MUTATION AND TORSION PAIRS
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ABSTRACT. Mutation of compact silting objects is a fundamental operation in the representation theory
of finite-dimensional algebras due to its connections to cluster theory and to the lattice of torsion pairs
in module or derived categories. In this paper we develop a theory of mutation in the broader framework
of silting or cosilting t-structures in triangulated categories. We show that mutation of pure-injective
cosilting objects encompasses the classical concept of mutation for compact silting complexes. As an
application we prove that any minimal inclusion of torsion classes in the category of finitely generated
modules over an artinian ring corresponds to an irreducible mutation. This generalises a well-known
result for functorially finite torsion classes.
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1. INTRODUCTION

The operation of mutation has a long history in representation theory and algebraic geometry. The
aim of a mutation is to create a new object from an old one, changing a designated part of it and keeping
the other part. This operation has been around for at least thirty years, for example in the study
of exceptional collections of sheaves ([33]) or in the combinatorial study of tilting modules ([63, B35]).
Mutation also plays a central role in the foundations of cluster theory which were set up by Fomin and
Zelevinsky from the early 2000’s. Their work, together with the categorification results of [23], reinforced
the importance of mutation in contemporary representation theory.
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As shown by Aihara and Iyama in [2], the right framework to study mutation in derived categories of
finite-dimensional algebras is provided by silting complexes, a significant generalisation of tilting mod-
ules which was introduced in [4I]. Indeed, the categorification of cluster algebras allows us to interpret
clusters as silting complexes and cluster mutation as an operation that produces a new silting complex
from a given one by exchanging a summand. It turns out that mutation of silting objects also provides
a deep insight into the structure of the lattice tors(A) of torsion pairs in the category mod(A) of finite-
dimensional modules over a finite-dimensional algebra A. In [I] it is shown that minimal inclusions of
functorially finite torsion classes correspond, in a suitable way, to a mutation operation on associated
silting complexes. The following question was the initial motivation for this paper.

Question: Do minimal inclusions of arbitrary torsion classes correspond to an operation of mutation?

In order to answer this question, we are forced to leave the realm of finite-dimensional modules,
but fortunately we can benefit from well-developed model theoretic methods [60, 44]. We approach
the above question via cosilting theory, where small silting complexes are replaced by pure-injective
cosilting objects. More recently, this concept has also appeared in the literature under the name derived
injective (or just injective) object and turned out to be indispensable in various other contexts: in
spectral algebraic geometry [46l Appendix C.5.7], deformation theory of dg categories [32] or derived
commutative algebra [71].

Our starting point here is an observation based on [27) 22] [76]: every “small” torsion pair in mod(A)
corresponds bijectively to a “large” torsion pair in the category Mod(A) of all A-modules, and the latter
is determined by a large (i.e. not necessarily compact) pure-injective two-term cosilting complex o. In
other words, while two-term silting complexes in the sense of [I] only detect functorially finite torsion
pairs in mod(A), two-term cosilting complexes detect all torsion pairs in mod(A). In fact, pure-injective
cosilting complexes give rise to a class of t-structures in the derived category that encompasses those
associated to compact silting complexes.

Summary of main results. We first develop a general framework to study mutation of silting and
cosilting objects in triangulated categories, without any compactness or pure-injectivity assumptions.
Our Definitions and extend the concept of mutation in [2] to the non-compact case, adopting the
notion of (co)silting from [61} 52].

Every cosilting object o gives rise to a t-structure T, and to an abelian category H,, the heart of
T,. Moreover, every subset & of Prod(c) induces a set of injectives H2(&) in H,, and thus a hereditary
torsion pair (S,R) = (t0HY(&), Cogen(H2(&))). It turns out that such torsion pairs control the process
of mutation via HRS-tilting.

Theorem A (Theorem . Let D be a triangulated category with products, and let o and o’ be two
cosilting objects in D. Denote & = Prod(c) n Prod(¢’), and let (S,R) be the torsion pair in H,
cogenerated by HO(&).
(1) o’ is a right mutation of o if and only if o admits an &-precover and Ty is the right HRS-tilt
of T, at the torsion pair (S, R) in H,.
(2) o' is a left mutation of o if and only if the class S is closed under products (hence a TTF-class)
in Hy, and T, is the left HRS-tilt of T, at the torsion pair (T,S) in He.

An important difference with respect to the theory developed in [2] is that, even for finite-dimensional
algebras, mutation of large silting or cosilting objects is not always possible (Examples and .
Nevertheless, we show that cosilting mutation is, in itself, a generalisation of compact silting mutation.
Indeed, any mutation of a compact silting object corresponds to a mutation of a pure-injective cosilting
object (see Theorem [5.8). The class of pure-injective cosilting objects, which includes bounded cosilting
complexes in the derived category of a ring (see Example , will play a distinguished role. The big
advantage of working with a pure-injective cosilting object ¢ lies in the fact that the heart H, is a
Grothendieck category ([7]) — and in this case we can characterise the existence of mutations as
follows.

Theorem B (Theorem . Let 0 be a pure-injective cosilting object in a compactly generated trian-
gulated category D, and & = Prod(&) a subcategory of Prod(o). Let (S,R) be the torsion pair in H,
cogenerated by HO(&). The following statements are equivalent.
(1) o admits a right mutation o’ with respect to &.
(2) The torsion-free class R = Cogen(H2(&)) in Hy is closed under direct limits.
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(3) The cosilting object o admits an &-cover.

Dually, the following statements are equivalent.

(1) o admits a left mutation o’ with respect to &.

2) The torsion class S = L0 H(&) in Hy is closed under products (that is, it is a TTF class).
(e

(3) The object eg @ e1 arising from an &-envelope o — £¢ and its cone £1 is a cosilting object.

In both cases, if the equivalent conditions are satisfied, any mutation o’ as in (1) is pure-injective.

We also provide an interpretation of mutation of pure-injective cosilting objects in terms of localisation
theory (see Section @, which essentially states that the operation of mutation can be understood as a
three-step process: first restrict the associated t-structures to certain subcategories; then shift one of the
restricted t-structures; finally glue them back together.

The whole machinery of cosilting mutation in triangulated categories leads to an answer to our
motivating question concerning the study of the lattice of torsion pairs. In [29] and [I4], it was
shown that minimal inclusions of torsion classes (not necessarily functorially-finite) in mod(A), for a
finite-dimensional algebra A, are parametrised by bricks. These bricks turn out to correspond to certain
indecomposable summands of the associated (two-term) cosilting objects. We show that minimal inclu-
sions of torsion classes then correspond to swapping precisely this indecomposable summand. We call
this irreducible mutation. This result generalises the phenomenon that is well-understood for minimal
inclusions of functorially-finite torsion classes. While we prove the theorem below in a more general
setting (see Setup and Corollary 7 here we state it in the setting of artinian rings.

Theorem C (Corollary|(9.14). Let A be an artinian ring. Consider two cosilting torsion pairs t = (T, F)
andu = (U,V) in mod(A) such thatUd < T. Let oy and oy be the two-term cosilting complezes associated
to t and u, respectively. Then the following statements are equivalent.

(1) oy is an irreducible right mutation of oy,.

(2) oy is an irreducible left mutation of oy.

(3) The class S =T NV coincides with filt(M) for a brick M in mod(A).
(4) The inclusion U < T is a minimal inclusion of torsion classes.

In forthcoming work [9, [I1], we will specialise to the case of two-term cosilting complexes in the
derived category of a finite-dimensional algebra A in order to obtain a more explicit description of the
operation of mutation involving the approximation theory and the Ziegler spectrum of Mod(A).

Structure of the paper. The paper is organised as follows.

e In Section [2] we collect the necessary background on t-structures, HRS-tilts, silting and cosilting
objects.

e In Section [3| we define cosilting mutation and interpret these operations in terms of HRS-tilts.
In particular, we prove Theorem A above (Theorem [3.5)).

e In Section [4] we specialize to pure-injective cosilting objects in compactly generated triangulated
categories. In this setting the situation becomes more tractable, and we are able to provide
necessary and sufficient conditions of the existence of cosilting mutation, proving Theorem B
(Theorem [4.9).

e Section [5| is devoted to the dual situation of silting objects and we prove there that cosilting
mutation generalises the notion of mutation for compact silting objects, as set up in [2] (see
Theorem [5.8)).

e In Section [6] we interpret mutation from the point of view of localisation theory of triangulated
categories and we observe that the operation of mutation can be broken into 3 parts: restriction,
shifting and gluing (see Theorem .

e In Section [7] we consider general mutation of cosilting objects associated with torsion pairs in
the heart of a pure-injective cosilting t-structure and we characterise this situation in terms of
wide subcategories of the heart (Theorem [7.8)).

e Section [§] clarifies the bijection between torsion pairs in “small” and “large” triangulated cate-
gories and describes mutation of “small” torsion pairs (Theorem [8.9).

e In the final Section [0} we focus on mutation of torsion pairs in abelian length categories. It is in
this framework that we prove, in particular, Theorem C (Corollary [9.14)).
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2. PRELIMINARIES

2.1. Notation. All subcategories considered are strict and full. Given an object X in an additive
category A, we denote by Add(X) the subcategory whose objects are summands of existing coproducts
of copies of X. Dually, we write Prod(X) for the subcategory whose objects are summands of existing
products of copies of X. We denote the isomorphism classes of indecomposable objects in .4 by Ind(.A).

Let now A be a complete and cocomplete abelian category. An object A in A is said to be finitely
presented if the functor Hom 4 (A, —) commutes with direct limits. Given a class of objects X in A, we
write fpX” for the collection of finitely presented objects in X" and lim & for the subcategory of A formed
by direct limits of objects in X. We further denote by Gen(X) (respectively, gen(X)) the subcategory
formed by all epimorphic images of coproducts (respectively, of finite coproducts) of objects in X, and
by Cogen(X) the subcategory formed by all subobjects of products of objects in X'. Furthermore, we
denote by Filt(X') the class of all objects M which admit an ascending chain (M, A < ) of subobjects
indexed over an ordinal number pu where My = 0, all consecutive factors Myy1/My with A < p belong
to X, and M = (J, ., Mx. The class of objects with a finite filtration of this form is denoted by filt(X).

For a pair of full subcategories M and A of an abelian (respectively, triangulated) category C, we use
the notation M *= N for the full subcategory of C consisting of objects X such that there exists a short
exact sequence 0 > M — X — N — 0 (respectively, a triangle M — X — N — M[1]) with M € M
and N e NV.

Let M be a class of objects in a triangulated category D. Given a set of integers I (which is often
expressed by symbols such as > n, # n, or just n), we write -/ M for the orthogonal class given by the
objects X satisfying Homp (X, M[i]) = 0 for all M € M and i € I, while M1 consists of the objects
X such that Homp (M, X[i]) = 0 for all M € M and i € I. If M is a class of objects in an abelian
category A and I is a set of natural numbers, we similarly denote by +* M the class given by the objects
X € A such that Extf4(X, M) =0 and by M7 the class of objects X satisfying Exti\(M, X) =0 for all
MeMandiel.

Finally, when R is a ring, Mod(R) denotes the category of all left R-modules and D(R) the unbounded
derived category of Mod(R). If R is left coherent, then mod(R) denotes the abelian subcategory of finitely
presented left R-modules and D®(mod(R)) its bounded derived category.

2.2. Torsion pairs, t-structures and HRS-tilts. Recall that a torsion pair in an abelian (respec-
tively, triangulated) category C is a pair of idempotent-complete subcategories t := (7, F) such that
Homy(T,F) =0 for all T in T and F in F and, furthermore, with the property that C = 7 x F. The
subcategory T is often called a torsion class while the subcategory F is often referred to as a torsion-
free class. If a torsion-free class F is again a torsion class with respect to another torsion pair (F,G),
then we say that F is a torsion torsion-free class (or TTF class, for short).

A torsion pair (7, F) in an abelian or triangulated category C is said to be:

e cogenerated by a subcategory S if 7 = 1°S:; and
e generated by a subcategory S if F = Sto.

If C is abelian, we say that (7, F) is

e hereditary if 7 is closed under subobjects; and
e cohereditary if F is closed under quotient objects.

If C is furthermore AB5 (i.e., a cocomplete abelian category with exact direct limits), then (7, F) is
e of finite type if F is closed under direct limits in C.

A subcategory M of an abelian (respectively, triangulated category) will be said to be extension-closed
if Mx M < M. An extension-closed subcategory X of a triangulated category D is said to be suspended
(respectively, cosuspended) if X[1] € X (respectively, if X[—1] € X).

A torsion pair T := (X, )) in a triangulated category for which X is suspended is called a t-structure.
Then X is called the aisle and Y the coaisle of T. Such torsion pairs give rise to an abelian subcategory
of D, the heart of the t-structure, which can be obtained as Hy := X[—1] n ). Furthermore, there is
a cohomological functor associated to T, i.e. a functor HY: D — Hy that sends triangles to long exact
sequences, and we denote by H% : D —> Hp the functor given by HL(X) = H2(X][i]), for any i in Z.
The following useful lemma is a direct consequence of the construction of this cohomological functor.

Lemma 2.1. Let T = (X,)) be a t-structure in a triangulated category D. Let W be an object in the
heart H, and let Y be in Y and Z in X[—1]|. Then we have that Homp(W,Y) =~ Homy (W, H2(Y)) and
Homp(Z, W) =~ Homy (H3(Z),W).
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A t-structure T = (X, )) is said to be
e nondegenerate if (), _, X[n] = 0=, o, VIn].
It is easy to check that if T is nondegenerate, then the aisle X' consists of the objects X with HE(X) =0
for all k > 0, and the coaisle ) of those with HE(X) = 0 for all k£ < 0.
If D is a triangulated category with coproducts (respectively, products), then we say that T is
e smashing if the coaisle ) is closed under coproducts; and
e cosmashing if the aisle X' is closed under products.

A nondegenerate t-structure T is smashing (respectively, cosmashing) if and only if the HY preserves

coproducts (respectively, products), see [7, Lemma 3.3]. For more details on t-structures we refer to [17].
For a torsion pair t := (7,F) in the heart Hy of a t-structure T = (X,)) we can build a new

t-structure according to [34]. It is called the left HRS-tilt at t, and it is defined as follows:

Tt* = (XtJr = X[l] * 7d[1]7 yt+ = _/—"[1] * y)

The corresponding heart is then given by H¢+ = F[1] * T, it is equipped with a torsion pair (F[1],T)
and the cohomological functor H& : D —> H+. Dually, we denote the right HRS-tilt at t by

T = (X- =X+ T, Y :=F x (Y[-1])).

The corresponding heart is then given by H- = F«T[—1], it is equipped with a torsion pair (F, T[—1])
and the cohomological functor H ?_ D — Hy-.

Remark 2.2. Note that T+ = Ty-[1], and T = (Ty-)s+ for the torsion pair s = (F,T[—1]) in H-.
Furthermore, if T is nondegenerate, then the right HRS-tilt is given by

X ={XeD | HY(X)e T and HE(X) = 0 for all k > 0},
Ve ={XeD | HYX) e F and HE(X) = 0 for all k < 0},
and the corresponding statement holds true for the left HRS-tilt.

By construction, we have that Y € Y+ € Y[1] and Y[—1] € V- € V. These properties completely
characterise T+ as a left HRS-tilt and T~ as a right HRS-tilt.

Proposition 2.3. [58, Lemma 1.1.2][75] Proposition 2.1] Let T = (X, Y) be a t-structure in a triangulated
category D with heart H.

(1) The assignment t — T+ defines a bijection between torsion pairs in H and t-structures T' =
(X)) in D with Y < Y' < Y[1]. The inverse assignment takes a t-structure T' with heart H'
to the torsion pair t:= (T,F) in H given by T =HH and F = H nH'[-1].

(2) The assignment t — T~ defines a bijection between torsion pairs in H and t-structures T' =
(X',Y') in D with Y[—1] € V' < V. The inverse assignment takes a t-structure T’ with heart
H' to the torsion pair t := (T, F) in H given by T = HH'[1] and F =H nH'.

2.3. Silting and cosilting t-structures. Recall that an object o of a triangulated category D with
(set-indexed) coproducts is said to be silting if the pair (¢+>°,01<0) is a t-structure in D. Dually, if D
has (set-indexed) products, an object o of D is said to be cosilting if (*<00,1>00) is a t-structure in
D. In both cases we denote the associated (silting/cosilting) t-structure by T,, its heart by H, and its
associated cohomological functor by H: D — H,. Two (co)silting objects are said to be equivalent
if they give rise to the same t-structure.

Remark 2.4. Note that it is our convention that the heart of a t-structure is contained in the coaisle, not
in the aisle. This justifies the slight adaptation (by a shift) of the definition of the t-structure associated
to a silting object presented above (compare with [61]).

We say that a subcategory M generates D if M*? = 0 and M cogenerates D if 1M = 0. If M
consists of a single object M, we say that M (co)generates D. It follows from the definition that every
silting object generates D, and every cosilting object cogenerates D. We recall the following properties
of (co)silting t-structures.

Proposition 2.5. [6I], Proposition 4.3 and Lemma 4.5],[7, Lemma 2.8, Theorem 3.5, and Corollary 3.8]
Let o be an object in a triangulated category D.

