Advances in Mathematics 482 (2025) 110640

Contents lists available at ScienceDirect

MATHEMATICS

Advances in Mathematics

journal homepage: www.elsevier.com/locate/aim

The rigid Pham-Brieskorn threefolds )

Check for
Updates

Michael Chitayat®*, Adrien Dubouloz "¢

& University of Padova, Department of Mathematics, Padova, Italy
b CNRS, Université de Poitiers, LMA, Poitiers, France
¢ CNRS, Université Bourgogne Europe, IMB UMR 5584, 21000 Dijon, France

ARTICLE INFO ABSTRACT

Article history: We show that a 3-dimensional Pham-Brieskorn hypersurface

Received 18 May 2025 {X§° + X7 + X3* + X5* = 0} in A* such that min{ao, a1,

Received in revised form 12 October ; ;
a2,a3} > 2 and at most one element ¢ of {0,1,2,3} satisfies

2025 a; = 2 does not admit a non-trivial action of the additive

Accepted 15 October 2025 ! G

Available online 29 October 2025 group “ra. . . L.

Communicated by A. Asok © 2025 The Author(s). Published by Elsevier Inc. This is an

open access article under the CC BY license (http://
MSC: creativecommons.org/licenses/by/4.0/).

primary 13N15, 14R20

Keywords:

Pham-Brieskorn

Locally nilpotent derivations
Rigid rings

Rigid varieties

Polar cylinders

0. Introduction

An affine variety X defined over a field k of characteristic zero is called rigid if it does
not admit a non-trivial action of the additive group G, k. Equivalently, if the coordinate
ring B = I'(X, Ox) does not admit a non-zero locally nilpotent k-derivation, then B is
called a rigid ring. In this article, we study the rigidity of a class of varieties called affine
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Pham-Brieskorn hypersurfaces. These varieties, denoted Xy, ... a0, = Spec(Baq,.....a, ) are
defined by equations of the form X{°+---+Xg" = 0in Aﬁ“, where n > 2 and ag, ..., a,
are positive integers. If a; = 1 for some ¢ € {0,...,n} then X, . is isomorphic to A}
which is clearly not rigid. If k contains Q(¢) and two of the a; (say ag and a;) equal 2,

then Xy, ... a, isisomorphic to the hypersurface uv+ X352 +---+ X2 =0 in Aﬁ“. This
hypersurface admits non-trivial G, k-actions associated, for instance, to every locally
nilpotent k[u]-derivation 0; = uaixi - aiX,'aFl%, i=2,...,n, of its coordinate ring.!

In light of these observations, the following conjecture was proposed in [20,31]:

Main Conjecture. An affine Pham-Brieskorn hypersurface X, . ... 4, over an algebraically

closed field of characteristic zero is rigid if and only if min{ag,...,a,} > 2 and at most

one element i of {0,...,n} satisfies a; = 2.

The conjecture was proved by Kaliman and Zaidenberg [31, Lemma 4] in the n = 2
case; despite several known partial results during the last decade (see in particular [17],
[14], [10], [9], [8], [2], [33]) the conjecture remained open in dimension n > 3 (see [6,
Conjecture 1.22]). In [4], the first author nearly completed the proof of the n = 3 case
of the conjecture with the (2,3,4,12) and (2,3, 5,30) cases remaining unsolved.

In this article, we prove the (2,3,4,12) and (2, 3,5,30) cases, completing the n = 3
case of the conjecture. Our exposition also simplifies many of the results in [4] and reduces
the problem (in all dimensions) to the cases where Proj By, ... 4, is a well-formed Fano
variety. In order to provide the reader with a self-contained proof of the n = 3 case of the
Main Conjecture, we include all the necessary statements from [4] as well as the proofs
of those results that demonstrate the main ideas.

Every affine Pham-Brieskorn hypersurface X = X, ., identifies with the affine
cone over the weighted hypersurface X defined by the weighted homogeneous equa-
tion XJ° + -+ 4+ X% = 0 in the weighted projective space P = P(wyp,...,wy),
where w; = lem(ag,...,a,)/a;. We say that X is a well-formed affine Pham-
Brieskorn hypersurface if X is a well-formed weighted hypersurface in P; that is,
if ged(wo, ..., wi—1, Wi, Wit1,...,w,) = 1 for every i = 0,...,n and codimX(X n
Sing(P)) > 2. Proposition 2.1.4 provides a convenient arithmetic characterization
of these well-formed hypersurfaces: they are exactly those for which a,; divides
lem(aq, ..., d;,...ay) for every i = 0,...,n.

The following is a reduction of the Main Conjecture to the special case of well-formed
affine Pham-Brieskorn hypersurfaces and an induction on the dimension:

Reduction Theorem. [/, Theorem 1.3.12] Let n > 3. The Main Conjecture holds in
dimension n provided it holds both in dimension n— 1 and for well-formed affine Pham-

Brieskorn hypersurfaces Xg,. ... q, of dimension n.

n

! Note that the real Pham-Brieskorn surface X2 22 = Spec(R[X,Y, Z]/(X? + Y? + Z?)) is rigid (see e.g.
[18, Theorem 9.27]), so the condition that k contains Q(¢) cannot be relaxed.
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In particular, since the Main Conjecture holds for n = 2, its verification in the case
n = 3 is reduced to the case of well-formed affine Pham-Brieskorn threefolds. Building
on this result, we complete the proof of the Main Conjecture in the n = 3 case, namely:

Main Theorem. Let X 4,.a5,05 = SP€C(Bag,a1,a2,a5) V€ an affine Pham-Brieskorn three-
fold hypersurface. If min{ag,a1,as,as} > 2 and at most one element i of {0,1,2,3}
satisfies a; = 2, then X is rigid.

Corollary. The Main Conjecture is true for n = 4 if and only if it is true for well-formed
affine Pham-Brieskorn fourfolds Xq,, .. a,-

Let us briefly explain the scheme of the proof of the Main Theorem. Reducing to well-
formed affine Pham-Brieskorn hypersurfaces X = X a1,a5,05; With associated weighted
hypersurfaces X in P (wo, w1, ws,ws3) leads us to consider the following two sub-classes:

(1) those X with pseudoeffective canonical divisor K e
(2) a finite list of cases for which X is a del Pezzo surface with cyclic quotient singular-
ities.

The rigidity of well-formed affine Pham-Brieskorn hypersurfaces X (of any dimension
greater or equal to 2) for which K is pseudoeffective follows from Proposition 2.3.2
which shows that a normal projective variety with pseudoeffective Q-Cartier canonical
divisor and log-canonical singularities cannot contain a cylinder. In the second case,
which contains for instance the affine cone X3 33 3 over the Fermat cubic surface in P3,
it is known (by a general principle established by Kishimoto, Prokhorov and Zaidenberg
n [30]) that the rigidity of X is equivalent to the non-existence of an anti-canonical
polar cylinder in the del Pezzo surface X (see Subsection 1.6 for the definition). Sev-
eral cases in (2) turn out to be covered by a series of results on the classification of
anti-canonical polar cylinders in del Pezzo surfaces with Du Val singularities due to
Cheltsov, Park and Won [9]. We are eventually left with the study of the two cases
(ao,a1,a2,a3) € {(2,3,4,12),(2,3,5,30)} for which the corresponding del Pezzo sur-
faces have cyclic quotient singularities that are not Du Val. In each of these two cases,
we are able to extract from the specific geometry of the del Pezzo surface at hand the
non-existence of anti-canonical polar cylinders. These two particular examples raise and
motivate the general problem of finding methods to expand the classification given in [9]
to include del Pezzo surfaces with klt singularities.

The article is organized as follows. Section 1 gathers the preliminary algebraic and
geometric results required in Section 3. In particular, we include facts about locally
nilpotent derivations, Q-divisors, weighted hypersurfaces in weighted projective spaces,
cylinders and polar cylinders. We also include some necessary results about singularities
of log pairs and the birational geometry of singular del Pezzo surfaces. In Section 2, we
establish the theorem reducing the Main Conjecture to the case of well-formed hyper-
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surfaces and review the known relationship between the rigidity of the ring By, ... 4, and
the non-existence of canonical and anti-canonical polar cylinders in Proj(By,... q, ). We
also prove rigidity of Bg,,... 4, When Proj By, .., has trivial or ample canonical divisor.
Section 3 resolves the n = 3 case of the Main Conjecture. Finally, Section 4 gives some
remarks on the Main Conjecture in higher dimensions.

0.1. Assumptions, conventions and notation
We assume the following throughout this article.

e All rings are commutative, associative, unital and have characteristic zero.

o We use the symbols N, NT, Z to denote the sets of natural numbers, positive integers
and integers respectively.

¢ We use the notation “C” and “D” for inclusion and containment and “C” and “D”
for proper inclusion and proper containment.

 Given an N-graded ring B = @, Bi, we denote the irrelevant ideal by B .

e All varieties and schemes are assumed to be defined over an algebraically closed
field k of characteristic zero which we fix throughout, a variety being by convention
an integral separated scheme of finite type. A curve is a one-dimensional variety. A
surface is a two-dimensional variety. In particular, curves and surfaces are irreducible
and reduced.

o Whenever we discuss divisors on a variety X, we assume implicitly that X is normal.

e The function field of a variety X is denoted by K(X). The groups Div(X) and
CaDiv(X) denote the groups of Weil divisors and Cartier divisors of X. The groups
Cl(X), CaCl(X) and Pic(X) respectively denote the divisor class and Cartier class
and Picard groups of X. Since X is integral, CaCl(X) is canonically isomorphic to
the Picard group. Recall also that if X is regular, the natural map CaCl(X) — ClI(X)
is an isomorphism.

Acknowledgments. This project was partially funded by the Mitacs Globalink Research
Award number IT33113 which helped enable this collaboration. The first author would
like to thank I'Institut de Mathématiques de Bourgogne for hosting and partially funding
his visit to Dijon, and the University of Ottawa for facilitating his visit. The second
author received partial support from the French ANR Project ANR-18-CE40-0003-01.
The authors would also like to thank the referee for useful comments and suggestions.

