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Quantum Key Distribution (QKD) promises to revolutionize the field of security in communication, with ap-
plications ranging from state secrets to personal data, making it a key resource in the ongoing battle against
cyber threats. Reference-Frame-Independent (RFI) QKD aims to simplify QKD implementations by allowing us
to reduce the requirements of alignment on a shared reference frame. This is done by performing two mutually
unbiased measurements on the control states. In this work, we present a practical realization of a fully passive
receiver for time-bin-encoded RFI-QKD. Our proposed system employs a recently introduced Quantum Detector
Self-Characterization technique to characterize the experimental defects of the physical implementation without
executing tomographic studies on the detection stage. In fact, the security analysis carried out in this work uses
experimentally retrieved Positive Operator Valued Measurements, which consider our receiver’s defects, substitut-
ing the ideal expected operators and thus increasing the overall level of secrecy. Instead, the conversion of time-bin
to polarization is employed to perform the required quantum measurement in a completely passive manner. Lastly,
we conducted a proof-of-principle experiment that validated the feasibility of our method and its compliance with
QKD applications.
© 2025 Optica Publishing Group under the terms of the Optica Open Access Publishing Agreement.
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1. INTRODUCTION
Quantum Key Distribution (QKD) is a cutting-edge technique
that is transforming cryptography and cybersecurity in mod-
ern communication systems. It is a method that utilizes the
fundamental postulates of quantum mechanics to generate and
distribute cryptographic keys between two parties [1]. This inno-
vative approach ensures an unparalleled level of unconditional
security, which is crucial nowadays where the potential com-
putational ability offered by quantum computers continues to
increase [2–4]. The essence of QKD lies in its unique abil-
ity to detect any form of eavesdropping, since any attempt to
measure a quantum system invariably disturbs the system itself.
As a result, keys are generated only when the information ob-
tained by the eavesdropper is bounded below a threshold level
that ensures that privacy amplification between legitimate users
is possible, therefore guaranteeing the integrity of subsequent
communications [5].

The choice of the most suitable encoding strategy is strongly
impacted by the nature of the quantum channel along which the
key is exchanged [6]. Polarization encoding is very effective

for its reliability and minimal error rate [7], making it well
suited for free-space links. Moreover, polarization encoding
is also very suited for deployed fibers [8,9] by using active
polarization compensation. However, there are situations,
such as aerial fiber links usually integrated in sub-urban
environments, in which the fiber is subjected to a harsh envi-
ronment, where strong thermal and mechanical stresses may
be present. Exposure to severe external conditions causes the
state of polarization (SOP) of light passing through the fiber
to dramatically fluctuate over time, worsening communication
performance [10] and requiring complex polarization tracking
methods to compensate [11]. Furthermore, strong dispersion
phenomena such as Polarization Mode Dispersion (PMD) are
additional detrimental factors when the encryption strategy is
polarization-based. On the other hand, time-bin (TB) encoding
[12] is resistant to birefringence and PMD, making it an
interesting solution for optical fiber networks, in particular in
challenging environments.

Despite the robustness against dispersive phenomena
shown by TB encoding, protocols based on this technology
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demand precise control in the stabilization of the interferometric
measurements performed both on the transmitter and receiver
sides [13–15]. A suboptimal realization may result in the
degradation of the final quantum bit error rate (QBER), which
impacts the overall efficiency of the cryptographic procedure.
To this end, interest has recently been shown in the family of
Reference-Frame-Independent (RFI) protocols [16], in which
the requirement over the relative phase between the transmitter
and receiver measurement bases can be dropped [17–22].
As a matter of fact, this alternative allows us to assume a
(slow enough) phase drift between the sender and the receiver
reference frames, reducing the complexity of the overall system
since no active reference-frame calibration is needed. In this
solution, three (or even two [18]) mutually unbiased bases
are required, in which at least one is used to monitor the
eavesdropper (Eve)’s information collected during the key
exchange and one basis is necessary to generate and distribute
the final raw key. The only requirement imposed by this strategy
is to have a stable and well-aligned key generation basis. This
is the case of the TB encoding, since photons’ time-of-arrival
(TOA) is naturally stable and independent of phase drifts of the
transmitter or receiver interferometers. By mapping the early
|E⟩ and late |L⟩ TOAs to the computational basis states |0⟩ and
|1⟩, the choice of this stable basis falls on Z (𝜎̂𝑍 according
to Pauli’s notation), while the others, depending on the phase
component, fluctuate in time, resulting in a quantum state that
spans the equatorial X –Y (𝜎̂𝑋 – 𝜎̂𝑌) plane of the Bloch sphere.
Therefore, this protocol uses the Z basis to generate the key,
while the other two bases are exploited to estimate the leakage
of information towards an eavesdropper and used in the key rate
evaluation.

