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Abstract. Mutation of compact silting objects is a fundamental operation in the representation theory
of finite-dimensional algebras due to its connections to cluster theory and to the lattice of torsion pairs

in module or derived categories. In this paper we develop a theory of mutation in the broader framework

of silting or cosilting t-structures in triangulated categories. We show that mutation of pure-injective
cosilting objects encompasses the classical concept of mutation for compact silting complexes. As an

application we prove that any minimal inclusion of torsion classes in the category of finitely generated

modules over an artinian ring corresponds to an irreducible mutation. This generalises a well-known
result for functorially finite torsion classes.
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1. Introduction

The operation of mutation has a long history in representation theory and algebraic geometry. The
aim of a mutation is to create a new object from an old one, changing a designated part of it and keeping
the other part. This operation has been around for at least thirty years, for example in the study
of exceptional collections of sheaves ([33]) or in the combinatorial study of tilting modules ([63, 35]).
Mutation also plays a central role in the foundations of cluster theory which were set up by Fomin and
Zelevinsky from the early 2000’s. Their work, together with the categorification results of [23], reinforced
the importance of mutation in contemporary representation theory.
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As shown by Aihara and Iyama in [2], the right framework to study mutation in derived categories of
finite-dimensional algebras is provided by silting complexes, a significant generalisation of tilting mod-
ules which was introduced in [41]. Indeed, the categorification of cluster algebras allows us to interpret
clusters as silting complexes and cluster mutation as an operation that produces a new silting complex
from a given one by exchanging a summand. It turns out that mutation of silting objects also provides
a deep insight into the structure of the lattice torspAq of torsion pairs in the category modpAq of finite-
dimensional modules over a finite-dimensional algebra A. In [1] it is shown that minimal inclusions of
functorially finite torsion classes correspond, in a suitable way, to a mutation operation on associated
silting complexes. The following question was the initial motivation for this paper.

Question: Do minimal inclusions of arbitrary torsion classes correspond to an operation of mutation?

In order to answer this question, we are forced to leave the realm of finite-dimensional modules,
but fortunately we can benefit from well-developed model theoretic methods [60, 44]. We approach
the above question via cosilting theory, where small silting complexes are replaced by pure-injective
cosilting objects. More recently, this concept has also appeared in the literature under the name derived
injective (or just injective) object and turned out to be indispensable in various other contexts: in
spectral algebraic geometry [46, Appendix C.5.7], deformation theory of dg categories [32] or derived
commutative algebra [71].

Our starting point here is an observation based on [27, 22, 76]: every “small” torsion pair in modpAq
corresponds bijectively to a “large” torsion pair in the category ModpAq of all A-modules, and the latter
is determined by a large (i.e. not necessarily compact) pure-injective two-term cosilting complex σ. In
other words, while two-term silting complexes in the sense of [1] only detect functorially finite torsion
pairs in modpAq, two-term cosilting complexes detect all torsion pairs in modpAq. In fact, pure-injective
cosilting complexes give rise to a class of t-structures in the derived category that encompasses those
associated to compact silting complexes.

Summary of main results. We first develop a general framework to study mutation of silting and
cosilting objects in triangulated categories, without any compactness or pure-injectivity assumptions.
Our Definitions 3.2 and 5.1 extend the concept of mutation in [2] to the non-compact case, adopting the
notion of (co)silting from [61, 52].

Every cosilting object σ gives rise to a t-structure Tσ and to an abelian category Hσ, the heart of
Tσ. Moreover, every subset E of Prodpσq induces a set of injectives H0

σpE q in Hσ and thus a hereditary
torsion pair pS,Rq “ pK0H0

σpE q, CogenpH0
σpE qqq. It turns out that such torsion pairs control the process

of mutation via HRS-tilting.

Theorem A (Theorem 3.5). Let D be a triangulated category with products, and let σ and σ1 be two
cosilting objects in D. Denote E “ Prodpσq X Prodpσ1q, and let pS,Rq be the torsion pair in Hσ

cogenerated by H0
σpE q.

(1) σ1 is a right mutation of σ if and only if σ admits an E -precover and Tσ1 is the right HRS-tilt
of Tσ at the torsion pair pS,Rq in Hσ.

(2) σ1 is a left mutation of σ if and only if the class S is closed under products (hence a TTF-class)
in Hσ and Tσ1 is the left HRS-tilt of Tσ at the torsion pair pT ,Sq in Hσ.

An important difference with respect to the theory developed in [2] is that, even for finite-dimensional
algebras, mutation of large silting or cosilting objects is not always possible (Examples 4.10 and 9.15).
Nevertheless, we show that cosilting mutation is, in itself, a generalisation of compact silting mutation.
Indeed, any mutation of a compact silting object corresponds to a mutation of a pure-injective cosilting
object (see Theorem 5.8). The class of pure-injective cosilting objects, which includes bounded cosilting
complexes in the derived category of a ring (see Example 2.8), will play a distinguished role. The big
advantage of working with a pure-injective cosilting object σ lies in the fact that the heart Hσ is a
Grothendieck category ([7]) — and in this case we can characterise the existence of mutations as
follows.

Theorem B (Theorem 4.9). Let σ be a pure-injective cosilting object in a compactly generated trian-
gulated category D, and E “ ProdpE q a subcategory of Prodpσq. Let pS,Rq be the torsion pair in Hσ

cogenerated by H0
σpE q. The following statements are equivalent.

(1) σ admits a right mutation σ1 with respect to E .
(2) The torsion-free class R “ CogenpH0

σpE qq in Hσ is closed under direct limits.
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(3) The cosilting object σ admits an E -cover.

Dually, the following statements are equivalent.

(1) σ admits a left mutation σ1 with respect to E .
(2) The torsion class S “ K0H0

σpE q in Hσ is closed under products (that is, it is a TTF class).
(3) The object ε0 ‘ ε1 arising from an E -envelope σ Ñ ε0 and its cone ε1 is a cosilting object.

In both cases, if the equivalent conditions are satisfied, any mutation σ1 as in (1) is pure-injective.

We also provide an interpretation of mutation of pure-injective cosilting objects in terms of localisation
theory (see Section 6), which essentially states that the operation of mutation can be understood as a
three-step process: first restrict the associated t-structures to certain subcategories; then shift one of the
restricted t-structures; finally glue them back together.

The whole machinery of cosilting mutation in triangulated categories leads to an answer to our
motivating question concerning the study of the lattice of torsion pairs. In [29] and [14], it was
shown that minimal inclusions of torsion classes (not necessarily functorially-finite) in modpAq, for a
finite-dimensional algebra A, are parametrised by bricks. These bricks turn out to correspond to certain
indecomposable summands of the associated (two-term) cosilting objects. We show that minimal inclu-
sions of torsion classes then correspond to swapping precisely this indecomposable summand. We call
this irreducible mutation. This result generalises the phenomenon that is well-understood for minimal
inclusions of functorially-finite torsion classes. While we prove the theorem below in a more general
setting (see Setup 9.1 and Corollary 9.14), here we state it in the setting of artinian rings.

Theorem C (Corollary 9.14). Let A be an artinian ring. Consider two cosilting torsion pairs t “ pT ,Fq
and u “ pU ,Vq in modpAq such that U Ď T . Let σt and σu be the two-term cosilting complexes associated
to t and u, respectively. Then the following statements are equivalent.

(1) σt is an irreducible right mutation of σu.
(2) σu is an irreducible left mutation of σt.
(3) The class S “ T X V coincides with filtpMq for a brick M in modpAq.
(4) The inclusion U Ď T is a minimal inclusion of torsion classes.

In forthcoming work [9, 11], we will specialise to the case of two-term cosilting complexes in the
derived category of a finite-dimensional algebra A in order to obtain a more explicit description of the
operation of mutation involving the approximation theory and the Ziegler spectrum of ModpAq.

Structure of the paper. The paper is organised as follows.

‚ In Section 2 we collect the necessary background on t-structures, HRS-tilts, silting and cosilting
objects.

‚ In Section 3 we define cosilting mutation and interpret these operations in terms of HRS-tilts.
In particular, we prove Theorem A above (Theorem 3.5).

‚ In Section 4 we specialize to pure-injective cosilting objects in compactly generated triangulated
categories. In this setting the situation becomes more tractable, and we are able to provide
necessary and sufficient conditions of the existence of cosilting mutation, proving Theorem B
(Theorem 4.9).

‚ Section 5 is devoted to the dual situation of silting objects and we prove there that cosilting
mutation generalises the notion of mutation for compact silting objects, as set up in [2] (see
Theorem 5.8).

‚ In Section 6, we interpret mutation from the point of view of localisation theory of triangulated
categories and we observe that the operation of mutation can be broken into 3 parts: restriction,
shifting and gluing (see Theorem 6.6).

‚ In Section 7 we consider general mutation of cosilting objects associated with torsion pairs in
the heart of a pure-injective cosilting t-structure and we characterise this situation in terms of
wide subcategories of the heart (Theorem 7.8).

‚ Section 8 clarifies the bijection between torsion pairs in “small” and “large” triangulated cate-
gories and describes mutation of “small” torsion pairs (Theorem 8.9).

‚ In the final Section 9, we focus on mutation of torsion pairs in abelian length categories. It is in
this framework that we prove, in particular, Theorem C (Corollary 9.14).
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2. Preliminaries

2.1. Notation. All subcategories considered are strict and full. Given an object X in an additive
category A, we denote by AddpXq the subcategory whose objects are summands of existing coproducts
of copies of X. Dually, we write ProdpXq for the subcategory whose objects are summands of existing
products of copies of X. We denote the isomorphism classes of indecomposable objects in A by IndpAq.

Let now A be a complete and cocomplete abelian category. An object A in A is said to be finitely
presented if the functor HomApA,´q commutes with direct limits. Given a class of objects X in A, we
write fpX for the collection of finitely presented objects in X and lim

ÝÑ
X for the subcategory of A formed

by direct limits of objects in X . We further denote by GenpX q (respectively, genpX q) the subcategory
formed by all epimorphic images of coproducts (respectively, of finite coproducts) of objects in X , and
by CogenpX q the subcategory formed by all subobjects of products of objects in X . Furthermore, we
denote by FiltpX q the class of all objects M which admit an ascending chain pMλ, λ ď µq of subobjects
indexed over an ordinal number µ where M0 “ 0, all consecutive factors Mλ`1{Mλ with λ ă µ belong
to X , and M “

Ť

λďµMλ. The class of objects with a finite filtration of this form is denoted by filtpX q.
For a pair of full subcategories M and N of an abelian (respectively, triangulated) category C, we use

the notation M ‹N for the full subcategory of C consisting of objects X such that there exists a short
exact sequence 0 Ñ M Ñ X Ñ N Ñ 0 (respectively, a triangle M Ñ X Ñ N Ñ M r1s) with M P M
and N P N .

Let M be a class of objects in a triangulated category D. Given a set of integers I (which is often
expressed by symbols such as ą n, ‰ n, or just n), we write KIM for the orthogonal class given by the
objects X satisfying HomDpX,M risq “ 0 for all M P M and i P I, while MKI consists of the objects
X such that HomDpM,Xrisq “ 0 for all M P M and i P I. If M is a class of objects in an abelian
category A and I is a set of natural numbers, we similarly denote by KIM the class given by the objects
X P A such that ExtiApX,Mq “ 0 and by MKI the class of objects X satisfying ExtiApM,Xq “ 0 for all
M PM and i P I.

Finally, when R is a ring, ModpRq denotes the category of all left R-modules and DpRq the unbounded
derived category of ModpRq. If R is left coherent, then modpRq denotes the abelian subcategory of finitely
presented left R-modules and DbpmodpRqq its bounded derived category.

2.2. Torsion pairs, t-structures and HRS-tilts. Recall that a torsion pair in an abelian (respec-
tively, triangulated) category C is a pair of idempotent-complete subcategories t :“ pT ,Fq such that
HomApT, F q “ 0 for all T in T and F in F and, furthermore, with the property that C “ T ‹ F . The
subcategory T is often called a torsion class while the subcategory F is often referred to as a torsion-
free class. If a torsion-free class F is again a torsion class with respect to another torsion pair pF ,Gq,
then we say that F is a torsion torsion-free class (or TTF class, for short).

A torsion pair pT ,Fq in an abelian or triangulated category C is said to be:

‚ cogenerated by a subcategory S if T “ K0S; and
‚ generated by a subcategory S if F “ SK0 .

If C is abelian, we say that pT ,Fq is

‚ hereditary if T is closed under subobjects; and
‚ cohereditary if F is closed under quotient objects.

If C is furthermore AB5 (i.e., a cocomplete abelian category with exact direct limits), then pT ,Fq is

‚ of finite type if F is closed under direct limits in C.

A subcategory M of an abelian (respectively, triangulated category) will be said to be extension-closed
if M‹M ĎM. An extension-closed subcategory X of a triangulated category D is said to be suspended
(respectively, cosuspended) if X r1s Ď X (respectively, if X r´1s Ď X ).

A torsion pair T :“ pX ,Yq in a triangulated category for which X is suspended is called a t-structure.
Then X is called the aisle and Y the coaisle of T. Such torsion pairs give rise to an abelian subcategory
of D, the heart of the t-structure, which can be obtained as HT :“ X r´1s X Y. Furthermore, there is
a cohomological functor associated to T, i.e. a functor H0

T : D ÝÑ HT that sends triangles to long exact
sequences, and we denote by Hi

T : D ÝÑ HT the functor given by Hi
TpXq “ H0

TpXrisq, for any i in Z.
The following useful lemma is a direct consequence of the construction of this cohomological functor.

Lemma 2.1. Let T “ pX ,Yq be a t-structure in a triangulated category D. Let W be an object in the
heart H, and let Y be in Y and Z in X r´1s. Then we have that HomDpW,Y q – HomHpW,H

0
TpY qq and

HomDpZ,W q – HomHpH
0
TpZq,W q.
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A t-structure T “ pX ,Yq is said to be

‚ nondegenerate if
Ş

nPZ X rns “ 0 “
Ş

nPZ Yrns.
It is easy to check that if T is nondegenerate, then the aisle X consists of the objects X with Hk

TpXq “ 0
for all k ě 0, and the coaisle Y of those with Hk

TpXq “ 0 for all k ă 0.
If D is a triangulated category with coproducts (respectively, products), then we say that T is

‚ smashing if the coaisle Y is closed under coproducts; and
‚ cosmashing if the aisle X is closed under products.

A nondegenerate t-structure T is smashing (respectively, cosmashing) if and only if the H0
T preserves

coproducts (respectively, products), see [7, Lemma 3.3]. For more details on t-structures we refer to [17].
For a torsion pair t :“ pT ,Fq in the heart HT of a t-structure T “ pX ,Yq we can build a new

t-structure according to [34]. It is called the left HRS-tilt at t, and it is defined as follows:

Tt` :“ pXt` :“ X r1s ‹ T r1s, Yt` :“ Fr1s ‹ Yq.
The corresponding heart is then given by Ht` “ Fr1s ‹ T , it is equipped with a torsion pair pFr1s, T q
and the cohomological functor H0

t` : D ÝÑ Ht` . Dually, we denote the right HRS-tilt at t by

Tt´ :“ pXt´ :“ X ‹ T , Yt´ :“ F ‹ pYr´1sqq.

The corresponding heart is then given by Ht´ “ F ‹T r´1s, it is equipped with a torsion pair pF , T r´1sq
and the cohomological functor H0

t´ : D ÝÑ Ht´ .

Remark 2.2. Note that Tt` “ Tt´r1s, and T “ pTt´qs` for the torsion pair s “ pF , T r´1sq in Ht´ .
Furthermore, if T is nondegenerate, then the right HRS-tilt is given by

Xt´ “ tX P D | H0
TpXq P T and Hk

TpXq “ 0 for all k ą 0u,

Yt´ “ tX P D | H0
TpXq P F and Hk

TpXq “ 0 for all k ă 0u,

and the corresponding statement holds true for the left HRS-tilt.

By construction, we have that Y Ď Yt` Ď Yr1s and Yr´1s Ď Yt´ Ď Y. These properties completely
characterise Tt` as a left HRS-tilt and Tt´ as a right HRS-tilt.

Proposition 2.3. [58, Lemma 1.1.2][75, Proposition 2.1] Let T “ pX ,Yq be a t-structure in a triangulated
category D with heart H.

(1) The assignment t ÞÑ Tt` defines a bijection between torsion pairs in H and t-structures T1 “
pX 1,Y 1q in D with Y Ď Y 1 Ď Yr1s. The inverse assignment takes a t-structure T1 with heart H1
to the torsion pair t :“ pT ,Fq in H given by T “ HXH1 and F “ HXH1r´1s.

(2) The assignment t ÞÑ Tt´ defines a bijection between torsion pairs in H and t-structures T1 “
pX 1,Y 1q in D with Yr´1s Ď Y 1 Ď Y. The inverse assignment takes a t-structure T1 with heart
H1 to the torsion pair t :“ pT ,Fq in H given by T “ HXH1r1s and F “ HXH1.

2.3. Silting and cosilting t-structures. Recall that an object σ of a triangulated category D with
(set-indexed) coproducts is said to be silting if the pair pσKě0 , σKă0q is a t-structure in D. Dually, if D
has (set-indexed) products, an object σ of D is said to be cosilting if pKď0σ,Ką0σq is a t-structure in
D. In both cases we denote the associated (silting/cosilting) t-structure by Tσ, its heart by Hσ and its
associated cohomological functor by H0

σ : D ÝÑ Hσ. Two (co)silting objects are said to be equivalent
if they give rise to the same t-structure.

Remark 2.4. Note that it is our convention that the heart of a t-structure is contained in the coaisle, not
in the aisle. This justifies the slight adaptation (by a shift) of the definition of the t-structure associated
to a silting object presented above (compare with [61]).

We say that a subcategory M generates D if MKZ “ 0 and M cogenerates D if KZM “ 0. If M
consists of a single object M , we say that M (co)generates D. It follows from the definition that every
silting object generates D, and every cosilting object cogenerates D. We recall the following properties
of (co)silting t-structures.

Proposition 2.5. [61, Proposition 4.3 and Lemma 4.5],[7, Lemma 2.8, Theorem 3.5, and Corollary 3.8]
Let σ be an object in a triangulated category D.

(1) If D has coproducts and σ is a silting object, then the associated heart Hσ “ σK‰0 is an abelian
category with enough projectives, and the functor H0

σ induces an equivalence of categories be-
tween Addpσq and Proj pHσq and a natural isomorphism HomDpσ,´q – HomDpH

0
σpσq, H

0
σp´qq.

Furthermore, if X “ σKą0 , then Addpσq “ K1X X X .
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(2) If D has products and σ is a cosilting object, then the associated heart Hσ “
K‰0σ is an abelian

category with enough injectives, and the functor H0
σ induces an equivalence of categories be-

tween Prodpσq and Inj pHσq and a natural isomorphism HomDp´, σq – HomDpH
0
σp´q, H

0
σpσqq.

Furthermore, if Y “ Ką0σ, then Prodpσq “ Y X YK1 .

Remark 2.6. If D is a triangulated category with coproducts, then every heart is known to be cocom-
plete ([53, Proposition 3.2]). Moreover, if a given t-structure is associated to a silting object, then
the corresponding heart H has a projective generator by the proposition above. Then Freyd’s adjoint
functor theorem implies that H is also complete (see [31, Proposition 6.4]) and products are necessarily
exact. Moreover, H has the property of being well-powered, i.e. every object has a set of subobjects
(see [72, Proposition IV.6.6]). Dually, if D is a triangulated category with products, then the heart H
of any t-structure associated to a cosilting object is complete, cocomplete, with exact coproducts and
well-powered.

