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ABSTRACT The wireless power transfer systems represent a viable solution to make more user friendly the
procedure of charging the battery of electric vehicles. The performances of these systems are greatly affected
by their compensation networks and are usually studied by considering their first harmonic equivalent
circuits. This paper presents a new approach to writing the equations that describe these circuits and expresses
them in a form that highlight the contribution of the coupled coils and of their compensation networks. The
procedure to obtain the equations is described in details and the equations themselves are analyzed to derive
from them the qualitative characteristics of the wireless power transfer system. In the last part of the paper a

numerical analysis of a study case is reported, supporting the results by means of simulations.

INDEX TERMS Compensation networks, Equivalent circuits, Wireless power transmission.

I. INTRODUCTION

A widespread use of electric vehicles is commonly
considered as a viable approach to the decrease of the
pollutant emissions that are affecting the global climate [1]-
[3]. Some problems are still hindering the diffusion of such
vehicles. One of them is the somewhat unfriendly battery
charging procedure, which requires to tamper with cables,
plugs, and connectors. This issue can be conveniently
bypassed if wireless power transfer systems (WPTSs) are
used to charge the battery [4]-[7].

The principle of the functioning the inductive WPTSs is
based on the inductive coupling between two coils and is
the same as that of the coreless transformer, with the
difference that the performances of the system are greatly
enhanced by the use of suitable compensation networks
(CNs) [8], [9].

The CNs are passive circuits, formed by inductors and
capacitors, inserted between the supply generator of the
WPTS and the transmitting coil, and between the receiving
coil and the load. Their main functions are to increase the
effectiveness and efficiency of the WPTS by minimizing
the supply voltage and current needed to transfer to the load
a given amount of power [10]-[12]. Usually, these effects
are achieved by exploiting some form of resonance between
the CNs’ components themselves and/or between the
components and the inductances of the coupled coils.

The use of the resonance entails that the WPTSs are in
most of cases supplied at a given and fixed frequency. For
vehicular applications, the nominal value of the supply
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frequency is 85 kHz, according to the SAE J2954 standard
[13]. Given the constant-frequency operations, it is
common to model and analyze the behavior of the WPTSs
by considering their first harmonic equivalent circuit [14],
[15]. These circuits are not much complex and can be
studied using the conventional approaches based, as an
example, on the Kirchhoff’s laws [15]. Nevertheless, if the
CNs are formed by two or more components and the
coupled coils are more than two, the equations that describe
the system functioning may result involved and it is
difficult to recognize the effect of the single WPTS
elements on the overall functioning [16], [17].

This paper presents a new approach for writing the
mathematical equations that describe the functioning of a
WPTS. In particular, the mathematical model of the
coupled coils and of the relevant CNs is obtained and their
effects on the overall functioning of the WPTS are
highlighted. Obviously, the resulting equations are
equivalent to those obtained using the classical approach
based on Kirchhoff's laws [16]-[18]. However, the
approach followed in this paper to work out the circuital
equations gives two major contributions: 1) the procedure
is closely linked to the functioning of the system and to the
physical phenomena that take place in it so that the
procedure itself constitutes a sort of analysis of the system
and gives a deep insight in the phenomena involved in its
functioning; 2) the obtained equations have a different
layout with respect to those coming from the conventional
methods and result "automatically" written in a form that
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FIGURE 1. Schematic representation of a pickup supplied by one
transmitting coil.

highlights the contribution of the different element of the
WPTS, such as the mutual inductances between the coils
and the equivalent impedances of the compensation
networks. Therefore, these equations are suitable for the
analysis and design of the system and for carrying out a
"what if" type analysis.

Section II of the paper considers a receiving coil, from
here on denoted as “pickup”, coupled with only one
transmitting coil. General CNs with T topology are
considered and the Thevenin and Norton equivalent circuits
of the transmitting and the receiving sections of the WPTS
are given [19]-[21]. From them, the equations that describe
this simple WPTS are derived. Section III considers the
more general condition of having two transmitting coils
that are coupled to the same pickup and derives the
complete equations for this arrangement. Section IV
demonstrates that the obtained equations are equivalent to
those coming from the application of the loops method
based on the second Kirchhoff’s law. Section V analyzes
the equations obtained in Section III and draws some
considerations regarding the WPTS functioning. Section VI
applies the equations to the analysis of a particular study
case and compares the obtained numerical results with
those coming from circuital simulations. Section VII
concludes the paper. Appendix A reports the complete
equations worked out in Section III.

Il. PICKUP SUPPLIED BY ONE COIL

A pickup supplied by only one transmitting coil is schematized
in Fig. 1. The transmitting coil “a” is represented by its
impedance Z, and by its mutual inductance with the pickup,
denoted as M,,. The coil is supplied by a sinusoidal voltage
generator, represented by the phasor V,, through the
compensation network CN,. The current I, flowing in the coil
induces a voltage across the pickup that, in turn, forces the
circulation of the current I_p through the pickup. The latter one
encompasses its impedance Z,, the compensation network
CN,, and the load. The load is constituted by the cascade of a
rectifier, a battery charger and the battery. These elements

FIGURE 2. General scheme of the CN connected to the transmitting
coil (a) and of the CN connected to the pickup (b).
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FIGURE 3. Thevenin (a) and Norton (b) equivalent of a pickup supplied
by one transmitting coil.

absorb only active power and, hence, can be represented by
the equivalent resistor R;. The actual value of R; changes with
the state of charge of the battery, but its variation does not
affect the mathematical expressions obtained in the
subsequent Sections.

