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Abstract
Robot positioning accuracy is a key factory when performing high-precision manufacturing tasks. To effectively improve
the accuracy of a manipulator, often up to a value close to its repeatability, calibration plays a crucial role. In the literature,
various approaches to robot calibration have been proposed, and they range considerably in the type of measurement system
and identification algorithm used. Our aim was to develop a novel step-by-step kinematic calibration procedure — where
the parameters are subsequently estimated one at a time — that only uses 1D distance measurement data obtained through
a draw-wire encoder. To pursue this objective, we derived an analytical approach to find, for each unknown parameter, a set
of calibration points where the discrepancy between the measured and predicted distances only depends on that unknown
parameter. This reduces the computational burden of the identification process while potentially improving its accuracy.
Simulations and experimental tests were carried out on a 6 degrees-of-freedom robot arm: the results confirmed the validity
of the proposed strategy. As a result, the proposed step-by-step calibration approach represents a practical, cost-effective and
computationally less demanding alternative to standard calibration approaches, making robot calibration more accessible and
easier to perform.

Keywords Robot calibration · Kinematic calibration · Positioning accuracy · Robot kinematics · Draw-wire encoder

1 Introduction

In the last two decades, the applications of robots in high-
precision manufacturing tasks such as grinding [1], milling
[2], or riveting [3] have expanded extensively, and so has the
demand for higher precision manipulators.

The precision of a robot can be quantified in terms of
repeatability or accuracy: repeatability is defined as the

Teresa Sinico contributed equally to this work.

B Giovanni Boschetti
giovanni.boschetti@unipd.it

Teresa Sinico
teresa.sinico@phd.unipd.it

1 Department of Industrial Engineering (DII), University
of Padua, Via Venezia 1, Padua 35131, Italy

2 Department of Information Engineering (DEI), University
of Padua, Via Giovanni Gardenigo 6b, Padua 35131, Italy

3 Department of Management and Engineering (DTG),
University of Padua, Stradella S. Nicola 3, Vicenza 36100,
Italy

precision with which the robot’s end-effector returns to a
previously taught position, while accuracy is defined as the
precisionwithwhich the robot’s end-effectormoves to a com-
manded position with respect to a spatial coordinate frame.
Manipulators currently used in industry are characterized by
very high repeatability, but poor accuracy. The latter is rarely
given by robotmanufacturers and can assume a value of some
millimeters.

High repeatability is the main requirement in a variety of
manufacturing and handling applications where the required
robot end-effector poses are manually taught by jogging the
robot through a teaching pendant. Along with high repeata-
bility, high accuracy is required in manufacturing tasks that
involve offline programming, such as drilling and laser cut-
ting, where the robot’s end-effector poses are defined with
respect to an absolute or relative reference frame. Indeed,
robot positioning accuracy may not be adequate for perform-
ing these types of task, and conventional machine tools may
still be preferred, despite their higher cost and lower flexibil-
ity. For this reason, increasing robots’ accuracy is crucial for
their application in flexible and reconfigurable manufactur-
ing systems.
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The accuracy of a robot depends on the accuracy of the
robot’s mathematical model in the controller: this model
computes the joint angles of the robot given an end-effector
posewith respect to a reference frame. The inaccurate knowl-
edge of the geometric and non-geometric parameters of this
mathematical model is the major source of the discrepancy
between the actual pose of the robot’s end-effector and the
pose predicted by its controller. Errors associated with geo-
metric parameters are related to the deviation between the
nominal and actual dimensions of the robot’s mechanical
links, misalignment of the joint axes, and incorrect joint vari-
able offset values used to describe the manipulator’s home
position [4]. Errors associated with non-geometric parame-
ters are caused by deformation in themechanical components
of the robot from external load and self-gravity, mechanical
wear, thermal variation, sensors and servos precision, fric-
tion, and other non-linearities, including hysteresis and gear
backlash [5, 6].

A practical approach to improve the robot accuracy —
up to a value close to its repeatability — is to re-evaluate the
parameters in the robot’s mathematical model by using a cal-
ibration scheme. This procedure mainly involves four steps:
modeling, measuring, identifying parameters, and imple-
menting error compensation.

1.1 Modeling

The first step of robot calibration is to derive a mathematical
model that relates the robot’s joint angles to its end-effector
pose and takes into account the geometric and non-geometric
parameters that need to be identified. A kinematic model
suitable for robot calibration should meet the three princi-
ples of completeness, continuity, and minimality [7]. The
standard Denavit-Hartenberg (DH) convention [8] is widely
used for kinematicmodeling in robotics; however, thismodel
does not meet the continuity condition when two consecutive
joint axes are parallel. Since most industrial robots possess
this feature, significant efforts have been made to solve this
problem: authors either proposed to use a simplified version
of the DH model to make it continuous [9, 10] or a modified
version of the standard DH model (MDH) [11], adding an
additional parameter to the original convention. In addition,
other kinematic models that satisfy the continuity condition
have been proposed, such as the S-model [12], the complete
and parametrically continuous (CPC) model [13, 14] and the
product of exponential (POE) based model [15, 16]. These
models meet the conditions of completeness and continuity
but usually do not meet the minimality condition, i.e., some
parameters are redundant; those redundant parameters must
be determined and excluded from the model before identifi-
cation.

1.2 Measuring

Once a complete, non-singular and minimal kinematic cali-
brationmodel has been derived, it is then used to compute the
predicted end-effector pose based on the nominal kinematic
parameter set. The predicted end-effector pose is compared
with the actual end-effector pose measured by an external
measurement system and an error quantity is defined. To
measure the actual end-effector pose, a variety of different
measurement systems can be used, which differ considerably
in their cost, accuracy, ease of use, and type of data collected.
In particular, the measurement systems used to calibrate a
robot can be classified into complete pose measurement and
partial pose measurement: a complete pose measurement
of the robot’s end-effector pose consists of three position
coordinates and three orientation angles, while a partial mea-
surement of the robot’s end-effector pose consists of less than
six measured values per observation (typically ranging from
3D to 1D). Themost commonmeasurement systems used for
robot calibration are laser tracking systems [9, 17–19], vision
systems [20, 21], ballbars [10, 22], theodolites [23–25], and
coordinate measuring machines (CMM) [26, 27].

1.3 Identifying error parameters

When a sufficient number of end-effector poses have been
measured, the unknown parameters can be estimated. This
identification can be achieved by determining the analyt-
ical relationship between the end-effector coordinates and
the parameters in the form of a Jacobian and then invert-
ing the equation to calculate the deviation of the parameters
from their nominal values. Alternatively, the identification
can also be viewed as a constrained non-linear optimization
problem. In this case, a cost function that relates the param-
eter to a quantity that is an overall measure of optimality is
defined, and the parameter set is systematically changed to
reduce the cost function to zero. This problem can be solved
using different optimization algorithms, such as Levenberg-
Marquardt [28], extended Kalman filter (EKF) [29, 30], or
particle swarm optimization (PSO) [31, 32].

1.4 Implementing error compensation

The final step of robot calibration involves implementing
error compensation: this can be done by modifying the nom-
inal parameters embedded in the robot controller or by using
error compensation techniques. Since most robot controllers
use DH parameters, the former approach is typically possible
only if the standard DH convention is used in the model-
ing phase and if the identification is limited to kinematic
parameters. However, access tomodify the kinematic param-
eters is not always possible and may be limited (i.e., not all
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parameters can be modified). On the other hand, error com-
pensation techniques need to be implemented if a different
kinematic model is used in the modeling step, if access to
modify some or all the kinematic parameters is not possible,
and also if the identification is extended to non-kinematic
parameters. In this case, the pose deviation is first calcu-
lated using the mathematical model of the manipulator with
the estimated parameters and then a compensated pose is
obtained [33, 34].