It follows in both cases from [28] that torsion classes are precisely those closed under coproducts,
extensions and quotients, and torsion-free classes are precisely those closed under products, extensions
and subobjects. Furthermore, in any complete, cocomplete and well-powered abelian category A, we
then have that:

‚ if E is a family of injective objects in A, then pK0E ,CogenpE qq is a hereditary torsion pair in A;
and

‚ if P is a family of projective objects in A, then pGenpPq,PK0q is a cohereditary torsion pair
in A.

We close the section with a brief review of the notion of purity in triangulated categories. Assume
now that D admits (set-indexed) coproducts. Recall that an object X in D is said to be compact if the
functor HomDpX,´q commutes with coproducts. If the subcategory Dc of compact objects is skeletally
small and generates D, then D is said to be compactly generated. It is well-known that D then also
admits products.

When D is a compactly generated triangulated category, the category of additive (contravariant) func-
tors pDcqop ÝÑ ModpZq, denoted by ModpDcq, is a locally coherent Grothendieck category with enough
projectives. Recall that a Grothendieck category G is said to be locally coherent if its subcategory of
finitely presented objects fpG is an abelian subcategory and generates G.

Moreover, the functor y : D ÝÑ ModpDcq, defined by yX :“ HomDp´, Xq|Dc , sends triangles to long
exact sequences. A pure triangle is a triangle in D of the form

∆: X
f // Y

g // Z
h // Xr1s

such that y∆ is a short exact sequence, i.e. yf is a monomorphism (and, hence, f is called a pure
monomorphism), yg is an epimorphism (and, hence, g is called a pure epimorphism) and yh “ 0
(and, hence, h is called a phantom map). Note that, with this terminology in place, ∆ is a pure-triangle
if and only if f is a pure monomorphism, and the latter is equivalent to g being a pure epimorphism and
equivalent to h being a phantom map. We say that an object X of D is pure-injective (respectively,
pure-projective) if yX is an injective (respectively, projective) object in ModpDcq. Equivalently, an
object X of D is pure-injective (respectively, pure-projective) if and only if every pure triangle starting in
X (respectively, ending in X) splits. It is well-known that the pure-projective objects coincide precisely
with AddpDcq ([18, Lemma 8.1]). The following theorem explains the benefits of considering pure-
injective/pure-projective cosilting/silting objects.

Theorem 2.7. [7, 52] Let D be a compactly generated triangulated category.

(1) There is a bijection between equivalence classes of cosilting objects and smashing nondegenerate
t-structures whose heart has an injective cogenerator. Furthermore, a cosilting object is pure-
injective if and only if the heart of the associated t-structure is a Grothendieck category.

(2) There is a bijection between equivalence classes of silting objects and cosmashing nondegenerate t-
structures whose heart has a projective generator. Furthermore, a silting object is pure-projective
if and only if the associated t-structure is smashing and its heart is a Grothendieck category with
a projective generator.

Example 2.8. [76, 48] An object σ in the category KbpInjpRqq of bounded complexes of injective R-
modules is cosilting in DpRq if and only if HomDpRqpσ

I , σrisq “ 0 for all sets I and i ą 0, and KbpInjpRqq
is the smallest triangulated subcategory of DpRq containing Prodpσq. Such cosilting complexes are pure
injective objects of DpRq and thus give rise to t-structures with Grothendieck heart.
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3. The concept of mutation

Silting mutation was introduced by Aihara and Iyama in [2]. In this section, we define mutation for
large silting or cosilting objects, and in Theorem 5.8 we will show that it extends Aihara-Iyama’s silting
mutation. We prove that a (co)silting object σ1 is a (left or right) mutation of another (co)silting object σ
if and only if the associated (co)silting t-structures are related by a suitable (left or right) HRS-tilt. The
torsion pair at which the HRS-tilt is performed is determined by the intersection E “ ProdpσqXProdpσ1q
in the cosilting case, and by E “ Addpσq XAddpσ1q in the silting case.

We begin with a useful lemma. Recall that, given an object C in an additive category C, we say that
a morphism g : M Ñ C with M in M is an M-precover (or a right M-approximation) if any other
morphism M 1 Ñ C with M 1 in M factors through g. If, in addition, any endomorphism h : M Ñ M
with gh “ g is an isomorphism, then g is called an M-cover. Dually, one defines M-preenvelopes (or
left M-approximations) and M-envelopes.

Lemma 3.1. Let σ be an object in a triangulated category D.

(1) If D has products, σ is cosilting and E “ ProdpE q is a subcategory of Prodpσq, then:
(a) E is preenveloping in Prodpσq; and
(b) E cogenerates D if and only if E “ Prodpσq.

(2) If D has coproducts, σ is silting and P “ AddpPq is a subcategory of Addpσq, then:
(a) P is precovering in Addpσq; and
(b) P generates D if and only if P “ Addpσq.

Proof. We prove the cosilting case; the silting case is analogous. (1)(a): Consider the torsion pair
s :“ pK0H0

σpE q,CogenpH0
σpE qqq and take a : H0

σpσq ÝÑ A to be the epimorphism to a torsion-free object
A with a torsion kernel (with respect to s). Consider then a monomorphism π : A ÝÑ H0

σpEq, for some
E in E . It is easy to observe that π ˝ a is an H0

σpE q-preenvelope of H0
σpσq, and by Proposition 2.5 the

map Ψ: σ ÝÑ E such that H0
σpΨq “ π ˝ a is a E -preenvelope of σ.

(1)(b): Let Ψ: σ ÝÑ E be the preenvelope obtained above. If E cogenerates D, then H0
σpE q is a

cogenerating class of injective objects in Hσ. In particular, H0
σpΨq must be a monomorphism and, thus,

a split map. Therefore Ψ splits by Proposition 2.5, and we conclude that E “ Prodpσq. The converse
holds by definition of cosilting object. �

We will first discuss mutation of cosilting objects. Later we will restrict our attention to pure-injective
cosilting objects, for which we can use some approximation-theoretic tools to simplify the definition below.

Definition 3.2. Let D be a triangulated category with products. Let σ and σ1 be two cosilting objects
in D, and let E “ Prodpσq X Prodpσ1q. We say that

(1) σ1 is a left mutation of σ if there is a triangle σ
Φ // ε0

// ε1
// σr1s such that:

‚ Φ is an E -preenvelope of σ in D; and
‚ ε0 ‘ ε1 is a cosilting object equivalent to σ1.

(2) σ1 is a right mutation of σ if there is a triangle σr´1s // γ1
// γ0

Φ // σ such that:

‚ Φ is an E -precover of σ in D; and
‚ γ0 ‘ γ1 is a cosilting object equivalent to σ1.

We will also say that σ1 is a left (or right) mutation of σ with respect to E .

Our first aim is to clarify the relation between mutations and HRS-tilts. This will allow us to see,
in particular, that mutation is defined up to equivalence of cosilting objects. For that purpose, we will
make use of the following lemma.

Lemma 3.3. Let σ be a cosilting object in a triangulated category D with products, and let E “ ProdpE q
be a subcategory of Prodpσq. Denote by

t “ pS,Rq “ pK0H0
σpE q, CogenpH0

σpE qqq

the torsion pair in Hσ cogenerated by the set of injective objects H0
σpE q, and let T “ pX 1,Y 1q be the right

HRS-tilt of Tσ at t. The following statements are equivalent for a map Φ: E ÝÑ σ with E in E .

(1) Φ is an E -precover of σ in D.
(2) φ :“ H0

σpΦq is an R-precover of H0
σpσq in Hσ.

(3) Φ is a Y 1-precover of σ in D.
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Proof. (1)ñ(2): The map φ is an H0
σpE q-precover because H0

σ induces an equivalence of categories
between Prodpσq and Inj pHσq. Let g : X ÝÑ H0

σpσq be a map in Hσ with X in R “ CogenpH0
σpE qq.

Since H0
σpσq is injective, g extends along any monomorphism h : X ÝÑ H0

σpE
1q with E1 in E , that

is, there is t : H0
σpE

1q ÝÑ H0
σpσq such that t ˝ h “ g. But then t must factor through φ, so there is

ψ : H0
σpE

1q ÝÑ H0
σpEq such that φ ˝ ψ “ t. This shows that g “ φ ˝ ψ ˝ h, as wanted.

(2)ñ(3): Suppose that φ is an R-precover of H0
σpσq in Hσ and let f : Y ÝÑ σ be a map with Y in

Y 1. Applying H0
σ to the triangle induced by f we get an exact sequence

0 // H0
σpKq // H0

σpY q
H0
σpfq // H0

σpσq .

Now, since Tσ is nondegenerate, its right HRS-tilt T has the form described in Remark 2.2. In particular,
H0
σpY q lies in R, so the map H0

σpfq factors through φ, that is, there is a map ψ : H0
σpY q Ñ H0

σpEq such
that H0

σpfq “ φ ˝ ψ. Since E lies in Prodpσq, we know from Proposition 2.5(2) that the functor H0
σ

induces an isomorphism HompY,Eq – HompH0
σpY q, H

0
σpEqq. Hence there is a unique map Ψ: Y Ñ E

such that H0
σpΨq “ ψ. Clearly, it follows that f “ ΦΨ as wanted.

(3)ñ(1): This is clear from the fact that E is contained in Y 1 and E, by assumption, lies in E . �

Remark 3.4. It is clear that the class R in the torsion pair t “ pS,Rq above is enveloping (as every
torsion-free class is!), but without further assumptions on the cosilting object it may be hard to say
whether it is precovering or not. We will discuss the approximation properties of such torsion pairs in
Section 4 (compare also with the silting case in Remark 5.6).

We are now ready for our first theorem.

Theorem 3.5. Let D be a triangulated category with products. Let σ and σ1 be two cosilting objects in
D, and let E “ Prodpσq X Prodpσ1q.

(1) σ1 is a left mutation of σ if and only if K0H0
σpE q is closed under products in Hσ and Tσ1 is the

left HRS-tilt of Tσ at the torsion pair t “ pT ,K0H0
σpE qq in Hσ.

(2) σ1 is a right mutation of σ if and only if σ admits an E -precover and Tσ1 is the right HRS-tilt
of Tσ at the torsion pair t “ pK0H0

σpE q, CogenpH0
σpE qqq in Hσ.

In both cases, the torsion pairs involved do not depend on the triangle in Definition 3.2.

Proof. Let T “ Tσ “ pX ,Yq be the cosilting t-structure associated to σ with heart H “ Hσ, and
T1 “ Tσ1 “ pX 1,Y 1q the cosilting t-structure associated to σ1 with heart H1 “ Hσ1 .

(1): Suppose first that σ1 is a left mutation of σ. Let Φ be an E -preenvelope of σ in D and consider
the cosilting object σ̃ “ ε0 ‘ ε1, equivalent to σ1, where ε1 is defined via the triangle

(∆1) σ
Φ // ε0

// ε1
// σr1s

Then T1 “ pKď0 σ̃,Ką0 σ̃q, and it is easy to see that Y Ď Y 1 Ď Yr1s. From Proposition 2.3(1) we infer that
T1 “ Tt` is the left HRS-tilt of T at the torsion pair t :“ pT ,Fq in H given by F “ H XH1r´1s, and
the latter coincides with H X Y 1r´1s since X r´1s Ď X 1r´2s. Note that t only depends on σ and σ1. It
remains to verify that F “ K0H0

σpE q.
In fact, we first observe that F “ K0H0

σpε0q. An object X of H lies in F if and only if Xr1s lies in
Y 1. In particular, HomDpXr1s, σ̃r1sq “ 0 and, thus, HomDpX, σ̃q “ 0. By Lemma 2.1 we conclude that
HomHpX,H

0
σpε0qq – HomDpX, ε0q “ 0. Conversely, if X belongs to K0H0

σpε0q, that is, HomDpX, ε0q “ 0,
then applying HomDpXr1s,´q to the triangle above and keeping in mind that X lies in Y “ Ką0σ and
ε0 lies in Prodpσq, we see that Xr1s lies indeed in Ką0 σ̃ “ Y 1, which amounts to X lying in F .

Finally, we show that K0H0
σpε0q “

K0H0
σpE q, thus proving our claim. Note that, being left orthogonal

to (classes of) injective objects in H, both these classes are torsion (see Remark 2.6), and it is clear
that K0H0

σpE q Ď
K0H0

σpε0q. So, in order to prove the desired equality, it is enough to show that the
corresponding torsion-free classes satisfy pK0H0

σpE qq
K0 Ď pK0H0

σpε0qq
K0 , and for that it suffices to show

that H0
σpE q lies in pK0H0

σpε0qq
K0 “ FK0 . Recall that Y 1 “ Fr1s ‹ Y, and that Prodpσq “ Y X pYr´1sqK0

by Proposition 2.5. Therefore, we have

Prodpσq X FK0 “ Y X pYr´1sqK0 X FK0 “ Y X pF ‹ Yr´1sqK0 “ Y X pY 1r´1sqK0

But the latter class coincides with E . Indeed, since Y Ď Y 1 (and, thus, pYr´1sqK0 Ě pY 1r´1sqK0) we
have

E “ Prodpσq X Prodpσ1q “ pY X pYr´1sqK0q X pY 1 X pY 1r´1sqK0q “ Y X pY 1r´1sqK0 .

So we have shown that, in fact, Inj pHq X FK0 “ H0
σpE q.
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Conversely, assume now that T1 is the left HRS-tilt of T at the torsion pair t “ pT ,Fq in Hσ where
F “ K0H0

σpE q. Note here that since the hereditary torsion class K0H0
σpE q is assumed to be closed under

products, it is also a torsion-free class (see Remark 2.6), so the torsion pair t is well-defined and the
condition makes sense. Consider an E -preenvelope Φ: σ ÝÑ ε0 of σ in D (see Lemma 3.1 for the existence
of such a map). We complete Φ to a triangle of the form (∆1) and set σ̃ “ ε0 ‘ ε1. We will show that
Prodpσ1q “ Prodpσ̃q. Note that since σ cogenerates D, so does σ̃. Hence, if we show that Prodpσ̃q is
contained in Prodpσ1q, Proposition 3.1(1)(b) guarantees the equality. For this purpose we show that σ̃
lies in Y 1 X Y 1r´1sK0 , which coincides with Prodpσ1q by Proposition 2.5. Recall from Remark 2.2 that

Y 1 “ Yt` “ Fr1s ‹ Y “ tX P D | H´1
σ pXq P F , and Hk

σpXq “ 0 for all k ă ´1u.

It is clear that ε0 lies in Y Ă Y 1. We claim that also ε1 lies in Y 1. Indeed, we infer from the triangle
above that Hk

σpε1q “ 0 for all k ă ´1, and moreover, since H0
σpΦq is an H0

σpE q-preenvelope of H0
σpσq,

we also have that H´1
σ pε1q lies in K0H0

σpE q “ F . Hence, σ̃ belongs to Y 1. Next, we pick an object Y
in Y 1. Then H´1

σ pY q lies in F and, thus, HomDpY, ε0r1sq – HomDpH
´1
σ pY q, H0

σpε0qq “ 0. Moreover, as
Y 1 Ă Yr1s, we also have HomDpY, σr2sq “ 0. Thus, we infer from a rotation of the triangle above that
HomDpY, ε1r1sq “ 0. This shows that σ̃ belongs to Y 1K1 and completes the proof.

(2): Suppose that σ1 is a right mutation of σ. By definition, there is an E -precover Φ: γ0 ÝÑ σ in D
and σ̃ “ γ0 ‘ γ1 is a cosilting object equivalent to σ1, where γ1 is defined by the triangle

(∆2) σr´1s // γ1
// γ0

Φ // σ.

As in the previous part, one verifies that Yr´1s Ď Y 1 Ď Y and T1 “ Tt´ is the right HRS-tilt of T at a
torsion pair t “ pT ,Fq in H where T “ K0H0

σpγ0q. Consequently, F “ CogenpH0
σpγ0qq by Remark 2.6.

It remains to check that F “ CogenpH0
σpE qq. However, we know from Lemma 3.3 that H0

σpΦq is a
CogenpH0

σpE qq-precover of H0
σpσq. Since H0

σpσq is an injective cogenerator of H, it follows that indeed
F “ CogenpH0

σpE qq.
Conversely, suppose that σ admits an E -precover Φ: γ0 ÝÑ σ and that Tσ1 is the right HRS-tilt of

Tσ at the torsion pair t in Hσ given by t “ pK0H0
σpE q,CogenpH0

σpE qqq. Complete Φ to a triangle of the
form (∆2) and set σ̃ “ γ0 ‘ γ1. We have to show that Prodpσ1q “ Prodpσ̃q. As in (1), it will suffice to
show that σ̃ belongs to Y 1 X pY 1r´1sqK0 . Since γ0 lies in Y, there is a truncation triangle of the form

H0
σpγ0q // γ0

// Y r´1s // H0
σpγ0qr1s

with Y in Y and, thus, γ0 lies in F ‹Yr´1s “ Yt´ “ Y 1. Since γ1 is an extension of σr´1s (which lies in
Yr´1s Ď Y 1) and γ0, we conclude that also γ1 (and, hence, σ̃) belongs to Y 1. Next, we pick an object Y
in Y 1 and apply HomDpY,´q to the following rotation of the triangle (∆2)

γ0
Φ // σ // γ1r1s // γ0r1s.

Since, from Lemma 3.3, Φ is an Y 1-precover, and since Y 1 Ď Y “ Ką0σ and γ0 lies in Prodpσq, we
conclude that σ̃ belongs to pY 1r´1sqK0 , completing the proof. �

Remark 3.6. Note that the HRS-tilts discussed above involve torsion pairs in Hσ of different flavours: in
the case of left mutation, Tσ1 is the HRS-tilt of Tσ at a torsion pair pT ,Fq for which F is a TTF class;
in the case of right mutation, Tσ1 is the HRS-tilt of Tσ at a hereditary torsion pair pS,Rq. Moreover, if
there exists both a left and a right mutation with respect to E , then pT ,Fq is left adjacent to pS,Rq,
i.e. S “ Fp“ K0H0

σpE qq.

Corollary 3.7. Let D be a triangulated category with products. Then both left and right mutation of
cosilting objects in D are well-defined up to equivalence. Moreover, the induced operations on equivalence
classes of cosilting objects are inverse of each other.

Proof. Theorem 3.5 characterises the fact that two cosilting objects σ and σ1 are mutations of each other
in terms of properties of the associated cosilting t-structures and of the class E “ Prodpσq X Prodpσ1q.
These t-structures and E depend exclusively on the equivalence class of the cosilting objects considered.
Moreover, using the fact that products of E -precovers are E -precovers, we note that if σ admits an
E -precover, then so does any cosilting object equivalent to σ.

For the second statement, we observe that σ1 is a left mutation of σ if and only if σ is a right mutation
of σ1. Indeed, if E “ ProdpσqXProdpσ1q, consider the triangle induced by an E -preenvelope Φ as follows

σ
Φ // ε0

Ψ // ε1
// σr1s,
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and the cosilting object σ̃ “ ε0 ‘ ε1 which, by assumption, is equivalent to σ1. It then follows that Ψ is
an E -precover of ε1 (since HomDpE , σr1sq “ 0), and θ “ Ψ ‘ 1ε0 is an E -precover of σ̃. Therefore, the
induced triangle

σ // ε0 ‘ ε0
θ // σ̃ // σr1s

shows that σ is a right mutation of σ̃. The other implication is obtained by dual arguments. �

The torsion pairs appearing the theorem above are determined by the cosilting objects involved in the
mutation process. In general it is difficult to characterise when a torsion pair arises in this way, although
we will see later that this is possible in the setting of Section 4. Nevertheless, the following definition is
helpful in characterising when mutation is possible.

