀 given the orders satisfied until the day 𝑡.

We formally describe a pre-decision state as 𝑠𝑡 =
(

𝑁(𝑠𝑡), 𝒚𝑡(𝑠𝑡)
)

. At 
the beginning of the planning period, the initial state is 𝑠0 =

(

𝑁0, 𝟎
)

; vice 
versa, at the end, the termination state is 𝑠𝜏 =

(

∅, 𝒚𝝉 (𝑠𝜏 )
)

.

5.1.2.  Actions and policies
At each decision epoch 𝑡 ∈ 𝑇 , the decision maker observes the pre-

decision state 𝑠𝑡 and selects an action from the set (𝑠𝑡), where (𝑠𝑡) is 
the set of all possible actions that can be taken when the process is at 
the pre-decision state 𝑠𝑡. More precisely, an action consists of deciding 
which vehicles per each type to deploy and which pending orders in 
𝑁(𝑠𝑡) will be served by each vehicle on the epoch 𝑡 + 1. An action is fea-
sible if, for each vehicle model 𝑚 ∈ 𝑀 and each vehicle 𝑘 ∈ 𝐾𝑚, the sum 
of the demands of the orders assigned to 𝑘 does not exceed its maximum 
capacity 𝑅𝑚.

Let Π be the set of all Markovian deterministic policies, where a policy 
is a sequence of actions, i.e., a mapping from the states {𝑠𝑡} to actions. In 
particular, given a policy 𝜋 ∈ Π, let 𝐴𝜋 (𝑠𝑡) ∈ (𝑠𝑡) be the action to take 
at the pre-decision state 𝑠𝑡 according to policy 𝜋. We want to identify an 
optimal policy 𝜋∗ ∈ Π that minimizes the total expected cost given the 
initial state 𝑠0, that is:

𝜋∗ ∶= 𝑎𝑟𝑔 𝑚𝑖𝑛𝜋∈Π𝔼

[

∑

𝑡∈𝑇 ⧵{𝜏}
𝑐
(

𝑠𝑡, 𝐴
𝜋 (𝑠𝑡)

)

| 𝑠0

]

, (23)

where 𝑐(𝑠𝑡, 𝐴𝜋 (𝑠𝑡)
) is the cost corresponding to taking action 𝐴𝜋 (𝑠𝑡) at 

the pre-decision state 𝑠𝑡.

5.1.3.  Deterministic transitions to post-decision states
Expression (23) can be reformulated by using the recursive Bellman 

equation as follows:
𝑉 (𝑠𝑡) ∶= min

𝑎∈(𝑠𝑡)

{

𝑐
(

𝑠𝑡, 𝑎
)

+ 𝔼
[

𝑉
(

𝑠𝑡+1
)

| 𝑠𝑎𝑡
]}

, 𝑡 ∈ 𝑇 ′ ⧵ {𝜏}, (24)

where 𝑉 (𝑠𝑡) denotes the optimal value, or cost-to-go, of being in a partic-
ular state 𝑠𝑡 at the epoch 𝑡. More precisely, this is dependent upon two 
different components. The former is due to the decision related to the 
(subset of) orders of 𝑁(𝑠𝑡) assigned to be served given an action 𝑎, which 
triggered a deterministic transition at the immediate cost 𝑐(𝑠𝑡, 𝑎

)

. This cost 
includes the staffing cost (due to the vehicles to deploy on the day 𝑡 + 1) 
and the inconvenience cost (i.e., the cost of early and late deliveries). 
The latter is the optimal cost-to-go at the epoch 𝑡 + 1, depending on the 
post-decision state 𝑠𝑎𝑡 =

(

𝑁(𝑠𝑎𝑡 ), 𝒚𝑡(𝑠
𝑎
𝑡 )
) reached after the application of the 

action 𝑎, and relates the value 𝑉 (𝑠𝑡) to that of 𝑉 (𝑠𝑡+1). The total number 

𝒚𝑡(𝑠𝑡) of vehicles per each type is updated in each post-decision state 
according to the action taken. The corresponding fixed costs are com-
puted at the end of the planning period, i.e., when the process reaches 
the state 𝑠𝜏 and we know how many vehicles of each model are needed 
to fulfill the realized demands of all orders.

5.1.4.  Stochastic transitions to pre-decision states
The arrival of random exogenous information, denoted by 𝑊𝑡+1, trig-

gers a stochastic transition from the post-decision state 𝑠𝑎𝑡  to the pre-
decision state 𝑠𝑡+1. In our case, 𝑊𝑡+1 = 𝑁𝑡+1, i.e., the set of new pending 
orders revealed on the day 𝑡 + 1.

5.2.  MDP Dynamics

In Algorithm 1, we show the dynamics of the MDP modeling the 
MFSUD. This is applied every day in the planning period 𝑇 ′ ⧵ {𝜏}. In 
particular, in the first block of the algorithm, Lines 1–12 describe the 
execution of the action 𝑎 ∈ (𝑠𝑡), chosen as the result of the heuristic 
procedure Action in Line 1. This procedure is precisely one of our poli-
cies, used to determine the assignment of a subset of pending orders to 
the available vehicles on the successive epochs. In terms of notation, 
given an action 𝑎, a vehicle 𝑘, and a customer 𝑖, the variables 𝑢𝑘𝑡𝑎  and 
𝑥𝑖𝑘𝑡𝑎  indicate if 𝑘 is used and if 𝑖 is served by 𝑘, respectively, on the day 
𝑡𝑎 determined by 𝑎. If 𝑡𝑎 is exactly 𝑡 + 1, the corresponding staffing costs 
are added in Line 6, whereas Lines 7–9 compute the inconvenience costs 
of all orders assigned. In Lines 11–12, if some pending orders cannot be 
fulfilled during their day windows, the algorithm stops and returns in-
feasibility. Otherwise, in Lines 13–15, it updates the overall number of 
vehicles and, if it is the last epoch before the termination state, in Lines 
16–17, the algorithm adds the vehicle fixed costs. Eventually, it returns 
the post-decision state 𝑠𝑎𝑡 . In the second block, Line 19 indicates that 
decision epochs occur one day apart, whereas Lines 20-21 update the 
pending orders (by adding the revealed random information) and the 
set of vehicles.

Algorithm 1 MDP dynamics.
Input: a pre-decision state 𝑠𝑡 =

(

𝑁(𝑠𝑡), 𝒚𝑡(𝑠𝑡)
)

.
Output: a post-decision state 𝑠𝑎𝑡 =

(

𝑁(𝑠𝑎𝑡 ), 𝒚𝑡(𝑠
𝑎
𝑡 )
)

. 