1. Preliminaries
1.1. Locally nilpotent derivations

1.1.1. Let B be a ring. A derivation D : B — B is locally nilpotent if for every b € B
there exists some n € N such that D"(b) = 0. If B is a ring, the set of locally nilpotent
derivations D : B — B is denoted LND(B). If LND(B) = {0}, we say that B is rigid.
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Given D € LND(B), an element ¢ € B is called a local slice of D if D(t) # 0 and
D?(t) = 0. In particular, if D(t) = 1, then t is a slice of D. A derivation D : B — B is
reducible if there exists some b € B such that D(B) C (b) # B. If no such b exists, then
D is irreducible.

Let A C B be an inclusion of integral domains. Then, A is factorially closed in B if
for all z,y € B\ {0}, zy € A implies that x,y € A.

We say that a ring B is k-affine if it is finitely generated as a k-algebra. We call B a
k-domain if it is a k-algebra that is also an integral domain.

Definitions 1.1.2. [17, Section 2.3] Let B be a k-domain. Given b € B\ {0} and D €
LND(B), define degp(b) = max{n € N : D"(b) # 0}; define degp(0) = —oo. It is
well-known that the map degp, : B — N U {—o0} is a degree function.

If B is not rigid, then given f € B, the absolute degree of f is defined by

|f|p = min { degp,(f) : D € LND(B)\ {0} }.
If B is rigid, define |f|p = —o0 if f =0, and |f|p = co otherwise.

Theorem 1.1.3. Let B be an integral domain, let D : B — B be a derivation, and let
A = ker(D). The following facts are well known. (Refer to [18] for instance.)

(a) If D is locally nilpotent, then A is a factorially closed subring of B. Consequently,
if D is locally nilpotent and k is a field included in B, then D is a k-derivation.

(b) Assume that Q C B. If D # 0 is locally nilpotent then D has a local slice t € B.
For any such t, if we define s = D(t) then Bs = Ag[t] is a polynomial ring in one
variable over As. Consequently, trdeg(B/A) = 1 and Frac(B) D Frac(A) is purely
transcendental of transcendence degree one.

(¢) If b € B\ {0}, then the derivation bD : B — B is locally nilpotent if and only if D
is locally nilpotent and b € A.

(d) If D # 0 is locally nilpotent and B satisfies the ascending chain condition for prin-
cipal ideals, then there exists an irreducible locally nilpotent derivation 6 : B — B
such that D = ad for some a € A.

1.1.4. Let B = @,z By be a Z-graded ring. A derivation D : B — B is homogeneous
if there exists an h € Z such that D(By) C Bgyyp, for all g € Z. If D is homogeneous
and D # 0, then A is unique and we say that D is homogeneous of degree h. The zero
derivation is said to be homogeneous of degree —oo. The set of homogeneous locally
nilpotent derivations of B is denoted HLND(B).

A graded subring of B is a subring A of B satisfying A = @,,c5 (AN B,). If Ais a
graded subring of B then A too is a Z-graded ring. In particular, if D € HLND(B) then
ker(D) is a Z-graded subring of B.
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Proposition 1.1.5. ([11, p.57]) If B is a Z-graded affine k-domain, then LND(B) # {0}
if and only if HLND(B) # {0}.

1.2. The cotype of a tuple
Definitions 1.2.1. ([2, Section 3.9]) Let n > 2 and S = (bg,...,b,) € Z"*1.

o Define? ged(S) = ged(bo, ..., b,) and lem(S) = lem(by, . . ., by).

o If ged(S) = 1, we say that S is normal. If S # (0,...,0) and d = ged(S), then the
tuple S’ = (%0, ey %’7) is normal, and is called the normalization of S.

o For each j € {0,...,n}, define S; = (bo,...,bAj,...,bn).

« We define cotype(S) = [{i € {0,...,n} : lem(S;) # lem(S) }| = [{i € {0,...,n} :
bi 1 lem(S;) }.

Note that cotype(S) € {0,1,...,n + 1} and that, if S’ is the normalization of S, then
cotype(S) = cotype(S’).

Definition 1.2.2. Let n > 2.

o Given S=(ag,...,a,) € (NT)" Landi € {0,...,n}, define g;(S) = ged(a;, lem(S;)).
e Let S = (ag,...,a,) and S" = (af,...,al,) be elements of (NT)"*1 and let i €
{0,...,n}. We write S <* S" if and only if

;=S and g,(S") | a | d.

We write S <* S’ if and only if S <* S’ and S # S’. Note that the relation <’ is a
partial order on (NT)7+1,

1.8. Q-divisors

This section establishes the notation and collects some results we will use when dis-
cussing Q-divisors. Whenever we discuss divisors and Q-divisors on a variety X, we
assume implicitly that X is normal.

Definitions 1.3.1. The group of Q-divisors, denoted Div(X, Q), is the group Div(X)®zQ.
A Q-divisor D is written as D = Zie] a;Y; where each Y; is a prime divisor and a; € Q.
If D=7} ,.;a;Y; is a Q-divisor, then |D| =), ;[a;]Y;. Two Q-divisors D and D" are
linearly equivalent (we write D ~ D’) if there exists f € K(X)* such that D — D’ is a
principal divisor. Two Q-divisors are Q-linearly equivalent (we write D ~g D') if there
exists some n € Nt such that nD—nD’ is a principal divisor. A Q-divisor D = Y icr @iYi

2 By convention, gcd(S) > 0 and lem(S) > 0.
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is effective if a; > 0 for all 4. It is reduced if for all ¢+ € I, either a; = 1 or a; = 0. The
support of a Q-divisor D = Y a,;Y; is Supp(D) = | V;.
el a; 70
A Q-Cartier Q-divisor is a Q-divisor D € DiV(X,;éQ) such that nD is a Cartier divisor
for some n € NT. A Q-Cartier divisor is an integral Q-Cartier Q-divisor. A variety X
is called Q-factorial if every integral divisor on X is Q-Cartier.
Given D € Div(X, Q), the sheaf Ox (D) of Ox-modules is defined by stipulating that

if U is a non-empty open subset of X then
L(U,0x(D)) ={0}U{ f € K(X)" : divy(f) + Dl 2 0}.
Note that if D € Div(X,Q), then by definition Ox (D) = Ox(|D]).

Notation 1.3.2. A canonical divisor on a normal variety X of dimension n is any integral
divisor Kx on X such that the restriction of the sheaf Ox(Kx) to the regular locus
Xreg of X is isomorphic to the canonical sheaf wy, , = A" ereg/k of Xieg. When X is
normal and Cohen-Macaulay, the dualizing and canonical sheaves of X (denoted w$ and
wx respectively) are isomorphic and are also isomorphic to Ox (Kx) where Ky is any
canonical divisor of X. (See [29, Remark 5.2].)

Definitions 1.3.3. A Cartier divisor D on a normal variety X is called very ample if
Ox (D) is a very ample invertible sheaf; a Q-divisor D on X is ample if there exists some
m € NT such that mD is a very ample Cartier divisor.

Assume in addition that X is projective and let D be a Q-Cartier Q-divisor. Then,
D is called nef if D - C' > 0 for every irreducible curve C' in X. We say that D is big if
%);C(HWD)) > 0 and that D is pseudoeffective if it lies in the
closure of the cone of effective divisors inside the Néron-Severi space NS(X) ® R. Note

Volx (D) = limsup,,_, «
that an ample divisor is pseudoeffective.
Section 3 also requires the following well-known theorem.

Theorem 1.3.4 (Nakai-Moishezon). A Q-Cartier divisor D on a normal projective surface
S is ample if and only if D - C > 0 for every irreducible curve C' € Div(S).

1.4. Quasismooth weighted complete intersections

We collect some known results on quasismooth weighted complete intersections in
weighted projective spaces. Although not strictly required, in order to be consistent with
our definition of “variety” at the start of the article, we assume that the field k below is
algebraically closed.

1.4.1. Let R = kyy,....w,[Xo0,-..,Xy,] denote the graded polynomial ring where n >
1 and deg(X;) = w; for each i = 0,...,n. The weighted projective space P =
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P(wo,...,w,) = Proj(R) is said to be well-formed if for each i« = 0,...,n, we have
ged(wo, ..oy Wi—1, Wi, Wit1, ..., w,) = 1. Every weighted projective space is a projective
variety and is isomorphic to a well-formed weighted projective space. Every weighted
projective space is normal and Cohen-Macaulay (see [1, Theorem 3.1A(c)]).

A weighted projective variety X is a closed subvariety of a weighted projective space.
Whenever we write “the variety X C P”, we mean that X is a closed subvariety of
P. Since P(wo,...,w,) is a projective variety, every weighted projective variety is also
a projective variety. A weighted projective variety X C P is well-formed if both P is
well-formed and codim x (X N Sing(PP)) > 2.

Let I be a homogeneous prime ideal of the graded ring R and consider the closed
subvariety X; = V. (I) of P = P(wo,...,w,) = Proj(R). Note that X is isomorphic
to Proj(R/I). If fi,..., fr are homogeneous elements of R, we abbreviate Xz, . 1. by
Xt p- If I is generated by a regular sequence (fi,..., fr) of homogeneous elements
of S of respective degrees d; = deg(f;) where i = 1,... k, then X is called a weighted
complete intersection of multidegree (dy,...,dy). In particular, if k = 1, f; = f and
dv = d, we will say that X; = Xy is a weighted hypersurface of degree d. The closed
subset Cy = V(I) C A" is called the affine cone over X; note that C'x passes through
the origin of A"*! and Cx = Spec(R/I) is an integral affine scheme. The variety X is
called quasismooth if C'x is nonsingular away from the origin. When X is well-formed
and quasismooth, we have Sing(X) = X N Sing(P) (see [15, p.185 and Proposition §]).

Assumption 1.4.2. From this point onward, whenever we consider a quasismooth
weighted complete intersection X C P, we assume that X is not contained in a hy-
perplane of P.

1.4.3. We collect some known results on well-formed quasismooth weighted complete
intersections. Recall [27, §5] that a variety X has rational singularities if for every res-
olution of singularities f : X — X one has R'f, O ¢ = 0 for all 4 > 0. This condition is
known to be equivalent to the property that X is Cohen-Macaulay and f.wg = wx.