A large number of different topologies have been proposed
for the CNs in order to meet different requirements of the
WPTS functioning. Most of them can be reduced to the
general schemes of Fig. 2a, for the transmitting coil, and of
Fig. 2b for the pickup. In Fig. 2a, Z,, accounts also for the
transmitting coil’s impedance whilst in Fig. 2b Z,; accounts
also for the pickup impedance and Z, accounts also for the
equivalent load R;.

The circuit seen from the terminals T-T’ of Fig. 2, formed
by the voltage generator and CN,, can be represented by its
Thevenin equivalent circuit redrawing the scheme of Fig. 2 as
in Fig. 3a [19], [20]. The equivalent voltage generator and
impedance are expressed by (1) and (2).

— — Zap
Vieo =V, ——— 1
a.eq a Zas+Zap ( )
Za,sZa,p
Z =—47 2
@ed 7, +Zap at (2)

The pickup equivalent impedance Z,., seen from the
terminals A-A’ is given by an expression similar to (2),
provided that the subscript “a” is substituted for by “p”.

It is also possible to use the Norton equivalent circuits of the
schemes of Fig. 2, obtaining Fig. 3b, where Z, ., is still given
by (2) and I ¢, is equal to

I, Zap 3)

ZasZaptZasZattZapZat

eq — A

Inserting in (1)-(3) the actual impedances of the CNss it is
possible to work out the equivalent circuit of the transmitting
section of the WPT considering different CNs. As an example,
setting Z,,=Z, (i.e. no impedance is connected in series to the
coil “a”), Z,s=-Z., and Z,,=, the series compensation of the
transmitting coil inductance is obtained. Otherwise, setting
Zai=Zay Z45=0, and Z,,=-Z,, the parallel compensation is
implemented. Tab. I has been obtained applying (1)-(3) to
different topologies of CNs and different types of resonance.
In working out the results, only the reactive components of the
impedances have been considered whilst the parasitic
resistances of the coils and of the components of the CNs have
been disregarded. This approach is usually followed in the first
step of the CNs design. A more detailed analysis requires to
account for the effect of the parasitic resistances of the
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TABLE I
EQUIVALENT GENERATORS AND IMPEDANCES
Topology Va,eq Ipeq Zaeq
Series v, © 0
- Va
Parallel V. —_— Zat
Z at
LCL (a) . A "
(Za,s = _Za,p) Za,s
LCL (b) VoZap i L Zay”
(Za,t = _Za,p) Za,s + Za,p Za,p Za,s +Za,;
LCL (c) VoaZap
_— 0 0
(Za,p = _Za,s I Za,t) Za's + Za'l,

inductors and of the capacitors that constitute the CNs. In this
case, Zus, Zap, Zas, and the other impedances of the CNs
become complex quantity instead of imaginary ones.
Nevertheless, (1)-(3) and all the subsequent mathematical
results are still. It is worth to highlight that even if the
transmitting coil is supplied by a voltage generator, a proper
selection of CN, makes it appear as being supplied by a current
generator, as it happens in the case of the LCL topology
denoted with (a), where Z,, resonates with Z,,. In this case,
the Thevenin equivalent circuit is not defined because the
denominator of (1) is equal to 0. However, it is possible to
define the Norton equivalent circuit. It is formed only by an
ideal current generator because Z, ¢, results infinite whilst (3)
gives a finite result.

When the Thevenin equivalent circuit is considered, the
equations that link the currents flowing in the transmitting coil
and in the pickup to the supply voltage are

{Va,eq - Za,eql_a _jwMapI_p =0 4)
—joMgylg — Zpeqly = 0
From them, the currents are readily derived as
= 1
I = Va,eq Mgy
Zaea* 7, q
- ja)Map — 1 (5)
LIp == Vaeq — 2
aeq Zpeqt——L
Pea" Zgeq

The first of (5) confirms the well-known results by which the
pickup is seen from the terminals T-T’ as the reflected
impedance

w?Mgp?

7. =

p—a

6
Zoeq (6)
connected in series to the transmitting coil.

The second of (5) states that looking from the terminals A
and A’, the voltage generator, the CN, and the transmitting coil
are seen as an equivalent generator having open circuit voltage

Vap and internal resistance Z,_,,, given by

Va.eq (7

JwMgp

v,
a=p Zaeq
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FIGURE 4. Pickup Thevenin equivalent circuit reflected to the
transmitting side (a) and transmitting side Thevenin equivalent circuit
reflected to the receiving side (b).

szapz
Zyy=—"2

Zaeq (®)
Equations (5)-(8) are conveniently represented by the schemes
drawn in Fig. 4.

