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ARTICLE INFO ABSTRACT

In this paper, we propose an inverse-kinematics controller for a class of multi-robot systems in the
scenario of sampled communication. The goal is to make a group of robots perform trajectory tracking
in a coordinated way when the sampling time of communications is much larger than the sampling
time of low-level controllers, disrupting theoretical convergence guarantees of standard control design
in continuous time. Given a desired trajectory in configuration space which is pre-computed offline,
the proposed controller receives configuration measurements, possibly via wireless, to re-compute
velocity references for the robots, which are tracked by a low-level controller. We propose joint
design of a sampled proportional feedback plus a novel continuous-time feedforward that linearizes
the dynamics around the reference trajectory: this method is amenable to distributed communication
implementation where only one broadcast transmission is needed per sample. Also, we provide closed-
form expressions for instability and stability regions and convergence rate in terms of proportional
gain k and sampling period T. We test the proposed control strategy via numerical simulations in
the scenario of cooperative aerial manipulation of a cable-suspended load using a realistic simulator
(Fly-Crane). Finally, we compare our proposed controller with centralized approaches that adapt the
feedback gain online through smart heuristics, and show that it achieves comparable performance.
© 2023 Elsevier Ltd. All rights reserved.
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1. Introduction achieve common goals (Erhart & Hirche, 2015). Consider a group

of UAVs that transports a load while avoiding obstacles. In this

Unmanned Aerial Vehicles (UAVs) are used in the context of
mobile robotics to perform surveillance, coverage, exploration,
and transportation (Maza, Kondak, Bernard, & Ollero, 2010). Gen-
erally speaking, a group of robots allows to improve task perfor-
mance with respect to (w.r.t.) the single-robot solution. Multiple
robots can mitigate problems such as limited payload and time
of flight (Arai, Pagello, Parker, et al., 2002). However, they require
careful consideration of cooperation or coordination strategies to
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case, not only each UAV needs to avoid obstacles, but the overall
multi-robot system should move in a way such that the load
avoids obstacles, as well (Cortés & Egerstedt, 2017).

One of the most direct approaches to control multi-robot sys-
tems is the centralized kinematic/dynamic inversion (Antonelli
& Chiaverini, 2006; Manubens, Devaurs, Ros, & Cortés, 2013;
Masone, Biilthoff, & Stegagno, 2016; Sanalitro, Savino, Tognon,
Cortés, & Franchi, 2020; Sreenath & Kumar, 2013). Because of
its nature, failure of the central unit may cause the whole task
to fail. Distributed and decentralized approaches spread compu-
tations across the robots, guaranteeing greater robustness and
flexibility w.r.t. a centralized one (Sabattini, Secchi, Chopra, &
Gasparri, 2013). Although such approaches are preferable for
multi-robot systems, they often lack global information such
as load state and parameters, or the total number of robots.
This aspect increases the difficulty of the controller design and
might even degrade performance. Examples of distributed con-
trol methods, where robots explicitly exchange local data, can
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Fig. 1. We propose a controller for trajectory tracking when measurements are
transmitted every T seconds, with feedback proportional gain k. We show that, if
(k, T) lies outside the dashed red curve, the tracking error is not p-monotonically
contractive, while zero tracking error is guaranteed if (k, T) lies below the solid
green curve 75(k). In particular, there exist sampling time T such that no gain
k can guarantee convergence if T > Tpq and sampling time 7 such that a
stabilizing gain exists for any T < t. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this
article.)

be found for groups of ground (Dimarogonas & Kyriakopoulos,
2006; Franchi, Petitti, & Rizzo, 2019; Pereira, Campos, & Kumar,
2004; Ren, Sosnowski, & Hirche, 2020), underwater (Conti, Meli,
Ridolfi, & Allotta, 2015; Simetti & Casalino, 2016), and aerial
robots (Mellinger, Shomin, Michael, & Kumar, 2013). Conversely,
decentralized control strategies allow for no direct communi-
cation among robots, with examples including ground or aerial
manipulators (Sieber & Hirche, 2019; Verginis, Nikou, & Dimarog-
onas, 2018). Also, to reduce communication issues, communication-
less approaches relying on a leader-follower paradigm were
presented for cooperative transportation and manipulation (Fari-
varnejad & Berman, 2018; Gabellieri, Tognon, Sanalitro, Palot-
tino, & Franchi, 2020; Tagliabue, Kamel, Siegwart, & Nieto, 2019;
Tsiamis, Verginis, Bechlioulis, & Kyriakopoulos, 2015; Wang &
Schwager, 2016). In these cases, communication is implicitly
given by forces exerted on the load (Tognon, Gabellieri, Pallottino,
& Franchi, 2018). However, force feedback may be insufficient for
precise tracking, because it lacks pose information. The latter can
be retrieved by communication among robots, e.g., making them
exchange poses, or installing a sensor on the load to broadcast its
pose. This setup can also be extended to formation control prob-
lems where a group of robots needs to complete a task (Franchi
& Giordano, 2018; Franchi et al.,, 2012). For example, a common
goal is mapping or surveillance of an area while robots keep a
certain 3D formation in order to, e.g., minimize overlaps among
their fields of view (Schwager, Julian, Angermann, & Rus, 2011). In
this case, communication-based approaches let robots exchange
group-level measurements, such as relative distances.

In applications, limited bandwidth of wireless channels dis-
rupts the assumption of continuous-measurement feedback. As
so, specific strategies are needed to deal with sampled com-
munication (Hayakawat, Matsuzawat, & Harat, 2006; Liu, Chen,
Lu, Wang, & Wang, 2016; Stramigioli, Secchi, van der Schaft, &
Fantuzzi, 2005). However, little work is currently available for
multi-robot manipulation.

