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EQUIVALENCE OF SOME HOMOLOGICAL CONDITIONS FOR

RING EPIMORPHISMS

ALBERTO FACCHINI AND ZAHRA NAZEMIAN

Abstract. Let R be a right and left Ore ring, S its set of regular elements
and Q = R[S−1] = [S−1]R the classical ring of quotients of R. We prove that
if F.dim(QQ) = 0, then the following conditions are equivalent: (i) Flat right
R-modules are strongly flat. (ii) Matlis-cotorsion right R-modules are Enochs-
cotorsion. (iii) h-divisible right R-modules are weak-injective. (iv) Homomor-
phic images of weak-injective right R-modules are weak-injective. (v) Homo-
morphic images of injective right R-modules are weak-injective. (vi) Right
R-modules of weak dimension ≤ 1 are of projective dimension ≤ 1. (vii) The
cotorsion pairs (P1,D) and (F1,WI) coincide. (viii) Divisible rightR-modules
are weak-injective. This extends a result by Fuchs and Salce (2017) for modules
over a commutative ring R.

1. Introduction

In [11], Fuchs and Salce proved the equivalence of nine conditions for mod-
ules over commutative rings R with perfect ring of quotients Q. The aim of this
paper is to show that the equivalence of seven of their conditions also holds for
noncommutative right and left Ore rings R for which F. dim(QQ) = 0. Here
Q = R[S−1] = [S−1]R, where S is the set of regular elements of R. Notice that a
commutative ring Q is perfect if and only if F. dim(QQ) = 0 [3, pp. 466–468]. Thus
this paper is a genuine extension of part of the results by Fuchs and Salce.

The history of this line of research begins in the theory of abelian groups. The
term cotorsion first appears in Harrison [15], who defined cotorsion abelian groups
as those reduced groups G for which every short exact sequence 0 → G → A →
B → 0 with B torsion-free splits, that is, the reduced abelian groups G for which
Ext(B,G) = 0 for every torsion-free abelian group B. The theory of cotorsion
abelian groups was then extended to modules over commutative rings R by Matlis
[17, 18, 19]. As Matlis says in [18, Introduction, p. 3]: “Without doubt there are
no ideas in the general theory of integral domains which are more fundamental in
nature than those of cotorsion modules and completions as well as the relations
between them.” Matlis’ results were soon extended to the case of noncommutative
rings R, for instance in the works by Sandomierski [22], who obtained very elegant
results in the case of rings R with a semisimple maximal quotient ring Q. Cotorsion
theory then received a great impulse with the proof of the so called ”flat cover
conjecture”: every module has a flat cover. This had been conjectured by Enochs
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2 ALBERTO FACCHINI AND ZAHRA NAZEMIAN

[8], and proved with two different solutions by Bican, El Bashir and Enochs [4].
One proof is an application of a theorem of Eklof and Trlifaj [7] that guarantees
the existence of “enough projectives and injectives” for suitable cotorsion theories.

Fuchs and Salce [11, Theorem 7.1] proved that if R is an order in a commutative
perfect ring Q, then the following conditions are equivalent:

(i) R is an almost perfect ring.
(ii) Flat R-modules are strongly flat.
(iii) Matlis-cotorsion R-modules are Enochs-cotorsion.
(iv) R-modules of w.d.≤ 1 are of p.d.≤ 1.
(v) The cotorsion pairs (P1,D) and (F1,WI) are equal.
(vi) Divisible R-modules are weak-injective.
(vii) h-divisible R-modules are weak-injective.
(viii) Homomorphic images of weak-injective R-modules are weak-injective.
(ix) R is h-local and Q/R is semi-artinian.

Here P1 and F1 denote the classes of all R-modules of projective dimension ≤ 1,
of weak dimension ≤ 1 respectively.

We prove that if R is a right and left Ore ring and F. dim(QQ) = 0, where
Q = R[S−1] = [S−1]R, then the following conditions are equivalent:

(i) Flat right R-modules are strongly flat.
(ii) Matlis-cotorsion right R-modules are Enochs-cotorsion.
(iii) h-divisible right R-modules are weak-injective.
(iv) Homomorphic images of weak-injective right R-modules are weak-injective.
(v) Homomorphic images of injective right R-modules are weak-injective.
(vi) Right R-modules of w. d. ≤ 1 are of p. d. ≤ 1.
(vii) The cotorsion pairs (P1,D) and (F1,WI) coincide.
(viii) Divisible right R-modules are weak-injective.

Our results in this paper are organized in sections with an increasing number of
hypotheses on the extension of rings R ⊆ Q. In Section 2, we assume that the inclu-
sion R → Q be an epimorphism in the category of rings and that TorR1 (Q,Q) = 0.

In Section 3, the assumption TorR1 (Q,Q) = 0 is replaced by the stronger assump-
tion that RQ be a flat left R-module. In Section 4, we consider the case where the
Gabriel topology F consisting of all right ideals I of R with IQ = Q has a basis of
principal right ideals. In Section 5, we consider the case of rings R for which the
set S of all their regular elements is both a right denominator set and a left denom-
inator set (right and left Ore ring), and we assume that Q = R[S−1] = [S−1]R (the
classical right and left ring of quotients of R) and that F. dim(QQ) = 0. Under these
hypotheses, we prove the equivalence of seven of the nine conditions considered by
Fuchs and Salce in [11].

As far as notation and terminology are concerned, for a ring Q, F. dim(QQ) = 0
means that every right R-module has projective dimension 0 or ∞. For a ring Q,
F. dim(QQ) = 0 if and only if R is right perfect and every simple right R-module is
a homomorphic image of an injective module [3, Theorem 6.3]. For a commutative
ring Q, F. dim(Q) = 0 if and only if R is perfect. A right and left Ore ring is a ring
R such that, for all elements x, y ∈ R with x regular, there exist elements u, v, u, v′

with v and v′ regular, ux = vy and xu′ = yv′. If S denotes the set of all regular
elements of R, the condition “R is a right and left Ore ring” is equivalent to the
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existence of both classical rings of quotients R[S−1] and [S−1]R. In this case, they
necessarily coincide.

2. Bimorphisms R → Q and the condition TorR1 (Q,Q) = 0

In this section, R and Q are rings, ϕ : R → Q is a bimorphism in the category of
rings, that is, ϕ is both a monomorphism and an epimorphism, and TorR1 (Q,Q) = 0.
Set K := Q/ϕ(R). Then the pair (Q,ϕ) has the following properties:

(1) The mapping ϕ is injective, and is a ring morphism, so that R can be viewed
as a subring of Q via ϕ. We will always identify via ϕ the isomorphic rings
R and ϕ(R), so that ϕ will be always seen as an inclusion.

(2) ϕ is an epimorphism in the category of associative rings, that is, if, for
every pair of morphisms of rings ψ, ω : Q→ Q′, ψϕ = ωϕ implies ψ = ω.

(3) Hom(MR, NR) = Hom(MQ, NQ) for every pair of right Q-modulesMQ, NQ

[20, Proposition XI.1.2(d)].

(4) TorR1 (MR,RN) ∼= TorQ1 (MQ,QN) for every right Q-module MQ and every
left Q-module QN [23, Theorem 4.8].