If the Norton equivalent circuit is considered, the second of
(4) is still valid while the first of them must be substituted for
by

JjwoMgp = -
Ia,eq - quplp - Ia = 0 (9)

The currents I, and I, are now given by

(I. =1 Za,eq
| a = laeq w2 Mgp?
Za'eq+ Zp,eq
wrg? . (10)
I— _ I— Za,eq Za,eq
k P @eq oMy +szapz
q Za,eq

Equations (10) represents the functioning of the circuits
drawn in Fig. 5, thus it can be concluded that the pickup is still
seen as the reflected impedance (6) while the equivalent
current generator representing the transmitting side of the
WPTS has the internal impedance given by (8) and the short
circuit current I_aqp given by (11)

- - Z
Ia—>p = _Ia,eq jwal\,;:p' (1 1)

lll. PICKUP SUPPLIED BY TWO COILS
The condition of a pickup supplied at the same time by two
transmitting coils, denoted as “a” and “b” is schematized in
Fig. 6. Besides by their impedances Z, and Z;, the transmitting
coils are characterized by their mutual inductance M, and by
the mutual inductances M., and Mp, between each of them and
the pickup.

Generally speaking, it is possible that the two transmitting
coils and their CNs are different, and that M,, and M, are
different as well. The only limitation assumed in this paper is

iTG*P Zasp Tp Zpeq

FIGURE 5. Pickup Norton equivalent circuit reflected to the
transmitting side (a) and transmitting side Norton equivalent circuit
reflected to the receiving side (b).
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FIGURE 6. Schematic representation of a pickup supplied by two
transmitting coils.

that both the CNs can be represented by equivalent circuits
with the same topology, whether Thevenin of Norton.

By considering the equivalent circuits of Fig. 3, the scheme
of the assembly of the two transmitting coils and the pickup
can be redrawn as in Fig. 7a or Fig. 7b.

A. CNs WITH THEVENIN EQUIVALENT CIRCUIT
If both CN, and CN;, are be represented by means of Thevenin
equivalent circuits, the scheme of Fig. 7a is considered. The
analysis of the circuit is performed by exploiting the principle
of the superposition of the effects setting V, = 0, so that, by
(1) itis Vpeq = 0.
1) RELATION BETWEEN I, AND 1, .,
The first step in the circuit solution consist in working out I,
solving the loop relevant to the transmitting coil “a” by
reflecting across the terminals T-T’ the effect of the coil
couplings due to My and My, and across the terminals U-U’
the effects due to M., and M.

FIGURE 7. Schematic representation of a pickup supplied by two
transmitting coils using the Thevenin (a) and the Norton (b) equivalent
circuits.
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Given that Vj, ., = 0, the scheme of Fig. 7a can be redrawn
in the form of Fig. 8a, where Vp ina, givgn by (12) is the
voltage induced across V-V’ by the current I,.

17'ab,ind zjwMabI_a- (12)

The block denoted with V,Z in the figure accounts for the
voltage and the impedance reflected across the terminals U-U’
through the coupling due to M. These quantities will be
considered in the next paragraphs.

By applying (7) and (8) to Vg ing and Zs.e, the voltage and
the impedance of the loop relevant to I, are reflected to the
pickup as shown in Fig. 8b and according to

= _ joMpp = _ szbpMab -
Vb—>p - = Vab,ind - Ia (13)
Zb,eq
a)sz 2
— 14
Zyp =5 2 (14)

The minus sign in the first of (13) originates because, in
comparison with Fig 3a, from where (7) has been obtained, the
polarity of Vg, ing is opposite to that of ¥, ¢,. This condition
will appear again in the following discussion.

Applying (7) and (8) to the loop relevant to L, the pickup
voltage and impedance reflected across the terminals T and T’
of the loop relevant to I, through the coupling M,, result in

= JwMg 2 j“’3Mb MgpMg 7
V;J—nz:_ £ b-p = £ 2 pzla (15)
Zp,eqtZp-p Zp,eqZb,eqt @ Mpp
7 W Mgy? w?Mgp? 16
p-a — - 20,20 ( )

ZpeqtZoop @ Mbp
p.eq Zb,eq

as modelled in Fig. 8c.

The procedure to find out the equivalent voltage and
impedance of the block V,Z begins by redrawing the WPTS
scheme as in Fig. 8d. The figure derives directly from Fig. 7a,
represents the effects of the pickup on the transmitting coil “a”
using (15) and (16), and accounts for the effects of the coil “a”
on the pickup through the induced voltage Vap,ind given by

Vap,ind = jwMapI_a- (17)

The pickup voltage and impedance are reflected across the
terminals S-S’ of the loop relevant to coil “b” by using again
(7) and (8) obtaining

— _ joMpy = _ 0*MppMap
Vp—>b - = Zpeq ap,ind — Ia (18)
2 2
w Mbp
Zp_>b = _Zpeq g (19)

as shown in Fig. 8e.

The voltage and the impedance of the loop relevant to coil
“b” are reflected across the terminals U-U’ as shown in Fig.
8f, finding the exact model of the block V,Z given by (20) and

@n).