1.1. Preview of key results

In this paper, we aim to design a multi-robot distributed com-
munication controller for trajectory tracking when wireless com-
munication induces non-negligible sampling of feedback mea-
surements. In this context, a distributed implementation is pre-
ferred because (i) it reduces the overall communication burden
and related issues such as packet loss or latency and (ii) it en-
hances system robustness and scalability. Inspired by previous
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work (Rossi et al., 2020) where point-stabilization was consid-
ered, we propose a novel Sampled communication-aware Inverse-
Kinematic controller for Multi-robot systems (SIKM) to address the
problem of trajectory tracking under sampled communication.
Our contributions are summarized as follows.

e We develop a distributed SIKM controller for trajectory track-
ing that receives sampled measurements and re-computes ref-
erence robot velocities along the trajectory, exploiting a novel
continuous-time feedforward term that allows exact trajectory
tracking even in the presence of sampled communication.

e We show that, differently from Rossi et al. (2020), there are a
maximum sampling time T,qx and a minimum feedback gain
kmin beyond which trajectory tracking cannot be achieved, as
graphically depicted in red in Fig. 1.

e We provide closed-form expressions, whose coefficients can
be numerically computed, for the stability region (depicted in
green in Fig. 1) and for the (exponential) convergence rate of
the trajectory tracking error norm in terms of communication
sampling period T and feedback gain k. We consider stability in
terms of p-monotonic contractiveness, which, roughly speaking,
ensures that the trajectory monotonically decreases the track-
ing error overtime in the absence of external disturbances and
is bounded away from singularities.

e We validated our strategy by testing the controller on a re-
alistic dynamical simulator which replicates with high ac-
curacy the experimental setup available at LAAS-CNRS Lab,
Fly-Crane (Sanalitro et al., 2020), including dynamical inertial
terms, motor actuators, sensor noise, and real-time embedded
software implementation.

1.2. Paper outline

In Section 2 we introduce the class of considered multi-robot
systems, provide the kinematic model (Section 2.1), and give an
example of real system (Section 2.2). In Section 3 we review
control architectures for trajectory tracking, and present our pro-
posed SIKM controller in Section 3.1. In Section 4 we derive
fundamental stability limitations in terms of feedback gain and
sampling time. In Section 5 we compute an upper bound for the
convergence rate, outline a numerical procedure to estimate it
from data (Section 5.1), and explicitly find controller parameters
that yield the fastest convergence (Section 5.2). In Section 6
we test our controller on a realistic simulator of the Fly-Crane,
showing that it outperforms standard designs under sampled
communication. Final remarks are drawn in Section 7.

2. System model
2.1. Kinematics of multi-robot systems

In this section, we describe the kinematic model of a multi-
robot system composed of N robots that exchange state infor-
mation with a common pivot, labeled as V, to fulfill a task. As
so, robots need not communicate among themselves, but they
implicitly coordinate their motions by communicating with the
pivot. The pivot may be an object to be manipulated, a robot to be
escorted, or a vehicle in the space. The kinematic model is given

by
P - l?’N]T = h(q) = [h(qi,qv) ... h(N)(quqV)]T-

Function h(-) maps the Lagrangian coordinates of the system
(measured or desired) ¢ = [q] ...qy q;]" € R™ to the
vector p = [p] ... py]’T € R" gathering robot configurations.
In particular, p; € R" is the position of the ith robot in space,
q; € R™ gathers angles and/or distances between the pivot and
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(a) (N1e, N2e, N) = (0,3,3)  (b) (N1, Nac, N) = (2,2,4)

(¢) (Nic, Nae, N) = (4,1,5)

(d) (Nic, Nae, N) = (6,0, 6)

Fig. 2. Square systems where a common object is manipulated by a group of
UAVs. All the possible combinations of (Nic, Nac, N) introduced in Section 2.2
are represented.

the ith robot, and qy € R™ represents the pose (position and

orientation) of the pivot. Note that m = Zi\’:l m; + my and
n= Zf’:] n;. The differential kinematics of the system is
p=Aq4q, (1)
where the Jacobian Aq = %ﬁ“ € R™™ has structure
1 1
A0
(N) | A(N)
0 AQN Allv

Agi) = 731‘(1);2’;_’“") e R%*™M and Ag‘)/ = 761'(1;(;‘:/“'") e RM%*™v_We focus
on the case n = m, corresponding to square systems. Let us make
an example to justify this choice. Consider the multi-robot system
in Fig. 2(a), where robots are linked to a platform though rigid
cables, and assume that Aq is invertible and that desired robot
velocities p¢ are assigned a priori. In this case, there always exists
a vector q = A 1p? in configuration space that allows the robots
to achieve the desired velocity. The next paragraph expands this
example more in detail. If n # m, the Jacobian is not square. In
particular, the system is redundant if n > m. If n < m, there exist
trajectories q in the configuration space which are infeasible for
any input p?. Such cases require a dedicated analysis which goes
beyond the scope of this paper. We refer to the preprint (Rossi,
Tognon, Carli, Franchi and Schenato, 2021) for such an analysis,
that, with some attention, allows to integrate the control strategy
studied here into more general systems.

Furthermore, we consider a cascade control architecture
where we design the proposed SIKM controller at the kinematic
level. The latter provides the desired motor velocities which are
tracked by low-level dynamics controllers (see Fig. 3), assuming
that these have larger closed-loop bandwidth than the SIKM. This
assumption is indeed validated by extensive simulations of the
proposed architecture on a full dynamical model (including low-
level dynamics as well as external disturbances) with a realistic
simulator of the testbed Fly-Crane.

2.2. Example of square systems

In the literature, we can find several applications of square
systems. We now provide an example to showcase relevance of
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(a) Decentralized (no communication) control (4).
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(b) Distributed communication control (5).
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(c) Centralized communication control (6).