1.5 Scope and contribution

In this paper, we present a novel step-by-step procedure for
the kinematic calibration of robots using a single draw-wire
encoder. We were interested in developing a kinematic cal-
ibration procedure with this measurement system because
it offers a good balance of accuracy, resolution, measure-
ment range, cost, and usability. In particular, it is much less
expensive and requires an easier setup than laser trackers,
which are still the most used measurement instrument for
the calibration of robots. Several studies have used multi-
ple draw-wire encoders for robot calibration: they can be
arranged as complete pose measurement devices [35–37] or
partial pose measurement devices [38–40]. However, few
studies have considered the possibility of using a single
draw-wire encoder [40–45], which only provides a 1D radial
measurement of a point with respect to a fixed reference
frame. In this case, the identification step is typically viewed
as an optimization problem, where the cost function is the
sum of the difference between the measured and predicted
distance of the robot’s end-effector from a fixed point over a
number of calibration poses.

When calibrating a robot using a single draw-wire
encoder, two practical choices have to be made: the encoder
location and the set of calibration pointswheremeasurements
are taken. These two aspects greatly influence the result-
ing accuracy after calibration, but previous studies did not
explore them in depth. In [40] the sensor is located outside
the manipulator workspace, while in [43] it is located in an
arbitrary place: in both cases, the location of the measure-
ment system is an unknown parameter that is found through
the optimization algorithm along with the other kinematic
parameters. Unfortunately, in [41, 42, 44, 45] the authors
did not provide complete details of sensor location. More-
over, in [40] the calibration points have been chosen from
a uniformly sampled grid that covers most of the working
envelope in front of the robot, while in [41–45] the details
about the calibration points are not reported.

Our step-by-step calibration procedure differs signifi-
cantly from previously proposed approaches using a single
draw-wire encoder, and the heart of our approach lies in
the careful selection of encoder location and calibration
points. The draw-wire encoder is placed in a position in the

robot’s workspace specified by a set of joint coordinates:
this allows the estimation of kinematic parameters without
explicit knowledge of the coordinates of the encoder location.
This approach is more robust than the approaches proposed
in [40, 43], as the identification of the fixed location of
the encoder could introduce errors that could propagate to
the final results. In addition, we developed a novel analyt-
ical approach to find a set of calibration points for each
parameter that needs to be identified: in this set of points,
the discrepancy between predicted and measured distances
depends only on that parameter (and possibly on those that
have already been identified). Consequently, our calibration
procedure can be viewed as a step-by-step procedure through
which the unknown parameters are subsequently identified:
the manipulator is first moved to the first set of calibration
points, where the measured distance error depends only on
one of the kinematic parameters. This unknown parameter
is identified, and the manipulator is moved to a second set
of calibration points, where the error depends on a second
kinematic parameter (and possibly also on the just iden-
tified parameter). The second kinematic parameter is then
estimated, and, following the same procedure, all kinematic
parameters are identified. The proposed approach offers two
major advantages: only one of the unknown parameters is
estimated at a time, and fewer measurements are processed
at the same time. The consequence of the former is that the
parameters can be estimatedmore accurately thanwith previ-
ously proposed approaches, and their identification does not
require complex optimization algorithms; the consequence
of the latter is that the measurement data can be computa-
tionally processed faster. As a result, the proposed calibration
procedure can be implemented directly into the robot’s con-
trollers, which typically have limited computational power,
without the need for extra hardware to process the measure-
ment data.

1.6 Paper structure

The remainder of this paper is organized as follows: in Sect. 2
our novel step-by-step calibration approach is presented. The
materials that we used in our experiments to test and vali-
date the calibration procedure are described in Sect. 3. The
experimental results and related discussion are presented in
Sects. 4 and 5 respectively. Finally, in Sect. 6 our conclusions
are drawn.

2 Proposed kinematic calibration approach

The proposed calibration procedure requires the measure-
ment of the distance between the end-effector and a fixed
location, for several poses of the robot. For this purpose, we
used a draw-wire encoder fixed to the table onwhich the robot
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stands; the other end of the wire is attached to the robot’s
flange by a specifically designed fixture. If the fixed location
of the draw-wire encoder is known, the distance between the
end-effector and the draw-wire encoder exit point at each
calibration point can be easily computed as

di =
√

�x2i−0 + �y2i−0 + �z2i−0

=
√

(xi − x0)2 + (yi − y0)2 + (zi − z0)2, (1)

where (xi , yi , zi ) are the coordinates of the i th calibration
point and (x0, y0, z0) are the coordinates of the fixed location
of the draw-wire encoder. For a n degrees-of-freedom (DOF)
manipulator, the coordinates of the i th calibration point with
respect to the robot’s base frame can be computed through
the direct kinematics, which is a non-linear function of the
manipulator’s joint variables and geometric parameters

⎧
⎪⎨
⎪⎩

xi = fx (θ i , p)

yi = fy(θ i , p)

zi = fz(θ i , p)

, (2)

where θ i = [θi , . . . , θn] are the joint coordinates of the robot
at the i th calibration point and p = [p1, . . . , p j ] is the
vector containing the geometric parameters of the manip-
ulator, which depend on the model chosen to describe the
robot’s kinematics. At each calibration point, the computed
distance will be different from the measured distance, due
to the discrepancy between the nominal and actual values of
the model parameters. We focused on identifying only kine-
matic parameters, neglecting non-kinematic parameters, as
inaccurate knowledge of kinematic parameters yields about
90% of the total positioning inaccuracy [24, 46]. In particu-
lar, both the joint coordinates θ and the geometric parameters
p are affected by errors, which can be seen as offsets from
their nominal values. At this stage, we need to define the
set of kinematic error parameters that we wish to estimate
(for example, we may only be interested in identifying joint
offsets). These error parameters can be grouped in vector
e = [e1, . . . , em], while their offsets from their nominal
value can be grouped in the error vector δe = [δe1, . . . , δem].
Given the nominal geometric parameters of the manipulator
pn and the joint coordinates at the i th calibration point θ i , the
spatial coordinates in Eq. 2 can be rewritten as a function of
the error vector δe and the distance in Eq. 1 can be rewritten
as

di (δe)=
√

(xi (δe)− x0)2+(yi (δe)−y0)2 + (zi (δe)−z0)2.

(3)

The difference between the computed di (e) and measured
distance d̃i , known as the residual, is calculated at each

calibration point. The aggregate sum of squares of the resid-
uals over N calibration points is then calculated as

fcost (δe) =
N∑
i=1

(di (δe) − d̃i )
2. (4)

Calibration may be posed as the problem of systematically
varying the error parameters e in order to minimize the error
in wire length over the set of measurement points: the quan-
tity in Eq. 4 is used as a cost function to be minimized by
error parameter estimation. The optimal error vector δe∗ is
calculated as

δe∗ = arg min
δe∈�

fcost (δe), (5)

where� is the set of allowable deviations of the error param-
eters. This is a non-linear least-squares optimization problem
that can be solved using various optimization algorithms.

2.1 Encoder location

Equation 3 requires the precise knowledge of the encoder
location with respect to the robot’s base frame, which is not
easy to obtain. In previous studies [40, 43], encoder location
coordinates were treated as additional unknown parameters
that were identified by the optimization algorithm after an
initial estimate. In the work proposed here, we first moved
the robot to the configuration specified by the joint coordi-
nates θ0 and then mounted the draw-wire encoder so that the
two tips touch when the robot is in this configuration (i.e.,
the measured distance is zero), as depicted in Fig. 1. In this
case, (x0, y0, z0) are not independent additional parameters,
but they depend on the manipulator’s parameters and joint
variables through the direct kinematics as well

⎧
⎪⎨
⎪⎩

x0 = fx (θ0, p)

y0 = fy(θ0, p)

z0 = fz(θ0, p)

. (6)

However, the actual encoder coordinates are not exactly the
ones calculated through Eq. 6, as the joint coordinates θ and
geometric parameters p are affected by errors. Given the
nominal geometric parameters of the manipulator pn and
the joint coordinates θ0, the spatial coordinates in Eq. 6 can
also be written as functions of the error vector δe. Therefore,
the computed distance expressed in Eq. 3 can be rewritten as

di (δe)=
√

(xi (δe)−x0(δe))2+(yi (δe)−y0(δe))2+(zi (δe)−z0(δe))2.