_ joMgp _ jw3MapMppMap

Vb = — V., b———l_ (20)
—a ZpeqtZpp P Zp,eqZbeqtw?iMpp? @
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a)zMabz szabZ
Zpoa = = TV 21
VA +Z w=M
beqT4p-b bp
Zb,eq+ Z
p.eq

Finally, by inspection of Fig. 8f, the expression that links I,
t0 ¥ ¢q is obtained in the form

Va,eq - Vb—)a - Vp—)a = (Za,eq + Zb—»a + Zp—»a)l_a- (22)
By using (15), (16), (20), (21) it is rewritten as (A1), reported
in the appendix.
2) RELATION BETWEEN 1, AND 7, ,,
The procedure to find out the relation that links I, and V, .4 is
similar to that one described in the previous subsection and

begins by expressing the voltage induced by I, across the
terminals U-U’ as

Voaina = joMgpl. (23)

Applying (7) and (8) to the loop relevant to I, the voltage
and the impedance reflected across the terminals A-A’ of the
pickup result

_ jwMgy = _

Va—»p = Za,eqp (Va,eq - Vba,ind) (24)
w2Mgy?

Zamp = 2 (25)

Application of (7) and (8) to the loop relevant to I, gives
the voltage and the impedance reflected across the terminals
S-S’ of the coil “b” obtaining

— _ ja)Mbp —
Vp—»b - wZMgp? Va—»p (26)
Z.
peqt Zaeq
szbp
Zp—>b = 2" (27)

Following from the previous considerations and from (26)
and (27), the loop relevant to coil “b” can be represented as in
Fig. 9a, using also in this case the block V,Z to represent the
effects of the loop relevant to coil “a” across the terminals V-
V’ of coil “b”.

The voltage induced by I, on the pickup is

Vip,ina = JoMpyl,. (28)

Together with Z,.,, it is reflected to the loop relevant to I,
obtaining

FIGURE 8. Subsequent equivalent circuits used to reflect the loops FIGURE 9. Equivalent circuit of the assembly formed by two coils and
relevant to coil “b” and the pickup to the loop relevant to the coil “a”. one pickup reflected to the coil “b”.
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ouZMap2

Zpsa = 30)

Zp,eq

On its turn, coil “a” reflects across the terminals V-V’ of
coil “b” the voltage and the impedance given by

7 _ JwMgp 7 7
Va—»b - szapz (Va,eq - Vp—»a) (31)
Z, +
€47 Zpeq
2 2
_ wMgp
Zosp = BTV (32)
Zgeqt——L
’ Zp.eq

which correspond to the V,Z block of Fig. 9a.

Considering (26), (27), (31), and (32), the loop relevant to
coil “b” can be schematized as in Fig. 9b, from which the
relation between I, and V, ., is obtained as

Vasb + Voo = =(Zpoq + Zamp + Zpop)lp. (33)

The expanded version of (33) is given by (A2).
3) RELATION BETWEEN 7, AND 7,
The procedure to find out the relation that links I, to V, .,
begins by expressing the voltage induced by I_p by across the
terminals T-T” as

Vpa,ind :jwMap[_p- (34)
The voltage generator and the impedance of the loop

relevant to I are reflected across the terminals V-V’ of coil
“b” obtaining

— 1 Ma . —
Va—>b = ];Ja eqb (V;l,eq - Vpa,ind) (35)
2 2
Zgop = W Map” (36)

On their turn, the equivalent voltage generator and the
impedance of the loop relevant to [, are reflected across the
terminals B-B’ of the pickup according to

JoMpp =

v =——Y, 37
b-p Zheq+Zaob a—-b ( )
a)sz 2
Z =—F 38
b-p Zb,eq+Za—>b ( )

In a symmetrical way, the current I, induces across the
terminals S-S’ the voltage

Vpb,ind = jwap[_p- (39

The latter one and the impedance Zy, are reflected by (7)
and (8) across the terminals U-U’ obtaining

. 2
7 _ _JwMgp 5 _ w'MgpMpp +
Vb—>a - = Zheq Vpb,ind - Zpeq Ip (40)
(IJZMabZ
Ly = ——. 41

Zb,eq

The equivalent voltage generator and the impedance of the
loop relevant to I, are finally reflected to the pickup by
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— _ JjwMgp — =
Va—»p - ZaeqtZp-a (Va,eq B Vb—»a) (42)
w?Mgp?
Za—>p = m. (43)

Considering (35)-(38) and (40)-(43), the loop relevant to the
pickup can be schematized as in Fig. 10 and the relation that
links I, and V, ., results in

Voo + Voop = —(Zpeq + Zaop + Zpp) L. (44)

The expanded version of (44) is given by (A3).
4) COILS AND PICKUP CURRENTS WHEN BOTH THE
COILS ARE SUPPLIED
The analysis of the circuit functioning when Va,eq =0 and
only the coil “b” is supplied is performed following the same
approach described in the previous subsections. By exploiting
the symmetry of the circuit, the relations between the voltage
supplying coil “b” and the currents in the transmitting coils
and in the pickup are readily derived from (A1)-(A3) and are
given by (A4)-(A6). The terms that multiply the currents on
the right-hand side of the pairs of equations (A1)-(AS), (A2)-
(A4), and (A3)-(A6) are equal. They have the dimension of an
impedance and in (45), (46) and (47) are denoted with Z,,,
Zip, and Zgp,p, respectively.