1= =

Fig. 3. Controller architectures for trajectory tracking. The pivot is colored in
gray, each robot (equipped with a dynamical controller which converts u to
forces) in blue, sensor measurements in red, and the reference trajectory in
green. The wireless symbol refers to sampled communication. (For interpreta-
tion of the references to color in this figure legend, the reader is referred to the
web version of this article.)

such model. We consider the system depicted in Fig. 2(a) (Fly-
Crane Manubens et al. (2013)), where three UAVs transport a
load linked through rigid cables. The generalized coordinates are
chosen as q = [q1 g2 g3 q,1". The robot positions p; € R3
are collected in the vector p = [p] p, p;1'. Thus, the velocity
vectors q, p € R® have the same dimension and A, € R%® is a
square matrix. However, this is a particular case of a larger class:
different square systems can be obtained by simply changing the
number of robots transporting the platform or the number of
cables linking each robot to it. Notice that if one cable was used
instead of two, as shown in Fig. 2(b), then q; = [q;, q;,]" € R?
because each cable can move in two directions (assuming that
movements about the cable axis are not allowed). In this case,
the system is no more guaranteed to be square. In particular,
it holds n = 3N and m = 6 4+ 2Ny + Npc where N, > 0
is the number of robots linked to the load through one cable
and N, > 0 indicates the number of robots linked through two
cables. We have that N = N;. + Ny, and, for a square system
n = m, it must be 3N = 6 4+ 2N;. + N,.. From these relations
it turns out that Ny < 3, Nic < 6 and N < 6. In particular, the
possible configurations (Ny¢, Na¢, N) are: (0,3,3) in Fig. 2(a); (2,2,4)
in Fig. 2(b); (4,1,5) in Fig. 2(c); (6,0,6) in Fig. 2(d).

3. Control architectures

We consider a tracking problem where a multi-robot system is
required to follow a sequence of desired configurations assigned
a priori. We assume that such reference trajectory is generated
offline by a high-level planner that takes into account goals such
as obstacle avoidance, singular points, and energy minimization.
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Also, we assume that robots are equipped with dynamical con-
trollers sufficiently fast w.r.t. the dynamics of the system, such
that (s.t.) their velocities are fully controllable,

p(t) = u(t), 3)

where u = [u] ---u}]" € R™ We now enumerate possible

control architectures to achieve trajectory tracking.
Decentralized (no communication) control. A commonly

adopted architecture is the following fully decentralized controller,

u;(t) = ' (pi(t); P(t), B} (1)) - (4)

In this case, each robot needs only local position measurements
pi(t) (no configuration variables q(t) are needed) to implement
feedback and follow its reference trajectory (pj(t), pj(t)), namely,
controller (4) is communication-less and the control design re-
duces to a distributed planning problem (Fig. 3(a)). A typical ex-
ample is u;(t) = —k(pi(t) — p}(t)) + p(t). However, lacking com-
munication and coordination, strategy (4) is not robust against
disturbances or robot failures/biases.

Distributed communication control. A distributed controller
reads

ui(t) = i (@i(t), av(hT); qf(¢), qy (t), af(6), dy (1)), (5)

where t € [hT, (h + 1)T), h € N. Specifically, u;(t) depends on
the robot’s own configuration q;(t), which can be measured at all
times, and on the load configuration qy (hT), which is transmitted
via wireless and available at discrete time instants hT, T being the
sampling time. Also, reference trajectories of robot (qf(t), gi(t))
and load (qj(t), q}(t)) are continuously available as they are
computed offline and pre-stored on robots. Hence, controller (5)
implements a hybrid continuous-sampled control that includes
both continuous-time and discrete-time signals, inducing more
challenging design (Fig. 3(b)).
Centralized control. Lastly, the centralized controller

u(t) = &7 (q(hT); q'(t), §' (1)) (6)

depends on the full system configuration vector q(hT). Fig. 3(c)
shows a possible implementation where the controller, located
on the pivot, receives all measurements q(t) and broadcasts the
control input u(t) to the robots via wireless. In this case, while
performance is theoretically maximized, all-to-all communica-
tion burden may cause issues through limitations of wireless
communication in terms of bandwidth and reliability.

3.1. Proposed SIKM architectures

In this paper, we focus on the two communication-based ap-
proaches. While these are attractive by virtue of robustness prop-
erties, their design gets challenging when shifting from
continuous-time (typically assumed in the literature) to hybrid
continuous- and discrete-time dynamics. In particular, the pres-
ence of sampled measurements in (5)-(6) makes both controller
design and stability analysis nontrivial.

Indeed, for continuous-time systems, the controller (Siciliano,
Sciavicco, Villani, & Oriolo, 2009)

u(t) = —kAq(Q(t) — )+ Aqd'(t) (7)
———
=uy(t) =uge(t)

drives the system configuration q(t) to the desired reference
trajectory q'(t) exponentially fast, whereby the tracking error

e(t) def q(t) — q'(t) obeys dynamics
&(t) = 4(t) — q'(t) = —k(q(t) — q'(t)) = —ke(t).
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Moreover, in light of (2), the centralized controller (7) can be
implemented with a distributed architecture,

wi(t) = — kAY ) (qi(t) — q((6)) + A (£)

— kAG) ) (av(t) — @y (0) + AG) (di (t) .
ay(e) Qv Qv qy (0 v E):

When measurements are sampled, suitably modifying (7) is
nontrivial. In Rossi et al. (2020), the authors proposed the follow-
ing feedback controller for point-stabilization,

u(t) = w(hT) = —kAqnry(q(hT) — q"), 9)

for t € [hT, (h+ 1)T). A common strategy for trajectory tracking
in robotic applications is sampling (9),

u(t) = u(hT) = —kAqur)(q(hT) — q'(hT)), (10)

which however cannot guarantee perfect tracking under nominal
conditions because it lacks feedforward correction (see techni-
cal report Rossi, Tognon, Ballotta et al. (2021, Appendix B) for
details).

