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ABSTRACT

The dynamic analysis of robotic manipulators is a well-known problem, but very often the inertia
tensors of the links are unknown and the computational complexity is high. This paper introduces
a simplified approach, based on the use of a limited set of lumped masses placed along the joint
axes, which provides an efficient and sufficiently accurate estimation of joint torques, linear
momentum, and kinetic energy along a given trajectory. One of the main advantages brought
by this approach is that its implementation does not require the knowledge of the inertia tensors
of the links. Compared to traditional methods, the proposed approach offers a good balance
between accuracy and complexity, since the normalized root mean square error (NRMSE) in
kinetic energy is lower than 3% with a consistent reduction in computation time (8%). Therefore,
it is a valuable tool for the design and control of robotic manipulators in a wide range of industrial
and service applications. Moreover, the quick calculation of linear momentum and kinetic energy
is useful for the prediction of collision severity. The detailed description of the proposed method
is completed with numerical simulations dealing with three different robotic manipulators.
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1 INTRODUCTION

Although the dynamic analysis problem for robotic
manipulators is a well-known problem [6, 14], the
development of simplified models makes it possible to
describe the dynamic behavior of such systems with reduced
complexity, with a reasonable degree of approximation. The
use of lumped masses is based on the principle of dynamic
equivalence [13, 17], an approach that makes it possible
to obtain a lumped element rigid body that moves like a
continuous rigid body when subjected to the application of
the same force system. More specifically, two rigid systems
are dynamically equivalent if they possess the same mass,
location of the center of mass (COM), and inertia tensor
[9]. This principle is applicable to rigid bodies having both
two-dimensional and three-dimensional motions [3]. Theory
concerning the study of dynamically equivalent systems is
quite well known and was established more than a century
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ago by Routh [12] and is now applied in various fields such
as planar mechanisms [11, 4] or biomedical robotics [7].
In planar motion, a rigid body is described by four lumped
parameters as four conditions must be met: one for mass
equivalence, two for COM equivalence, and one for moment
of inertia equivalence. Moreover, if the masses can be placed
along an axis passing through the COM, the number of
lumped parameters can be reduced to three. On the other
hand, in three-dimensional motion, a rigid body is described
by ten lumped parameters, as ten conditions must be met:
one for mass equivalence, three for COM equivalence, and
six for inertia tensor equivalence. If the masses can be
placed along the principal axes passing through the COM,
the number of lumped parameters is reduced to seven. Other
particular cases have been treated by Laus and Selig in
[10]. Therefore, the real challenge is to efficiently apply this
principle to three-dimensional mechanisms such as 6 and 7-
axis robotic manipulators [5]. The resulting dynamic models
are valuable in the field of traditional industrial robotics, in
the field of flexible robots [8, 1], and in collaborative robotics
applications. Estimating joint torques, linear momentum,
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and kinetic energy is crucial to evaluating the potential effect
of collisions between robots and human operators.
This paper proposes a simplified dynamic model for robotic
manipulators, similar to the approach presented in [2] for
planar manipulators. The model is based on the Denavit-
Hartenberg notation and satisfies the conditions for mass
equivalence and COM equivalence while neglecting the
inertia tensor equivalence condition. The method consists
of positioning a limited number of lumped masses at
predetermined positions along the joint axes. In this
way, a simple equivalent system and a good approximation
compared to the full dynamic model are achieved at the same
time. This method can be applied to any industrial robot,
although some limitations may arise if a precise dynamic
model is required [16].
The paper is structured as follows. Section 2 introduces the
mathematical model at the basis of the simplified approach,
both the general case and some particular cases are dealt
with. Section 3 describes its application to three different
robotic manipulators: a 6-axis robot with spherical wrist, a
6-axis robot with 3 parallel axes, and a 7-axis robot with
spherical shoulder and wrist. Section 4 shows simulation
results. First comparisons between joint torques, linear
momentum and kinetic energy predicted by the full and
simplified models for a sample trajectory are made. Then the
comparison between the two models is extended considering
a random sample of trajectories. Finally, conclusions are
drawn in Section 5.