Let P = P(wy,...,wy,) be a well-formed weighted projective space. If X C P is a well-
formed quasismooth weighted complete intersection then X has at most cyclic quotient
[25, p.105] and hence rational singularities [26, Corollary 7.4.10]; it follows that X is
Cohen-Macaulay. Since the quotient of a normal variety is normal, it follows that X is
normal. Finally, X is Q-factorial by [27, Proposition 5.15].

We recall that if X C P(wy,...,w,) is a weighted complete intersection of multi-
degree (dy,...,dy), then the amplitude of X is denoted by o = Zle di — > i Wn.
A key property of well-formed quasismooth weighted complete intersections is that the
adjunction formula holds for them, in the following form:

Theorem 1.4.4. [16, Theorem 3.3.4] Let X C P(wy,...,w,) be a well-formed quasis-
mooth weighted complete intersection. Then wx = w$ = Ox («) where « is the amplitude
of X.
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1.5. Singularities of surfaces, log pairs and singular del Pezzo surfaces

We briefly recall some basic facts about singularities of log pairs. We refer the reader
to [27, Chapter 2] for details.

Definitions 1.5.1. A log pair (S, D) consists of a normal variety S and an effective Q-
divisor D = Z:Zl a;C; such that the divisor Kg + D is Q-Cartier. Let 7 : S — S be a
proper birational morphism. The morphism 7 is called a log resolution if S is smooth,
the exceptional locus of 7 (denoted Ex(7)) is a divisor and Ex(7) Un~!(Supp(D)) is an
SNC divisor on S. Denoting by C; the proper transform of C; and by Fi,...,E, the
m-exceptional curves, we have

KS‘« +Zalc~'l ~Q W*(KS +D) +ZbJEJ
i=1

j=1

for some rational numbers b1, ..., b,.

A log pair (S, D) is called canonical, (resp. purely log-terminal), (resp. log-canonical)
at a point p if a; < 1 for every i such that p € C; and for every log resolution 7 : S — S
and every j € {1,...,n} such that 7(E;) = p, the coeflicients b; satisfy b; > 0 (resp.
bj > —1), (resp. b; > —1). Given a log resolution =, the coefficient b; is called the
discrepancy of the exceptional curve Ej.

The pair (S, D) is called canonical, (resp. purely log-terminal), (resp. log-canonical)
if it is so at every point p € S. A pair (S, D) is called Kawamata log-terminal (klt) if it
is purely log-terminal and | D] = 0. A normal variety S is said to have canonical (resp.
klt) singularities if the log pair (S,0) is canonical (resp. klt). These notions are known
to be independent of the choice of log resolution and can therefore be verified on the
minimal log resolution of the log pair (S, D). See [28, Corollary 2.13].

In the special case where S is a surface, it is known that kit singularities are finite
quotient singularities and that among these, canonical singularities are exactly the Du
Val ADE singularities. We recall the notion of multiplicity of a Q-divisor at a point p.

1.5.2. Given a point p on a Q-factorial surface S, we define a Q-linear map mult, :
Div(S,Q) — Q as follows.

(a) Let C be an irreducible curve on S. We define mult,(C) to be equal to 0 if p ¢ C,
and to the multiplicity of p on C if p € C. In the latter case, we mean the standard
notion of multiplicity of a point on a curve, i.e., the multiplicity of the local ring of
C at p.

(b) Let D =>"" | a;C; be a Q-divisor on S (where ay,...,a, € Q and Cy,...,C, are
distinct irreducible curves). Define mult, (D) = Y"1, a; mult,(C;), where mult,(C;)
is defined in (a).
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Example 1.5.3. [24, p.286] Let S be a normal projective surface with k singular points
Py, ..., P.. Assume each P; is a cyclic quotient singularity of type %(1, 1) where n; > 2

and let 7 : S — S be the minimal resolution of singularities of S. Then E; = 7' (P;) is
isomorphic to P! and has self-intersection number —n; in S. Moreover, in the ramification

formula
E
Kz =" (Ks) + ZbiEi
i=1
for m, b; = =1+ nl for each ¢ = 1,...,k. In particular, P; is a klt singularity which is

canonical if and only if n; = 2.

Definition 1.5.4. A del Pezzo surface S is a normal projective surface over k with at most
quotient singularities such that —Kg is an ample Q-Cartier divisor. The degree of a del
Pezzo surface is the self-intersection number of its canonical divisor.

We also require the following lemma, used in Section 3.2.5.

Lemma 1.5.5. ([0, Lemma A.3.]) Let S be a normal surface with at most quotient singu-
larities and let D be an effective non-zero Q-divisor on S. Let p be a regular point of S.
If (S, D) is not log-canonical at p, then mult,(D) > 1.

1.6. Cylinders and polar cylinders

Definition 1.6.1. A scheme U is a cylinder if U = C x Al for some affine scheme C. A
scheme X contains a cylinder if there exists a non-empty open set U C X such that U
is a cylinder. Note that U is affine.

Definition 1.6.2. Let H be a Q-divisor on a projective normal variety X over k. Let
U C X be a cylinder of X. The cylinder U C X is called H-polar if U = X \ Supp(D)
for some effective Q-Cartier Q-divisor D € Div(X, Q) such that D ~g H. In the special
case where H ~ —K x, any H-polar cylinder U is called an anti-canonical polar cylinder.

Remark 1.6.3. Let H and H' be Q-divisors on a projective normal variety X. Assume
that there exist ¢,q¢' € QT such that ¢H ~ ¢’H’. Then a cylinder U is H-polar if and
only if it is H'-polar.

Demazure’s construction and polar cylinders

Definition 1.6.4. Let B = D, .y B: be an N-graded integral domain. An element { €
Frac B is homogeneous if § = ¢ for some homogeneous elements a,b € B with b # 0. If
¢ is homogeneous, then its degree is deg(¢) = deg(a) — deg(b).
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The following is a special case of the Theorem below Section 3.5 in [13].

Theorem 1.6.5. Let B = @, . Bn be an N-graded normal domain that is finitely gen-
erated over k and such that e(B) = 1 and ht(By) > 1. Let X = ProjB. Then, there
exists a homogeneous element T of Frac B of degree 1, and for each such T, there exists
a unique Q-divisor H of X such that B, = H*(X,Ox (nH))T™ for alln € N. Moreover,
H is ample and Ox(n) 2 Ox(nH) for alln € Z.

Caution 1.6.6. In Theorem 1.6.5, nH is a Q-divisor of X, so Ox(nH) is an abbreviation
for Ox(|nH |) by definition. Thus, Theorem 1.6.5 asserts that Ox(n) =2 Ox(|nH|) and
B, = H(X,0x(|nH|))T™ for all n € N.

1.6.7. ([3, Sec. 5.4]) Let B be an N-graded Noetherian normal domain such that the
prime ideal By = €D B; has height greater than 1. Let 2 = Spec B and X = Proj B. We
shall now define al(a(ilinear map D — D* from Div(X,Q) to Div(Q2, Q).

Let K(Q) and K(X) be the function fields of Q and X respectively. Let X(*) be the
set of homogeneous prime ideals of B of height 1. Since ht By > 1, X(1) = {x e X :
dimOx, =1 } For each p € X(l), By D By is an extension of discrete valuations
rings; let e, denote the ramification index of this extension. Then e, € N\ {0}. If
v+ K(X)* = Z and vy : K(Q)* — Z denote the normalized” valuations of B(,) and
By respectively, then vi}(£) = eyvp (€) for all £ € K(X)*. Let CX (resp. Cy’) denote the
closure of {p} in X (resp. in §2). Then Cg( (resp. ng) is a prime divisor of X (resp. of §2),
and every prime divisor of X is a Cgf for some p € X1, We define (Cfax)* = epC’é2 for
each p € XM and extend linearly to a Q-linear map Div(X, Q) — Div(Q,Q), D ~ D*.
It can be verified that the linear map D +— D™ is injective and has the following two
properties:

(a) (divx(€))" = diva(é) for all € € K(X)*;
(b) if f is a nonzero homogeneous element of B and D € Div(X,Q) satisfies D* =
diva(f), then D > 0 and Supp(D) = Vi (f).

Lemma 1.6.8. Let the assumptions and notation be as in Theorem 1.6.5.

(a) ([13, p.52]) If T and H are as in Theorem 1.6.5 then H* = divo(T).

(b) ([3, Remark 5.10 (d)]) Let T1, T> be homogeneous elements of Frac B of degree 1 and
fori=1,2 let H; be the Q-divisor of X that corresponds to T; as in Theorem 1.06.5.
Then Ty /Ty € K(X)* and divx (T /Te) = Hy — Hs. In particular, Hy ~ H,.

The following is a special case of [3, Lemma 5.20(a)]. One direction was originally
shown in [30, Remark 1.14]; we suspect both directions were likely known at the time.

3 The word “normalized” means that the maps vf and vff are surjective.
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Lemma 1.6.9. Let the assumptions and notation be as in Theorem 1.6.5. Fix some choice
of homogeneous T' € Frac B of degree 1 as well as its corresponding Q-divisor H. Then,
a cylinder U of X is H-polar if and only if there exist n > 1 and h € B, \ {0} such that
U=Dy(h).

Cylinders and P*-fibrations on normal projective surfaces
We now recall basic geometric consequences of the existence of cylinders on normal
projective surfaces. See [6, Section 2.1].

Definition 1.6.10. A surjective morphism ¢ : V' — B between projective varieties V' and
B is a called P! -fibration if a general closed fiber of ¢ is isomorphic to P*.

1.6.11. ([6, p.49]) Assume throughout this subsection that U = Z x Al is a cylinder
contained in a normal projective surface S (so Z is an affine smooth curve). Note that
since U is smooth and affine and S is proper over k, the ¢ = 0 case of [22, Theorem 4.3]
implies that S\ U is connected. The projection pry : U — Z extends to a rational map
p: S --» Z where Z is the smooth projective model of Z and the general fibers of p
in the rational sense are the closures in S of the fibers of pr,. Since the fibers of pr,
are isomorphic to A', their closures have a unique point at infinity. This implies that
either p : S --» Z is an everywhere defined P!-fibration having one of the irreducible
components of S\ U as a section or it is a strictly rational map with a unique proper
base point on S, equal to the intersection of these closures. By resolving the singularities
of S as well as, if any, the indeterminacy of the rational map p (by blowing-up its unique
proper base point and then all the subsequent infinitely near points), we obtain the
following commutative diagram where ¢ : W — Z is a P'-fibration and W is smooth.