Up to now, all prepare-and-measure time-bin-encoded RFI-
QKD demonstrators have relied on active receivers where the
decoding interferometer is equipped with a fast phase modu-
lator that randomly imposes a 0 or 𝜋/2 phase shift [18–21].
This active approach is required to guarantee the measurement
in two mutually unbiased bases that lay on the equatorial plane
of the Bloch sphere. Although this approach is valid and se-
cure, it comes with several implementation drawbacks. First, it
necessitates real-time synchronization between the transmitter
and receiver with stringent requirements on frequency drifts and
jitters. This is because the random phase shift at the receiver
should be well-centered on the incoming optical signal to ensure
an effective modulation and prevent crosstalk between adjacent
qubits. Second, to ensure maximum protocol security, the ran-
dom modulation should be determined by the output of a secure
entropy source such as a Quantum Random Number Genera-
tor (QRNG) [23–25]. This adds additional costs to the receiver
and substantially increases the architectural complexity of the
system. In fact, this requires the development of custom high-
speed electronics that connect to the QRNG, handle its bit stream
to select the basis, save the selection in memory for the sifting
and post-processing stages of the QKD protocol, and ultimately
produce the synchronized electrical signals needed to create the
phase shift in the receiver’s interferometer [26]. Another dis-
advantage of this active method is the insertion loss caused by
the fast phase modulator. These modulators are typically made
using Lithium Niobate crystals, which inherently have around
3�dB loss.

To overcome these drawbacks, here we introduce a novel re-
ceiver design for time-bin-encoded RFI-QKD that implements

the required measurements prescribed by the protocol in a fully
passive manner. This is achieved by employing the time-bin
to polarization conversion introduced by our research group
in [27]. This cross-encoding allows us to exploit the robustness
and stability of polarization optics to passively implement the
two mutually unbiased bases. To the best of our knowledge,
this is the first proposal for a fully passive decoder for prepare-
and-measure time-bin-encoded RFI-QKD and can represent a
substantial increase in technological maturity for RFI-QKD
since it considerably reduces implementation and deployment
complexity.

A further innovation presented in this work is the use of
a realistic description of the measurement apparatus for the
security analysis of the RFI-QKD protocol. This description
of the utilized receiver was possible employing the Positive-
Operator-Valued-Measurements (POVMs) formalism that can
take into account detrimental factors and defects of the real phys-
ical apparatus. Some examples of these defects are misaligned
waveplates, non-ideal Beam Splitters (BS) and Polarizing Beam
Splitters (PBS), non-zero surface reflections, lossy fiber cou-
plings, and non-uniform single-photon detection efficiencies,
to name but a few. In order to overcome idealized device de-
scriptions and adopt a realistic POVM approach, we devel-
oped a method that relies on the innovative Quantum Detector
Self-Characterization (QDSC) technique introduced by Zhang
et al. [28]. With this procedure, it is possible to gain a complete
description of the setup, including the inevitable defects typi-
cal of real apparatuses, without the requirement of performing
a complete tomographic study on the detection stage. With the
resulting POVMs, the security analysis carried out in this work
utilizes a realistic description of the receiver and allows us to
substitute the ideal operators conventionally used in these types
of analysis. This, therefore, increases the overall level of secrecy
since no assumptions are made about the receiver features, ex-
cept its ability to measure 2-dimensional objects, i.e., qubits. As
far as we are aware, this work represents the first use of QDSC
for the evaluation of the security of a QKD protocol, which can
lead to more robust security analysis and even higher security
levels for quantum cryptography.

In the following sections, we will describe the hardware and
the methods behind our passive and self-characterizing cross-
encoded receiver for RFI-QKD, followed by a proof-of-concept
experimental implementation.

2. METHODS
We will first begin with a hardware description of the cross-
encoded receiver for the RFI-QKD. Then we will describe the
QSDC approach to obtain POVMs that provide a realistic depic-
tion of the receiver. Lastly, we will describe the security analysis
of the RFI-QKD protocol, where ideal detector descriptions are
replaced with the realistic POVMs previously obtained.

2.1. Measurement Apparatus Description
The key object here is the time-bin to polarization converter
(shown in Fig. 1), whose aim is to directly map the information
encoded in the TOA of the photons into their polarization degree
of freedom. This conversion is ensured by an Unbalanced-
Mach-Zender-Interferometer (UMZI) which begins with a Po-
larization Maintaining (PM) Fast-Axis-Blocking (FAB) BS that
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randomly routes the incoming photons in the short or long paths.
The photons then recombine in a PM PBS such that the UMZI
outputs horizontal or vertical SOPs depending on the arm trav-
eled by the light (the short arm is mapped to fast-axis of the
output fiber whereas the long arm is mapped to the slow-axis
of the output fiber). The result of the combination of Bob’s
UMZI with the Alice TB encoding temporally distributes the
light in the three-peak configuration, typical of TB realizations,
although each peak has its own distinct polarization. In fact,
the relation between the time-bin encoding and the polarization
encoding follows the mapping:

𝛼|E⟩ + 𝛽|L⟩
⇓

1
√2

(𝛼|EE⟩ ⊗ |𝐻⟩ + 𝑒𝑖𝜙B𝛼|EL⟩ ⊗ |𝑉⟩ + 𝛽|LE⟩ ⊗ |𝐻⟩

+𝑒𝑖𝜙B𝛽|LL⟩ ⊗ |𝑉⟩),

(1)

where 𝜙B is the intrinsic phase of Bob’s UMZI. In particular,
when Alice sends |+⟩ = (|E⟩ + |L⟩)/√2, the output state is

|Ψ+⟩ =1
2(|EE⟩ ⊗ |𝑉⟩ + 𝑒𝑖𝜙B |EL⟩ ⊗ |𝐻⟩ + |LE⟩ ⊗ |𝑉⟩

+ 𝑒𝑖𝜙B |LL⟩ ⊗ |𝐻⟩). (2)

Since the UMZI is FAB, a polarization controller should be
placed in front of it. This component optimizes the total de-
tection rate in real-time using an optimization algorithm and
Bob’s raw local data, without requiring qubit decoding, post-
processing, or communication with the transmitter. While this
element does not participate in the measurement process, it
counteracts polarization-induced fluctuations in detection rates.
Alternatively, a real-time selection protocol [29] could enable
operations without active polarization compensation by select-
ing high-transmissivity intervals, though at the cost of reduced
system performance.

It is important to note that the lateral peaks |EE⟩ and |LL⟩ cor-
respond to light traveling along the short or long arms of both
transmitter and receiver’s UMZI, therefore they correspond to
a measurement in the Z basis and are used to generate the se-
cret key. Given that 50% of the light falls in these lateral peaks,
this corresponds to a probability of 𝑝 = 1/2 for measuring in
the Z basis (the basis used for the key generation). However,
only the central peak contains the superposition between the in-
distinguishable early-late |EL⟩ and late-early |LE⟩ components,
and the relative phase information between them is encoded in
the polarization state |Ψ𝑐⟩ = (|𝐻⟩ + 𝑒–𝑖𝜙𝐵 |𝑉⟩)/√2 of the light,
which lies on the equatorial plane of the Bloch Sphere defined
by the X= {|𝐷⟩ = (|𝐻⟩ + |𝑉⟩)/√2, |𝐴⟩ = (|𝐻⟩ – |𝑉⟩)/√2} and Y=
{|𝐿⟩ = (|𝐻⟩ + 𝑖|𝑉⟩)/√2, |𝑅⟩ = (|𝐻⟩ – 𝑖|𝑉⟩)/√2} bases. The cen-
tral peak is therefore exploited to implement the phase error
determination.

Since the proposed protocol fulfills the RFI hypothesis of
having the key generation basis in a stable reference frame for
both Alice and Bob, whereas the control states slowly drift
in a confined qubit subspace, it is legit to assume that this
phase error estimation can be performed by measuring the re-
ceived control states in the equatorial plane of the Bloch sphere.
The scheme of the passive receiver built to carry out this step
is depicted in Fig. 1. The polarization decoder is based on a

standard and well-validated design which is often exploited
for polarization-encoded BB84 experiments such as those in
[30,31].

Here, further considerations can be made. At the entrance of
the polarization receiver, the photon has the same probability
( 1

2 ) to be transmitted or reflected during the passage across the
BS. This represents the purely random selection performed by
Bob in the choice of which basis to use for the detection of Eve
presence in the channel. Depending on which BS output the pho-
ton exits from, its SOP is rotated by properly tuned HWP and
QWP in order to implement the projective measurements on X
and Y. At this point, the interaction with the respective PBS
routes the photon toward the proper detector arm, and here its
time of arrival is registered by a TDC.

2.2. POVM Determination via QDSC
In Quantum Mechanics, the measurement procedure inher-
ently prevents the complete characterization of a quantum state
through tomographic reconstruction without the availability of
precisely calibrated probe states. Furthermore, calibrating the
probe states source depends on the precision of the measure-
ment apparatus used in the calibration, creating a circular para-
dox. To address this issue, self-characterizing methods, such as
the QDSC introduced by Zhang et al. [28], can be employed.
Here, we specialize that method for the POVM determination
of a cross-encoded receiver for time-bin encoding prepare-and-
measure RFI-QKD.

The core idea behind QDSC is to characterize general un-
known quantum measurements with 𝑑 outcomes {Π𝑎} (𝑎 =
0, ⋯ , 𝑑 – 1) exploiting solely the detector outcomes of the device
itself from random and uncharacterized input states, in order
to retrieve the accessible region of outcomes at the disposal of
the measurement device, named response range and described
formally as follows:

WΠ ∶= {[Tr(𝜌Π0), … , Tr(𝜌Π𝑛–1)]|𝜌 ≥ 0, Tr(𝜌) = 1}. (3)

As noted by Dall’Arno et al. [32], in the case of qubits, the re-
sponse range WΠ corresponds to a hyper-ellipsoid lying in a
d-dimensional space. Indeed a generic response vector p ∈R𝑑

with components 𝑝𝑎 = Tr[Π𝑎𝜌] lies within an hyper-ellipsoid
determined by the matrix 𝑄 and centered in t satisfying the
following equations:

(p – t)𝑇𝑄+(p – t) ≤ 1
(1 – 𝑄+𝑄)(p – t) = 0,

(4)

where 𝑄+ is the Moore-Penrose pseudoinverse of the square ma-
trix 𝑄. The matrix 𝑄 and vector t are connected to the POVMs
Π𝑎 via the definitions

⎧{
⎨{⎩

𝑄𝑎𝑏 = 1
2 Tr(Π𝑎Π𝑏) – 1

4 Tr(Π𝑎)Tr(Π𝑏)
𝑡𝑎 = 1

2 Tr(Π𝑎).
(5)

The matrix 𝑄 quantifies the overlap between POVMs
elements, whereas t represents the weight vector of POVMs.
The explicit derivation of these relations can be found in
Appendix A.

The complexity of the problem is thus reduced to the
determination of the hyper-ellipsoidal response range WΠ, with
a corresponding boundary set B, that best fits the statistics of
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Fig. 1. Schematic representation of the built receiver (Bob), composed of the time-bin to polarization converter, the polarization receiver,
and the time-of-arrival detection stage. BS, Beam Splitter; HWP, Half Wave Plate; PBS, Polarizing BS; QWP, Quarter Wave Plate; SPD,
Single Photon Detector; TDC, Time-to-Digital Converter. Light arriving with TB encoding along the quantum channel is distributed into
two-peaks, enters the FAB-BS and is split whether in the long or short path. The two recombine at the PBS forming the typical three-peaks
pulse before being injected into the polarization receiver. The HWPs and QWPs at the outputs of the free-space BS are set such that the
polarization receiver performs measurements in the X (Y) basis after being reflected (transmitted).

the measurement outcomes {p(𝑛)}. This can be mapped to an
optimization problem, according to the following:

minimize
𝑄,t

∶ ∑
𝑛∈B

[1 – (p(𝑛) – t)𝑇𝑄+(p(𝑛) – t)]
2

subject to ∶
⎧{
⎨{⎩

𝑡2𝑎 – 𝑄𝑎𝑎 ≥ 0, 𝑄𝑎𝑏 = 𝑄𝑏𝑎, ∀𝑎, 𝑏
1 – ∑𝑎 𝑡𝑎 = ∑𝑎 𝑄𝑎𝑏 = 0

(6)

where the constraints guarantee the requirements for physical
POVMs.

From the estimation of the response range, it is then possible
to retrieve the nature of the POVMs involved in the measure-
ment process by inverting Eq. (5). It is important to note that
this procedure is based on the following assumptions: (i) the di-
mension of the transmitted state is 𝑑 = 2 (qubits), and (ii) the
probe states adequately sample the boundary of the response
rangeWΠ. Furthermore, the procedure identifies the POVMs up
to the equivalence class of unitary operations and relabeling of
outcomes.

Our experimental procedure starts with the collection of sin-
gle counts at the output of the passive receiver. The data col-
lected from a TDC consist of four sets of counts rates, associated
with the receiver outputs and TOAs, that change in time as the
interferometric phase drifts due to environmental conditions.

Each counts rate detected from a specific receiver channel can
be normalized with respect to all four counts rates registered in
the same TOA (here we only use the central peak), thus obtain-
ing the experimental frequencies that are normalized according
to ∑𝑎 𝑝(𝑛)

𝑎 = 1 for each 𝑛. These are formally equivalent to the
probabilities of detecting a specific polarization in each of the
receiver outputs. Assuming a 4-outcome measurement process
probed with N random quantum states, the collected statistics

can be described as

⎛⎜⎜⎜⎜⎜⎜⎜
⎝

𝑝(1)
1 𝑝(2)

1 … 𝑝(𝑁)
1

𝑝(1)
2 𝑝(2)

2 … 𝑝(𝑁)
2

𝑝(1)
3 𝑝(2)

3 … 𝑝(𝑁)
3

𝑝(1)
4 𝑝(2)

4 … 𝑝(𝑁)
4

⎞⎟⎟⎟⎟⎟⎟⎟
⎠

, (7)

where each element of the matrix is formally described by
Born’s rule according to

𝑝(𝑛)
𝑎 = Tr(𝜌(𝑛)Π𝑎). (8)

Here, {𝜌(𝑛)} represents a quantum state in the density matrix
representation and {Π𝑎} is the ath POVM, with 𝑎 = {𝐿, 𝑅, 𝐷, 𝐴}.
In particular, in our experiment 𝜌(𝑛) is randomly distributed
over the equatorial plane of the Bloch sphere due to the phase
drift induced by thermal and mechanical stresses from the
environment.