(1) If D has coproducts and o is a silting object, then the associated heart H, = o1#° is an abelian
category with enough projectives, and the functor HY induces an equivalence of categories be-
tween Add(c) and Proj (H,) and a natural isomorphism Homp (o, —) = Homp(H2(0), HY(-)).
Furthermore, if X = o>, then Add(c) = 11X n X.
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(2) If D has products and o is a cosilting object, then the associated heart H, = *#°c is an abelian
category with enough injectives, and the functor H? induces an equivalence of categories be-
tween Prod(c) and Inj (H,) and a natural isomorphism Homp(—,0) =~ Homp(H2(—), H(0)).
Furthermore, if Y = +>°¢, then Prod(c) = Y n Y11,

Remark 2.6. If D is a triangulated category with coproducts, then every heart is known to be cocom-
plete (|53l Proposition 3.2]). Moreover, if a given t-structure is associated to a silting object, then
the corresponding heart H has a projective generator by the proposition above. Then Freyd’s adjoint
functor theorem implies that  is also complete (see [3I, Proposition 6.4]) and products are necessarily
exact. Moreover, H has the property of being well-powered, i.e. every object has a set of subobjects
(see 72, Proposition IV.6.6]). Dually, if D is a triangulated category with products, then the heart #H
of any t-structure associated to a cosilting object is complete, cocomplete, with exact coproducts and
well-powered.

It follows in both cases from [28] that torsion classes are precisely those closed under coproducts,
extensions and quotients, and torsion-free classes are precisely those closed under products, extensions
and subobjects. Furthermore, in any complete, cocomplete and well-powered abelian category A, we
then have that:

e if & is a family of injective objects in A, then (+°&, Cogen(&)) is a hereditary torsion pair in A;
and

e if & is a family of projective objects in A, then (Gen(%?), 210) is a cohereditary torsion pair
in A.

We close the section with a brief review of the notion of purity in triangulated categories. Assume
now that D admits (set-indexed) coproducts. Recall that an object X in D is said to be compact if the
functor Homp (X, —) commutes with coproducts. If the subcategory D¢ of compact objects is skeletally
small and generates D, then D is said to be compactly generated. It is well-known that D then also
admits products.

When D is a compactly generated triangulated category, the category of additive (contravariant) func-
tors (D°)°P — Mod(Z), denoted by Mod(D¢), is a locally coherent Grothendieck category with enough
projectives. Recall that a Grothendieck category G is said to be locally coherent if its subcategory of
finitely presented objects fpG is an abelian subcategory and generates G.

Moreover, the functor y: D — Mod(D¢), defined by y X := Homp(—, X)|p., sends triangles to long
exact sequences. A pure triangle is a triangle in D of the form

f g

A X Y h

A X[1]

such that yA is a short exact sequence, i.e. yf is a monomorphism (and, hence, f is called a pure
monomorphism), yg is an epimorphism (and, hence, g is called a pure epimorphism) and yh = 0
(and, hence, h is called a phantom map). Note that, with this terminology in place, A is a pure-triangle
if and only if f is a pure monomorphism, and the latter is equivalent to g being a pure epimorphism and
equivalent to h being a phantom map. We say that an object X of D is pure-injective (respectively,
pure-projective) if yX is an injective (respectively, projective) object in Mod(D¢). Equivalently, an
object X of D is pure-injective (respectively, pure-projective) if and only if every pure triangle starting in
X (respectively, ending in X)) splits. It is well-known that the pure-projective objects coincide precisely
with Add(D¢) ([18, Lemma 8.1]). The following theorem explains the benefits of considering pure-
injective/pure-projective cosilting/silting objects.

Theorem 2.7. [7,[52] Let D be a compactly generated triangulated category.

(1) There is a bijection between equivalence classes of cosilting objects and smashing nondegenerate
t-structures whose heart has an injective cogenerator. Furthermore, a cosilting object is pure-
injective if and only if the heart of the associated t-structure is a Grothendieck category.

(2) There is a bijection between equivalence classes of silting objects and cosmashing nondegenerate t-
structures whose heart has a projective generator. Furthermore, a silting object is pure-projective
if and only if the associated t-structure is smashing and its heart is a Grothendieck category with
a projective generator.

Example 2.8. [76, 48] An object o in the category K®(Inj(R)) of bounded complexes of injective R-
modules is cosilting in D(R) if and only if Hompg)(c”, o[i]) = 0 for all sets I and i > 0, and K®(Inj(R))
is the smallest triangulated subcategory of D(R) containing Prod(c). Such cosilting complexes are pure
injective objects of D(R) and thus give rise to t-structures with Grothendieck heart.

6



3. THE CONCEPT OF MUTATION

Silting mutation was introduced by Aihara and Iyama in [2]. In this section, we define mutation for
large silting or cosilting objects, and in Theorem [5.8] we will show that it extends Aihara-Iyama’s silting
mutation. We prove that a (co)silting object o’ is a (left or right) mutation of another (co)silting object o
if and only if the associated (co)silting t-structures are related by a suitable (left or right) HRS-tilt. The
torsion pair at which the HRS-tilt is performed is determined by the intersection & = Prod (o) nProd(o”’)
in the cosilting case, and by £ = Add(c) n Add(o’) in the silting case.

We begin with a useful lemma. Recall that, given an object C' in an additive category C, we say that
a morphism g: M — C with M in M is an M-precover (or a right M-approximation) if any other
morphism M’ — C with M’ in M factors through ¢. If, in addition, any endomorphism h: M — M
with gh = g is an isomorphism, then g is called an M-cover. Dually, one defines M-preenvelopes (or
left M-approximations) and M-envelopes.

Lemma 3.1. Let o be an object in a triangulated category D.

(1) If D has products, o is cosilting and & = Prod(&) is a subcategory of Prod(o), then:
(a) & is preenveloping in Prod(c); and
(b) & cogenerates D if and only if & = Prod(o).

(2) If D has coproducts, o is silting and & = Add(2?) is a subcategory of Add(o), then:
(a) & is precovering in Add(o); and
(b) & generates D if and only if & = Add(o).

Proof. We prove the cosilting case; the silting case is analogous. (1)(a): Consider the torsion pair
5:= (L0 HY(&), Cogen(HY(&))) and take a: H2(c) —> A to be the epimorphism to a torsion-free object
A with a torsion kernel (with respect to s). Consider then a monomorphism m: A — H2(E), for some
E in &. Tt is easy to observe that 7o a is an H2(&)-preenvelope of HY(c), and by Proposition the
map ¥: 0 — E such that HO(V) = 7 o a is a &-preenvelope of o.

(1)(b): Let ¥: 0 — E be the preenvelope obtained above. If & cogenerates D, then H2(&) is a
cogenerating class of injective objects in H,. In particular, H2(¥) must be a monomorphism and, thus,
a split map. Therefore ¥ splits by Proposition and we conclude that & = Prod(o). The converse
holds by definition of cosilting object. O

We will first discuss mutation of cosilting objects. Later we will restrict our attention to pure-injective
cosilting objects, for which we can use some approximation-theoretic tools to simplify the definition below.

Definition 3.2. Let D be a triangulated category with products. Let ¢ and ¢’ be two cosilting objects
in D, and let & = Prod(c) n Prod(c’). We say that

(1) o' is a left mutation of o if there is a triangle o LA €1 o[1] such that:
e ® is an &-preenvelope of o in D; and
e 9 @e; is a cosilting object equivalent to o’.

(2) o' is a right mutation of o if there is a triangle o[—1] " Yo —2> & such that:
e & is an &-precover of o in D; and
e Yo @ is a cosilting object equivalent to o’.

We will also say that ¢’ is a left (or right) mutation of o with respect to &.

Our first aim is to clarify the relation between mutations and HRS-tilts. This will allow us to see,
in particular, that mutation is defined up to equivalence of cosilting objects. For that purpose, we will
make use of the following lemma.

Lemma 3.3. Let o be a cosilting object in a triangulated category D with products, and let & = Prod(&)
be a subcategory of Prod(c). Denote by

t=(S,R) = ("*HJ(&), Cogen(HJ(&)))
the torsion pair in H, cogenerated by the set of injective objects HY(&), and let T = (X’,)") be the right
HRS-tilt of T, at t. The following statements are equivalent for a map ®: E — o with E in &.

(1) ® is an &-precover of o in D.
(2) ¢ := HY(®) is an R-precover of H2(c) in H,.
(3) @ is a Y -precover of o in D.



Proof. (1)=(2): The map ¢ is an HO(&)-precover because HY induces an equivalence of categories
between Prod(c) and Inj(H,). Let g: X — HY(c) be a map in H, with X in R = Cogen(HJ(&)).
Since H?(o) is injective, g extends along any monomorphism h: X — H?(E’) with E’ in &, that
is, there is t: HY(E') —> H2(o) such that t o h = g. But then ¢ must factor through ¢, so there is
: HY(E') — HY(E) such that ¢ o9 =t. This shows that g = ¢ 0 o h, as wanted.

(2)=(3): Suppose that ¢ is an R-precover of H2(c) in H, and let f: ¥ — o be a map with Y in
)'. Applying H? to the triangle induced by f we get an exact sequence

0——=H)(K)——= H)(Y)—= H)(0o) .

Now, since T, is nondegenerate, its right HRS-tilt T has the form described in Remark[2:2] In particular,
H2(Y) lies in R, so the map HY(f) factors through ¢, that is, there is a map ¢: HO(Y) — H2(E) such
that H2(f) = ¢ o1. Since E lies in Prod(o), we know from Proposition 2) that the functor H?
induces an isomorphism Hom(Y, E) =~ Hom(H2(Y), H2(E)). Hence there is a unique map ¥: Y — E
such that H2(¥) = 1. Clearly, it follows that f = ®V¥ as wanted.

(3)=>(1): This is clear from the fact that & is contained in )’ and E, by assumption, lies in &. O

Remark 3.4. Tt is clear that the class R in the torsion pair t = (S,R) above is enveloping (as every
torsion-free class is!), but without further assumptions on the cosilting object it may be hard to say
whether it is precovering or not. We will discuss the approximation properties of such torsion pairs in
Section [4] (compare also with the silting case in Remark .

We are now ready for our first theorem.

Theorem 3.5. Let D be a triangulated category with products. Let o and o’ be two cosilting objects in
D, and let & = Prod(c) mn Prod(c’).
(1) o' is a left mutation of o if and only if *0HO(&) is closed under products in H, and T, is the
left HRS-tilt of T, at the torsion pair t = (T, H2(&)) in H,.
(2) o' is a right mutation of o if and only if o admits an & -precover and Ty is the right HRS-tilt
of T, at the torsion pair t = (t0H2(&), Cogen(H?2(&))) in H,.
In both cases, the torsion pairs involved do not depend on the triangle in Definition [3.4

Proof. Let T = T, = (X,)) be the cosilting t-structure associated to o with heart H = H,, and
T =T, = (X’,)’) the cosilting t-structure associated to ¢’ with heart H' = H,-.

(1): Suppose first that ¢’ is a left mutation of o. Let ® be an &-preenvelope of ¢ in D and consider
the cosilting object & = g9 @ €1, equivalent to o', where ¢; is defined via the triangle

(A1) o2 1) €1 o[1]

Then T/ = (+<°5,1>95), and it is easy to see that J < )’ < Y[1]. From Proposition (1) we infer that
T' = T+ is the left HRS-tilt of T at the torsion pair t := (T, F) in H given by F = H n H'[-1], and
the latter coincides with H n Y’[—1] since X[—1] € X’'[—2]. Note that t only depends on ¢ and o’. It
remains to verify that F = +0 H9(&).

In fact, we first observe that F = 10H?(sy). An object X of H lies in F if and only if X[1] lies in
Y'. In particular, Homp(X[1],5[1]) = 0 and, thus, Homp(X,5) = 0. By Lemma [2.1] we conclude that
Homy (X, H%(g0)) = Homp(X,eq) = 0. Conversely, if X belongs to -0 H%(e¢), that is, Homp (X, ) = 0,
then applying Homp(X[1], —) to the triangle above and keeping in mind that X lies in J = +>°¢ and
go lies in Prod (o), we see that X[1] lies indeed in =06 = ), which amounts to X lying in F.

Finally, we show that *0 HO(gy) = 10 HY(&), thus proving our claim. Note that, being left orthogonal
to (classes of) injective objects in #, both these classes are torsion (see Remark 7 and it is clear
that L0 HO(&) < LoH(gp). So, in order to prove the desired equality, it is enough to show that the
corresponding torsion-free classes satisfy (10 H2(&))+0 < (t0HO(gg))*0, and for that it suffices to show
that H2(&) lies in (t0 Ho(gp))*0 = F1o. Recall that )’ = F[1] * ), and that Prod(c) = Y n (Y[-1])*°
by Proposition 2.5] Therefore, we have

Prod(o) n Fro =Y n (V[-1]) n Fro = Y n (FxY[-1]) =Y n (V' [-1])*°

But the latter class coincides with &. Indeed, since Y € )’ (and, thus, (Y[—1])*° 2 (V'[-1])*°) we
have

£ = Prod(c) n Prod(a’) = (¥ n (Y[-1])10) n (V' n V' [-1])10) = YV ~ (V' [-1])*.
So we have shown that, in fact, Inj (H) n Fto = H2(&).
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Conversely, assume now that T’ is the left HRS-tilt of T at the torsion pair t = (7, F) in H, where
F =1oHY(&). Note here that since the hereditary torsion class 10 HO(&) is assumed to be closed under
products, it is also a torsion-free class (see Remark , so the torsion pair t is well-defined and the
condition makes sense. Consider an &-preenvelope ®: 0 — g of o in D (see Lemmafor the existence
of such a map). We complete ® to a triangle of the form and set 6 = g9 @ e;. We will show that
Prod(¢’) = Prod(g). Note that since o cogenerates D, so does &. Hence, if we show that Prod(g) is
contained in Prod(o’), Proposition 1)(b) guarantees the equality. For this purpose we show that &
lies in )" N Y'[—1]*°, which coincides with Prod(¢”’) by Proposition Recall from Remark [2.2) that

V =Yu =F[1]*Y={XeD | H;Y(X)e F, and H*(X) = 0 for all k < —1}.

It is clear that g¢ lies in Y < ). We claim that also ¢; lies in ). Indeed, we infer from the triangle
above that HY(e;) = 0 for all K < —1, and moreover, since HO(®) is an H?(&)-preenvelope of HY (o),
we also have that H;!(e;) lies in 10 H2(&) = F. Hence, & belongs to ). Next, we pick an object Y
in J’. Then H;(Y) lies in F and, thus, Homp(Y,&0[1]) = Homp(H,1(Y), H () = 0. Moreover, as
Y’ < Y[1], we also have Homp(Y, 0[2]) = 0. Thus, we infer from a rotation of the triangle above that
Homyp(Y,e1[1]) = 0. This shows that & belongs to '+ and completes the proof.

(2): Suppose that ¢’ is a right mutation of o. By definition, there is an &-precover ®: v9 —> o in D
and & = vo @ is a cosilting object equivalent to ¢, where 7, is defined by the triangle

(Ag) o[—1] " o —2> 0.

As in the previous part, one verifies that Y[—1] € V' € Y and T/ = T¢- is the right HRS-tilt of T at a
torsion pair t = (7, F) in H where 7 = +0H9(vy). Consequently, F = Cogen(H?(v)) by Remark
It remains to check that F = Cogen(H?2(&)). However, we know from Lemma that H2(®) is a
Cogen(HY(&))-precover of H2(o). Since HO(o) is an injective cogenerator of H, it follows that indeed
F = Cogen(H2(&)).

Conversely, suppose that ¢ admits an &-precover ®: vy — ¢ and that T, is the right HRS-tilt of
T, at the torsion pair t in H, given by t = (10 H2(&), Cogen(H2(&))). Complete ® to a triangle of the
form and set & = vy @ y1. We have to show that Prod(¢’) = Prod(d). As in (1), it will suffice to
show that & belongs to )’ n (J’[—1])*°. Since 7q lies in ), there is a truncation triangle of the form

HY(v0) — 70 — Y[-1] —— H(70)[1]

with Y in Y and, thus, v lies in F * Y[—1] = V- = Y'. Since 71 is an extension of o[—1] (which lies in
Y[-1] € V') and 7o, we conclude that also v; (and, hence, &) belongs to ). Next, we pick an object YV’
in Y’ and apply Homp (Y, —) to the following rotation of the triangle (As))

P

Yo o 71[1] Yo[1]-
Since, from Lemma ® is an )'-precover, and since )’ < Y = 1>0¢ and v, lies in Prod(c), we
conclude that & belongs to (J’[—1])*°, completing the proof. O

Remark 3.6. Note that the HRS-tilts discussed above involve torsion pairs in H, of different flavours: in
the case of left mutation, T, is the HRS-tilt of T,, at a torsion pair (7, F) for which F is a TTF class;
in the case of right mutation, T, is the HRS-tilt of T, at a hereditary torsion pair (S, R). Moreover, if
there exists both a left and a right mutation with respect to &, then (T, F) is left adjacent to (S,R),
ie. S=F(=1HY&)).

Corollary 3.7. Let D be a triangulated category with products. Then both left and right mutation of
cosilting objects in D are well-defined up to equivalence. Moreover, the induced operations on equivalence
classes of cosilting objects are inverse of each other.

Proof. Theorem characterises the fact that two cosilting objects o and ¢’ are mutations of each other
in terms of properties of the associated cosilting t-structures and of the class & = Prod(c) n Prod(o”).
These t-structures and & depend exclusively on the equivalence class of the cosilting objects considered.
Moreover, using the fact that products of &-precovers are &-precovers, we note that if o admits an
&-precover, then so does any cosilting object equivalent to o.