2 MATHEMATICAL MODEL

An open chain robot manipulator composed of n links
connected to the base and to each other by n single degrees
of freedom joints is considered. In the full model, the mass
of each link is concentrated in the COM and the inertia tensor
describes the spatial distribution of the mass. Therefore, the
inverse dynamics can be calculated through the following
three steps with the Newton-Euler formulation [6], knowing
the inertia properties of the links:

• calculate the velocities and accelerations of each body
in the kinematic chain;

• calculate the forces and torques needed to produce
these accelerations;

• calculate the forces transmitted through the joints by
the forces acting on the bodies.

The i-th link of the robotic arm depicted in Figure 1 is
considered. In the simplified model, we propose to replace
the rigid link with two lumped masses m1i and m2i arranged
in such a way to guarantee the position of the COM (Ci)
and the total mass Mi of the link whereas the inertia tensor
equivalence is not guaranteed. Let the frames of the link i
and i+1 and their origins Oi and Oi+1 be chosen according

to the Denavit-Hartenberg notation, we propose to position
the mass m1i along the zi axis at a distance L1i from Oi

and the mass m2i along the zi+1 axis at a distance L2i from
the intersection point between the axis zi+1 and the axis xi.
Therefore, the position of the center of mass Ci and the total
mass Mi are maintained only if:

Ci =
m1i

Mi
r1i +

m2i

Mi
r2i (1)

Mi = m1i +m2i (2)

where r1i and r2i are the position vectors of the two lumped
masses with respect to Oi. By projecting equation 1 in
system i and normalizing equation 2 to Mi we get:{

xCi

yCi

zCi

}
i

= µ1i

{
0
0
L1i

}
i

+µ2i

{
ai

−L2i sinαi

L2i cosαi

}
i

(3)

µ1i + µ2i = 1 (4)

where µ1i = m1i

Mi
and µ2i = m2i

Mi
are the two normalized

lumped masses, ai and αi are two DH parameters (as shown
in Figure 1) and xCi, yCi and zCi are the coordinates of Ci

in the i-th reference frame. From equations 3 and 4 we obtain
the following equations

xCi = µ2i ai
yCi = −µ2i L2i sinαi

zCi = µ1i L1i + µ2i L2i cosαi

µ1i + µ2i = 1

(5)
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Figure 1 DH parameters of the i-th link of a robot
manipulator and lumped masses m1i and m2i
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which give the four unknowns (the position and the value of
each lumped mass):

µ2i =
xCi

ai

µ1i = 1− µ2i

L2i = − yCi

µ2i sinαi

L1i = (zCi − µ2i L2i cosαi)
1

µ1i

(6)

This solution holds true only if ai ̸= 0 and αi ̸= kπ, where
k ∈ Z, i. e. the axes zi and zi+1 are skew axes. Furthermore,
since the parameters ai and αi reach up to an−1and αn−1

as per the DH notation, this solution can be applied up to the
(n−1)-th link. Therefore, the lumped parameters of the n-th
link, which includes the tool, must be calculated in a different
way. For example, in the common case of a manipulator
with a spherical wrist and axisymmetric tool, the first lumped
mass can be positioned in the wrist center, the second at the
tool tip.
Once the four unknowns have been assigned for each link, we
can calculate the forces and moments applied on each link i
of the system composed of the lumped masses:

F 1i = µ1iMi(v̇Oi + ω̇i × r1i + ωi × ωi × r1i) (7)

F 2i = µ2iMi(v̇Oi + ω̇i × r2i + ωi × ωi × r2i) (8)

f i = f i+1 + F 1i + F 2i (9)

ni =ni+1 + (Oi+1 −Oi)× f i+1+

+ r1i × F 1i + r2i × F 2i

(10)

where:

• F 1i and F 2i are the reaction forces applied by the link
i on the lumped masses

• v̇Oi is the linear acceleration of the origin Oi

• ωi and ω̇i are the angular velocity and acceleration of
link i

• f i and ni are the force and the moment exerted on link
i through joint i.