(5) Ext1R(MR, NR) ∼= Ext1Q(MQ, NQ) for every pair of rightQ-modulesMQ, NQ

and Ext1R(RM,RN) ∼= Ext1Q(QM,QN) for every pair of left Q-modules

QM,QN [23, Theorem 4.8].
(6) The class of all right R-modules MR with M ⊗R Q = 0 is closed under

homomorphic images, direct sums and extensions, and therefore it is the
torsion class of a torsion theory for Mod-R. We will denote by t(MR) the
torsion submodule of any right R-module MR in this torsion theory. In
all the paper, whenever we say “torsion” or “torsion-free”, we refer to this
torsion theory.

(7) A right R-module MR is a right Q-module MQ if and only if

Ext1R(KR,MR) = 0 and Hom(KR,MR) = 0

([2, Theorem 2.6] and [12, Proposition 4.12]). As a consequence of this, if
a right R-module MR is a right Q-module MQ, then its unique right Q-
module structure is given by the canonical isomorphism Hom(QR,MR) →
MR [2, Remark 2.7].

(8) The R-R-bimodule Q ⊗R Q is isomorphic to the R-R-bimodule Q via the
canonical isomorphism induced by the multiplication · : Q×Q→ Q of the
ring Q [20, Proposition XI.1.2].

(9) Every right Q-module is a torsion-free R-module.
[Proof of (9): LetMQ be a right Q-module. In order to prove thatMR is

torsion-free, we must prove that for every right R-module TR, T ⊗R Q = 0
implies Hom(TR,MR) = 0. SinceMR is a Q-module, Hom(QR,MR) ∼=MR,
as we have remarked in (7). Thus

Hom(TR,MR) ∼= Hom(TR,Hom(QR,MR)) ∼= Hom(T ⊗R Q,MR) = 0.]

(10) K ⊗R Q = 0 and TorR1 (KR,RQ)=0.
[Proof of (10): Consider the short exact sequence of R-R-bimodules

0 → R → Q→ K → 0

and tensor it with the left module RQ, getting the short exact sequence of
abelian groups 0 → TorR1 (KR,RQ) → Q → Q ⊗R Q → K ⊗R Q → 0. The
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central mapping QR → Q ⊗R Q, q 7→ 1 ⊗ q, is clearly a right inverse of
the isomorphism Q ⊗R Q → Q considered in (8). Since any bijection has
a unique right inverse, which is also the left inverse and is a bijection, it
follows that the mapping QR → Q ⊗R Q is a bijection. Hence its kernel
TorR1 (KR,RQ) and cokernel Q⊗R K are both zero.]

Remark 2.1. (a) Notice that our conditions for this section on the extensionR ⊆ Q
are left/right symmetric. Therefore all the definions we give and all the results we
prove in this section about right modules are always true, mutatis mutandis, for
left R-modules as well.

(b) The ring epimorphisms ϕ : R → Q such that TorRn (Q,Q) = 0 for all n ≥ 1
are sometimes called homological ring epimorphisms ([2, Definition 2.3], [12]).

Lemma 2.2. The following conditions are equivalent for a right R-module NR:
(1) Every homomorphism RR → NR extends to a right R-module morphism

Q→ NR.
(2) NR is a homomorphic image of a right Q-module.
(3) NR is a homomorphic image of a direct sum of copies of Q.

Proof. (1) ⇒ (3) The module NR is a homomorphic image of a direct sum

of copies of RR, so that there is an epimorphism π : R
(X)
R → NR. Each restriction

πx : RR → NR extends to a right R-module morphism QR → NR by (1).
(3) ⇒ (2) is trivial.
(2) ⇒ (1) If NR is a homomorphic image of a right Q-module, NR is a homo-

morphic image of a free right Q-module, NR
∼= Q

(X)
R /S say. Every homomorphism

RR → Q
(X)
R /S is left multiplication by an element (qx)x∈X + S of Q

(X)
R /S. Left

multiplication by the element (qx)x∈X is a right Q-module morphism QQ → Q
(X)
R ,

which composed with the canonical projection Q
(X)
R → Q(X)/S ∼= NR yields the

suitable extension Q→ NR. �

We say that a right R-module is h-divisible if it satisfies the equivalent con-
ditions of Lemma 2.2. Clearly, any direct sum of h-divisible right R-modules
is h-divisible, homomorphic images of injective modules are h-divisible, and any
right R-module BR contains a unique largest h-divisible submodule h(BR) that
contains every h-divisible submodule of BR. We will say that BR is h-reduced if
h(BR) = 0 (equivalently, if BR has no nonzero h-divisible submodule, equivalently
if Hom(QR, BR) = 0).

Lemma 2.3. [2, Lemma 3.3] For every right R-module MR, the image of the
canonical morphism Hom(QR,MR) →M is the unique largest h-divisible submodule
h(MR) of MR.

Proposition 2.4. [2, Lemma 3.4]. The following conditions are equivalent:
(1) h(MR/h(MR)) = 0 for every right R-module MR.
(2) For every short exact sequence 0 → AR → BR → CR → 0 of right R-modules,

if AR and CR are h-divisible, then BR is also h-divisible.

Several of our results can be stated in the following terminology and notation,
as in [1, § 8]. Let U denote a class of right R-modules and Gen(U) the class of all
the right modules M generated by U , that is, for which there exist an indexed set
(Uα)α∈A in U and an epimorphism ⊕α∈AUα → M . For any right module M , set
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TrM (U) :=
∑

{ f(U) | f : U → M is a homomorphism for some U ∈ U }. Thus
M ∈ Gen(U) if and only if TrM (U) = M . If U consists of a unique module U , we
will write Gen(U) and TrM (U). Thus “h-divisible” means “generated by QR”, and
we have that TrM (QR) = h(M) for every right R-module M .

Lemma 2.5. Every right R-module generated by KR is torsion and h-divisible.

Proof. The right R-module KR is clearly h-divisible, and is torsion by (10).
Both the classes of h-divisible modules and torsion modules are closed under direct
sums and homomorphic images. Thus every module generated KR is torsion and
h-divisible. �

Proposition 2.6. The right R-module Hom(KR,MR) is torsion-free for every right
R-module MR.

Proof. Apply the functor Hom(−,MR) to the short exact sequence

0 → R → Q→ K → 0

of R-R-bimodules, getting an exact sequence

0 → Hom(KR,MR) → Hom(QR,MR) → Hom(RR,MR)

of right R-modules. Now Hom(QR,MR) is a right Q-module, hence it is a torsion-
free right R-module by (9). In any torsion theory, submodules of torsion-free mod-
ules are torsion-free. Thus the submodule Hom(KR,MR) of the torsion-free right
R-module Hom(QR,MR) is torsion-free. �

A right module MR is Matlis-cotorsion if Ext1R(QR,MR) = 0. By (5), all right
Q-modules are Matlis-cotorsion right R-modules. More generally, let A be a class
of right R-modules. Set ⊥A := {B ∈ Mod-R | Ext1(B,A) = 0 for every A ∈ A}.
Similarly, A⊥ := {B ∈ Mod-R | Ext1(A,B) = 0 for every A ∈ A}. Note that
A ⊆ ⊥(A⊥) and A ⊆ (⊥A)⊥ always.