A naive attempt to improve (10) is sampling (7),

u(hT + ) = — kAqnn)(q q'(hT))
+ Aqnnq’ T €[0,T),

which results in the following error dynamics,

hT—i—r) an

e(hT +17) = _kAe_(::T+r)+qr(hT+r)Ae(hT)+qr(hT)e(hT)+

+ (A;(hT+r)+qf(hT+r)Ae(hT)Jrq’(hT) - l)qr(hT + 7).
It is indeed easy to show that, under controller (11), reference
q'(t) is not an equilibrium trajectory, making also the latter

attempt not suitable for trajectory tracking.
Finally, we modify controller (11) as follows,

u(hT + ) = — kAqnn)(q —q'(hT))
+ Aq’(hTJrr)q (hT + 1),

Differently from (11), the Jacobian of the feedforward term in (12)
is computed at q"(hT + 7) instead of q(hT). Accordingly, the error
dynamics become

t€[0,T). (12)

e(hT + 1) = kA—hT+r yrqr(hr+o)Pehr)+q iy €(hT )+
+ (AghrsoriqirsnAaririn — D@ (hT + 1)
L f(e(hT + 7). q'(hT + 1), &' (AT + 7)), (13)

whereby the reference can be shown to be an equilibrium tra-
jectory (see proofs of this and previous claim in Rossi, Tognon,
Ballotta et al. (2021)). Also, by virtue of the assumed structure (2)
of the Jacobian, controller (12) can be decoupled and is thus
amenable of a distributed communication implementation of the
form (5),

w(hT + 7) = — kALY 1) (a(AT) — @ (hT))

— kAq) ) (av(hT) — g (T))
(i)

+ A r(h”r)ql(hT +7)

+ A(’ @, (hT + 7).

(14)

hT-H'

In the following, we analyze system dynamics under controller
(12) to evaluate stability and performance. In view of (14), all
results straightly carry over to a distributed architecture. Further-
more, in simulation we will test the centralized controller where
the feedback gain k is adaptive: this cannot be decoupled, because
computing k online requires the full system configuration.
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4. Stability limitations of SIKM

In this section we prove a negative result: perfect nominal
tracking cannot be ensured for some values of (k, T). In particular,
the gain k needs to be sufficiently large and the sampling time T
sufficiently small to avoid instability. To this aim, we state some
preliminary assumptions.

Assumption 1. The following relations hold.

(i) The reference trajectory q'(t) € Q is twice continuously
differentiable and Q is a compact set. Moreover, velocities
and accelerations are uniformly bounded, i.e., ||q"(t)|| <
Umax and [[§"(6)]l < dmax-

(ii) Ag(o) is twice continuously differentiable and invertible.

(iii) There exists d > 0 such that, for any configuration q
at distance smaller than d from the reference trajectory,
ie, 3t la — q'(t)ll < d, Aqo) is twice continuously
differentiable and invertible.

Assumption 1-(i) are smoothness properties of the reference
trajectory needed to derive error bounds. Assumption 1-(ii) is
required to avoid that the initial condition is a singular point.
Assumption 1-(iii) further guarantees that all configurations q"(t)
belonging to the reference trajectory are distant enough from sin-
gular points, ensuring robustness to, e.g., external disturbances,
and can be accommodated through an offline high-level planner.
We will later show that our proposed control strategies, under
such assumptions, also guarantees that the actual trajectory is
always bounded away from singular points.

The error flow f(-, -, ) in (14) is discontinuous because the
feedback term depends on e(hT) and resets at every sampling
instant t = hT. Thus, existence of a global solution based on
standard Lipschitz continuity cannot be invoked, in general. How-
ever, in view of Assumption 1, the flow is Lipschitz continuous
for t € [0, T). Hence, if we can show that a solution e(hT + 1)
exists for any ¢ € [0,T), and that the limit lim,_ e(hT + 7)
exists finite starting from any e(hT) satisfying Assumption 1,
then global existence is guaranteed by patching together those
intervals. As so, we study the flow f(e(t), q"(t), q'(t); e(hT)) for
t = hT 4+ 7, t € [0, T), where we make the dependence on the
“initial condition” e(hT) explicit. To prove asymptotic stability,
we will use the following notion of contraction.

Definition 1. Given fixed T, k, and under Assumption 1, the
flow f(e(t), q"(t), q'(t); e(hT)) is p-monotonically contractive if,
for any ||e(hT)| < d, it holds

(1) lle(hT 4 7)|l < [le(hT)Il, = € [0,T),
(2) lim. 7 [le(hT + 7)Il < plle(hT)|l, p € [0, 1).

Given Definition 1, the following lemma easily follows.

Lemma 2. If the error flow defined in (13) is p-monotonically
contractive and under Assumption 1, then

la(t) — g’ ()] < pT~"1q(0) — q'(0)]], > 0.

Lemma 2 ensures exponential convergence to the reference
trajectory. The property of p-monotonically contractiveness
might appear rather strong since it must hold for any segment of
the trajectory of length T, however, it is necessary to guarantee
that the system avoids singularity configurations at all times. The
next result encodes necessary conditions for stability.

Proposition 3. Under Assumption 1, there exists kpyi, > 0 such
that, if one of the following conditions is satisfied,

(1) k < kminv
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(2) k> 2,
the error flow (13) is not p-monotonically contractive.

Intuitively, if the gain k is too small, there exist reference
trajectories such that the feedforward term “pushes” the system
too much without being suitably balanced by the feedback term.
Conversely, if k is too large, the feedback causes the trajectory to
overshoot, possibly amplifying the error of the initial condition.

Proof. (1) We will prove the first condition showing that the
error norm initially increases for some initial conditions e(hT)
and choice of reference trajectory q'(t). Consider the following
Lyapunov function

V(e = 5 leChT + )1, (15)
and its time derivative at T = 0 (cf. (13)):
V(0) = e(hT)"é(hT)
= —k|le(hT)|*+
€' (hT)Agiry s iy Aarinr) — DA (RT).

Ly e(hT).,q" (hT), 4 (AT))

Let us define

def
Cmax = max C

s.t. le(hT)| < d, q'(hT) € Q,
d(e(hT), q'(hT), q"(hT)) > Cvmaxlle(hT)||.