The joint torque τi of the link i can be calculated as follows:

τi = zi · ni (11)

where zi is the unit vector defining the direction of the i-th
joint axis.
Estimating the linear momentum and the kinetic energy of
the robot is important as well. The linear momentum Q of

the system of lumped masses is given by:

Q =

n∑
i=1

[µ1i(vOi+ωi×r1i)+µ2i(vOi+ωi×r2i)]Mi (12)

while the kinetic energy Ek is:

Ek =

n∑
i=1

[
µ1i (vOi + ωi × r1i) · (vOi + ωi × r1i)+

+µ2i (vOi + ωi × r2i) · (vOi + ωi × r2i)
]Mi

2

(13)

This model is approximated, because the inertia equivalence
is not respected. Actually, the two lumped masses of each
link generate an inertia tensor about the COM which is an
approximation of the real inertia tensor. For this reason,
the calculated linear momentum is equal in the full and
simplified model, since it is independent of the inertia tensor,
while the joint torques and the kinetic energy have a degree
of approximation.

2.1 PARTICULAR CASES
When ai = 0 and αi = kπ solution 6 is not valid. In
this section, we address how the lumped parameters of the
simplified model can be calculated in such cases.

2.1.1 Parallel axes
If αi = kπ the zi and zi+1 axes are parallel and the COM of
the lumped masses system belongs to the xizi plane. In this
case, we rewrite the system 5 as follows:

xCi = µ2i ai
yCi = 0
zCi = µ1i L1i + µ2i L2i

µ1i + µ2i = 1

(14)

which gives
µ2i =

xCi

ai

µ1i = 1− µ2i

L1i = (zCi − µ2i L2i)
1

µ1i

(15)

where one of the unknowns L1i and L2i can be freely chosen.
In this particular case, the equivalence in terms of COM is
obtained only if yCi = 0, otherwise the simplified model
introduces an approximation error on the y position of the
COM.

2.1.2 Intersecting axes
If ai = 0 the zi and zi+1 axes intersect each other and the
COM of the lumped masses system belongs to the yizi plane.
In this case, we rewrite the system 5 as follows:

xCi = 0
yCi = −µ2i L2i sinαi

zCi = µ1i L1i + µ2i L2i cosαi

µ1i + µ2i = 1

(16)
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which gives
µ1i = 1− µ2i

L2i = − yCi

µ2i sinαi

L1i = (zCi − µ2i L2i cosαi)
1

µ1i

(17)

where one of the four unknowns can be freely chosen. In this
particular case, the equivalence in terms of COM is obtained
only if xCi = 0, otherwise the simplified model introduces
an approximation error on the x position of the COM.

2.1.3 Coincident axes
If ai = 0 and αi = kπ the zi and zi+1 axes are coincident
axes and the COM of the lumped masses system belongs to
the zi axis. In this case, we rewrite the system 5 as follows:

xCi = 0
yCi = 0
zCi = µ1i L1i + µ2i L2i

µ1i + µ2i = 1

(18)

which gives{
µ1i = 1− µ2i

L1i = (zCi − µ2i L2i)
1

µ1i

(19)

where two of the four unknowns can be freely chosen. In this
particular case, the equivalence in terms of COM is obtained
only if xCi = 0 and yCi = 0, otherwise the simplified model
introduces an approximation error on the x and y position of
the COM.
To summarize, in the cases where ai = 0 or αi = kπ the
position of the COM is not always maintained because the
COM of the lumped masses system belongs to a specific
plane or axis of frame i, while the COM of the actual
link (point Ci) may not. For this reason, in these cases,
the simplified model introduces a further approximation.
However, very often in industrial manipulators, the COM
lies close to such planes/axes, therefore, the degree of
approximation is acceptable. On the other hand, the
possibility of choosing one or two unknowns makes it
possible to simplify the lumped masses system, for example
by making coincident the position of masses that belong to
the same axis.

3 APPLICATION OF LUMPED MASS METHOD

The proposed simplified model substitutes each rigid link of
the robotic manipulator with two lumped masses, so if the
number of links is n then the total number of lumped masses
is 2n. But very often, when considering a real robot, further
simplifications can be made thanks to the particular cases
described above. Some lumped masses can be combined
together by properly choosing their positions along the joint
axes in order to create an even simpler lumped masses model.
In this section, we present the positioning of the lumped
masses of three different robotic manipulators having

industrially used architectures: 6-axis robots with spherical
wrist, 6-axis robots with 3 parallel axes, and 7-axis robots
with spherical shoulder and wrist.