If the class of A consists of a single element, A say, we will simply write ⊥A and
A⊥. Thus the class of Matlis-cotorsion modules is the class Q⊥.

Theorem 2.7. Let 0 → AR → BR → CR → 0 be a short exact sequence of right
R-modules. Then:

(1) If AR and CR are h-reduced, then BR is also h-reduced.
(2) If AR and CR are Matlis-cotorsion, then BR is also Matlis-cotorsion.
(3) If BR is Matlis-cotorsion h-reduced, then AR is Matlis-cotorsion if and only

if CR is h-reduced.

Proof. Apply the functor Hom(QR,−) : Mod-R → Ab to the given short exact
sequence, getting the corresponding long exact sequence. �

Theorem 2.8. The right R-module Hom(RKR,MR) is Matlis-cotorsion h-reduced
for every right R-module MR.

Proof. We know that there is a canonical isomorphism

Hom(QR,Hom(RKR,MR)) ∼= Hom(Q⊗R K,MR).

Since the hypothesis TorR1 (Q,Q) in this section is left/right symmetric, from (10)
we know that Q ⊗R K = 0, so that Hom(RKR,MR) is h-reduced for every right
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R-module MR. Now let ER be an injective right R-module containing MR and
consider the exact sequence

(1) 0 → Hom(RKR,MR) → Hom(RKR, ER) → Hom(RKR, E/M).

All the three right R-modules in this exact sequence are h-reduced by the first part
of this proof.

Now TorR1 (QR,RK) = 0 by (10). For the module Hom(RKR, ER), we have that

Ext1R(QR,Hom(RKR, ER)) ∼= HomR(Tor
R
1 (QR,RK), ER) [5, Proposition VI.5.1].

It follows that Hom(RKR, ER) is Matlis-cotorsion. Now apply Theorem 2.7(3) to
the exact sequence (1), getting that Hom(RKR,MR) is Matlis-cotorsion as well. �

A cotorsion pair is a pair C = (A,B) of classes of right modules over the ring
R such that A = ⊥B and B = A⊥. The class A is always closed under arbitrary
direct sums and contains all projective right R-modules. Dually, the class B is
closed under direct products and contains all injective right R-modules.

3. Left flat bimorphisms

In this section, R and Q are rings, ϕ : R → Q is a bimorphism in the category
of rings, that is, ϕ is both a monomorphism and an epimorphism, and RQ is a flat
left R-module. For examples of bimorphisms R ⊆ Q with TorR1 (Q,Q) = 0 but QR

not flat, that is, bimorphisms satisfying the hypotheses of Section 2 but not those
of Section 3, see [2, Examples 3.11(1) and 4.17] and Example 5.1. Note that now,
in this section, the conditions on the extension R ⊆ Q are not left/right symmetric
anymore, so that we must now distinguish between the behaviour of right modules
and that of left modules (cf. Remark 2.1).

The pair (Q,ϕ) has the following properties:

(11) The inclusion of R into its maximal right ring of quotients Qmax(R) factors
through the mapping ϕ [20, Theorem XI.4.1].

(12) ϕ : R → Q is the canonical homomorphism of R into its right localiza-
tion RF , where F = { I | I is a right ideal of R and ϕ(I)Q = Q } is a
Gabriel topology consisting of dense right ideals. Moreover, F has a basis
consisting of finitely generated right ideals [20, Theorem XI.2.1 and Propo-
sition XI.3.4].

(13) Every right Q-module is isomorphic to MF
∼= M ⊗R Q for some right

R-module MR [20, Proposition XI.3.4].
(14) The full subcategory of Mod-R whose objects are all F -closed R-modules

(that is, the modules MR such that, for every I ∈ F , every right R-module
morphism I → MR extends to a morphism RR → MR in a unique way) is
equivalent to the category Mod-Q [20, Proposition XI.3.4(a)].

(15) For every right R-module MR, the kernel of the canonical right R-module
morphism MR → M ⊗R Q is the torsion submodule t(MR) of MR [20,
Proposition XI.3.4(f)].

(16) The torsion submodule t(MR) of any right R-module MR is isomorphic to

TorR1 (MR,RK) [20, Proposition XI.1.2(e)].
[Proof of (16): Consider the short exact sequence of R-R-bimodules

0 → R → Q → K → 0 and tensor it with the right module MR, getting
the short exact sequence of right R-modules 0 → TorR1 (MR,RK) →MR →
MR ⊗R Q→MR ⊗R K → 0. Now (16) follows from (15).]
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(17) Every right ideal of Q is extended from a right ideal of R, that is, I =
ϕ−1(I)Q for every right ideal I of Q [16, Proposition 4(ii)].

(18) ExtnR(MR, NR) ∼= ExtnQ(M ⊗RQ,N) for every n ≥ 0, every right R-module
MR and every right Q-module NQ ([20, Page 232] or [5, Page 118]).

It is possible to prove that, for any ring R, there exists a maximal left flat
bimorphism ϕ : R → Q, satisfying the following universal property: for any left
flat bimorphism ϕ : R → Q, there exists a unique ring morphism β : Q → Q such
that βϕ = ϕ. Since the maximal left flat bimorphism is the solution of a universal
property, Q is unique up to isomorphism, in the following sense: if ϕ : R → Q and
ϕ0 : R → Q0 are any two maximal left flat bimorphism, there exists a unique ring
isomorphism β : Q→ Q0 such that βϕ = ϕ0.

For any ring R, we can consider the set LR of all subrings Q of the maximal ring
of quotients Qmax(R) such that the inclusion R → Q is a bimorphism and RQ is
flat, and we can partially order LR by set inclusion. Then LR is a bounded complete
lattice, where (1) the least element of LR is R, (2) the least upper bound of two
elements Q,Q′ ∈ LR is the ring generated by Q and Q′, that is, the set of all finite
sums of products of the form q1q

′
1 . . . qnq

′
n, with q1, . . . , qn ∈ Q, q′1, . . . , q

′
n ∈ Q′, (3)

the greatest lower bound of two elements Q,Q′ ∈ LR is the union of all the subrings
in LR contained in Q∩Q′, and (4) the greatest element of LR is the ring Q, where
Q is the subring of Qmax(R) corresponding to the maximal left flat bimorphism
ϕ : R → Q considered in the previous paragraph [20, proof of Theorem XI.4.1].

Recall that a left R-module RD is divisible if D = ID for every I ∈ F (equiva-
lently, ifM⊗RD = 0 for every torsion rightR-moduleMR [20, Proposition VI.9.1]).
h-divisible left R-modules are divisible.

Theorem 3.1. (1) For every right R-module MR, there is a short exact sequence
of right R-modules

(a) 0 // MR/t(MR) // M ⊗R Q // M ⊗R K // 0.

(2) For every left R-module RB, there are two short exact sequences of left R-
modules

(b) 0 // Hom(RKR,RB) // Hom(RQR,RB) // h(RB) // 0

and

(c) 0 //

RB/h(RB) // Ext1R(RKR,RB) // Ext1R(RQR,RB) // 0.

Proof. Consider the short exact sequence of R-R-bimodules

(d) 0 → R → Q→ K → 0

and tensor it with the right module MR, getting the short exact sequence of right
R-modules 0 → TorR1 (MR,RK) → MR → MR ⊗R Q → MR ⊗R K → 0. This and
properties (15) and (16) give short exact sequence (a).