U~AlxZ2C > S<2 W

I
pPrz I p
Y ¢

77— 7

Let Cy,...,C, be the irreducible curves in S such that S\ U = U, C;. Let Ey,..., E,,
denote the exceptional curves of o and let C; denote the proper transform of C; in W.
Then exactly one curve among CN'h R CN’m Ey,...,E,. (say either C’l or FE,) is a section
of ¢ and all other curves C; and E; are contained in closed fibers of ¢. Moreover, p is a
morphism if and only if C; is a section of p.

The following lemma is almost identical to [9, Lemma 3.7] and the proof is essentially
the same.

Lemma 1.6.12. Let D = Y | a,C; be an effective anti-canonical Q-divisor on normal
projective surface S with quotient singularities such that U = X \ Supp(D) is a cylinder.
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Then the log pair (S, D) is not log-canonical. Moreover, if the map p : S --» Z as in
1.6.11 has a unique proper base point s € S, then the log pair (S, D) is not log-canonical
at s.

Proof. We use the notation of 1.6.11 throughout and assume further that o : W — Sis a

resolution of singularities such that the union of the proper transform Dy, of D on W and

of the exceptional locus F = 'O1Ej is an SNC divisor on W. Since D is an effective anti-
j:

canonical Q-divisor on S, we have Kg+ D ~q 0, so the ramification formula for a reads

T T
Kw + Dw ~g " (Ks+ D)+ > b;E; ~q »_b;E;.
j=1 j=1

If p: S — Z is a morphism, hence a P'-fibration, then there exists a unique component
of D, say Cy, whose proper transform C; in W is a section of ¢ and the proper trans-
forms of all other irreducible components of D as well as the exceptional curves of « are
contained in closed fibers of ¢. For a general fiber L of ¢, we obtain the equality

T
0= bjE;)-L=(Kw+Dw)-L=-2+a
j=1

which implies that a; = 2. Hence,
for every point p on Ci, the log pair (S, D) is not log-canonical at p. (1)

If p is not a morphism, then the irreducible components of Dy, are contained in closed
fibers of ¢. Consequently, a general fiber L = P! of ¢ : W — P! is a (0)-curve that
does not intersect Dy and (by 1.6.11) intersects exactly one of the curves Ej;, say E,,
transversely at a unique point. We have

—2=Kw L= (Kw+Dw)-L=(>_bjE;)-L=b,.
j=1
Thus, b, = —2 < —1 which shows that the log pair (S, D) is not log-canonical at the

point s. O

The following classifies precisely which del Pezzo surfaces with at most Du Val singu-
larities admit anti-canonical polar cylinders and is used in Section 3.

Theorem 1.6.13. (/9, Theorem 1.5]) Let S be a del Pezzo surface of degree d with at most
Du Val singularities. The surface S does not admit a —Kg-polar cylinder if and only if
one of the following holds:

(1) d=1 and S allows only singular points of types Ay, A, A3, Dy if any;
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(2) d=2 and S allows only singular points of type A if any;
(3) d=3 and S allows no singular point.

2. Reductions of the conjecture

In this section, we show that Main Conjecture holds for all graded rings By,,.. 4,
provided that it holds for those whose associated quasismooth hypersurfaces

Proj(Bag,...a,) = {Y_ X{" =0} CP = P(wy,...,wy)
=0

are well-formed. The proof builds in part on a characterization of these rings as being
precisely those for which the (n 4 1)-tuple (aq,...,a,) has cotype 0. We then recall,
following a general principle introduced in [30], the relationship between the rigidity of
By,.....a,, and the non-existence of certain polar cylinders in Proj(By,,... a,,)-

2.1. Reduction to well-formed hypersurfaces

2.1.1. Let n > 2 and let S = (ag,...,a,) € (NT)"FL Let f = X§° + -+ + X3 €
k[Xo,...,Xpn]. Let L = lem(ag,...,an), let deg(X;) = w; = L/a; for each i €
{0,1,...,n} and note that ged(wp,...,w,) = 1. Then f is homogeneous of degree L,
Buo.....an, = Kuwg.... w0, [ X0, -, Xn]/(f) is an N-graded ring, and deg(z;) = w; for every

i=0,...,n.Since By,,... a4, is regular in codimension one and Cohen-Macaulay (since it

n

is a hypersurface), it follows from Serre’s Normality Criterion that By, . 4, is normal.
Consequently, the variety

Xy = Proj(kwo,m,wn [XO, e vXn]/<f>) = Proj(Bam.,,’an)

is a normal quasismooth weighted projective hypersurface of degree L in the weighted
projective space P (wg, ..., wy,).

Definition 2.1.2. ([3, Section 3] ) Let B = @, B; be a Z-graded domain. The saturation
index of B is defined as e(B) = ged { 1€Z : B; #0 } The graded ring B is saturated in
codimension 1 if e(B/p) = e(B) for every homogeneous height one prime ideal p of B.

We make use of the following, which gives an algebraic characterization of well-
formedness.

Proposition 2.1.3. [5, Proposition 3.5] Let n > 2, let P = P(wy,...,w,) be a well-
formed weighted projective space and let I be a homogeneous prime ideal of R =
Kuo,... w, [X0s - -+, Xp] with ht I < n. Consider the graded ring B = R/I and the closed
subvariety X = Vi(I) of P. Then X is well-formed if and only if B is saturated in
codimension 1.
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Proposition 2.1.4. Letn > 2. Let f = X{°+---+ X € k[Xo,...,Xp], let B= Bq,....a,
and let Xy = Proj B. The following are equivalent:

(a’) COtype(a()a Ty an) = 07.
(b) B is saturated in codimension 1;
(c) Xy is quasi-smooth and well-formed.

Proof. The equivalence of (a) and (b) is given by Example 3.16 of [3]. Since X is
always quasismooth, the equivalence of (b) and (c) follows from Proposition 2.1.3 by

setting I = (f). O

We will now show that if the Main Conjecture holds for rings By, q, Wwith

n

cotype(ag, . . ., a,) = 0 then it holds in general.

Notation 2.1.5. Let B be a Z-graded ring and let A be a graded subring of B. Define
Iy = {z €l : A # 0} and define Z(A) to be the subgroup of Z generated by I4.

Definition 2.1.6. ([14, Definition 5.1, G = Z] ) Let B be a Z-graded ring. A nonzero
homogeneous element = of B is Z-critical if there exists a graded subring A C B such

that Z(A) # Z(B) and B = Alz].

Lemma 2.1.7. ([1/, Theorem 6.2, G = 7] ) Let B be a Z-graded integral domain, and let
D € LND(B) be homogeneous. For every Z-critical element v € B, D?(z) = 0.

Lemma 2.1.8. ([17, Lemma 3.1] ) Assume R is a k-domain, f € R, n > 2, and f + Z™
is a prime element of R[Z]. If |f|r < 1, then B = R[Z]/{Z™ + f) is not rigid.

Lemma 2.1.9. [/, Lemma 1.3.6] Letn > 2, let S = (ag, ..., a,) € (NT)"*1 and consider
Bs =k[Xo,...,Xn]/(X5° +-- -+ X)) =k[zo, ..., z0).
Let m € N7, let S™ = (ag, ..., an_1,may,) and write
Bsm = K[Yo, ..., Vo] /(YO 4 V"7 + V") = Kyo, .. ., Yn]-

Then there is a k-isomorphism Bg|Z]/{Z™ — x,) = Bgm where Z is an indeterminate
over Bg.

Proposition 2.1.10. Let n > 2 and suppose (aq, . ..,a,) € (NT)"F1 satisfies

o ayflem(ag,...,an—1),
o there exists m € Nt such that Ba, ... a, 1 ma, 5 rigid.
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AAAA an_1,an 5 TigId.

Proof. Let R = By,,..a, = K[zo,...,2,]. Let A = k[xo,...,z,_1] and observe that
R = Alz,). By 2.1.1, Z(R) = Z. Let L' = lem(ag,...,an—1), and let L = lem(ay,, L').
Since by assumption a,, t L', Z(A) = (L/L')Z C Z. It follows that z,, is a Z-critical
element of R. Let m € N be such that B, .. a, 1 ma, is rigid, let R' = R[Z]/(Z™ —z,,)
and note that Lemma 2.1.9 implies that R’ = Be,, . 4, 1.man-

Assume that R is not rigid. By Proposition 1.1.5, there exists D € LND(R) which is
nonzero and homogeneous; since x,, is a Z-critical element of R, Lemma 2.1.7 implies
that D?(z,) = 0. In particular, |z,|g < 1. By Lemma 2.1.8, R’ is not rigid, hence
Bag,....an_1,ma, is not rigid. This is a contradiction, so R is rigid. O

Notation 2.1.11. Given (aq,...,a,) € (NT)"*1 let L = lem(ao,...,a,) and let a =
L-Y", a% Define the following sets

T, :{(ao,...,an) : min(ag, ...,a,) > 1 and at most one ¢ satisfies a; 22}
Ff{:{(ao,...,an)efn : cotype(ag,...,an):OandaZO}

r, = { (agy...,an) € Ty : cotype(ag,...,a,) =0and a < 0},
and consider the statements:

P(n) : By,,....a, is rigid for all (ag,...,an) € Ty ;
i

: B
P(n,i) : Bq,,....a, is rigid for all (ag,...,a,) € 'y, with cotype(ao, ..., a,) = i.
The following appears in [2] with slightly different notation. For S = (ag,...,ay)

€ (NT)"*1 we define Bs = Ba,.....a,-

Proposition 2.1.12. /2, Proposition 4.9 (a)] Let n > 2, let S, S’ € (NT)"*1 and suppose
S < S for somei € {0,...,n}. If Bg is rigid then Bg is rigid.