Definition 3.8. Let D be a triangulated category with products and T a t-structure with heart H. A
torsion pair t :“ pT ,Fq in H is said to be a cosilting torsion pair if and only if there is a cosilting object
σ in D such that Tt´ “ Tσ. We denote the collection of cosilting torsion pairs in H by CosiltpHq. If D
is compactly generated, then we denote the set of cosilting torsion pairs in H arising from pure-injective
cosilting objects by Cosilt˚pHq.
Example 3.9. Let R be a ring. The modules C “ H0pσq arising as zero cohomologies of a cosilting
complex σ : I0 Ñ I1 of length two, concentrated in degrees 0 and 1, are precisely the cosilting modules
introduced in [21]. The t-structure Tσ then coincides with the right HRS-tilt of the standard t-structure
T “ pDď´1,Dě0q of DpRq at the torsion pair t :“ pK0C, CogenpCqq in ModpRq cogenerated by C. In
other words, t is contained in CosiltpRq :“ CosiltpModpRqq.

Furthermore, any cosilting torsion pair in ModpRq is actually of this form. Indeed, let σ P DpRq be an
associated cosilting complex and Tσ “ pX ,Yq the cosilting t-structure. Then σ P Y Ď Dě0 is isomorphic
to a complex of injectives concentrated in non-negative cohomological degrees. As on the other hand
Dě1 Ď Y, we have

σ P YK1 Ď pDě1qK1 “ pDě2qK0 ,

which implies that such a complex of injectives is homotopy equivalent to a 2-term complex concentrated
in degrees 0 and 1 (see e.g. [55, Lemma 4.12]).

Recall further that all cosilting complexes of length two in DpRq are pure-injective (Example 2.8).
Thus CosiltpRq “ Cosilt˚pModpRqq. In fact, it follows from [22, 76] that a torsion pair in ModpRq is
cosilting if and only if it is of finite type. We are going to see in Proposition 4.5 that this is a special
instance of a general phenomenon.

The following proposition explains the relation between cosilting torsion pairs and mutation, providing
a criterion for the existence of mutation.

Proposition 3.10. Let D be a triangulated category with products. Let σ be a cosilting object and
E “ ProdpE q a subcategory of Prodpσq. Then we have:

(1) σ admits a left mutation σ1 with respect to E if and only if there is a cosilting torsion pair of the
form t :“ pT ,K0H0

σpE qq in Hσ; and
(2) σ admits a right mutation σ1 with respect to E if and only if σ admits an E -precover and the

torsion pair t “ pS,Rq “ pK0H0
σpE q, CogenpH0

σpE qqq in Hσ is a cosilting torsion pair.

Proof. (1): By Theorem 3.5, we only need to prove the if-part. Suppose that there is a cosilting torsion
pair t “ pT ,Fq in Hσ where F “ K0H0

σpE q. By definition, there is a cosilting object σ1 such that Tσ1
coincides with the left HRS-tilt Tt` “ pX 1,Y 1q of the t-structure T “ Tσ “ pX ,Yq associated to σ. As
in the proof of Theorem 3.5, we see that Prodpσ1q coincides with Prodpσ̃q where σ̃ “ ε0 ‘ ε1 is obtained
from a triangle

σ
Φ // ε0

// ε1
// σr1s

where Φ is an E -preenvelope. By Theorem 3.5, it thus only remains to show that E “ ProdpσqXProdpσ1q.
For the inclusion E Ď Prodpσq X Prodpσ1q we have to show that E Ď Prodpσ1q “ Y 1 X Y 1K1 . Of course,
E is contained in Y Ď Y 1. Now pick E in E and Y in Y 1, and consider a decomposition triangle with
respect to the t-structure T

A // Y // B // Ar1s

where A in X and B in Y Ď Y 1. In particular, we have that A lies in X X Y 1 “ Fr1s, because
Y 1 “ Yt` “ Fr1s ‹ Y. Applying HomDp´, Er1sq to the triangle, and using that Ar´1s P F “ K0H0

σpE q,
we obtain

HomDpA,Er1sq – HomHσ
pAr´1s, H0

σpEqq “ 0.
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Further, since E lies in Prodpσq, we have HomDpB,Er1sq “ 0 and, thus, HomDpY,Er1sq “ 0. To prove
the other inclusion, let X be an object in ProdpσqXProdpσ1q. Clearly, H0

σpXq is injective in Hσ, because
X lies in Prodpσq. Furthermore, if F is an object in F , since F r1s lies in Y 1 “ Ką0σ1 and X lies in
Prodpσ1q, we have

HomDpF,H
0
σpXqq – HomDpF,Xq – HomDpF r1s, Xr1sq “ 0.

It follows that H0
σpXq lies in FK0 “ CogenpH0

σpE qq. We conclude that H0
σpXq lies in H0

σpE q and, thus,
X lies in E .

(2): By Theorem 3.5, we only need to prove the if-part. Suppose that t “ pK0H0
σpE q, CogenpH0pE qqq

is a cosilting torsion pair in Hσ. Then there is a cosilting object σ1 such that Tσ1 coincides with the right
HRS-tilt Tt´ “ pX 1,Y 1q of the t-structure T “ pX ,Yq associated to σ. By Theorem 3.5, it only remains
to show that E “ Prodpσq X Prodpσ1q. Now E is contained in Prodpσq, and also in Y 1, which consists
of those objects X in Y for which H0

σpXq lies in CogenpH0
σpE qq by Remark 2.2. Moreover, given E in E

and X in Y 1, we have HomDpX,Er1sq “ 0 since X lies in Y “ Ką0σ and E lies in Prodpσq. We conclude
that E is an object of Y 1 X Y 1K1 “ Prodpσ1q. Conversely, take X in Prodpσq X Prodpσ1q. Then H0

σpXq
is injective in Hσ, because X lies in Prodpσq. Furthermore, it lies in CogenpH0

σpE qq, because X lies in
Prodpσ1q Ď Y 1. Hence H0

σpXq lies in H0
σpE q and, thus, X lies in E . �

4. Mutation and purity

As recalled in Theorem 2.7, pure-injective cosilting objects or pure-projective silting objects give rise
to Grothendieck hearts. In order to investigate mutations of these objects, we need to understand when
HRS-tilts are Grothendieck categories. Recall that a cocomplete abelian category is said to be AB4 if
coproducts are exact and it is said to be AB5 if all direct limits are exact.

4.1. HRS-tilts with Grothendieck heart. Our aim in this subsection is to generalise [54, Theo-
rem 1.2], which characterises when the heart of an HRS-tilt is a Grothendieck category. This re-
quires some preparation, however. Suppose that H is an AB4 abelian category, I a directed poset
and X “ pXi, fij : Xi Ñ Xj | i, j P I, i ě jq a direct system in H. This system gives rise to a complex

BXaug : ¨ ¨ ¨ // š

i0ăi1ăi2

Xi0

d2 // š

i0ăi1

Xi0

d1 // š

i0PI

Xi0

d0 // lim
ÝÑ

X // 0.

in H, where d0 is the canonical morphism and dn :
š

i0ă¨¨¨ăin
Xi0 Ñ

š

j0ă¨¨¨ăjn´1
Xj0 for n ě 1 are

described as follows: if pj0 ă ¨ ¨ ¨ ă jn´1q is obtained from pi0 ă ¨ ¨ ¨ ă inq by removing ik for some
0 ď k ď n, then the component of dn between the corresponding summands of the coproducts is equal to
p´1qkfi0j0 : Xi0 Ñ Xj0 (we stress that fi0j0 “ idXi0 if k ą 0 as then i0 “ j0). All the other components
of dn vanish by definition.

We denote by BX the complex obtained from BXaug by deleting the last term with the direct limit.
Hence BX is a complex over H which consists just of coproducts of objects in X and we place the term
š

i0PI
Xi0 in cohomological degree 0. Now we define for n ě 0 functors

lim
ÝÑn

: HI ÝÑ H

by putting lim
ÝÑn

X :“ H´npBX q. We summarise some well-known properties of these functors.

Lemma 4.1. Given a short exact sequence 0 Ñ X Ñ Y Ñ Z Ñ 0 of I-shaped direct systems in an AB4
abelian category H, there is a natural long exact sequence

¨ ¨ ¨ Ñ lim
ÝÑ2

X Ñ lim
ÝÑ2

Y Ñ lim
ÝÑ2

Z Ñ lim
ÝÑ1

X Ñ lim
ÝÑ1

Y Ñ lim
ÝÑ1

Z Ñ lim
ÝÑ

X Ñ lim
ÝÑ

Y Ñ lim
ÝÑ

Z Ñ 0.

Moreover, the following statements are equivalent:

(1) H is AB5,
(2) lim

ÝÑ1
X “ 0 for each directed poset I and an I-shaped direct system X ,

(3) lim
ÝÑn

X “ 0 for each directed poset I, an I-shaped direct system X and n ą 0.

Proof. The short exact sequence 0 Ñ X Ñ Y Ñ Z Ñ 0 yields a short exact sequence of complexes
0 Ñ BX Ñ BY Ñ BZ Ñ 0 since we assume H to be AB4. The moreover part is standard: The
implications p3q ñ p2q ñ p1q are straightforward. Regarding p1q ñ p3q, one obeserves that BXaug is a
direct limit of contractible complexes, hence exact assuming p1q. Indeed, I is easily seen to be a direct
union of finite directed subsets F Ď I, and each such F has a unique maximal element maxpF q P F
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(which is an upper bound of all the elements in F ). The corresponding complex for the restricted direct
system X |F is canonically identified with a subcomplex of BXaug of the form

BpX |F qaug : ¨ ¨ ¨ // š

i0ăi1ăi2

Xi0

d2 // š

i0ăi1

Xi0

d1 // š

i0PF

Xi0

d0 // XmaxpF q
// 0

and is contractible. A particular nullhomotopy is given by psnqně0, where

sn :
ž

j0ă¨¨¨ăjn´1

Xj0 ÝÑ
ž

i0ă¨¨¨ăin

Xi0

with the components p´1qnidXj0 if pi0 ă ¨ ¨ ¨ ă in´1 ă inq “ pj0 ă ¨ ¨ ¨ ă jn´1 ă maxpF qq, and zero

maps otherwise. The special case of s0 : XmaxpF q Ñ
š

i0PF
Xi0 is the obvious split inclusion. Finally,

one observes that BXaug “ lim
ÝÑF

BpX |F qaug, where F runs over all finite directed subsets of I, ordered
by inclusion. �

Now we focus on how the lim
ÝÑn

-functors interact with HRS tilting.

Lemma 4.2. Let D be a triangulated category with coproducts, T be a smashing t-structure with an AB5
heart H, and let t “ pT ,Fq be a torsion pair in H. We recall that the heart Ht´ of the right HRS-tilt
has a torsion pair pF , T r´1sq. Then the following hold:

(1) If X is a direct system in T and T “ lim
ÝÑ

X in H, then T r´1s is the direct limit of X r´1s in
Ht´ and lim

ÝÑn
X r´1s “ 0 in Ht´ for each n ą 0.

(2) Assume moreover that pT ,Fq is of finite type in H. If X is a direct system in F and F “ lim
ÝÑ

X
in H, then F is also the direct limit of X in Ht´ and lim

ÝÑn
X “ 0 in Ht´ for each n ą 0.

Proof. We prove (2) only as the proof of (1) is completely analogous. Since the complex BXaug is acyclic
in H by Lemma 4.1, we have induced triangles in D,

Zn`1
//š

i0ă¨¨¨ăin
Xi0

// Zn // Zn`1r1s

for all n ě 0. Here, Zn “ Impdnq are the images in H and the coproducts can be taken equally well
in H and in D as T is smashing. Since F is closed under coproducts (H is AB5) and subobjects, we
have Zn P F for each n ą 1. We also have Z0 P F since we assume t “ pT ,Fq to be of finite type.
Consequently, the triangles above induce short exact sequences in Ht´ . Note further that Tt´ is a
smashing t-structure and Ht´ is closed under coproducts in D. It follows that Ht´ is AB4, that the
coproducts in the triangles above are also coproducts in Ht´ . Thus, the complexes BXaug taken in H
and Ht´ coincide and are both acyclic in the corresponding hearts. �

Now we can give the promised generalisation of [54, Theorem 1.2].

Theorem 4.3. Let D be a triangulated category with coproducts, T be a smashing t-structure with an
AB5 heart H, and let t “ pT ,Fq be a torsion pair in H. Then the torsion pair pF , T r´1sq is of finite
type in the right HRS-tilt Ht´ and the following statements are equivalent.

(1) Ht´ is AB5.
(2) The torsion pair t “ pT ,Fq is of finite type in H.

If D is compactly generated, the conditions above are further equivalent to

(3) Ht´ is a Grothendieck category.

Proof. The torsion pair pF , T r´1sq is of finite type in Ht´ thanks to Lemma 4.2(1). If pT ,Fq is of finite
type in H, then lim

ÝÑ1
vanishes in Ht´ on all direct systems in F or T r´1s by Lemma 4.2. If X is any

direct system in Ht´ , we obtain a short exact sequence of direct systems as follows

0 // XF // X // XT r´1s
// 0,

where XF and XT r´1s are the direct system of torsion and torsion-free parts of X with respect to
pF , T r´1sq, respectively. If we take the direct limit, by Lemma 4.1, we obtain an exact sequence

0 “ lim
ÝÑ1

XF Ñ lim
ÝÑ1

X Ñ lim
ÝÑ1

XT r´1s “ 0.

and the same lemma tells us (since, by [53, Proposition 3.3], Ht´ is AB4), that Ht´ is also AB5.
Suppose conversely that Ht´ is AB5. Then we can apply the previous arguments to Ht´ with torsion

pair pF , T r´1sq. As the left HRS-tilt is equivalent to H with pT ,Fq, it follows that the latter torsion
pair is of finite type.
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Now assume that D is compactly generated, with Dc denoting its subcategory of compact objects.
Suppose that (1) holds true. In order to prove that Ht´ is a Grothendieck category, it remains to exhibit
a generator. We claim that

š

H0
t´pCq, where the coproduct runs over all isoclasses of compact objects

C in D, is a generator of Ht´ . Indeed, given any X in Ht´ , the canonical map

Φ:
ž

CpHomDpC,Xqq ÝÑ X

is a pure epimorphism. Note that H0
t´ : D ÝÑ Ht´ sends pure triangles in D to short exact sequences

by [43, Corollary 2.5]. Therefore, H0
t´pΦq is an epimorphism, which proves the claim. �

4.2. Mutation of pure-injective cosilting objects. We are now ready to examine mutation of pure-
injective cosilting objects. We will see that this setting is somewhat nicer than the general setting
explored in Section 3.

In view of Proposition 3.10, we begin by investigating cosilting torsion pairs in Grothendieck hearts.
As indicated in Example 3.9, when t “ pT ,Fq is a cosilting torsion pair in the heart H of a t-structure
T in D, and σ is a cosilting object such that Tt´ “ Tσ, it is interesting to study properties of the object
C “ H0

Tpσq. As the following lemma says, this object in fact determines the torsion pair t and hence the
cosilting object σ up to equivalence. To this end, recall that an object C in a complete abelian category H
is called quasi-cotilting if CogenpCq “ genpCogenpCqq X K1C (one can also define quasi-tilting objects
and prove a dual analogous version of the following lemma, but it is not needed here).

Lemma 4.4. Let D be a triangulated category with products and T “ pX ,Yq be a t-structure with heart
H. Suppose that H is complete and that t “ pT ,Fq is a cosilting torsion pair in H, and σ is a cosilting
object such that Tt´ “ Tσ. Then the object C “ H0

Tpσq is quasi-cotilting in H and F “ CogenpCq.

Proof. We will adapt the argument for [55, Theorem 4.1(3)ñ(2)]. Recall that there is a torsion pair
pF , T r´1sq in the heart Hσ of Tt´ “ pXt´ ,Yt´q, and that the torsion part of X P Hσ with respect to this
torsion pair equals H0

TpXq [34, Corollary 2.2]. Hence the functor H0
T|Hσ

: Hσ ÝÑ H, being a composition
of the right adjoints Hσ ÝÑ F and inc: F ÝÑ H, is itself a right adjoint. Since E :“ H0

σpσq is an
injective cogenerator of Hσ by Proposition 2.5, any object F P F admits a monomorphism F ÝÑ EI for
some set I, which induces a monomorphism F “ H0

TpF q ÝÑ H0
TpEq

I in H. Moreover, since σ P Yt´ Ď Y,
we observe that E is an Xt´r´1s-coreflection of σ and C is an X r´1s-coreflection of σ, which is the same
as an X r´1s-coreflection of E P Yt´ . In particular, C “ H0

TpEq, the object F embeds in CI and, hence,
F Ď CogenpCq. Since clearly C P F and F is closed under products and subobjects, we obtain the
equality F “ CogenpCq.

In order to prove that C is quasi-cotilting, we first claim that Ext1
HpF,Cq “ HomDpF r´1s, Cq “ 0 for

each F in F “ X r´1s X Yt´ . To see this, recall from the discussion above that there is a decomposition
triangle

Y r´2s // C // σ // Y r´1s,

where Y P Y (and C P X r´1s). Notice now that HomDpF r´1s, Y r´2sq “ 0 since F r´1s P X r´2s, and
that HomDpF r´1s, σq “ 0 as F r´1s P Yt´r´1s and σ P pYt´q

K1 . It follows from the decomposition
triangle that HomDpF r´1s, Cq “ 0, proving the claim.

It remains to check that every object X P genpCogenpCqq X K1C lies in F . Each such X is part of a
short exact sequence in H of the form

0 // F 1 // F // X // 0

with F 1, F P F . First note that since C is an X r´1s-coreflection of σ, we have a natural isomorphism
HomHp´, Cq – HomDp´, σq|H. Applying HomHp´, Cq to the above exact sequence and using this
natural isomorphism, we obtain a commutative diagram with exact rows,

HomHpF,Cq //

–

��

HomHpF
1, Cq //

–

��

Ext1
HpX,Cq “ 0

HomDpF, σq // HomDpF
1, σq // HomDpXr´1s, σq // HomDpF r´1s, σq “ 0.

It follows that HomHσ
pH´1

σ pXq, Eq – HomDpXr´1s, σq “ 0, so H´1
σ pXq “ 0 and X P HXHσ “ F . �

We now characterise cosilting torsion pairs in Grothendieck hearts coming from pure-injective cosilting
objects. A similar result is proved in [55, Theorem A] (see also [56, Proposition 6.20]) when the ambient
category D is the derived category of H.
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Proposition 4.5. Let σ be a pure-injective cosilting object in a compactly generated triangulated category
D. Let H be the heart of the associated t-structure and let t “ pT ,Fq be a torsion pair in H. The following
statements are equivalent.

(1) The torsion pair t is of finite type.
(2) The torsion-free class F is covering in H.
(3) Any injective cogenerator of H admits an F-cover.
(4) There is a quasi-cotilting object C in H such that F “ CogenpCq.
(5) The torsion pair t is a cosilting torsion pair arising from a pure-injective cosilting object.
(6) The torsion pair t is cosilting.

Before we prove the proposition, we point out an immediate corollary, which goes back to [16, Theorem
2.8], later generalised in [26, Theorem 3.9].

Corollary 4.6. Let σ be a pure-injective cosilting object in a compactly generated triangulated category
D and let H be the heart of the associated t-structure. Then every cosilting torsion pair in H arises from
a pure-injective cosilting object, i.e. CosiltpHq “ Cosilt˚pHq.

Proof of Proposition 4.5. Let T denote the t-structure associated to σ. Recall from Theorem 2.7 that T
is a smashing nondegenerate t-structure and that H is a Grothendieck category.

(1) ñ (2): If F is closed under direct limits, it follows from [30, Theorem 3.2] that F is covering.
(2) ñ (3): This is trivial.
(4) ñ (1): This follows from [55, Theorem A].
(3) ñ (4): Let E be an injective cogenerator of H and let f : F ÝÑ E be an F-cover. Consider the

exact sequence

0 // K
k // F

f // E .

We claim that C “ F ‘ K is quasi-cotilting. First note that F “ CogenpF q “ CogenpCq. Indeed
CogenpF q is clearly contained in F and, conversely, for any object X in F , any given monomorphism
g : X ÝÑ EI (which exists for some set I) will factor through the precover f I via a monomorphism.