If we apply the contravariant functor Hom(−,RB) : R-Mod → R-Mod to exact
sequence (d), we obtain the exact sequence of left R-modules

0 → Hom(RKR,RB) → Hom(RQR,RB)
β

−→ RB →

→ Ext1R(RKR,RB) → Ext1R(RQR,RB) → 0,
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where β is defined by β(f) = f(1) for every f ∈ Hom(RQ,RB). Now the image
of β is clearly h(RB), and from this we get the two short exact sequences of left
R-modules in (2). �

The next corollary shows that the class of torsion h-divisible right R-modules
is generated by the right R-module KR. More generally, TrM (K) = h(t(MR)) for
any right R-module MR.

Corollary 3.2. A right R-module is torsion h-divisible if and only if it is generated
by KR. In particular, the right R-module M ⊗RKR is a torsion h-divisible module
for every right R-module MR.

Proof. Right R-modules generated by K are torsion h-divisible by Lemma 2.5.
Conversely, assume that M is a torsion h-divisible module. To see that M is

generated by K, we must show that, for every h ∈ M , there exists n ≥ 1 and
f : Kn → M with h ∈ f(Kn). Fix an element h ∈ M . By Lemma 2.2(1), there
exists g : Q → M such that g(1) = h. Set S := ker(g). Since M is torsion, we
have that Q/S is torsion. So S ⊗ Q = Q ⊗ Q, hence there exists n ≥ 1 such
that 1 =

∑n
i=1 siqi, where si ∈ S and qi ∈ Q. Define a map ϕ : Kn → Q/S

setting, for all t1, · · · , tn ∈ Q, ϕ(t1 + R, · · · , tn + R) =
∑n

i=1 siti + S. If all the
elements ti belong to R, then

∑n
i=1 siti ∈ S, so this map ϕ is well defined and

is an R-module homomorphism. The composite mapping of ϕ : Kn → Q/S and
the monomorphism Q/S → M induced by g is the required mapping f : Kn → M
whose image contains h.

For the last part of the statement, apply the functor −⊗RKR : Mod-R → Mod-R

to an epimorphism R
(X)
R →MR, where R

(X)
R is a suitable free right R-module. �

As a consequence of Corollary 3.2, we have the following.

Corollary 3.3. For every torsion right R-module MR, the canonical mapping

π : Hom(RKR,MR)⊗R K → h(MR)

defined by π(f ⊗ x) = f(x) for every f ∈ Hom(KR,MR) and x ∈ K is a right
R-module epimorphism.

Proof. The right R-module Hom(RKR,MR) ⊗R K is a homomorphic image
of the right R-module Hom(RKR,MR)⊗RQ, which is a right Q-module. Thus the
image of the canonical right R-module morphism Hom(RKR,MR) ⊗R K → MR

is contained in h(MR). Conversely, note that h(M) is torsion and h-divisible, so
that h(M) is generated by KR by Corollary 3.2. Thus, if x ∈ h(M), then there
exists n ≥ 1 such that x belongs to the image of a morphism f : Kn

R → MR. Let
y = (k1, · · · , kn) be such that x = f(y). For each i = 1, . . . , n, let ιi : K → Kn be
the canonical map. Then π(

∑

fιi ⊗ ki) = x. Thus π is an epimorphism. �

Until the end of this section, we will consider left R-modules.
Define the class of Matlis-cotorsion left R-modules by RMC := RQ

⊥ and the
class of strongly flat left R-modules by RSF := ⊥(RMC). A left module RM will
be said to be Enochs-cotorsion if Ext1R(RF,RM) = 0 for all flat left R-modules RF .
Their class will be denoted by REC. If RF is the class of flat left R-modules, then
(RF ,R EC) is a cotorsion pair [9, Lemma 7.1.4 ]. Since RQ is flat, Q⊥ ⊇ F⊥ = REC
and since ⊥(REC) = F , we have that strongly flat modules are flat. Notice that the
concept of Enochs-cotorsion left R-module is an “absolute concept”, in the sense
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that it depends only on the ring R, while the concept of Matlis-cotorsion left R-
module is a “relative concept”, in the sense that it also depends on the choice of
the overring Q of R with RQ flat.

A class C of left R-modules is precovering if, for each left module RM , there
exists a morphism f ∈ HomR(RC, RM) with C ∈ C such that each morphism
f0 ∈ Hom(RC0,RM) with C0 ∈ C factors through f . Such an f is called a C-
precover of RM .

A precovering class C of modules is called special precovering if every left R-
module RM has a C-precover f : C →M which is an epimorphism and with ker(f) ∈
C⊥. Moreover, C is called a covering class if every left R-moduleM has a C-precover
f : C → M with the property that for every endomorphism g of C with fg = f ,
the endomorphism g is necessarily an automorphism of C. Such a C-precover f is
then called a C-cover of RM . Dually, we define preenveloping, special preenveloping,
and enveloping classes of modules. A cotorsion pair C = (A,B) is complete if A is
a special precovering class (equivalently, if B is a special preenveloping class [21]).
For instance, every cotorsion pair generated by a set of modules is complete.

Note that, by [13, Theorem 6.11], (RSF ,RMC) is a complete cotorsion pair.
Thus every left R-module has a special RMC-preenvelope and every left R-module
has a special RSF -precover.

Now recall that a left R-module RG is said to be {Q}-filtered if there exists an
ordinal ρ such that RG is the union of a well-ordered ascending chain {Gσ | σ < ρ }
of submodules with G0 = 0, Gσ+1/Gσ

∼= Q for every ordinal σ < ρ and Gσ =
⋃

γ<σGγ for every limit ordinal σ ≤ ρ. By [13, Corollary 6.13], the class RSF
consists of all summands of modules RN such that RN fits into an exact sequence
of the form

0 → RF → RN → RG→ 0

where RF is free and RG is {Q}-filtered.
From (5), we get that:

Lemma 3.4. If M and N are projective left Q-modules, then Ext1R(M,N) = 0.

Lemma 3.4 implies that a Q-filtered left R-module is a free Q-module (see, for
example, [13, paragraph before the statement of Lemma 6.15]). Thus RG is a free
Q-module. Therefore the class RSF consists of all summands of modules RN such
that RN fits into an exact sequence of the form

0 → RF → RN → RG→ 0

where RF is a free left R-module and RG is a free left Q-module.

It is well known that every left module has an Enochs-cotorsion envelope.

Theorem 3.5. If Q is a left perfect ring, then every left R-module has an MC-
envelope.

Proof. Let P be the class of all projective left Q-modules, and consider P as a class
of left R-modules. By Lemma 3.4, this class of left R-modules is closed under exten-
sions. Clearly P⊥ = Q⊥, because if, for some left R-module M , Ext1R(Q,M) = 0,
then Ext1R(

⊕

Q,M) ∼=
∏

Ext1R(Q,M) = 0. On the other hand, Q is left per-
fect, and so, by Bass’ theorem, every direct limit of projective left Q-modules is
projective. Thus the class P is closed under direct limits. Now assume that M
is a left R-module. By [13, Theorem 6.11], there exists a short exact sequence
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0 → M → P → N → 0 where M → P is a special MC-preenvelope and P is is
the union of a continuous chain of submodules, {Pα | α < λ } such that P0 = M
and Pα+1/Pα is isomorphic to a direct sum of copies of Q for each α < λ. Since
N ∼= P/M , it follows that N is {Q}-filtered. Thus N is a free Q-module by
Lemma 3.4, and so N is an element of P . Therefore M has an MC-envelope [13,
Theorem 5.27]. �

A left R-module RM is called weak-injective if Ext1R(I,M) = 0 for all modules
I of weak dimension ≤ 1.

