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Abstract. In the field of collaborative robotics, safety standards are
crucial. Collision prevention, in collaborative scenarios, requires a tar-
geted examination of impact dynamics. This paper addresses collision
challenges by introducing simplified lumped parameter models that are
not widespread in the robotic field. The proposed method is simpler than
traditional methods (Newton-Euler or Lagrange formulations), but main-
tains accuracy in the prediction of the dynamic quantities relevant to
impacts (linear momentum and kinetic energy). The study chiefly deals
with 2D robots, including the case of off-center centers of mass (CoM),
but some hints about the modeling of 3D robots are given. MATLAB
simulations and experimental tests with a robot confirm the validity of
the proposed method.
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1 Introduction

In collaborative robotics scenario not only productivity [3] but also interactions
with operators, especially safety, are imperative issues [7,4,12]. Many solutions
to mitigate collisions were proposed [11]. Safety in human-robot interactions
needs a deep comprehension of robot dynamics, with a specific focus on algo-
rithms that accurately calculate impact forces. Widely recognized formulations
such as Newton-Euler and Lagrange full models [10], sometimes are too com-
plex for this purpose, in terms of accuracy and input-output parameters, really
difficult to identify [1].

Safety standards distinguish quasi-static contacts from transient contacts.
For the analysis of transient contact the inelastic impact between two bodies
is considered. The first body represents a human body part and its mass and
stiffness are given by biomechanical tables [5]. The second body represents the
robot and depends on robot configuration. Its mass is given by the equation
mpr = M/2+ my, in which mj, is the mass of the payload (including tool and
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workpiece) and M is the total mass of the moving parts of the robots. Consid-
ering the robot mass involved in the impact equal to 50% of the mass of the
moving parts is an approximation. This paper aims to improve the calculation
of the mass of the robot involved in the impact by adopting a lumped parameter
dynamic model of the robot. This kind of modeling is widely applied in tradi-
tional mechanisms [6, 8] for studying shaking forces [2] but has not yet found
widespread application in robotics. This paper seeks to fill this gap by extending
lumped parameter models to robotics. According to this approach for each rigid
link lumped masses and inertial terms are calculated from the equations that
guarantee the constancy of mass, center of mass (CoM) and inertia tensor, in
this way the rigid link and the lumped model have the same linear and angu-
lar momentum. In this paper, the possibility of further simplifying the lumped
parameter models by neglecting some masses and/or inertial terms is analyzed.

The paper is structured as follows. Section 2 presents the mathematical model
of planar (2D) robots. Section 3 deals with the extension of the method to 3D
robots. Section 4 analyzes the results of MATLAB simulations aiming at an-
alyzing the errors in the evaluation of motor torques, linear momentum, and
kinetic energy of the robot caused by the adoption of simplified lumped param-
eter models. Section 5 shows an experimental validation of the method. Finally,
conclusions are drawn in Section 6.

2 Mathematical Model

In Figure la a generic robotic link is depicted, the CoM (point G) is placed
with an offset yg from the line connecting the adjacent joints; m and I, are
the mass and moment of inertia of the link about the CoM, respectively; a and
b are distances of the joints from the CoM, measured along the connecting line.
The link is supposed to move on a horizontal plane.

al b1 Y2

Fig. 1: Model of a generic planar link with two lumped masses (a) and 2-DOF
robot (b).
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In this case, a system of n lumped masses, to be equivalent to the continuous
link, must satisfy the following system of 4 equations:

X X X X
m; =m , mi(xf +y7) = L. , miz; =0 miy; =0 (1)
i=1 i=1 i=1 i=1

from which 4 parameters can be chosen. It is worth noting that the lumped pa-
rameter system satisfying (1) has the same dynamic properties of the rigid body
model, which is named full model. To further simplify the lumped parameter
model, only 2 lumped masses, m4 and mpg, placed on the joints can be adopted
to simulate the planar link, yielding to the approximate model. Their values are
obtained from the first and third equation of (1), as:

ma+mp=m (2)
maa mpb=20

The proposed approach can be applied to all links to develop an approximate
2D model of a manipulator with lumped masses placed on the joints. The ap-
proximate model, while introducing some errors with respect to the full model,
can provide an easy-to-calculate estimation of the robot dynamic behaviour. The
number of masses used in the calculation of dynamic quantities is the same for
the full and approximate model and equal to the number of DOF N. In fact,
the masses of adjacent links, which are placed on the same joint, act as a single
mass equal to the sum of the two and the first mass is steady.