For the second statement, we observe that ¢’ is a left mutation of ¢ if and only if ¢ is a right mutation
of ¢’. Indeed, if & = Prod(o) nProd(c’), consider the triangle induced by an &-preenvelope ® as follows

o—2s g —Lsgy ol1],




and the cosilting object & = £y @ &1 which, by assumption, is equivalent to ¢’. It then follows that ¥ is
an &-precover of €1 (since Homp(&,0[1]) = 0), and § = ¥ @ 1., is an &-precover of 5. Therefore, the
induced triangle

oc—>¢c9@Deg L(}Hg[l]
shows that o is a right mutation of 6. The other implication is obtained by dual arguments. (]

The torsion pairs appearing the theorem above are determined by the cosilting objects involved in the
mutation process. In general it is difficult to characterise when a torsion pair arises in this way, although
we will see later that this is possible in the setting of Section [4 Nevertheless, the following definition is
helpful in characterising when mutation is possible.

Definition 3.8. Let D be a triangulated category with products and T a t-structure with heart H. A
torsion pair t := (7, F) in H is said to be a cosilting torsion pair if and only if there is a cosilting object
o in D such that T- = T,. We denote the collection of cosilting torsion pairs in H by Cosilt(#). If D
is compactly generated, then we denote the set of cosilting torsion pairs in H arising from pure-injective
cosilting objects by Cosilty (H).

Example 3.9. Let R be a ring. The modules C = H(0) arising as zero cohomologies of a cosilting
complex o: I% — I' of length two, concentrated in degrees 0 and 1, are precisely the cosilting modules
introduced in [2I]. The t-structure T, then coincides with the right HRS-tilt of the standard t-structure
T = (DS71,D>%) of D(R) at the torsion pair t := (+°C, Cogen(C)) in Mod(R) cogenerated by C. In
other words, t is contained in Cosilt(R) := Cosilt(Mod(R)).

Furthermore, any cosilting torsion pair in Mod(R) is actually of this form. Indeed, let o € D(R) be an
associated cosilting complex and T, = (X, )) the cosilting t-structure. Then o € Y € D>? is isomorphic
to a complex of injectives concentrated in non-negative cohomological degrees. As on the other hand
D! c ), we have

o€ yll c (D>1)J_1 _ (DEQ)J-O,
which implies that such a complex of injectives is homotopy equivalent to a 2-term complex concentrated
in degrees 0 and 1 (see e.g. |55, Lemma 4.12]).

Recall further that all cosilting complexes of length two in D(R) are pure-injective (Example .
Thus Cosilt(R) = Cosilty(Mod(R)). In fact, it follows from [22] [76] that a torsion pair in Mod(R) is
cosilting if and only if it is of finite type. We are going to see in Proposition that this is a special
instance of a general phenomenon.

The following proposition explains the relation between cosilting torsion pairs and mutation, providing
a criterion for the existence of mutation.

Proposition 3.10. Let D be a triangulated category with products. Let o be a cosilting object and
& = Prod(&) a subcategory of Prod(c). Then we have:

(1) o admits a left mutation o’ with respect to & if and only if there is a cosilting torsion pair of the
form t := (T, HY(&)) in Hy; and

(2) o admits a right mutation o’ with respect to & if and only if o admits an &-precover and the
torsion pair t = (S,R) = (L0 H2(&), Cogen(H2(&))) in H, is a cosilting torsion pair.

Proof. (1): By Theorem we only need to prove the if-part. Suppose that there is a cosilting torsion
pair t = (7, F) in H, where F = L0 HO(&). By definition, there is a cosilting object ¢’ such that T,
coincides with the left HRS-tilt T+ = (X7, )’) of the t-structure T = T, = (X,)) associated to o. As
in the proof of Theorem [3.5] we see that Prod(o’) coincides with Prod(6) where 6 = g9 @ &7 is obtained

from a triangle

g ki €0 €1 0'[1]

where @ is an &-preenvelope. By Theorem 3.] it thus only remains to show that & = Prod(c) nProd(o”).
For the inclusion & < Prod(c) n Prod(o’) we have to show that & < Prod(c’) = )’ n Y'*1. Of course,
& is contained in ) € ). Now pick F in & and Y in )’, and consider a decomposition triangle with
respect to the t-structure T

A Y B A1]

where A in X and B in ) € )'. In particular, we have that A lies in X n )’ = F[1], because
V' =Y = F[1] Y. Applying Homp(—, E[1]) to the triangle, and using that A[—1] € F = ToH(&),
we obtain

Homp (A, E[1]) = Homy,, (A[—1], H2(E)) = 0.
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Further, since FE lies in Prod(o), we have Homp(B, E[1]) = 0 and, thus, Homp(Y, E[1]) = 0. To prove
the other inclusion, let X be an object in Prod(c) nProd(o’). Clearly, H2(X) is injective in H,, because
X lies in Prod(c). Furthermore, if F is an object in F, since F[1] lies in )’ = 190’ and X lies in
Prod(c’), we have

Homp (F, HY(X)) = Homp(F, X) = Homp(F[1], X[1]) = 0.

It follows that H2(X) lies in F1o = Cogen(H?(&)). We conclude that H2(X) lies in H2(&) and, thus,
X liesin &.

(2): By Theorem we only need to prove the if-part. Suppose that t = (+0 H2(&"), Cogen(H(&)))
is a cosilting torsion pair in H,. Then there is a cosilting object ¢’ such that T, coincides with the right
HRS-tilt T = (X7, )’) of the t-structure T = (X,)) associated to o. By Theorem it only remains
to show that & = Prod(o) n Prod(¢’). Now & is contained in Prod(c), and also in ), which consists
of those objects X in Y for which H2(X) lies in Cogen(H2(&)) by Remark Moreover, given E in &
and X in )’, we have Homp (X, E[1]) = 0 since X lies in Y = +>°¢ and F lies in Prod(c). We conclude
that E is an object of )’ n )'*1 = Prod(c¢’). Conversely, take X in Prod(c) n Prod(¢’). Then HY(X)
is injective in H,, because X lies in Prod(c). Furthermore, it lies in Cogen(H?2(&)), because X lies in
Prod(c’) € )V'. Hence H2(X) lies in H2(&) and, thus, X lies in &. O

4. MUTATION AND PURITY

As recalled in Theorem [2.7] pure-injective cosilting objects or pure-projective silting objects give rise
to Grothendieck hearts. In order to investigate mutations of these objects, we need to understand when
HRS-tilts are Grothendieck categories. Recall that a cocomplete abelian category is said to be AB4 if
coproducts are exact and it is said to be AB5 if all direct limits are exact.

4.1. HRS-tilts with Grothendieck heart. Our aim in this subsection is to generalise [54, Theo-
rem 1.2], which characterises when the heart of an HRS-tilt is a Grothendieck category. This re-
quires some preparation, however. Suppose that H is an AB4 abelian category, I a directed poset
and X = (X;, fij: Xi — X, | 4,5 € 1,4 > j) a direct system in H. This system gives rise to a complex

BXog: - 11 Xy —2> ] Xiy—> [ Xiy —2> lim X —= 0,
10<ti1<i2 10<i1 i€l

in H, where dj is the canonical morphism and d,,: ]_[Z.0<.__<Z.n Xy — ]—[jo<~-~<jn71 Xj, for n > 1 are
described as follows: if (jo < -+ < jn—1) is obtained from (ig < --- < 4,) by removing i for some
0 < k < n, then the component of d,, between the corresponding summands of the coproducts is equal to
(=1)* fiogo: Xio — X, (we stress that f;,j, = idx, if k> 0 as then ig = jo). All the other components
of d,, vanish by definition.

We denote by BX the complex obtained from B&,.z by deleting the last term with the direct limit.
Hence BX is a complex over ‘H which consists just of coproducts of objects in X and we place the term
]_[ioe ; Xi, in cohomological degree 0. Now we define for n > 0 functors

lim : H — H
—>n
by putting h_n)ln X := H " (BX). We summarise some well-known properties of these functors.

Lemma 4.1. Given a short exact sequence 0 > X — Y — Z — 0 of I-shaped direct systems in an AB4
abelian category H, there is a natural long exact sequence

--~—>li_n)12X—>li_n>12y—>li_n>122—>h_r)n1X—>h_H>11y—>h_r>n12—>h_n)1X—>h_n>1y—>h_r>nZ—>0.
Moreover, the following statements are equivalent:
(1) H is ABS5,
(2) li_r)n1 X =0 for each directed poset I and an I-shaped direct system X,
(3) li_rr)ln X =0 for each directed poset I, an I-shaped direct system X and n > 0.

Proof. The short exact sequence 0 - X — Y — Z — 0 yields a short exact sequence of complexes

0 - BX - BY — BZ — 0 since we assume H to be AB4. The moreover part is standard: The

implications (3) = (2) = (1) are straightforward. Regarding (1) = (3), one obeserves that B, is a

direct limit of contractible complexes, hence exact assuming (1). Indeed, I is easily seen to be a direct

union of finite directed subsets F' < I, and each such F has a unique maximal element max(F) € F
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(which is an upper bound of all the elements in F'). The corresponding complex for the restricted direct
system X|p is canonically identified with a subcomplex of B&X,,g of the form

d d d
B(X‘F)aUg: A H Xio — H Xio — H Xio *O>Xmax(F) —0

10<t1<ti2 10<t1 10EF
and is contractible. A particular nullhomotopy is given by (s )n>0, where

Sn: H X, — u Xi,
Jo<r<jn—1 19 < <ip
with the components (—1)"idx, if (ip <+ < in-1 < in) = (Jo <+ < ju—1 < max(F)), and zero
maps otherwise. The special case of so: Xiax(r) — ]_[ioeF X, is the obvious split inclusion. Finally,
one observes that BX,,z = h_r)n F B(X|F)aug, where F runs over all finite directed subsets of I, ordered
by inclusion. O

Now we focus on how the lim -functors interact with HRS tilting.

Lemma 4.2. Let D be a triangulated category with coproducts, T be a smashing t-structure with an ABS
heart H, and let t = (T, F) be a torsion pair in H. We recall that the heart H¢- of the right HRS-tilt
has a torsion pair (F,T[—1]). Then the following hold:
(1) If X is a direct system in T and T' = lim X' in H, then T[—1] is the direct limit of X[—1] in
He- and lim  X[—1] = 0 in H¢- for each n > 0.
(2) Assume moreover that (T, F) is of finite type in H. If X is a direct system in F and F = lim X
i H, then F is also the direct limit of X in Hi- and li_r)nn X =0 in H¢- for each n > 0.

Proof. We prove (2) only as the proof of (1) is completely analogous. Since the complex BX,, is acyclic
in ‘H by Lemma [4.1} we have induced triangles in D,

Lyl — ]—[i0<--~<in Xio — L, —— Zn+1[1]

for all n = 0. Here, Z,, = Im(d,,) are the images in H and the coproducts can be taken equally well
in X and in D as T is smashing. Since F is closed under coproducts (H is AB5) and subobjects, we
have Z,, € F for each n > 1. We also have Z, € F since we assume t = (7,.F) to be of finite type.
Consequently, the triangles above induce short exact sequences in Hi-. Note further that T~ is a
smashing t-structure and H¢- is closed under coproducts in D. It follows that Hi- is AB4, that the
coproducts in the triangles above are also coproducts in H-. Thus, the complexes BX,,; taken in H
and Hi- coincide and are both acyclic in the corresponding hearts. O

Now we can give the promised generalisation of [54, Theorem 1.2].

Theorem 4.3. Let D be a triangulated category with coproducts, T be a smashing t-structure with an
ABS5 heart H, and let t = (T,F) be a torsion pair in H. Then the torsion pair (F,T[—1]) is of finite
type in the right HRS-tilt Hy- and the following statements are equivalent.

(1) Hy- is ABS.

(2) The torsion pair t = (T,F) is of finite type in H.
If D is compactly generated, the conditions above are further equivalent to

(3) Hi- is a Grothendieck category.
Proof. The torsion pair (F, 7 [—1]) is of finite type in H;- thanks to Lemma 1). If (T, F) is of finite
type in A, then lim, vanishes in H¢- on all direct systems in F or T[—1] by Lemma If X is any
direct system in H-, we obtain a short exact sequence of direct systems as follows

0 X]: X XT[fl] —_— 07

where Xz and X7_;) are the direct system of torsion and torsion-free parts of X with respect to
(F, T[-1]), respectively. If we take the direct limit, by Lemma we obtain an exact sequence

0 = ling, A7 — lim, & — limg, X7pq5 = 0.

and the same lemma tells us (since, by [53, Proposition 3.3], Hy- is AB4), that H- is also AB5.
Suppose conversely that Hi- is AB5. Then we can apply the previous arguments to Hy- with torsion
pair (F,T[—1]). As the left HRS-tilt is equivalent to H with (7, F), it follows that the latter torsion
pair is of finite type.
12



Now assume that D is compactly generated, with D¢ denoting its subcategory of compact objects.
Suppose that (1) holds true. In order to prove that H;- is a Grothendieck category, it remains to exhibit
a generator. We claim that [ [ H S, (C), where the coproduct runs over all isoclasses of compact objects
C in D, is a generator of H¢—. Indeed, given any X in H;-, the canonical map

o HC(HomD(C,X)) 5 X

is a pure epimorphism. Note that H. S, : D — H- sends pure triangles in D to short exact sequences
by [43], Corollary 2.5]. Therefore, H?_ (®) is an epimorphism, which proves the claim. [l

4.2. Mutation of pure-injective cosilting objects. We are now ready to examine mutation of pure-
injective cosilting objects. We will see that this setting is somewhat nicer than the general setting
explored in Section 3.

In view of Proposition we begin by investigating cosilting torsion pairs in Grothendieck hearts.
As indicated in Example when t = (T, F) is a cosilting torsion pair in the heart H of a t-structure
T in D, and o is a cosilting object such that T(- = T,, it is interesting to study properties of the object
C = HY(0). As the following lemma says, this object in fact determines the torsion pair t and hence the
cosilting object o up to equivalence. To this end, recall that an object C' in a complete abelian category H
is called quasi-cotilting if Cogen(C) = gen(Cogen(C)) n+1C (one can also define quasi-tilting objects
and prove a dual analogous version of the following lemma, but it is not needed here).

Lemma 4.4. Let D be a triangulated category with products and T = (X,Y) be a t-structure with heart
H. Suppose that H is complete and that t = (T, F) is a cosilting torsion pair in H, and o is a cosilting
object such that T~ = T,. Then the object C = HY(o) is quasi-cotilting in H and F = Cogen(C).

Proof. We will adapt the argument for [55, Theorem 4.1(3)=(2)]. Recall that there is a torsion pair
(F,T[—1]) in the heart H, of T- = (X;-, Y- ), and that the torsion part of X € H, with respect to this
torsion pair equals HO(X) [34, Corollary 2.2]. Hence the functor H2|3, : H, —> H, being a composition
of the right adjoints H, —> F and inc: F —> H, is itself a right adjoint. Since E := H2(o) is an
injective cogenerator of ‘H, by Proposition any object F' € F admits a monomorphism F — E' for
some set I, which induces a monomorphism F = H2(F) — H2(E)! in H. Moreover, since o € Y- < Y,
we observe that F is an X—[—1]-coreflection of o and C' is an X'[—1]-coreflection of o, which is the same
as an X[—1]-coreflection of E € Y. In particular, C = H2(E), the object F' embeds in C and, hence,
F < Cogen(C). Since clearly C' € F and F is closed under products and subobjects, we obtain the
equality F = Cogen(C).

In order to prove that C' is quasi-cotilting, we first claim that Exty, (F, C) = Homp(F[~1],C) = 0 for
each F in F = X[—1] n Yi-. To see this, recall from the discussion above that there is a decomposition
triangle

Y[-2] C o Y[-1],
where Y € Y (and C € X[—1]). Notice now that Homp(F[—1],Y[-2]) = 0 since F[—1] € X[-2], and
that Homp(F[—1],0) = 0 as F[—1] € Y- [~1] and o € (Y- )**. Tt follows from the decomposition
triangle that Homp (F[—1],C) = 0, proving the claim.
It remains to check that every object X € gen(Cogen(C)) n 11C lies in F. Each such X is part of a
short exact sequence in H of the form

0 F’ F X 0

with F', F € F. First note that since C' is an X'[—1]-coreflection of o, we have a natural isomorphism
Homy(—,C) =~ Homp(—,0)|x. Applying Homy (—,C) to the above exact sequence and using this
natural isomorphism, we obtain a commutative diagram with exact rows,

Homy, (F,C') — Homy(F',C) — Ext},(X,C) =0

Homp(F,0) —— Homp(F’,0) —— Homp(X[-1],0) —— Homp(F[-1],0) = 0.
It follows that Homy, (H,1(X), E) ~ Homp(X[-1],0) =0,s0 H;}(X)=0and X e HnH, =F. O

We now characterise cosilting torsion pairs in Grothendieck hearts coming from pure-injective cosilting
objects. A similar result is proved in [55, Theorem A] (see also [56, Proposition 6.20]) when the ambient
category D is the derived category of H.
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Proposition 4.5. Let o be a pure-injective cosilting object in a compactly generated triangulated category
D. Let H be the heart of the associated t-structure and let t = (T, F) be a torsion pair in H. The following
statements are equivalent.

(1) The torsion pair t is of finite type.

) The torsion-free class F is covering in H.

) Any injective cogenerator of H admits an F-cover.

) There is a quasi-cotilting object C' in H such that F = Cogen(C').

) The torsion pair t is a cosilting torsion pair arising from a pure-injective cosilting object.
(6) The torsion pair t is cosilting.

Before we prove the proposition, we point out an immediate corollary, which goes back to [16, Theorem
2.8], later generalised in [26, Theorem 3.9].

Corollary 4.6. Let o be a pure-injective cosilting object in a compactly generated triangulated category
D and let H be the heart of the associated t-structure. Then every cosilting torsion pair in H arises from
a pure-injective cosilting object, i.e. Cosilt(H) = Cosilty (H).