Theorem 2.1.13. Let n > 3. If P(n — 1) and P(n,0) hold, then P(n) holds.

Proof. Suppose S = (ag,...,a,) € T, and assume that P(n — 1) and P(n,0) hold.
We must show that Bg is rigid. If cotype(S) = 0 we are done, since P(n,0) holds by
assumption. Assume henceforth that cotype(S) > 1.

Suppose cotype(S) > 2. By contradiction, assume that there exists D € LND(Bg) \
{0}. Without loss of generality, by Proposition 1.1.5 together with Theorem 1.1.3
(d) we may assume D is homogeneous and irreducible. For each ¢ € {0,...,n}, let
w; = deg(z;) be as in 2.1.1. Let H; = (wy,...,wi—1,W;, Wit1,-..,Wy) C Z and S; =
(agy .-y Qi—1,di, Qig1, ... Gy). Since cotype(S) > 2, there exist distinct j,k € {0,...,n}
such that H; C Z and Hj C Z. By [14, Corollary 6.3 (b)], either z; € ker(D) or
xp € ker(D). Without loss of generality, we may assume j = n or k = n, so that



M. Chitayat, A. Dubouloz / Advances in Mathematics 482 (2025) 110640 17

Zy, € ker(D). Then, since D is irreducible, D induces a nonzero locally nilpotent deriva-
tion on Bg/{(r,) = Bg,. But since S € I',, it follows that S, € I',_;. This is a
contradiction since P(n — 1) holds. So Bg is rigid when cotype(S) > 2.

Finally, assume cotype(S) = 1. Then, up to permuting the a;, we may arrange that
an 1 lem(ag,...,an—1). Let L = lem(ag,...,an—1). By Proposition 2.1.10, it suffices to
,,,,, an_1.anL 18 rigid. We have (ao,...,an—1,L) <" (ag,...,an-1,anL) and
cotype(ag, . .., an—1,L) = 0. Since L > 2, (ag, . ..,an—1, L) € [',. By assumption, P(n,0)
holds so Ba,.....a,_,,r is rigid and hence By, ... q, 1 is rigid by Proposition 2.1.12. O

Combining Theorem 2.1.13 with the fact that the base case P(2) holds by [31, Lemma
4], we derive the following corollary:

Corollary 2.1.14. The Main Conjecture holds in dimension n = 3 if and only if it holds
for well-formed Pham-Brieskorn threefolds X, a,,az,a5, that is, if and only if Bag a; 00,05
is rigid for every (ag, a1, az,a3) € F:‘,f ury.

Arguing by induction, Theorem 2.1.13 reduces the study of the Main Conjecture to the

natural class of graded rings B,,,....a,, Where (ao,...,a,) € I', for which the associated

n

quasismooth hypersurface Proj(By,.....q, ) is well-formed, namely (ao, . ..,a,) € T} UL, .
More formally, we obtain:

Corollary 2.1.15. If P(n,0) is true for all n > 3 then the Main Conjecture holds.
2.2. Reduction to the non-existence of polar cylinders

The following is special case of [3, Theorem 1.2], which in turn is a generalization of
[30, Theorem 0.6].

Theorem 2.2.1. Let B = @, Bi be an N-graded affine C-domain such that the tran-
scendence degree of B over By is at least 2. The following are equivalent.

(a) There exists d > 1 such that B(Y is not rigid.

(b) There exists a homogeneous element h € B\ {0} of positive degree such that the open
subset Dy (h) of Proj B is a cylinder.

Moreover, if B is normal and is saturated in codimension 1 then the above conditions
are equivalent to

(¢) B is not rigid.

Corollary 2.2.2. Let n > 2 and suppose cotype(ag, ..., a,) = 0. The following are equiv-
alent:
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e Buy.....a, 15 Tigid;
. (Bam”_,an)(d) is rigid for all d € NT.

Proof. It suffices to check that B, . o
only non-trivial things to check are normality and saturation in codimension 1. Normality

., satisfies the assumptions of Theorem 2.2.1. The
is shown in 2.1.1 and Proposition 2.1.4 implies that By, ... 4, is saturated in codimension
1. O

Remark 2.2.3. The assumption that cotype(ag,...,a,) = 0 is necessary for Corol-
lary 2.2.2 to hold. We will see later that Bs 334 is rigid whereas (3273,374)(2) = By33.2
is not rigid (as discussed in the Introduction).

The following appears as Lemma 4.1.8 in [4]. The proof given here is simpler.

Lemma 2.2.4. With the notation of 1.6.7, let B = By, ... 4, and assume cotype(ao, .. ., an)
=0. Let p; = (x;) < B. For eachi=0,...,n, p; € X1 and ep, = 1.

Proof. By Proposition 2.1.4, B is saturated in codimension 1. By [12, Corollary 9.4],
eq=1forallqe XM In particular, the result is true when q = p;. O

Theorem 2.2.5. Let n > 2 and consider (ag, . ..,a,) € (NT)"*L of cotype 0. Let B =
Bye.....a, s let X =Proj(B), and let o be the amplitude of X. Then,

(a) wx 2 O0x(a).

(b) Let T be a homogeneous element of Frac B of degree 1 and let H be the unique Q-
divisor of X determined by T as in Theorem 1.6.5. Then H € Div(X), Kx ~ aH
and Kx is Q-Cartier.

(c) Assume that o # 0 and define s = fa € {1,—1}. Then sKx is ample and the
following are equivalent:

(i) B is not rigid;
(ii) for some d > 1, B is not rigid;
(iii) there exists a homogeneous element h € B\ {0} of positive degree such that the
open subset Dy (h) of Proj B is a cylinder;
(iv) there exists a (sKx)-polar cylinder of X.

Proof. First, since cotype(ao,...,a,) = 0, X is a well-formed quasismooth weighted
hypersurface (by Proposition 2.1.4) so (a) follows from Theorem 1.4.4.

We prove (b). By Lemma 1.6.8 (b), if assertion (b) is true for one particular choice of
a homogeneous element 7' in Frac B of degree 1, then it is true for every choice of such
a T. As such, we assume henceforth that T = H?:o x’i” where by, ...,b, € Z are such
that Y7 (b;deg(z;) = 1. By Lemma 1.6.8 (a), H* = divo(T) = .1, b;C;}. Letting
E =Y b;Ct € Div(X) we obtain that E* = Y1 b,C}} = divo(T) = H* (since
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by Lemma 2.2.4, e,, = 1 for all ¢ = 0,...,n). Since D — D* is injective, we obtain
that B = H, so H € Div(X). By (a) together with Theorem 1.6.5, Ox(Kx) = wx =
Ox(a) 2 Ox(aH) and so Kx ~ aH. Finally, Kx is Q-Cartier by 1.4.3, proving (b).

We prove (c). Let H be as in part (b). Since H is ample, rH is ample for every integer
r > 0. Since Kx ~ aH, sKx ~ |a|H is ample. By Proposition 2.1.4, B is saturated in
codimension 1. By Theorem 2.2.1, (i), (ii) and (iii) are equivalent. Assume (iii) holds,
and let h € B\ {0} be a homogeneous element of positive degree such that Dy (h) C X is
a cylinder. By Lemma 1.6.9, D4 (h) is H-polar and since sKx ~ |a|H it is also (sKx)-
polar by Remark 1.6.3, so (iii) implies (iv). Conversely, assume (iv) holds. Let U be
an (sKx)-polar cylinder of X. Since sKx ~ |a|H, U is H-polar by Remark 1.6.3. By
Lemma 1.6.9, (iii) holds and so (iv) implies (iii), proving (c). O

Remark 2.2.6. We will see in Corollary 2.3.3 that when « > 0, items (i)-(iv) in Theo-
rem 2.2.5 (c) never hold.

2.8. The case of non-negative amplitude
In this section, we show that every ring Bg, ... 4, with (ag,...,a,) € I} is rigid.

Remark 2.3.1. We recall that if Y is a nonsingular variety of dimension n and C is
a nonsingular curve in Y, the adjunction formula gives the following isomorphism of
sheaves on C'

n—1

we = /\ Neyy @wylc.

It follows as a consequence that if Y is a nonsingular variety and ¢ : ¥ — B is a
P!-fibration with general fiber L, then Ky - L = —2.

Proposition 2.3.2. Let X be a normal projective variety with at most log-canonical sin-
gularities such that Kx is pseudoeffective and Q-Cartier. Then X does not contain a
cylinder.

Proof. Assume X contains a cylinder U = Z x A! for some affine variety Z. Replacing
Z by a suitable open smooth subvariety, we may assume without loss of generality
that Z is smooth. Let Z be a smooth completion of Z. The projection pr : U — Z
induces a rational map p : X --» Z. Let o : X — X be a birational morphism that
resolves the indeterminacy of the induced rational map p : X --» Z, such that o is
also a log resolution of singularities of X. Then by construction of X, the birational
map ¢ = poo : X — Z is a well-defined proper morphism. By generic smoothness
applied to ¢ (Corollary 10.7 in [23]), there is a non-empty open set V' C Z such that
Plo-1(vy : @7H(V) — V is a smooth morphism. Without loss of generality, we may
assume V' C Z. Since each fiber of ¢|4-1(y is regular of dimension 1 and contains an
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affine line, it follows that ¢=1(V) = V x P! and Blo-1(vy + V X P! — V is a trivial
P'-bundle extending the cylinder V x A'. Let U’ denote this smaller cylinder V' x A'.

Let V x {oo} = ¢~ 1(V)\U' = (V x P1)\ (V x Al) and let ¥ denote the closure of
V x {co} in X; note that X is a divisor of X contained in X \ ¢~ *(U’). Consider the
ramification formula for the log resolution o

KX' :O'*KX +ZaiEi
iel

where the F; are the exceptional divisors of o. For a general closed fiber L of ¢ : X Z
we have

2=Kg L=0"Kx- L+ aFi-L=Kyx o.L+Y aF-L (2)
el el

the first equality by Remark 2.3.1, the second by observing that the projection formula
(see Proposition 2.3(c) of [19]) still holds for Q-Cartier divisors. Since X has log-canonical
singularities, a; > —1 for all ¢ € I and since L is a general fiber we obtain that F;-L > 0
for all 4 and E; - L > 0 if and only if E; = ¥ in which case ¥ - L = 1. Also, since K3 is
pseudoeffective and o, L is general and effective, Kx - 0,L > 0. It follows that the right
hand side of (2) is at most —1, a contradiction. We conclude that X cannot contain a
cylinder. O

Corollary 2.3.3. Let (ag,...,a,) € T} andlet B = B, . a,. Then B\Y is rigid for every
d>1.