(7)
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Fig. 1 System at the
configuration specified by the
joint coordinates θ0 (left) and at
the i th calibration configuration,
specified by the joint
coordinates θ i (right)

Both the i th calibration point and encoder location coordi-
nates are written as a function of the same set of error param-
eters e, without the need for three additional parameters.

2.2 Calibration points

Once we defined the cost function and the location of the
encoder, we were interested in finding an optimal set of
calibration points, which is a well-known issue of robot
calibration. In fact, the resulting accuracy after calibration
is strongly dependent on the selection of the measurement
poses [47, 48]. Depending on the selected pose in the robot’s
workspace, a variation in one of the error parameters could
produce a small or large error on the end-effector pose. Ide-
ally, a variation in any of the error parameters should cause
the maximum possible error on the gripper pose so that the
effect of noise (due to unmodeled error sources and mea-
surement errors) can be minimized and, consequently, all of
the error parameters can be accurately identified. Tomeasure
the goodness of a set of calibration points, different observ-
ability indices [49], which are based on the singular value
decomposition (SVD) of the Jacobian identification, have
been proposed. Unfortunately, this approach is not applica-
ble in our case, as we do not measure the end-effector pose
directly, and it is not possible to derive a Jacobian matrix
relative to the distance error. Both the coordinates of the i th
calibration point and of the fixed location of the encoder
depend on the direct kinematics of the manipulator; these
coordinates appear in Eq. 7 subtracted from each other, then
squared and added. For this reason, rather than evaluating the
contribution of the different error components on the end-
effector pose, we evaluated their contribution on the distance
from a fixed location specified in the joint space.

First, to understand the influence of the different error
parameters at the i th calibration point, we can calculate the
partial derivatives of Eq. 2 with respect to the vector e

�i =
⎡
⎣

∂ fx/∂e
∂ fy/∂e
∂ fz/∂e

⎤
⎦

θ=θ i
p=pn

=
⎡
⎢⎣

∂ fx/∂e1 . . . ∂ fx/∂em
...

. . .
...

∂ fz/∂e1 . . . ∂ fz/∂em

⎤
⎥⎦

θ=θ i
p= pn

.

(8)

This is a 3×mmatrix (corresponding to half of the analytic
Jacobian of the robot), where m is the number of unknown
parameters that we are trying to estimate, and it is evaluated
at nominal conditions, i.e., θ = θ i and p = pn. Similarly,
we can calculate the partial derivatives of Eq. 6 with respect
to the vector e

�0=
⎡
⎣

∂ fx/∂e
∂ fy/∂e
∂ fz/∂e

⎤
⎦

θ=θ0
p=pn

=
⎡
⎢⎣

∂ fx/∂e1 . . . ∂ fx/∂em
...

. . .
...

∂ fz/∂e1 . . . ∂ fz/∂em

⎤
⎥⎦

θ=θ0
p= pn

.

(9)

In Eq. 7 the coordinates of the i th calibration point and the
coordinates of the encoder location appear subtracted from
each other. The contribution of the different error parameters
on the quantities �xi−0, �yi−0 and �zi−0 that appear in
Eq. 1 is given by

�i−0 = �i − �0. (10)

The draw-wire encoder only supplies a 1D radial measure-
ment of the wire: rather than the influence of the different
parameters on �xi−0, �yi−0 and �zi−0, we are interested
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in the influence of the different parameters on the direction
of the wire. For this purpose, let us define

⎧
⎪⎨
⎪⎩

�xi−0,th = fx (θ i , pn) − fx (θ0, pn)

�yi−0,th = fy(θ i , pn) − fy(θ0, pn)

�zi−0,th = fy(θ i , pn) − fy(θ0, pn)

, (11)

i.e., the theoretical values of �xi−0,�yi−0 and�zi−0 (eval-
uated with nominal parameters). With these quantities, we
can define the vector

ν i = [�xi−0,th �yi−0,th �zi−0,th], (12)

and the corresponding unit vector ν̂i , which represents the
theoretical direction of the wire at the i th calibration point

ν̂i = ν i

‖ν i‖ . (13)

If the error vector caused by one error component is nearly
perpendicular to the direction of the wire, this error compo-
nent will have little influence on the residual that appears in
Eq. 4. On the other hand, if the error vector caused by that
error component is parallel to the direction of the wire, this
error component will have a great influence on the residual.
For this reason, to evaluate the contribution of the j th error
component at the i th calibration point, we can compute the
projection of the j th column of �i−0 in the direction of the
theoretical distance of the wire

�i j = 〈�i−0 j , ν̂i 〉. (14)

Consequently, the influence of the different error parameters
e on the wire length can be expressed by the followingmatrix

� i = [�i1 . . . �im ] = [〈�i−01, ν̂i 〉 . . . 〈�i−0m , ν̂i 〉].
(15)

This matrix allows the evaluation of the contribution of each
error component on the residual at a definite pose in the
robot’s workspace: the higher each component of � i , the
higher the contribution of the related error component on the
wire length. When analyzing the matrix in Eq. 15 it is impor-
tant to properly compare terms related to angular errors and
terms related to linear errors. If � j is related to an angular
error, it is expressed in mm/rad, while if�k is related to a lin-
ear error, it is dimensionless. Considering that angular errors
are typically in the range of ±1◦ while linear errors are in
the range of±1mm, we can convert� j in mm/◦: in this way,
both � j and �k multiply a term that is within the range ±1
of their respective measurement units.

The matrix � i not only allows the evaluation of the con-
tributions of different error parameters on the residual at a

specific point in theworkspace but also gives us a key insight:
since the position of the draw-wire encoder is specified by
the joint coordinates θ0, by appropriately choosing the joint
coordinates θ i , some of the terms in � i may become null. In
particular, we can find a set of joint coordinates θ0 and θ i so
that

(θ i , θ0) = {θ i , θ0 ∈ R
n|�i j �= 0, �ik = 0 ∀ k �= j}. (16)

This means that all the elements of� i are null except for�i j
and this is possible if some of the joint coordinates between
θ0 and θ i are kept constant while some others are changed
(typically the last two in the case of a 6DOFanthropomorphic
robot arm). In this case, the difference between the predicted
and measured distance depends only on the j th error param-
eter: the cost function becomes a function of δe j only, and
the remaining parameters are kept constant at their nominal
values. By choosing a proper set of calibration points S j (θ)

that satisfy Eq. 16, the j th error parameter can be accurately
estimated by minimizing the cost function as:

δe∗
j = arg min

δe j∈� j
fcost (δe j ). (17)

After identifying the j th error parameter, we can find a sec-
ond set of calibration points Sw(θ) where all the elements of
� i are null except for �i j and �iw : this allows the estima-
tion of the wth parameter. In fact, the cost function becomes
a function of δew only, while the remaining parameters are
kept constant (δe j is kept at the value found at the previous
step with Eq. 17 and the remaining parameters are kept at
their nominal value). Following this procedure and finding
different sets of points with these properties, we can estimate
the remaining error parameters, one at a time. In addition,
once we determine the order in which the parameters will be
identified, e can be rearranged in vector e and � i in � i , so
that the order of the columns reflects the order in which the
parameters are estimated. For each unknown parameter j ,
the corresponding set of calibration points can be expressed
as:

S j (θ) = {θ i ∈ R
n|�it = 0 ∀ t > j}. (18)

As a result, we propose the step-by-step kinematic cali-
bration procedure described in Fig. 2, through which the
error parameters are subsequently identified, one at a time.
This constitutes a major advantage over standard calibra-
tion approaches, where the measured error depends on all
the parameters and the unknown parameters are estimated
all together, often with complex optimization algorithms. In
fact, if the measured error depends on all the error parame-
ters, it is more difficult to accurately estimate each of them,
and the optimization algorithmmay converge to a set of error
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Fig. 2 Flowchart of the
proposed step-by-step
calibration procedure

parameters that minimize the cost function, but do not rep-
resent the actual error parameter values.