Proof of Proposition[{.5 Let T denote the t-structure associated to o. Recall from Theorem that T
is a smashing nondegenerate t-structure and that H is a Grothendieck category.

(1) = (2): If F is closed under direct limits, it follows from [30, Theorem 3.2] that F is covering.

(2) = (3): This is trivial.

(4) = (1): This follows from [55, Theorem A].

(3) = (4): Let E be an injective cogenerator of H and let f: F — E be an F-cover. Consider the
exact sequence

0 K-—tsr_t.p.

We claim that C' = F @ K is quasi-cotilting. First note that F = Cogen(F) = Cogen(C). Indeed
Cogen(F) is clearly contained in F and, conversely, for any object X in F, any given monomorphism
g: X —> E! (which exists for some set I) will factor through the precover f! via a monomorphism.

Next, we show the equality Cogen(C) = gen(Cogen(C)) n +1C. Let us first verify that Cogen(C) <
L1C. If X lies in F, consider an exact sequence

0 r—e.y_f.x 0.

Since F = Cogen(F) is extension-closed, there is a monomorphism ¢: Y — F/ for some set .J. Since
E is injective, the map f extends along eo a to a map ¢g: F/ — E, ie. goeoa = f. Since f is an
F-(pre)cover of E, there is h: F/ — F such that f o h = g. Finally, we observe that since f is right
minimal, fohoeoa = f implies that h o € o a is an isomorphism and, therefore, a splits. This shows
that Ext%_i(X, F) = 0. The condition Ext%{ (X, K) = 0 follows from the fact that f is an F-cover by a
result known as Wakamatsu’s Lemma. This proves that F = Cogen(C) < +1C.

Let now X be an object in gen(Cogen(F)) n+*K and consider a short exact sequence

b

0 L—2sY X 0

with Y in Cogen(F). Let ¢: X — E be a non-zero map. Then ¢ o b factors through f since f is an
F-(pre)cover, i.e. there is map d: Y — F such that fod = ¢ ob. This induces a map ¢: L — K such
that koc = doa. Since Ext%{(X7 K) = 0, it follows that Homy (a, K) is surjective and, thus, there is
a map g: Y — K such that goa = ¢. In summary, up to this moment, we have the solid part of the
following diagram with exact rows

0 L—>y > X 0
c d a \L(b
0 K F E

Now a standard argument (using for example a dual version of [73, Lemma 2.8]) yields a map a: X —> F,
indicated by the dotted arrow above, such that foa = ¢. We have shown that Homy (X, f) is a
surjective map. As above, we infer that any given monomorphism ¢g: X — E' factors through f! via
a monomorphism, showing that X lies in Cogen(F), as wanted.
(1) = (5): If tis of finite type, T¢- is a smashing t-structure with a Grothendieck heart by Theorem [4.3
so it corresponds to a pure-injective cosilting object in D by Theorem [2.7]
14



(5) = (6): This is trivial.
(6) = (4): This is proved in Lemma O

For pure-injective cosilting objects in compactly generated triangulated categories, we can now provide
a more convenient characterisation for the existence of left or right mutation. We first need some
preliminary results on the existence of approximations.

Lemma 4.7. Let A be a (not necessarily additive) category, R a covering class and T an enveloping
class. The class R is closed under T-envelopes if and only if the class T is closed under R-covers.

Proof. Suppose that R is closed under Z-envelopes. First we show that Z is closed under retracts.
Suppose that we have an object J in Z together with a retraction w: J — I and its right inverse
t: I — J. Consider an Z-envelope f: I — Ez(I) of I. As f is an Z-envelope, there exists a factorisation
v = gf for some g: Ez(I) — J. Then (rg)f = m = id and so f has a left inverse. Moreover, we have
that f(ng)f = fme = f so, by the minimality of f, we have that f(wg) is an isomorphism, so f has a
right inverse. Thus, we conclude that f is an isomorphism and I lies in Z. Now, let h: Cr(I) — I be
an R-cover of an object I in Z and let e: Cr(I) — E7(Cgr(I)) be an Z-envelope of Cx(I). Since e is
an Z-envelope and h is a morphism to Z, we have a factorisation h = me for some m: Ez(Cr(I)) — I.
Moveover, since E7(Cgr(I)) lies in R and h is an R-cover, there is a factorisation m = hk for some
k: Ez(Cr(I)) — Cr(I). Then we have hke = me = h, and so ke is an isomorphism because h is
minimal. We have shown that Cr(I) is a retract of Ez(Cr(I)) and so Cr([I) lies in Z. The converse
statement is dual. (]

Lemma 4.8. Let o be a pure-injective cosilting object in a compactly generated triangulated category D,
and & = Prod(&) a subcategory of Prod(c). Let (S,R) be the torsion pair in H, cogenerated by HO(&).
(1) & is an enveloping class;
(2) If (S, R) is a cosilting torsion pair, then every object in Prod(o) admits an &-cover.

Proof. (1) Recall from Lemma that & is preenveloping. Since ¢ is pure-injective and H, is a
Grothendieck category, it follows that, in fact, & is enveloping. Indeed, this is the same as proving
that HO(&) is enveloping in H,, and such envelopes can be constructed as injective envelopes of the
torsion-free part with respect to the hereditary torsion pair (S, R).

(2) By Proposition the torsion-free class R is a covering class in H,. Hence, if 7 is in Prod(o),
the injective object HY(v) of H, admits an R-cover. Moreover, since (S, R) is a hereditary torsion pair,
R is closed under injective envelopes and, thus, by Lemma injectives are closed under R-covers. The
assertion then follows by Lemma [3.3 O

The following theorem refines Proposition [3.10] in case the ambient category is compactly generated
and the cosilting object is pure-injective. It also says that mutation of such objects is automatically
again pure-injective.

Theorem 4.9. Let o be a pure-injective cosilting object in a compactly generated triangulated category D,
and & = Prod(&) a subcategory of Prod(c). Let (S,R) be the torsion pair in H, cogenerated by HO(&).
(1) The following statements are equivalent.
(a) o admits a left mutation o’ with respect to &;
(b) the torsion class S = Y HY(&) in H, is closed under products (that is, it is a TTF class);
(c) the object g @ ey arising from an &-envelope 0 — € and its cone €1 is a cosilting object.
(2) The following statements are equivalent.
(a) o admits a right mutation o’ with respect to &;
(b) the torsion-free class R = Cogen(H2(&)) in H, is closed under direct limits;
(c) the cosilting object o admits an &-cover.

In both cases, if the equivalent conditions are satisfied, any mutation o’ as in (a) is pure-injective.

Proof. The last assertion of the theorem is a consequence of Corollary

(1): (a)=>(c): By definition, there are a cosilting object ¢’ and a triangle o 2z, gy — &) — o[1]
such that @ is an &-preenvelope of o and o’ = ) @ &} up to equivalence. Consider now the triangle
o2 e > e — o[1] arising from an &-envelope of o and the object o’ = g @ e1. By well-known
properties of envelopes, we have that &; is isomorphic to a direct summand of ¢} for i = 0 and ¢ = 1.
This implies that Prod(c”) € Prod(c¢’). Moreover, o” cogenerates D since so does o. We infer from
Lemma [3.1] that Prod(c”) = Prod(¢’), thus proving that ¢” is a cosilting object (equivalent to o).
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The implications (a)=>(b) and (c)=>(b) follow immediately from Theorem [3.5(1).

(b)=(a): Since L0 H%(&) is a torsion class, t := (7,10 H?(&)) is a torsion pair of finite type in the
Grothendieck category H,, hence a cosilting torsion pair associated to a pure-injective cosilting object
by Proposition It follows from Proposition (1) that o admits a left mutation ¢’ with respect
to &.

(2): Recall from Theorem 1) that H, is a Grothendieck category. We apply Proposition to
the torsion pair (S, R) in H,.

(a)<(b): By Proposition a torsion pair in H, is cosilting if and only if it is of finite type, and
the associated cosilting object must be pure-injective in this case. It follows from Proposition [3.10] and
Lemma [4.8[ that (b) amounts to the existence of a right mutation ¢’ of o with respect to &.

(b)<>(c): This follows combining Proposition [4.5| with Lemma and Lemma O
Example 4.10. Let A be the path algebra over an algebraically closed field k of the Kronecker quiver
e "o

Recall that the finite-dimensional indecomposable regular modules form a tubular family (t;)zex indexed
by the projective line X = P!(k). We pick a subset P € X, denote by P = X\P its complement, and
consider the torsion pair (7p, Fp) in Mod(A) generated by tp = | J,.p tz. If P = @, we take the torsion
pair generated by the preinjective modules (whose torsion class is indeed contained in 7T for all @ # @).
It is a cosilting torsion pair cogenerated by the cosilting (in fact, even cotilting) module

Cp=Ga][{S[-=] | Setpt@] [{S[] | Setp},

where S[—o0] and S[o0] denote the adic and the Priifer module corresponding to the simple regular
module S, respectively, and G is the generic module. Notice that the corresponding cosilting complex
op is quasi-isomorphic to C'p and lies in the heart H,, = op Lo,

Let us look at the two extreme cases

Cp=Ga][{S[=] | Setx}, and Cx=G@[[{S[-%] | Setx}.
For any P < X, we have that op is a right mutation of oy at the set
& =Add(G @[ [{S[o] | Setp})

(if P # X, we can also express & as Prod({S[x] | S € tp})). Indeed, we can construct an &-cover of
oy from the canonical sequences

0— S[-0] — GY) — S[eo] — 0, Setp

as in [24, Lemma 2.4], which are easily seen to be &-covers since Ext} (G, S[—0]) = 0 and S[—o0] is
indecomposable. When taking a product of these short exact sequences for all S € P together with the
trivial short exact sequences 0 —> 0 — S[00] —> S[o0] — 0 for all S € P, we obtain a short exact
sequence of the form

0— [[{S[-o0] | Setp} — GV @[[{S[0] | Setp} 2, [ [ Slec] — o.
SeX

Since the middle term lies in &, the map ¢ is an &-precover. Moreover, the right hand side term is a
cotilting module equivalent to Cy (the generic module is a summand of the term by [65, Proposition 4])
while the sum of the left hand and the middle terms is a cotilting module equivalent to Cp, so the last
short exact sequence yields an approximation triangle witnessing that op is a right mutation of 0.

On the other hand, ox does not admit right mutation at & = Prod({S[—wo] | S € tp}) for any
non-empty subset P < X. In fact, condition (1)(b) in Theorem [4.9] fails, due to the fact that the generic
module G is not contained in the torsion-free class Cogen(&) in H,,, although it can be realised as a
direct summand of a direct limit of a direct system S[—o0] — S[—w0] —> --- for any simple regular S
by [65], Proposition 4].

Similarly, oo does not admit a left mutation at & = Prod({S[w] | S € tp}) for any proper subset
P c X, because condition (2)(b) in Theorem fails. Namely, ingg (&) contains any S[oo] with

S € tp, but the generic module G is not contained in +o H? g (&), although it can be realised as a direct
summand of a direct product of S[oo] for any simple regular S by [65, Proposition 4].

Example 4.11. Let D be a compactly generated triangulated category and let ¢ be a pure-injective

cosilting object in D. Recall from Theorems[2.7]and 4.9 that the associated t-structure has a Grothendieck

heart H, and right mutations of ¢ bijectively correspond to hereditary torsion pair of finite type in .
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In this example, we consider a commutative noetherian ring R and D = D(R). In this setting, a
combination of [3| Theorem 3.10 and Theorem 3.11] and [38, Corollary 2.14] (see [5, Theorem 3.8] for
details) yields a bijection between

e equivalence classes of pure-injective cosilting objects in D, and
e nondegenerate sp-filtrations of Spec(R), i.e. functions ¢ from Z to the power set & (Spec(R))
of Spec(R) such that
— for any i in Z, ¢(i) is specialisation-closed, i.e. for any p in ¢(i) and for any p < q, q is
in ¢(7).
— ¢ is decreasing, i.e. ¢(i) 2 ¢(z + 1).
— the intersection over Z of all sets ¢(i) is the empty set, and their union is Spec(R).
Moreover this bijection restricts to a bijection between equivalence classes of cosilting complexes in D
that lie in K®(Inj(R)) (which are automatically pure-injective, see Example and references therein)
and the sp-filtrations ¢ of Spec(R) for which there are integers a < b such that ¢(a) = Spec(R) and
¢(b) = . Denote by ¢, the sp-filtration associated to a pure-injective cosilting object o.

Recall that a cosilting object o is said to be cotilting if Prod(o) is contained in the heart #, of the
t-structure associated to 0. We review some examples in the literature of mutations of cotilting objects
in D which lie in K®(Inj(R)).

(1) It follows from [4, Theorem 5.1] that every two-term cosilting complex in D is a right mutation
of the injective minimal cogenerator of Mod(R).

(2) All cotilting modules over a commutative noetherian ring, and more generally, all cotilting mod-
ules of cofinite type over an arbitrary commutative ring can be constructed as iterated right
mutations of an injective cogenerator of Mod(R), see [73, §4] and [39, §8].

(3) In some cases, we know how to translate right mutation of pure-injective cosilting objects into an
operation on sp-filtrations. It follows from [57, Theorem 4.5(1)(b)] that, given a specialisation-
closed subset W of Spec(R), there is a hereditary torsion pair of finite type tw = (Tw, Fw) in
‘H, in which Ty coincides with the class of objects of H, supported in W. Hence, it makes sense
to consider the right mutation of ¢ associated with W, which we may denote by oy : it is the
cosilting object (unique up to equivalence) corresponding the the right HRS-tilt of the t-structure
associated to o with respect to the torsion pair ty . It then follows from [57), Proposition 4.7(2)]
that the sp-filtration ¢, associated to oy is given by

Pow (1) = (W 1 o (i — 1)) U o (i)
Indeed, ¢, describes a compactly generated t-structure that is a right HRS—tiltﬂ of the t-
structure associated to ¢, and [57, Proposition 4.7(2)] states that the torsion class that gives
rise to this HRS-tilt must be the one supported on the union over Z of ¢4, (¢)\¢5(¢). This union
is clearly W and, thus, the torsion pair whose right HRS-tilt corresponds to ¢, is tw.

Example 4.12. When D = D(Qcoh(X)) for a noetherian scheme X, a class of mutations of the injective
cogenerator of Qcoh(X) was studied in [26] §6] (albeit not in this terminology). However, in contrast to
the previous example (where X was an affine scheme), in this case there can be more 2-term cosilting
complexes than hereditary torsion pairs of finite type (see [26, Example 6.14], which is closely related to
Example as D(Qcoh(P})) ~ D(A)). This means that not every 2-term cosilting complex in D can
be obtained by a right mutation of the injective cogenerator of Qcoh(X).

In the following proposition, we will use the notation Ind(c) for the collection of isoclasses of indecom-
posable objects in Prod(o) where o is a pure-injective cosilting object. Observe that, by Proposition
we have that Ind(o) is a set because the isomorphism classes of the indecomposable injective objects in
the Grothendieck category H, form a set. We will show that if pure-injective cosilting objects o and o’
are related by a mutation, there is a natural bijection between Ind(o) and Ind(c¢’). While in the case of
silting mutation of compact silting objects over a finite-dimensional algebra this was implicit from the
very beginning (see for example [2] Corollary 2.28]), in the case of cosilting mutation in our context,
this phenomenon was noticed for derived categories of modules over commutative noetherian rings [73}
Theorem 5.4] and quasi-coherent sheaves on noetherian schemes [26, Remark 6.5].

Proposition 4.13. Let o be a pure-injective cosilting object in a compactly generated triangulated cate-
gory D and & = Prod(&) a subcategory of Prod(o) such that there is a right mutation of o at &, say o’.

INote that, in the reference, left HRS-tilts are used for this description; since we are discussing right mutations, we use
right HRS-tilts. These differ from the left HRS-tilts by a [—1]-shift (see Remark [2.2).
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For each object a in Ind(o)\Ind(&), consider the triangle induced by an &-cover ® of «
(A3) o —2seg—2sa o/[1] .

Then, the assignment o — o defines a bijection between Ind(o)\Ind(&) and Ind(¢’)\Ind(&) and the
map Q in each such triangle is an &-envelope. As a consequence, there is a bijection between Ind (o) and
Ind(o”).

Note that by Corollary [3.7] a result analogous to the one above is available for left mutations.

Example 4.14. While reading the proof of the proposition, it is instructive to keep in mind that it also
covers the case of trivial right mutations where & = 0 and ¢’ = o[—1].

Proof of Proposition[{.13 We first show that the assignment is well-defined. Let o be an indecomposable
object in Prod(c)\&’; this implies that o/ # 0. Note also since ® is an &-cover of an indecomposable
object, @ is an indecomposable object in the category of morphisms in D. To see that, if & = &5 P P4,
then one of the ®; must be of the form ey ; — 0, which contradicts the fact that ® is a cover. Since
the completion of a direct sum of maps to a triangle is isomorphic to the direct sum of the two triangles
completing the summands, it follows that is an indecomposable triangle (this makes sense since
triangles in D themselves form an additive category). Now it quickly follows that € is an &-envelope.
Indeed, an &-envelope exists (Lemma [4.8)) and is a summand of Q. However, 2 must be indecomposable
in the category of morphisms, or else could not be indecomposable in the category of triangles.
By the same token, o’ is indecomposable since otherwise that &-envelope Q could be expressed as a
direct sum of &-envelopes of summands of o/. Finally, o’ cannot lie in & as otherwise Q had to be an
isomorphism and « the zero object. This completes a proof of the fact that the assignment from the
statement of the proposition is well-defined.