3.1 6-AXIS ROBOT WITH SPHERICAL WIRST
The Adept Viper s650 robotic manipulator is an example
of a 6-axis industrial robot with spherical wrist. In Table
I the DH parameters are presented. The mass Mi and the
position of the COM of each link have been estimated by
means of a CAD software [15]. Links 4-5-6 have been
considered axisymmetric, with the introduction of a further
simplification and a negligible approximation with respect to
the real manipulator. In Table II the total mass Mi of each
link and the values of the four parameters of the lumped mass
model calculated according to the formulas of Section 2 are
presented. Values marked with asterisks in Table II have been
arbitrarily chosen according to the particular cases (Section
2.1), in order to aggregate some lumped masses into a single
point.

link
i

αi−1 (
◦) ai−1 (mm) θi (

◦) di (mm)

1 0 0 q1 335
2 −90 75 q2 − 90 0
3 0 270 q3 0
4 −90 90 q4 295
5 90 0 q5 0
6 −90 0 q6 −80

Table I - DH parameters of the links of the Adept Viper s650

link
i

Mi

(kg)
L1i

(mm)
L2i

(mm)
µ1i () µ2i ()

1 6.59 −87 −15 0.502 0.498
2 5.38 210 −14∗ 0.575 0.425
3 5.01 −14 11 0.498 0.502
4 2.22 −284∗ 0 0.354 0.646
5 0.48 0 200∗ 0.919 0.081
6 0.77 −80∗ 120∗ 0.430 0.570

Table II - Lumped parameters of the links of the Adept
Viper s650

After this operation, the aggregated lumped masses resulted:

m1 = µ11M1 (20)
m2 = µ21M1 (21)
m3 = µ12M2 (22)
m4 = µ22M2 + µ13M3 (23)
m5 = µ23M3 + µ14M4 (24)
m6 = µ24M4 + µ15M5 + µ16M6 (25)
m7 = µ25M5 + µ26M6 (26)
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Figure 2 Adept Viper s650 with the aggregated lumped
masses represented as black spheres

Overall, the simplified model consists of 7 aggregated
lumped masses as shown in Fig. 2, the first of which is steady
(as it belongs to the z1 axis) and the other six are mobile. This
is an important simplification because in this way the inertia
model is now composed of only 7 aggregated lumped masses
instead of 6 masses and 6 inertia tensors.

3.2 6-AXIS ROBOTS WITH 3 PARALLEL AXES
The TechMan TM5-700 robotic manipulator is an example
of a 6-axis robot with 3 parallel axes. Owing to the particular
structure of this robot it was possible to use the equations
of Section 2.1 without making symmetry approximations.
The DH parameters, total mass Mi of each link, and the
values of the four parameters of the lumped mass model
are summarized in Table III and IV. Values marked with
asterisks in the table have been arbitrarily chosen according
to the particular cases in order to aggregate some lumped
masses into a single mass.

link
i

αi−1 (
◦) ai−1 (mm) θi (

◦) di (mm)

1 0 0 q1 145.2
2 −90 0 q2 − 90 0
3 0 329 q3 0
4 0 311.5 q4 − 90 −122.3
5 −90 0 q5 106
6 −90 0 q6 113.15

Table III - DH parameters of the links of the TechMan
TM5-700

link
i

Mi

(kg)
L1i

(mm)
L2i

(mm)
µ1i () µ2i ()

1 3.20 3 −146∗ 0.962 0.038
2 9.14 −146∗ −150 0.500 0.500
3 4.18 −150∗ 106 0.491 0.509
4 1.27 228∗ −4 0.018 0.982
5 1.27 −110∗ −4 0.037 0.963
6 2.31 −117∗ 120∗ 0.500 0.500

Table IV - Lumped parameters of the links of the TechMan
TM5-700

After this operation, the aggregated lumped masses resulted:

m1 = µ11M1 (27)
m2 = µ21M1 + µ12M2 (28)
m3 = µ22M2 + µ13M3 (29)
m4 = µ23M3 + µ14M4 (30)
m5 = µ24M4 + µ15M5 (31)
m6 = µ25M5 + µ16M6 (32)
m7 = µ26M6 (33)

Overall, the simplified model consists again of 7 lumped
masses as shown in Fig. 3.