The parameter cpqy is surely strictly positive because (i) all ar-
guments of ¢(-) are defined on a compact set (see also Assump-
tion 1-(i)) and (ii) ¢(+) is continuously differentiable. The only case
for which ¢« = 0 is when Agq is a constant matrix for all q. This
scenario is not admissible since it would imply p = Aq, which
is not the case for the problem at hand. This implies that there
exist tuples (e(hT), q"(hT), q"(hT)) such that

V(O) > —(k— Cmaxvmax)||e(hT)”2

Let Kkmin def CmaxVUmax, then V(O) > 0 for any k < ki, hence
there exists 0 < T < T s.t. |[e(hT + 7)|| > |le(hT)| VT € (0, T)
and (13) it is not p-monotonically contractive.

(2) In order to prove the second condition we first choose
q'(t) =q, t > 0, which satisfies Assumption 1. As so, the error
dynamics reduce to

e(hT +7) = —kAgyr, )4 q Aethr)rgre(hT).

def o e(hT+1))

The error trajectory can be written in the form
hT+t
e(hT + t) = e(hT) + k/ g(e(hT + t/))dr’.
hT
By using Taylor’s theorem for multivariate functions with integral

form of the remainder, it becomes

e(hT + t) = e(hT) + kt g(e(hT))+

1
+ k2r2/ (1 —8)W g(e(hT + 7))ds
0

= (1 — kr)e(hT) + K2t2r(e(hT + 7); e(hT)), (16)

where r(-) is the second-order reminder where we made explicit
the dependence on e(hT). Under Assumption 1, the functions g
and % are continuously differentiable. Moreover their arguments
are defined in a compact set and have the additional properties
that g(e(hT + 7)) = 0, 28240 — 0, vz ¢ [0, T] if e(hT) = 0.
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Therefore, by applying Lemma A.3 in Appendix, there must exist
8 > 0 such that
Ie(e(hT + ); e(hT))|| < 8lle(hT)|*>, Vz € [0, T), Ve(hT).

We now use the reverse triangle inequality and the previous
inequality to get:

lle(hT + )| >

> [[I(1 — kz)e(hT)|| — k**||r(e(hT + 7); e(hT))|||

> max{0, |1 — k| — k*t25||e(hT)||}|le(hT)].

If kT > 2, there exist ¢ > 0and T € (0, T) s.t. kT = 2 + €. Then,

we can choose e(hT) s.t. ||e(hT)| = 21;725 hence
_ €
le(hT + 2l = (1+4€ = =) Ile(hT)] = [e(hT)]. ©

Remark 4 (Stability Limitations on T and k). Proposition 3 states
that there are choices of T and k for which the error flow (13)
is not p-monotonically contractive, implying that the robots
may not track the reference trajectory. In particular, there ex-
ists a feedback gain kp; below which the system cannot be
p-monotonically contractive. Also, there exists a sampling time
Tnax = ki above which the same instability consideration
applies, as rg?aphically shown in Fig. 1. This is in stark contrast
with the result for position stabilization in Rossi et al. (2020),
where (doubly) exponential stability could be achieved without
sharp limitation on sampling time T or control gain k. This
fundamental difference is mainly due to the novel feedforward
term considered in this work.

In the next section, we find sufficient conditions for stability in
the form of a bounded area in the (k, T)-space that guarantees p-
monotonic contractiveness of (13), and hence perfect asymptotic
tracking under nominal conditions.

5. Stability and convergence rate for SIKM

In this section, we compute explicit bounds for parameters k
and T that ensure decrease of the tracking error. In particular,
we show that there exist a continuous function z,(k) and a scalar
kcr > 0 such that, for any pair (k, T) € U, with U/ := {kg < k <
4+00,0 < © < t5(k)}, flow (13) is p-monotonically contractive
(pictorially portrayed by the green area in Fig. 1).

The next Proposition bounds the convergence rate through a
parametric function z(-, -) of k and T, with coefficients depending
on system dynamics. A numerical procedure to estimate such
coefficients is described in Section 5.1.

Proposition 5. For system (13), it is possible to upper bound the
decrease rate of the error norm | e(-)||,

le(hT + o) < z(k. 75 . o, y1. ¥2) - lle(hT)]l, (17)
forh e N, 7 € (0, ty(k)), and

z(k, T5 o, y1, v2) = 11— kel 4+ ta + T2 (KR + kyr + 72),

where constants «, i, y1, y» depend on the system dynamics and
are defined in (23) in the proof.

Proof. The flow defined by (13) can be written as

hT+t

e(hT + 1) = e(hT) + / fle(-),q"(:), q'(-)) de’.
hT hT+t/

By using Taylor’s theorem for multivariate functions with integral
form of the remainder, we get

e(hT + 1) = e(hT) +  f(e(hT), q'(hT), ' (hT))+
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1 3f 2D, r(. , al(. .
+ 72/ (1 —8)’[ gLy fle(-). q'(-). 4’ ())+
0 oe(-)
of(e(-), q’(). q'(-)) .,

aq'(-) T
w ﬁf(.)} de (18)
8q’() hT+et -

The above expression allows to find an upper bound of |e(hT +
7)|l, T € (0, t5(k)), by acting on the single terms of (18). Hence,
we can compute a more precise estimate of the convergence rate,
i.e., how quickly |le(hT + t)]|, with t € (0, t5(k)), decreases w.r.t.
|le(hT)||. Moreover, the following computations will be useful to
find values (k, T) s.t. the system is stable and the tracking error
converges to zero. First, we observe that
f(e(hT), q'(hT), q'(hT)) = —ke(hT) +
-1 .
+(Ae(h1)+qr(hT)Aqr(hT) - l) qr(hT) (19)

By using Lemma A.2 on the second addend, it holds
||(A;(;11T)+qr(h7')Aq"(hT) - I) qr(hT)” = a||e(hT)||,

def
where ¢ = Qumgx for some a > O that depends on system
dynamics. Moreover, from (13),

f(e(hT + 7)., q'(hT + 7), q'(hT + 7))|| <
= ” - I<A;(]11T+-[)+qr(hT+T)Ae(hT)+qr(hT)e(hT)||+
+ ” (A;(f]lT+‘L')+qr(hT+1’)A¢lr(hT+r) - I)qr(hT + t)” (20)