Further observe that, in particular, we have shown that « is determined up to isomorphism from o/,
and the assignment is injective. Regarding the surjectivity, suppose that o’ is an indecomposable object
in Prod(o’)\&. Since o’ is (up to equivalence) the right mutation of o at &, then o is (up to equivalence)
the left mutation of o at & (see Corollary [3.7). As every object in Prod(c’) admits an &-envelope (see
Lemma, we can take : o’ — eg to be this envelope and let a be its cone. We therefore obtain a
triangle as in the statement of the proposition, and dual arguments to the ones presented above can be
used to show that ® is an &-cover (which we know to exist, see Lemma and that « is indecomposable
in Prod(o)\&, thus finishing the proof. O

5. SILTING MUTATION

In this section, we state the dual results for silting objects. Then we establish a compatibility between
silting and cosilting mutation, showing that cosilting mutation encompasses mutation between compact
silting objects.

Definition 5.1. Let D be a triangulated category with coproducts. Let o and ¢’ be two silting objects
in D, and let & = Add(o) n Add(o’). We say that

(1) ¢’ is a left mutation of o if there is a triangle o LN €1 o[1] such that:

e & is a H-preenvelope of ¢ in D; and
e 9 @e; is a silting object equivalent to o”.

(2) o' is a right mutation of o if there is a triangle o[—1] " Yo —2= & such that:
e & is a H-precover of ¢ in D; and
® Yo @ is a silting object equivalent to o”.
We will also say that o’ is a left (or right) mutation of o with respect to 4.

Silting mutation can also be expressed in terms of HRS-tilts. The proof of the following theorem is
dual to the one of Theorem 3.5

Theorem 5.2. Let D be a triangulated category with coproducts, o and o’ be two silting objects in D,
and let & = Add(o) n Add(o’). Then we have that:

(1) &' is a left mutation of o if and only if o admits a P-preenvelope and T, is the left HRS-tilt of
T, at the torsion pair t = (Gen(H%(2)), HY(2)*0) in H,; and
(2) o' is a right mutation of o if and only if H2(P)10 is closed under coproducts in H, and Ty is
the right HRS-tilt of T, at the torsion pair t = (H2(2)10, F) in H,.
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In both cases, the torsion pairs involved do not depend on the choice of the triangle in Definition[5.1]

Again, as noted for cosilting mutation in Remark[3.6] the torsion pairs involved have different flavours:
left mutation will yield an HRS-tilt at a cohereditary torsion pair, while right mutation will give rise to
an HRS-tilt at a torsion pair (7, F) for which 7 is a TTF class.

Definition 5.3. Let D be a triangulated category with coproducts and T a t-structure with heart H. A
torsion pair t := (7,F) in H is said to be a silting torsion pair if and only if there is a silting object
o in D such that T+ = T,.

Example 5.4. Let R be a ring. The modules T = H°(0) arising as zero cohomologies of a silting
complex o : P — Py of length two concentrated in cohomological degrees —1 and 0 are precisely the
silting modules introduced in [6]. The t-structure T, then coincides with the left HRS-tilt of the
standard t-structure of D(R) at the torsion pair t := (Gen(T'), T+°) in Mod(R) generated by T'. In other
words, t is a silting torsion pair in the sense of the definition above, and as in Example [3.9] one can show
that all silting torsion pairs in the sense of the definition are of this form.

Again, we can extract from the theorem above a criterion for the existence of a mutation with respect
to a given subset . Once again, we omit the proof as it is dual to the proof of Proposition [3.10

Proposition 5.5. Let D be a triangulated category with coproducts. Let o be a silting object and &2 =
Add(£) a subcategory of Add(o). Then we have that:

(1) o admits a left mutation o’ with respect to & if and only if o admits a P-preenvelope and the
pair (Gen(H2(2)), H2(2)10) in H, is a silting torsion pair; and

(2) o admits a right mutation o’ with respect to & if and only if the torsion class HO(2?)1o defines
a silting torsion pair t := (HY(2)*0, F) in H,.

Remark 5.6. In the case where D is a compactly generated triangulated category, the condition that o
admits a P-preenvelope is redundant.

Indeed, let T = T, be a t-structure associated to a silting object o, let t = (T, F) be a silting torsion
pair in the heart #, and let 7y be a silting object in D such that T+ = T.,. We know from [8, Proposition
3.8] (see also [20, Theorem 3.2.4]) that y1>0 is a TTF class. Let ®: 0 — B denote a y->°-preenvelope
of 0. In particular, H)(B) lies in 7. We claim that ¢ := H2(®) is a T-preenvelope of the projective
generator H2(o). To that end, suppose that f: H?(0) — T is a morphism in H, with 7" in 7. Then
the composition f o : o —> T, where 7: 0 —> HY(0) is the natural truncation map, factors through
® (since T lies in y+>°). In other words, there is a: B — T such that f o7 = a o ®. If we apply H?
to this equality we get f = HO(a) o ¢, as wanted.

Finally, if 7 = Gen(H?(Z)) as in Proposition 1), there is an epimorphism p: H2(P) — HY(B)
in H, with P in & and the preenvelope ¢: H2(0) — HJ(B) factors through p as H2(o) is projective
in H,. Clearly, the resulting map ¢': H(0) — HY(P) is a T-preenvelope as well and there is a map
®': 0 — P such that ¢/ = H2(®') by Proposition (1) Finally, ®' is a &-preenvelope by arguments
dual to those in Lemma 3.3

Let us now delve into the connection between silting mutation and cosilting mutation. For this
purpose we restrict ourselves to the setting of compactly generated triangulated categories. Recall that,
in a compactly generated triangulated category D, for any compact object K there is an object BC(K),
called the Brown-Comenetz dual of K, such that

Homgz(Homp (K, —),Q/Z) = Homp(—, BC(K)).

Note that, since K is compact, Homyz(Homp (K, —),Q/Z) sends pure triangles to short exact sequences
and, thus, BC(K) is pure-injective by [43 Corollary 2.5]. The following lemma is an easy observation.

Lemma 5.7. Let D be a compactly generated triangulated category and o a compact silting object. Then
BC(0) is a pure-injective cosilting object such that T, = Tpc(q)-

Recall that in [2] Section 4] the authors consider compact silting objects in compactly generated
triangulated categories. To see that, for a compact object, the definition of silting given in [2] Definition
4.1] is equivalent to the definition of silting given is Subsection we refer the reader to [2 Corollary
4.7). The following theorem shows that the operation of mutation of compact silting objects defined
in [2] is a special case of the operation of mutation of both silting objects and pure-injective cosilting
objects.
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Theorem 5.8. Let D be a compactly generated triangulated category. Let o be a compact silting object
in D and p = add(p) a subcategory of add(o) and define & = Add(p).
(1) Any p-preenvelope of o is a &P-preenvelope and any p-precover of o is a P-precover.
(2) If o admits a p-preenvelope (respectively, a p-precover), then it has a compact left (respectively,
right) mutation o’ with respect to &2. Moreover, the t-structure T, is the cosilting t-structure
associated to a pure-injective left (respectively, right) mutation of the cosilting object BC(o).

Proof. (1): Let ®: 0 —> gg be a p-preenvelope of o and let f: ¢ — P be a map to an object P in .
Without loss of generality we may assume that P is a coproduct of objects in p. Since o is compact,
f factors through a finite subsum of objects in p and hence through ®. Dually, let ¥: vy — o be a
p-precover and g: P — ¢ a map from an object P in &. Again, without loss of generality assume that
P is a coproduct of objects in p. Since a factorisation through ¥ exists for each summand of P, the
universal property of the coproduct yields a factorisation for g.

(2): If o admits a p-preenvelope ®: 0 — gg, the triangle

g ki €0 €1 0'[1]

yields a compact silting object o/ = g9 @ &1 by [2, Theorem 2.31]. By (1) this is the left mutation of o
with respect to & in the sense of Definition

By (the proof of) Theorem the t-structure T,/ is the left HRS-tilt of T, at the torsion pair
in H, with torsion-free class F = H2(Z)*° = H%(gp)*° in H,. By Proposition F =et nH,
in D. Consider now the Brown-Comenetz dual of €y and define & := Prod(BC(gp)). Note that F =
LoBC(g9) N H, in D since Homp(gp, X) = 0 if and only if Homp(X,BC(gp)) = 0 and, thanks to
Proposition we infer that F = 10H2(&) in H,. Recall from Lemma that T, = Tgc(s) and
Ty = Tpe(ory- By Theorem 1) the t-structure T, then coincides with the one associated to a left
mutation of BC(¢) with respect to &.

Now we turn to the dual case. If 79 — o is a p-precover, then we see with analogous arguments
that there is a compact silting object ¢’ such that T, is the right HRS-tilt of T, at the torsion pair
in H, with torsion class T = H2(y9)*® = 1°BC(vp), and Lemma yields again that T, = Tgc(s)
and T,» = Tpe(,r). Note that 7 = L0 HI(&) where & = Prod(BC(vy)) < Prod(BC(c)). Hence T, is
the right HRS-tilt of T, at the cosilting torsion pair cogenerated by H2(&). Moreover, BC(o) has an
&-cover by Lemma So we infer from Theorem 2) that the t-structure T, coincides with the one
associated to a right mutation of BC(c) with respect to &. O

6. MUTATION AND LOCALISATION

In this section we will show that, in nice enough contexts, mutation can be understood as three
step process: first restrict the t-structures (to certain subcategories); then shift one of the restricted
t-structures; finally glue them back together. In order to prove this, we need to review some ideas
concerning restricting and gluing.

6.1. Restricting and gluing along (co)localising sequences. A sequence of exact functors between
triangulated (respectively, abelian categories)

B—E-p_S.¢

is said to be a short exact sequence if F' is fully faithful, the Verdier quotient (respectively, the Serre
quotient) D/Im(F) is well-defined (where Im(F") denotes the essential image of the functor F), there are
an equivalence L: D/Im(F) — C and a natural isomorphism 6: G — L o ¢ where ¢: D — D/Im(F).
A short exact sequence of triangulated (respectively, abelian) categories as above is said to be a
localising sequence if both F' and G admit right adjoints. Dually, it is said to be a colocalising
sequence if both F' and G admit left adjoints. A short exact sequence is said to be a recollement if it
is both a localising and a colocalising sequence. Note that a localising sequence of triangulated categories

J*

B—*>'D—>C

N N/

can be transformed into a colocalising sequence

/\/\

c-*.p_t.pB.
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However, the same observation does not hold for abelian categories. This is due to the fact that in the
triangulated setting adjoints of exact functors are exact, while this is not the case in the abelian setting.
Recall that, for abelian categories, quotient functors by Serre subcategories (i.e. subcategories closed
under subobjects, quotient objects and extensions) are always exact.

Definition 6.1. Given a short exact sequence of triangulated categories B f.p-C.¢ , We say
that a t-structure T = (X, )) in D restricts along the exact sequence if (X N Im(F),)Y nIm(F)) is
a t-structure in Im(F) and (G(X),G(})) is a t-structure in C.

Proposition 6.2. Let T be a t-structure in a triangulated category D and suppose there is a short exact
sequence of triangulated categories

B—f.p_%.¢

(1) [25, Lemma 3.3] The following statements are equivalent for a t-structure T.
(a) T restricts along the exact sequence.
(b) G(T) := (G(X),G(Y)) is a t-structure in C.
(¢) TnIm(F) := (X nIm(F),Y nIm(F)) is a t-structure in Im(F), and the heart of this t-

structure is a Serre subcategory of the heart of T.

(2) If T restricts along the exact sequence, then there is an induced short exact sequence of abelian
categories formed by the associated hearts. If the exact sequence of triangulated categories is a
localising, respectively colocalising, sequence, then so is the corresponding sequence of hearts.

Proof. For simplicity, since F' is fully faithful, we identify B with Im(F') and assume, without loss of
generality, that I is the inclusion functor. Denote by H the heart of T and by Hpg and He the hearts of
G(T) and T~ Im(F) respectively. Define F': Hp — H to be the restriction of F to Hg and G: H — He
to be the restriction of G to H. Note that these functors are well-defined by the construction of the
t-structures G(T) and T n Im(F). Under the equivalent conditions of (1), it follows as in [25, Lemma 3.9]
(see also [I7) Section 1.4], [19, Proposition 2.5]) that there is a short exact sequence of abelian categories

Hp - H -, .

Next we observe that if ' has a right adjoint, then so does F. Indeed, if R: D — B is a right adjoint
to F', X is an object of B, and D is an object of D, then we have a canonical isomorphism

Homp (F(X), D) ~ Homg(X, R(D)).

In particular, Homp (X, R(D)) = 0 for each X € X n Im(F) whenever D € ). It immediately follows
that R(Y) € Y n Im(F) and that we have canonical isomorphisms

Homy (F(X), D) = Homp(F(X), D) ~ Homg (X, R(D)) =~ Homy,, (X, H%B (R(D)))
for any X € Hp and D € H. Therefore the following composition is a right adjoint to F:

inc R H{f)B
H D B Hp.
An analogous argument shows that if S: C — D is a right adjoint to G, then the composition
. HO
HC inc C S B T ey

is a right adjoint to G: H — He¢. Indeed, if C € G()), then Homp (D, S(C)) = Home(G(D),C) = 0 for
any D € X. Thus, S(G(Y)) € Y and, for any D in H and C in H¢, we have canonical isomorphisms
Homy,. (G(D),C) = Home(G(D),C) = Homp(D, S(C)) = Homy (D, HX(S(C))).

Finally, the assertion for left adjoints follows in similar fashion. O

Remark 6.3. Let T = (X,)) be a t-structure in a triangulated category D which restricts along a short
exact sequence of triangulated categories
, .
A B—2~p-l sc.
Then it follows from [I7] that:
(1) if A is a localising sequence, then Y = (¥ n Im(iy)) * j.5*(Y), where j, is the right adjoint of
J*;
(2) if A is a colocalising sequence, then X = jij*X x (X N Im(iy)), where ji is the left adjoint of j*.
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6.2. Mutation and localising sequences. We are now going to explore the relation between mutation
of pure-injective cosilting (respectively, pure-projective silting) objects and categorical localisations. First
of all, given a cosilting object o, we show that sets of pure-injective objects in Prod(c) induce localising
sequences both at triangulated and abelian level.

Proposition 6.4. Let o be a cosilting object in a compactly generated triangulated category D. Let
& = Prod(&) be a subcategory of Prod(o) in which every object is pure-injective. Then there is a torsion
pair (12&,C¢) in D and, thus, a localising sequence
n ix i*
2 ——=D ——Cg
where 1y and jy are the inclusion functors. Moreover, the cosilting t-structure T, restricts along the
sequence, thus giving rise to a localising sequence of abelian categories

*
S i> H, *j> SJ-O,l
where iy and jy are the inclusion functors, S = *oHY(&) is a hereditary torsion class, and S+ is the
associated Giraud subcategory in H,.

Proof. First, we observe that since & is made of pure-injective objects, it follows from [67, Proposition
6.9] that there is a torsion pair of the form (*2&,Cs) in D. This is equivalent to the existence of the
claimed localisation sequence. We now show that T, = (X,)) restricts along this exact sequence using
Proposition Indeed, if D lies in 1%&, consider its truncation triangle for T,

z(D) D y(D) w(X)[1] -

Clearly 12& = 1208 n+<0& and, since & is contained in Prod(c), we have that X € +<0& and Y € +=0&
and, thus, z(D) lies in +<0& and y(D) lies in +>°&. Moreover, since +<0& is suspended, y(D) also lies
in t<0&, and since +>°& is cosuspended, x(D) lies in +>9&. This shows that the truncation triangle
restricts to +2&. Furthermore, note that H, n & is the subcategory of objects X in #H, such that
Homy (X, HY(E)) = 0 for all E in &. Recall that H(E) is injective for all E in & and, therefore,
Hy N 128 = Lo HY(&) = S is a hereditary torsion class in H,. Our claim then follows from Proposition
and from the fact that the right adjoint of the localising functor in a short exact sequence of abelian
categories identifies the quotient category with the Giraud subcategory S0 associated to S. O

Next, as promised earlier, we prove that if o and ¢’ are pure-injective cosilting objects which are
mutation of each other, the associated t-structures can be described in terms of some operations along
the localising sequence induced by & = Prod(c) n Prod(o’).

Lemma 6.5. Let o and o’ be pure-injective cosilting objects in a compactly generated triangulated cate-
gory D. Let T, = (X,Y) and T, = (X', )') be the associated cosilting t-structures and let

; s
g ™ _p_ T ¢ .
be the localising sequence induced by & = Prod(o) n Prod(c”).
(1) If o’ is a right mutation of o, then we have the following equalities for the restricted t-structures:
(a) Ty 0128 = (T, nL28)[—1] in 12&; and
(b) j*(Tor) = j*(To) in Ce.
(2) If o' is a left mutation of o, then we have the following equalities for the restricted t-structures:
(a) Tor 0128 = (T, N L2&)[1] in +2&; and
(b) j*(Tor) = j*(Ts) in Ce.
Proof. We prove (1). The assertion (2) follows analogously, taking into account Corollary [3.7)(3).

By assumption we know that T, is the right HRS-tilt of T, at the torsion pair (S,R) in H,. Recall
from Proposition [6.4] that the t-structures T, and T, restrict along the localising sequence determined
by &, and the heart of T, N 12& is H, N 126 = L0 H(&) = S. We show that the heart of T, N +2&
coincides with S[—1]. To this end, we consider the torsion pair (R,S[—1]) in H,. It is clear that
S[—1] € Hor N 2&. For the converse, we pick an object X in H, n +2& with torsion decomposition

0 r(X) X X/r(X)——0




where 7(X) is in R, and X /r(X) is in S[—1] and thus in “*& N H,. Since this exact sequence yields
a triangle in D and since 12& is triangulated, it follows that r(X) lies in 12&. But then r(X) lies in R
and in H, N +2& = S. We conclude that 7(X) = 0, as wanted.