The joint absolute linear (v;) and angular (w;) velocities, the joint absolute
linear (@;) and angular (e;) accelerations, and the CoM linear velocities (v¢g;) and
accelerations (ag;) are needed to calculate kinetic energy E}, linear momentum
Q and joint torques  of a N-DOF robot. For the approximated model, only the
joint absolute velocities and accelerations are needed, reducing the computation
burden. The calculation of such velocities and accelerations depend only on joint
velocities ¢; and acceleration ¢; and on link lengths.

The kinetic energy of the full (Ey) and approximated (Ej qpp) models, and

the linear momentum of the full (Q) and approximated (Q,,,) models are:
X X B
L = ivgimﬂlci + §wiTIzz,¢wz‘ v BErapp = 3 Imwi  (3)
i=1 i=1 i=2
X DS
Q = mivaGi ) Qapp = m;v; (4)
i=1 i=2

and the joint torques can be calculated from the dynamic model (which can be
developed via the Lagrange approach).

It is worth noticing that the calculation of the kinetic energy is drastically
simplified due to the lack of the rotational part of the equation. Moreover, in
the approximate model the mass placed on joint 1 is steady, thus it does not

influence Ey qpp and Q,,,,-
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3 Extension to 3D models

For 3D models, the complexity increases, since many inertial parameters are
involved. As in the 2D case, although there are lumped parameters models that
guarantee the dynamic equivalence with an actual 3D link [9], the following
approximate model is proposed.

The axis (x) perpendicular to the axes of adjacent joints and passing through
the CoM is assumed to be a principal axis of inertia of the link. Masses mj and
my are placed at the intersection between axis x and the axis of the joints (like
in the 2D case). Dynamic parameters include also 3 pure moments of inertia
(Iz20, Iyyo, and I,,9) that guarantee the constancy of the moments of inertia
about the 3 principal axes. The dynamic equivalence conditions are:

8 8 b
mp+mg=m my = -
mia mgb =0 meo — 7‘;17111
§m1a2 + maob? + Tyyo = Iy, %Iyyo =1,, mab

- 7’T'L]_CL2 + m2b2 + IzzO = Izz IzzO = IZZ mab

where a and b are the distance along the principal axis x of m; and ms respec-
tively from CoM and I,,, I, and I, are the principal moments of inertia.

A further simplification of this model consists in considering only the two
masses and neglecting the pure moments of inertia. The potential of this model
is that the two masses are independent of the inertia matrix. Consequently,
its application would make possible the dynamic analysis of a robot without
knowing its inertia matrix.

4 Simulation results

4.1 1-DOF 2D manipulator

The analysis of planar 1-DOF manipulators is firstly carried out to study the
effect of CoM offset yg (Fig. 1a) on the results given by the approximate model.
The CoM coordinates are normalized with respect to link length [, namely
a/l and yg/l. To limit the range of possible CoM positions, a/l 2 [0,1] and
ya/l 2 [ 1/2,1/2], if yg/l = 0 the link is symmetric. Link moment of inertia,
which depends on mass distribution and CoM position, is considered constant.
Joint velocity and acceleration ¢ and § are considered unitary. Three dynamic
properties are considered: the modulus of the linear momentum @ = jQ)j, the
torque 71 applied at the single link and kinetic energy Fj. Absolute errors be-
tween the two models are calculated as follows:

. . I
At = 11 Tiappl = = +m

a 2 Yo 2 a
12 1 1

r 1
AQ =jQ Qappj = maq 7 +1 1 (7)



Lumped parameters robot models to study impact dynamics 5

AQ [kg-m/s] AE [J]

Fig. 2: Absolute errors of linear momentum (AQ), joint torque (A7), and kinetic
energy (AEy) as function of CoM position for the 1-DOF robot.