Next, we show the equality CogenpCq “ genpCogenpCqq X K1C. Let us first verify that CogenpCq Ď
K1C. If X lies in F , consider an exact sequence

0 // F
α // Y

β // X // 0 .

Since F “ CogenpF q is extension-closed, there is a monomorphism ε : Y ÝÑ F J for some set J . Since
E is injective, the map f extends along ε ˝ α to a map g : F J ÝÑ E, i.e. g ˝ ε ˝ α “ f . Since f is an
F-(pre)cover of E, there is h : F J ÝÑ F such that f ˝ h “ g. Finally, we observe that since f is right
minimal, f ˝ h ˝ ε ˝ α “ f implies that h ˝ ε ˝ α is an isomorphism and, therefore, α splits. This shows
that Ext1

HpX,F q “ 0. The condition Ext1
HpX,Kq “ 0 follows from the fact that f is an F-cover by a

result known as Wakamatsu’s Lemma. This proves that F “ CogenpCq Ď K1C.
Let now X be an object in genpCogenpF qq X K1K and consider a short exact sequence

0 // L
a // Y

b // X // 0

with Y in CogenpF q. Let φ : X ÝÑ E be a non-zero map. Then φ ˝ b factors through f since f is an
F-(pre)cover, i.e. there is map d : Y ÝÑ F such that f ˝ d “ φ ˝ b. This induces a map c : L ÝÑ K such
that k ˝ c “ d ˝ a. Since Ext1

HpX,Kq “ 0, it follows that HomHpa,Kq is surjective and, thus, there is
a map g : Y ÝÑ K such that g ˝ a “ c. In summary, up to this moment, we have the solid part of the
following diagram with exact rows

0 // L
a //

c

��

Y

g~~

b //

d
��

X //

φ

��α
~~

0

0 // K
k // F

f // E

Now a standard argument (using for example a dual version of [73, Lemma 2.8]) yields a map α : X ÝÑ F ,
indicated by the dotted arrow above, such that f ˝ α “ φ. We have shown that HomHpX, fq is a
surjective map. As above, we infer that any given monomorphism g : X ÝÑ EI factors through f I via
a monomorphism, showing that X lies in CogenpF q, as wanted.

(1)ñ (5): If t is of finite type, Tt´ is a smashing t-structure with a Grothendieck heart by Theorem 4.3,
so it corresponds to a pure-injective cosilting object in D by Theorem 2.7.
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(5) ñ (6): This is trivial.
(6) ñ (4): This is proved in Lemma 4.4. �

For pure-injective cosilting objects in compactly generated triangulated categories, we can now provide
a more convenient characterisation for the existence of left or right mutation. We first need some
preliminary results on the existence of approximations.

Lemma 4.7. Let A be a (not necessarily additive) category, R a covering class and I an enveloping
class. The class R is closed under I-envelopes if and only if the class I is closed under R-covers.

Proof. Suppose that R is closed under I-envelopes. First we show that I is closed under retracts.
Suppose that we have an object J in I together with a retraction π : J Ñ I and its right inverse
ι : I Ñ J . Consider an I-envelope f : I Ñ EIpIq of I. As f is an I-envelope, there exists a factorisation
ι “ gf for some g : EIpIq Ñ J . Then pπgqf “ πι “ id and so f has a left inverse. Moreover, we have
that fpπgqf “ fπι “ f so, by the minimality of f , we have that fpπgq is an isomorphism, so f has a
right inverse. Thus, we conclude that f is an isomorphism and I lies in I. Now, let h : CRpIq Ñ I be
an R-cover of an object I in I and let e : CRpIq Ñ EIpCRpIqq be an I-envelope of CRpIq. Since e is
an I-envelope and h is a morphism to I, we have a factorisation h “ me for some m : EIpCRpIqq Ñ I.
Moveover, since EIpCRpIqq lies in R and h is an R-cover, there is a factorisation m “ hk for some
k : EIpCRpIqq Ñ CRpIq. Then we have hke “ me “ h, and so ke is an isomorphism because h is
minimal. We have shown that CRpIq is a retract of EIpCRpIqq and so CRpIq lies in I. The converse
statement is dual. �

Lemma 4.8. Let σ be a pure-injective cosilting object in a compactly generated triangulated category D,
and E “ ProdpE q a subcategory of Prodpσq. Let pS,Rq be the torsion pair in Hσ cogenerated by H0

σpE q.

(1) E is an enveloping class;
(2) If pS,Rq is a cosilting torsion pair, then every object in Prodpσq admits an E -cover.

Proof. (1) Recall from Lemma 3.1 that E is preenveloping. Since σ is pure-injective and Hσ is a
Grothendieck category, it follows that, in fact, E is enveloping. Indeed, this is the same as proving
that H0

σpE q is enveloping in Hσ, and such envelopes can be constructed as injective envelopes of the
torsion-free part with respect to the hereditary torsion pair pS,Rq.

(2) By Proposition 4.5, the torsion-free class R is a covering class in Hσ. Hence, if γ is in Prodpσq,
the injective object H0

σpγq of Hσ admits an R-cover. Moreover, since pS,Rq is a hereditary torsion pair,
R is closed under injective envelopes and, thus, by Lemma 4.7, injectives are closed under R-covers. The
assertion then follows by Lemma 3.3. �

The following theorem refines Proposition 3.10 in case the ambient category is compactly generated
and the cosilting object is pure-injective. It also says that mutation of such objects is automatically
again pure-injective.

Theorem 4.9. Let σ be a pure-injective cosilting object in a compactly generated triangulated category D,
and E “ ProdpE q a subcategory of Prodpσq. Let pS,Rq be the torsion pair in Hσ cogenerated by H0

σpE q.

(1) The following statements are equivalent.
(a) σ admits a left mutation σ1 with respect to E ;
(b) the torsion class S “ K0H0

σpE q in Hσ is closed under products (that is, it is a TTF class);
(c) the object ε0 ‘ ε1 arising from an E -envelope σ Ñ ε0 and its cone ε1 is a cosilting object.

(2) The following statements are equivalent.
(a) σ admits a right mutation σ1 with respect to E ;
(b) the torsion-free class R “ CogenpH0

σpE qq in Hσ is closed under direct limits;
(c) the cosilting object σ admits an E -cover.

In both cases, if the equivalent conditions are satisfied, any mutation σ1 as in (a) is pure-injective.

Proof. The last assertion of the theorem is a consequence of Corollary 4.6.

(1): (a)ñ(c): By definition, there are a cosilting object σ1 and a triangle σ
Φ1
ÝÑ ε10 ÝÑ ε11 Ñ σr1s

such that Φ1 is an E -preenvelope of σ and σ1 “ ε10 ‘ ε11 up to equivalence. Consider now the triangle

σ
Φ
ÝÑ ε0 ÝÑ ε1 Ñ σr1s arising from an E -envelope of σ and the object σ2 “ ε0 ‘ ε1. By well-known

properties of envelopes, we have that εi is isomorphic to a direct summand of ε1i for i “ 0 and i “ 1.
This implies that Prodpσ2q Ď Prodpσ1q. Moreover, σ2 cogenerates D since so does σ. We infer from
Lemma 3.1 that Prodpσ2q “ Prodpσ1q, thus proving that σ2 is a cosilting object (equivalent to σ1).
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The implications (a)ñ(b) and (c)ñ(b) follow immediately from Theorem 3.5(1).
(b)ñ(a): Since K0H0

σpE q is a torsion class, t :“ pT ,K0H0
σpE qq is a torsion pair of finite type in the

Grothendieck category Hσ, hence a cosilting torsion pair associated to a pure-injective cosilting object
by Proposition 4.5. It follows from Proposition 3.10(1) that σ admits a left mutation σ1 with respect
to E .

(2): Recall from Theorem 2.7(1) that Hσ is a Grothendieck category. We apply Proposition 4.5 to
the torsion pair pS,Rq in Hσ.

(a)ô(b): By Proposition 4.5, a torsion pair in Hσ is cosilting if and only if it is of finite type, and
the associated cosilting object must be pure-injective in this case. It follows from Proposition 3.10 and
Lemma 4.8 that (b) amounts to the existence of a right mutation σ1 of σ with respect to E .

(b)ô(c): This follows combining Proposition 4.5 with Lemma 4.8 and Lemma 3.3. �

Example 4.10. Let A be the path algebra over an algebraically closed field k of the Kronecker quiver

‚ //
//
‚

Recall that the finite-dimensional indecomposable regular modules form a tubular family ptxqxPX indexed
by the projective line X “ P1pkq. We pick a subset P Ď X, denote by P̄ “ XzP its complement, and
consider the torsion pair pTP ,FP q in ModpAq generated by tP “

Ť

xPP tx. If P “ ∅, we take the torsion
pair generated by the preinjective modules (whose torsion class is indeed contained in TQ for all Q ‰ ∅).
It is a cosilting torsion pair cogenerated by the cosilting (in fact, even cotilting) module

CP “ G‘
ź

tSr´8s | S P tP u ‘
ž

tSr8s | S P tP̄ u,

where Sr´8s and Sr8s denote the adic and the Prüfer module corresponding to the simple regular
module S, respectively, and G is the generic module. Notice that the corresponding cosilting complex
σP is quasi-isomorphic to CP and lies in the heart HσP “ σP

K­“0 .
Let us look at the two extreme cases

CH “ G‘
ž

tSr8s | S P tXu, and CX “ G‘
ź

tSr´8s | S P tXu.

For any P Ď X, we have that σP is a right mutation of σH at the set

E “ AddpG‘
ž

tSr8s | S P tP̄ uq

(if P ‰ X, we can also express E as ProdptSr8s | S P tP̄ uq). Indeed, we can construct an E -cover of
σH from the canonical sequences

0 ÝÑ Sr´8s ÝÑ GpIq ÝÑ Sr8s ÝÑ 0, S P tP

as in [24, Lemma 2.4], which are easily seen to be E -covers since Ext1
ApG,Sr´8sq “ 0 and Sr´8s is

indecomposable. When taking a product of these short exact sequences for all S P P together with the
trivial short exact sequences 0 ÝÑ 0 ÝÑ Sr8s ÝÑ Sr8s ÝÑ 0 for all S P P̄ , we obtain a short exact
sequence of the form

0 ÝÑ
ź

tSr´8s | S P tP u ÝÑ GpJq ‘
ź

tSr8s | S P tP̄ u
φ
ÝÑ

ź

SPX
Sr8s ÝÑ 0.

Since the middle term lies in E , the map φ is an E -precover. Moreover, the right hand side term is a
cotilting module equivalent to C∅ (the generic module is a summand of the term by [65, Proposition 4])
while the sum of the left hand and the middle terms is a cotilting module equivalent to CP , so the last
short exact sequence yields an approximation triangle witnessing that σP is a right mutation of σH.

On the other hand, σX does not admit right mutation at E “ ProdptSr´8s | S P tP uq for any
non-empty subset P Ă X. In fact, condition (1)(b) in Theorem 4.9 fails, due to the fact that the generic
module G is not contained in the torsion-free class CogenpE q in HσX , although it can be realised as a
direct summand of a direct limit of a direct system Sr´8s ÝÑ Sr´8s ÝÑ ¨ ¨ ¨ for any simple regular S
by [65, Proposition 4].

Similarly, σH does not admit a left mutation at E “ ProdptSr8s | S P tP uq for any proper subset
P Ă X, because condition (2)(b) in Theorem 4.9 fails. Namely, K0H0

σH
pE q contains any Sr8s with

S P tP̄ , but the generic module G is not contained in K0H0
σH
pE q, although it can be realised as a direct

summand of a direct product of Sr8s for any simple regular S by [65, Proposition 4].

Example 4.11. Let D be a compactly generated triangulated category and let σ be a pure-injective
cosilting object in D. Recall from Theorems 2.7 and 4.9 that the associated t-structure has a Grothendieck
heart H, and right mutations of σ bijectively correspond to hereditary torsion pair of finite type in H.
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In this example, we consider a commutative noetherian ring R and D “ DpRq. In this setting, a
combination of [3, Theorem 3.10 and Theorem 3.11] and [38, Corollary 2.14] (see [5, Theorem 3.8] for
details) yields a bijection between

‚ equivalence classes of pure-injective cosilting objects in D, and
‚ nondegenerate sp-filtrations of SpecpRq, i.e. functions φ from Z to the power set PpSpecpRqq

of SpecpRq such that
– for any i in Z, φpiq is specialisation-closed, i.e. for any p in φpiq and for any p Ď q, q is

in φpiq.
– φ is decreasing, i.e. φpiq Ě φpi` 1q.
– the intersection over Z of all sets φpiq is the empty set, and their union is SpecpRq.

Moreover this bijection restricts to a bijection between equivalence classes of cosilting complexes in D
that lie in KbpInjpRqq (which are automatically pure-injective, see Example 2.8 and references therein)
and the sp-filtrations φ of SpecpRq for which there are integers a ď b such that φpaq “ SpecpRq and
φpbq “ H. Denote by φσ the sp-filtration associated to a pure-injective cosilting object σ.

Recall that a cosilting object σ is said to be cotilting if Prodpσq is contained in the heart Hσ of the
t-structure associated to σ. We review some examples in the literature of mutations of cotilting objects
in D which lie in KbpInjpRqq.

(1) It follows from [4, Theorem 5.1] that every two-term cosilting complex in D is a right mutation
of the injective minimal cogenerator of ModpRq.

(2) All cotilting modules over a commutative noetherian ring, and more generally, all cotilting mod-
ules of cofinite type over an arbitrary commutative ring can be constructed as iterated right
mutations of an injective cogenerator of ModpRq, see [73, §4] and [39, §8].

(3) In some cases, we know how to translate right mutation of pure-injective cosilting objects into an
operation on sp-filtrations. It follows from [57, Theorem 4.5(1)(b)] that, given a specialisation-
closed subset W of SpecpRq, there is a hereditary torsion pair of finite type tW :“ pTW ,FW q in
Hσ in which TW coincides with the class of objects of Hσ supported in W . Hence, it makes sense
to consider the right mutation of σ associated with W , which we may denote by σW : it is the
cosilting object (unique up to equivalence) corresponding the the right HRS-tilt of the t-structure
associated to σ with respect to the torsion pair tW . It then follows from [57, Proposition 4.7(2)]
that the sp-filtration φσW associated to σW is given by

φσW piq “ pW X φσpi´ 1qq Y φσpiq.

Indeed, φσW describes a compactly generated t-structure that is a right HRS-tilt1 of the t-
structure associated to φσ, and [57, Proposition 4.7(2)] states that the torsion class that gives
rise to this HRS-tilt must be the one supported on the union over Z of φσW piqzφσpiq. This union
is clearly W and, thus, the torsion pair whose right HRS-tilt corresponds to φσW is tW .

Example 4.12. When D “ DpQcohpXqq for a noetherian scheme X, a class of mutations of the injective
cogenerator of QcohpXq was studied in [26, §6] (albeit not in this terminology). However, in contrast to
the previous example (where X was an affine scheme), in this case there can be more 2-term cosilting
complexes than hereditary torsion pairs of finite type (see [26, Example 6.14], which is closely related to
Example 4.10 as DpQcohpP1

kqq » DpAq). This means that not every 2-term cosilting complex in D can
be obtained by a right mutation of the injective cogenerator of QcohpXq.

In the following proposition, we will use the notation Indpσq for the collection of isoclasses of indecom-
posable objects in Prodpσq where σ is a pure-injective cosilting object. Observe that, by Proposition 2.5,
we have that Indpσq is a set because the isomorphism classes of the indecomposable injective objects in
the Grothendieck category Hσ form a set. We will show that if pure-injective cosilting objects σ and σ1

are related by a mutation, there is a natural bijection between Indpσq and Indpσ1q. While in the case of
silting mutation of compact silting objects over a finite-dimensional algebra this was implicit from the
very beginning (see for example [2, Corollary 2.28]), in the case of cosilting mutation in our context,
this phenomenon was noticed for derived categories of modules over commutative noetherian rings [73,
Theorem 5.4] and quasi-coherent sheaves on noetherian schemes [26, Remark 6.5].

Proposition 4.13. Let σ be a pure-injective cosilting object in a compactly generated triangulated cate-
gory D and E “ ProdpE q a subcategory of Prodpσq such that there is a right mutation of σ at E , say σ1.

1Note that, in the reference, left HRS-tilts are used for this description; since we are discussing right mutations, we use
right HRS-tilts. These differ from the left HRS-tilts by a r´1s-shift (see Remark 2.2).
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For each object α in IndpσqzIndpE q, consider the triangle induced by an E -cover Φ of α

(∆3) α1
Ω // e0

Φ // α // α1r1s .

Then, the assignment α ÞÑ α1 defines a bijection between IndpσqzIndpE q and Indpσ1qzIndpE q and the
map Ω in each such triangle is an E -envelope. As a consequence, there is a bijection between Indpσq and
Indpσ1q.

Note that by Corollary 3.7 a result analogous to the one above is available for left mutations.

Example 4.14. While reading the proof of the proposition, it is instructive to keep in mind that it also
covers the case of trivial right mutations where E “ 0 and σ1 “ σr´1s.

Proof of Proposition 4.13. We first show that the assignment is well-defined. Let α be an indecomposable
object in ProdpσqzE ; this implies that α1 ‰ 0. Note also since Φ is an E -cover of an indecomposable
object, Φ is an indecomposable object in the category of morphisms in D. To see that, if Φ “ Φ0 ‘ Φ1,
then one of the Φi must be of the form e0,i ÝÑ 0, which contradicts the fact that Φ is a cover. Since
the completion of a direct sum of maps to a triangle is isomorphic to the direct sum of the two triangles
completing the summands, it follows that (∆3) is an indecomposable triangle (this makes sense since
triangles in D themselves form an additive category). Now it quickly follows that Ω is an E -envelope.
Indeed, an E -envelope exists (Lemma 4.8) and is a summand of Ω. However, Ω must be indecomposable
in the category of morphisms, or else (∆3) could not be indecomposable in the category of triangles.
By the same token, α1 is indecomposable since otherwise that E -envelope Ω could be expressed as a
direct sum of E -envelopes of summands of α1. Finally, α1 cannot lie in E as otherwise Ω had to be an
isomorphism and α the zero object. This completes a proof of the fact that the assignment from the
statement of the proposition is well-defined.

Further observe that, in particular, we have shown that α is determined up to isomorphism from α1,
and the assignment is injective. Regarding the surjectivity, suppose that α1 is an indecomposable object
in Prodpσ1qzE . Since σ1 is (up to equivalence) the right mutation of σ at E , then σ is (up to equivalence)
the left mutation of σ at E (see Corollary 3.7). As every object in Prodpσ1q admits an E -envelope (see
Lemma 4.8) we can take Ω: α1 ÝÑ e0 to be this envelope and let α be its cone. We therefore obtain a
triangle as in the statement of the proposition, and dual arguments to the ones presented above can be
used to show that Φ is an E -cover (which we know to exist, see Lemma 4.8) and that α is indecomposable
in ProdpσqzE , thus finishing the proof. �

5. Silting mutation

In this section, we state the dual results for silting objects. Then we establish a compatibility between
silting and cosilting mutation, showing that cosilting mutation encompasses mutation between compact
silting objects.

Definition 5.1. Let D be a triangulated category with coproducts. Let σ and σ1 be two silting objects
in D, and let P “ Addpσq XAddpσ1q. We say that

(1) σ1 is a left mutation of σ if there is a triangle σ
Φ // ε0

// ε1
// σr1s such that:

‚ Φ is a P-preenvelope of σ in D; and
‚ ε0 ‘ ε1 is a silting object equivalent to σ1.

(2) σ1 is a right mutation of σ if there is a triangle σr´1s // γ1
// γ0

Φ // σ such that:

‚ Φ is a P-precover of σ in D; and
‚ γ0 ‘ γ1 is a silting object equivalent to σ1.