Now, combining the fact that the heart of T, n*2& lies in Y[—1] with the inclusions Y[—1] € V' < Y,
we easily obtain the equality in (1)(a). Next, we check the equality in (1)(b). Since the right adjoint
jx of the quotient functor j* is fully faithful, this amounts to verifying j.j*() = j«j*()’). Observe
that Y’ < Y implies j.j* (') € j«j*()). For the reverse inclusion, we pick an object X in j.j*()) and
consider a truncation triangle with respect to the t-structure T,

A X B Al1]

with A in X’ and B in ). Again, since j,j*()') € V' € Y and since the latter is cosuspended, we have
that A lies in X’ n' Y, which coincides with the torsion class S = 10 H(&) of H,. But this means that
A lies in 2& and, in particular, it has no maps to objects in the essential image of j,, where X lies.
Hence X is isomorphic to B, proving the desired equality. [l

Now we can give a precise description of mutated cosilting t-structures associated to pure-injective
cosilting objects in terms of localisation.

Theorem 6.6. Let o be a pure-injective cosilting object in a compactly generated triangulated category
D with associated t-structure T, = (X,)). Let & = Prod(&) be a subcategory of Prod(o), and consider
the localising sequence induced by &
n iy ¥
2 ——=D —>Cep .
(1) o admits a right mutation with respect to & if and only if there is a cosilting object o’ with
associated coaisle Y = (Y N +2&)[—1] x % (V).
(2) o admits a left mutation with respect to & if and only if there is a cosilting object o' with
associated coaisle Y = (Y n 2 &)[1] * j5* (V).

Proof. Recall that a mutation of a pure-injective cosilting object is again pure-injective by Theorem
The only-if part in (1) and (2) follows directly from Lemma and Remark For the if-part, let us
consider the hereditary torsion pair (S,R) in H, cogenerated by H2(&) and verify the conditions (1)(b)
and (2)(b) in Theorem respectively. In fact, we show in both cases that ¢’ is the corresponding
mutation.

(1): We have to show that the torsion-free class R is closed under direct limits. By Proposition
this amounts to proving that (S,R) is a cosilting torsion pair. Indeed, we claim that T, is a right
HRS-tilt of T, at (S,R). For a proof, we apply Proposition and verify that Y[—-1] € V' € Y and
R=HsnHy.

Observe first that )’ € Y since j4j*(Y) € Y by Proposition and Remark On the other hand,
let Y be an object in ) and consider the triangle associated to Y[—1] given by the localising sequence
induced by &,

(Ay) A——=Y[-1] —%= 4 *Y[-1] —= A[1] .

As jxj*Y[—1] € Y[-1] € Y and, consequently, A € (¥ n +2&)[—1], we have Y[-1] € ).

We now finish the proof of part (1) by showing that H, n Y’ = H, nH, = R. To that end, let Y be
an object in H, and consider the triangle associated to Y given by the localising sequence induced
by &. By assumption, Y lies in )’ if and only if A lies in (Y n +#&)[—1]. Now, applying the functor H?
to the triangle, and using that j,j*()) € ), we see that A lies in ), and we get an exact sequence

0 [0
00— HO(A) —= Y =% {0(j, %Y .

Observe that A lies in (Y n12&)[—1] if and only if H2(A) = 0, which means that H%(«) is a monomor-
phism. But H?(«) is the reflection of Y in the Giraud subcategory S0 (see Proposition and,
hence, it is a monomorphism if and only if Y lies in the torsion-free class R.

(2): We have to show that the torsion class § is closed under direct products. For this purpose, it
suffices to show that S = H;*()”). Indeed, )’ is contained in Y[1], and by definition of products in the
heart H,, the functor H, ! sends products in Y[1] to products in H,. Hence H;'()’) is closed under
products, because so is )’ being the coaisle of a t-structure.
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Now, as jj*()) is contained in ), we have by assumption
H, ' (V') = H (Y 0 28]+ jxj* (V) = Ho (Y 0 28)[1]) = Hy(Y 0 +28)

which clearly consists of the objects X in H, such that Homp(X,&) = 0. Since & is contained in
Prod(c), the latter are precisely the objects of S = 10 H%(&), as wanted. O

Example 6.7. We continue Example [.10] over the Kronecker algebra A. Let P < X, and consider the
right mutation op of oy at the set & = Prod({S[w] | S € tp}). Notice that the heart 7 associated
with og is equivalent to the category of quasi-coherent sheaves over the projective line X, where the
simple sheaves are in bijection with the simple regular A-modules. Moreover, the hereditary torsion pair
(S8, R) in H cogenerated by & corresponds to the torsion pair generated by the simple sheaves which are
determined by the family of tubes tp = J,.p to. Combining Proposition with [I0, Corollary 5.8] we
obtain a localising sequence of hearts

§=lim, tp —H —— Mod(Ap)

where Ap is a hereditary ring obtained as the universal localisation of A at the modules from tp. On the
other hand, the heart H' associated with the mutation op is a locally coherent Grothendieck category
which is neither hereditary nor locally noetherian if P # &.

Finally, we turn to the dual case. We first need a technical lemma.

Lemma 6.8. Let D be a compactly generated triangulated category and P € D a pure-projective object.
Then there exists a set of maps I between compact objects such that

Pt = {X € D | Homp(f, X) = 0 for each f e T}

Proof. Recall from §2.3] that the category of pure-projective objects is equivalent to that of projective
De-modules via y: D — Mod(D¢). By a Theorem of Kaplansky, every projective module is a direct
sum of countably generated ones [50, Lemma 36.3], so we can without loss of generality assume that y P
is countably generated. In particular, there is a sequence of compact objects of D,

f1 f2 f3

Cq Cs Cs

such that yP = lim yC), and, given any X € D, we have isomorphisms
Homp (P, X) = Homppoq(pe) (y P, yX) = lim Homyoq(pe) (YCn, yX) = lim Homp (C, X).

(the outer isomorphisms follow by the Yoneda lemma and the fact that y preserves coproducts and
summands). Moreover, as one can trace back to [74, Theorem 1.9] and as is explained in [36, §1], up to
passing to a cofinal subsystem, one can assume that there exist morphisms

92 93 ga

Cy Cs Cy

such that g,11fn+1fn = fn for each n > 0.

We claim that, given any X € D, we have Homp (P, X) = 0 if and only if Homp(f,, X) = 0 for each
n > 0. The if part being clear, we focus on the only if-part. Applying Homp(—, X) to the direct system
above, we obtain an inverse system of abelian groups

Homp (Cy, X) <2— Homp (Ca, X) <22 Homp(Cs, X) <2— -

and one readily verifies that Im(f¥) = Im(f¥f¥, ;) for each n > 0, as f¥(h) = hfn = hgns1fosifn =
T fr i1 (hgnyr) for any h: C, 1 — X. Using the same argument as in [69, Lemma 4.5], we deduce that
also the image of the limit map

Homp (C,,, X) «— @HomD(Cn,X) =~ Homp (P, X)

equals Im(f*) for each n > 0. Hence, if Homp (P, X) = 0, then Im(f;*) = 0 for each n > 0, or in other
words Homp(f,,, X) = 0 for each n > 0. O

Now we see that pure-projective silting objects even induce recollements of triangulated categories
and of the associated hearts.
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Proposition 6.9. Let o be a silting object in an compactly generated triangulated category D. Let
P = Add(Z) be a subcategory of Add(c) in which every object is pure-projective. Then there is a TTF
triple (S, 212,C%) in D and, thus, a recollement

i* Jt

plz * _p_ g >
where iy and j) are the inclusion functors. Moreover, the silting t-structure T, restricts along the se-
quence, thus giving rise to a recollement of abelian categories

i* Jr

Ty, T Tt
it J%
where iy and jy are the inclusion functors, T = HY(P) 0 is a TTF class, and T is the associated
Giraud subcategory in H,.

If o and o' are pure-projective silting objects with associated t-structures T, = (X,Y) and Ty =
(X', V"), and o’ is a left mutation of o at P, then we have X' = j,j*(X) » (X n 22L2)[1], while in the
case of right mutation we have X' = jij*(X) * (X n 2+2)[-1].

Proof. The class 21 is preenveloping by Lemma and [43 Proposition 3.11], and the inclusion
is: P2 — P has a left adjoint i* by [51, Proposition 5.1]. In fact, the latter tells us that there is
colocalising sequence
i* Jr
ple * . p_ I g »

It follows from that Z21# is itself a compactly generated triangulated category and that the sequence is
also localising; see [43], Proposition 2.6 and Lemma 4.1] (see also [45], Proposition 6.3]). Hence, we get the
recollement. The proof that the t-structure restricts along the recollement is analogous to Proposition [6.4]
From [I7] it follows that there is such a recollement of hearts. Finally, the last statement is shown with
arguments similar to those in the proof of Lemma [6.5] (|

7. MUTATION OF TORSION PAIRS

We now wish to consider mutations of cosilting torsion pairs. We will make use of the notation set
up in Definition We will also freely use the fact that a cosilting object ¢’ is a right mutation of a
cosilting object o if and only if o is a left mutation of ¢’, cf. Corollary

Definition 7.1. Let D be a triangulated category with products and coproducts and T a t-structure
with heart H. Furthermore, let u = (U,V) and t = (7,F) be in Cosilt(H) with associated cosilting
objects oy, and oy in D. If o¢ is a right mutation of o, then we will say that t is a right mutation of u
and u is a left mutation of t.

By Corollary the definition is independent of the cosilting objects we choose to represent u and t.

7.1. Inclusions of torsion pairs and filtration triples. If a cosilting torsion pair t = (7,F) is a
right mutation of some cosilting torsion pair u = (U, V), then, by Theorem we have that T~ is a
right HRS-tilt of T,-. By Proposition 2.3] we have that X,- € X~ and so & < T. Consequently, we
begin by studying such nested torsion pairs, which are known to give rise to filtrations (see [15]).

Definition 7.2. Let U, S, F be full subcategories of an abelian category A. We will call (U,S,F) a
filtration triple if Hom (U, S) = 0, Hom 4 (U, F) = 0, Hom 4(S, F) = 0 and, for every object X in A,
there exists a filtration

0=Xoc X1 XoS X5=X

such that X;/Xy = X3 lies in U, Xo/X; lies in § and X3/X5 = X /X, lies in F.

Proposition 7.3. Let A be an abelian category. There is a bijection between:
(1) pairs of torsion pairs (U,V), (T,F) in A withU < T; and
(2) filtration triples (U, S, F) in A.
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The mutually inverse bijections are given by:
UV) (T, F)> UV AT, F) and U,S,F)— U,S*F),(UxS,F).

Proof. Let (U, V), (T,F) be a pair of torsion pairs in A such that & < 7. We show that (U,V n T, F)
is a filtration triple in A. Let S := V n T. Firstly, the Hom-orthogonality conditions are clear because
Homy (U, V) = 0 = Hom4(T,F). Let X be an arbitrary object in A with torsion decompositions

0— X, —X-—X/X;—0 and 0— Xy — X —> X/X5 — 0

where X7 is contained in U, X/X; isin V, X5 isin 7 and X /X5 is in F. Then X5/X; is the torsion-free
part of Xy with respect to (U, V) and is a quotient of X5, and so Xo/X; liesin S. Hence 0 = Xy € X; <
X5 € X is the desired filtration of X.

Let (U, S, F) be a filtration triple in .A. We show that (U xS, F) is a torsion pair in A; the proof that
(U,S = F) is a torsion pair is similar. If we consider objects U in U, S in S and an exact sequence

0—U—X—>85—0

and we apply Hom 4(—, F), then we obtain that Hom 4(X,F) = 0 and hence Hom4 (U * S, F) = 0.
Moreover, by the definition of filtration triple, for each object A in A, we have a short exact sequence

0— Ay — A— AJ/A3s — 0
with A/As in F, Ag in U = S because there is a short exact sequence
0— A4 — Ay — A1/A3 — 0
where A; lies in U and A;/Ag lies in S. Thus (U xS, F) is a torsion pair. O

Proposition 7.4. Let H be the heart of a t-structure in a triangulated category D and let (U,S, F) be
a filtration triple in H. The following statements hold.

(1) (F,U[-1],8[-1]) is a filtration triple in He- where t = (U * S, F).
(2) (S, F,U[-1]) is a filtration triple in H,— where u = (U,S * F).

Proof. We prove statement (1); the proof of (2) is similar. We show that (F,U[—1],S[—1]) is a filtration
triple in H—. First we prove the Hom-orthogonality conditions:

Homy _ (U[-1],S[~1]) = Homp (U[~1],S[~1]) = Homp(U,S) = Homy (U, S)= 0.
Also, since U, S < T :=U S and (F,T[—1]) is a torsion pair in H-, it follows that
Homyﬁ (]:72/{[—1]) =0= HOHl'Hﬁ (]:,S[—l])

Next we prove the existence of a filtration by (F,U[—1],S[—1]) for an arbitrary object Y € H—. The
torsion pair (F, T[—1]) with T[—1] = U[—1] » S[—1] induces the following commutative diagram in H (-
with exact rows and columns, where the object X is obtained as a pullback.

0 0
0 F X U[-1]—=0
0 F Y T[-1] —=0
S[—1] == S5[-1]
0 0
Then, the sequence 0 =Yy € F € X €Y is a (F,U[—1],S[—1])-filtration of Y. O
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Let us summarise the situation in Proposition as follows

—

U,S,F) in H

|

(S, F,U[-1]) in H,-

(F,U[-1],S[-1]) in H-

We are now going to see that this diagram can be completed to a commutative triangle. Recall that
the collection of torsion pairs in an abelian category H has a partial order: we say that u is less than t
if Y < T. This gives rise to a poset which we denote by tors(H).

Proposition 7.5. Let H be the heart of a t-structure T = (X,Y) in a triangulated category D, and let
u= (U,V) be a torsion pair in H. The assignment taking t = (T, F) tos = (T nV, F xU[-1]) induces
an order-preserving bijection between:

(1) torsion pairs t = (T,F) in H withd < T; and

(2) torsion pairs s = (S,R) in H,— with S < V.
Moreover, if t and s correspond to each other under this bijection, then (T,-)s— = T-. That is, we have
a commutative diagram

T ~ts T

17

’]Tll_

Proof. In view of Proposition[7.3] the statement can be rephrased in terms of a bijection between filtration
triples (U, S, F) in H with S F =V and filtration triples (S, F,U[—1]) in H,- with the same property.
By Proposition every filtration triple (U, S, F) in H induces a filtration triple (S, F,U[—1]) in H,-,
which in turn induces a filtration triple (U[—1],S[—1], F[-1]) in (H,-)y-, where v = (V,U[-1]) is
the tilted torsion pair in H,-. By Remark we have (H,-)y- = H[-1], and the latter filtration
triple corresponds to the filtration triple (U, S, F) in H. This establishes the desired bijection, which is
order-preserving by construction.

Next, we prove the stated equality of t-structures by comparing the coaisles. We have Y- = FxY[—1]
and Y,- =V » Y[—1]. Then, keeping in mind that R = F » U[—1], we obtain

Ve )s- =R*Vy[—1] = FrU[-1]*V[-1]x V[-2] = FxH[-1]*V[-2] = FxY[-1] =Y. O

7.2. Mutation of cosilting torsion pairs. In this subsection, we apply Proposition to cosilting
torsion pairs and determine when they are related by mutation.

We will see that this can be expressed in terms of the notion of a wide subcategory. Recall that a
full additive subcategory W of an abelian category H is an exact abelian subcategory if it is closed
under kernels and cokernels. The subcategory W is wide if it is an exact abelian subcategory that is
closed under extensions. We will need the following lemma.

Lemma 7.6. Let D be an arbitrary triangulated category and let H and H' be hearts of t-structures
(X,Y) and (X',Y’) respectively. Then the following statements hold.

(1) Let W be a full subcategory of H. Then W is an exact abelian subcategory of H if and only
if WxW[1] € W[1] * W (equivalently, the cone of every morphism f in W is contained in
W[l W).

(2) Let W be a full subcategory contained in H nH'. Then W is an exact abelian subcategory of H
if and only if W is an exact abelian subcategory of H'.

(3) Let W be a full subcategory contained in HNH'. Then W is a wide subcategory of H if and only
if W is a wide subcategory of H'.

Proof. Statements (2) and (3) follow immediately from the first statement because then the required
closure conditions depend only on the ambient triangulated category and not on the specific t-structures.
We therefore prove statement (1). Let f be a morphism in W and let L := cone(f). Consider the
triangle Ly — L — Ly — Lx[1] corresponding to the t-structure (X,)). Then Ker(f) = Lx[—1] and
Coker(f) = Ly, so the statement follows. O

Let us now consider the following situation.
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Setup 7.7. Let D be a compactly generated triangulated category with a t-structure T = (X,)) and
let H be the heart of T. Let further u = (U, V) and t = (T, F) be torsion pairs in Cosilt, () such that
U < T. Let us fix the following notation:
e 5= (SR)= (T nV, FxU[-1]) is the torsion pair in H,- uniquely determined by u and t
according to Proposition
e v = (R,S[—1]) is the tilted torsion pair of s in (T,-)s- = Ty-.