Proof. Since cotype(ao,...,a,) = 0, Proposition 2.1.4 implies that X = Proj(B) is
a well-formed quasismooth weighted complete intersection. By 1.4.3, X is normal and
has cyclic quotient singularities. Moreover, Theorem 2.2.5 (b) (using the notation of said
theorem) implies that H € Div(X), H is ample, and K x = aH where by assumption o >
0. So, Kx is either trivial or ample and in particular is pseudoeffective. Proposition 2.3.2
then implies that X does not contain a cylinder and so Theorem 2.2.1 (d) implies B(%)
is rigid for all d e NT. 0O

3. Proof of the Main Conjecture in dimension 3

First observe that by Corollary 2.1.14 together with the n = 3 case of Corollary 2.3.3,
to prove the n = 3 case of the Main Conjecture, it suffices to show that Bg, 4, 45,05 15
rigid for all (ag, a1, a2,a3) € IT'5.

Proposition 3.0.1. Let (ag,a1,a02,a3) € I's, let B = Byy.a1.a0.a5 and let X = Proj B.
Then the following hold:

(a) X is a del Pezzo surface.
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(b) There exists d € Nt such that B9 s not rigid if and only if X contains a —K x -
polar cylinder.

Proof. By Theorem 2.2.5
quotient singularities (by 1.4.3), X is a del Pezzo surface, proving (a). Part (b) follows
from Theorem 2.2.5 (¢). O

(c) and (b), —Kx is an ample Q-Cartier divisor. Since X has
1.4.

3.1. The simpler cases

The following further reduces the proof of the n = 3 case of the Main Conjecture to
eight specific cases:

Lemma 3.1.1. (//, Lemma 4.2.4]) Up to a permutation of ag, a1, a2, as, the set 'y consists
of the following eight 4-tuples:

3.1.2. ([4, Sections 4.5-4.6]) For each tuple (aop,a1,a2,a3) € T3, we have that
Proj Bag.a1,a0,a5 i @ del Pezzo surface with quotient singularities. After determining
the degrees of these del Pezzo surfaces and their singularity types, one can apply
Theorem 1.6.13 to show that if (ag,a1,a2,a3) is one of {(2,3,3,6), (2,3,6,6), (2,4,4,4),
(3,3,3,3)}, then Proj Bag.ay.a2.a5 does not contain an anti-canonical polar cylinder. For
(ag,a1,az2,a3) € {(3,3,4,4), (3,3,5,5)}, Lemmas 4.1 and 5.1 in [7] imply that for every
effective anti-canonical Q-divisor D on X, the log pair (X, D) is log-canonical. Thus,
by Lemma 1.6.12, X does not contain an anti-canonical polar cylinder. It then follows
from Proposition 3.0.1 (b) that for each (ao, a1, a2, as3) € T's \ {(2,3,4,12), (2,3,5,30)},
(Buay.ay as.a5)\ @ is rigid for every d > 1. Combining this analysis with Corollary 2.3.3,
we obtain:

Corollary 3.1.3. To finish the proof of the Main Conjecture in dimension 3, it suffices to
prove that By 3530 and Ba 3412 are rigid.

3.2. ng’l,dlty Of 327375730

3.2.1. Let B = By 3530 and let S = ProjB C P(15,10,6,1). Consider the degree 1
homogeneous element T' = x3 € Frac(B). Then A = V, (z3) € Div(S) is the unique Q-
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divisor which satisfies B = @, .y Bn where B,, = H(S,0g(nA))T" for all n € N (as
defined in Theorem 1.6.5). Considering A as a closed subvariety of S, we find A = P!,
Since cotype(2,3,5,30) = 0, Proposition 2.1.4 implies that S is a well-formed hy-
1.3.2 1.4.4

~

persurface. Since (by 1.4.3) S is normal and Cohen-Macaulay, we have wg = wg =

1.6.5
Os(—2) = Og(—2A). It follows that 2A is an ample anti-canonical divisor of S and it
can be checked that (Kg)? = &. In particular, S is a singular del Pezzo surface. Since
S is well-formed, Sing(S) = SN Sing(P(15,10,6,1)) ={[0:1:—-1:0],[1:0: —=1:0],[1:
—1:0:0]}, and it can be checked that

o [1:=1:0:0]isa £(1,1) singularity,

e [1:0:—-1:0]isa %(1, 1) singularity,

e [0:1:-1:0]isa £(1,1) singularity.
Moreover, for each P € Sing(S), multp(A) = 1.

3.2.2. For each k € {2,3,5}, let Pj; denote the %(1, 1) singularity of S. Let o : § — §
be the minimal resolution of singularities of S and let Ej, denote the exceptional curve
lying over Py. Example 1.5.3 shows that for each k € {2,3,5}, Ej, = P! is a (—k)-curve
and

Kg=0"Ks— 3B — - Es. (3)

Let A denote the proper transform of A on S. Since 1 = multp,(A) = multp, (A) =
multp, (A) we have 0*A = A+ %EQ + %Eg, + %Eg) Since 2A is an anti-canonical divisor
of S, we obtain using (3) that

2A + Fs5 + F5 + Fs5 is an anti-canonical divisor of S and K; = —2. (4)

The support of o*(A) is given by the following weighted graph

(E27 _2)
|

(E?n _3) - (A7 _1) - (E57 _5)
Auziliary surfaces and birational morphisms

3.2.3. We now describe some birational morphisms from S. Note that S, S and ¢ are
already defined, whereas the other surfaces and morphisms will be defined below.

T1 T2 o T3 A
S S

U

Sl

n
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Define 71 : S — S’ to be the contraction of A onto the smooth point of S’ which
we denote by ). For each i € {2,3,5}, let E! = 71,(E;). The support of 71, (c*A) =
1E)+ LFEL+ LEL is a union of a (—1)-curve, a (—2)-curve and a (—4)-curve intersecting
at a single point.

Define 7 : 8’ — S to be the contraction of E,’ onto a smooth point of S which we
denote by #. Let E; = 75, (E!) for each i € {3,5}. Then E'32 = —1, E'52 = —3 and
Es, E5 are projective lines that intersect tangentially; in particular E5 - E5 = 2. Define
73S —> S to be the contraction of E5 onto a smooth point of S which we denote by
Zo. Let B = 75, (F5). Since Es - E5 = 2, multy, (B5) = 2 and E2 = E2 + (2)(2) = 1. It
follows that Es is a singular projective curve containing an affine line, hence is a cuspidal
curve with a cusp at @y. In summary, we have the following diagrams representing the
support of o*(A) C S and its image after contracting the (—1)-curves described above.

Uy
b
5]

s o | 8 o |8

Proposition 3.2.4. With the notation of 3.2.53,

(a) Es is an ample anti-canonical divisor of S;
(b) S is a smooth del Pezzo surface of degree 1.

Proof. We prove (a). It follows from (4) and from the definitions of 71,72, 73 that Ej is
an anti-canonical divisor of 5. By Theorem 1.3.4, it suffices to show that for any curve
Cc 5’, C- E5 > 0. Observe that the birational map S --» S restricts to an isomorphism
between S\ A and S\ Es. If C = Es5, we are done since £2 = 1. If C' # Ej, the proper
transform C € S of C € § is equal to the proper transform of some irreducible curve C'
in S other than A. Since A is ample, C'- A > 0 and so C intersects A U Fy U E5 U Es.
This implies that C intersects E5 and so C' - E5 > 0. This proves (a).

For (b), S is smooth because 71, T2, T3 contract (—1)-curves on smooth surfaces. The
other claims in (b) follow from part (a) and the fact that E2 =1. O

3.2.5. Exclusion of anti-canonical polar cylinders in Proj Ba 3 5 30
This section shows that S = Proj Bz 3530 does not contain an anti-canonical polar
cylinder.

Lemma 3.2.6. Let D be an effective anti-canonical Q-divisor on S such that the log pair
(S, D) is not log-canonical at a point p € S. Then
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(a) p € Supp(A)
(b) A C Supp(D).

Proof. For (a), assume that p ¢ Supp(A). Then, by the discussion in 3.2.1, p is a regular
point of S and so by Lemma 1.5.5 we have mult, (D) > 1. Consider the complete linear
system M = | — 5Kg| on S. Since —5Kg ~ 10A, the elements of | — 5K¢| have form
Vi (f) where f = axy + bzoxj + cad® is homogeneous of degree 10 and [a : b : ¢] € P2
Let M, denote the subsystem of M consisting of elements passing through p. Since
the condition that a member of M passes through p imposes one linear condition, the
subsystem M, is one dimensional. Moreover, a general member of M,, is irreducible and
M, has no fixed components. Consequently, there exists an irreducible M € M, such
that Supp(M) ¢ Supp(D). Since mult, (M) > 1 (recalling from 3.2.1 that K% = 2), we
have
2 2

3= 5(=Kg)* =M -D > mult,(M) - mult,(D) > 1
which is impossible. We conclude that p € Supp(A), proving (a).