Lemma 3.6. Weak-injective left R-modules are h-divisible and Matlis-cotorsion.

Proof. Let RM be a weak-injective module. Since RQ is flat, we have that RK
has weak dimension ≤ 1. So Ext1R(K,M) = 0. From Theorem 3.1(c), we get that
M/h(M) = 0 and Ext1(Q,M) = 0, that is,M is h-divisible and Matlis-cotorsion.�

Therefore the classWI of weak-injective modules is a subclass ofHD. We denote
by RP1,RF1 and RD the classes of all left R-modules of projective dimension ≤ 1,
of weak dimension ≤ 1 and divisible, respectively.

Proposition 3.7. Under the hypotheses of this section, the following conditions
hold:

(i) ⊥(RHD) ⊆ RP1.
(ii) If RF1 = ⊥(RD), then F. dim(QQ) = 0 and so Q is left perfect.

Proof. (i) Assume that M ∈ ⊥(RHD). Let RN be a left R-module and E be its
injective hull. Consider the exact sequence 0 → N → E → E/N → 0. Since RE is
injective, Ext1R(M,E/N) ∼= Ext2R(M,N). Now E/N is h-divisible and M ∈ ⊥HD,
so that Ext1R(M,E/N) = 0. Hence Ext2(RM,RN) = 0.

(ii) It is enough to show that the Q-modules of projective dimension ≤ 1 are
projective. Let QM be a Q-module of p.d. ≤ 1. Then there exists an exact sequence
0 → P1 → P0 → M → 0 with P1 and P0 projective Q-modules. Thus QPi is a

direct summand of QQ
(X), hence RPi is a direct summand of the flat R-module

RQ
(X). So P1 and P0 are flat R-modules, and hence RM is of weak dimension

≤ 1. Since RM ∈ F1 = ⊥(RD) and P1 ∈ RHD ⊆ RD, the short exact sequence
0 → P1 → P0 → M → 0 splits in R-Mod, and so in Q-Mod. Therefore QM is
projective. �

4. F is a 1-topology

As we have already said in (12), the Gabriel topology F always has a basis
consisting of finitely generated right ideals. Now we will suppose that the Gabriel
topology F is a 1-topology, that is, that F has a basis consisting of principal right
ideals [20, Proposition XI.6.1]. Thus F is completely determined by the set S :=
{ s ∈ R | sR ∈ F }, which is a multiplicatively closed subset of R satisfying: (1) If
a, b ∈ R and ab ∈ S, then a ∈ S. (2) If s ∈ S and a ∈ R, then there are t ∈ S and
b ∈ R such that sb = at [20, Proposition VI.6.1]. Moreover, the elements of S are
not right zero-divisors in R, because sR is a dense right ideal of R for every s ∈ S,
so sR = (sR : 1) has zero left annihilator [20, Proposition VI.6.4], and s is not a
right zero-divisor.

For instance, consider the following trivial example. Suppose Q = R. There
is not doubt that the identity R → Q is a bimorphism and that RR is a flat left
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R-module, so that R is the least element in LR. The corresponding multiplicatively
closed subset S is then the set of all right invertible elements of R. The only torsion
right R-module is the zero module. All right R-modules are torsion-free.

Thus, in the rest of this section, we will suppose that R is a ring and S is a
multiplicatively closed subset of R satisfying: (1) If a, b ∈ R and ab ∈ S, then
a ∈ S. (2) If s ∈ S and a ∈ R, then there are t ∈ S and b ∈ R such that sb = at.
(3) The elements of S are not right zero-divisors.

Lemma 4.1. Let F be the Gabriel topology consisting of all right ideals I of R
such that I ∩ S 6= 0, let RF be the localization and ϕ : R → RF be the canonical
mapping. Then F consists of dense right ideals, ϕ is a bimorphism and RRF is a
flat left R-module.

Proof. In order to show that the right ideal sR is dense for every s ∈ S, we
must prove that, for every s ∈ S and a ∈ R, the right ideal (sR : a) has zero left
annihilator [20, Proposition VI.6.4]. Now if s ∈ S and a ∈ R, then (sR : a) ∈ F by
[20, Property T3 on Page 144], so that (sR : a) contains an element t ∈ S. Hence
the right ideal sR is dense because the elements t ∈ S is not a right zero-divisor. �

It follows that the torsion submodule of a right R-module MR is the set of all
elements x ∈MR for which there exists an element s ∈ S with xs = 0. In particular,
a right R-module MR is torsion-free if right multiplication ρs : MR → MR by s is
an abelian group monomorphism for every s ∈ S. Dually, we will say that a right
R-module MR is divisible if right multiplication ρs : MR → MR by s is an abelian
group epimorphism for every s ∈ S, that is, if Ms = M for every s ∈ S. Every
homomorphic image of a divisible right R-module is divisible. If A is a submodule
of a right R-module BR and if AR and B/A are divisible, then B is divisible. Any
sum of divisible submodules is a divisible submodule, so that every right R-module
MR contains a greatest divisible submodule, denoted by d(MR). A right R-module
MR is reduced if d(MR) = 0. For every module MR, MR/d(MR) is reduced.

Remark 4.2. (a) It is very important to stress that all the concepts we have
defined until now in Sections 3 and 4, like divisible right R-module, reduced right
R-module, h-divisible right or left R-module, and Matlis-cotorsion R-module are
relative, in the sense that they depend on the fixed multiplicatively closed set S
(in Section 4) or on the overring Q of R (in Section 3). We have decided not to
use a terminology like S-divisible right R-module, S-reduced right R-module, Q-h-
divisible right or left R-module, Q-Matlis-cotorsion R-module in order not to make
the terminology itself too heavy.

(b) The localization RF is not the right ring of quotients R[S−1] of R with
respect to S in general, as the following example shows.

Example 4.3. Let k be a division ring, Vk an infinite dimensional right vector space
over k and R := End(Vk). Since R is Von Neumann regular, the only bimorphisms
R→ Q with RQ flat are isomorphisms [20, Proposition XI.1.4]. Thus, in this case,
we have LR = {R}, so that without loss of generality we can assume Q = R,
F = {R}, RF = R and S the set of all right invertible elements of R. The right
invertible elements of R are exactly the epimorphisms Vk → Vk. Let us show
that the right ring of quotients R[S−1] of R with respect to S does not exists.
Suppose the contrary, and let ϕ : R → R[S−1] denote the canonical morphism. Fix
a direct-sum decomposition Vk = U ⊕W with U ∼= W ∼= Vk. Then it is easy to
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construct epimorphisms f, g : Vk → Vk and monomorphisms f ′, g′ : Vk → Vk with
ff ′ = 1V , gg

′ = 1V , fg
′ = 0, gf ′ = 0 and f ′f + g′g = 1V . As f, g ∈ S, it follows

that ϕ(f), ϕ(g) are invertible in R[S−1], with inverse ϕ(f ′), ϕ(g′) respectively. Now
e := f ′f is an idempotent in R, with 1− e = g′g. Thus ϕ(f ′f) = 1 in R[S−1], and
similarly ϕ(g′g) = 1 in R[S−1]. It follows that 1 = 0 in R[S−1], so that R[S−1] is
the zero ring. Thus ϕ(s) = 0 for every s ∈ S. Therefore R is the zero ring as well,
a contradiction. This proves that the localization RF = R is not the right ring of
quotients R[S−1] of R with respect to S.