We can visualise the setup in the following commutative diagram:

']I‘f\,\i:/> Tt*

17

T,-

Theorem 7.8. Suppose we are in Setup [7.9. Then s is in Cosilty(H,-) and v is in Cosilt,(H-).
Moreover, the following statements are equivalent.

(1) tis a right mutation of u.

(2) S is a wide subcategory of H.

(3) s = (S,R) is a hereditary torsion pair in H,-.
(4) S[—1] is a TTF class in H-.

Proof. Let oy and o, denote the pure-injective cosilting objects in D associated to u and t respectively.
The fact that s is a cosilting torsion pair follows immediately from the fact that (T,-);- = Te- = Ty,
by Proposition Similarly, we have that (T¢-).- = T,-[-1] = T,,[—1] by Remark From
Corollary |4.6| we infer that s is in Cosilts(H,-) and t is in Cosilty (H¢-).

(1)<(3): Since o and oy, are pure-injective, the hearts H,- = H,, and H~ = H,, are Grothendieck
categories by Theorem It is well-known that, in a Grothendieck category, a torsion pair is hereditary
if and only if it is cogenerated by a class of injective objects.

Now, if oy is a right mutation of ¢,, then we know from Theorem that the t-structure T,, = T~
is the right HRS-tilt of T,, = T,- at the torsion pair (-°H?_(&), Cogen(H_(&£))) in H,~ induced by
& = Prod(oy) n Prod(o¢). But T~ is also the right HRS-tilt of T~ at the torsion pair s = (S,R). It
follows that s = (*0 HY_ (&), Cogen(H?_(&))). We know that HC_ (&) is a set of injective objects in H,-
(see Proposition and so we have shown that (3) holds.

Conversely, suppose that S = +0T for some class Z = Prod(Z) of injective objects in H,,—. Then there
is a class & = Prod(&) < Prod(oy) such that Z = H_ (&) (see Proposition again) and, moreover,
s = (FoH? (&), Cogen(H?_(&))) is a cosilting torsion pair in H,- because (T,-),- = T~ = Ty, by
Proposition [7.5} It follows from Proposition .5 and Theorem [£.9] that o, admits a right mutation &
with respect to &, which is equivalent to o because T; is the right HRS-tilt of T,- at s.

(2)<(3): Note that S is a full subcategory of D that is contained in # n H,- so, by Lemma [7.6{3),
we have that S is a wide subcategory of H if and only if S is a wide subcategory of H,-. Since § is a
torsion class in H,-, it is closed under extensions and quotients. The equivalence of (2) and (3) then
follows from the fact that s is hereditary if and only if S is closed under subobjects in H,- if and only
if § is closed under kernels in #,,- if and only if S is a wide subcategory of #H,,-.

(2)<(4): By analogous arguments as in the previous paragraph, we observe that S is wide in H if
and only if v = (R,S[—1]) is a cohereditary torsion pair in M-, that is, if and only if S[—1] is closed
under quotient objects in H-. Since a torsion-free class in a Grothendieck category is always closed
under coproducts, this happens if and only if S[—1] is a torsion class in H-. O

Inspired by Theorem [7.8{(2), we conclude the section with a useful criterion for when the intersection
of a torsion and a torsion-free class is a wide subcategory. It is closely related to a construction of Ingalls
and Thomas [40, §2.3], which was generalised in [47), §3].

Proposition 7.9. Let H be an abelian category and w = (U,V) and t = (T, F) be torsion pairs in H
such that U < T. Then the following are equivalent:
(1) T NV is a wide subcategory of H.
(2) If g: T >V is a map in H with T in T and V in V), then Ker(g) lies in T and Coker(g) lies in
V.

Proof. Let us denote W :=T n V.
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(1) = (2): Let g: T — V be a morphism in # with T in 7 and V in V. By Proposition we have
that T lies in U » W and V lies in W x F, so there are short exact sequences

0 U T—tog 0 and 0 Sy —2 sV F 0

with S and Se in W, U in U and F in F. Since Hom4 (U, V) = 0 and Homy4 (S, F) = 0, we may use
the kernel/cokernel properties to obtain a morphism f: S; — S such that g = afb. By assumption
we have that both Ker(f) and Coker(f) lie in W. By taking the pullback of the canonical embedding
Ker(f) — S; along b, we obtain a short exact sequence

0 U K Ker(f) ——0.

By checking the universal property, it is straightforward to show that K =~ Ker(g) and, hence, Ker(g)
liesin U * W = T. A dual argument yields that there is a short exact sequence

0 —— Coker(f) —— Coker(g) ——= F ——=0

and hence Coker(g) lies in W x F = V.

(2) = (1): Let g: T — V be a map with 7" and V in W. Then Ker(g) lies in 7 by assumption and
Ker(g) lies in V because V is a torsion-free class in H. Therefore, Ker(g) lies in W. Similarly, we have
that Coker(g) lies in W. O

8. MUTATIONS OF TORSION PAIRS IN D?(mod(R))

In this section we will assume that D is the derived category D(R) of a left coherent ring R. We
will use the techniques developed in the previous sections to study torsion pairs in hearts of t-structures
in D®(mod(R)). In order to do that, we must first lift these t-structures to the whole derived category
D and then extend the torsion pairs from the original heart to the lifted heart. Let us begin with the
process of extending torsion pairs within a locally coherent Grothendieck category (of which Mod(R) is,
by assumption on R, an example).

Proposition 8.1. [27, Lemma 4.4] Let A be a locally coherent Grothendieck category and t = (T, F) a
torsion pair in fpA. Then
(1) the pair € = (T, F) := (2(T1), TL) in A is a torsion pair, called the lift of t;
(2) the assignment of a torsion pair in fpA to its lift in A induces a bijection between
(a) torsion pairs in fpA;
(b) torsion pairs (X,Y) of finite type in A such that X nfpA is a torsion class in fp.A.
If A is locally noetherian (i.e. if A is a Grothendieck category with a set of noetherian generators),
then the assignement above establishes a bijection between torsion pairs in fp.A and torsion pairs of finite
type in A.

Note that torsion pairs of finite type in Mod(R), for any ring R, are precisely the ones in Cosilt, (Mod(R)).
This also holds for a more general class of hearts in D(R), see Proposition
Let us now consider an analogous result for certain t-structures in D’(mod(R)). Recall that a t-
structure T = (X, )) in D(R) or in D?(mod(R)) is called intermediate if there are integers m > n such
that
D>[m] € Y < D>°[n]
where D20 is the standard coaisle in D(R) or in D®(mod(R)), respectively.

Proposition 8.2. [49, Lemma 3.1 and Corollary 4.2] Let R be a left coherent ring and let T := (U, V)
be an intermediate t-structure in D®(mod(R)). Then
(1) the pair T = (U, V) := (L (UL),U*) in D(R) is a t-structure, called the lift of T;
(2) the assignment of a t-structure in D®(mod(R)) to its lift in D(R) induces a bijection between
(a) intermediate t-structures in D®(mod(R));

(b) intermediate, compactly generated t-structures in D(R) with a locally coherent heart H such
that fpH = H ~ D’ (mod(R)).

Note that the t-structures in D(R) obtained as lifts of t-structures in D°(mod(R)) correspond to
pure-injective cosilting objects (see [7, Theorem 4.9]), that is, for every intermediate t-structure T in
D?(mod(R)) with heart 7, there is a pure-injective cosilting object o such that T = T,. Note that, since
T is intermediate, it follows that o is in fact a complex in K®(Inj(R)) (see, for example, [61, Proposition
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4.16]). The t-structure T = T, has a locally coherent Grothendieck heart H, with fpH, = H. We will
often denote this heart by ﬁ, see the remark below.

Remark 8.3. Let us briefly justify the notation (Ts used in the assignments discussed in the two theorems.
In fact, if H is a locally coherent Grothendieck category it is shown in [27] that, for a torsion pair (T, F)
in fpH, we have that ~(7+) and T+ are the closure under direct limits of 7~ and F, respectively, inside
H. Similarly, if (U, V) is an intermediate t-structure in D®(mod(R)) for a left coherent ring R, it is shown
in [49] that +(U*), U+ and the heart +(U*)[—1] nU* are the closure under directed homotopy colimits
of U, V and of the heart U[—1] n V, respectively, inside D(R). Recall that in the derived category of a
ring, we may consider directed homotopy colimits as the derived functor of the direct limit functor.

Finally, the following proposition relates the two lifts enunciated in the theorems above via HRS-
tilting. This result is essentially contained in [66, Proposition 5.1] and [49, Proposition 5.1]. We include
a proof since the formulations therein are slightly different. The

Proposition 8.4. Let R be a left coherent ring and T = (X,Y) an intermediate t-structure in D’(mod(R))
with heart H. Consider a torsion pair t = (T,F) in H and a torsion pair p = (P, Q) in the heart H of
T in D(R). Then p is the lift of t to A if and only if Tp, is the lift of T~ to D(R), i.e.

p=te T, =T,
In particular, for any torsion pair t in H, the heart of T—t» 1s a locally coherent Grothendieck category
with He- as its subcategory of finitely presented objects.

Proof. We make use of the description of T given in Remark Suppose that Tp, = T—tf Since HOT

sends directed homotopy colimits in D(R) to direct limits in H (see [68, Lemma 5.7]), it follows that
an object X of D(R) lies in T if and only if it lies in Hn K This latter intersection coincides by
assumption with 7(),37 ~ H which is precisely P, thus proving the desired equality.

Conversely, suppose that p = €. Let X be an object in X_tf Then, there is a directed coherent
diagram (i.e. an object of the derived category D(Mod(R)!) of I-shaped diagrams of R-modules) that
gives rise to (X;)ier in XtI, such that L li_11>1iE I X,; = X. Again since H. OT) sends directed homotopy colimits

in D(R) to direct limits in 7, we have that HOT(X ) lies in T, and this latter class coincides with P

by assumption. As a consequence, since T is intermediate and, thus, nondegenerate, we have that
X~ € X, (see also Remark . Conversely, since both T and X are contained in X, it follows that
N

Xy = X «P =X +T is contained in X.t: The final statement follows from Proposition O

Informally, one of the implications of the statement above tells us that the tilt at the lifted torsion
pair coincides with the lift of the tilted t-structure. In other words, the operations lift and tilt, when
correctly interpreted, commute.

Example 8.5. Let us go back to the setting of Example i.e. let R be a commutative noetherian
ring and D = D(R). From Proposition every intermediate t-structure T in D?(mod(R)) gives rise
to a cosilting object ¢ in D, lying in K®(Inj(R)), such that T = T,. It is shown in [57, Corollary 6.17
and Corollary 6.18] that the cosilting complexes o obtained in this way are actually cotilting, and that
there is a bijection between hereditary torsion pairs of finite type in H, and specialisation-closed subsets
of Spec(R). In particular, if o is associated to an sp-filtration ¢, then the right mutations of o are
precisely the cosilting objects associated to the sp-filtrations of the form ¢, described in Example [£.11]
for W a specialisation closed subset of Spec(R).

Moreover, it follows from [57, Proposition 6.10 and Corollary 6.15] that every cosilting object o
obtained from a lift of an intermediate t-structure in D®(mod(R)) (and, thus, cotilting) is an iterated
right mutation of a shift of the injective cogenerator. A key to this observation is in the spirit of the
proposition above: lifting and then tilting yields the same result as tilting first and then lifting.

We are now ready to establish the setup with which we will work in this section.
Setup 8.6. Let R be a left coherent ring and T an intermediate t-structure in D?(mod(R)) with heart
H. Consider two torsion pairs u = (U, V) and t = (T, F) in H with & < T and let us fix the notation:

e o denotes a pure-injective cosilting object in D(R) such that T = Ty;
o5 =(S,R) = (T nV, F*U[-1]) denotes the torsion pair in H,- determined by u and t by
Proposition [7.5}
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o t = (R,S[—1]) denotes the tilted torsion pair of s in (T,-)s- = T-.

An important example of Setup is given by taking T to be the standard t-structure in D(R) and
u= (U,V) and t = (T, F) any torsion pairs in mod(R) with i < T.

The following lemma makes it clear that, in our setup, Proposition is compatible with the opera-
tions of lifting of torsion pairs and t-structures. This will be useful for us later on.

Lemma 8.7. Suppose we are in_)Setup and consider the torsion pair T and @ in H. Then the torsion
pairs (T AV, F «U[~1]) in Hp- and (F+U[-1],(T n V)[-1]) in H—t>_ given by Proposition

coincide with 5 and T, respectively.
Proof. Note that, by Proposition we have ﬁﬂ’_ = H,- and 7_{)—{— = 7—[_t—) By Proposition the

torsion pair for which a right HRS-tilt allows us to pass from H,- to 77: is uniquely determined as the
torsion pair p := (T A V,F = U[~1]). On the other hand, it follows from Proposition that this

torsion pair must be &. An analogous argument holds for the equality (F « U [—1], (T n V)[-1]) = ©
in ']I‘_t_) O

In the context of the Lemma above, when t is a right mutation of W, the torsion pair 5 is a
hereditary torsion pair of finite type, as shown in Theorem [7.§ and Proposition [£.5] We will make use
of the close relationship between such torsion pairs and the spectrum of locally coherent Grothendieck
categories, which we summarise in the next theorem.

Theorem 8.8 ([42, B7]). Let A be a locally coherent Grothendieck category A. The (isoclasses of)
indecomposable injective objects form a topological space, Spec(A), with a basis of open subsets given by
sets of the form
O(C) = {F € Spec(A) | Homy(C, E) # 0}, C € fpA.

There are bijections between:

(a) hereditary torsion pairs of finite type in A;

(b) Serre subcategories of fpA; and

(c) open subsets of Spec(A).
The bijection between (a) and (b) is given by the assignments (S, R) — SnfpA and L — (to(L10), L10).
The assignment (b)—(c) takes a Serre subcategory L to O = {E € Spec(A) | E ¢ L0}, The assignment
(c)—(a) maps an open set O to the hereditary torsion pair (S,R) cogenerated by the complement O°.

Let us come back to Setup We are now in a position to show that, if the lifted torsion pairs T
— —
and T in H are related by mutation, then this mutation is controlled by objects of H = fpH.

Theorem 8.9. Suppose we are in Setup [8.6. The following statements are equivalent.
(1) € is a right mutation of .
(2) S is a wide subcategory of H.
() If g: T -V is amap in H with T in T and V in V, then Ker(g) lies in T and Coker(g) lies in
V.

Proof. (1)=(2): From Theorem and Lemma the class S is a wide subcategory in 7. We prove
that S = S N ‘H, thus showing that S is a wide subcategory of H. We have S =V n T = VAT
The latter class coincides with ¥ A T D?(mod(R)) by Proposition and, moreover, from Lemma
we have that it equals S A D®(mod(R)). Using Proposition again, we conclude our claim.

(2) = (1): Both hearts H and H,- in D’(mod(R)) contain W. By Lemma 3)7 our assumption
implies that W = § n H,- is a wide subcategory of H,-. In fact, it is even a Serre subcategory: it is
closed under quotients in H,- because S is a torsion class, and so it is also closed under subobjects. By
Theorem we then have that & is a hereditary torsion pair of finite type and, therefore, by Lemma
and Theorem [7.8] we conclude that t is a right mutation of .

(2) < (3): This is an immediate consequence of Proposition O

9. MUTATION AND SIMPLE OBJECTS

In this section we specialise the results of Section [8|to the case where the heart 7 (of an intermediate
t-structure in D?(mod(R)), R left coherent) is a length category. These hearts are known to occur
frequently when R is an artinian ring. In this setting we will show that mutation is controlled by simple
objects.
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9.1. Abelian length categories. Recall that an abelian category A is called a length category if
filt(S) = A, where S is the set of simple objects in A. A Grothendieck category G is called locally
finite if it has a set of finite length generators. Recall that an object is of finite length if and only if
it is both noetherian and artinian. By [59, Proposition 8.2] we have that G is locally finite if and only
if fpG is a length category if and only if G is locally noetherian and Filt(2) = G where Q is the set of
simple objects in G. In particular, if in Setup ‘H is a length category, Proposition tells us that
every torsion pair of finite type in A is of the form o, for a torsion pair v in H. We will replace Setup
with the following.

Setup 9.1. (= Setup + H length category) Let R be a left coherent ring and T an intermediate
t-structure in D®(mod(R)) whose heart H is a length category. Consider two torsion pairs u = (U,))
and t = (7,F) in H with & < T and let us fix the notation:

e o denotes a pure-injective cosilting object in D(R) such that T = Tey;

e 5= (S,R) = (T nV, FrxU[-1]) denotes the torsion pair in H,- determined by u and t by
Proposition [7.5}

o t = (R,S[—1]) denotes the tilted torsion pair of s in (T,-)s- = T-.

An important example of Setup is given by taking T to be the standard t-structure in D®(mod(R)),
with R being artinian, and any pair of torsion pairs u = (U,V) and t = (7, F) in mod(R) with i = T.

Remark 9.2. In view of Proposition mutation of torsion pairs in Cosilt, (ﬁ) admits an interpretation
inside the lattice tors(#H) of torsion classes in H with partial order given by inclusion. We refer to
[29, [12], T4, [13] for details about the lattice structure of tors(H).

Following [I3], Section 6], we will say that t is a right mutation of u (and u a left mutation of
t) when we are in the situation of Theorem Note also that condition (2) in that theorem, in the
terminology of [13], states that the interval [U, T] is a wide interval of tors(H).

The following well-known theorem due to Ringel tells us that every object in a wide subcategory W of
‘H admits a finite filtration by simple objects of WW. This is the point of view from which wide intervals
are studied in [I3]. An object X in H is called a brick if Endy (X) is a skew-field. A collection of bricks
Q in H is called a semibrick if Homy (S, S") = 0 whenever S and S” are in ©Q and S # 5.