1: 𝑠𝑎𝑡 =
(

𝑁(𝑠𝑎𝑡 ), 𝒚𝑡(𝑠
𝑎
𝑡 )
)

← Action(𝑠𝑡)
2: 𝑐(𝑠𝑡, 𝑎) ← 0
3: for 𝑘 ∈ 𝐾 do
4: if 𝑢𝑘𝑡𝑎 = 1 then
5: if 𝑡𝑎 = 𝑡 + 1 then
6: 𝑐(𝑠𝑡, 𝑎) ← 𝑐(𝑠𝑡, 𝑎) + 𝑔
7: for (𝑖, 𝑑𝑖) ∈ 𝑁(𝑠𝑎𝑡 ) do
8: if 𝑥𝑖𝑘𝑡𝑎 = 1 then
9: 𝑐(𝑠𝑡, 𝑎) ← 𝑐(𝑠𝑡, 𝑎) + ℎ𝑖𝑡𝑎
10: 𝑁(𝑠𝑎𝑡 ) ← 𝑁(𝑠𝑎𝑡 ) ⧵ {(𝑖, 𝑑𝑖)}
11: else if 𝑡𝑎 > 𝓁𝑖 + 𝛿𝐿𝑖  then
12: return  infeasible
13: for 𝑚 ∈ 𝑀 do
14: if ∑𝑘∈𝐾𝑚

𝑢𝑘𝑡𝑎 > 𝑦𝑚(𝑠𝑎𝑡 ) then
15: 𝑦𝑚(𝑠𝑎𝑡 ) ←

∑

𝑘∈𝐾𝑚
𝑢𝑘𝑡𝑎

16: if 𝑡 = 𝜏 − 1 then
17: 𝑐(𝑠𝑡, 𝑎) ← 𝑐(𝑠𝑡, 𝑎) + 𝑓 (𝒚𝑡(𝑠𝑎𝜏−1))
18: return 𝑠𝑎𝑡
Input: a post-decision state 𝑠𝑎𝑡 =

(

𝑁(𝑠𝑎𝑡 ), 𝒚𝑡(𝑠
𝑎
𝑡 )
) and random information 

𝑊𝑡+1 = 𝑁𝑡+1.
Output: a pre-decision state 𝑠𝑡+1 =

(

𝑁(𝑠𝑡+1), 𝒚𝑡(𝑠𝑡+1)
)

. 

19: 𝑡 ← 𝑡𝑎 + 1
20: 𝑁(𝑠𝑡+1) ← 𝑁(𝑠𝑎𝑡 ) ∪𝑁𝑡+1
21: 𝒚𝑡(𝑠𝑡+1) ← 𝒚𝑡(𝑠𝑎𝑡 )
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5.3.  Approximate dynamic programming

Identifying an optimal policy 𝜋∗ is challenging due to the curse of 
dimensionality (see, e.g., Powell, 2011). In the MFSUD, this is threefold: 
it arises in (i) the exponential growth of the multi-dimensional state 
space, (ii) the vast outcome space given all possible realizations of  𝑞 , 
and (iii) the large number of options to assign a service day to each 
customer order by employing a heterogeneous fleet. In such cases, we 
can rely on ADP to devise alternative policies.

According to Powell (2011 Chapter 6), policies can be grouped under 
four main categories. Widely applied to resource allocation problems 
(see, e.g., Shone et al., 2019; Spivey & Powell, 2004), myopic policies
do not explicitly use any forecasted information to optimize costs at a 
current epoch. In terms of the Bellman equation in (24), they omit the 
optimal cost-to-go of the successive epoch by neglecting future deci-
sions. This is also done by Policy Function Approximations (PFAs), which 
are not based on Bellman’s equation. They are functions directly re-
turning an action given a state by incorporating some features of the 
problem structure and “without resorting to any form of embedded op-
timization”  (Powell, 2011, Chapter 6, pp. 221). On the contrary, future 
costs are taken into account by Value Function Approximations (VFAs) 
by estimating the optimal cost-to-go of the next epoch as “an approxi-
mation of the value of being in a future state as a result of a decision 
made now” (Powell, 2011, Chapter 6, pp. 221). Among common strate-
gies to define PFAs and VFAs, we find lookup tables and parametric and 
nonparametric representations (see, e.g., Luo et al., 2022; Ulmer et al., 
2018). Finally, Look-Ahead (LA) policies exploit some forecast of the fu-
ture information to capture the effect of decisions now and explicitly 
optimize over some horizon (see, e.g., Deng & Santos, 2022; Silva & 
de Souza, 2020).

For the MFSUD, deriving some myopic policies from the lower-
bounding formulations defined in Section 4.1 by ignoring future orders 
is straightforward. Also designing some PFAs by exploiting some of the 
features of the problem is quite trivial (e.g., serving first pending orders 
arrived earlier by assigning them on their first available service day). 
However, PFAs are usually effective when more sophisticated param-
eterized actions can be defined. In our case, this is not so easy when 
considering both fleet sizing and order assignment decisions. Never-
theless, it may be worthwhile to evaluate the effectiveness of simple 
rules. VFAs approximate the second term of the Bellman equation in (24) 
by aggregating states based on their dimensions, thereby reducing the 
multi-dimensionality. Given the already limited information available 
regarding uncertain demands in the MFSUD, further aggregation in the 
dimensionality of the state may preclude the ability to make good deci-
sions in the future. LA policies can be computationally expensive, espe-
cially in case of online problems. In the MFSUD, actions impact epochs 
successive to the current considered, but decisions do not require real-
time processing. Also, these policies generally perform better in case 
of short-horizon problems, as in our industrial application. Moreover, 
given that the uncertainty affects the demand of future orders whose 
number is known in advance, the cardinality of possible pre-decision 
states decreases towards the end of the planning period as the orders 
and their corresponding demands are revealed. Thus, LA policies seem 
to be a promising tool for the MFSUD.

5.4.  Policies

Given the observations of the previous section, we devise one my-
opic, two PFAs, and three LA policies in our approach. All these policies 
share the feature that, given a day 𝑡, when customers are assigned on 
successive days later than 𝑡 + 1, they will not be reassigned but are per-
manently scheduled or “fixed”. This means that, at each epoch, the set 
𝑁𝑡 becomes empty after applying the action chosen. We also tried some 
“on-hold” policies in preliminary tests where such customers could have 
been reassigned multiple times on different days or vehicles. However, 

regardless of the policy category, these always performed worse than 
“fixed” policies. Therefore, we decided not to include them.

We refer to each policy with the abbreviation “X-Y”, where “X” is the 
category (i.e., “MY” for myopic, “PFA,” or “LA”) and “Y” is a shorthand 
to summarize its features. In particular, we design the following policies:

• MY-DET: on every epoch 𝑡, it solves an instance of the formula-
tion (5).

• PFA-LAR (where “LAR” stands for “large-first”): on every epoch 𝑡, it 
assigns pending orders on the first available day in their day windows 
using vehicles with larger capacity first.

• PFA-SMA (where “SMA” stands for “small-first”): it is the same as 
PFA-LAR except that vehicles are sorted according to their capacity 
in a non-decreasing way.

• LA-MIN: on every epoch 𝑡, it solves an instance of the formulation (6).
• LA-WC: on every epoch 𝑡, it solves an instance of the formulation (8).
• LA-DUA: on every epoch 𝑡, it solves an instance of the formula-
tion (13).