The validity of the proposed step-by-step calibration pro-
cedure can also be demonstrated with a different approach,
described in the Appendix A.

3 Materials andmethods

3.1 Industrial manipulator: the Adept Viper S650

To test the proposed calibration approach, we used the
Adept Viper S650 robot and the eMB-60R controller, both
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Table 1 DH parameters of the
Adept Viper S650 manipulator

i αi−1 ai−1 θi di
(◦) (mm) (◦) (mm)

1 0 0 θ1 0

2 −90 75 θ2 0

3 0 270 θ3 0

4 90 −90 θ4 295

5 −90 0 θ5 0

6 90 0 θ6 80

manufactured by Omron Adept Inc. The Adept Viper S650
is an articulated robot with six degrees of freedom and has
a repeatability of ±0.02mm. The robot controller uses DH
parameters, and the DH table according to the convention
described in [50] is presented in Table 1.

3.2 Measurement system: draw-wire encoder

The measurement system used to obtain 1D distance mea-
surements consists of a draw-wire encoder manufactured by
Unimeasure Inc. (model EP-50-N20-N30-10C) and a specif-
ically designed tool to be attached directly to the robot’s
flange. The draw-wire encoder is composed of a reel on
which the wire is wound, an incremental encoder, and elec-
tronic components for signal conditioning. The incremental
encoder measures the rotation of the reel, and hence the
amount of extracted wire, while the spring maintains the
proper tension cable. The main specifications of this measur-
ing system are a resolution of 0.025488mm and a maximum
measured length of 1250mm, which is suitable for our exper-
iments, as the manipulator’s workspace is approximately
a hemisphere with a radius of about 600mm. The draw-
wire encoder can be easily placed in different positions
and orientations, thanks to its holding fixture. In addition,
the draw-wire encoder is connected to the robot controller
through the belt encoder port (which is typically used for
conveyor tracking tasks). Measurement data are acquired
directly from the robot controller, which then proceeds to
process the data and identify error parameters.

3.3 Kinematic calibrationmodel

Since we wanted our kinematic calibration procedure to be
directly transferable to the robot controller, we used the DH
convention to derive the kinematic model of the manipulator.
In particular, we followed the approach described in [40] to
derive the so-called DH(-) calibration model. As stated in
Sect. 1, a kinematic calibration model should meet the three
principles of completeness, continuity, and minimality. The
standard DH model is not parametrically continuous for the
Adept Viper S650 as joint axes 2 and 3 are parallel: a minor

misalignment between those axes can result inmajor changes
to the remaining DH parameters. For this reason, as in [9,
10, 40], we chose not to perturb the link twist α2. In addi-
tion, in our robot controller it was not possible to modify the
nominally zero-valued DH parameters: consequently, we did
not consider those parameters in our calibration model, as in
[40]. Furthermore, using the proposed calibration approach,
the error related to the first joint angle δθ1 cannot be esti-
mated, as this quantity shifts all calibration points by the same
amount, while the distances between these points (which are
the measurements used) remain unchanged. Finally, to avoid
redundancy, either the error parameters δθ6 and δd6 or the
error parameters related to the position of the tool frame
(δxtool , δytool , δztool ) can be estimated. If the tool used during
calibration is not the same as that used during robot opera-
tions, finding the error parameters related to the tool position
is not effective. For this reason, we used a tool of known
dimensions mounted directly on the robot and decided to
estimate the errors associated with the last link, i.e., δθ6 and
δd6. The resulting kinematic calibrationmodel is presented in
Table 2 and is composed of only 10 error parameters, which
can be grouped as

δe = [δθ2 δθ3 δθ4 δθ5 δθ6 δa1 δa2 δa3 δd4 δd6] (19)

Although this kinematic calibration model is incomplete, it
has been proven to be robust and effective [40].

3.4 Encoder location and calibration points

The proposed calibration approach first requires the defini-
tion of the joint coordinates θ0 that identify the position of
the draw-wire encoder. The draw-wire encoder should be
placed in a position within the robot’s workspace where
it can be easily set up and where it does not hinder the
robot’s movements, taking into account potential obstacles
that may be present near the robot. For this reason, we chose
θ0 = [0,−90, 210,−90, 0,−90] as the initial configura-
tion of the robot. Once θ0 has been defined, the kinematic

Table 2 DH kinematic calibration model for the Adept Viper S650
manipulator

i αi1 ai−1 θi di
(◦) (mm) (◦) (mm)

1 0 0 θ1 0

2 −90 75 + δa1 θ2 + δθ2 0

3 0 270 + δa2 θ3 + δθ3 0

4 90 −90 + δa3 θ4 + δθ4 295 + δd4

5 −90 0 θ5 + δθ5 0

6 90 0 θ6 + δθ6 80 + δd6
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calibration procedure then requires the identification of a dif-
ferent set of calibration points for each unknown parameter.
This is carried out by analyzing matrix � i , which for our
manipulator can be expressed as

� i = [�iθ2
�iθ3

�iθ4
�iθ5

�iθ6
�ia1

�ia2
�ia3

�id4
�id6

],
(20)

with different values of joint coordinates θ i . This analysis
also determines the order in which the error parameters are
identified. Because our robot is an open chain manipulator,
the first error parameters that can be estimated are the one
closest to the end of the kinematic chain (i.e., the ones related
to the last link) and subsequently all of the remaining ones. In
fact, the analysis of� i with different values of θ i determined
that the order in which the parameters are identified is: δθ6,
δd6, δθ5, δθ4, δa3, δd4, δa2, δθ3, δθ2 and δa1. Consequently,
the error vector δe can be rearranged as

δe = [δθ6 δd6 δθ5 δθ4 δa3 δd4 δa2 δθ3 δθ2 δa1], (21)

and matrix � i can be rearranged as

� i = [�iθ6
�id6

�iθ5
�iθ4

�ia3
�id4

�ia2
�iθ3

�iθ2
�ia1

].
(22)

After determining the order in which the error parameters are
identified, we defined the 10 sets of calibration points, one
for each unknown error parameter. Because the analytical
expressions for the calibration points that satisfy Equation
(18) and ensure the highest value of �i j is quite difficult to
obtain, we used an optimization program to find such points.
The joint coordinates θ i and the corresponding matrix � i of
each calibration point are reported in Table 3.