2 ,
R w2Mgp? ®?Mgp JwiMapMppMay
Za,a = Za,eq + 2pM, 2 + M, 2 2 2 2
Z +“’ bp 7 +“’ bp Zp,eqZb,eqtW*Mpp
€47 Zpeq PEAT Zp eq
2 .
R w?Mgp? W Mpy jwiMapMppMay
beZZbeq‘l' 2 7+ 2 35— 2 2 2
, , g @Map® T w2Map ZpeqZaeqt@*Map
a.eq Zp.eq v.eq Zaeq
2 2 ;
7 Ny w?Mgp w?Mpy _ Jw3MapMppMeap
abp = “peq z L @2Mgp” z L @ZMgp” Zu,eqzb.eq'*'szubZ'
aeq Zpeq b,eq Za,eq

The gains that multiply the voltages on the left-hand side of
(A2), (A3), (A4), (A6) are denoted with Ky p, Kpa, Kap, Kb p,
and K} ,. They are given by

s JOMapZpeqt®*MppMap

Ky, = (48)
,a — 2
Zp,eqZb,eq+w*Mpp
. 2
K a _ JwMgpZpeqtwMppMap (49)
ab Zp eaZ 2 12
peqlaeqtwMap
. 2
JwMapZpeq+wMppMgp
A )
Kop = — (50)

2
Za,eqzb,eq"'szab

Vbsp Vasp

Zpeq

FIGURE 10. Equivalent circuit of the assembly formed by two coils
and one pickup reflected to the pickup.
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K. & _jwapZa,eq+w2MapMab
bp =

Za.,eqzb,eq‘*““’ZMab2 (5 1)

Given these definitions, the currents flowing in the coils and
in the pickup when both the supply voltages are applied can be
expressed in the form

= Va,eq"'vb,qub,a

[ = e neabe (52)
a,a

T Va,qua,b‘*‘Vb,eq

I, = et ne (53)
b,b

T Va,e Ka, ‘H7b, Kb,

Ip — q-ap eq P. (54)
Zab,p

The correctness of the expression obtained for the three
currents can be checked by comparing them with the results
coming from the conventional methods used for the circuit
solutions, as described in subsequent Section.

B. CNs WITH NORTON EQUIVALENT CIRCUIT
According to Tab. I, the use of the Norton equivalent circuits
is compulsory when V, oq = 00, Zy0q = 0, Vjyoq = o0, and
Zpeq = . The scheme of Fig. 7b is then simplified in that
one reported in Fig. 11, which can be easily solved obtaining
the expressions

I, = I_a,eq (55)
I_b = I_b,eq (56)
o _j“’MapI_a,eq+j“’Mpr_b,eq
I = Zped : (57)

IV. CIRCUITAL EQUATIONS OBTAINED USING THE 2NP
KIRCHHOFF LAW

The equations that describe the functioning of the circuit
represented in Fig. 7a can be obtained applying the second
Kirchhoff’s law to the loops relevant to the two transmitting
coils and the pickup.

By supposing that V., # 0 and V., = 0, the three
voltage equations can be written in matrixial form as

Zoeq JOMay joMap][l, Va,eq
jwMab Zb,eq jwap Ib = 0 (58)
jwMap jwap Zp,eq Iq 0

FIGURE 11. Schematic representation of a pickup supplied by two
transmitting coils using the Norton equivalent circuit with Z, ., = oo.
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The expressions of the three currents as functions of ¥ .,
are readily obtained by inversion of the parameter’s matrix.
They are given by

2
7 _ ZbeqZpeqt®*Mpp

I, . Voeq (59)
= JoMgpZpeqto MapMpy -
I =- : Voca  (60)
ro_ ja)Mapr,eq"'a’zMabep 7
[q - = P Va,eqs (61)

where A is the determinant of the matrix, given by

A =2Z4eqZpeqZpeq + Zaeqw*Mpy” + Zpoq?Mgy” +
+Zp oq*Map” — 2j 0> Mgy MapMpy. (62)

The equations (59)-(61) can be reduced to the layout of
(A1)-(A3) by simple mathematical manipulations. In the case
of (50), the term (Zb_quq‘eq + szbpz) must be collected as
common factor at the numerator and the denominator
obtaining

I— 17a,eq

a

. (63)

2
Zp,eq@®*Map

2jw3MapMapMpp
Za,eq+
Zp,eq

2
Zpeqw*Map

2" 2 2
Zpeqt®?Mpp®  ZpeqZp,eqt®*Mpp® ZpeqZpeqt®*Mpp

Then, Zj, .4is collected as common factor of the denominator
of the second term of the denominator of (63) and Z, ., is
collected as common factor of the denominator of the third
term of the denominator of (63). After the simplification, the
expression of I, o, results in

T Vaeq
I, = . - 64
a oo mZMapZ ] w2Mgp? § ZJMSMabMaprp' ( )
,eq™ o 2
O tMyp® wPMpp® ZpeqZpeqtaMpp
PeTT Zheq  “PeT Zpeq

which is equivalent to (A1)

The manipulations needed to reduce (60) to (A2) and (61)
to (A3) are quite similar. The first of them starts by collecting
the term (jwMapr’eq + wZMb,,Map) whilst the second one
begins by collecting the term (joMgpZy oq + w*Mp,Mgy).