All policies are applied in a folding-horizon fashion and handle fixed 
decisions made at the epoch 𝑡 related to successive days by updating the 
capacity of vehicles partly used. To better clarify this, we describe the 
behavior of LA-DUA as an example:

1. At 𝑡 = 0, given a set of known customers 𝑁0, LA-DUA assumes that 
at most Γ future customers in 𝑁̃ require more than their minimum 
demand and solves formulation (13). Once it obtained a solution, 
it keeps only some of the decisions taken: the assignment of known 
customers on a day in the planning period (needed to compute the 
customer inconvenience); the number of vehicles employed on the 
day 𝑡 = 1 (needed to compute the staffing cost); and the partial ca-
pacity of the vehicles used on subsequent days. On the contrary, the 
policy discards assignments of future customers.

2. At 𝑡 = 1, some future customers become known. The policy forgets 
about the past (i.e., 𝑡 = 0 and what was already decided for 𝑡 = 1) and 
solves again the formulation (13) after updating the coefficients of 
the new known demand, the capacity of the vehicles partly employed 
on 𝑡 ≥ 2, and the value of Γ according to the number of demands 
exceeding their minimum value already revealed. The policy saves 
similar information as before, updates the current cost, and keeps 
iterating until the last day of the planning period.

3. Finally, the policy considers the maximum number of vehicles of 
each type employed on a day in the planning period to compute the 
fixed costs and obtain the overall cost (i.e., an upper bound to the 
stochastic dynamic multi-period problem).

Other policies behave similarly but apply either another static formu-
lation or a rule of thumb. More precisely, MY-DET, PFA-LAR, and PFA-
SMA disregard any future consequences of the decisions made by con-
sidering only pending customers in the order they appear. MY-DET and 
all LA policies, being model-based, let the solver decide which vehi-
cles are better to use to minimize total costs. On the contrary, PFA-LAR 
and PFA-SMA apply a simple rule of thumb, and they behave the same 
in the case of a homogeneous fleet. LA-MIN (LA-WC) considers mini-
mum (maximum) demand for future orders. In contrast, LA-DUA adopts 
the robust upper-bounding formulation DUA by attempting to exploit 
all available future information as cleverly as possible. DUA is also in-
cluded among the policies to measure the value of re-optimization. We 
discarded the formulation (18) and the bilevel program (19) after run-
ning some tests, included later in Supplementary Materials SM1.1 and 
SM1.2 , because they do not perform well from a computational stand-
point.

5.5.  Relationships among bounds and policies

We denote by UBADP the solution value obtained by a policy de-
scribed in Section 5.4. By extending (22), we get the following relation-
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ships between UBADP and the compact formulations in Section 4:
DET0 ≤ LB0 ≤ EP ≤ BIL0 = DUA = REC,UBADP ≤WC0 (25)

Since EP is the optimal value obtained with perfect information on fu-
ture orders, UBADP cannot perform better than it; conversely, it cannot 
be worse than WC0. Only when the realization of the uncertainty set is 
known, EP = BIL0 ≤ UBADP; otherwise, there is no dominance between 
these last two bounds. Also, we cannot state anything about the rela-
tionship among specific policies (e.g., MY-DET versus PFA-LAR versus 
LA-DUA) since none of them computes a globally optimal solution but 
optimizes epoch after epoch according to what is revealed and the de-
cisions previously made.

6.  Computational results

In this section, we benchmark our solution methodology over a syn-
thetic instance set adapted from the literature and another derived from 
actual data. We illustrate these data sets, publicly available online with 
all their detailed results1, in Sections 6.1 and 6.2. Then, in Section 6.3, 
we evaluate the performance of our policies by discussing the price of 
robustness with respect to the ex-post formulation. In particular, first, 
we examine a general case (Section 6.3.1), an increasing degree of un-
certainty (Section 6.3.2), and a stressed setting (Section 6.3.3). Then, 
in Section 6.4, consider different values of maximum demand for the 
industrial instances. Finally, in Section 6.5, we provide managerial in-
sights.

Our solution methodology is coded in C and compiled with GCC 8.5. 
We use Gurobi 11.0 with the default parameter setting except for the 
MIPGap parameter set to 1𝑒 − 9. All experiments are conducted on a 
machine Intel(R) Xeon(R) CPU E3-1220 V2 @ 3.10GHz, 16GB of RAM 
running Fedora Linux 37. For each instance and each policy, we set a 
time limit of two hours per period and a memory limit of 14 GB RAM.

6.1.  Synthetic instances from the literature

The first set, called Solomon, is obtained by adapting homonym 
instances (Solomon, 2005). In particular, per each |𝑁| ∈ {25, 50} cus-
tomers, we pick three instances with different features (i.e., C101, R101, 
and RC101), set a planning period 𝑇 ′ = [0, 5] of six days, and consider 
the following types of day windows:

1. service must occur the day after the order has been placed (i.e., 𝑒𝑖 =
1,𝓁𝑖 = 1, 𝛿𝐸𝑖 = 0, 𝛿𝐿𝑖 = 0);

2. service is preferable to occur the day after the order has been placed 
or, at most, two days after (i.e., 𝑒𝑖 = 1,𝓁𝑖 = 1, 𝛿𝐸𝑖 = 0, 𝛿𝐿𝑖 = 1);

3. service is preferable to occur two days after the order has been 
placed, but also the day after would be fine (𝑒𝑖 = 2,𝓁𝑖 = 2, 𝛿𝐸𝑖 =
1, 𝛿𝐿𝑖 = 0);

4. service is preferable to occur two days after the order has been placed 
or, at most, three days after (𝑒𝑖 = 2,𝓁𝑖 = 2, 𝛿𝐸𝑖 = 0, 𝛿𝐿𝑖 = 1);

5. service can occur any day after the order has been placed (i.e., 𝑒𝑖 =
1,𝓁𝑖 = 5, 𝛿𝐸𝑖 = 0, 𝛿𝐿𝑖 = 0).

To be more adherent to reality and customer needs, we assume that 50%
of customers have a day window of type 1, 20% of type 2, and 20% of 
type 3, 8% of type 4, and only 2% of type 5. We set the flexibility costs 
𝜙𝐸 = 1 and 𝜙𝐿 = 2.

First, we set |𝑁0| =
⌈

|𝑁|

10

⌉

 and |𝑁̃| ∶= |𝑁| − |𝑁0|. We want to achieve 
a probability bound of at most 5% for not satisfying the capacity con-
straints in our problem. Thus, from (15), we get that, when |𝑁| = 25
(i.e., |𝑁̃| = 22), the minimum value of the parameter Γ for the Solomon
set, denoted by ΓSol, is 8; when |𝑁| = 50 (|𝑁̃| = 45), ΓSol = 12. Then, to 
consider different degrees of uncertainty, we vary Γ in {1, 2, 3} ⋅ ΓSol (in 
the most uncertain case, when |𝑁| = 25, actually Γ = |𝑁̃| = 22, being 

1 https://github.com/aliceraffaele/MFSUD/

3ΓSol = 24 > |𝑁̃|). As for demand, for each customer 𝑖 ∈ 𝑁0, the order 
is classified as pending (i.e., 𝑑𝑖 = 0), and the demand 𝑞𝑖 is precisely the 
value in the Solomon instances. For each future customer 𝑖 ∈ 𝑁̃ , this 
value corresponds to the minimum demand 𝑞

𝑖
, and we randomly extract 

𝑞𝑖 from a uniform distribution over the interval [𝑞
𝑖
, 𝑞𝑖] where 𝑞𝑖 ∶= 2𝑞

𝑖
. 