Before the experiments were performed, computer sim-
ulations were conducted to verify the correct functioning
of the step-by-step kinematic calibration procedure and the
goodness of the sets of calibration points. This was achieved
by perturbing the nominal parameters by known amounts,
producing artificial measured distance data (also taking into
account the encoder’s resolution and random noise), and
checking that the identification process converged to the

Table 3 Joint coordinates θ i and corresponding matrix � i of the different calibration points

θ1 θ2 θ3 θ4 θ5 θ6 �iθ6
�id6

�iθ5
�iθ4

�ia3
�id4

�ia2
�iθ3

�iθ2
�ia1

Step 1: identification of δθ6

0 −90 210 −90 −26 −180 −1.07 0 0 0 0 0 0 0 0 0

0 −90 210 −90 −26 −170 −1.08 0 0 0 0 0 0 0 0 0

0 −90 210 −90 −26 −190 −1.07 0 0 0 0 0 0 0 0 0

0 −90 210 −90 26 0 1.07 0 0 0 0 0 0 0 0 0

0 −90 210 −90 26 10 1.07 0 0 0 0 0 0 0 0 0

0 −90 210 −90 26 −10 1.08 0 0 0 0 0 0 0 0 0

Step 2: identification of δd6

0 −90 210 −90 −90 −90 0 1.41 0 0 0 0 0 0 0 0

0 −90 210 −90 −90 −85 0.03 1.41 0 0 0 0 0 0 0 0

0 −90 210 −90 −90 −95 −0.03 1.41 0 0 0 0 0 0 0 0

0 −90 210 −90 90 −90 0 1.41 0 0 0 0 0 0 0 0

0 −90 210 −90 90 −85 0.03 1.41 0 0 0 0 0 0 0 0

0 −90 210 −90 90 −95 −0.03 1.41 0 0 0 0 0 0 0 0

Step 3: identification of δθ5

0 −90 210 −135 10 −90 0.09 0.17 0.2 0 0 0 0 0 0 0

0 −90 210 −135 −5 −90 0.1 −0.08 −0.22 0 0 0 0 0 0 0

0 −90 210 45 0 −270 0 0 −4.19 0 0 0 0 0 0 0

0 −90 210 45 10 −270 0.29 −0.13 −3.9 0 0 0 0 0 0 0

0 −90 210 45 −5 −270 −0.06 0.08 −4.17 0 0 0 0 0 0 0

0 −90 210 −45 −5 −90 0.06 0.08 −0.13 0 0 0 0 0 0 0

0 −90 210 −45 10 −90 −0.29 −0.13 0.62 0 0 0 0 0 0 0

0 −90 210 135 0 −270 0 0 4.19 0 0 0 0 0 0 0

0 −90 210 135 −5 −270 −0.1 −0.08 4.15 0 0 0 0 0 0 0

0 −90 210 135 10 −270 0.09 0.17 4.13 0 0 0 0 0 0 0
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Table 3 continued

θ1 θ2 θ3 θ4 θ5 θ6 �iθ6
�id6

�iθ5
�iθ4

�ia3
�id4

�ia2
�iθ3

�iθ2
�ia1

Step 4: identification of δθ4

0 −90 206 0 45 −90 −1.3 0.18 2.82 0.43 −0.04 0 0 0 0 0

0 −90 206 10 45 −90 −1.29 0.17 2.8 0.46 −0.03 0.01 0 0 0 0

0 −90 206 −10 45 −90 −1.29 0.22 2.81 0.38 −0.05 −0.01 0 0 0 0

0 −90 239.93 0 −78.93 −90 −0.46 0.18 0.99 −3.04 0.27 0.08 0 0 0 0

0 −90 239.93 10 −78.93 −90 −0.16 0.21 0.34 −2.62 0.36 0.03 0 0 0 0

0 −90 239.93 −10 −78.93 −90 −0.58 0.22 1.26 −3.15 0.22 0.13 0 0 0 0

0 −90 239.93 0 −78.93 90 0.46 0.18 −2.81 3.04 0.27 0.08 0 0 0 0

0 −90 239.93 10 −78.93 90 0.58 0.22 −2.67 3.15 0.22 0.13 0 0 0 0

0 −90 239.93 −10 −78.93 90 0.16 0.21 −2.93 2.26 0.36 0.03 0 0 0 0

0 −90 206 0 45 90 0.13 0.18 −0.97 −0.43 −0.04 0 0 0 0 0

0 −90 206 10 45 90 0.29 0.22 −0.49 −0.38 −0.05 −0.01 0 0 0 0

0 −90 206 −10 45 90 0.29 0.17 −1.19 −0.46 −0.03 0.01 0 0 0 0

Step 5: identification of δa3

0 −90 230 −65 −80 0 −1.15 1.15 0.19 −1.72 0.25 0 0 0 0 0

0 −90 230 −60 −80 0 −1.13 1.13 0.1 −1.69 0.26 −0.02 0 0 0 0

0 −90 230 −70 −80 0 −1.16 1.17 0.26 −1.73 0.25 0.02 0 0 0 0

0 −90 230 65 −80 0 1.15 1.15 −2.92 1.72 0.25 0 0 0 0 0

0 −90 230 70 −80 0 1.16 1.17 −2.88 1.73 0.25 0.02 0 0 0 0

0 −90 230 60 −80 0 1.13 1.13 −2.96 1.69 0.26 −0.02 0 0 0 0

Step 6: identification of δd4

0 −90 130 −90 0 −90 0 1.28 0 0 −0.09 1.28 0 0 0 0

0 −90 135 −90 0 −90 0 1.21 0 0 −0.09 1.21 0 0 0 0

0 −90 140 −90 0 −90 0 1.14 0 0 −0.08 1.14 0 0 0 0

0 −90 125 −90 0 −90 0 1.35 0 0 −0.1 1.35 0 0 0 0

0 −90 120 −90 0 −90 0 1.41 0 0 −0.1 1.41 0 0 0 0

0 −90 150 −90 0 −90 0 1.0 0 0 −0.07 1.0 0 0 0 0

Step 7: identification of δa2

0 −110 230 −90 0 −90 0 0 0 0 0 0 0.35 0 0 0

0 −110 235 −90 0 −90 0 0 0 0 0 0 0.43 0 0 0

0 −110 240 −90 0 −90 0 0 0 0 0 0 0.52 0 0 0

0 −110 245 −90 0 −90 0 0 0 0 0 0 0.6 0 0 0

0 −110 250 −90 0 −90 0 0 0 0 0 0 0.68 0 0 0

0 −110 255 −90 0 −90 0 0 0 0 0 0 0.77 0 0 0

Step 8: identification of δθ3

0 −110 175 −90 0 −90 0 0.88 0 0 −0.28 0.88 0.03 −1.63 0 0

0 −110 180 −90 0 −90 0 0.8 0 0 −0.28 0.8 0.02 −1.63 0 0

0 −110 185 −90 0 −90 0 0.72 0 0 −0.27 0.72 0.02 −1.63 0 0

0 −120 190 −90 0 −90 0 0.76 0 0 −0.38 0.76 0.06 −2.42 0 0

0 −120 195 −90 0 −90 0 0.67 0 0 −0.37 0.67 0.06 −2.42 0 0

0 −120 185 −90 0 −90 0 0.84 0 0 −0.39 0.84 0.06 −2.42 0 0

Step 9: identification of δθ2

−20 −95 210 −90 −90 0 0.39 0.8 −1.93 0.95 −0.08 0.04 0.05 0.02 0.39 0.01

−20 −90 210 −90 −90 0 0.36 0.77 −2.06 0.85 −0.01 0.01 0 0.34 0.41 0.01

−20 −85 210 −90 −90 0 0.32 0.74 −2.21 0.72 0.07 −0.01 −0.05 0.63 0.42 0.02
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Table 3 continued

θ1 θ2 θ3 θ4 θ5 θ6 �iθ6
�id6

�iθ5
�iθ4

�ia3
�id4

�ia2
�iθ3

�iθ2
�ia1

−20 0 15 −90 −90 0 0.71 0.77 1.49 1.62 −0.31 1.55 −1.38 1.65 0.41 0.01

−20 −5 15 −90 −90 0 0.65 0.79 1.66 1.52 −0.3 1.6 −1.31 1.67 0.4 0

−20 5 15 −90 −90 0 0.78 0.74 1.29 1.73 −0.33 1.5 −1.43 1.58 0.43 0.02

Step 10: identification of δa1

−160 −125 5 −90 −90 0 0.97 0.54 −2.14 1.85 −1.44 −0.01 −0.49 −8.99 −1.68 1.89

−160 −120 5 −90 −90 0 0.8 0.63 −2.48 1.47 −1.17 −0.06 −0.47 −7.72 0.46 1.94

−160 −115 5 −90 −90 0 0.6 0.71 −2.73 1.03 −0.86 −0.09 −0.42 −6.22 2.58 1.97

−160 −110 5 −90 −90 0 0.39 0.77 −2.85 0.58 −0.55 −0.09 −0.34 −4.62 4.49 1.96

−160 −105 5 −90 −90 0 0.19 0.81 −2.88 0.14 −0.25 −0.06 −0.26 −3.08 6.08 1.92

perturbed values. This stepwas necessary not only to validate
the proposed approachbut also because, for someparameters,
we could not find pointswhere�it = 0 (∀ t �= j)was exactly
zero. For example, from Table 3 it can be seen that the dis-
tance error at the calibration points used for the identification
of δθ4 also depends slightly on δa3 and δd4 (both of which
will be identified after δθ4). Similarly, the distance error at the
calibration points used for the identification of δa3 depends
slightly on δd4 (which is identified in the following step).
Nonetheless, simulations carried out with different values of
the error parameters showed that the identification process
converged to the correct values.