According to the analysis proposed by Zhang et al. [28],
thanks to the linear dependencies of the measurement operators,
the dimension of both the collected statistics 𝑃 and the response
range WΠ can be reduced to a 3-dimensional space. However,
since our protocol exploits only two control bases, the dimension
can be further reduced to 2, thus lowering the complexity of the
considered problem. This dimension reduction process is per-
formed using a Principal Component Analysis (PCA) [33] and
is further described in Appendix A. The outcome of this process
leads to the reduced matrix ̃𝐴3×𝑚 whose each column element
can be interpreted as the spatial representation of the collected
states in the reduced probability space. It is, however, important
to notice that in our case the elements of the third row are all ap-
proximately zero, confirming that all data lie in a 2-dimensional
subspace.

Given that the response range WΠ is a convex set, and there-
fore each inner point can be obtained by means of a linear
combination of the external boundary coordinates, we are only
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interested in the boundary data of the whole collection in or-
der to describe it. This is obtained by means of a Convex-Hull
Boundary filtering. With these filtered data, it is then possible to
perform a direct ellipse fit, which can be mapped to the optimiza-
tion problem stated in Eq. (6), therefore obtaining the matrix 𝑄
and the vector t that characterize the POVM elements.

2.3. Security Analysis
Once the physical POVMs have been derived experimentally, the
RFI procedure of the protocol can be carried out. The final goal
in the implementation of a QKD realization is to guarantee a
sufficient secret key rate in order to allow two users to exchange
enough cryptographic material for their private communication.
We describe the security of the protocol by using an equiva-
lent entanglement-based model where Alice and Bob share an
entangled state. Each entangled pair shared between Alice and
Bob is represented by a two-qubit state 𝜌𝐴𝐵, with Eve holding
its purification, 𝜌𝐸 = 𝑇𝑟𝐴𝐵(𝜌𝐴𝐵𝐸), where 𝜌𝐴𝐵𝐸 is the density
matrix shared among all three parties. After transmission, Alice
and Bob independently perform measurements to determine the
received state. Alice applies projective measurements, whereas
Bob implements the experimentally derived physical POVMs.
Assuming finite-dimensional systems, this procedure ensures
the RFI QKD protocol’s security against arbitrary collective
attacks [34].

The generic description of the secret key rate fraction, usu-
ally expressing the amount of secure information that can be
extracted from a specific protocol, considering any possible
strategy attack adopted by Eve and considering the exchange of
true single photons, is formally outlined by

𝑅 = 1 – ℎ (𝑒ẐẐ) – 𝐼𝐸. (9)

Here, the term 𝐼𝐸 estimates the information acquired by Eve
during the exchange of the raw key. In the assumption of main-
taining the QBER under the upper bound 𝑒ẐẐ ≤ 15.9% [18],
this leakage of secrecy can be computed as

𝐼𝐸 = (1 – 𝑒ẐẐ) ⋅ ℎ2 (1 + 𝜇
2 ) + 𝑒ẐẐ ⋅ ℎ2 (1 + 𝜈(𝜇)

2 ) (10)

in which ℎ(𝑥) denotes the binary Shannon entropy

ℎ2(𝑥) = –𝑥 log2[𝑥] – (1 – 𝑥)log2[1 – 𝑥] (11)

and the parameters 𝜇 and 𝜈 are expressed as

𝜇 = min ⎡⎢
⎣

√𝐶/2
1 – 𝑒ẐẐ

, 1⎤⎥
⎦

, 𝜈 =
√𝐶/2 – (1 – 𝑒Ẑ ̂Z)2 𝜇2

𝑒ẐẐ
. (12)

The correlation parameter C, according to the study proposed
in the last years [17,18,35], is the most useful parameter that
evaluates the level of security in an RFI protocol. It is a measure
of the correlation between the information possessed by Alice
and Bob, inversely proportional to the information gathered by
Eve, and it is described as

𝐶 = ⟨X̂𝐴X̂𝐵⟩2 + ⟨X̂𝐴Ŷ𝐵⟩2 + ⟨Ŷ𝐴X̂𝐵⟩2 + ⟨Ŷ𝐴Ŷ𝐵⟩2, (13)

where the notation assumes {X̂, Ŷ, Ẑ} ≡ {𝜎̂𝑋, 𝜎̂𝑌, 𝜎̂𝑍}. Further-
more, the final QBER can be evaluated as

QBER = 𝑒ẐẐ = 1 – ⟨Ẑ𝐴Ẑ𝐵⟩
2 . (14)

The only two conditions imposed here are to have a well-defined
direction that is ̂Z𝐴 = Ẑ𝐵 and to have the other two directions to
slowly vary in time, according to the following:

X̂𝐵 = cos(𝛽)X̂𝐴 + sin(𝛽)Ŷ𝐴

Ŷ𝐵 = cos(𝛽)Ŷ𝐴 – sin(𝛽)X̂𝐴.
(15)

Theoretically, the maximum value achievable in Eq. (13) is
𝐶 = 2, under the condition of utilizing two maximally entan-
gled states in the description of the two quantum states pos-
sessed by Alice and Bob after the distribution of a single bit of
information. In this case, the parameter 𝑒ẐẐ is found to be zero.