Equations (A4)-(A6) can be derived by the same process
described above but setting that V, o, = 0 and V., # 0.

It is worth emphasizing that the procedure followed to
obtain (Al1)-(A3) from (59)-(61), even if simple in its
application, is not trivial unless the final layout of the equation
to be obtained is known a priori.

By comparison of (64) with (59) and (62) it appears how the
first of them is more suitable for the analysis of the system
functioning and for the assessment of the consequences of
tampering with its parameters.

V. ANALYSIS OF THE EQUATIONS OF THE WPTS

The analysis of the equations of the WPTS starts from (52),
and in particular from its coefficients given by (45) and (48).
The impedance Z,, results from the sum of 4 terms. The first
of them is the equivalent impedance of the coil “a” and of its
CN. The second and the third terms can be considered as a
generalization of (6) and represent the impedance of the loop
of coil “b” and of the pickup reflected on the coil “a”.
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Differently from (6), an additional contribution appears in the
denominators of both the terms. In the second term it accounts
for the impedance of the pickup reflected on the loop of coil
“b” while in the third term it accounts for the impedance of the
loop of coil “b” reflected on the pickup. The last term of (45)
has the coefficient 2 because encompasses the two equal
contributions of V,_,, and V4, given by (15) and (20),
respectively.

As explained in subsection III.A.1, these quantities are the
voltages induced by the current I, across its own relevant loop.
The first one is the voltage induced across the loop of coil “b”,
then reflected across the pickup and, finally, reflected again
across the loop of coil “a”. The second one is the voltage
induced across the pickup, then reflected across the loop of
coil “b” and, finally, reflected back to the loop of coil “a”.
Even if the order of the reflections is different, the obtained
voltages are equal, as shown by (15) and (20).

Because of the symmetry of the circuit, the three equations
(45)-(47) have equal layout and differ only for the values taken
by their coefficients. Consequently the analysis carried out for
Zaq holds also for Zy, and Zu.

The gain Kj, accounts for the effect of the supply voltage
Vb,eq, applied on the loop of coil “b”, on the current I ;. Thanks
to Kp 4, the coil “a” can be flown by a current I, # 0 even if
17,1,eq = 0, originating a power transfer from coil “b” to coil
“a”. Following from (53) and (49), the symmetrical
consideration holds for I, and Z,eq so that the power transfer
between the transmitting coils happens also in the reverse
direction. Because of the superposition of the effects, the
power transfer between the two transmitting coils happens
even if both of them are supplied. This effect is mediated by
the mutual coupling between the coils in two different ways.
The first term in the numerators of (48) and (49) accounts for
the direct coupling between coil “a” and coil “b” whilst the
second term considers their indirect coupling through the
pickup.

The power transfer between coil “a” and coil “b” may be a
design choice, such as when coil "b" is used as a “relay” or
“resonator” to increase the efficiency of the power transfer
between coil "a" and the pick-up [22], or could be an unwanted
side-effect. In this latter case, (48) and (49) give the obvious

TABLE II
PROTOTYPE PARAMETERS

Parameter Symbol Value

Coil “a” self-inductance L, 139 uH

Coil “b” self-inductance Ly 167 pH

Pickup self-inductance L, 134 uH

Coil “a” — Coil “b” mutual inductance M, 70 uH

Coil “a” — Pickup mutual inductance M, 39 uH

Coil “b” — Pickup mutual inductance M, 39 uH
Supply angular frequency w 5.34-10°rad/s

Quality factor ] 300
Load equivalent resistance R, 5.6Q
Nominal Power Py 1.5 kW
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hint of reduce as much as possible M, i.e. to decouple the
transmitting coils. In the same way M,, and M;, should be
reduced as well, but this approach is unpractical because the
power transferred to the pickup would be affected. Instead,
analysis of the denominator of (48) and (49) shows that a
viable solution to further reduce the power exchanged between
the coils consist in adjusting Zg eq, Z,eq, and Z g

From (50), (51) and (54) it comes that if Zye=Zseq and
M, ,=M,,, the two supply voltages influence I_p in the same
way. This is a favorable condition because it simplifies the
control of the system given that it is sufficient to keep Vam
and V), .4 in phase to obtain their maximum combined effect.
The requirement of having Z, ;=75 ¢, can be satisfied, at least
at the design stage, by connecting equal CNs to coil “a” and
coil “b”. On the contrary, the fulfillment of the requirement
M, =M, depends on the actual position of the pickup with
respect to the transmitting coils. This position can be different
from time to time or, even, it could change during the the
functioning of the system if a dynamic WPTS is considered.
The sensitivity of the WPTS to the difference between M,
and M}, can be reduced by designing the CNs so as Z,¢, and
Zheq are small, as it happens with the series compensation or
the LCL compensation of type (c).