As for the order placement day 𝑑𝑖, we extract it from a uniform distribu-
tion over [1, 𝜏 − 1]. For each Solomon instance C101, R101, and RC101, 
each value of Γ, and each |𝑁| = 25, 50, we generate 100 realizations (i.e., 
instances with different days and demands randomly extracted from the 
distributions above). Thus, the Solomon set is composed of 1800 real-
izations, where 450 are extreme (i.e., exactly Γ customers require their 
maximum demand, and, in particular, 90 are very extreme asking for ser-
vice on the same day) and 1350 are just sampled (i.e., at most Γ customers 
exceed their minimum demand not on the same day).

Finally, we consider homogeneous vehicles and thus omit the sub-
script 𝑚. We set the fixed costs 𝑓 to 1000, the staffing cost 𝑔 to 100, and 
the vehicle capacity 𝑅 to 1.2max𝑖∈𝑁̃ 𝑞𝑖. The number of available vehi-
cles is computed in pre-processing for each realization as follows. First, 
we solve a bin packing problem per each day by considering pending 
orders and assuming that each future customer will require maximum 
demand. Then, we take the maximum number obtained across periods. 
In this way, we guarantee that each realization is feasible and we can 
compare policies in terms of the vehicles they suggest employing. We 
do not solve a multi-period bin packing because the solver may find 
the best assignment by using fewer vehicles than the minimum number 
needed in a folding-horizon setting.

6.2.  Benchmark instances from actual data

The second set, denoted by Industrial, is derived from the his-
torical data of the industrial application motivating our study. These 
data span six weeks of five working days each. They are about the or-
ders made by a set of 1251 customers for the collection of three dif-
ferent waste types: Paper (PAP), Various Packaging (VP), and Undiffer-
entiated (UND). Per each waste type, the company can employ a max-
imum number of 3 small and 5 large vehicles. The former type has a 
capacity of 13 cubic meters and a fixed cost of 13000, whereas the latter 
can load at most 36 cubic meters and costs 30000. We assume a staffing 
cost of 100. Since historical data are not enough to represent a statis-
tically significant sample, we do not have any information about the 
demand probability distributions of each waste type, which motivates 
us to rely on RO to manage uncertainty. Anyway, we compute some 
valuable statistics, starting from the minimum and maximum demands 
for each customer over the thirty days covered. Then, per each waste 
type 𝑤 ∈ {PAP,UND,VP} and each week, we compute the average, min-
imum, and maximum numbers of pending customers and of future cus-
tomers. In particular, the average values of future customers per each 
waste type are |𝑁̃PAP| = 148, |𝑁̃UND| = 210, and |𝑁̃VP| = 242. We also get 
the number of customers who exceed their minimum demand. By tak-
ing the maximum among these weekly numbers, we can set an empirical 
value of the Γ parameter for the Industrial set, denoted by Γ𝐼𝑛𝑑𝑤 . More 
exactly, we obtain Γ𝐼𝑛𝑑PAP = 3, Γ𝐼𝑛𝑑UND = 12, and Γ𝐼𝑛𝑑VP = 10. However, 
by setting a probability bound of at most 5% for not satisfying the ca-
pacity constraints and using (15), we find that these preliminary values 
derived from the data are too low. The minimum values to guarantee 
such a bound, considering the average values of |𝑁̃| per each waste type, 
are Γ𝐼𝑛𝑑PAP = 21, Γ𝐼𝑛𝑑UND = 25, and Γ𝐼𝑛𝑑VP = 27. Thus, we adopt these as 
our lowest ΓInd values. Indeed, similarly to the Solomon set, we also 
consider the double and three times these values.

Within this setting, we generate new test instances as follows. We 
set a planning period of a working week, i.e., 𝑇 ′ = [0, 5]. We randomly 
extract the numbers of pending and uncertain customers for each waste 
type based on the statistics obtained. As for day windows, we set 𝑑𝑖 equal 
to 0 for each known customer, whereas we extract a random value for 
the future ones, as in the Solomon instances. The inconvenience costs 
𝜙𝐸 and 𝜙𝐿 are 1 and 2, respectively. Also, we assume that, since we 
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Fig. 1. Percentage gap ΔEP for each ADP policy and DUA with 𝑞 = 2𝑞 and Γ ∈ {ΓSol,ΓInd} (all realizations).

Table 1 
Average ΔEP for each ADP policy and DUA with 𝑞 = 2𝑞 and Γ ∈ {ΓSol,ΓInd} (all realizations).
 Set  MY-DET  PFA-LAR  PFA-SMA  LA-MIN  LA-WC  LA-DUA  DUA
 Solomon  13.11  25.39  25.39  9.34  16.44  13.76  70.14
 Industrial  18.89  49.99  52.14  0.87  51.35  38.49  52.19

are dealing with waste collection, service should be provided the next 
day after customers place their orders, allowing one day of late collec-
tion at most (i.e., 𝑒𝑖 = 1,𝓁𝑖 = 1, 𝛿𝐸𝑖 = 0, 𝛿𝐿𝑖 = 1). In terms of demand, for 
each known customer, we randomly extract a value from a uniform dis-
tribution over the interval of that customer’s minimum and maximum 
values. As for future orders, we take the minimum demand as the histor-
ical statistics and, as a maximum, for a general case, twice the historical 
maximum demand of that customer, similar to the Solomon instances. 
This is also done since, due to the scarcity of data, customers’ minimum 
and maximum demands often coincide. Nonetheless, in Section 6.4, we 
also consider this setting and another with the maximum demand equal 
to three times the minimum value.

For each value of Γ, and each waste type, we have 60 realizations 
(3 very extreme, 12 extreme, and 45 sampled). Thus, for each value 
of maximum demand, we have 3 ⋅ 3 ⋅ 60 = 540 realizations. Overall, the
Industrial set contains 1620 realizations.

6.3.  Policy performance and the price of robustness

Given a realization of the uncertainty set and an upper bound UB 
(e.g., DUA or any ADP policy), the percentage gap between UB and EP 
is ΔEP ∶= 100 ⋅ (UB − EP)∕EP. This indicates how much the cost of that 
upper bound overestimates the actual cost of the ex-post formulation. In 
general, in the following sections, we evaluate how this percentage gap 
varies in different settings. In the case of DUA, LA-WC, and LA-DUA, 
this ΔEP corresponds to what Bertsimas and Sim (2004) call the price of 
robustness.