We will also say that σ1 is a left (or right) mutation of σ with respect to P.

Silting mutation can also be expressed in terms of HRS-tilts. The proof of the following theorem is
dual to the one of Theorem 3.5.

Theorem 5.2. Let D be a triangulated category with coproducts, σ and σ1 be two silting objects in D,
and let P “ Addpσq XAddpσ1q. Then we have that:

(1) σ1 is a left mutation of σ if and only if σ admits a P-preenvelope and Tσ1 is the left HRS-tilt of
Tσ at the torsion pair t “ pGenpH0

σpPqq, H0
σpPqK0q in Hσ; and

(2) σ1 is a right mutation of σ if and only if H0
σpPqK0 is closed under coproducts in Hσ and Tσ1 is

the right HRS-tilt of Tσ at the torsion pair t “ pH0
σpPqK0 ,Fq in Hσ.
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In both cases, the torsion pairs involved do not depend on the choice of the triangle in Definition 5.1.

Again, as noted for cosilting mutation in Remark 3.6, the torsion pairs involved have different flavours:
left mutation will yield an HRS-tilt at a cohereditary torsion pair, while right mutation will give rise to
an HRS-tilt at a torsion pair pT ,Fq for which T is a TTF class.

Definition 5.3. Let D be a triangulated category with coproducts and T a t-structure with heart H. A
torsion pair t :“ pT ,Fq in H is said to be a silting torsion pair if and only if there is a silting object
σ in D such that Tt` “ Tσ.

Example 5.4. Let R be a ring. The modules T “ H0pσq arising as zero cohomologies of a silting
complex σ : P1 Ñ P0 of length two concentrated in cohomological degrees ´1 and 0 are precisely the
silting modules introduced in [6]. The t-structure Tσ then coincides with the left HRS-tilt of the
standard t-structure of DpRq at the torsion pair t :“ pGenpT q, TK0q in ModpRq generated by T . In other
words, t is a silting torsion pair in the sense of the definition above, and as in Example 3.9, one can show
that all silting torsion pairs in the sense of the definition are of this form.

Again, we can extract from the theorem above a criterion for the existence of a mutation with respect
to a given subset P. Once again, we omit the proof as it is dual to the proof of Proposition 3.10.

Proposition 5.5. Let D be a triangulated category with coproducts. Let σ be a silting object and P “

AddpPq a subcategory of Addpσq. Then we have that:

(1) σ admits a left mutation σ1 with respect to P if and only if σ admits a P-preenvelope and the
pair pGenpH0

σpPqq, H0
σpPqK0q in Hσ is a silting torsion pair; and

(2) σ admits a right mutation σ1 with respect to P if and only if the torsion class H0
σpPqK0 defines

a silting torsion pair t :“ pH0
σpPqK0 ,Fq in Hσ.

Remark 5.6. In the case where D is a compactly generated triangulated category, the condition that σ
admits a P-preenvelope is redundant.

Indeed, let T “ Tσ be a t-structure associated to a silting object σ, let t “ pT ,Fq be a silting torsion
pair in the heart Hσ and let γ be a silting object in D such that Tt` “ Tγ . We know from [8, Proposition
3.8] (see also [20, Theorem 3.2.4]) that γKą0 is a TTF class. Let Φ: σ ÝÑ B denote a γKą0 -preenvelope
of σ. In particular, H0

σpBq lies in T . We claim that φ :“ H0
σpΦq is a T -preenvelope of the projective

generator H0
σpσq. To that end, suppose that f : H0

σpσq ÝÑ T is a morphism in Hσ with T in T . Then
the composition f ˝ π : σ ÝÑ T , where π : σ ÝÑ H0

σpσq is the natural truncation map, factors through
Φ (since T lies in γKą0). In other words, there is α : B ÝÑ T such that f ˝ π “ α ˝ Φ. If we apply H0

σ

to this equality we get f “ H0
σpαq ˝ φ, as wanted.

Finally, if T “ GenpH0
σpPqq as in Proposition 5.5(1), there is an epimorphism p : H0

σpP q ÝÑ H0
σpBq

in Hσ with P in P and the preenvelope φ : H0
σpσq ÝÑ H0

σpBq factors through p as H0
σpσq is projective

in Hσ. Clearly, the resulting map φ1 : H0
σpσq ÝÑ H0

σpP q is a T -preenvelope as well and there is a map
Φ1 : σ ÝÑ P such that φ1 “ H0

σpΦ
1q by Proposition 2.5(1). Finally, Φ1 is a P-preenvelope by arguments

dual to those in Lemma 3.3.

Let us now delve into the connection between silting mutation and cosilting mutation. For this
purpose we restrict ourselves to the setting of compactly generated triangulated categories. Recall that,
in a compactly generated triangulated category D, for any compact object K there is an object BCpKq,
called the Brown-Comenetz dual of K, such that

HomZpHomDpK,´q,Q{Zq – HomDp´,BCpKqq.

Note that, since K is compact, HomZpHomDpK,´q,Q{Zq sends pure triangles to short exact sequences
and, thus, BCpKq is pure-injective by [43, Corollary 2.5]. The following lemma is an easy observation.

Lemma 5.7. Let D be a compactly generated triangulated category and σ a compact silting object. Then
BCpσq is a pure-injective cosilting object such that Tσ “ TBCpσq.

Recall that in [2, Section 4] the authors consider compact silting objects in compactly generated
triangulated categories. To see that, for a compact object, the definition of silting given in [2, Definition
4.1] is equivalent to the definition of silting given is Subsection 2.3, we refer the reader to [2, Corollary
4.7]. The following theorem shows that the operation of mutation of compact silting objects defined
in [2] is a special case of the operation of mutation of both silting objects and pure-injective cosilting
objects.
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Theorem 5.8. Let D be a compactly generated triangulated category. Let σ be a compact silting object
in D and p “ addppq a subcategory of addpσq and define P “ Addppq.

(1) Any p-preenvelope of σ is a P-preenvelope and any p-precover of σ is a P-precover.
(2) If σ admits a p-preenvelope (respectively, a p-precover), then it has a compact left (respectively,

right) mutation σ1 with respect to P. Moreover, the t-structure Tσ1 is the cosilting t-structure
associated to a pure-injective left (respectively, right) mutation of the cosilting object BCpσq.

Proof. (1): Let Φ: σ ÝÑ ε0 be a p-preenvelope of σ and let f : σ ÝÑ P be a map to an object P in P.
Without loss of generality we may assume that P is a coproduct of objects in p. Since σ is compact,
f factors through a finite subsum of objects in p and hence through Φ. Dually, let Ψ: γ0 ÝÑ σ be a
p-precover and g : P ÝÑ σ a map from an object P in P. Again, without loss of generality assume that
P is a coproduct of objects in p. Since a factorisation through Ψ exists for each summand of P , the
universal property of the coproduct yields a factorisation for g.

(2): If σ admits a p-preenvelope Φ: σ ÝÑ ε0, the triangle

σ
Φ // ε0

// ε1
// σr1s

yields a compact silting object σ1 “ ε0 ‘ ε1 by [2, Theorem 2.31]. By (1) this is the left mutation of σ
with respect to P in the sense of Definition 5.1.

By (the proof of) Theorem 5.2, the t-structure Tσ1 is the left HRS-tilt of Tσ at the torsion pair

in Hσ with torsion-free class F “ H0
σpPqK0 “ H0

σpε0q
K0 in Hσ. By Proposition 2.5, F “ εK0

0 X Hσ

in D. Consider now the Brown-Comenetz dual of ε0 and define E :“ ProdpBCpε0qq. Note that F “
K0BCpε0q X Hσ in D since HomDpε0, Xq “ 0 if and only if HomDpX,BCpε0qq “ 0 and, thanks to
Proposition 2.5, we infer that F “ K0H0

σpE q in Hσ. Recall from Lemma 5.7 that Tσ “ TBCpσq and
Tσ1 “ TBCpσ1q. By Theorem 3.5(1) the t-structure Tσ1 then coincides with the one associated to a left
mutation of BCpσq with respect to E .

Now we turn to the dual case. If γ0 ÝÑ σ is a p-precover, then we see with analogous arguments
that there is a compact silting object σ1 such that Tσ1 is the right HRS-tilt of Tσ at the torsion pair
in Hσ with torsion class T “ H0

σpγ0q
K0 “ K0BCpγ0q, and Lemma 5.7 yields again that Tσ “ TBCpσq

and Tσ1 “ TBCpσ1q. Note that T “ K0H0
σpE q where E “ ProdpBCpγ0qq Ď ProdpBCpσqq. Hence Tσ1 is

the right HRS-tilt of Tσ at the cosilting torsion pair cogenerated by H0
σpE q. Moreover, BCpσq has an

E -cover by Lemma 4.8. So we infer from Theorem 3.5(2) that the t-structure Tσ1 coincides with the one
associated to a right mutation of BCpσq with respect to E . �

6. Mutation and localisation

In this section we will show that, in nice enough contexts, mutation can be understood as three
step process: first restrict the t-structures (to certain subcategories); then shift one of the restricted
t-structures; finally glue them back together. In order to prove this, we need to review some ideas
concerning restricting and gluing.

6.1. Restricting and gluing along (co)localising sequences. A sequence of exact functors between
triangulated (respectively, abelian categories)

B F // D G // C
is said to be a short exact sequence if F is fully faithful, the Verdier quotient (respectively, the Serre
quotient) D{ImpF q is well-defined (where ImpF q denotes the essential image of the functor F ), there are
an equivalence L : D{ImpF q ÝÑ C and a natural isomorphism θ : G ÝÑ L ˝ q where q : D ÝÑ D{ImpF q.

A short exact sequence of triangulated (respectively, abelian) categories as above is said to be a
localising sequence if both F and G admit right adjoints. Dually, it is said to be a colocalising
sequence if both F and G admit left adjoints. A short exact sequence is said to be a recollement if it
is both a localising and a colocalising sequence. Note that a localising sequence of triangulated categories

B
i˚ // D

j˚ //

i!
YY C

j˚

YY

can be transformed into a colocalising sequence

C
j˚ // D i! //

j˚

��
B

i˚

��
.
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However, the same observation does not hold for abelian categories. This is due to the fact that in the
triangulated setting adjoints of exact functors are exact, while this is not the case in the abelian setting.
Recall that, for abelian categories, quotient functors by Serre subcategories (i.e. subcategories closed
under subobjects, quotient objects and extensions) are always exact.

Definition 6.1. Given a short exact sequence of triangulated categories B F // D G // C , we say
that a t-structure T “ pX ,Yq in D restricts along the exact sequence if pX X ImpF q,Y X ImpF qq is
a t-structure in ImpF q and pGpX q, GpYqq is a t-structure in C.

Proposition 6.2. Let T be a t-structure in a triangulated category D and suppose there is a short exact
sequence of triangulated categories

B F // D G // C
(1) [25, Lemma 3.3] The following statements are equivalent for a t-structure T.

(a) T restricts along the exact sequence.
(b) GpTq :“ pGpX q, GpYqq is a t-structure in C.
(c) TX ImpF q :“ pX X ImpF q,Y X ImpF qq is a t-structure in ImpF q, and the heart of this t-

structure is a Serre subcategory of the heart of T.
(2) If T restricts along the exact sequence, then there is an induced short exact sequence of abelian

categories formed by the associated hearts. If the exact sequence of triangulated categories is a
localising, respectively colocalising, sequence, then so is the corresponding sequence of hearts.

Proof. For simplicity, since F is fully faithful, we identify B with ImpF q and assume, without loss of
generality, that F is the inclusion functor. Denote by H the heart of T and by HB and HC the hearts of
GpTq and TXImpF q respectively. Define F : HB ÝÑ H to be the restriction of F to HB and G : H ÝÑ HC
to be the restriction of G to H. Note that these functors are well-defined by the construction of the
t-structures GpTq and TX ImpF q. Under the equivalent conditions of (1), it follows as in [25, Lemma 3.9]
(see also [17, Section 1.4], [19, Proposition 2.5]) that there is a short exact sequence of abelian categories

HB
F // H G // HC .

Next we observe that if F has a right adjoint, then so does F . Indeed, if R : D ÝÑ B is a right adjoint
to F , X is an object of B, and D is an object of D, then we have a canonical isomorphism

HomDpF pXq, Dq – HomBpX,RpDqq.

In particular, HomBpX,RpDqq “ 0 for each X P X X ImpF q whenever D P Y. It immediately follows
that RpYq Ď Y X ImpF q and that we have canonical isomorphisms

HomHpF pXq, Dq “ HomDpF pXq, Dq – HomBpX,RpDqq – HomHBpX,H
0
TB
pRpDqqq

for any X P HB and D P H. Therefore the following composition is a right adjoint to F :

H inc // D R // B
H0

TB // HB.

An analogous argument shows that if S : C Ñ D is a right adjoint to G, then the composition

HC
inc // C S // B

H0
T // H

is a right adjoint to G : HÑ HC . Indeed, if C P GpYq, then HomDpD,SpCqq – HomCpGpDq, Cq “ 0 for
any D P X . Thus, SpGpYqq Ď Y and, for any D in H and C in HC , we have canonical isomorphisms

HomHC pGpDq, Cq “ HomCpGpDq, Cq – HomDpD,SpCqq – HomHpD,H
0
TpSpCqqq.

Finally, the assertion for left adjoints follows in similar fashion. �

Remark 6.3. Let T “ pX ,Yq be a t-structure in a triangulated category D which restricts along a short
exact sequence of triangulated categories

∆: B
i˚ // D

j˚ // C .
Then it follows from [17] that:

(1) if ∆ is a localising sequence, then Y “ pY X Impi˚qq ‹ j˚j
˚pYq, where j˚ is the right adjoint of

j˚;
(2) if ∆ is a colocalising sequence, then X “ j!j

˚X ‹ pX X Impi˚qq, where j! is the left adjoint of j˚.
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6.2. Mutation and localising sequences. We are now going to explore the relation between mutation
of pure-injective cosilting (respectively, pure-projective silting) objects and categorical localisations. First
of all, given a cosilting object σ, we show that sets of pure-injective objects in Prodpσq induce localising
sequences both at triangulated and abelian level.

Proposition 6.4. Let σ be a cosilting object in a compactly generated triangulated category D. Let
E “ ProdpE q be a subcategory of Prodpσq in which every object is pure-injective. Then there is a torsion
pair pKZE , CE q in D and, thus, a localising sequence

KZE
i˚ // D

j˚ //

i!
ZZ CE

j˚

ZZ

where i˚ and j˚ are the inclusion functors. Moreover, the cosilting t-structure Tσ restricts along the
sequence, thus giving rise to a localising sequence of abelian categories

S
i˚ // Hσ

j˚ //

i!
ZZ SK0,1

j˚
]]

where i˚ and j˚ are the inclusion functors, S “ K0H0
σpE q is a hereditary torsion class, and SK0,1 is the

associated Giraud subcategory in Hσ.

Proof. First, we observe that since E is made of pure-injective objects, it follows from [67, Proposition
6.9] that there is a torsion pair of the form pKZE , CE q in D. This is equivalent to the existence of the
claimed localisation sequence. We now show that Tσ “ pX ,Yq restricts along this exact sequence using
Proposition 6.2. Indeed, if D lies in KZE , consider its truncation triangle for Tσ

xpDq // D // ypDq // xpXqr1s .

Clearly KZE “ Ką0E XKď0E and, since E is contained in Prodpσq, we have that X Ď Kď0E and Y Ď Ką0E
and, thus, xpDq lies in Kď0E and ypDq lies in Ką0E . Moreover, since Kď0E is suspended, ypDq also lies
in Kď0E , and since Ką0E is cosuspended, xpDq lies in Ką0E . This shows that the truncation triangle
restricts to KZE . Furthermore, note that Hσ X

KZE is the subcategory of objects X in Hσ such that
HomHpX,H

0
σpEqq “ 0 for all E in E . Recall that H0

σpEq is injective for all E in E and, therefore,
Hσ X

KZE “ K0H0
σpE q “ S is a hereditary torsion class in Hσ. Our claim then follows from Proposition

6.2 and from the fact that the right adjoint of the localising functor in a short exact sequence of abelian
categories identifies the quotient category with the Giraud subcategory SK0,1 associated to S. �

Next, as promised earlier, we prove that if σ and σ1 are pure-injective cosilting objects which are
mutation of each other, the associated t-structures can be described in terms of some operations along
the localising sequence induced by E “ Prodpσq X Prodpσ1q.

Lemma 6.5. Let σ and σ1 be pure-injective cosilting objects in a compactly generated triangulated cate-
gory D. Let Tσ “ pX ,Yq and Tσ1 “ pX 1,Y 1q be the associated cosilting t-structures and let

KZE
i˚ // D

j˚ // CE

be the localising sequence induced by E “ Prodpσq X Prodpσ1q.

(1) If σ1 is a right mutation of σ, then we have the following equalities for the restricted t-structures:
(a) Tσ1 X KZE “ pTσ X KZE qr´1s in KZE ; and
(b) j˚pTσ1q “ j˚pTσq in CE .

(2) If σ1 is a left mutation of σ, then we have the following equalities for the restricted t-structures:
(a) Tσ1 X KZE “ pTσ X KZE qr1s in KZE ; and
(b) j˚pTσ1q “ j˚pTσq in CE .

Proof. We prove (1). The assertion (2) follows analogously, taking into account Corollary 3.7(3).
By assumption we know that Tσ1 is the right HRS-tilt of Tσ at the torsion pair pS,Rq in Hσ. Recall

from Proposition 6.4 that the t-structures Tσ and Tσ1 restrict along the localising sequence determined
by E , and the heart of Tσ X KZE is Hσ X

KZE “ K0H0
σpE q “ S. We show that the heart of Tσ1 X KZE

coincides with Sr´1s. To this end, we consider the torsion pair pR,Sr´1sq in Hσ1 . It is clear that
Sr´1s Ď Hσ1 X

KZE . For the converse, we pick an object X in Hσ1 X
KZE with torsion decomposition

0 // rpXq // X // X{rpXq // 0
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where rpXq is in R, and X{rpXq is in Sr´1s and thus in KZE XHσ1 . Since this exact sequence yields
a triangle in D and since KZE is triangulated, it follows that rpXq lies in KZE . But then rpXq lies in R
and in Hσ X

KZE “ S. We conclude that rpXq “ 0, as wanted.
Now, combining the fact that the heart of Tσ1XKZE lies in Yr´1s with the inclusions Yr´1s Ď Y 1 Ď Y,

we easily obtain the equality in (1)(a). Next, we check the equality in (1)(b). Since the right adjoint
j˚ of the quotient functor j˚ is fully faithful, this amounts to verifying j˚j

˚pYq “ j˚j
˚pY 1q. Observe

that Y 1 Ď Y implies j˚j
˚pY 1q Ď j˚j

˚pYq. For the reverse inclusion, we pick an object X in j˚j
˚pYq and

consider a truncation triangle with respect to the t-structure Tσ1 ,

A // X // B // Ar1s

with A in X 1 and B in Y 1. Again, since j˚j
˚pY 1q Ď Y 1 Ď Y and since the latter is cosuspended, we have

that A lies in X 1 X Y, which coincides with the torsion class S “ K0H0
σpE q of Hσ. But this means that

A lies in KZE and, in particular, it has no maps to objects in the essential image of j˚, where X lies.
Hence X is isomorphic to B, proving the desired equality. �

Now we can give a precise description of mutated cosilting t-structures associated to pure-injective
cosilting objects in terms of localisation.

Theorem 6.6. Let σ be a pure-injective cosilting object in a compactly generated triangulated category
D with associated t-structure Tσ “ pX ,Yq. Let E “ ProdpE q be a subcategory of Prodpσq, and consider
the localising sequence induced by E

KZE
i˚ // D

j˚ // CE .