Finally, the target of this RFI-QKD protocol is to estimate a
lower bound on the 𝐶 parameter compatible with the experimen-
tal observations. In our implementation, Alice only sends three
states, i.e. |0⟩, |1⟩ and |+⟩. Following the argument proposed in
[18], the value of 𝐶 cannot be explicitly evaluated, but it should
be obtained by a Semi-Definite Programming (SDP) minimiza-
tion problem in the equivalent entanglement-based version of
the protocol, which can be dealt by imposing the following:

minimize
𝜌̂𝐴𝐵

: 𝐶

subject to :

⎧{{{
⎨{{{⎩

Tr( ̂𝐸ẐẐ ̂𝜌𝐴𝐵) = 𝑒ẐẐ
Tr(𝑃̂𝐴

+ ⊗ Π̂𝐵
𝑎 ̂𝜌𝐴𝐵) = 𝑝+,𝑎

Tr( ̂𝜌𝐴𝐵) = 1
̂𝜌𝐴𝐵 ≥ 0

. (16)

Here, the notations ̂𝐸ẐẐ = (1 – ̂Z𝐴 ̂Z𝐵)/2 and 𝑃̂𝐴
+ = |+⟩⟨+| in-

dicate, respectively, the error operator in the Z basis and the
projective measurement on the qubit state |+⟩. The symbol Π̂𝐵

𝑎
represents each POVM reconstructed experimentally applying
QDSC. The use of this realistic representation of the receiver
apparatus represents our main contribution to the RFI-QKD
security analysis. Finally, the term 𝑝+,𝑎 stands for the experi-
mental frequency that Bob measures with the POVM element
Π𝑎 given that Alice has sent the state |+⟩. As a matter of fact,
the natural phase drift experienced by both Alice’s (if present)
and Bob’s UMZI is the direct result of thermal and mechanical
stresses experienced from the surrounding environment. There-
fore, the quantum state |+⟩ sent by Alice will lead to different
𝑝+,𝑎 distributions over time.

Finally, a last comment must be made regarding the finite-
key analysis performed in this research. According to [36], the
generation of non-asymptotic keys by means of an RFI proto-
col imposes to assume a statistical deviation with respect to the
infinite-key version of an amount of

𝛿(𝑘) = √ ln(1/𝜖) + 2 ln(𝑘 + 1)
2𝑘 , (17)

where 𝑘 indicates the number of photons used in each run of the
minimization in Eq. (16), and 𝜖 represents the security param-
eter, here assumed to be 10–5. This conservative term has been
used to compute the upper and lower bounds in the minimiza-
tion problem, replacing the equality sign “=” with “≤” and “≥,”
according to the following logic:

𝑥 = 𝑦 ⟶
⎧{
⎨{⎩

𝑥 ≥ 𝑦 – 𝛿(𝑘)
𝑥 ≤ 𝑦 + 𝛿(𝑘)

,

where 𝑥 and 𝑦 represent two expressions of a generic equation.
The presented optimization problem can be solved by ex-

ploiting the MATLAB package CVX, designed to perform convex
optimization operations [37,38].
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3. RESULTS
Since this work mainly concentrates on the innovative receiver
design of time-bin-encoded RFI-QKD, a simple and passive
transmitter was implemented for the proof-of-principle demon-
stration of our proposal, which can be seen in Fig. 2. The single
photons exchanged from Alice to Bob were generated inside a
three-stages transmitter, consisting of a pulsed laser source and a
polarization to time-bin converter. We exploited a MiraTM HP-P
Ti:Sapphire Laser in mode-locking configuration to gener-
ate optical pulses at 775�nm with a repetition rate of 76�MHz,
gathering in a single mode fiber about 1�mW of pulsed coher-
ent light. This light was then used to pump a type-II periodically
poled potassium titanyl phosphate (ppKTP) crystal that gen-
erated two photons at 1550�nm with crossed polarization via
Spontaneous Parametric Down-Conversion (SPDC), with an
emission probability of around 10%. The vertically polarized
photons are directly measured by the heralding single photon
detector (H-SPD) and used as herald, while the horizontally
polarized photons are employed for the QKD protocol. This her-
alded SPDC light source does not require the implementation
of the decoy state method [39,40]. At this point, single photons
with horizontal polarization cross a 45∘ tilted HWP before be-
ing injected into the encoding converter. This is realized with an
UMZI, where the input element is constituted by a free-space
PBS, which assigns two paths of different lengths (path differ-
ence of 2.5�ns) to the horizontal and vertical components of the
input photons, which then recombine in a fiber FAB-BS before
being launched into the Quantum Channel (QC). The FAB-BS
erases all polarization information, ensuring a single polariza-
tion state at the output. Furthermore, one of the two branches of
the UMZI has a tunable free-space delay line, represented by a
Motorized Stage on which a free-space coupler is mounted. This
system allows us to finely adjust the temporal delay of transmit-
ted photons, hence maximizing the interference of the received
photons with Bob’s UMZI. The output state of this stage is
described by

|Ψ𝑜𝑢𝑡⟩ = 1
√2

(|E⟩ + 𝑒𝑖𝜙𝐴 |L⟩) (18)

where 𝜙𝐴 is a randomly fluctuating phase imparted by the en-
coding UMZI. The insertion loss of the transmitter is around
5�dB mainly due to the FAB-BS at the closure of the UMZI and
non-optimal couplings into single-mode fibers.