6.3.1.  General case
We first assess our policies in a general case, that is: i) we assume the 

maximum demand of future customers is twice their minimum demand 
(𝑞 = 2𝑞); ii) we keep all extreme and sampled realizations of the Solomon
and Industrial sets; and iii) we consider only the minimum values of 
ΓSol and ΓInd to achieve the desired probability bounds in terms of con-
straint violation. For each ADP policy and the upper bound DUA, Fig. 1 
and Table 1 show the percentage gaps ΔEP in the form of boxplots and 
their average values, respectively, over both instance sets. The numbers 
reported on each boxplot indicate the lower quartile, median, and upper 
quartile.

By including the information available on the minimum demand of 
future customers, LA-MIN is the policy obtaining the best results for 
small and large values of |𝑁|. Indeed, in the case of Solomon instances, 
the average ΔEP and the median are just 9.34% and 1.87%, respectively, 
and the upper quartile is just 19.86%. Even smaller values are obtained 
over the Industrial set, with a gap very close to zero (0.87%) and 
a small median (0.16%). Conversely, the worst ADP policies overall are 
PFA-LAR and PFA-SMA, which have an average ΔEP and a median equal 
to 25.39% and 28.68% over the Solomon instances and ≈ 50% and 28.68%
over the Industrial instances. Over the Solomon set (i.e., with smaller 
values of |𝑁|), the myopic MY-DET and the robust LA-WC and LA-DUA 
policies are comparable to LA-MIN. However, this does not occur over 
the Industrial set, where LA-WC performs slightly worse than PFA-
LAR but still better than PFA-SMA, with an average gap of 51.35% and 
a median of 48.47%. Nonetheless, LA-DUA is still better than the two 
PFAs. On average, the upper bound DUA obtains the worst result in both 
sets but shows a smaller upper whisker in the Industrial instances than 
the PFAs.

We analyze the objective function’s three cost components (fixed 
costs, staffing, and inconvenience) in detail to show the different ADP 
policies’ and DUA’s behavior. The stacked bar charts in Fig. 2 indicate, 
per each component and each policy, the average percentage with re-
spect to the total cost. Regardless of the policy, the cost distribution is 
constant on the same productions of the two sets. The larger the number 
of customers, the more impact have the fixed costs, from about 75% in 
the Solomon set to 99% in the case of the Industrial set. In all realiza-
tions, the inconvenience costs are negligible. We are not able to derive 
further insights from this information. Thus, in Table 2, we compare the 
policies with the ex-post formulation in terms of the number of vehicles 
(column 𝐲) and staffing (column 𝚺). For the Industrial set, we specify 
the number of smaller and larger vehicles in this order.

Over the Solomon set, the results are consistent with the average 
ΔEP in Table 1, with LA-MIN requiring just 9.19% and using 4.43% more 
vehicles than EP. On the contrary, PFA-LAR employs and uses 26.50%
and 16.70% more vehicles than EP. Regarding the Industrial set, we 
can now discriminate between smaller and larger vehicles. In partic-
ular, we observe that LA-MIN employs, on average, fewer small vehi-
cles than any other policy (except for PFA-LAR, forced by its defini-
tion to employ vehicles with bigger capacity first) and fewer large ones,
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Fig. 2. Average percentages of fixed costs, staffing, and inconvenience costs with respect to the total cost for each ADP policy and DUA with 𝑞 = 2𝑞 and Γ ∈ {ΓSol,ΓInd}
(all realizations).

Fig. 3. ΔEP between UB and EP for each ADP policy and DUA with 𝑞 = 2𝑞 and Γ ∈ {1, 2, 3} × {ΓSol,ΓInd} (all realizations).

actually getting the same result of EP. MY-DET is the policy employing 
the average smallest number of larger vehicles (0.82) but a higher num-
ber of smaller ones (2.28). Being more conservative, robust policies tend 
to employ more large vehicles than other policies except for PFA-LAR. 
Conversely, given its nature, PFA-SMA is the policy using the highest 
number of vehicles (14.97).

6.3.2.  Increasing the degree of uncertainty
Hereafter, we evaluate what happens when the number of uncertain 

customers increases by still considering all realizations. Fig. 3 extends 
Fig. 1 with the boxplots of the policy performance over the two bench-

mark sets for the larger values of Γ. Similarly, Table 3 shows the related 
average ΔEP.

Regardless of the Γ value, LA-MIN shows a constant behavior, even if 
the median values vary without following a specific trend. The myopic 
MY-DET obtains a slightly better average gap over the Industrial set 
when ΓInd = 2, but with a higher upper whisker of 124.29% instead of 
100.22% of LA-MIN. The robust LA-WC and LA-DUA perform their best 
with the highest values of Γ, especially over the Industrial set but 
the latter policy seems better. In particular, with Γ = 3ΓInd, the LA-DUA 
average ΔEP is 39.46% and the median is 33.21% instead of the average 
gap of 52.42% and the median of 58.47% of LA-WC, which are still lower 
than the values of MY-DET in this setting. In the Solomon instances, the 
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upper bound DUA is always the worst. Nonetheless, in the Industrial
instances, it is comparable with LA-WC. As for the PFAs, they do not 
perform badly over the Solomon set but are overall the worst policies 
when dealing with the realizations from actual data.

We provide additional statistics in Table 4. In particular, for each 
benchmark set and each ADP policy and DUA, we count for how many 
realizations the upper bound obtains the best objective function value 
across the others (column “W (%)”); in case of ties, we attribute 1 to all 
winning policies. We also compute how many times this objective func-
tion value coincides with EP (column “EP (%)”) and we consider the 
overall solving time in seconds, obtained by summing the running times 
in each epoch, averaged across all realizations (column “Time”). Regard-
ing this last information, LA-DUA is the most expensive policy requir-
ing, on average, 550.64 seconds (≈ 9.18 minutes) and 12000.89 seconds 
(≈ 3.33 hours) for each Solomon and Industrial instances, respectively. 
In terms of average number of wins, the best policy is LA-MIN, which 
performs better in 47.44% and 79.07% of the cases over the Solomon and
Industrial sets, respectively, followed by LA-DUA for the former (34%) 
and PFA-LAR for the latter (13.89%). LA-DUA also obtains good results 
on EP (%), especially for higher values of Γ. For instance, with Γ = 3, 
over the Solomon set, LA-MIN finds the same result as EP in 15.33% of 
the cases, whereas LA-DUA in 16.17% of the cases.

6.3.3.  Extreme realizations
Now, we investigate the policy performance in a stressed setting by 

considering only extreme realizations. Results about the percentage gap 
ΔEP are shown in Fig. 4 and Table 5.

In both benchmark sets, the advantage of relying on robust DUA, 
LA-WC, and, mostly, LA-DUA policies is evident as the uncertainty in-
creases, even if MY-DET and LA-MIN behave quite well. Indeed, in the
Solomon set, LA-DUA has median values close to zero (1.67 and 0.00) 
and average values of 8.05% and 4.16% when Γ = 2ΓSol and Γ = 3ΓSol, 
respectively. Also, as Γ increases, LA-WC and LA-DUA show robust re-
sults and protect against uncertainty as shown by the decreasing differ-
ence between lower and upper quartiles. On the contrary, PFAs policies 
do not protect against uncertainty and are not robust.