Both addends in (20) are continuously differentiable functions on
a compact set. In addition, they are equal to zero if e(hT) = 0
and e(hT 4 7) = 0, respectively. Then, we can apply Lemmas A.1-
A2 to get kAL, o qrnrsr/Benrrqrame(RT)| < kblle(hT)|| and
”(A;(;IT_H)+qr(hT+I)Aq’(hT+r)_l)qr(hT""T)” < d||e(hT)||vingx, Where
we used Definition 1 and constants b,d > 0 depend on system
dynamics. Thus, we rewrite (20) as

16, @' (). ()], | < (kb + Cumay)lle(hT). 21

Also, being f(e(-), q'(-), q"(-)) differentiable w.r.t. all its variables
on the compact set B.(e(-)), we can derive the following bounds
based on (19),

ML) aON TN | _ 4 guon)lelhT)]
oe hT+t

ofle(). 4'C). 4°() < MUpgelle(hT))|
aq" ' hT+t B "

LCOL OIS [Q)) Iy Sy, (22)
aq" hT+7

where again g, m,n > 0 depend on system dynamics. In light
of (19), (21), (22), we then derive the bound in (17),

le(hT + )l < (11 = ke| +at + (K u + ky1 + y2)) le(hT)]l,

where
def
o = AVUmax
def
1 = blle(hT)]|
def
1 = (d + 8b)vmax|€(AT)|| + Nl
def
V2 = gdvma|le(hT)|| + Mupgy. O (23)
Remark 6 (Constant Reference). Con(s)ider (17) and suppose a con-
stant reference is assigned, i.e. d’;t‘('n)(t) = 0,n > 1. Then,

o = y1 = y» = 0 and z(k, t; ) coincides with the function
g(t: u)|,_,, found in Rossi et al. (2020).
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5.1. Estimating parameters i, o, y1, V2

We would like to find an estimate of the function z(k, 7; u, «,
¥1, ¥2) that bounds the convergence rate of the tracking error,
and choose the values (k, T) which yield the fastest conver-
gence. To this aim, we provide a numerical procedure to estimate
g (u, @, y1, y2). Proposition 5 implies that the following set is
nonempty,

© €16 > 0] lle(hT + 0)Il < z(k, 7 0) [e(hT),

vq'(-), q(0)},

where the inequality is componentwise. Ideally, we would like
to pick the smallest possible values for the parameters in 6 in
order to get the largest set of pairs (k, T) that induce stability.
One possibility is choosing

9 < argmin |0
0e®

Such ¥ surely exists because q'(-) and q(0) belong to a compact
set. However, it cannot be computed numerically because one
would need to check all pairs (k, T) and points q'(t) and q(0). We
propose a strategy to estimate ©% by sampling q'(t) and q(0) from
their domains for different values of (k, T) and run simulations to
get a set of samples {(k;, T;, €}_ ., e},)}{_,, S being the number of
samples. Let us define the following quantities,

def i
Yi = ||e}1+1||,
T def 2 72 2 2111 al
s; = [T7 ki T; T ki T 1€}l
def i
bi = |1 — kTi| llej, I,

then the inequality [le}, | < z(ki, T;; 6)|le}|| can be written as
Vi < siTO + b;. Based on such sampled trajectories, we solve the
following quadratic programming:

% & argmin 0]
0
s. L. 6 >0, (24)
Yi<s0+b, i=1,...58.

Unfortunately, it is possible that s ¢ O since we are checking the
inequality ||e(hT+7)|| < z(k, T; 0)||e(hT)|| over a finite number of
points. We expect that lims_mo/@\g = ¢ if the sampling procedure
covers domains of q"(-) and q(0) widely enough. However, for-
mally proving this claim is nontrivial. There might be alternative
numerical strategies to compute better estimates of ##, or other
parameter choices in the set ®. Such comparison goes beyond
the scope of this work, however, we will show effectiveness of
our proposed strategy through simulations.

5.2. Analysis of the function (k, T; w, @, y1, v2)

In this section, we analyze the function z (k, ) in order to
compute the bound t4(k) of the stability region (green area in
Fig. 1), defined as'

UL (k1) 2k, T) < 1), (25)
and the convergence rate for each point in such region. We also
compute the optimal controller gain ko(T) for fixed sampling
time T and the optimal sampling time Ty(k) for fixed gain k.2

1 In the following, we use the shorthand notation z(k, ) d:efz(k, T, A, Y1,
yz) for the sake of readability.

2 Note that, while Ty(k) is the optimal sampling time for given k, ts(k) is the
stability bound, therefore Ts(k) < ts(k).
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In the interest of space, proofs of the following propositions are
deferred to the technical report (Rossi, Tognon, Ballotta et al,,
2021, Appendix C).

Proposition 7. The guaranteed stability set of z(k, T) is
U={kr <k <400,0 <t < 75(k)},

where kg = o and

75, (k) ifpu>1
75(k) = 1 75, (k) fora <k<k ifu<T1,
7,(k)  fork > k ifu<1
where T, I<2;L+k;}:)t1+l/2y k < wm (erl}jl)j)+4y2(]7m' Tsy 2
RUALS Vz(iofk)us(kzﬁky”h), and all the constant parameters were
utkyi+y2)

defined in Proposition 5.

With fixed k, we can define the optimal sampling time and
convergence rate as functions of the feedback gain,

(k) & aremin z(k, ) (26)

0o(k) & 2(k, 7,(k)) = minz(k, 7), (27)

T

where 1, is the time when |e(hT + 7)||, 0 < T < T, is closest to
the origin, hence it corresponds to the fastest convergence rate of
the error p,.