VI. ANALYSIS OF A STUDY CASE

The expressions found in Section III and reported in the
Appendix A have general validity and can be used to analyze
the functioning of the WPTS considering the effects of
different CNs topologies, coupling conditions, or the presence
of parasitic resistances.

In analyzing the study case, the latter ones have been taken
in account by the quality factor Q of the inductors and the
capacitors that form the CNs. As a first approximation, Q has
been supposed to be equal to the quality factor of the coils’
windings, reported in the last row of Tab. I, taken from an
available prototype. Consequently, in assigning the values of
the impedances of the CNs, a series resistance equal to wL/Q
has been added to the inductive elements, and a resistance
equal to 1/(wCQ) to the capacitive ones.

It is a common practice to use the series compensation on
the pickup in order to maximize the voltage available on the
load for a given current in the transmitting coils. Often the
series compensation is adopted also for the transmitting coils
to decrease the voltage needed to supply them with a given
current. Otherwise, the same result can be achieved using the
LCL compensation of type (c). As study case, the LCL
compensation has been considered both for CN, and CN. The
impedances Z, a4, Zpp, and Zup, and the gains Kup, Kop, Kpa,
and K}, have been computed using the inductive parameters
listed Tab. II.

As shown in Tab. I, this compensation tolopolgy is
characterized by having Z,.,~=0 and Z;.,~=0, and Z,.,=R; in
ideal conditions, i.e. if Q=c. In this hypothesis, the
expressions of the impedances and of the gains given by (45)-
(47) and (48)-(51) changes into
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21 2 ;
w Mg JowMgpM,
7 =t pl e w 65
o = S — 2 (65)
Zpeq
7 _ W M zjwMubep (66)
bb — WM g2 Map
Zp,eq
— JoMppMap
Zabp = Zpeq =2 M (67)
ab
JOM gy Zy gq+@? My,M,
K., B =— peq pMap 68
a,b szupz ( )
JOMgpZy gt w?My,Mg,
K, =— P.eq P ap 69
b,a szbpz ( )
My,
Ky, =—— (70)
a,p Mgy
M
K,, = ——2 71
bp = T, (71

Some of the previous expressions have been obtained as limit
values computed for Z, ¢, and Z ., going to 0.

Analysis of (65)-(68) shows that, despite of having a purely
resistive equivalent load and null equivalent impedances of the
transmitting coil loops, the impedances Z, 4, Z5, 5, and Z.s, have
reactive components. These components and their sensitivity
to the variation of Q are quantified in Tab. III, obtained
mathematically by computing (65)-(71) using the parameters
of Tab. II and considering Q=cc and Q=300. In this latter case
Zaeq and Zy, o4 are not exactly equal to 0 because of the parasitic
resistances. The amplitude and the phase of the currents I, I,
and [,,, computed by substituting (65)-(71) in (52)-(54) with
Q=0 and Q=300, are listed in Tab. IV. In both the cases, the
sinusoidal supply voltages ¥, and V/,,, which have an amplitude
0f 300 V and are in phase each to the other, have been used as
phase reference.

These numerical results have been substantiated by means
of some simulations performed in the Matlab/Simulink
environment implementing the circuit of Fig. 2. Fig. 12 reports
the waveforms of the instantaneous current i, i, and i, ,

TABLE 111
RESULTS COMPUTED FROM EQUATIONS
(BOTH COILS “a” AND “b” SUPPLIED)

Parameter Q=0 0=300
Zaa 18.0408 - 74.7699i 21.4062 - 73.5272i
Zpp 18.0408 - 74.7699i 21.4668 - 73.7293i
Zabp 5.6000 - 23.2092i 6.7525 - 23.1832i1
Kop Kpa -1.0000 - 0.4826i -0.9836 - 0.5150i
Kap -0.5571 -0.5565-0.0177i
Kpp -0.5571 -0.5566 - 0.0147i
TABLE IV

RESULTS COMPUTED FROM EQUATIONS
(BOTH COILS “a” AND “b” SUPPLIED)

Current Q=00 Q=300
I_a 1.88222166.43° 2.0182£166.35°
I_b 1.88222166.43° 2.0182£166.35°
I_p 14.001276.43° 13.833276.19°
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FIGURE 12. Currents in the transmitting coil and in the pickup with
both the coils supplied and Q=300.

obtained setting Q=300 and relevant to the 1000" supply
period after the system turning on. The plots show that the
system reached the steady state and that the amplitudes and the
initial phases of the currents, reported in the right column of
Tab. V, agree nearly perfectly with the outcomes of the
numerical computation. Fig. 13 plots the same quantities
obtained setting O=10°. It was not possible to study the system
with Q=co because of some convergence problems in the
simulation. In this case, because of the high Q, the system has
not yet reached the steady state and both i, and i, still have a
direct component. Despite this difference the parameters
relevant to the alternate component of the currents match very
well with those obtained by computation.