3.3 7-AXIS ROBOTS WITH SPHERICAL SHOULDER
AND WIRST

The Kuka LBR iiwa 14 R820 is one of the most common 7-
axis robotic manipulators. In Table V the DH parameters are
presented. In Table VI the total mass Mi of each link and the
values of the four parameters of the lumped mass model are
presented. In order to simplify the model as much as possible
with the least number of aggregated masses, the individual

m1
m2

m3

m4
m5

m6m7

Figure 3 TechMan TM5-700 with the aggregated lumped
masses represented as black spheres
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links were considered axisymmetric and the two lumped
masses of every link were located at one of the 4 particular
points: shoulder, elbow, wrist, and gripper. Therefore,
the parameters marked with asterisks are chosen arbitrarily,
while the others are calculated accordingly, following the
pertinent particular case.
The two lumped masses of the first link are steady since they
have to lie along the z1 axis. For this reason, they were
moved to the shoulder (which is steady) to further simplify
the model without affecting the dynamics of the system. For
this reason L11 and L21 are both equal to zero.

link
i

αi−1 (
◦) ai−1 (mm) θi (

◦) di (mm)

1 0 0 q1 358
2 −90 0 q2 0
3 90 0 q3 420
4 90 0 q4 0
5 −90 0 q5 400
6 −90 0 q6 0
7 90 0 q6 126

Table V - DH parameters of the links of the Kuka LBR iiwa
14 R820

link
i

Mi

(kg)
L1i

(mm)
L2i

(mm)
µ1i () µ2i ()

1 5.28 0∗ 0 0.500 0.500
2 5.08 0 420∗ 0.855 0.145
3 4.08 −420∗ 0 0.207 0.793
4 3.52 0 400∗ 0.826 0.174
5 2.18 −400∗ 0 0.345 0.655
6 2.72 0 246∗ 0.932 0.068
7 1.13 −126∗ 120∗ 0.350 0.650

Table VI - Lumped parameters of the links of the Kuka LBR
iiwa 14 R820

After these operations, the aggregated lumped masses
resulted:

m1 = µ11M1 + µ21M1 + µ12M2 + µ13M3 (34)
m2 = µ22M2 + µ23M3 + µ14M4 + µ15M5 (35)
m3 = µ24M4 + µ25M5 + µ16M6 + µ17M7 (36)
m4 = µ26M6 + µ27M7 (37)

Consequently, the actual massive links can be substituted
with only 4 lumped masses: one is located in the shoulder
(as it belongs to the z1 axis), one is located in the elbow, one
in the wrist, and one in the gripper tip as shown in Fig. 4.
It is worth noting that in all three cases, the first aggregate
mass m1 belongs to the z1 axis, and consequently it does not
move. This consideration provides a further simplification to
the model since it is possible to neglect m1 in calculations.

m1

m2

m3

m4

Figure 4 Kuka LBR iiwa 14 R820 with the aggregated
lumped masses represented as black spheres

4 SIMULATION RESULTS

To compare the full dynamic model with the proposed
simplified model, we consider the calculus of joint
torques, linear momentum, and kinetic energy of the robot
manipulators using both models. To evaluate these quantities
in the Adept Viper s650, we utilize a sample trajectory
of 2 seconds (represented in Fig. 5) where each joint
performs a rotation of at least 60 degrees, using a 5-th degree
polynomial time law for each joint. The starting and arrival
pose with angles expressed in the Euler ZYZ convention are
(300,−100, 150, 0, 180, 180) and (0, 500, 600, 30,−30, 90)
respectively.
The results in terms of joint torques are summarized in Fig.
6. We observe that the difference in torques between the two
models is very small for the first three joints, which are the

800
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200

-400

y (mm)

200

400

z
(m

m
)

-200

600

800

0 0

x (mm)

200 -200400
600 -400800

Figure 5 Sample trajectory of Adept Viper s650
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Figure 6 Joint torques of Adept Viper s650 for the sample
trajectory: the red and blue lines are the torques provided by

the full and simplified model, respectively

most relevant in terms of torques and have the largest effect
on positioning precision. For joints 4 and 5, the difference
is larger at some points of the trajectory, but it remains
reasonably small. The torque of joint 6 in the simplified
model remains zero since the corresponding lumped masses
belong to the z6 axes.
In Fig. 7 the linear momentum and kinetic energy of the
two robots are presented. The small difference in linear
momentum values between the two models derives from
some approximations of the COM positions as described