Proposition 4.4. Suppose that the ring Q is directly finite. Then:
(1) The elements of S are regular elements of R, invertible in Q.
(2) The set S is a right denominator set in R, and Q is the right ring of quotients

R[S−1] of R with respect to S.

Proof. (1) If s ∈ S, then sR ∈ F , so sQ = Q. Thus s is right invertible in Q.
But Q is directly finite, so right invertible elements of Q are invertible in Q. In
particular, s is regular in R.

(2) follows immediately from (1). �

Proposition 4.4 will be later applied in particular to the case in which Q is right
(or left) perfect, hence semilocal, hence directly finite.

Corollary 4.5. Suppose that the ring Q is directly finite. Then for every torsion
right R-module MR, the canonical mapping

π : Hom(RKR,MR)⊗R K → h(MR),

defined by π(f ⊗ x) = f(x) for every f ∈ Hom(KR,MR), is a right R-module
isomorphism.

Proof. We saw in Corollary 3.3 that π is surjective. As far as injectivity is
concerned, notice that every element of Hom(RKR,MR) ⊗R K can be written in
the form

n
∑

i=1

fi ⊗ (qi +R).

Now qi = ris
−1 for a suitable s ∈ S [14, Lemma 10.2(a)], so that every element

of Hom(RKR,MR) ⊗R K can be written in the form f ⊗ (s−1 + R). Suppose
that f ⊗ (s−1 + R) ∈ kerπ, that is, f(s−1 + R) = 0. Let p : Q → K denote the
canonical projection, so that fp : QR → MR is a morphism whose kernel contains
s−1. Compose this with left multiplication by s−1

λ : QR → QR,

which is an automorphism, getting a morphism fpλ : QR → MR whose kernel
contains 1. Thus fpλ factors through a suitable morphism g : KR → MR, so that
fpλ = gp. If λ′ : QR → QR is left multiplication by s, then fp = gpλ′, that
is, f(x + R) = g(sx + R) for every x ∈ Q. This proves that f = gs. Then
f ⊗ (s−1 +R) = gs⊗ (s−1 +R) = g ⊗ 0 = 0. Therefore π is also injective. �

Let MR be a right R-module. For every element x ∈ MR, there is a right
R-module morphism RR → MR, 1 7→ x. Tensoring with RK, we get a right
R-module morphism λx : KR → M ⊗R K, defined by λx(k) = x ⊗ k. The map-
ping λ : MR → Hom(KR,M ⊗R K), defined by λ(x) = λx for every x ∈ MR,
is a right R-module morphism, as is easily checked. Here the right R-module
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structure on Hom(KR,M ⊗R K) is given by the multiplication defined, for every
f ∈ Hom(KR,M ⊗R K) and r ∈ R, by (fr)(k) = f(rk) for all k ∈ K.

Theorem 4.6. Suppose Q directly finite. LetMR be an h-reduced torsion-free right
R-module. Then the canonical mapping λ : MR → Hom(KR,M ⊗R K) is injective
and its cokernel is isomorphic to Ext1R(QR,MR).

Proof. The proof is organized in seven steps.

Step 1: Every element of M ⊗R K can be written in the form x⊗ (s−1 +R) for
suitable x ∈MR and s ∈ S.

Any element of M ⊗R K is of the form
∑n

i=1 xi ⊗ (ris
−1
i +R). Reducing to the

same denominator [14, Lemma 4.21], we find elements r′i ∈ R and s ∈ S such that
sir

′
i = s for every i. Multiplying by s−1 on the right and by s−1

i on the left, we

get that r′is
−1 = s−1

i . Thus
∑n

i=1 xi ⊗ (ris
−1
i + R) =

∑n
i=1 xi ⊗ (rir

′
is

−1 + R) =
(
∑n

i=1 xirir
′
i)⊗ (s−1 +R) is of the form x⊗ (s−1 +R).

Step 2: Let s be an element of S. The elements y of M ⊗R K such that ys = 0
are those that can be written in the form x⊗ (s−1 +R) for a suitable x ∈MR.

Clearly,
(

x⊗ (s−1 +R)
)

s = 0. Conversely, let y be an element of M ⊗RK such

that ys = 0. By Step 1, we have that y = z ⊗ (t−1 + R) for suitable elements
z ∈ MR and t ∈ S. Taking the same denominator again, we get a, b ∈ R and
u ∈ S with sa = u and tb = u, so that au−1 = s−1 and bu−1 = t−1 in Q.
Hence y = z ⊗ (t−1 + R) = zb ⊗ (u−1 + R). From the short exact sequence (a) in
Theorem 3.1, we see that the condition ys = 0 implies that

(2) zb⊗ (u−1s) = x⊗ 1

inM⊗RQ for some x ∈MR. Now au−1 = s−1, so au−1s = 1. As Q is directly finite,
one-sided inverses are two-sided inverses, hence u−1sa = 1. Thus, multiplying (2)
by a on the right, we get that zb ⊗ 1 = x ⊗ a, from which zb − xa = 0. Thus
y = zb⊗ (u−1+R) = xa⊗ (u−1+R) = x⊗ (au−1+R) = x⊗ (s−1+R), as desired.

Step 3: If x ∈MR, r ∈ R and s ∈ S, then x⊗ (rs−1 +R) = 0 in M ⊗RK if and
only if xr ∈Ms.

From the short exact sequence (d) in Theorem 3.1, we see that x⊗(rs−1+R) = 0
inM⊗RK if and only if there exists y ∈MR such that x⊗(rs−1) = y⊗1 inM⊗RQ,
if and only if x⊗ r = y⊗ s, if and only if xr − ys = 0. That is, x⊗ (rs−1 +R) = 0
in M ⊗R K if and only if there exists y ∈ MR with xr = ys, that is, if and only if
xr ∈Ms.

Step 4: λ is injective.
The submodule kerλ of MR is torsion-free because it is a submodule of the

torsion-free module MR. Let us show that kerλ is also divisible. Let x be an
element of kerλ and s ∈ S. Then λx = 0, so that x ⊗ k = 0 for every k ∈ K. It
follows that x⊗ (rt−1 +R) = 0 in M ⊗R K for every r ∈ R and t ∈ S. By Step 3,
xr ∈Mt for every r ∈ R and t ∈ S. In particular, x ∈Ms, so that x = ys for some
y ∈MR. In order to conclude, it suffices to show that y ∈ kerλ, that is, that λy = 0,
equivalently that y⊗K = 0 inM⊗RK. But y⊗K = y⊗sK = ys⊗K = x⊗K = 0.
Thus y ∈ kerλ. This proves that λy = 0, so that kerλ is a divisible submodule of
MR. As kerλ is both torsion-free and divisible, right multiplication by any element
s ∈ S is an automorphism of the abelian group kerλ. Thus kerλ has a unique right
Q-module structure that extends the right R-module structure. In particular, kerλ
is h-divisible. But MR is h-reduced, so that kerλ = 0.
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Thus we have a short exact sequence

(e) 0 →MR
λ

−→ Hom(KR,M ⊗R K) → CR → 0,

where CR denotes the cokernel of λ.