Theorem 9.3 ([64]). Let A be a length category. If we assign to a wide subcategory W of A the set M of
its simple objects, we obtain a semibrick M such that W = filt(M). This yields a one-one correspondence
between wide subcategories and semibricks in A.

When a wide subcategory arises as in Theorem 2), it is possible to characterise its simple objects
more precisely, and we do so in Lemma[0.6] First we need the following definition.

Definition 9.4 ([9]). Let u = (i, V) be torsion pair in an abelian category 7. We say that a non-zero
object M in V is almost torsion (for u) if the following conditions are satisfied.

(i) All proper quotients of M are in U.
(ii) For all short exact sequences 0 > M — Y — Z — 0, with Y in V, we have that Z lies in V.

Almost torsion-free objects for u are defined dually.

Remark 9.5. (1) If H is a Grothendieck category and u = (U,V) is a hereditary torsion pair in #, it
is well-known that the right adjoint of the localisation functor H — H/U establishes an equivalence
between the Serre quotient and the subcategory U401 of H. It follows that the torsion-free almost torsion
objects in H (for u) are precisely the simple objects in U101 (see [0, Example 3.3]) where this is written
for module categories; the same proof holds for Grothendieck categories).

(2) [, [62] Theorem 2.3.6] If H is the heart of a t-structure in an arbitrary triangulated category,
then an object M in V is almost torsion if and only if M becomes a (torsion) simple object in the tilted
heart H,~ = V+U[—1]. The almost torsion-free objects for u are precisely those N in U for which N[—1]
becomes a simple object in H,-.

(3) [70, Section 2] Let A be a finite-dimensional algebra and u = (I/,)) a torsion pair in mod(A4)
with lifted torsion pair W in Mod(A). The finite-dimensional torsion-free, almost torsion modules for
U coincide with the torsion-free, almost torsion modules for u and are precisely the minimal extending
modules defined in [I4]. Moreover, all torsion, almost torsion-free modules for T are finite-dimensional
and coincide with the torsion, almost torsion-free modules for u, that is, with the minimal co-extending
modules from [I4].
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(4) Tt is easy to check that the arguments in [70] yield the same results for locally finite categories.
In particular, in the situation of Setup every object M which is torsion-free, almost torsion for u
becomes a simple object in 771?, and every object N which is torsion, almost torsion-free for t gives rise
to a simple object N[—1] in .

Lemma 9.6. Suppose we are in Setup [0 If t is a right mutation of u, then the following statements
are equivalent for an object B in H.

(1) B is contained in the semibrick associated to the wide subcategory S of H.
(2) B is a torsion-free, almost torsion object for u that belongs to T .
(3) B is a torsion, almost torsion-free object for t that belongs to V.

Proof. Let M denote the semibrick associated to S, that is, the set of simple objects of S. We show the
equivalence of (1) and (2). The equivalence of (1) and (3) uses a dual argument.

We begin by showing that every B in M is torsion-free, almost torsion for u. Let N =~ B/K be a
proper factor of B; we wish to show that N lies in &/ and hence condition (i) from Definition holds.
Let Uyn and Vv be objects in U and V such that there is a short exact sequence 0 - Uy — N — Vy — 0.
First suppose that Uy # 0 and consider the pullback diagram:

0 0
0 K X Uy 0
!
0 K-r.p_ . N 0
f
Vi Vn
0 0

By condition (3) of Theorem applied to f, we have that X lies in S. Since B is a simple object in
S, the morphism ¢ is an isomorphism and so Vi = 0. That is, we have N = Uy, which lies in ¢. Now
suppose that Uy = 0 and so N lies in V. We may apply condition (3) of Theorem to [ and so we
have that K lies in S. Then h is an isomorphism, that is, we have N = 0. Condition (ii) in Deﬁnition
follows immediately from statement (3) of Theorem

Conversely, if B in H is torsion-free, almost torsion for u and belongs to 7, then certainly B lies in S,
and every non-zero subobject K in S of B satisfies that B/K lies in S € V, but also in U by condition (i)
in Definition [9.4] hence K = B. This shows that B is a simple object of S, hence it belongs to M. [

Let A be a Grothendieck category, and let € be the set of isoclasses of simple objects in A. Given a
subset ' of §2, we consider the torsion pair generated by €. It has the shape (Filt(¢Y'), (©')*0), cf. [72,
Proposition VIIL.3.2]. Moreover, it is hereditary because, for every simple S in ) and every object M in
G, there exists a non-zero map S — FE(M) if and only if S embeds in M, and so ()" is closed under
injective envelopes. By [72, Lemma VIII.2.4], the torsion pairs generated by subsets of Q are precisely
the hereditary torsion pairs of the form (S, R) with S < Filt(£2); we call such a pair a simple torsion
pair. Observe that an object M is contained in Filt(§2) if and only if every non-zero quotient of M has
a non-zero socle, cf. [72, Proposition VII.2.5]. For the sake of the next result, we will say that a TTF
class F is a simple TTF class if F = Filt()’) for some set ' < 2.

Theorem 9.7. Suppose we are in Setup[9.1 Let M be the set of all torsion-free, almost torsion objects
for u which belong to T. Let N be the set of all torsion, almost torsion-free objects for t which belong to
V. The following statements are equivalent.

(1) t is a right mutation of u.

(2) S =1filt(M) in H.

(3) S =filt(N) in H.

(4) The pair & is a simple (hereditary) torsion pair in "H—u:

(5) The class S[—1] is a simple TTF class in H .
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Proof. The equivalence of the first three statements follows immediately from Theorem Theorem
and Lemma [0.6

(2)=>(4): First observe that, since S is extension-closed, condition (2) implies that S also coincides
with filt(M) in H,-. Hence, we have that R =8t = Mtoin 7—[—11;, and the latter is the torsion-free
class in a simple hereditary torsion pair in ”H—u: by Remark Thus, 5 is indeed a simple torsion pair
in ?T_)

(4)=(5): We know from Theorem that S[—1] is a TTF class in H,-. By assumption, there exists
a set of simple objects ' in H,- such that S = Filt(€Y). It follows easily from the definitions that the
torsion, almost torsion-free objects for a hereditary torsion pair coincide with the torsion simple objects.
Thus, the objects in 'S that are almost torsion-free coincide with M. By Remark we have that the
objects '[—1] are simple in He = (}Tuf)?,_ Since, considering the subcategory Filt(Q)) of H,- and
the subcategory Filt(€[—1]) of H, we have

S[-1] = (Filt())[-1] = Filt('[-1])

and, thus, ?[—1] is a simple TTF class in H,-.
(5)=>(1): This implication is immediate by Theorem (7.8 O

Generalising results from [40] again, we obtain certain “distinguished” mutations of a torsion pair in
a length category.
Lemma 9.8. Suppose H is a length category with a torsion pair v = (X,)).
(1) There is a torsion pair & = (X,Y) in " such that
X ={XeH| every f € Homy(X,Y) with Y € Y has Coker(f) € V}.
(2) There is a torsion pair b = (A?,JA}) in H such that
Y ={Y eH| every f € Homy(X,Y) with X € X has Ker(f) € X}.
Moreover, we have X cXcX and both X Y and X n JA) are wide subcategories of H.

Proof. We prove only (1) and one half of the final statements. The others follow by a dual analogous
argument.

It is easy to check that X < X and X is closed under quotients. To see that X is closed under
extensions, consider an exact sequence 0 — X; —» X — X5 — 0 in H such that X7, X5 € X and consider
further a homomorphism f: X — Y with Y € ). If we denote by Y; the image of the composition
X7, — X — Y and by Y5 the cokernel of the same map, we obtain a commutative diagram with exact
rows and columns

0 X, X Xy 0
0 Y) Y Y, 0

o

0 —— Coker(f) ——= Cy ——0.

Now Y5 € Y since X, € 2?, and Cy € Y since Xo € X. This shows that Coker(f) € Y and, hence, X € X.
As X € H is closed under quotients and extensions in the length category H, it is a torsion class in H.
Finally, X n Y is a wide subcategory of H by the argument for [40], Proposition 2.12]. O

Combining the last two results with those from [13] allows us to describe all right or left mutations of
a torsion pair in terms of almost torsion objects or almost torsion-free objects, respectively. Moreover,
we identify the “distinguished” mutations from Lemma as “extremal” mutations of the given torsion
pair.

Corollary 9.9. Suppose we are in Setup[9-1]

(1) Let M be a representative set of isomorphism classes of torsion-free, almost torsion objects for u.
Then the right mutations of u bijectively correspond to subsets of M. In particular, u admits a
proper right mutation if and only if there are torsion-free, almost torsion objects for u. Moreover,
if t is a right mutation of u, then U < T S U.
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(2) Let N be a representative set of isomorphism classes of torsion, almost torsion-free objects for
t. Then the left mutations of t bijectively correspond to subsets of N'. In particular, t admits a
proper left mutation if and only if there are torsion, almost torsion-free objects for t. Moreover,
if u is a left mutation of t, then TcUcT.

Proof. We prove (1); the argument for (2) is dual. To start with, note that M is a semibrick by
Remark [9.5(1) (as it is a set of pairwise non-isomorphic simple objects in H,-), and so is any subset
of M.

The assignment between right mutations and subsets of M can be described as follows. Given a
right mutation t = (7, F) of u = (U,V), the intersection S = 7 n V is a wide subcategory of H by
Theorem and so is of the form § = filt(M’) for a unique subset M’ < M by Theorem (recall
that simply M’ = M n S by Theorem [9.3). This assignment is injective since one can recover T from
M as T =U  filt(M'), see Propositionﬁ

On the other hand, if M’ € M € V is any subset, then M’ < u by the very definition of almost torsion
objects for u. Following [13| §6], we denote by W,.(V) := U~V the wide subcategory of H obtained by
applying Lemma to u. Note that W,.(V) is also a wide subcategory of H,- by Lemma hence
M’ becomes a set of simple objects in W, (V). As W,(V) is necessarily an abelian length category,
S = filt(M’) is torsion class of a hereditary torsion pair in W,.(V). Now it follows from [I3] Theorems
4.2 and 6.6] that 7 := U*S is a torsion class in H such that VnT = S = filt(M’). Hence, the assignment
from the previous paragraph is also surjective. ([l

9.2. Irreducible mutations. In this final subsection we consider irreducible mutations of torsion pairs.
The notation Ind(o) and Ind(o’) is used for the isoclasses of indecomposable objects in Prod(c) and
Prod(o’) respectively.

Definition 9.10. Suppose o and ¢’ are pure-injective cosilting objects in a compactly generated trian-
gulated category D and let & be the class Prod(c) n Prod(o’). Suppose o’ is a right mutation of ¢ or,
equivalently, that o is a left mutation of ¢’ (see Corollary . We will say that ¢’ is an irreducible
right mutation of ¢ if |Ind(0)\Ind(&)| = 1. We will say that ¢ is an irreducible left mutation of ¢’
if [Ind(o’)\Ind(&)| = 1.

Recall that, by Proposition there is a bijection between Ind(o)\Ind(&") and Ind(¢’)\Ind(&’) and
so ¢’ is an irreducible right mutation of ¢ if and only if ¢ is an irreducible left mutation of o”.

Notation: Within Setup we fix some further notation that we use in the remainder of the section.

e Denote by o, and oy the cosilting objects in D(R) such that H,, = H,- and Ho, = He.
e In the case where t is a right mutation of u, let M be the semibrick associated to S. For each
M in M, we know from Remark and Lemma, that
— M is a simple object in H,; we denote by s the object in Ind(cy) such that HY (on) is
the injective envelope of M in the locally coherent Grothendieck category H,, .
— M[—1]is asimple object in ’H_t: and we similarly denote by o5;[_1) the object in Ind(o) such
that H?_ (0a[-1)) is the injective envelope of M[—1] in the locally coherent Grothendieck
category He,-

Lemma 9.11. Suppose we are in Setup [9.1] and that t is a right mutation of u. Let o, and o be a
cosilting object associated to u and t respectively and consider & = Prod(oy) n Prod(oy). Then:

(1) the set Ind(oy)\Ind(&) coincides with {opr | M € M}; and

(2) the set Ind(o¢)\Ind(&') coincides with {op—17 | M € M}.
Proof. (1) By Theorems [3.5(2) and we have that

(S, R) = (°H; (&), Cogen(H, (£))) = (Filt(M), M)
is a hereditary torsion pair of finite type in ‘H,,. By Theorem
O = {E e Spec(Hy,) | F ¢ M)

is the associated open set in Spec(H,, ), and it clearly consists of the injective envelopes of the simples
from M. In other words, we have that O = {HJ (o) | M € M}. Since HY (&) is the class of torsion-
free injective objects of H,, , it follows that HY induces a bijection between Ind(oy)\Ind(&') and O, and
the claim is proven.
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(2) Tt follows from the proof of Theorem m Remark and the fact that direct limits in both
and H,- are directed homotopy colimits (see [68, Corollary 5.8]) that S[—1] = S [—1] = Filt(V[—1]) in
H¢—. Recall that, by Lemma m T,- is the left HRS-tilt of T, at the torsion pair © = (7_€7S[—1]).

Since u is a left mutation of t, it follows from Theorem 1) that S[-1] = *0H? (&). The same
arguments as (1) yield that Ind(c¢)\Ind(&) coincides with {oy—17 | M € M}. O

Remark 9.12. Tt follows from Lemma[9.11] that right mutation of a torsion pair u within Setup [9.1] consists
of removing indecomposable summands of an associated cosilting object oy, in D(R) and replacing them
with new ones. Indeed, since oy corresponds to the injective envelope of a simple object in H,,, for every
M in M, it follows that oy is a direct summand of every cosilting object equivalent to o,. Similarly,
for every M in M, the indecomposable object oy 1) is a direct summand of every cosilting object
corresponding to t.

As a corollary of the results above we are able to characterise minimal inclusions of torsion classes in
length hearts H (as in Setup in terms of irreducible mutations of the associated cosilting objects.
Recall that if the inclusion & < T is proper, it is said to be a minimal inclusion of torsion classes
if for any other torsion class X of H, if Y € X < T then either Y = X or T = X.

Remark 9.13. If in Setup |9.1| we have H = mod(A) for a finite-dimensional algebra A, it is shown in [I4]
Theorem 2.8] that if &/ < 7 is a minimal inclusion of torsion classes, then 7 can be built by adjoining
to U an indecomposable module satisfying certain properties. This module turns out to be precisely
the unique torsion-free, almost torsion module for the torsion pair u, as shown in [70]. It can easily be
checked that these arguments hold also for an arbitrary length category H, by replacing the notion of
dimension by length where necessary.

Corollary 9.14. Suppose we are in Setup[9.1 The following statements are equivalent.

(1) oy is an irreducible right mutation of oy.
(2) The class S coincides with ilt(M) for a brick M in H.

(3) The inclusion U S T is a minimal inclusion of torsion classes.

Proof. (2)=>(1): By Theorem we have that S is a wide subcategory of ‘H and so, by Theorem 8.9
we have that oy is a right mutation of oy. It follows from Lemma [9.6] that M = {M}. By Lemma[9.11
we have that o¢ is an irreducible right mutation of .

(3)=(2): By Remark there is a torsion-free, almost torsion object for u in S. By Remark[9.5] it
follows that M is a simple object in H,-. Thus &’ := filt(M) is a non-trivial torsion class in H,- that
is contained in S, and in particular, in V. By Proposition there exists a torsion classUd C 7' < T in
‘H. By assumption, we have that 7 = 7" and so, by another application of Proposition 7.5, we conclude
that S = &'.

(1)=(3): By assumption and Lemma the semibrick M associated to S consists of the unique
(up to iso) simple object S in S, and S = filt(S). Consider a torsion class X in H such that U/ € X < T.
We must show that Y = X or T = X. By Proposition there exists a torsion class 8’ € S € V in
H,- (given by X n'V). If § is trivial, then by Proposition U = X. Suppose that S’ is non-trivial
and let X be a non-zero object of §’. Then X is contained in § = filt(S), thus S is a quotient of X and
lies in &’. This shows that 8’ = S and, thus, that 7 = X, again by Proposition O

Example 9.15. We revisit Example[£.10] This time we consider the indecomposable preprojective mod-
ules P,,n € N over the Kronecker algebra A and the torsion pairs t, = (+°P,, Cogen(P,)) cogenerated
by them. It is well known that t, is an irreducible mutation of t,.1, the corresponding wide subcat-
egory is T0 P, n Cogen(P,+1) n mod(A) = add(P,1). Notice that P, n Cogen(P, 2) N mod(A) =
add(Pp4+1 @ Pp42) is not wide, so t, is not a mutation of t,2. This shows that a sequence of irreducible
mutations is not a mutation in general.

We can also rediscover the fact that ox does not admit right mutation. Indeed, ox is associated with the
torsion pair u = (Gen(t), V) generated by all finite-dimensional indecomposable regular modules, so any
torsion pair t = (7, .F) in Cosilt(A) lying above u has the form t = t,, for some n, and 7 NV nmod(A4) =
add(Pp4+1 @ Pry2@®...) is clearly not wide.

Finally, we remark that the set & in Lemma may differ from Prod({oy; | M € Q\M}) where Q
is the set of isoclasses of simple objects in H,—. To this end, we consider op with P = X\{z} for some
x € X. Here M only contains the simple regular module S corresponding to the tube t,, and the set
Q consists of the Priifer module Sy and the adic modules corresponding to tp = Uy 4+, ty. Thus the
generic module G belongs to the set &, but not to Prod({o | M € Q\M}).
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