3.5 Experimental setup of the calibration procedure

Given the effects of temperature changes on the geometri-
cal properties of the manipulator, all tests were performed
while monitoring both the room temperature and the tem-
perature of the motor driving circuits. In fact, experimental
tests only started when the motor amplifier temperature sta-
bilized to its steady state value after the initial transient that
starts when enabling robot power. More in detail, the room
temperature was kept constant at 25◦, while the tempera-
ture of the motor driving circuits stabilized between 57◦ and
59◦. The kinematic calibration of the Adept Viper S650 was
then carried out following the proposed step-by-step proce-
dure (described in the flowchart in Fig. 2), moving the robot
through the sets of calibration points reported in Table 3.
More in detail, at the beginning of each step of the proce-
dure, the robot was moved to the configuration specified by
the joint coordinates θ0: at each step we checked whether the
measured distance was still zero, to ensure that the encoder
wasworking properly and nowire deformation occurred. The
robot was then moved to the set of calibration points; at each
calibration point, we waited three seconds before recording
the wire length, to allow any dynamic oscillations to subside.
In addition, moving the robot between a set of calibration
points without twisting the wire required the definition of a

number of intermediate path points (via points). Finally, once
the calibration procedure ended and we estimated all error
parameters, we implemented error compensation by modify-
ing the nominal parameters embedded in the robot controller.

Figure 3 shows the manipulator during the calibration
procedure in the configuration described by θ0 (where the
encoder is mounted so that the measured distance is zero)
and in a generic configuration θ i .

3.6 Validation procedure

Validation is often carried out using the same end-effector
and measurement system used to acquire measurement data
for calibration: this could produce biased results and an over-
estimation of the resulting accuracy after calibration. For this
reason,we carried out the validation of our kinematic calibra-
tion procedure following two different approaches: the first
uses the draw-wire encoder, while the second uses a touch
probe and a granite surface plate.

3.6.1 Validation procedure using the draw-wire encoder

When moving a robot within its workspace, the target pose
can be specified in the Cartesian space (i.e., with respect to
a reference frame) or in the joint space (i.e., specifying each
joint variable). If a pose in the robot’s workspace is specified
in the Cartesian space, the controller of the robot com-
putes the joint angles necessary to reach that pose through
the inverse kinematics. For a specific pose in the robot’s
workspace, there could be multiple solutions to the inverse
kinematics and they are usually referred to as robot configura-
tions [50]. For a 6DOFanthropomorphic armwith a spherical
wrist, the same pose can be reached with up to 8 different
configurations. In particular, there are two possible solutions
for θ1 (typically referred to as “righty” or “lefty”), two pos-
sible solutions for θ3 (“elbow above” or “elbow below”) and
two possible solutions for θ4 (“nonflip” or “flip”). Given a
well-calibrated robot, if the configuration of the manipulator
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Fig. 3 Experimental setup
during the calibration
procedure: system at the
configuration specified by the
joint coordinates θ0 (left) and at
the i th calibration configuration,
specified by the joint
coordinates θi (right)

is changed while the commanded pose remains the same, the
Cartesian coordinates should remain unchanged, as well as
the distance between the end-effector and a fixed location.
Therefore, the variation of this distance can bemeasuredwith
the draw encoder and used as a metric to evaluate the robot’s
accuracy.

To assess the robot’s accuracy before and after calibra-
tion, we first placed the draw-wire encoder outside of the
manipulator’s workspace, in order not to hinder the robot’s
movements. We then moved the robot through a set of 50 dif-
ferent poses within the entire robot’s workspace, and at each
pose the robot’s configuration was changed between “elbow
above”/“elbow below” and “nonflip/flip” (four possible com-
binations). At each robot pose and configuration, the distance
measured by the draw-wire encoder was recorded. The dis-
tances corresponding to the same end-effector pose were
compared, and the maximum discrepancy between themwas
used as a performance metric.

3.6.2 Validation procedure using a touch probe
and a granite surface plate

To evaluate the accuracy of the robot before and after calibra-
tion,we also used a touchprobemounted on the robot’s flange
and a granite surface plate placed on the table on which the
robot stands. The faces of a granite surface plate aremachined
with a strict flatness tolerance: all points on the faces lie on
the same plane following the planar equation

zi = axi + byi + c, (23)

where a, b and c are the constant coefficients that characterize
the plane. By using a touch probe, we can move the robot’s
end-effector until it touches the plate and record the cor-
responding end-effector coordinates computed by the robot
controller. When a suitable number of data points have been

acquired, we can perform the best surface fit in the least-
squares sense. The fit of the plane (i.e., the values of the
residuals) reflects the accuracy of the robot itself. In fact,
this quantity has been effectively used as a cost function for
robot calibration in [31]; here, we only use it to assess the
robot’s accuracy before and after calibration. For this pur-
pose, the recorded coordinates of acquisition points can be
grouped in the following column vectors

X =
⎡
⎢⎣
x1
...

xn

⎤
⎥⎦ Y =

⎡
⎢⎣
y1
...

yn

⎤
⎥⎦ Z =

⎡
⎢⎣
z1
...

zn

⎤
⎥⎦ , (24)

and Eq. 23 can be rewritten in matrix form as

Z = aX + bY + c. (25)

This is an overconstrained linear system: the coefficients a, b
and c can be calculated by least linear squares using Moore-
Penrose pseudoinverse. Let us first define

ϒ = [X Y 1], (26)

where 1 is an all-ones column vector of size n. Then, we can
approximately solve for the coefficients as

⎡
⎣
a
b
c

⎤
⎦ = (ϒTϒ)−1ϒT Z. (27)

For each data acquisition point, the residual from fitting the
plane can be calculated as

�i = axi + byi + c − zi , (28)
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Fig. 4 Experimental setup
during the first validation
procedure, where the robot is
moved through a set of poses in
the workspace, changing its
configuration: “above” and
“noflip” (left), “below” and
“flip” (right)

and this quantity can be used as a performance metric to
evaluate the robot’s accuracy before and after calibration
(Figs. 4 and 5).

To carry out this validation procedure, we used a 3D touch
probe directly connected to the robot controller; its specifi-
cations are a resolution of 1mm and a maximum error of
4mm. The granite surface plate that we used is machined
with grade 0 accuracy according to the DIN 876 standard
and has a flatness tolerance of 6mm; its dimensions are 400

Fig. 5 Experimental setup during the second validation procedure:
the touch probe detects the contact with the granite surface plate (the
LED light turns red) and the corresponding end-effector coordinates are
recorded

x 250 x 70mm. To acquire the end-effector coordinates of
points that lie on the surface plate, we defined a 19 × 11
grid, for a total of 209 acquisition points. The robot was first
moved above each acquisition point and then moved along
the z direction until the touch probe detected a contact and
the end-effector coordinates were recorded.