2 2
AEy =B, Epappi = % IT? tm yTG m% 22 (8)

The corresponding relative errors can be calculated by dividing the absolute
errors by the full model value. It is worth highlighting that the relative percentage
error is significant, providing a value on the importance of the error. However,
when the parameter of the full model tends to zero, the relative error tends to
infinity. In such cases, the resulting information loses significance.

In Figure 2, absolute errors Ar, AQ and AFE) are presented, as functions
of CoM normalized coordinates. Within the 3 graphs, areas with zero error are
marked with a red curve.

The most notable result is related to the linear momentum, which is the same
in the full model and in the approximate model if yg = 0. If yi/! & 0, the two
lumped masses cannot replicate the CoM position of the full model, hence errors
arise. Such errors are lower if a/l increases. Joint torque and kinetic energy show
very different behaviors, and the red curves shapes depend on link inertia I,,.
Specifically, in AFy and A7y graphs there is a circular zone of zero error around
the geometric center of the link. This circle contains an area of very low error.

n a
m =
l

4.2 2-DOF manipulator

The 2-DOF manipulator (Fig. 1b) is simulated to show the effect of robot con-
figuration on the errors due to the approximated lumped parameters model. The
CoM offset is not considered, thus links are symmetric. The inertial properties
and dimensions of the robot are listed in Table 1.

With reference to Figure 1b, link 1 is approximated with two masses, mq
and mys, placed in A and B, respectively; link 2 is approximated with two
masses, me; and mag, placed in B and C, respectively. Hence, my = mq1, mp =
mig + Mo, and mec = moo. Mass m 4 is fixed, thus providing no contribution to
joint torques, linear momentum, and kinetic energy. Therefore, the ratio between
the moving mass of the lumped parameter model and robot mass M = mq +mo
(where m; and mg are the link masses) can be derived from Equation 1:



6 A. Caneschi, M. Bottin et al.

Iy [mm] |z [mm] a; [mm] a2 [mm] my [kg] M2 [kg] 11 [kgm?] 12 [kgm?]
400 250 200 100 29.4 31.8 0.72 0.36
Table 1: Inertial properties of the 2-DOF manipulator

g = M2t t M Fmeg Trby7a; T M2 )
M M mi + mo

It is worth noting that for the simulated robot rj; = 0.76. This value is larger
than the share of robot mass (0.5) that is suggested by safety standard [5] to
calculate effective mass mg.

The analysis of errors caused by the approximate model is depicted in Figure
3 for the right-arm configuration (the elbow is at the right of the line connecting
the shoulder with the wrist). The analysis of the left-arm configuration gives
similar results. For every configuration joint velocity and accelerations were set
equal to ¢, = 40 °/s, 1 = 23 °/s?, Go = 2.5 °/s, and §o = 1 °/s%. Figure
3 shows that absolute errors remain constant in the workspace for 71, 72, and
kinetic energy Ej. This constancy of errors is due to the non-equivalence of
the moments of inertia of the full and approximate models (i.e., the second
equivalence of Eq. 1 is not satisfied). However, linear momentum error is zero in
the entire workspace since the links are symmetric, according to the results of
Section 4.1.

Relative errors are shown in Figure 3b. The radial decrease in A7 relative
error is explained by the extended arm requiring a larger torque 7. The relative
percentage error in terms of AF}, is less than 10% in every workspace zone. The
spikes in the error of 75 are due to the fact that in this area the torque given by
the full model is zero, thus the relative error tends to infinity.

The computational times of the approximate model are about 40% shorter
than of the full model.

5 Experimental Validation

To validate the numerical results, a prototype of a 1-DOF robot was developed.
The geometric and inertial properties of the robot are summarized in Table 2.

The robot link is driven via a Portescap 426SP electric motor with a BERM
rotary incremental encoder. The control system is composed of an Arduino Uno
R4 Minima microcontroller, and an Advanced Motion Controls 25A8K driver.
An Adafruit MCP4728 DAC, and a National Instruments N19215 (sampling
frequency of 20 kHz) are used to read motor current. The torque 7 is calculated
from the current i, supplied to the motor by means of the relationship 7 = k; i,,
where k; is the torque constant of the motor.

Tests are carried out considering two different trajectories: a fifth-degree
polynomial and a trapezoidal velocity profile. Fig. 4a shows that the approxi-
mate model well replicates experimental trajectory in terms of joint torque 7,