We prove (b). Suppose A is not an irreducible element of Supp(D). If p is a regular
point of S, again Lemma 1.5.5 implies mult, (D) > 1. Since p € Supp(A), we obtain

1

= D - A > mult,(D) - mult,(A) > 1

which is impossible, so p is a singular point of S. We have p = Py (as in 3.2.2) for some
k € {2,3,5} and so p is of type %(1, 1). Let 4 : S — S denote the minimal resolution of
the point p. The exceptional divisor E is a projective line and E? = —k. We have

(i) Kg=pnKs— 2B,
(i) p*A=A+ +E where A is the strict transform of A,
(iii) p*D = D + + mult,(D)E,

where claim (i) follows from Example 1.5.3, and (ii) and (iii) are because p is of type
+(1,1). It follows that

| _
p'(Ks+D)=Kg+ D+ —(mult,(D) + k- 2)E.

o

Since (S, D) is not log-canonical at p, there exists a point p € E such that the log pair
(S,D + %(multp(D) +k —2)E) is not log-canonical at p. Since p is a regular point of S,
Lemma 1.5.5 implies

1 < multz(D + %(multp(D) +k —2)E) = multz(D) + %(multp(D) +k—2).
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Since mult;(D) < mult, (D), we find £ mult, (D) > 2 and hence that mult, (D) > kiﬂ

Since A is not an irreducible component of Supp(D), we have

1
— =A-D> . >
F=A-D>(A-D),>

2

multp (D) > m

1
>
— 15

el

since k € {2,3,5}. This is clearly impossible, and proves (b). O

Proposition 3.2.7. The surface S = Proj Bs 3.5 30 does not contain an anti-canonical polar
cylinder.

Proof. Suppose D is an effective anti-canonical Q-divisor such that S\ Supp(D) a cylin-
der U 2 A' x Z and let p : S --» P! be the rational map induced by the projection
pry : U — Z. By the discussion in 1.6.11, one of the following holds:

(i) p is a P!-fibration and D contains an irreducible component, say C;, which is a
section of p;
(ii) p has a unique proper base point p on S.

In case (i), statement (1) in the proof of Lemma 1.6.12 implies that the log pair (.S, D)
is not log-canonical at a point of C;. In case (ii), by Lemma 1.6.12, the log pair (S, D)
is not log-canonical at the base point p. In both cases (i) and (ii), Lemma 3.2.6 (b)
implies that A C Supp(D). Consider the Q-divisor D = ¢*(D) + %E3 + %EN}). Since
Py, P3, P; € Supp(A), and since A C Supp(D), D contains Fs, F3, E5 and A in its
support. Also, D is an anti-canonical Q-divisor of S by (3). Recalling the notation of
3.2.3, let T = T30 071. The contraction 7: S — S restricts to an isomorphism between
o 1 (U) = S\ Supp(D) and its image 7(c~1(U)) = S\ Supp(D) where D = 7,(D).
Since D is an effective anti-canonical Q-divisor on S, it follows that S contains an anti-
canonical polar cylinder. Since (by Proposition 3.2.4) § is a smooth del Pezzo surface of
degree 1, this contradicts Theorem 1.6.13. O

3.8. Rigidity of B 3412

3.3.1. Let B = By 3412 and let S = Proj B C IP(6,4,3,1). Consider the degree 1 homo-
geneous element T = x5 € Frac(B). Then A =V, (z3) € Div(S) is the unique Q-divisor
which satisfies B = @,,cy Bn where B, = H°(S, Og(nA))T™ for all n € N (as defined

in Theorem 1.6.5). Considering A as a closed subvariety of S, we find A = P1.
Since cotype(2,3,4,12) = 0, Proposition 2.1.4 implies that S is a well-formed hy-
1.3.2 1.4.4

~ ~

persurface. Since (by 1.4.3) S is normal and Cohen-Macaulay, we have wg = w3 =

1.6.5
Os(—2) = Og(—2A). It follows that 2A is an ample anti-canonical divisor of S and it
can be checked that (Kg)? = % In particular, S is a singular del Pezzo surface. Since S
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is well-formed, Sing(S) = S N Sing(P(6,4,3,1)) ={[1: —=1:0:0],[1:0:¢s:0],[1:0:

Cs L, 0]} where (g is a primitive 8" root of unity, and it can be checked that
e [1:=1:0:0]isa 3(1,1) s1ngular1ty,
e [1:0:¢g:0] and [1 :0:¢g " 0] are 3(1,1) singularities.

Moreover, for each P € Sing(S), multp(A) = 1.

3.3.2. Let P denote the $(1,1) singularity of S and let Ps, and Ps3_ denote the 3(1,1)
singularities. Let o : S — S be the minimal resolution of singularities of S and let
Es, E3+ and E5_ denote the exceptional curves lying over P, P35 and Ps_ respectively.

Example 1.5.3 shows that for each k € {2,3+,3—}, By @ P}, E2 = -2, F2, = E2 = -3
and
1 - 1~
Kg~0"Ks — §E3+ — 3 (5)

Let A denote the proper transform of A on S. Since 1 = multp, (A) = multp,, (A) =
multp, (A) we have c*A = A + lEg + %E3+ + %Eg,. Since 2A is an anti-canonical
divisor of S, we obtain using (5) that

9A + Ey + Es, + E5_ is an anti-canonical divisor of S and K; =0. (6)
The support of 0*(A) is given by the following weighted graph

(E27 _2>

|
(E3+7 _3) - (Av _]-) - (E3*v _3)

Auziliary surfaces and birational morphisms

3.3.3. We describe some birational morphisms from S. Note that S, S and o are already
defined, whereas the other surfaces and morphisms will be defined below.

T1 T2

—=5—=35

q
01-%0)1

Let 71 : S — S be the contraction of A onto a smooth point #y of S. For each
i€{2,34,3=}, let E; = 71, (E;). The support of 71, (6*A) = Ey + Es, + E5_ is a union
of a (—1)-curve, and two (—2)-curves all intersecting at .

Let 7 : S — S denote the contraction of E2 onto a smooth point 2y of S and for
each i € {3+,3—1}, let E; = Ty ( l). Then E3+ and F5_ are (—1)-curves that intersect
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tangentially at 2p. In summary, we have the following diagrams representing the support
of 0*(A) C S and its image after contracting the (—1)-curves described above.

B,

Lemma 3.3.4. With notation as in 3.5.3, S is a smooth del Pezzo surface of degree 2.

Proof. Observe that E3+ + F5_ is an effective anti-canonical divisor on E satisfying
(Esy + F3_)%? = 2. To prove Fsy + E5_ is ample, by Theorem 1.3.4 it suffices to show
that C - (Fsy + F3_) > 0 for every irreducible curve C in S. If C € {Fsy, E5_},
then C - (E3+ + E'3_) = 1. Otherwise, since A is ample, C' is the image of some curve
intersecting o= (A) and so C' - (Fsy + E5_) >0. O

Ezclusion of anti-canonical polar cylinders in Proj Ba 3 4,12
This subsection shows that S = Proj Bs 3 4,12 does not contain an anti-canonical polar
cylinder.

Lemma 3.3.5. With the notation of 3.5.1,

(a) a member of the complete linear system |3A| C Div(S) other than 3A is an integral
curve C on S of form Vi (f) where f = xo + \x§ for some X € C.

(b) The intersection of CN(S\A) = CNDy (x3) is isomorphic to Spec(C[Xo, X1]/(XZ+
X3 4+ A+ 1) which is nonsingular when \* # —1 and is isomorphic to the cuspidal
plane curve V(X2 + X3) C A% when \* = —1.

(¢) For every member C € |3A| other than 3A, the log pair (S, 2C) is log-canonical at
every point of S\ A.

Proof. Parts (a) and (b) are easy to verify. For (c), we note that since S\ A is regular,
if (S, %C) is not log-canonical at a point p, then p must be the unique singular point of
C'. Computing a log resolution of (S, %C), we find three exceptional curves lying over p,
whose discrepancies are —%, 0 and —%. O

We state Lemma 2.2 in [9]. We note that while the authors assume that their surface
S has at most Du Val singularities, both the statement and proof remain valid for normal
projective surfaces with quotient singularities.
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Lemma 3.3.6. (/9, Lemma 2.2] ) Let S be a normal projective surface with at most quo-
tient singularities. Let D = Z:Zl a;C; where C; is a prime divisor and a; > 0 for all i
and let T =Y""_, b;C; where b; > 0 for all i. Suppose furthermore that

« Drg T,
e D and T are distinct.

For every non-negative rational €, set D, = (14 €)D — €T'. Then

(a) D, ~q D for every e > 0;

(b) the set {e €Qt : D, is eﬁective} attains its supremum, which we will denote by
1

(c) there exists an irreducible component of Supp(T') that is not contained in Supp(D,,);

(d) if the log pair (S,T) is log-canonical at a point p but (S, D) is not log-canonical at
p, then (S,D,,) is not log-canonical at p.

Lemma 3.3.7. [10, Lemma 3.4] Let S be a smooth del Pezzo surface of degree 2 and let
D be an effective Q-divisor such that D ~qg —Kg. Suppose that the log pair (S, D) is
not log-canonical at p. Then

(a) there exists a unique divisor C € | — Kg| such that (S, C) is not log-canonical at p.
(b) The support of D contains all the irreducible components of C' where either

o C' is an irreducible rational curve with a cusp at p

o C=Cy+ Cy where Cy and Cy are (—1)-curves meeting tangentially at p.

Lemma 3.3.8. Let D be an effective anti-canonical Q-divisor on S such that the log pair
(S, D) is not log-canonical at a point p. Then

(a) p€A,
(b) A C Supp(D).

Proof. Assume p € S\ A. Since p is a regular point of S, Lemma 1.5.5 implies that
mult, (D) > 1. Observe that there exists a unique member C), € |3A| passing through p.

If C,, is not contained Supp(D), then (recalling from 3.3.1 that K2 = 2)

3
1= i(KS)Z = C)p - D > mult,(Cp) mult,(D) > 1
which is impossible. It follows that

C, is contained in Supp(D). (7)
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Let T = 2C), and note that T' ~g 2A ~g D. Since (S,7) is log canonical at p (by
Lemma 3.3.5(c)) but (S, D) is not, we have in particular D # T. By Lemma 3.3.6, if we
define D, = (1+¢€)D — €T for e € QF, then the maximum element y of { e € Q* : D, >
0} exists and D,, € Div(S, Q) satisfies:

D, >0, D,~qg —Kg, (5, D,)isnot log canonical at p, C), € Supp(D,,).

On the other hand, applying (7) to D,, shows that C, C Supp(D,,). This contradiction
proves (a).