4 Results

4.1 Kinematic calibration results

The kinematic calibration procedure described in Sect. 3.5
was fully automated and took approximately 45min to per-
form. The estimated error parameters are reported in Table 4.
The identified joint offset values appear significantly higher
than the geometric parameter offset values: this suggests that
most of the robot’s inaccuracy before calibration is due to
incorrect offset values used to describe the manipulator’s
home position.

Table 4 Kinematic calibration results

Parameter Nominal value Estimated offset value

θ2 (◦) 0.000 0.675

θ3 (◦) 0.000 −0.485

θ4 (◦) 0.000 0.245

θ5 (◦) 0.000 −0.575

θ6 (◦) 0.000 −1.215

a1 (mm) 75.000 −0.005

a2 (mm) 270.000 0.105

a3 (mm) −90.000 0.025

d4 (mm) 295.000 −0.105

d6 (mm) 80.000 0.115
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Fig. 6 Maximum discrepancy
among the recorded distances at
the same end-effector pose but
different configurations,
observed in 50 different poses
within the robot’s workspace,
before and after calibration

4.2 Validation results

4.2.1 Validation using the draw-wire encoder

The validation procedure described in Sect. 3.6.1 was car-
ried out before and after calibration: its results are reported
in Fig. 6 in the form of a histogram. Before calibration, the
discrepancy among the recorded distances (at the same end-
effector pose but different configuration) assumes values in
the order of some millimeters and presents a high variabil-
ity between measurements taken in different poses within
the robot’s workspace. After calibration, the discrepancy
assumes values in the order of tenths of millimeters and the
variation between different measures is rather small. In fact,
after calibration, themeanvalue of themaximumdiscrepancy

is reduced by 84% while the standard deviation is reduced
by 77%.

4.2.2 Validation using the touch probe and granite surface
plate

The second validation procedure, described in Sect. 3.6.2,
was carried out before and after calibration: its results are
presented in Fig. 7 in the form of a histogram. Figure 7 shows
that the residuals of the plane fit are greatly reduced after cal-
ibration: before calibration, the residuals are below 0.32mm,
while the maximum deviation obtained after calibration is
less than 0.05 mm. In particular, after calibration the mean
value of the residuals is decreased by 77%while the standard
deviation is decreased by 80%.

Fig. 7 Residuals of the plane fit
given a set of 209 points that lies
on granite surface plate, before
and after calibration
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5 Discussion

The results of the two different validation procedures showed
a clear improvement in the robot accuracy after calibra-
tion, proving the effectiveness of the proposed step-by-step
calibration procedure. More in detail, after calibration, the
maximum discrepancy among the recorded distances in the
same end-effector pose but with different configurations
decreased from 3.3mm to 0.8mm. A similar performance
metric was used in [40], where distances corresponding to
the same end-effector pose but different orientations were
recorded and compared: if this deviation is below 2mm, it
is safe to assume that the robot is fairly well calibrated for
most applications [40]. Since changing the robot configu-
ration while keeping its end-effector pose constant requires
a greater movement of the joints than changing its orienta-
tion, we can assume that our robot is well calibrated (while
before calibration it was not). On the other hand, we cannot
compare the results of the second validation procedure with
other works, as in [31] the plane fit was used as a cost func-
tion during calibration, but validation was carried out using
a CMM.

The proposed calibration approach offers several advan-
tages over standard calibration approaches. First, measure-
ment data for the calibration of robots are typically obtained
through laser trackers because of their high accuracy. How-
ever, they are very expensive, require special training to
use, and their calibration is time consuming. Using a sin-
gle draw-wire encoder, which is much less expensive than
laser trackers, reduces the cost of calibration while effec-
tively improving the robot’s positioning accuracy. However,
since we did not repeat the calibration procedure using laser
trackers, it is impossible to claim with certainty that our pro-
cedure produces the same (or better) resulting accuracy after
calibration. In addition, using standard approaches and mea-
surement systems, the coordinates of the robot’s end-effector
are acquired in the coordinate system of the instrument and
have to be transformed into the base coordinate system of the
robot. This transformation typically requires the estimation
of six additional parameters, increasing the computational
burden of the identification process and potentially introduc-
ing errors that could propagate to thefinal results. Conversely,
our approach does not require the explicit knowledge of a
reference frame and identification of additional parameters,
making calibration more robust.

Our work also differs significantly from previous studies
that used a single draw-wire encoder [40–45]. By addressing
two aspects that were not addressed in previous works— the
optimal encoder location and set of calibration points — we
found that it is possible to define a set of calibration points
for each unknown parameter: in these points, the difference
between measured and predicted distance depends only on
that parameter. As a result, we proposed a step-by-step cal-

ibration procedure where the parameters are subsequently
identified, one at a time: each parameter is estimated faster
and more accurately than with standard approaches. Follow-
ing standard robot calibration procedures, the robot is moved
to a number of calibration points where the measured error
depends on all of the unknown error parameters; the error
parameters are then estimated simultaneously and often with
complex optimization algorithms (which cannot be imple-
mented directly into the robot controllers due to their limited
computational power). However, the optimization algorithm
may converge to a set of error values that minimize the
cost function but do not represent the actual error parameter
values. Following the proposed procedure, only one of the
unknown parameters is estimated at a time, and fewer mea-
surements are processed at the same time: the identification
process is more robust and, since it does not require com-
plex optimization algorithms, it can be implemented directly
into the robot controller, without the need for extra hard-
ware to process the data. This is particularly advantageous in
industrial environments where computing platforms such as
Matlab may not be available.

Nevertheless, the proposed calibration procedure has
some potential limitations. The analytical approach used to
find the sets of calibration points is based on the lineariza-
tion of direct kinematics, which is effective only if the errors
between actual and nominal parameters are relatively small.
However, this may not be the case when calibration is per-
formed after mechanical parts or batteries are replaced: in
these instances a coarse calibration should be performed first.
In addition, our calibration approach does not allow to find
the error related to the first joint angle.

Future studies should aim to compare the resulting accu-
racy after calibration obtained by the proposed step-by-step
procedure with that obtained using standard optimization
algorithms and more expensive measurement systems, such
as laser trackers. In addition, a higher quality displacement
sensor should be considered, in order to evaluate the peak
performance of the presented calibration procedure.

6 Conclusions

In this paper, we presented a cost-effective and practical step-
by-step kinematic calibration procedure for industrial robots
using 1D measurement data obtained through a single draw-
wire encoder. The heart of our approach lies in the proper
choice of encoder location and calibration points. In par-
ticular, we positioned the draw-wire encoder in a location
specified in the joint space and developed a novel analytical
approach to find different sets of calibration points where
the distance error depends only on one of the unknown
error parameters. As a result, we proposed a step-by-step
calibration procedure through which each error parameter
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is subsequently identified: this improves the identification
accuracy while reducing the computational burden of the
identification process. In fact, since our calibration proce-
dure does not require complex optimization algorithms, it
can be implemented directly into the robot controllers with-
out the need for extra hardware to process measurement
data. Numerical simulations and calibration experiments on
a 6 DOF anthropomorphic arm proved the effectiveness and
robustness of the proposed method, which represents a cost-
effective and computationally less demanding alternative to
standard calibration approaches.