(1) σ admits a right mutation with respect to E if and only if there is a cosilting object σ1 with
associated coaisle Y 1 “ pY X KZE qr´1s ‹ j˚j

˚pYq.
(2) σ admits a left mutation with respect to E if and only if there is a cosilting object σ1 with

associated coaisle Y 1 “ pY X KZE qr1s ‹ j˚j˚pYq.

Proof. Recall that a mutation of a pure-injective cosilting object is again pure-injective by Theorem 4.9.
The only-if part in (1) and (2) follows directly from Lemma 6.5 and Remark 6.3. For the if-part, let us
consider the hereditary torsion pair pS,Rq in Hσ cogenerated by H0

σpE q and verify the conditions (1)(b)
and (2)(b) in Theorem 4.9, respectively. In fact, we show in both cases that σ1 is the corresponding
mutation.

(1): We have to show that the torsion-free class R is closed under direct limits. By Proposition 4.5
this amounts to proving that pS,Rq is a cosilting torsion pair. Indeed, we claim that Tσ1 is a right
HRS-tilt of Tσ at pS,Rq. For a proof, we apply Proposition 2.3 and verify that Yr´1s Ď Y 1 Ď Y and
R “ Hσ XHσ1 .

Observe first that Y 1 Ď Y since j˚j
˚pYq Ď Y by Proposition 6.4 and Remark 6.3. On the other hand,

let Y be an object in Y and consider the triangle associated to Y r´1s given by the localising sequence
induced by E ,

(∆4) A // Y r´1s
α // j˚j˚Y r´1s // Ar1s .

As j˚j
˚Y r´1s P Yr´1s Ď Y and, consequently, A P pY X KZE qr´1s, we have Yr´1s Ď Y 1.

We now finish the proof of part (1) by showing that Hσ XY 1 “ Hσ XHσ1 “ R. To that end, let Y be
an object in Hσ and consider the triangle (∆4) associated to Y given by the localising sequence induced
by E . By assumption, Y lies in Y 1 if and only if A lies in pY X KZE qr´1s. Now, applying the functor H0

σ

to the triangle, and using that j˚j
˚pYq Ď Y, we see that A lies in Y, and we get an exact sequence

0 // H0
σpAq // Y

H0
σpαq // H0

σpj˚j
˚Y q .

Observe that A lies in pY X KZE qr´1s if and only if H0
σpAq “ 0, which means that H0

σpαq is a monomor-
phism. But H0

σpαq is the reflection of Y in the Giraud subcategory SK0,1 (see Proposition 6.4) and,
hence, it is a monomorphism if and only if Y lies in the torsion-free class R.

(2): We have to show that the torsion class S is closed under direct products. For this purpose, it
suffices to show that S “ H´1

σ pY 1q. Indeed, Y 1 is contained in Yr1s, and by definition of products in the
heart Hσ, the functor H´1

σ sends products in Yr1s to products in Hσ. Hence H´1
σ pY 1q is closed under

products, because so is Y 1 being the coaisle of a t-structure.
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Now, as j˚j
˚pYq is contained in Y, we have by assumption

H´1
σ pY 1q “ H´1

σ ppY X KZE qr1s ‹ j˚j
˚pYqq “ H´1

σ ppY X KZE qr1sq “ H0
σpY X KZE q

which clearly consists of the objects X in Hσ such that HomDpX,E q “ 0. Since E is contained in
Prodpσq, the latter are precisely the objects of S “ K0H0

σpE q, as wanted. �

Example 6.7. We continue Example 4.10 over the Kronecker algebra A. Let P Ă X, and consider the
right mutation σP of σH at the set E “ ProdptSr8s | S P tP̄ uq. Notice that the heart H associated
with σH is equivalent to the category of quasi-coherent sheaves over the projective line X, where the
simple sheaves are in bijection with the simple regular A-modules. Moreover, the hereditary torsion pair
pS,Rq in H cogenerated by E corresponds to the torsion pair generated by the simple sheaves which are
determined by the family of tubes tP “

Ť

xPP tx. Combining Proposition 6.4 with [10, Corollary 5.8] we
obtain a localising sequence of hearts

S “ lim
ÝÑH tP // H // ModpAP q

where AP is a hereditary ring obtained as the universal localisation of A at the modules from tP . On the
other hand, the heart H1 associated with the mutation σP is a locally coherent Grothendieck category
which is neither hereditary nor locally noetherian if P ‰ ∅.

Finally, we turn to the dual case. We first need a technical lemma.

Lemma 6.8. Let D be a compactly generated triangulated category and P P D a pure-projective object.
Then there exists a set of maps I between compact objects such that

PK0 “ tX P D | HomDpf,Xq “ 0 for each f P Iu

Proof. Recall from §2.3 that the category of pure-projective objects is equivalent to that of projective
Dc-modules via y : D ÝÑ ModpDcq. By a Theorem of Kaplansky, every projective module is a direct
sum of countably generated ones [50, Lemma 36.3], so we can without loss of generality assume that yP
is countably generated. In particular, there is a sequence of compact objects of D,

C1
f1 // C2

f2 // C3
f3 // ¨ ¨ ¨

such that yP “ lim
ÝÑ

yCn and, given any X P D, we have isomorphisms

HomDpP,Xq – HomModpDcqpyP,yXq – lim
ÐÝ

HomModpDcqpyCn,yXq – lim
ÐÝ

HomDpCn, Xq.

(the outer isomorphisms follow by the Yoneda lemma and the fact that y preserves coproducts and
summands). Moreover, as one can trace back to [74, Theorem 1.9] and as is explained in [36, §1], up to
passing to a cofinal subsystem, one can assume that there exist morphisms

C2
oo g2 C3

oo g3 C4
oo g4 ¨ ¨ ¨

such that gn`1fn`1fn “ fn for each n ą 0.
We claim that, given any X P D, we have HomDpP,Xq “ 0 if and only if HomDpfn, Xq “ 0 for each

n ą 0. The if part being clear, we focus on the only if-part. Applying HomDp´, Xq to the direct system
above, we obtain an inverse system of abelian groups

HomDpC1, Xq oo
f˚1

HomDpC2, Xq oo
f˚2

HomDpC3, Xq oo
f˚3

¨ ¨ ¨

and one readily verifies that Impf˚n q “ Impf˚n f
˚
n`1q for each n ą 0, as f˚n phq “ hfn “ hgn`1fn`1fn “

f˚n f
˚
n`1phgn`1q for any h : Cn`1 Ñ X. Using the same argument as in [69, Lemma 4.5], we deduce that

also the image of the limit map

HomDpCn, Xq ÐÝ lim
ÐÝ

HomDpCn, Xq – HomDpP,Xq

equals Impf˚n q for each n ą 0. Hence, if HomDpP,Xq “ 0, then Impf˚n q “ 0 for each n ą 0, or in other
words HomDpfn, Xq “ 0 for each n ą 0. �

Now we see that pure-projective silting objects even induce recollements of triangulated categories
and of the associated hearts.
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Proposition 6.9. Let σ be a silting object in an compactly generated triangulated category D. Let
P “ AddpPq be a subcategory of Addpσq in which every object is pure-projective. Then there is a TTF
triple pSP ,PKZ , CPq in D and, thus, a recollement

PKZ
i˚ // D

j˚ //

i˚

��

i!
[[ SP

j!

��

j˚

ZZ

where i˚ and j! are the inclusion functors. Moreover, the silting t-structure Tσ restricts along the se-
quence, thus giving rise to a recollement of abelian categories

T
i˚ // Hσ

j˚ //

i!
ZZ

i˚

��
T K0,1

j˚
]]

j!

��

where i˚ and j˚ are the inclusion functors, T “ H0
σpPqK0 is a TTF class, and T K0,1 is the associated

Giraud subcategory in Hσ.
If σ and σ1 are pure-projective silting objects with associated t-structures Tσ “ pX ,Yq and Tσ1 “

pX 1,Y 1q, and σ1 is a left mutation of σ at P, then we have X 1 “ j!j
˚pX q ‹ pX XPKZqr1s, while in the

case of right mutation we have X 1 “ j!j
˚pX q ‹ pX XPKZqr´1s.

Proof. The class PKZ is preenveloping by Lemma 6.8 and [43, Proposition 3.11], and the inclusion
i˚ : PKZ ÝÑ D has a left adjoint i˚ by [51, Proposition 5.1]. In fact, the latter tells us that there is
colocalising sequence

PKZ
i˚ // D

j˚ //

i˚

��
SP

j!

��

It follows from that PKZ is itself a compactly generated triangulated category and that the sequence is
also localising; see [43, Proposition 2.6 and Lemma 4.1] (see also [45, Proposition 6.3]). Hence, we get the
recollement. The proof that the t-structure restricts along the recollement is analogous to Proposition 6.4.
From [17] it follows that there is such a recollement of hearts. Finally, the last statement is shown with
arguments similar to those in the proof of Lemma 6.5. �

7. Mutation of torsion pairs

We now wish to consider mutations of cosilting torsion pairs. We will make use of the notation set
up in Definition 3.8. We will also freely use the fact that a cosilting object σ1 is a right mutation of a
cosilting object σ if and only if σ is a left mutation of σ1, cf. Corollary 3.7.

Definition 7.1. Let D be a triangulated category with products and coproducts and T a t-structure
with heart H. Furthermore, let u “ pU ,Vq and t “ pT ,Fq be in CosiltpHq with associated cosilting
objects σu and σt in D. If σt is a right mutation of σu, then we will say that t is a right mutation of u
and u is a left mutation of t.

By Corollary 3.7, the definition is independent of the cosilting objects we choose to represent u and t.

7.1. Inclusions of torsion pairs and filtration triples. If a cosilting torsion pair t “ pT ,Fq is a
right mutation of some cosilting torsion pair u “ pU ,Vq, then, by Theorem 3.5, we have that Tt´ is a
right HRS-tilt of Tu´ . By Proposition 2.3, we have that Xu´ Ď Xt´ and so U Ď T . Consequently, we
begin by studying such nested torsion pairs, which are known to give rise to filtrations (see [15]).

Definition 7.2. Let U ,S,F be full subcategories of an abelian category A. We will call pU ,S,Fq a
filtration triple if HomApU ,Sq “ 0, HomApU ,Fq “ 0, HomApS,Fq “ 0 and, for every object X in A,
there exists a filtration

0 “ X0 Ď X1 Ď X2 Ď X3 “ X

such that X1{X0 “ X1 lies in U , X2{X1 lies in S and X3{X2 “ X{X2 lies in F .

Proposition 7.3. Let A be an abelian category. There is a bijection between:

(1) pairs of torsion pairs pU ,Vq, pT ,Fq in A with U Ď T ; and
(2) filtration triples pU ,S,Fq in A.
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The mutually inverse bijections are given by:

pU ,Vq, pT ,Fq ÞÑ pU ,V X T ,Fq and pU ,S,Fq ÞÑ pU ,S ‹ Fq, pU ‹ S,Fq.

Proof. Let pU ,Vq, pT ,Fq be a pair of torsion pairs in A such that U Ď T . We show that pU ,V X T ,Fq
is a filtration triple in A. Let S :“ V X T . Firstly, the Hom-orthogonality conditions are clear because
HomApU ,Vq “ 0 “ HomApT ,Fq. Let X be an arbitrary object in A with torsion decompositions

0 ÝÑ X1 ÝÑ X ÝÑ X{X1 ÝÑ 0 and 0 ÝÑ X2 ÝÑ X ÝÑ X{X2 ÝÑ 0

where X1 is contained in U , X{X1 is in V, X2 is in T and X{X2 is in F . Then X2{X1 is the torsion-free
part of X2 with respect to pU ,Vq and is a quotient of X2, and so X2{X1 lies in S. Hence 0 “ X0 Ď X1 Ď

X2 Ď X is the desired filtration of X.
Let pU ,S,Fq be a filtration triple in A. We show that pU ‹S,Fq is a torsion pair in A; the proof that

pU ,S ‹ Fq is a torsion pair is similar. If we consider objects U in U , S in S and an exact sequence

0 ÝÑ U ÝÑ X ÝÑ S ÝÑ 0

and we apply HomAp´,Fq, then we obtain that HomApX,Fq “ 0 and hence HomApU ‹ S,Fq “ 0.
Moreover, by the definition of filtration triple, for each object A in A, we have a short exact sequence

0 ÝÑ A2 ÝÑ A ÝÑ A{A2 ÝÑ 0

with A{A2 in F , A2 in U ‹ S because there is a short exact sequence

0 ÝÑ A1 ÝÑ A2 ÝÑ A1{A2 ÝÑ 0

where A1 lies in U and A1{A2 lies in S. Thus pU ‹ S,Fq is a torsion pair. �

Proposition 7.4. Let H be the heart of a t-structure in a triangulated category D and let pU ,S,Fq be
a filtration triple in H. The following statements hold.

(1) pF ,Ur´1s,Sr´1sq is a filtration triple in Ht´ where t “ pU ‹ S,Fq.
(2) pS,F ,Ur´1sq is a filtration triple in Hu´ where u “ pU ,S ‹ Fq.

Proof. We prove statement (1); the proof of (2) is similar. We show that pF ,Ur´1s,Sr´1sq is a filtration
triple in Ht´ . First we prove the Hom-orthogonality conditions:

HomHt´
pUr´1s,Sr´1sq “ HomDpUr´1s,Sr´1sq – HomDpU ,Sq “ HomHpU ,Sq“ 0.

Also, since U ,S Ă T :“ U ‹ S and pF , T r´1sq is a torsion pair in Ht´ , it follows that

HomHt´
pF ,Ur´1sq “ 0 “ HomHt´

pF ,Sr´1sq.

Next we prove the existence of a filtration by pF ,Ur´1s,Sr´1sq for an arbitrary object Y P Ht´ . The
torsion pair pF , T r´1sq with T r´1s “ Ur´1s ‹Sr´1s induces the following commutative diagram in Ht´

with exact rows and columns, where the object X is obtained as a pullback.

0

��

0

��
0 // F // X

��

// U r´1s

��

// 0

0 // F // Y

��

// T r´1s

��

// 0

Sr´1s

��

Sr´1s

��
0 0

Then, the sequence 0 “ Y0 Ď F Ď X Ď Y is a pF ,Ur´1s,Sr´1sq-filtration of Y . �
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Let us summarise the situation in Proposition 7.4 as follows

pU ,S,Fq in H

u´

��

t´ // pF ,Ur´1s,Sr´1sq in Ht´

pS,F ,Ur´1sq in Hu´

We are now going to see that this diagram can be completed to a commutative triangle. Recall that
the collection of torsion pairs in an abelian category H has a partial order: we say that u is less than t
if U Ď T . This gives rise to a poset which we denote by torspHq.

Proposition 7.5. Let H be the heart of a t-structure T “ pX ,Yq in a triangulated category D, and let
u “ pU ,Vq be a torsion pair in H. The assignment taking t “ pT ,Fq to s “ pT X V, F ‹ Ur´1sq induces
an order-preserving bijection between:

(1) torsion pairs t “ pT ,Fq in H with U Ď T ; and
(2) torsion pairs s “ pS,Rq in Hu´ with S Ď V.

Moreover, if t and s correspond to each other under this bijection, then pTu´qs´ “ Tt´ . That is, we have
a commutative diagram

T

u´

��

t´ // Tt´

Tu´

s´

<<

Proof. In view of Proposition 7.3, the statement can be rephrased in terms of a bijection between filtration
triples pU ,S,Fq in H with S ‹F “ V and filtration triples pS,F ,Ur´1sq in Hu´ with the same property.
By Proposition 7.4, every filtration triple pU ,S,Fq in H induces a filtration triple pS,F ,Ur´1sq in Hu´ ,
which in turn induces a filtration triple pUr´1s,Sr´1s,Fr´1sq in pHu´qv´ , where v “ pV,Ur´1sq is
the tilted torsion pair in Hu´ . By Remark 2.2 we have pHu´qv´ “ Hr´1s, and the latter filtration
triple corresponds to the filtration triple pU ,S,Fq in H. This establishes the desired bijection, which is
order-preserving by construction.

Next, we prove the stated equality of t-structures by comparing the coaisles. We have Yt´ “ F ‹Yr´1s
and Yu´ “ V ‹ Yr´1s. Then, keeping in mind that R “ F ‹ Ur´1s, we obtain

pYu´qs´ “ R ‹ Yu´r´1s “ F ‹ Ur´1s ‹ Vr´1s ‹ Yr´2s “ F ‹Hr´1s ‹ Yr´2s “ F ‹ Yr´1s “ Yt´ . �

7.2. Mutation of cosilting torsion pairs. In this subsection, we apply Proposition 7.5 to cosilting
torsion pairs and determine when they are related by mutation.

We will see that this can be expressed in terms of the notion of a wide subcategory. Recall that a
full additive subcategory W of an abelian category H is an exact abelian subcategory if it is closed
under kernels and cokernels. The subcategory W is wide if it is an exact abelian subcategory that is
closed under extensions. We will need the following lemma.

Lemma 7.6. Let D be an arbitrary triangulated category and let H and H1 be hearts of t-structures
pX ,Yq and pX 1,Y 1q respectively. Then the following statements hold.

(1) Let W be a full subcategory of H. Then W is an exact abelian subcategory of H if and only
if W ‹ Wr1s Ď Wr1s ‹ W (equivalently, the cone of every morphism f in W is contained in
Wr1s ‹W).

(2) Let W be a full subcategory contained in H XH1. Then W is an exact abelian subcategory of H
if and only if W is an exact abelian subcategory of H1.

(3) Let W be a full subcategory contained in HXH1. Then W is a wide subcategory of H if and only
if W is a wide subcategory of H1.

Proof. Statements (2) and (3) follow immediately from the first statement because then the required
closure conditions depend only on the ambient triangulated category and not on the specific t-structures.
We therefore prove statement (1). Let f be a morphism in W and let L :“ conepfq. Consider the
triangle LX Ñ L Ñ LY Ñ LX r1s corresponding to the t-structure pX ,Yq. Then Kerpfq “ LX r´1s and
Cokerpfq “ LY , so the statement follows. �

Let us now consider the following situation.
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Setup 7.7. Let D be a compactly generated triangulated category with a t-structure T “ pX ,Yq and
let H be the heart of T. Let further u “ pU ,Vq and t “ pT ,Fq be torsion pairs in Cosilt˚pHq such that
U Ď T . Let us fix the following notation:

‚ s “ pS,Rq “ pT X V, F ‹ Ur´1sq is the torsion pair in Hu´ uniquely determined by u and t
according to Proposition 7.5;

‚ r “ pR,Sr´1sq is the tilted torsion pair of s in pTu´qs´ “ Tt´ .

We can visualise the setup in the following commutative diagram:

T

u´

��

t´ // Tt´

r`

||
Tu´

s´

<<

Theorem 7.8. Suppose we are in Setup 7.7. Then s is in Cosilt˚pHu´q and r is in Cosilt˚pHt´q.
Moreover, the following statements are equivalent.

(1) t is a right mutation of u.
(2) S is a wide subcategory of H.
(3) s “ pS,Rq is a hereditary torsion pair in Hu´ .
(4) Sr´1s is a TTF class in Ht´ .

Proof. Let σt and σu denote the pure-injective cosilting objects in D associated to u and t respectively.
The fact that s is a cosilting torsion pair follows immediately from the fact that pTu´qs´ “ Tt´ “ Tσt

by Proposition 7.5. Similarly, we have that pTt´qr´ “ Tu´r´1s “ Tσu
r´1s by Remark 2.2. From

Corollary 4.6 we infer that s is in Cosilt˚pHu´q and r is in Cosilt˚pHt´q.
(1)ô(3): Since σt and σu are pure-injective, the hearts Hu´ “ Hσu

and Ht´ “ Hσt
are Grothendieck

categories by Theorem 2.7. It is well-known that, in a Grothendieck category, a torsion pair is hereditary
if and only if it is cogenerated by a class of injective objects.