The QC in this experiment was represented by a 50-km spool
of standard single-mode optical fiber (with losses of approx-
imately 0.22�dB/km, resulting in a total loss of about 11�dB)
connected with a polarization controller (PC), necessary to max-
imize the total counts rate. This procedure is required by our
polarization-sensitive receiver apparatus, and it is a fairly com-
mon situation for TB receivers observed in several experimental
demonstrations [18–21,27,41–43].

As already mentioned in Section 2.1, light passing through
the QC is then collected by the receiver UMZI to be con-
verted in polarization encoding and then measured in the proper
detector. For this purpose, we exploited four Superconduct-
ing Nano-wire Single Photon Detectors (SNSPDs), developed
by ID Quantique. This device is integrated in an automated
closed-cycle 0.8�K cryostat, capable of guaranteeing at least
80% efficiency (at 𝜆 = 1550 nm). The main features are a timing
jitter at most 50 ps, a dark count rate smaller than 100 per sec-
ond, and a recovery time not exceeding 80�ns. The conversion
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Fig. 2. Schematic description of the transmitter, composed of
three different stages, namely a Pulsed Source, the Heralded SPDC,
and the Polarization to Time-Bin conversion.

from an analog time of arrival to a digital datum is accom-
plished by a quTAG time-to-digital-converter (TDC), powered
by qutools. The insertion loss of the receiver was measured at
around 4�dB, including detector efficiency. Synchronization be-
tween the transmitter and the receiver was achieved following
the algorithm introduced in [44].

An average of about 120k counts per second of detection is
measured on all four channels and all TOAs. This therefore cor-
responds to 60k counts per second in the central peak, which is
useful for the security assessment of the QKD protocol. Consid-
ering the experimental data, a typical TB signal that is collected
at the receiver side is depicted in Fig. 3. From each histogram,
obtained from 2 seconds of integration, and for each receiver
output, we derived the total counts belonging to each TOA by
choosing a temporal window of 150�ps. It is interesting to note
that the 2�seconds selected for Fig. 3 depicts the output statis-
tics of a state close to the |𝐷⟩ polarization. In fact, the diagonal
(anti-diagonal) output port show constructive (destructive) inter-
ference, whereas the circular outputs are well balanced. It should
be noted that spurious peaks observed in the histograms are due
to optical reflections in the receiver and can be, however, eas-
ily filtered since the TOA is sufficiently different from the |EE⟩,
|LL⟩ and central time bins.

In the following subsections, we will present the experimental
results obtained following the analysis procedures described in
the previous sections. This allowed us to determine the exper-
imental POVMs associated with the receiver measurement and
subsequently calculate the associated security parameter and
secure key rate fraction of our proof-of-principle experiment.

3.1. Experimental POVM Determination
By exploiting the natural drift of the encoder’s output state and
following the procedure introduced in Section 2.2, we retrieved
the response range of the implemented measurement apparatus.
Considering our specific case of four measurements correspond-
ing to two MUBs, the reduced probability space obtained after
PCA consists of a plane, resulting in an elliptically shaped
response range, as shown in Fig. 4. From these selected bound-
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Fig. 3. The histograms corresponding to the counts collected at
the four receiver outputs, together with the 150-ps time window (red
dashed vertical lines) associated with the central peak. Each his-
togram is obtained from 2�seconds of integration.

Fig. 4. Response range of the characterized receiver. The experi-
mental data are represented by the blue points (small circles on the
line), while the orange (black) line describes the elliptical fit. The
oblong shape of the reconstructed probability space is the direct
consequence of a mismatch in the coupling and detection efficien-
cies of the four output ports of the receiver.

ary points, we then performed an elliptical fit, allowing us to
calculate the POVM elements associated with our measure-
ment apparatus by inverting Eq. (5). The retrieved experimen-
tal POVMs are shown in Fig. 5 whereas further experimental
details are presented in Appendix B.

Fig. 5. Graphic representation of the retrieved POVMs with their
real part (left column) and imaginary part (right column).

It is interesting to compare the recovered POVMs with the
idealized measurements

{(|𝐷⟩⟨𝐷|)/2, (|𝐴⟩⟨𝐴|)/2, (|𝐿⟩⟨𝐿|)/2, (|𝑅⟩⟨𝑅|)/2},

where the factor 1/2 comes from the ideal 50 ∶ 50 beam splitter
at the beginning of the measurement apparatus.