Proposition 8. With fixed k, the optimal sampling time t,(k) is

7o, (K) ifu>3
To(k) = { 1o, (k)  fora <k <k ifu<i,

1 fork >k ifu<?t

def k—a 7 def at2yi+a/(at2y1)2+8y2(1-24)

0 () = s K= 2w . The corre-
sponding convergence rate po(k) is

Pra () ifu>3
po(k) = 3 piy (k) fora <k <k ifu<1,

pr, (k) fork > k ifu<l

(a—k)? def

where py, (k) = 11—

P ——— and pi, (k) = p+ %(Ol +yi)+ %

The same quantities can be found as functions of t,
def .
ko(t) = argminz(k, t) (28)

k

00(7) & 2(ko(7), T) = minz(k, 7). (29)

Proposition 9. With fixed t, the optimal gain k,(t) is

1-1ty1 : 1
T forO <t <1y, fu>3
— ) 1=t : 1
ko(t) = T forog, <t <w, fu<sy,
1 . 1
- for0 <1 <1y, fu<sy
def  1-2u def s 01— _
where T, = i M, = mm{ﬂ, rvz}, and T, =

(e (r+apP+H—yE+ayan)

—yi+aran

. The corresponding convergence rate
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Fig. 5. Estimated convergence rate p as a function of the gain k and of the
sampling time .

Po(T) 1S
pr(T) for0 <t <1, ifu>%
PolT) = 2 pry(T) for T, <7 <1, ifp <3,
pe(T) for0 <1 < Tp ifu <3
def (—yZ+ayp)r2+2(y;+2ap)T+4p—1

where p.,(t) = and p,(7) d:efyzrz +

(@ +y1)Tt + .

Fig. 4 depicts the quantities defined above, where t(k,) is the
inverse function of k,(t) and represents the sampling time for
which k, is the optimal gain. We chose three cases corresponding
to u < 1/2 (left box), /2 < u < 1 (middle box), and p > 1 (right
box), in order to span all cases defined in the propositions. Fig. 5
represents the convergence rate p, as a function of k (top box)
and t (bottom box). The convergence rate is always smaller than
one, i.e. ||le(hT + )| < |le(hT)||, T € [0, T].

4

Remark 10 (Sampling Time and Stabilizability). Proposition 3
shows that there exists a maximum sampling time Ty, S.t. no
feedback gain k can ensure stability if T > Ty Conversely,
Proposition 7 implies that there exists a threshold 7, which can
. . drs, (k) . .
be analytically found by setting —— = 0, s.t. a stabilizing gain
always exists if T < tcg (see Fig. 1). Such values may help to
evaluate the communication hardware to be used.

6. Simulation results

In this section, we implement and compare four techniques
for trajectory tracking, which are summarized in Table 1. The first
one, named SIKM-D, is the distributed controller (14) proposed in
this work, where the gain k = ko is computed offline following
the procedure in Section 5. The last three, referred to as PS,
FF, and SIKM-C, respectively, are inspired by the online control

0.2 :
\ - Tk
\ 7(ko)
\
J: AN _Tu(k)
0.1 ~. — (k)
ovcr 10 20 30
k
Table 1
Description of the four strategies used in simulation.
Control strategy u,(hT) ug(hT + )
SIKM-D (Eq. (14)) —kofAq, (@r — ) Aq,. Wir s
PS (Eq. (10)) —konAq, (an — @) 0
FF (Eq. (11)) —konAq,(an — ) Agqyr iy o
SIKM-C (Eq. (12)) —konAq, (qn — qj) Ag... (i

strategy proposed in Rossi et al. (2020). In particular, they all
adopt a centralized communication architecture and differ only
in the feedforward term design. Specifically, at the hth step, ko
is the solution to the following optimization problem with initial
condition e, = e(hT),

kon(hT) = argmin ||e(hT + T)||
k (30)
s. t. u(t) = u(hT) + ug(hT + ),

where 7 € [hT,hT + T). The PS technique corresponds to a
simple point-stabilization with no feedforward correction, there-
fore it is expected to always lag behind the desired trajectory.
The FF technique implements the naive controller (11) obtained
by discretizing the standard continuous-time feedforward term
which evaluates the Jacobian at q,r, that was shown insufficient
for asymptotic tracking. Even this strategy is expected to perform
worse than SIKM-D despite the potential benefit coming from
the online design of the feedback gain. Finally, SIKM-C has the
same control structure as SIKM-D, but it re-computes the optimal
feedback gain k,, at each sampling time. This strategy should
provide the best possible performance as opposed to SIKM-D,
which computes its gain offline solving a worst-case minmax
problem as shown in Section 5. However, SIKM-C requires solving
an optimization problem and receiving the state of all robots at
each sampling time.

Remark 11 (Distributed vs. Centralized Control). In contrast with
the centralized scheme, a distributed communication control ar-
chitecture avoids limitations due to all-to-all wireless communi-
cation, such as larger latency or packet loss, and is more robust,
cheaper and easier to maintain since it does not depend on the
number of robots. Specifically, the distributed communication
controller requires only one broadcast communication packet
from the load/pivot to the robots, while the centralized com-
munication requires in addition to the broadcast packet also the
(possibly synchronized) transmission of N packets from robots to
load.

We tested the four techniques on the Fly-Crane system (Sanal-
itro et al., 2020), whose simulated environment is depicted in
Fig. 6. The dynamical model of the system has been developed
in a physics-based simulator, simulating cables dynamics as well.
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Fig. 6. The Fly-Crane system in the Gazebo simulator.

GLOBAL PLANNER| genoM
Tq" u T,
a-4 ; ‘ DYN.CONTR. —10380‘
Matlab
Uil u, T MoCap
- ‘ DYN.CONTR.]—> 0380‘ +
IMU
us f,r
T DYN.CONTR.|]—>

Estimated State

Fig. 7. Architecture used to perform simulations: a global planner generates the
desired trajectory q", q" and sends it to the local planner which generates the
desired robot velocities. The blue rectangle on the right represents a realistic
environment where the robotic system is simulated. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)

Simulations have been performed with software in the loop, in-
cluding measurement noise and communication latency. Com-
munication across the system, planning, and sensing are imple-
mented using the middle-ware Pocolibs and the software frame-
work genoM, enabling realistic simulations. The simulator of Fly-
Crane has been used as preliminary validation step for several ex-
periments, such as the ones in Sanalitro et al. (2020) and Jiménez-
Cano, Sanalitro, Tognon, Franchi, and Cortés (2022), proving ex-
cellent adherence to the real testbed. Technical details about the
simulation software and realistic numerical experiments can be
found in Petitti et al. (2020).