Now, if σt is a right mutation of σu, then we know from Theorem 3.5 that the t-structure Tσt
“ Tt´

is the right HRS-tilt of Tσu
“ Tu´ at the torsion pair pK0H0

u´pE q, CogenpH0
u´pE qqq in Hu´ induced by

E “ Prodpσuq X Prodpσtq. But Tt´ is also the right HRS-tilt of Tu´ at the torsion pair s “ pS,Rq. It
follows that s “ pK0H0

u´pE q, CogenpH0
u´pE qqq. We know that H0

u´pE q is a set of injective objects in Hu´

(see Proposition 2.5) and so we have shown that (3) holds.
Conversely, suppose that S “ K0I for some class I “ ProdpIq of injective objects in Hu´ . Then there

is a class E “ ProdpE q Ď Prodpσuq such that I “ H0
u´pE q (see Proposition 2.5 again) and, moreover,

s “ pK0H0
u´pE q,CogenpH0

u´pE qqq is a cosilting torsion pair in Hu´ because pTu´qs´ “ Tt´ “ Tσt
by

Proposition 7.5. It follows from Proposition 4.5 and Theorem 4.9 that σu admits a right mutation σ̃
with respect to E , which is equivalent to σt because Tσ̃ is the right HRS-tilt of Tu´ at s.

(2)ô(3): Note that S is a full subcategory of D that is contained in H XHu´ so, by Lemma 7.6(3),
we have that S is a wide subcategory of H if and only if S is a wide subcategory of Hu´ . Since S is a
torsion class in Hu´ , it is closed under extensions and quotients. The equivalence of (2) and (3) then
follows from the fact that s is hereditary if and only if S is closed under subobjects in Hu´ if and only
if S is closed under kernels in Hu´ if and only if S is a wide subcategory of Hu´ .

(2)ô(4): By analogous arguments as in the previous paragraph, we observe that S is wide in H if
and only if r “ pR,Sr´1sq is a cohereditary torsion pair in Ht´ , that is, if and only if Sr´1s is closed
under quotient objects in Ht´ . Since a torsion-free class in a Grothendieck category is always closed
under coproducts, this happens if and only if Sr´1s is a torsion class in Ht´ . �

Inspired by Theorem 7.8(2), we conclude the section with a useful criterion for when the intersection
of a torsion and a torsion-free class is a wide subcategory. It is closely related to a construction of Ingalls
and Thomas [40, §2.3], which was generalised in [47, §3].

Proposition 7.9. Let H be an abelian category and u “ pU ,Vq and t “ pT ,Fq be torsion pairs in H
such that U Ď T . Then the following are equivalent:

(1) T X V is a wide subcategory of H.
(2) If g : T Ñ V is a map in H with T in T and V in V, then Kerpgq lies in T and Cokerpgq lies in

V.

Proof. Let us denote W :“ T X V.
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(1) ñ (2): Let g : T Ñ V be a morphism in H with T in T and V in V. By Proposition 7.3, we have
that T lies in U ‹W and V lies in W ‹ F , so there are short exact sequences

0 // U // T
b // S1

// 0 and 0 // S2
a // V // F // 0

with S1 and S2 in W, U in U and F in F . Since HomApU, V q “ 0 and HomApS1, F q “ 0, we may use
the kernel/cokernel properties to obtain a morphism f : S1 Ñ S2 such that g “ afb. By assumption
we have that both Kerpfq and Cokerpfq lie in W. By taking the pullback of the canonical embedding
Kerpfq Ñ S1 along b, we obtain a short exact sequence

0 // U // K // Kerpfq // 0.

By checking the universal property, it is straightforward to show that K – Kerpgq and, hence, Kerpgq
lies in U ‹W “ T . A dual argument yields that there is a short exact sequence

0 // Cokerpfq // Cokerpgq // F // 0

and hence Cokerpgq lies in W ‹ F “ V.
(2) ñ (1): Let g : T Ñ V be a map with T and V in W. Then Kerpgq lies in T by assumption and

Kerpgq lies in V because V is a torsion-free class in H. Therefore, Kerpgq lies in W. Similarly, we have
that Cokerpgq lies in W. �

8. Mutations of torsion pairs in DbpmodpRqq

In this section we will assume that D is the derived category DpRq of a left coherent ring R. We
will use the techniques developed in the previous sections to study torsion pairs in hearts of t-structures
in DbpmodpRqq. In order to do that, we must first lift these t-structures to the whole derived category
D and then extend the torsion pairs from the original heart to the lifted heart. Let us begin with the
process of extending torsion pairs within a locally coherent Grothendieck category (of which ModpRq is,
by assumption on R, an example).

Proposition 8.1. [27, Lemma 4.4] Let A be a locally coherent Grothendieck category and t “ pT ,Fq a
torsion pair in fpA. Then

(1) the pair
ÝÑ
t “ p

ÝÑT ,ÝÑF q :“ pKpT Kq, T Kq in A is a torsion pair, called the lift of t;
(2) the assignment of a torsion pair in fpA to its lift in A induces a bijection between

(a) torsion pairs in fpA;
(b) torsion pairs pX ,Yq of finite type in A such that X X fpA is a torsion class in fpA.

If A is locally noetherian (i.e. if A is a Grothendieck category with a set of noetherian generators),
then the assignement above establishes a bijection between torsion pairs in fpA and torsion pairs of finite
type in A.

Note that torsion pairs of finite type in ModpRq, for any ringR, are precisely the ones in Cosilt˚pModpRqq.
This also holds for a more general class of hearts in DpRq, see Proposition 4.5.

Let us now consider an analogous result for certain t-structures in DbpmodpRqq. Recall that a t-
structure T “ pX ,Yq in DpRq or in DbpmodpRqq is called intermediate if there are integers m ě n such
that

Dě0rms Ď Y Ď Dě0rns

where Dě0 is the standard coaisle in DpRq or in DbpmodpRqq, respectively.

Proposition 8.2. [49, Lemma 3.1 and Corollary 4.2] Let R be a left coherent ring and let T :“ pU ,Vq
be an intermediate t-structure in DbpmodpRqq. Then

(1) the pair
ÝÑT “ p

ÝÑU ,ÝÑV q :“ pKpUKq,UKq in DpRq is a t-structure, called the lift of T;
(2) the assignment of a t-structure in DbpmodpRqq to its lift in DpRq induces a bijection between

(a) intermediate t-structures in DbpmodpRqq;

(b) intermediate, compactly generated t-structures in DpRq with a locally coherent heart
ÝÑH such

that fp
ÝÑH “

ÝÑH XDbpmodpRqq.

Note that the t-structures in DpRq obtained as lifts of t-structures in DbpmodpRqq correspond to
pure-injective cosilting objects (see [7, Theorem 4.9]), that is, for every intermediate t-structure T in

DbpmodpRqq with heart H, there is a pure-injective cosilting object σ such that
ÝÑT “ Tσ. Note that, since

T is intermediate, it follows that σ is in fact a complex in KbpInjpRqq (see, for example, [61, Proposition
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4.16]). The t-structure
ÝÑT “ Tσ has a locally coherent Grothendieck heart Hσ with fpHσ “ H. We will

often denote this heart by
ÝÑH, see the remark below.

Remark 8.3. Let us briefly justify the notation
ÝÝÑ
p´q used in the assignments discussed in the two theorems.

In fact, if H is a locally coherent Grothendieck category it is shown in [27] that, for a torsion pair pT ,Fq
in fpH, we have that KpT Kq and T K are the closure under direct limits of T and F , respectively, inside
H. Similarly, if pU ,Vq is an intermediate t-structure in DbpmodpRqq for a left coherent ring R, it is shown
in [49] that KpUKq, UK and the heart KpUKqr´1s XUK are the closure under directed homotopy colimits
of U , V and of the heart Ur´1s X V, respectively, inside DpRq. Recall that in the derived category of a
ring, we may consider directed homotopy colimits as the derived functor of the direct limit functor.

Finally, the following proposition relates the two lifts enunciated in the theorems above via HRS-
tilting. This result is essentially contained in [66, Proposition 5.1] and [49, Proposition 5.1]. We include
a proof since the formulations therein are slightly different. The

Proposition 8.4. Let R be a left coherent ring and T “ pX ,Yq an intermediate t-structure in DbpmodpRqq

with heart H. Consider a torsion pair t “ pT ,Fq in H and a torsion pair p “ pP,Qq in the heart
ÝÑH of

ÝÑT in DpRq. Then p is the lift of t to
ÝÑH if and only if

ÝÑT p´ is the lift of Tt´ to DpRq, i.e.

p “
ÝÑ
t ô

ÝÑT p´ “
ÝÝÑTt´

In particular, for any torsion pair t in H, the heart of
ÝÑTÝÑ

t
´ is a locally coherent Grothendieck category

with Ht´ as its subcategory of finitely presented objects.

Proof. We make use of the description of
ÝÑT given in Remark 8.3. Suppose that

ÝÑT p´ “
ÝÝÑTt´ . Since H0

ÝÑT
sends directed homotopy colimits in DpRq to direct limits in

ÝÑH (see [68, Lemma 5.7]), it follows that

an object X of DpRq lies in
ÝÑT if and only if it lies in

ÝÑH X
ÝÝÑXt´ . This latter intersection coincides by

assumption with
ÝÑX p´ X

ÝÑH which is precisely P, thus proving the desired equality.

Conversely, suppose that p “
ÝÑ
t . Let X be an object in

ÝÝÑXt´ . Then, there is a directed coherent
diagram (i.e. an object of the derived category DpModpRqIq of I-shaped diagrams of R-modules) that
gives rise to pXiqiPI in X I

t´ such that L lim
ÝÑiPI

Xi “ X. Again since H0
ÝÑT

sends directed homotopy colimits

in DpRq to direct limits in
ÝÑH, we have that H0

ÝÑT
pXq lies in

ÝÑT , and this latter class coincides with P

by assumption. As a consequence, since
ÝÑT is intermediate and, thus, nondegenerate, we have that

ÝÝÑXt´ Ď
ÝÑX p´ (see also Remark 2.2). Conversely, since both

ÝÑT and
ÝÑX are contained in

ÝÝÑXt´ , it follows that
ÝÑX p´ “

ÝÑX ‹ P “ ÝÑX ‹
ÝÑT is contained in

ÝÝÑXt´ . The final statement follows from Proposition 8.2. �

Informally, one of the implications of the statement above tells us that the tilt at the lifted torsion
pair coincides with the lift of the tilted t-structure. In other words, the operations lift and tilt, when
correctly interpreted, commute.

Example 8.5. Let us go back to the setting of Example 4.11, i.e. let R be a commutative noetherian
ring and D “ DpRq. From Proposition 8.2, every intermediate t-structure T in DbpmodpRqq gives rise

to a cosilting object σ in D, lying in KbpInjpRqq, such that
ÝÑT “ Tσ. It is shown in [57, Corollary 6.17

and Corollary 6.18] that the cosilting complexes σ obtained in this way are actually cotilting, and that
there is a bijection between hereditary torsion pairs of finite type in Hσ and specialisation-closed subsets
of SpecpRq. In particular, if σ is associated to an sp-filtration φσ, then the right mutations of σ are
precisely the cosilting objects associated to the sp-filtrations of the form φσW described in Example 4.11,
for W a specialisation closed subset of SpecpRq.

Moreover, it follows from [57, Proposition 6.10 and Corollary 6.15] that every cosilting object σ
obtained from a lift of an intermediate t-structure in DbpmodpRqq (and, thus, cotilting) is an iterated
right mutation of a shift of the injective cogenerator. A key to this observation is in the spirit of the
proposition above: lifting and then tilting yields the same result as tilting first and then lifting.

We are now ready to establish the setup with which we will work in this section.

Setup 8.6. Let R be a left coherent ring and T an intermediate t-structure in DbpmodpRqq with heart
H. Consider two torsion pairs u “ pU ,Vq and t “ pT ,Fq in H with U Ď T and let us fix the notation:

‚ σ denotes a pure-injective cosilting object in DpRq such that
ÝÑT “ Tσ;

‚ s “ pS,Rq “ pT X V, F ‹ Ur´1sq denotes the torsion pair in Hu´ determined by u and t by
Proposition 7.5;
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‚ r “ pR,Sr´1sq denotes the tilted torsion pair of s in pTu´qs´ “ Tt´ .

An important example of Setup 8.6 is given by taking T to be the standard t-structure in DpRq and
u “ pU ,Vq and t “ pT ,Fq any torsion pairs in modpRq with U Ď T .

The following lemma makes it clear that, in our setup, Proposition 7.5 is compatible with the opera-
tions of lifting of torsion pairs and t-structures. This will be useful for us later on.

Lemma 8.7. Suppose we are in Setup 8.6 and consider the torsion pair
ÝÑ
t and ÝÑu in

ÝÑH. Then the torsion
pairs p

ÝÑT X
ÝÑV ,ÝÑF ‹

ÝÑU r´1sq in
ÝÑHÝÑu ´ and p

ÝÑF ‹
ÝÑU r´1s, p

ÝÑT X
ÝÑV qr´1sq in

ÝÑHÝÑ
t
´ given by Proposition 7.5

coincide with ÝÑs and ÝÑr , respectively.

Proof. Note that, by Proposition 8.4, we have
ÝÑHÝÑu ´ “

ÝÝÑHu´ and
ÝÑHÝÑ

t
´ “

ÝÝÑHt´ . By Proposition 7.5, the

torsion pair for which a right HRS-tilt allows us to pass from
ÝÝÑHu´ to

ÝÝÑHt´ is uniquely determined as the
torsion pair p :“ p

ÝÑT X
ÝÑV ,ÝÑF ‹

ÝÑU r´1sq. On the other hand, it follows from Proposition 8.4 that this

torsion pair must be ÝÑs . An analogous argument holds for the equality p
ÝÑF ‹ÝÑU r´1s, p

ÝÑT XÝÑV qr´1sq “ ÝÑr

in
ÝÝÑTt´ . �

In the context of the Lemma above, when
ÝÑ
t is a right mutation of ÝÑu , the torsion pair ÝÑs is a

hereditary torsion pair of finite type, as shown in Theorem 7.8 and Proposition 4.5. We will make use
of the close relationship between such torsion pairs and the spectrum of locally coherent Grothendieck
categories, which we summarise in the next theorem.

Theorem 8.8 ([42, 37]). Let A be a locally coherent Grothendieck category A. The (isoclasses of)
indecomposable injective objects form a topological space, SpecpAq, with a basis of open subsets given by
sets of the form

OpCq “ tE P SpecpAq | HomHpC,Eq ‰ 0u, C P fpA.
There are bijections between:

(a) hereditary torsion pairs of finite type in A;
(b) Serre subcategories of fpA; and
(c) open subsets of SpecpAq.

The bijection between (a) and (b) is given by the assignments pS,Rq ÞÑ SXfpA and L ÞÑ pK0pLK0q,LK0q.
The assignment (b)Ñ(c) takes a Serre subcategory L to O “ tE P SpecpAq | E R LK0u. The assignment
(c)Ñ(a) maps an open set O to the hereditary torsion pair pS,Rq cogenerated by the complement Oc.

Let us come back to Setup 8.6. We are now in a position to show that, if the lifted torsion pairs
ÝÑ
t

and ÝÑu in
ÝÑH are related by mutation, then this mutation is controlled by objects of H “ fp

ÝÑH.

Theorem 8.9. Suppose we are in Setup 8.6. The following statements are equivalent.

(1)
ÝÑ
t is a right mutation of ÝÑu .

(2) S is a wide subcategory of H.
(3) If g : T Ñ V is a map in H with T in T and V in V, then Kerpgq lies in T and Cokerpgq lies in

V.

Proof. (1)ñ(2): From Theorem 7.8 and Lemma 8.7, the class
ÝÑS is a wide subcategory in

ÝÑH. We prove

that S “ ÝÑS XH, thus showing that S is a wide subcategory of H. We have S “ V X T “ ÝÑV XÝÑT XH.
The latter class coincides with

ÝÑV X
ÝÑT X DbpmodpRqq by Proposition 8.2 and, moreover, from Lemma

8.7, we have that it equals
ÝÑ
S XDbpmodpRqq. Using Proposition 8.2 again, we conclude our claim.

(2) ñ (1): Both hearts H and Hu´ in DbpmodpRqq contain W. By Lemma 7.6(3), our assumption
implies that W “ S XHu´ is a wide subcategory of Hu´ . In fact, it is even a Serre subcategory: it is
closed under quotients in Hu´ because S is a torsion class, and so it is also closed under subobjects. By
Theorem 8.8 we then have that ÝÑs is a hereditary torsion pair of finite type and, therefore, by Lemma
8.7 and Theorem 7.8, we conclude that

ÝÑ
t is a right mutation of ÝÑu .

(2) ô (3): This is an immediate consequence of Proposition 7.9. �

9. Mutation and simple objects

In this section we specialise the results of Section 8 to the case where the heart H (of an intermediate
t-structure in DbpmodpRqq, R left coherent) is a length category. These hearts are known to occur
frequently when R is an artinian ring. In this setting we will show that mutation is controlled by simple
objects.
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9.1. Abelian length categories. Recall that an abelian category A is called a length category if
filtpSq “ A, where S is the set of simple objects in A. A Grothendieck category G is called locally
finite if it has a set of finite length generators. Recall that an object is of finite length if and only if
it is both noetherian and artinian. By [59, Proposition 8.2] we have that G is locally finite if and only
if fpG is a length category if and only if G is locally noetherian and FiltpΩq “ G where Ω is the set of
simple objects in G. In particular, if in Setup 8.6 H is a length category, Proposition 8.1 tells us that
every torsion pair of finite type in

ÝÑH is of the form ÝÑv , for a torsion pair v in H. We will replace Setup
8.6 with the following.

Setup 9.1. (= Setup 8.6 + H length category) Let R be a left coherent ring and T an intermediate
t-structure in DbpmodpRqq whose heart H is a length category. Consider two torsion pairs u “ pU ,Vq
and t “ pT ,Fq in H with U Ď T and let us fix the notation:

‚ σ denotes a pure-injective cosilting object in DpRq such that
ÝÑT “ Tσ;

‚ s “ pS,Rq “ pT X V, F ‹ Ur´1sq denotes the torsion pair in Hu´ determined by u and t by
Proposition 7.5;

‚ r “ pR,Sr´1sq denotes the tilted torsion pair of s in pTu´qs´ “ Tt´ .

An important example of Setup 9.1 is given by taking T to be the standard t-structure in DbpmodpRqq,
with R being artinian, and any pair of torsion pairs u “ pU ,Vq and t “ pT ,Fq in modpRq with U Ď T .

Remark 9.2. In view of Proposition 8.1, mutation of torsion pairs in Cosilt˚p
ÝÑHq admits an interpretation

inside the lattice torspHq of torsion classes in H with partial order given by inclusion. We refer to
[29, 12, 14, 13] for details about the lattice structure of torspHq.

Following [13, Section 6], we will say that t is a right mutation of u (and u a left mutation of
t) when we are in the situation of Theorem 8.9. Note also that condition (2) in that theorem, in the
terminology of [13], states that the interval rU , T s is a wide interval of torspHq.

The following well-known theorem due to Ringel tells us that every object in a wide subcategory W of
H admits a finite filtration by simple objects of W. This is the point of view from which wide intervals
are studied in [13]. An object X in H is called a brick if EndHpXq is a skew-field. A collection of bricks
Ω in H is called a semibrick if HomHpS, S

1q “ 0 whenever S and S1 are in Ω and S ‰ S1.

Theorem 9.3 ([64]). Let A be a length category. If we assign to a wide subcategory W of A the set M of
its simple objects, we obtain a semibrick M such that W “ filtpMq. This yields a one-one correspondence
between wide subcategories and semibricks in A.

When a wide subcategory arises as in Theorem 8.9(2), it is possible to characterise its simple objects
more precisely, and we do so in Lemma 9.6. First we need the following definition.