Regarding computational performance, for LA-DUA only, we show 
in Table 6 the average MIPGap obtained after each epoch in the tests 
over extreme and sampled realizations of each benchmark set. All other 
ADP policies exploiting a formulation described in Sections 4.1 or 4.2 
always obtain an average MIPGap equal to zero in the 2-hour time limit 
set per period. LA-DUA is obviously in more difficulty at the beginning 
of the planning period of the extreme realizations. At that moment, no 
information about future customers has been revealed and, therefore, 
the corresponding instance of the formulation (13) is bigger in terms 
of variables and constraints. This mainly occurs on the Industrial set 
having many customers. Indeed, at 𝑡 = 0, after two hours, the average 
MIPGap in the extreme instances is 0.29% and goes to zero only around 
𝑡 = 3. To decrease computing times, we could resort to set partitioning 
formulations (see Supplementary Materials SM2).

6.4.  Varying maximum demand in industrial instances

In this section, we analyze the performance of the ADP policies and 
DUA over the Industrial set but with different maximum demand val-
ues. With these tests, we want to understand and, possibly, identify other 
settings where robust policies may be preferable. More precisely, we 
compare the base case (𝑞 = 2𝑞) with two other cases: the scarce his-
torical data provided by the company (when minimum and maximum 
demands often coincide, i.e., 𝑞 ≈ 𝑞) and when the maximum demand 
is even higher (i.e., 𝑞 = 3𝑞). Hereafter, we do not distinguish per waste 
type, but we provide some detailed results in this sense in Supplemen-
tary Materials SM1.3 .

Fig. 5 extends Fig. 3 by showing, for each ADP policy and DUA and 
for every value of maximum demand, a boxplot related to the gap ΔEP. 
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Table 3 
Average ΔEP for each ADP policy and DUA with 𝑞 = 2𝑞 and Γ ∈ {1, 2, 3} × {ΓSol,ΓInd} (all realiza-
tions).

 Set 𝚪  MY-DET  PFA-LAR  PFA-SMA  LA-MIN  LA-WC  LA-DUA  DUA

Solomon
 1  13.11  25.39  25.39  9.34  16.44  13.76  70.14
 2  20.13  16.80  16.80  15.63  18.99  18.88  50.85
 3  15.29  15.81  15.81  11.52  14.10  13.35  56.37
 Avg  16.18  19.33  19.33  12.16  16.51  15.33  59.12

Industrial
 1  18.89  49.99  52.14  0.87  51.35  38.49  52.19
 2  25.76  57.16  55.81  28.36  58.86  52.63  51.17
 3  56.42  65.97  54.80  10.24  52.42  39.46  48.11
 Avg  33.69  57.71  54.25  13.16  54.21  43.52  50.49

Fig. 4. ΔEP between UB and EP for each ADP policy and DUA with 𝑞 = 2𝑞 and Γ ∈ {1, 2, 3} × {ΓSol,ΓInd} (extreme realizations only).

Table 7 does a similar thing concerning the average values of ΔEP ini-
tially included in Table 3. Regardless of the value of the maximum de-
mand, the overall best upper bound is still obtained by LA-MIN. Robust 
policies perform their worst when 𝑞 ≈ 𝑞 and Γ = ΓInd, i.e., when un-
certainty is very low. Their behavior is also not so good when 𝑞 = 3𝑞. 
Nonetheless, they still show better average and median values in this 
setting than MY-DET, PFAs, and DUA. For instance, when Γ = 3ΓInd, LA-
DUA has an average ΔEP of 59.61% and a median of 58.20%, whereas 
MY-DET has an average gap of 66.25% and a median of 71.36%, and PFA-
SMA 67.96% and 79.48%. This is because being a little overconservative 
pays off with respect to ignoring the future as with MY-DET, following 
some fixed rules as with the PFAs, or not re-optimizing as with DUA, 
which has the worst average gaps and median values with the highest 
maximum demand considered.

Table 8 compares the ADP policies and DUA in the three different 
settings of maximum demand similarly to Table 4 in terms of the number 

of wins (column “W (%)”), the number of times the policies obtain the 
same ex-post solution (column “EP (%)”), and the average running time 
(column “Time”). The statistics confirm what we already observed in 
Table 4, that is, when uncertainty increases, LA-DUA can behave well. 
More precisely, when 𝑞 = 3𝑞, it wins on average in 20% of the cases, 
and achieves the same result as EP on average in 12.41% of the cases, 
despite requiring an average time of 14492.57 seconds (≈ 4.03 hours). 
On the contrary, PFA-SMA, which is practically instantaneous, obtains 
the worst results, like DUA.

Regarding the number of vehicles required and used in every de-
mand setting, indicated in Table 9, we can observe that, as the maxi-
mum demand increases, the number of vehicles employed by PFA-LAR 
and PFA-SMA increases as well according to their definitions. In other 
words, PFA-LAR (PFA-SMA) tends to buy all larger (smaller) vehicles 
available before also employing smaller (larger) ones. As one would 
expect from robust approaches, LA-WC and LA-DUA tend to generally 
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Fig. 5. ΔEP between UB and EP for each ADP policy and DUA with 𝑞 ∈ {≈ 1, 2, 3}𝑞 and Γ ∈ {1, 2, 3}ΓInd (all Industrial realizations).

Table 5 
Average ΔEP for each ADP policy and DUA and Γ ∈ {1, 2, 3} × {ΓSol,ΓInd} (extreme realizations 
only).

 Set 𝚪  MY-DET  PFA-LAR  PFA-SMA  LA-MIN  LA-WC  LA-DUA  DUA

Solomon
 1  14.42  22.82  22.82  11.96  14.06  12.96  52.06
 2  16.65  13.04  13.04  11.49  8.38  8.05  18.71
 3  13.84  9.09  9.09  8.06  3.85  4.16  7.20
 Avg  14.97  14.98  14.98  10.50  8.76  8.39  25.99

Industrial
 1  42.50  53.61  55.65  3.28  59.14  40.42  49.57
 2  37.72  57.78  45.99  17.00  38.41  34.62  37.01
 3  59.67  65.89  67.71  7.87  32.47  32.66  37.69
 Avg  46.63  59.09  56.45  9.38  43.34  35.90  41.42
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Table 6 
Average MIPGap obtained by LA-DUA at each epoch with 𝑞 = 2𝑞 and Γ ∈ {1, 2, 3} ×
{ΓSol,ΓInd}.