We prove (b). If A C Supp(D), the proof is complete, so suppose A is not an ir-
reducible component of Supp(D). If p is a regular point of S, then mult,(D) > 1 by
Lemma 1.5.5 and by (a) we find

% =D A >mult,(D) - mult,(A) > 1

which is impossible. Thus, p € {Ps, P31, Ps_} is a singular point of S of type %(1, 1)
where k € {2,3}. Let p : S — S denote the minimal resolution of the point p. The
exceptional divisor E is a projective line and E? = —k. We have

(i) Kg=pKs—"2E,

(ii) p*A = A+ LE where A is the strict transform of A,
(iii) p*D = D + + mult,(D)E.

Since (S, D) is not log-canonical at p, there exists a point p € E such that the log
pair (S, D + %(multp(D) + k — 2)E is not log-canonical at p. Since p is a regular point
of S and of E, it follows that

—_

— 1
1
< mult, D + %(multp(D) +k-2)

since mult;(D) < mult, (D). We find £ mult, (D) > 2 and hence that mult, (D) > k%-l

Since A is not an irreducible component of Supp(D), we have

2
k(k+ 1)

1 1
which implies that & > 2. Thus k = 3 and so p € {Ps, P3_}.

Without loss of generality, we may assume p = Ps;. With the notation of 3.3.2,
we have —Kg ~ o*(Kg) + %E3+ + %Eg_ ~ 2A + By + E3+ + E5_ where A is the
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strict transform of A and A2 = —1. The divisor D = o,(D) + %ESJF + %Eg, is an
effective anti-canonical Q-divisor on S and A-D = A - (2A + Ey + Esy + E3_) = 1.
Since the log pair (S, D) is not log-canonical at P3+, the log pair (S D) is not log-
canonical at some point p € Es,. Since A ¢ Supp(D A ¢ Supp(D). Also, since S
is regular at every pomt of E3+, we must have p € E3+ \ A (otherw1se we would have
inequality 1 = (A- D) > (A-D); > mult; D > 1). Let 7 = mp o7y : S — S denote the
contraction of AU E» onto the smooth point  of the smooth degree 2 del Pezzo surface
S (by Lemma 3.3.4). Then (by 3.3.3) Es, + Es_ is anti-canonical integral divisor on
S consisting of two (—1)-curves intersecting tangentially at @y € Sand D = 7,.D is an
effective anti-canonical Q-divisor on S containing E3+ and F5_ in its support. Since the
log pair (S, D) is not log-canonical at the point € Es, \ A, the log pair (5, ﬁ) is not
log-canonical at the point 7(p ) # 2y. Let p = 7(p). By Lemma 3.3.7 (a), there exists a
unique anti-canonical divisor C on S such that the log pair (S C’) is not log canonical at
# (in which case mult;(C') > 1). By Lemma 3.3.7 (b), Supp(C) C Supp(D). Since Es, is
a (=1)-curve on S and C'is an anti-canonical divisor on S, the adjunction formula implies
E3+ .C' = 1. This implies that C contains E’3+ in its support (otherwise we would obtain
the impossible 1 = E3, - C' > (F3, - '), > mult;(C) > 1). Since F3, does not have a
cusp, Lemma 3.3.7 (b) gives that C' = Fs, + C’ where C’ is a (—1)-curve intersecting
E3+ tangentially at p. Since p # xy, we have ol =+ E5_ and since F5_ is a (—1)-curve,
we obtain 1 = C' - E;_ = (E3+ + é”) -E5_ =2+ (" Es_ > 2. This contradiction shows
our initial assumption A ¢ Supp(D) is impossible and completes the proof of (b). O

Proposition 3.3.9. The surface S = Proj(Bz23,4,12) does not contain an anti-canonical
polar cylinder.

Proof. Suppose S contains an anti-canonical polar cylinder U = S\ Supp(D). Let D=
o*(D)+ %E;H_Jr £ E3_ and observe that by (5), D is an anticanonical Q-divisor of S. Since
U is smooth, Py, Ps., Ps_ € Supp(D) and so Es, F5,, E5_ are contained in Supp(D).
By Lemma 1.6.12, there exists a point p € S such that the log pair (S, D) is not log-
canonical at p. By Lemma 3.3.8, A C Supp(D) and so A is also contained in Supp(ﬁ).
Now o~ 1(U) = S\ Supp( *(D)) = S\ Supp( ~) is an anti-canonical polar cylinder in
S.Let 7 =707 : 5 — S beasin 3.3.3. Then S\ Supp(r.D) = 7(c~1(U)) is an anti-
canonical polar cylinder in the smooth degree 2 del Pezzo surface S (by Lemma 3.3.4).
This contradicts Theorem 1.6.13. O

Corollary 3.3.10. Let (ag,a1,a2,a3) € {(2,3,5,30),(2,3,4,12)} and let B = By .4, 02,05 -
Then B® is rigid for all d € N*.

Proof. Let X = Proj B. By Propositions 3.2.7 and 3.3.9, X does not contain an anti-
canonical polar cylinder, so by Theorem 3.0.1 (b), B is rigid for all d € Nt. O

We can finally prove the Main Theorem.
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Main Theorem. Let n > 2, and let Byy a; 09,05 = K[ X0, X1, X2, X3] /(X% + X" + X352 +
X33) be a Pham-Brieskorn ring. If min{ag, a1, az, as} > 2 and at most one element i of
{0,1,2,3} satisfies a; = 2, then By .a, as.a5 1S Tigid. Moreover, if cotype(ag, a1, az, as) =
0, then (Bay.ay.as.a3)\? is rigid for all d € N7T.

Proof. The claim that Bg, .4, 45,05 1S rigid follows immediately from Corollary 3.1.3 and
Corollary 3.3.10. The “moreover” follows from Corollary 2.2.2. O

4. Remarks in higher dimensions

4.0.1. We conclude by offering some remarks on the Main Conjecture in higher dimen-
sions (where n > 3). Recall that by Theorem 2.1.13, it suffices to prove the conjecture for
the cases By,.....q, Where cotype(ag,...,a,) =0, namely, the cases where Proj By, . .4,
is a well-formed quasismooth weighted hypersurface. Note that the canonical sheaf and
canonical divisor of X = Proj B, ....a, can still be computed using Theorems 1.4.4 and
2.2.5.

Lemma 4.0.2. Let n > 4 and let X = Proj B,,...q,. Then CaCl(X) = Z.

.....

Proof. For every (by, ..., by), there exists some tuple (ag, . . ., a,) such that Proj(B,.... s, )
2 Proj(Ba,.....a, ) Where cotype(ag, ...,a,) = 0. (See Lemma 3.1.14 (b) in [4].) So, we
may assume that cotype(ag,...,a,) = 0. Since X is integral, CaCl(X) = Pic(X) = Z

(the second isomorphism by Theorem 3.2.4 of [16] since dim(X) > 3). O

Proposition 4.0.3. Let X be a projective normal Q-factorial variety and suppose that
CaCl(X) 2 Z. Let H be any ample Q-divisor on X. Then every cylinder U in X is an
H-polar cylinder.

Proof. Let U be a cylinder in X. Since U is affine, the inclusion i : U — X is an affine
morphism. Corollary 21.12.7 of [21] implies that U = X \ Supp(D) for some effective
divisor D € Div(X). Since X is Q-factorial, we may assume that D is Cartier. Let H be
any ample Q-divisor of X. We must show that U is H-polar.

If D =0, then Supp(D) = 0 and so X = U is both affine and projective. This implies
that X is a point, contradicting the assumption that CaCl(X) = Z; it follows that D # 0.
Since D is a nonzero effective divisor and Pic(X) = CaCl(X) = Z, Example 1.2.4 of [32]
implies that D is ample.

Choose s € NT such that sH is Cartier. Then both sH and D belong to CaDiv(X).
Since CaCl(X) = Z, there exist m,n € Z such that m > 0 and m(sH) ~ nD. Since
m(sH) is ample, so is nD, and it can be checked that n > 0. Since m(sH) ~ nD where
m,s,n € N7, Remark 1.6.3 implies that every D-polar cylinder is H-polar. Since U is
D-polar, it is therefore H-polar. 0O
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Corollary 4.0.4. Let n > 4, suppose cotype(ao,...,an) =0 and let B = Bq,, .4, Then
B is not rigid if and only if Proj B contains a cylinder.

Proof. Let a denote the amplitude of X = Proj B. If @ > 0 then Kx is pseudoeffective,
X does not contain a cylinder by Proposition 2.3.2 and B is rigid by Corollary 2.3.3.
Otherwise a@ < 0 and B is not rigid if and only if X contains a —K x-polar cylinder if
and only if X contains a cylinder. (The first equivalence is by Theorem 2.2.5 (c¢), the
second is by Proposition 4.0.3.) O

Remark 4.0.5. It is well known that for n > 4, B, . 4
(See Proposition 4.9.7 of [4] for one proof.) For n = 2 and n = 3 however, Exercise I1.6.5

is a unique factorization domain.

in [23] and [34] show that this is generally not the case.

4.0.6. Let n > 4, suppose cotype(ag, - .., a,) = 0 and let X = Proj(Bay,,....a, ) As in the
n = 3 case, the problem naturally splits into the cases where —K x is ample or Kx is
pseudoeffective.

If & > 0, then X has quotient (hence log-canonical) singularities and Kx is either an
ample or trivial Q-Cartier divisor and hence is pseudoeffective. It follows from Propo-
sition 2.3.2 that X cannot contain a cylinder and from Corollary 4.0.4 that By, .. 4, is
rigid.

If o < 0, then Theorem 2.2.5 implies that —Kx is an ample Q-Cartier divisor, so X
is a well-formed Fano variety. It is worth noting that our proof of the Main Theorem
uses in Lemma 3.1.1 the fact that there are only eight 4-tuples (ag, a1, a2, a3) such that
cotype(ag, a1, az,as) = 0 and Proj(Ba, a1 ,az,a5) is Fano. For all n > 4, it is easy to verify
that there are infinitely many tuples (ag,...,a,) such that cotype(aq,...,a,) = 0 and
Proj B,,,....a, is Fano. Given Corollary 4.0.4, we are thus motivated to develop techniques
that show the existence or non-existence of cylinders in singular Fano varieties.
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