The used system architecture is represented in Fig. 7: a global
planner generates offline the desired trajectory (q", q") and this
information is made available to the SIKM controller, imple-
mented in Matlab-Simulink. The latter generates the desired
robot velocities u; which are sent to the robots every T seconds
via wireless. Then, the low-level dynamical controller (geometric
position controller (Lee, Leoky, & McClamroch, 2010)) of each
robot converts these velocities into thrust and torque for the
quadrotors. An unscented Kalman filter, running at 1 [kHz], fuses
the Motion Capture (MoCap) system measurements (at 120 [Hz])
with the IMU measurements (at 1 [kHz]). The estimated system
state is then sent to the SIKM controller.

We first compare the tracking error norm for the four control
strategies when T = 1.5 [s] (see Figs. 8-9 and Table 2). Note
that the tracking error does not converge to zero because of non-
idealities implemented in simulation, such as sensor noise. The
desired trajectory was generated in order to stress all components
of q, except for y-translation because of the system symmetry.
From Fig. 9, one can see the benefits of the feedforward term w.r.t.
to point-stabilization (PS), which is slower in tracking the desired
trajectory as emphasized in the zoom plot of the component z;.
This is because the desired velocity u is updated only when a
new measurement arrives. As for the three feedback-feedforward
techniques, SIKM-C and SIKM-D exhibit the best performance.
This is highlighted in the zoomed plot of z;, where FF causes an
overshoot.
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0.5
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0.4 ——SIKM-C
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0 20 40 60 80
t [s]
Fig. 8. Tracking error norm |le(t)|| = ||q(t) — q'(t)|| obtained with the tracking

strategies described in Table 1 (T = 1.5 [s]).

Table 2
Mean tracking error norms obtained in simulation (best two results for each
sampling time highlighted in bold font).

Sampling time T [s] Mean tracking error norm

SIKM-D SIKM-C FF PS
0.5 0.06 0.05 0.05 0.07
0.75 0.06 0.07 0.06 0.10
15 0.10 0.09 0.15 0.16

More interesting and general is the comparison of the four
strategies with different sampling times. To compute the feed-
back gain k. used in the SIKM-D, we first estimated the pa-
rameters [u, o, y1, y2] = [0.02, 0.13, 0.1, 0.2] along the desired
trajectory depicted in Fig. 9 for different couples of (k,T) as
described in Section 5.1, obtaining the stability region depicted
in Fig. 10. Then, for each value of T, we chose the gain k which
ensures the fastest highest convergence rate while keeping the
system stable, by choosing the x coordinate corresponding to
T on the curve t(k,) in Fig. 10. Table 2 reports the observed
mean tracking error norms for each strategy. The resulting feed-
back gain-sampling time pairs (kog, T) were (2, 0.5), (1.28, 0.75)
and (0.67, 1.5). Point-stabilization PS yields the largest error
which increases quickly with the sampling time. All feedback-
feedforward strategies are comparable for short values of T, while
SIKM-C and SIKM-D yield the lowest errors for large T. In partic-
ular, the good performance of FF may be explained by the fact
that the naive feedforward term in (11) is a good approximation
of the one in (12) for small T. However, we stress that SIKM-D is
distributed. Hence, the results in Table 2 shall be intended in even
stronger way: the distributed version of our proposed controller
not only outperforms standard centralized techniques (PS and FF),
but is even comparable with its centralized version with online
gain adaptation.

To further validate our method under realistic conditions,
we also performed simulations with high position measurement
noise, comparable to a GPS-based positioning system. As ex-
pected, the tracking error remains bounded, proving our de-
sign robust. Results of such additional simulations are provided
in Rossi, Tognon, Ballotta et al. (2021, Appendix E).

7. Conclusions and future work

In this paper, we proposed a controller for multi-robot systems
where feedback measurements are transmitted via wireless. We
introduced a novel feedforward term and proposed a strategy
to compute the feedback gain with convergence guarantees. The
more multi-robot systems will be employed for applications, the
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Fig. 9. Comparison of the variables q(t) in four different simulations, where the tracking strategies described in Table 1 are used. The sampling time is T = 1.5 [s]. The

first two rows represent respectively the position x;, y;, z; and orientation ¢y, 6, ¥, (roll, pitch and yaw) of the load. On the bottom, row the angles Oll

between cables and load are depicted.

TCR|= 1
15 C
. 7(ko)
_Tn(k)
. 1 : —7,(k)
1
0.5 |
1
1
0, —LL
korkk 2 4 6

Fig. 10. Stability region, optimal gain k,, and sampling time t, obtained by
estimating the parameters u, «, y;, > along the trajectory depicted in Fig. 9 for
different couples (k, T).

more sampled-based control strategies will be needed: this work
paves the way to future developments and implementations.

A natural evolution of this work is performing experiments on
a real system. Further, a formal analysis including packets loss
and latency, which are typical issues of wireless communication,
should be developed.

Appendix. Useful lemmas

Lemma A.1. Given X € X C R" X compact, and given a
continuously differentiable function f(x) : R" — R™ s.t. f(0) = 0,
there exists o > 0 s.t.:

IEX)l < eellx] VX € x.

Lemma A2. Givenx € X C¢ Ry € ¥ C R, X and
Y compact, and given a continuously differentiable function in the
second argument f(x,y) : R" x RP — R™ s.t. f(x,0) = 0Vx € X,
there exists a > 0 s.t.;

Ifx, VIl < allyl V(X y)ex x.

Lemma A.3. Given X € X C R" X compact, and given two
continuously differentiable functions f(x) : R" — R™, g(x) : R" —
R™ s.t. f(0) = g(0) = 0, there exists « > 0 s.t.:

If(x) - gx)| < X[ Vx € X.

10
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