 (a)Solomon
𝚪  extreme  sampled

𝑡 = 0 𝑡 = 1 𝑡 = 2 𝑡 = 3 𝑡 = 4 𝑡 = 0 𝑡 = 1 𝑡 = 2 𝑡 = 3 𝑡 = 4

 1  0.35  0.05  0.00  0.00  0.00  0.38  0.09  0.00  0.00  0.00
 2  0.00  0.00  0.00  0.00  0.00  0.00  0.00  0.00  0.00  0.00
 3  0.00  0.00  0.00  0.00  0.00  0.00  0.00  0.00  0.00  0.00
 Avg  0.12  0.02  0.00  0.00  0.00  0.13  0.03  0.00  0.00  0.00
 (b)Industrial
𝚪  extreme  sampled

𝑡 = 0 𝑡 = 1 𝑡 = 2 𝑡 = 3 𝑡 = 4 𝑡 = 0 𝑡 = 1 𝑡 = 2 𝑡 = 3 𝑡 = 4

 1  0.80  0.40  0.36  0.00  0.00  0.15  0.06  0.00  0.00  0.00
 2  0.07  0.38  0.03  0.00  0.00  0.08  0.30  0.00  0.00  0.00
 3  0.01  0.02  0.02  0.00  0.00  0.01  0.04  0.01  0.00  0.00
 Avg  0.29  0.27  0.13  0.00  0.00  0.08  0.13  0.00  0.00  0.00

Table 7 
Average ΔEP for each ADP policy and DUA, 𝑞 ∈ {≈ 1, 2, 3}𝑞, and Γ ∈ {1, 2, 3}ΓInd (all
Industrial realizations).
𝑞 𝚪  MY-DET  PFA-LAR  PFA-SMA  LA-MIN  LA-WC  LA-DUA  DUA

≈ 𝑞
 1  6.38  62.38  43.79  3.12  134.98  90.65  60.26
 2  28.32  61.98  45.45  35.68  71.26  71.13  69.32
 3  15.71  80.05  37.28  10.86  67.10  80.10  46.79
 Avg  16.80  68.01  42.17  16.11  91.45  87.29  58.79

2𝑞
 1  18.89  49.99  52.14  0.87  51.35  38.49  52.19
 2  25.76  57.16  55.81  28.36  58.86  52.63  51.17
 3  56.42  65.97  54.80  10.24  52.42  39.46  48.11
 Avg  33.37  57.57  54.82  13.82  54.74  43.17  50.59

3𝑞
 1  25.26  53.41  52.13  26.04  49.39  66.09  110.98
 2  42.06  54.11  52.66  28.75  43.85  41.18  101.99
 3  66.25  66.84  67.96  17.31  63.19  59.61  98.49
 Avg  44.64  58.79  60.28  24.03  52.46  55.10  103.49

employ larger vehicles, with their re-optimization nature giving better 
results concerning DUA. Conversely, LA-MIN and MY-DET are the two 
policies performing the best in fixed costs by favoring the employment 
of smaller vehicles.

Finally, as for the average percentages of fixed, staffing, and incon-
venience costs with respect to the total cost, we refer again to Fig. 2b 
because, regardless of the values of the maximum demand and Γ, we 
obtain the same ratios, i.e., ≈ 98% for fixed costs, ≈ 1.2% for usage, and 
≈ 0.08% for customer inconvenience.

6.5.  Managerial insights

In this last section, we summarize the primary insights we can derive 
from our analyses to suggest which policies are better to use and when.

Overall, the best policy resulting from our tests over synthetic and 
realistic instances is LA-MIN, i.e., the lookahead policy which solves, 
at each epoch 𝑡, an instance of the lower-bounding formulation (6). In 
terms of computational times, it requires just a few seconds to solve an 
instance, even when the degree of uncertainty or the maximum demand 
assumed increases. Mostly, LA-MIN can achieve tiny gaps with respect 
to the ex-post formulation by considering future orders in the capac-
ity constraints and the objective function. Indeed, when having such 
information, it is natural to exploit it to obtain some advantages con-
cerning myopic policies such as MY-DET. However, LA-MIN does not 
always guarantee to obtain a feasible solution as robust policies, which 
turn out to have, in the general case of 𝑞 = 2𝑞 with extreme realizations, 
the best average gap over the Solomon set and the second best over the

Industrial one (see Table 5). If the decision maker wants to rely on 
fast and straightforward PFAs, then an important decision is the vehicle 
type. Indeed, in the case of homogeneous vehicles, PFA-LAR and PFA-
SMA exhibit equivalent performance. Conversely, these approaches may 
yield opposite results when managing heterogeneous fleets, depending 
on the different vehicle capacities and the maximum customer demand 
considered. Based on the average number of vehicles required and used 
in the Industrial set in Table 9, PFA-SMA could be suitable given its 
tendency to favor the deployment of smaller vehicles. However, there 
would still be the risk of infeasibility.

In Supplementary Material SM1, we report the complete results of 
our specific industrial application and distinguish per waste type. By 
thoughtfully analyzing these data, we observe that we can suggest other 
policies than LA-MIN to the decision maker according to different condi-
tions. In the case of PAP realizations (see Figure SM 2 and Tables SM 1-3 
in Supplementary Materials SM1.3 ), when historical data are scarce and 
customer’s maximum demand often coincides with the minimum value, 
the upper bound DUA obtains better results in terms of gap with re-
spect to the ex-post formulation while taking about 1 h per realization 
(however, except for this setting, DUA is not generally recommended 
as it computes the worst upper bounds). When the uncertainty level is 
low, and the maximum demand is three times the minimum value, MY-
DET may be preferable. Instead, PFAs are not recommended due to their 
very high average gap regardless of the maximum demand allowed. In 
the case of UND realizations (see Figure SM 3 and Tables SM 4-6 in 
Supplementary Materials SM1.3 ), robust policies perform the worst, 
and there are two settings when LA-MIN is outperformed by PFA-SMA 
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(i.e., 𝑞 ≈ 𝑞 and Γ = 2ΓInd, and 𝑞 = 3𝑞 and Γ = 3ΓInd). PFA-SMA could be 
preferable also for VP realizations with 𝑞 ∈ {≈ 1, 2}𝑞. When 𝑞 = 3𝑞 and 
Γ ∈ {1, 2}ΓInd, LA-WC and LA-DUA are suggested to be more protected 
against unlucky scenarios (see Figure SM 4 and Tables SM 7-9 in Sup-
plementary Materials SM1.3 ) even if they need higher running times.

In general, in both synthetic and realistic instances, when the uncer-
tainty level and maximum demand increase, robust policies tend to be 
more stable and decrease their average gap values. These gaps (i.e., the 
price of robustness) are the most valuable metric for decision makers, 
helping them evaluate whether the additional cost to guarantee feasi-
bility is justified, or if they prefer to accept a certain level of risk.

7.  Conclusions

In this work, we defined the Multi-period Fleet Sizing problem with 
Uncertain Demands to study an on-demand waste collection service of-
fered by an Italian company whose objective is to ensure service feasi-
bility while minimizing total costs due to fleet sizing, staffing, and cus-
tomer inconvenience. We represented uncertainty through a cardinality-
constrained uncertainty set. First, we approximated the stochastic dy-
namic original problem as a static multi-period problem and provided 
lower- and upper-bounding formulations by leveraging robust optimiza-
tion techniques. Then, we modeled the original problem exactly as a 
Markov Decision Process and relied on Approximate Dynamic Program-
ming to tackle it. In particular, by exploiting the previous formulations, 
we devised myopic and look-ahead policies and compared them with 
policy function approximations. We assessed policy performance with 
an extensive experimental evaluation on synthetic and realistic instances 
and provided managerial insights to suggest which policies are better to 
use and when. Applying robust optimization in a dynamic setting can 
partially overcome its conservative features at a small-medium price 
when uncertainty increases while guaranteeing feasibility. In particu-
lar, it is suitable for synthetic instances with homogeneous vehicles and 
in some settings of the realistic instances with heterogeneous vehicles.