Step 5: CR is torsion-free.
Suppose f ∈ Hom(KR,M ⊗R K), s ∈ S and fs ∈ λ(MR). We must prove that

f ∈ λ(MR). Now fs ∈ λ(MR) implies that there exists x ∈MR with fs = λx, that
is f(sk) = x⊗ k for every k ∈ K. In particular, 0 = f(1Q +R) = f(s(s−1 +R)) =
x ⊗ (s−1 + R). By Step 3, we get that x ∈ Ms. Hence there exists y ∈ MR with
x = ys. It follows that f(sk) = x⊗ k = ys⊗ k = y⊗ sk. As RK is divisible, we get
that f(k) = y ⊗ k for every k ∈ K, i.e., f = λy ∈ λ(MR), as desired.

Step 6: CR is divisible.
Assume that f ∈ Hom(KR,M ⊗R K) and s ∈ S. We must prove that there

exist g ∈ Hom(KR,M ⊗R K) and x ∈ MR such that f = gs + λx. Now f ∈
Hom(KR,M ⊗R K) and s ∈ S imply that f(s−1 + R) is an element of M ⊗R K
such that (f(s−1 +R))s = 0. By Step 2, f(s−1 +R) = x⊗ (s−1 +R) for a suitable
x ∈MR. Thus (f − λx)(s

−1 +R) = 0. It follows that if π : KR = Q/R→ Q/s−1R
denotes the canonical projection, there exists a morphism g : Q/s−1R → M ⊗R K
such that f − λx = gπ. Similarly, if ℓs : KR → KR denotes the right R-module
morphism ℓs : k 7→ sk, there exists an isomorphism ℓs : Q/s

−1R → Q/R = KR

such that ℓs = ℓsπ. Set g := g ◦ (ℓs)
−1, so that g : KR → M ⊗R K. Then

gs+ λx = g ◦ ℓs + λx = g ◦ (ℓs)
−1 ◦ ℓs ◦ π + λx = g ◦ π + λx = f , as desired.

Step 7: CR
∼= Ext1R(QR,MR).

Apply the functor Hom(QR,−) to the short exact sequence (e), getting an exact
sequence

(f)
Hom(QR,Hom(KR,M ⊗R K)) → Hom(QR, CR) →

→ Ext1R(QR,MR) → Ext1R(QR,Hom(KR,M ⊗R K)).

The right R-module Hom(KR,M ⊗RK) is Matlis-cotorsion and h-reduced by The-
orem 2.8, so that the first and the last module in the exact sequence (f) are zero. It
follows that Hom(QR, CR) ∼= Ext1R(QR,MR). Now CR is torsion-free and divisible
(Steps 6 and 7), so that right multiplication by any element of S is an automorphism
of the abelian group C. It follows that C has a unique rightQ-module structure that
extends the right R-module structure on CR. In particular CQ

∼= Hom(QR, CR)

by (7). It follows that CR
∼= Hom(QR, CR) ∼= Ext1R(QR,MR), which concludes the

proof of the Theorem. �

Corollary 4.7. Suppose Q directly finite. Let MR be an h-reduced torsion-free
Matlis-cotorsion right R-module. Then the canonical mapping

λ : MR → Hom(KR,M ⊗R K)

is an isomorphism.

Thus we have generalized to our setting the Matlis category equivalence [19,
Corollary 2.4]:

Theorem 4.8. Suppose Q directly finite. Then there is an equivalence of the cate-
gory C of h-reduced torsion-free Matlis-cotorsion right R-modules with the category
T of h-divisible torsion right R-modules, given by

−⊗R K : C → T and Hom(KR,−) : T → C.
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Proof. Corollaries 4.5 and 4.7. �

5. Left and right flat bimorphisms, and 1-topologies

In this section, R and Q are rings, ϕ : R→ Q is a bimorphism in the category of
rings, and the R-R-bimodule RQR is a flat both as a left R-module and as a right
R-module. Therefore ϕ : R → Q is the canonical homomorphism of R both into its
right localization RF , where F is the right Gabriel topology { I | I is a right ideal of
R and ϕ(I)Q = Q } and into its left localization RG , where G = { J | J is a left ideal
of R and Qϕ(J) = Q } is a Gabriel topology consisting of dense left ideals and with
a basis consisting of finitely generated left ideals. In order to apply the results of
Section 4, we will suppose that F and G are 1-topologies and that F. dim(QQ) = 0.
In particular, Q is right perfect, and so directly finite. Correspondingly to F and
G, we have the two sets S := { s ∈ R | sQ = Q } and T := { t ∈ R | Qt = Q }, so
that S (resp. T ) consists of all the elements of R that are right invertible (resp. left
invertible) in Q. But Q is directly finite, which implies that S = T consists of
regular elements of R and Q = R[S−1] = [S−1]R. Moreover, as the elements of S
are regular, the ring Q is contained in the classical right ring of quotients R[S−1

reg]
of R, where Sreg, denotes the set of all regular elements of R [20, p. 52]. Since
every element s ∈ Sreg is invertible in the directly finite ring Q, it follows that
Q = R[S−1

reg]. Similarly, Q = [S−1
reg]R, and S = Sreg.

Thus the situation now is the following. We have, in this section, a ring R for
which the set S of all its regular elements is both a right denominator set and a
left denominator set (right and left Ore ring), and we assume that Q = R[S−1] =
[S−1]R (the classical right and left ring of quotients of R) and that F. dim(QQ) = 0.

Remark 5.1. Notice that if R is a right Ore domain that is not left Ore, then the
right field of quotients Q of R is flat as a left R module, but is not flat as a right
R-module [6, paragraph after the proof of Proposition 0.8.6]. Thus the results of
the previous section apply to this extension Q of R, but the results in this section
do not.

We are now finally ready to prove, in the noncommutative case, the result, due to
Fuchs and Salce in the commutative case, which we mentioned in the Introduction.
In [11], Fuchs and Salce proved the equivalence of the nine equivalent conditions
listed in the Introduction for modules over commutative rings R with perfect quo-
tient ring Q. Now we prove that the equivalence of seven of their conditions also
holds for noncommutative right and left Ore rings R for which F. dim(QQ) = 0.
Here Q = R[S−1] = [S−1]R, where S is the set of all regular elements of R. Notice
that a commutative ring Q is perfect if and only if F. dim(QQ) = 0 [3, pp. 466–468].