Definition 9.4 ([9]). Let u “ pU ,Vq be torsion pair in an abelian category H. We say that a non-zero
object M in V is almost torsion (for u) if the following conditions are satisfied.

(i) All proper quotients of M are in U .
(ii) For all short exact sequences 0 ÑM Ñ Y Ñ Z Ñ 0, with Y in V, we have that Z lies in V.

Almost torsion-free objects for u are defined dually.

Remark 9.5. (1) If H is a Grothendieck category and u “ pU ,Vq is a hereditary torsion pair in H, it
is well-known that the right adjoint of the localisation functor H ÝÑ H{U establishes an equivalence
between the Serre quotient and the subcategory UK0,1 of H. It follows that the torsion-free almost torsion
objects in H (for u) are precisely the simple objects in UK0,1 (see [9, Example 3.3]) where this is written
for module categories; the same proof holds for Grothendieck categories).

(2) [9], [62, Theorem 2.3.6] If H is the heart of a t-structure in an arbitrary triangulated category,
then an object M in V is almost torsion if and only if M becomes a (torsion) simple object in the tilted
heart Hu´ “ V ‹Ur´1s. The almost torsion-free objects for u are precisely those N in U for which N r´1s
becomes a simple object in Hu´ .

(3) [70, Section 2] Let A be a finite-dimensional algebra and u “ pU ,Vq a torsion pair in modpAq
with lifted torsion pair ÝÑu in ModpAq. The finite-dimensional torsion-free, almost torsion modules for
ÝÑu coincide with the torsion-free, almost torsion modules for u and are precisely the minimal extending
modules defined in [14]. Moreover, all torsion, almost torsion-free modules for ÝÑu are finite-dimensional
and coincide with the torsion, almost torsion-free modules for u, that is, with the minimal co-extending
modules from [14].
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(4) It is easy to check that the arguments in [70] yield the same results for locally finite categories.
In particular, in the situation of Setup 9.1, every object M which is torsion-free, almost torsion for u
becomes a simple object in

ÝÝÑHu´ , and every object N which is torsion, almost torsion-free for t gives rise
to a simple object N r´1s in

ÝÝÑHt´ .

Lemma 9.6. Suppose we are in Setup 9.1. If t is a right mutation of u, then the following statements
are equivalent for an object B in H.

(1) B is contained in the semibrick associated to the wide subcategory S of H.
(2) B is a torsion-free, almost torsion object for u that belongs to T .
(3) B is a torsion, almost torsion-free object for t that belongs to V.

Proof. Let M denote the semibrick associated to S, that is, the set of simple objects of S. We show the
equivalence of (1) and (2). The equivalence of (1) and (3) uses a dual argument.

We begin by showing that every B in M is torsion-free, almost torsion for u. Let N – B{K be a
proper factor of B; we wish to show that N lies in U and hence condition (i) from Definition 9.4 holds.
Let UN and VN be objects in U and V such that there is a short exact sequence 0 Ñ UN Ñ N Ñ VN Ñ 0.
First suppose that UN ‰ 0 and consider the pullback diagram:

0

��

0

��
0 // K // X

g

��

// UN

��

// 0

0 // K
h // B

f

��

l // N

��

// 0

VN

��

VN

��
0 0

By condition (3) of Theorem 8.9 applied to f , we have that X lies in S. Since B is a simple object in
S, the morphism g is an isomorphism and so VN “ 0. That is, we have N “ UN , which lies in U . Now
suppose that UN “ 0 and so N lies in V. We may apply condition (3) of Theorem 8.9 to l and so we
have that K lies in S. Then h is an isomorphism, that is, we have N “ 0. Condition (ii) in Definition 9.4
follows immediately from statement (3) of Theorem 8.9.

Conversely, if B in H is torsion-free, almost torsion for u and belongs to T , then certainly B lies in S,
and every non-zero subobject K in S of B satisfies that B{K lies in S Ď V, but also in U by condition (i)
in Definition 9.4, hence K “ B. This shows that B is a simple object of S, hence it belongs to M. �

Let A be a Grothendieck category, and let Ω be the set of isoclasses of simple objects in A. Given a
subset Ω1 of Ω, we consider the torsion pair generated by Ω1. It has the shape pFiltpΩ1q, pΩ1qK0q, cf. [72,
Proposition VIII.3.2]. Moreover, it is hereditary because, for every simple S in Ω and every object M in
G, there exists a non-zero map S Ñ EpMq if and only if S embeds in M , and so pΩ1qK0 is closed under
injective envelopes. By [72, Lemma VIII.2.4], the torsion pairs generated by subsets of Ω are precisely
the hereditary torsion pairs of the form pS,Rq with S Ď FiltpΩq; we call such a pair a simple torsion
pair. Observe that an object M is contained in FiltpΩq if and only if every non-zero quotient of M has
a non-zero socle, cf. [72, Proposition VII.2.5]. For the sake of the next result, we will say that a TTF
class F is a simple TTF class if F “ FiltpΩ1q for some set Ω1 Ď Ω.

Theorem 9.7. Suppose we are in Setup 9.1. Let M be the set of all torsion-free, almost torsion objects
for u which belong to T . Let N be the set of all torsion, almost torsion-free objects for t which belong to
V. The following statements are equivalent.

(1) t is a right mutation of u.
(2) S “ filtpMq in H.
(3) S “ filtpN q in H.

(4) The pair ÝÑs is a simple (hereditary) torsion pair in
ÝÝÑHu´ .

(5) The class
ÝÑS r´1s is a simple TTF class in

ÝÝÑHt´ .
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Proof. The equivalence of the first three statements follows immediately from Theorem 8.9, Theorem 9.3
and Lemma 9.6.

(2)ñ(4): First observe that, since S is extension-closed, condition (2) implies that S also coincides

with filtpMq in Hu´ . Hence, we have that
ÝÑR “ SK0 “ MK0 in

ÝÝÑHu´ , and the latter is the torsion-free

class in a simple hereditary torsion pair in
ÝÝÑHu´ by Remark 9.5. Thus, ÝÑs is indeed a simple torsion pair

in
ÝÝÑHu´ .
(4)ñ(5): We know from Theorem 7.8 that

ÝÑS r´1s is a TTF class in
ÝÝÑHt´ . By assumption, there exists

a set of simple objects Ω1 in
ÝÝÑHu´ such that

ÝÑS “ FiltpΩ1q. It follows easily from the definitions that the
torsion, almost torsion-free objects for a hereditary torsion pair coincide with the torsion simple objects.
Thus, the objects in

ÝÑS that are almost torsion-free coincide with M. By Remark 9.5, we have that the
objects Ω1r´1s are simple in

ÝÝÑHt´ “ p
ÝÝÑHu´qÝÑs ´ . Since, considering the subcategory FiltpΩ1q of

ÝÝÑHu´ and

the subcategory FiltpΩ1r´1sq of
ÝÝÑHt´ , we have
ÝÑS r´1s “ pFiltpΩ1qqr´1s “ FiltpΩ1r´1sq

and, thus,
ÝÑS r´1s is a simple TTF class in

ÝÝÑHt´ .
(5)ñ(1): This implication is immediate by Theorem 7.8. �

Generalising results from [40] again, we obtain certain “distinguished” mutations of a torsion pair in
a length category.

Lemma 9.8. Suppose H is a length category with a torsion pair v “ pX ,Yq.
(1) There is a torsion pair qv “ p qX , qYq in H such that

qX “ tX P H | every f P HomHpX,Y q with Y P Y has Cokerpfq P Yu.

(2) There is a torsion pair pv “ p pX , pYq in H such that

pY “ tY P H | every f P HomHpX,Y q with X P X has Kerpfq P X u.

Moreover, we have pX Ď X Ď qX and both qX X Y and X X pY are wide subcategories of H.

Proof. We prove only (1) and one half of the final statements. The others follow by a dual analogous
argument.

It is easy to check that X Ď qX and qX is closed under quotients. To see that qX is closed under

extensions, consider an exact sequence 0 Ñ X1 Ñ X Ñ X2 Ñ 0 in H such that X1, X2 P qX and consider
further a homomorphism f : X Ñ Y with Y P Y. If we denote by Y1 the image of the composition
X1 Ñ X Ñ Y and by Y2 the cokernel of the same map, we obtain a commutative diagram with exact
rows and columns

0 // X1
//

����

X //

��

X2
//

��

0

0 // Y1
//

��

Y //

����

Y2
//

����

0

0 // Cokerpfq // C2
// 0.

Now Y2 P Y since X1 P qX , and C2 P Y since X2 P qX . This shows that Cokerpfq P Y and, hence, X P qX .

As qX Ď H is closed under quotients and extensions in the length category H, it is a torsion class in H.

Finally, qX X Y is a wide subcategory of H by the argument for [40, Proposition 2.12]. �

Combining the last two results with those from [13] allows us to describe all right or left mutations of
a torsion pair in terms of almost torsion objects or almost torsion-free objects, respectively. Moreover,
we identify the “distinguished” mutations from Lemma 9.8 as “extremal” mutations of the given torsion
pair.

Corollary 9.9. Suppose we are in Setup 9.1.

(1) Let M be a representative set of isomorphism classes of torsion-free, almost torsion objects for u.
Then the right mutations of u bijectively correspond to subsets of M. In particular, u admits a
proper right mutation if and only if there are torsion-free, almost torsion objects for u. Moreover,

if t is a right mutation of u, then U Ď T Ď qU .
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(2) Let N be a representative set of isomorphism classes of torsion, almost torsion-free objects for
t. Then the left mutations of t bijectively correspond to subsets of N . In particular, t admits a
proper left mutation if and only if there are torsion, almost torsion-free objects for t. Moreover,

if u is a left mutation of t, then pT Ď U Ď T .

Proof. We prove (1); the argument for (2) is dual. To start with, note that M is a semibrick by
Remark 9.5(1) (as it is a set of pairwise non-isomorphic simple objects in Hu´), and so is any subset
of M.

The assignment between right mutations and subsets of M can be described as follows. Given a
right mutation t “ pT ,Fq of u “ pU ,Vq, the intersection S “ T X V is a wide subcategory of H by
Theorem 8.9, and so is of the form S “ filtpM1q for a unique subset M1 Ď M by Theorem 9.7 (recall
that simply M1 “ M X S by Theorem 9.3). This assignment is injective since one can recover T from
M1 as T “ U ‹ filtpM1q, see Proposition 7.3.

On the other hand, if M1 ĎM Ď V is any subset, then M1 Ď qU by the very definition of almost torsion

objects for u. Following [13, §6], we denote by WrpVq :“ qU X V the wide subcategory of H obtained by
applying Lemma 9.8 to u. Note that WrpVq is also a wide subcategory of Hu´ by Lemma 7.6, hence
M1 becomes a set of simple objects in WrpVq. As WrpVq is necessarily an abelian length category,
S :“ filtpM1q is torsion class of a hereditary torsion pair in WrpVq. Now it follows from [13, Theorems
4.2 and 6.6] that T :“ U ‹S is a torsion class in H such that VXT “ S “ filtpM1q. Hence, the assignment
from the previous paragraph is also surjective. �

9.2. Irreducible mutations. In this final subsection we consider irreducible mutations of torsion pairs.
The notation Indpσq and Indpσ1q is used for the isoclasses of indecomposable objects in Prodpσq and
Prodpσ1q respectively.

Definition 9.10. Suppose σ and σ1 are pure-injective cosilting objects in a compactly generated trian-
gulated category D and let E be the class Prodpσq X Prodpσ1q. Suppose σ1 is a right mutation of σ or,
equivalently, that σ is a left mutation of σ1 (see Corollary 3.7). We will say that σ1 is an irreducible
right mutation of σ if |IndpσqzIndpE q| “ 1. We will say that σ is an irreducible left mutation of σ1

if |Indpσ1qzIndpE q| “ 1.

Recall that, by Proposition 4.13, there is a bijection between IndpσqzIndpE q and Indpσ1qzIndpE q and
so σ1 is an irreducible right mutation of σ if and only if σ is an irreducible left mutation of σ1.

Notation: Within Setup 9.1, we fix some further notation that we use in the remainder of the section.

‚ Denote by σu and σt the cosilting objects in DpRq such that Hσu
“
ÝÝÑHu´ and Hσt

“
ÝÝÑHt´ .

‚ In the case where t is a right mutation of u, let M be the semibrick associated to S. For each
M in M, we know from Remark 9.5 and Lemma 9.6 that

– M is a simple object in
ÝÝÑHu´ ; we denote by σM the object in Indpσuq such that H0

σu
pσM q is

the injective envelope of M in the locally coherent Grothendieck category Hσu
.

– M r´1s is a simple object in
ÝÝÑHt´ and we similarly denote by σMr´1s the object in Indpσtq such

that H0
t´pσMr´1sq is the injective envelope of M r´1s in the locally coherent Grothendieck

category Hσt
.

Lemma 9.11. Suppose we are in Setup 9.1 and that t is a right mutation of u. Let σu and σt be a
cosilting object associated to u and t respectively and consider E “ Prodpσuq X Prodpσtq. Then:

(1) the set IndpσuqzIndpE q coincides with tσM |M PMu; and
(2) the set IndpσtqzIndpE q coincides with tσMr´1s |M PMu.

Proof. (1) By Theorems 3.5(2) and 9.7, we have that

p
ÝÑS ,ÝÑRq “ pK0H0

σu
pE q,CogenpH0

σu
pE qqq “ pFiltpMq,MK0q

is a hereditary torsion pair of finite type in Hσu
. By Theorem 8.8

O :“ tE P SpecpHσu
q | E RMK0u

is the associated open set in SpecpHσu
q, and it clearly consists of the injective envelopes of the simples

from M. In other words, we have that O “ tH0
σu
pσM q |M PMu. Since H0

σu
pE q is the class of torsion-

free injective objects of Hσu
, it follows that H0

σu
induces a bijection between IndpσuqzIndpE q and O, and

the claim is proven.
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(2) It follows from the proof of Theorem 9.7, Remark 9.5 and the fact that direct limits in both
ÝÝÑHt´

and
ÝÝÑHu´ are directed homotopy colimits (see [68, Corollary 5.8]) that

ÝÝÝÑSr´1s “
ÝÑS r´1s “ FiltpN r´1sq in

Ht´ . Recall that, by Lemma 8.7,
ÝÝÑTu´ is the left HRS-tilt of

ÝÝÑTt´ at the torsion pair ÝÑr “ p
ÝÑR,ÝÝÝÝÑSr´1sq.

Since u is a left mutation of t, it follows from Theorem 3.5(1) that
ÝÝÝÑSr´1s “ K0H0

σt
pE q. The same

arguments as (1) yield that IndpσtqzIndpE q coincides with tσMr´1s |M PMu. �

Remark 9.12. It follows from Lemma 9.11 that right mutation of a torsion pair u within Setup 9.1 consists
of removing indecomposable summands of an associated cosilting object σu in DpRq and replacing them
with new ones. Indeed, since σM corresponds to the injective envelope of a simple object in Hσu

for every
M in M, it follows that σM is a direct summand of every cosilting object equivalent to σu. Similarly,
for every M in M, the indecomposable object σMr´1s is a direct summand of every cosilting object
corresponding to t.

As a corollary of the results above we are able to characterise minimal inclusions of torsion classes in
length hearts H (as in Setup 9.1) in terms of irreducible mutations of the associated cosilting objects.
Recall that if the inclusion U Ď T is proper, it is said to be a minimal inclusion of torsion classes
if for any other torsion class X of H, if U Ď X Ď T then either U “ X or T “ X .

Remark 9.13. If in Setup 9.1 we have H “ modpAq for a finite-dimensional algebra A, it is shown in [14,
Theorem 2.8] that if U Ď T is a minimal inclusion of torsion classes, then T can be built by adjoining
to U an indecomposable module satisfying certain properties. This module turns out to be precisely
the unique torsion-free, almost torsion module for the torsion pair u, as shown in [70]. It can easily be
checked that these arguments hold also for an arbitrary length category H, by replacing the notion of
dimension by length where necessary.

Corollary 9.14. Suppose we are in Setup 9.1. The following statements are equivalent.

(1) σt is an irreducible right mutation of σu.
(2) The class S coincides with filtpMq for a brick M in H.
(3) The inclusion U Ď T is a minimal inclusion of torsion classes.

Proof. (2)ñ(1): By Theorem 9.3, we have that S is a wide subcategory of H and so, by Theorem 8.9,
we have that σt is a right mutation of σu. It follows from Lemma 9.6 that M “ tMu. By Lemma 9.11,
we have that σt is an irreducible right mutation of σu.

(3)ñ(2): By Remark 9.13, there is a torsion-free, almost torsion object for u in S. By Remark 9.5, it
follows that M is a simple object in Hu´ . Thus S 1 :“ filtpMq is a non-trivial torsion class in Hu´ that
is contained in S, and in particular, in V. By Proposition 7.5, there exists a torsion class U ( T 1 Ď T in
H. By assumption, we have that T “ T 1 and so, by another application of Proposition 7.5, we conclude
that S “ S 1.

(1)ñ(3): By assumption and Lemma 9.11, the semibrick M associated to S consists of the unique
(up to iso) simple object S in S, and S “ filtpSq. Consider a torsion class X in H such that U Ď X Ď T .
We must show that U “ X or T “ X . By Proposition 7.5, there exists a torsion class S 1 Ď S Ď V in
Hu´ (given by X X V). If S 1 is trivial, then by Proposition 7.5, U “ X . Suppose that S 1 is non-trivial
and let X be a non-zero object of S 1. Then X is contained in S “ filtpSq, thus S is a quotient of X and
lies in S 1. This shows that S 1 “ S and, thus, that T “ X , again by Proposition 7.5. �

Example 9.15. We revisit Example 4.10. This time we consider the indecomposable preprojective mod-
ules Pn, n P N over the Kronecker algebra A and the torsion pairs tn “ p

K0Pn,CogenpPnqq cogenerated
by them. It is well known that tn is an irreducible mutation of tn`1, the corresponding wide subcat-
egory is K0Pn X CogenpPn`1q X modpAq “ addpPn`1q. Notice that K0Pn X CogenpPn`2q X modpAq “
addpPn`1‘Pn`2q is not wide, so tn is not a mutation of tn`2. This shows that a sequence of irreducible
mutations is not a mutation in general.

We can also rediscover the fact that σX does not admit right mutation. Indeed, σX is associated with the
torsion pair u “ pGenptq,Vq generated by all finite-dimensional indecomposable regular modules, so any
torsion pair t “ pT ,Fq in CosiltpAq lying above u has the form t “ tn for some n, and T XVXmodpAq “
addpPn`1 ‘ Pn`2 ‘ . . .q is clearly not wide.

Finally, we remark that the set E in Lemma 9.11 may differ from ProdptσM | M P ΩzMuq where Ω
is the set of isoclasses of simple objects in Hu´ . To this end, we consider σP with P “ Xztxu for some
x P X. Here M only contains the simple regular module S corresponding to the tube tx, and the set
Ω consists of the Prüfer module S8 and the adic modules corresponding to tP “

Ť

y ­“x ty. Thus the

generic module G belongs to the set E , but not to ProdptσM |M P ΩzMuq.
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[66] M. Saoŕın, On locally coherent hearts, Pacific J. Math. 287 (2017), 199–221.
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[73] J. Šťoviček, J. Trlifaj and D. Herbera, Cotilting modules over commutative Noetherian rings, J. Pure Appl.

Algebra 218 (2014), no. 9, 1696–1711.

[74] J. M. Whitehead, Projective modules and their trace ideals, Comm. Algebra 8 (1980), 1873–1901.
[75] J. Woolf, Stability conditions, torsion theories and tilting, J. Lond. Math. Soc. (2) 82 (2010), no. 3, 663–682.

[76] P. Zhang, J. Wei, Cosilting complexes and AIR-cotilting modules, J. Algebra 491 (2017), 1–31.

Lidia Angeleri Hügel, Dipartimento di Informatica - Settore di Matematica, Università degli Studi di
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