As we underlined in the introduction, the problem studied can be 
abstracted from the specific context of our industrial case and find ap-
plication in various research areas. This heterogeneity further supports 
studying other policies, methods, and variants. In this sense, the first 
natural extension would be to consider even less information on fu-
ture orders by also not knowing when orders will be placed (i.e., for 
each 𝑖 ∈ 𝑁̃ , 𝑑𝑖 is also uncertain), thus combining our uncertainty model 
with the one by Subramanyam et al. (2021). Nevertheless, flexible day 
windows make it not straightforward, with customer inconvenience in-
cluded in the objective function. Indeed, the lower bound with mini-
mum uncertain orders would not be valid anymore, and the worst case 
in terms of capacity may no longer be the absolute worst case of this 
more general problem, compromising both LA-MIN and robust LA-WC 
and LA-DUA policies. Thus, these observations make this extension an 
interesting research direction.
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Fischetti, M., Ljubić, I., Monaci, M., & Sinnl, M. (2017).  A new general-purpose algorithm 
for mixed-integer bilevel linear programs.  Operations Research, 65(6), 1615–1637. 
https://doi.org/10.1287/opre.2017.1650.

Monaci, M., Pferschy, U., & Serafini, P. (2013).  Exact solution of the robust knapsack 
problem.  Computers & Operations Research, 40(11), 2625–2631. https://doi.org/10.
1016/j.cor.2013.05.005.

European Journal of Operational Research 332 (2026) 657–675 

675 

http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0022
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0022
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0023
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0023
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0023
https://doi.org/10.3934/naco.2021057
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0024
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0024
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0024
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0024
https://doi.org/10.1016/S1366-5545(02)00026-1
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0025
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0025
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0025
https://doi.org/10.1287/trsc.2021.1122
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0026
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0026
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0026
https://doi.org/10.1016/j.tre.2021.102554
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0026
https://doi.org/10.1016/j.tre.2021.102554
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0027
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0027
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0027
https://doi.org/10.1287/trsc.2018.0886
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0027
https://doi.org/10.1287/trsc.2018.0886
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0028
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0028
https://doi.org/10.1016/j.ejor.2023.09.023
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0028
https://doi.org/10.1016/j.ejor.2023.09.023
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0029
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0029
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0029
https://doi.org/10.1287/trsc.2022.0434
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0030
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0030
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0030
https://doi.org/10.1002/9781118029176
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0031
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0031
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0031
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0032
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0032
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0033
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0033
https://doi.org/10.1016/S0927-0507(03)10001-1
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0033
https://doi.org/10.1016/S0927-0507(03)10001-1
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0034
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0034
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0034
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0034
https://doi.org/10.1016/j.ejor.2018.05.022
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0035
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0035
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0035
https://doi.org/10.1016/j.ejor.2021.05.041
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0036
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0036
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0036
https://doi.org/10.1016/j.trc.2021.103387
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0037
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0037
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0037
https://doi.org/10.1016/j.ejor.2019.01.024
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0037
https://doi.org/10.1016/j.ejor.2019.01.024
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0038
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0038
https://doi.org/10.1016/j.omega.2019.05.002
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0038
https://doi.org/10.1016/j.omega.2019.05.002
http://web.cba.neu.edu/~msolomon/problems.htm
http://web.cba.neu.edu/~msolomon/problems.htm
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0039
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0039
https://doi.org/10.1080/24725854.2018.1468122
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0039
https://doi.org/10.1080/24725854.2018.1468122
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0040
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0040
https://doi.org/10.1287/ijoc.2022.1229
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0040
https://doi.org/10.1287/ijoc.2022.1229
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0041
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0041
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0042
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0042
https://doi.org/10.1287/opre.21.5.1154
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0042
https://doi.org/10.1287/opre.21.5.1154
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0043
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0043
https://doi.org/10.1287/trsc.1030.0073
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0044
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0044
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0044
https://doi.org/10.1287/opre.2020.2009
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0045
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0045
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0045
https://doi.org/10.1016/j.ejor.2018.02.038
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0046
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0046
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0046
https://doi.org/10.1016/j.cor.2023.106348
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0047
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0047
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0047
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0048
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0048
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0048
https://doi.org/10.1016/j.ejor.2023.10.026
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0049
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0049
https://doi.org/10.1111/poms.13949
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0049
https://doi.org/10.1111/poms.13949
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0050
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0050
https://doi.org/10.1016/j.cor.2009.12.002
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0050
https://doi.org/10.1016/j.cor.2009.12.002
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0051
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0051
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0051
https://doi.org/10.1007/s11518-021-5510-8
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0051
https://doi.org/10.1007/s11518-021-5510-8
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0052
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0052
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0052
https://doi.org/10.1287/opre.2017.1650
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0053
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0053
https://doi.org/10.1016/j.cor.2013.05.005
http://refhub.elsevier.com/S0377-2217(25)00995-6/sbref0053
https://doi.org/10.1016/j.cor.2013.05.005

	Robust policies for a multi-period fleet sizing problem with demand uncertainty 
	1 Introduction
	2 Related work
	2.1 Multi-period fleet sizing problems with uncertainty
	2.2 Dynamic stochastic multi-period routing problems
	2.3 Service flexibility as soft day windows
	2.4 Our positioning

	3 Problem definition
	3.1 Problem description
	3.2 Uncertainty model
	3.3 Modeling choices common to all formulations

	4 MILP formulations
	4.1 Lower bounds
	4.1.1 Pending orders only
	4.1.2 Pending orders and minimum uncertain orders
	4.1.3 Ex-Post

	4.2 Upper bounds
	4.2.1 Worst case
	4.2.2 Dualized robust counterpart
	4.2.3 Recursive robust counterpart
	4.2.4 Bilevel optimization

	4.3 Relationships among bounds

	5 Solution methodology
	5.1 Markov decision process
	5.1.1 States
	5.1.2 Actions and policies
	5.1.3 Deterministic transitions to post-decision states
	5.1.4 Stochastic transitions to pre-decision states

	5.2 MDP Dynamics
	5.3 Approximate dynamic programming
	5.4 Policies
	5.5 Relationships among bounds and policies

	6 Computational results
	6.1 Synthetic instances from the literature
	6.2 Benchmark instances from actual data
	6.3 Policy performance and the price of robustness
	6.3.1 General case
	6.3.2 Increasing the degree of uncertainty
	6.3.3 Extreme realizations

	6.4 Varying maximum demand in industrial instances
	6.5 Managerial insights

	7 Conclusions