Appendix A: Proof of the proposed analytical
approach

The proposed approach to find different sets of calibra-
tion points that only depend on one unknown parameter is
here demonstrated in the case of a 2 degrees-of-freedom
planar arm, depicted in Fig. 8. In this case, the joint coor-
dinates are θ = [θ1, θ2] while the geometric parameters are
the link lengths p = [l1, l2]. Without loss of generality, we
assume that we only wish to estimate the joint offset: there-
fore we define e = [θ1, θ2] and δe = [δθ1, δθ2]. During the
calibrationprocedure, the planar arm isfirstmoved to the con-
figuration specified by the joint coordinates θ0 = [θ10 , θ20 ]
and the encoder is mounted so that the two tips touch when
the robot is in this configuration (i.e., the measured distance
is null). The planar arm is then moved through a set of N
calibration points. Let us consider the i th calibration point,

Fig. 8 Planar 2 degrees-of-freedom arm

specified by the joint coordinates θ i = [θ1i , θ2i ] as depicted
in Fig. 8. The predicted distance can be easily calculated as

di =
√

�x2i−0 + �y2i−0 =
√

(xi − x0)2 + (yi − y0)2. (A1)

This quantity is compared with the distance d̃i measured by
the draw-wire encoder and the discrepancybetween the two is
used as a cost function. The coordinates of the i th calibration
point can be computed through the direct kinematics

{
xi = fx (θ i , pn)

yi = fy(θ i , pn)
, (A2)

where pn are the nominal geometric parameters (i.e., nom-
inal link lengths). Since the fixed location of the encoder is
specified by the joint coordinates θ0, the coordinates of the
encoder location can also be computed through the direct
kinematics:
{
x0 = fx (θ0, pn)

y0 = fy(θ0, pn)
. (A3)

However, the joint coordinates are affected by errors: these
errors influence both the coordinates of the i th calibration
point and the encoder coordinates. To evaluate the contribu-
tion of the errors on θ1 and θ2 on the i th calibration point and
encoder coordinates, Eqs. A2 and A3 can be expressed as a
Taylor expansions truncated at the first order:

⎧
⎪⎨
⎪⎩

xi = fx (θ i , pn) + ∂ fx (θ , p)
∂θ1

∣∣∣ θ=θ i
p= pn

δθ1 + ∂ fx (θ , p)
∂θ2

∣∣∣ θ=θ i
p= pn

δθ2

yi = fy(θ i , pn) + ∂ fy(θ , p)
∂θ1

∣∣∣ θ=θ i
p= pn

δθ1 + ∂ fy(θ , p)
∂θ2

∣∣∣ θ=θ i
p= pn

δθ2

(A4)

⎧
⎪⎨
⎪⎩

x0= fx (θ0, pn)+ ∂ fx (θ , p)
∂θ1

∣∣∣ θ=θ0
p= pn

δθ1 + ∂ fx (θ , p)
∂θ2

∣∣∣ θ=θ0
p= pn

δθ2

y0= fy(θ0, pn)+ ∂ fy(θ , p)
∂θ1

∣∣∣ θ=θ0
p= pn

δθ1 + ∂ fy(θ , p)
∂θ2

∣∣∣ θ=θ0
p= pn

δθ2
.

(A5)

To simplify the notation, let us call (xi,th, yi,th) =
( fx (θ i , pn), fy(θ i , pn)) and (x0,th, y0,th) = ( fx (θ0, pn),
fy(θ0, pn)) the theoretical coordinates of the two points (i.e.,
evaluated with nominal values of the parameters). Let us also
define�xi−0,th = xi,th − x0,th ,�yi−0,th = yi,th − y0,th and
the three following matrices:

�i =
[

∂ fx/∂e
∂ fy/∂e

]
θ=θ i
p= pn

=
[

∂ fx (θ , p)
∂θ1

∂ fx (θ , p)
∂θ2

∂ fy(θ , p)
∂θ1

∂ fy(θ , p)
∂θ2

]

θ=θ i
p= pn
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=
[

	i11 	i12
	i21 	i22

]
(A6)

�0 =
[

∂ fx/∂e
∂ fy/∂e

]
θ=θ0
p= pn

=
[

∂ fx (θ , p)
∂θ1

∂ fx (θ , p)
∂θ2

∂ fy(θ , p)
∂θ1

∂ fy(θ , p)
∂θ2

]

θ=θ0
p= pn

=
[

	011 	012
	021 	022

]
(A7)

�i−0 = �i − �0. (A8)

With these definitions, Eqs. A4 and A5 can be rewritten
as follows:
{
xi = xi,th + 	i11δθ1 + 	i12δθ2

yi = yi,th + 	i21δθ1 + 	i22δθ2
(A9)

{
x0 = x0,th + 	011δθ1 + 	012δθ2

y0 = y0,th + 	021δθ1 + 	022δθ2
. (A10)

The two quantities �xi−0 and �yi−0 in Eq. A1 can be
expressed as:

{
�xi−0=�xi−0,th+(	i11−	011)δθ1+(	i12 −	012)δθ2

�yi−0=�yi−0,th+(	i21−	021)δθ1+(	i22 +	022)δθ2
.

(A11)

The partial Jacobians that appear subtracted from each other
can be rewritten as a single matrix. The previous expression
can be rewritten as:
{

�xi−0 = �xi−0,th + 	i−011δθ1 + 	i−012δθ2

�yi−0 = �yi−0,th + 	i−021δθ1 + 	i−022δθ2
. (A12)

Those two quantities appear squared when computing the
predicted distance di between the robot’s end-effector and
the encoder. Neglecting the infinitesimal of higher order, we
obtain

{
�x2i−0=�x2i−0,th+2�xi−0,th(	i−011δθ1+	i−012δθ2)

�y2i−0=�y2i−0,th+2�yi−0,th(	i−021δθ1+	i−022δθ2)
.

(A13)

In Eq. A1, �x2i−0 and �y2i−0 are then summed to obtain di ,
which can be rewritten as

di =
√

�x2i−0,th + �y2i−0,th + δdi,δθ1 + δdi,δθ2 , (A14)

where δdi,δθ1 and δdi,δθ2 are the errors in the predicted dis-
tance due to the discrepancy between the nominal and actual
values of θ1 and θ2. These two quantities can be computed
as

δdi,δθ1 = 2(�xi−0,th	i−011 + �yi−0,th	i−021)δθ1 (A15)

δdi,δθ2 = 2(�xi−0,th	i−011 + �yi−0,th	i−021)δθ2. (A16)

By observing Eqs. A15 and A16, it becomes clear that
the contribution of the error parameters on the predicted
distance may also become null. For instance, if the term
(�xi−0,th	i−011 + �yi−0,th	i−021) in Eq. A15 is null, an
error on θ1 does not influence the distance di : in this case, at
the i th calibration point, the quantity di − d̃i depends only
on the error on θ2. Equations A15 and A16 can be rewritten
in matrix form:

δdi,δθ1 = 2[�xi−0,th �yi−0,th]�i−01δθ1 (A17)

δdi,δθ2 = 2[�xi−0,th �yi−0,th]�i−02δθ2, (A18)

where �i−01 and �i−02 are the first and second column of
matrix �i−0. In both cases, the first row is multiplied by
�xi−0,th and the second row is multiplied by �yi−0,th . Let
us define the vector

ν i = [�xi−0,th �yi−0,th], (A19)

and the corresponding unit vector ν̂i , representing the theo-
retical direction of the wire

ν̂i = ν i

‖ν i‖ . (A20)

Equations A17 and A18 can be rewritten as

δdi,δθ1 = 2‖ν i‖〈�i−01, ν̂ i 〉δθ1 = 2‖ν i‖�i1δθ1 (A21)

δdi,δθ2 = 2‖ν i‖〈�i−02 , ν̂ i 〉δθ2 = 2‖ν i‖�i2δθ1. (A22)

The two scalars �i1 and �i2 , when compared, quantify the
reciprocal influence of δθ1 and δθ2 on the distance di . They
can also be grouped into a single matrix:

� i = [�i1 �i2 ], (A23)

which is the same matrix as in Eq. 15, obtained in the case of
a 2 degrees-of-freedom arm where the only unknown error
parameters are the joint offsets. This demonstrates the valid-
ity of our approach, which can be extended to manipulators
with higher degrees of freedom and with more unknown
parameters.
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