Theorem 5.2. Assume that R is a right and left Ore ring and F. dim(QQ) = 0,
where Q = R[S−1] = [S−1]R. Then the following conditions are equivalent:

(i) Flat right R-modules are strongly flat.
(ii) Matlis-cotorsion right R-modules are Enochs-cotorsion.
(iii) h-divisible right R-modules are weak-injective.
(iv) Homomorphic images of weak-injective right R-modules are weak-injective.
(v) Homomorphic images of injective right R-modules are weak-injective.
(vi) Right R-modules of w. d. ≤ 1 are of p. d. ≤ 1.
(vii) The cotorsion pairs (P1,D) and (F1,WI) coincide.
(viii) Divisible right R-modules are weak-injective.
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Proof. (i) ⇔ (ii) is clear, because (RSF ,RMC) and (RF ,REC) are cotorsion pairs,

RSF ⊆ RF and RMC ⊇ REC.
(ii) ⇒ (iii) Let DR be an h-divisible module. By sequence (b) of Theorem 3.1,

we have an exact sequence of right R-modules

0 → Hom(K,D) → Hom(Q,D) → D → 0

Let MR be a module of weak dimension ≤ 1. In order to prove (iii), we must show
that Ext1R(M,D) = 0. We have the exact sequence

(3) Ext1R(M,Hom(Q,D)) → Ext1R(M,D) → Ext2(M,Hom(K,D)).

Now Hom(Q,D) is a right Q-module and so Ext1R(M,Hom(Q,D)) ∼= Ext1Q(M ⊗
Q,Hom(Q,D)) by (18). The moduleMR has weak dimension ≤ 1, and RQ is flat, so
that theQ-moduleM⊗RQ has weak dimension≤ 1. ButQ is perfect, so that theQ-
moduleM⊗RQ has projective dimension ≤ 1. Since F. dim(QQ) = 0,M⊗Q is pro-

jective, and so Ext1Q(M⊗Q,Hom(Q,D)) = 0. By (18), the first Ext in the sequence
(3) is zero. On the other hand, MR has weak dimension ≤ 1, so that there exists an
exact sequence 0 → NR → PR → MR → 0, where NR is flat and PR is projective.
Applying to this exact sequence the functor Hom(−,Hom(K,D)), we get an exact
sequence Ext1R(N,Hom(K,D)) → Ext2R(M,Hom(K,D)) → Ext2R(P,Hom(K,D)).
The last module is zero because P is projective, and the first module is also zero
because Hom(K,D) is Matlis-cotorsion by Theorem 2.8, and so Enochs-cotorsion
by (ii). This implies that Ext2R(M,Hom(K,D)) = 0. From the exact sequence (3),
we get that Ext1R(M,D) = 0, as desired.

(iii) ⇒ (iv) follows from Lemma 3.6, and (iv) ⇒ (v) is trivial.
(v) ⇒ (vi). Let M be a right R-module and A be a right R-module of weak

dimension ≤ 1. We want to show that Ext2(A,M) = 0. Let E be the injective
hull of M and consider the exact sequence 0 → M → E → E/M → 0. We get the
exact sequence Ext1(A,E/M) → Ext2(A,M) → Ext2(A,E), where the first Ext1

is zero, because E/M is weak-injective by (v), and the last Ext2 is zero because E
is injective. So A is of projective dimension ≤ 1.

(vi) ⇒ (vii). First of all we show that (P1,HD) is a cotorsion pair. Let M be a
right Q-module and PR ∈ P1. As the module PR has projective dimension ≤ 1, and

RQ is flat, theQ-module P⊗RQ has projective dimension≤ 1. But F. dim(QQ) = 0,

so P ⊗Q is projective, and thus, from (18), we get that Ext1R(P,M) ∼= Ext1Q(P ⊗

Q,M) = 0. This shows that Ext1R(P,M) = 0 for every right Q-module M and
every PR ∈ P1. If N is an h-divisible R-module, there is an exact sequence 0 →
K → M → N → 0 for some Q-module M . From this sequence, we get the
exact sequence Ext1(P,M) → Ext1(P,N) → Ext2(P,K). The first module is zero
because M is a Q-module, and the last module is zero because P is in P1. We
have thus proved that Ext1R(P,N) = 0 for every module P in P1 and every h-
divisible R-module N . This proves that HD ⊆ P⊥

1 and P1 ⊆ ⊥HD. We also
know that ⊥HD ⊆ P1 (Proposition 3.7(i)) and that P⊥

1 = F⊥
1 = WI ⊆ HD

(by (vi) and Lemma 3.6). Therefore (P1,HD) is a cotorsion pair. Now p.dim
(KR) ≤ 1 by (vi), so that the functor Ext2(K,−) is zero. From the exact sequence
of bimodules 0 → R→ Q→ K → 0, we get that Ext2(Q,−) ∼= Ext2(K,−), and so
p.dim(QR) ≤ 1. Therefore HDR = DR by [2, Corollary 4.14].

(vi) ⇒ (ii) Firstly, we will show that Q⊥ is closed under homomorphic images.
Let M ∈ Q⊥ and N be a submodule of M . From the exact sequence 0 → N →
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M → M/N → 0, we get the exact sequence Ext1(Q,M) → Ext1(Q,M/N) →
Ext2(Q,N). The first Ext is zero because M ∈ Q⊥, and the third Ext is also
zero, because Q is of projective dimension ≤ 1 by (vi). So M/N ∈ Q⊥. In order
to prove (ii), we must show that Ext1R(F,C) = 0 for every C ∈ Q⊥ and every
flat right R-module F . For any h-divisible module H , we have that H ∈ D, so
that H ∈ WI by (vi) ⇒ (vii). Also, F , which is flat, belongs to F1. Therefore
Ext1R(F,H) = 0. Thus we can assume that C is not h-divisible. Consider the
exact sequence 0 → h(C) → C → C/h(C) → 0. We have the short exact sequence
Ext1(F, h(C)) → Ext1(F,C) → Ext1(F,C/h(C)). The first Ext is zero as we have
just seen, and C/h(C) ∈ Q⊥ because Q⊥ is closed under homomorphic images. We
want to show that Ext1(F,C/h(C)) = 0. Apply [2, Theorem 3.5] to the injective
ring epimorphism R → Q. As we have already seen, the projective dimension of Q
is ≤ 1, so that condition (1) in [2, Theorem 3.5] holds. Thus condition (4) holds,
that is, the class K⊥ is the class of modules generated by Q, that is, the class of
h-divisible modules. Thus the class K⊥ is closed under extensions. Hence we can
apply Proposition 2.4, and get that C/h(C) is h-reduced. So it suffices to assume
that C is h-reduced. From the short exact sequence 0 → R → Q → K → 0, we
obtain the exact sequence 0 → F → F ⊗Q→ F ⊗K → 0. Thus we have the exact
sequence Ext1R(F ⊗Q,C) → Ext1R(F,C) → Ext2R(F ⊗K,C). The first Ext1R is zero:
Ext1R(F ⊗ Q,C) ∼= Ext1R(F,Hom(Q,C)) by [10, Lemma 2.3], and Hom(Q,C) = 0
because C is h-reduced. Finally, let us prove that the third Ext2R is also zero. We
have the short exact sequence of rightR-modules 0 → F⊗R → F⊗Q→ F⊗K → 0.
The right R-module F ⊗Q is flat, and therefore F ⊗K is of weak dimension ≤ 1.
By (vi), F ⊗K is of projective dimension ≤ 1. Thus Ext2R(F ⊗K,C) = 0.

(vii) ⇒ (viii) and (viii) ⇒ (iii) are obvious. �
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