Figure 7 Magnitude of linear momentum and kinetic energy
of Adept Viper s650 given by the two models for the sample
trajectory (full model in red and simplified model in blue)

in Section 2.1. The more noticeable difference in kinetic
energy, which appears at the center of the trajectory, is
primarily attributed to the fact that the inertia tensor of
the simplified model is an approximation of the real inertia
tensor.
Since the lumped element model could give a better or
worse approximation of the dynamics of the actual robot
depending on the selected configuration and trajectory,
specific simulations must be carried out to assess the model’s
accuracy for every application. Therefore, for every robot,
100 simulations of trajectories with random initial and final
configurations within the joint space were performed, and
for each simulation, the normalized root mean square error
(NRMSE) for the torques, linear momentum, and kinetic
energy was calculated. The NRMSE(p)k for a generic
parameter p in the k-th simulation is calculated as follows:

NRMSE(p)k =
RMSE(p)k

∆pk
· 100 =

=

√
1
N

∑N
i=1(pfull,ki − papp,ki)2

∆pk
· 100

(38)

where pfull,ki and papp,ki are the values of the parameter p
in the k-th simulation calculated in the i-th simulation step
by means of the full and approximate model respectively, N
is the total number of simulations steps for every simulation,
while ∆pk represents the difference between the maximum
and minimum values of the parameter pfull,k in the k-th
simulation.
The results dealing with Adept Viper are summarized for
the six torques in Figure 8 and for the linear momentum
and kinetic energy in Figure 9. The NRMSE values for
each simulation are shown with red circles, while the median
values are represented with a blue line. We can observe that
all median NRMSE errors for the first three torques - the
most relevant in quantitative terms - are below 5%, indicating
a good level of accuracy for the model in most cases.
On the other hand, the median NRMSE errors for the linear
momentum and kinetic energy are even smaller.
Similar simulations were performed for the other two
industrial robots: the TechMan TM5-700 and the Kuka LBR
iiwa 14 R820. In Figure 10, the median NRMSE errors of the
linear momentum and kinetic energy for the three robots are
presented. It is evident that the median NRMSE errors are
significantly low, especially for linear momentum, which is
below 1% because the approximated inertia tensor does not
affect linear momentum. The maximum error in the kinetic
energy, which depends on the approximation of the inertia
tensor, is about 3% for the three robots. The median NRMSE
error of linear momentum for the Techman robot is almost
zero, thanks to the specific arrangement of its centers of mass
(COMs), which lie almost perfectly on the planes that are
used to locate the lumped masses in the approximate model.
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Figure 8 NRMSE for the torques of the links of Adept
Viper s650 with the punctual value of the error for each

simulation in red and the median value in blue

For each robot, the two models were run on the same
computer, and the computational time required to calculate
torques, linear momentum, and kinetic energy was recorded.
Then, the mean percentage reduction in computation
time was calculated, showing a consistent reduction of
approximately 8% across all cases.

Figure 9 NRMSE for the linear momentum and kinetic
energy of Adept Viper s650 with the punctual value of the

error for each simulation in red and the median value in blue

Figure 10 Median NRMSE errors for linear momentum (on
the left) and kinetic energy (on the right) of the three robots

5 CONCLUSION

This paper presented a simplified method for the dynamic
simulation of robotic manipulators, offering an alternative to
the traditional full model approach. Unlike the conventional
model, which requires the knowledge of all inertia
parameters (such as masses, centers of mass, and inertia
tensors of the links), the proposed simplified method makes
it possible to obtain an approximated solution to the dynamic
problem without the knowledge of the inertia tensors. This
leads to a reduction in computational complexity, but also
makes it possible to perform dynamic modeling in scenarios
where inertia tensors may be unknown. Simulation results
confirm the applicability of the simplified model to industrial
manipulators and to service manipulators used for personal
care. In particular, the good approximation in the calculation
of linear momentum and kinetic energy paves the way for
their use in the safety assessment of collaborative robotics
applications. Future research will deal with the comparison
between measured impact forces and numerical impact
forces predicted by means of the model.
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