Equations (65)-(71) can be used also to study the effect of
the mutual coupling between the transmitting coils. To this
end, it is enough to set, for example, Vb_eq = 0 and to compute
again (52)-(54). With this arrangement, the amplitudes and the
phase of the currents with O=co and O0=300 takes the value
listed in Tab. VI. The corresponding quantities coming from
the simulations are reported in Tab. VII whilst Fig. 14 shows
the waveforms of the currents obtained with 0=10°. Also in

TABLE V
SIMULATION RESULTS (BOTH COILS “a”” AND “b” SUPPLIED)
Current Q=10° Q=300

I, 1.8866£166.17° 2.0201£166.36°

I, 1.88232166.67° 2.01982166.05°

I_,J 13.999276.42° 13.833£76.19°
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FIGURE 13. Currents in the transmitting coil and in the pickup with
both the coils supplied and Q=106.

1.176 1.1762

5



This article has been accepted for publication in IEEE Access. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/ACCESS.2023.3335170

IEEE Access

Muktidisciplinary : Rapid Review : Open Access Journal

TABLE VI
RESULTS COMPUTED FROM EQUATIONS
(ONLY COIL “a” SUPPLIED)

Current Q=00 Q=300
I, 3.9004£-103.56° 3.9172£-105.47°
I 4.33082102.19° 4.3492,102.16°
I_p 7.0072£76.43° 6.9174276.34°
TABLE VII
SIMULATION RESULTS (ONLY COIL “a” SUPPLIED)
Current Q=00 Q=300
I, 3.8453£-103.65° 3.9175£-105.48°
Ip 4.2884.,102.44° 4.34932102.17°
I_p 6.9921276.40° 6.9168276.34°

this case, nor i, neither i, reach the steady state at the end of
the 1000" supply period, nevertheless the simulation results
match very well with the computed ones.

In some WPT applications the transmitting coils are
decoupled by means of suitable solutions [23], [24]. Ideally,
this arrangement forces M,»=0, but in this condition (65)-(71)
give meaningless results. The physical reason of this behavior
is that, being Z,«;~Zp~0, from the scheme of Fig. 7a it
derives that both the supply voltage V, .4 and V., should be
equal to the voltages induced by I, across coil “a” and coil
“b”. Given that V, .4 and V), ., are the inputs of the system, this
condition is not met unless they have the same value by
hypothesis.

VIl. CONCLUSION

10
—_—

< O

_a ‘\\ B A

i(; 0 ~ - . ’,

= —_— N R T~
"7 14754 11756 11758 1176 11762  1.1764

t (us) x10%

FIGURE 14. Currents in the transmitting coil and in the pickup with
only coil “a” supplied and Q=106.

This paper presented a new approach to work out the equations
that describes the functioning of the compensation networks
of a WPT system. The obtained equations are equivalent to
those achieved using the conventional methods for the
circuital analysis, but are written with a layout that allows to
recognize at a first glance the contribution of the different CN's
and of the coil couplings. A qualitative analysis of the WPTS
functioning has been performed by inspection of the obtained
equations. A WPTS with series and LCL compensation has
been used as case study for the numerical implementation of
the equations. The obtained results have been confirmed by
comparison with the outcoming of circuital simulations.

APPENDIX A
The expressions that link the currents in the transmitting coils
and in the pickup to the supply voltages are:

2 2 2 2 ;3
Voo = 2 o Map 4 ©Map 5 Jo MapMbpHap ) p Al
aeq a.eq 2 7 2 2 2 2 |la (A1)
7 +w Mp 4, +w Mpp Zp,eqZpeqtw-Mpy
bea™ Zpeq PeaT Zpeq
— JOMgpZy eq+w?MpyM, 20,52 w2Mp,? jw3MgpMpyM, =
v _ ab4p,eq bpMap\ _ 7 + wMgp + bp _ J abMppMap Ji (A2)
aeq 2 2 - b,eq 2 2M 02 2 2 | b
Zp,eqZaeqtw Map 7 ‘(u ap 7 =“) ap Zp,eqZaeqtw-Map
aedtz, o0 PedtZgeq
— JOMapZp eqg+w?MpyM, wZMgp? w2Mpp,? jw3MgpMppM, =
v _ ap4b,eq bpMab) _ 7 + ap bp -2 J abMbpMap I (A3)
aeq 7 7 202 ~ | “peq w2Mgp? wZMgp? ZaeqZ 2Mgp? | P
aeqlbeqt®w Map . ab , ab aeqlbeqtwMqap
a,eq™ Zpeqt
’ Zbeq €17 Zaeq
2 2 .
7 -z n w2Mgp? + W Mpp _2 Jw3MgpMppMap I A4
beq — b,eq 2 2 2 2 2 2 b ( )
7 +w Map 7 +(u Map ZpeqZaeqtwW Map
aedtZ, o0 peatZ,oq
= jwMapZp eq+®w?MppM, 2 2 2Mgp? jw3MgpMpyM, =
V _ J®MabZpeq bpMap) _ | 4@ Mgap W Mgp _9 j abMbpMap | ; A5
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