To perform this comparison, we calculate the fidelity F
according to the following formula:

F(Πid
𝑖 , Πexp

𝑖 ) =
Tr ⎛⎜

⎝
√√Πid

𝑖 Πexp
𝑖 √Πid

𝑖
⎞⎟
⎠

2

Tr(Πid
𝑖 )Tr(Πexp

𝑖 )
, (19)

where Πid
𝑖 is the idealized measurement and Πexp

𝑖 is the exper-
imentally retrieved POVM. In Table 1, we report the calculated
fidelities, where a noticeable difference between real and ideal-
ized measurements can be observed. The main reason for this
difference can be attributed to non-homogeneous optical losses
between the optical branches in the receiver apparatus, different
quantum efficiencies of the detectors, and small defects in the
polarization optics.
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Table 1. Fidelity between the Ideal and Experimental
POVMs Computed according to Eq. (19)

Elements Fidelity

F(Πid
𝐿 , Πexp

𝐿 ) 0.979
F(Πid

𝑅 , Πexp
𝑅 ) 0.948

F(Πid
𝐷, Πexp

𝐷 ) 0.971
F(Πid

𝐴 , Πexp
𝐴 ) 0.942

3.2. Proof-of-Principle RFI-QKD Experiment
A data acquisition of 1�hour was performed for the Proof-of-
Principle RFI-QKD experiment.

The collected counts are pictured in Fig. 6, where one can see
the evolution in the entire experiment together with four details
of 30�seconds of the experimental run, which can better clarify
the good level of anti-correlation between the states belonging
to the same basis and the mutual uncorrelation between the se-
lected measurement bases. Measurement apparatus defects are
mainly noticeable in the maximum excursion of each channel,
caused by the different loss factors for each output branch. In
particular, the beam splitter used to randomly choose between
measurements in the X or Y bases exhibited a 55:45 split ratio,
and the Π𝐿 detector had a 30% lower coupling and detection
efficiency compared to the others. However, this condition is
not detrimental for the final results, but, on the contrary, proves
the feasibility of this strategy with realistic non-ideal devices.
Regarding the choice of the integration time interval, we tested
different integration windows and the one that gave the slightly
best result was of 2�seconds when considering finite-key effects.

The security parameter C and the secret key fraction were cal-
culated following the procedure described in Section 2.3. The
results are reported in Fig. 7. We obtain an average C value of
1.80 ± 0.09. This leads on average to 0.78 ± 0.06 secure bits per
exchanged key symbol between transmitter and receiver. These
outcomes validate our approach to RFI-QKD, while exhibiting
results that are compatible in terms of performance with other
state-of-the-art demonstrations [18–21].

3.3. Simulation for Different Channel Losses
In Fig. 8, the variation of the Secret-Key Fraction (SKF) as a
function of increasing channel losses is shown. As it can be seen,
two different scenarios were considered: the SKF distilled in
the case of no phase drift between Alice’s and Bob’s interfer-
ometers (𝜙𝐴𝐵 = 0 rad) and the same quantity in the worst-case
scenario, in which the phase difference is 𝜙𝐴𝐵 = 𝜋/4 rad. The
simulations were performed considering the experimental pa-
rameters previously reported in this section, assuming finite key
effects and taking into account Poisson fluctuation in the de-
tection rates. It can be stated that our proposed method and its
experimental implementation should support up to about 35�dB
of losses corresponding to approximately 175�km of standard
SMF fiber. This range could be increased, for example, by im-
proving the insertion losses of the transmitter and the receiver,
which currently account for about 11�dB of additional losses.

4. CONCLUSIONS
In summary, this work introduces a novel, fully passive,
and self-characterizing cross-encoded receiver for Reference-

Frame-Independent Quantum Key Distribution (RFI-QKD). By
leveraging a time-bin to polarization conversion technique and
employing a Quantum Detector Self-Characterization (QDSC)
method, we have demonstrated a substantial reduction in imple-
mentation complexity and enhanced security in quantum crypto-
graphic communications. Our proposed receiver eliminates the
need for active phase modulation and real-time synchronization,
which traditionally complicate time-bin-encoded RFI-QKD sys-
tems, while maintaining robustness against polarization mode
dispersion and other channel imperfections.

The integration of QDSC into the security analysis of the
QKD protocol represents a significant advancement, as it allows
for a realistic and comprehensive characterization of the mea-
surement apparatus, incorporating actual physical defects and
variations. This ensures a higher level of secrecy and reliabil-
ity, moving beyond idealized device models commonly used in
previous studies.

The experimental implementation of our receiver confirms its
feasibility and potential for real-world applications, highlighting
its capability to obtain high values for the RFI-QKD security
parameter 𝐶. This advancement paves the way for more practical
and secure quantum communication systems, contributing to the
broader adoption of quantum cryptography in various critical
sectors.

The implementation of field trails in relevant environments
is the natural evolution of this research work. These experi-
ments would further validate our approach to time-bin-encoded
RFI-QKD and would interface our receiver with active QKD
transmitters. Future research could also explore implementing
improved RFI-QKD data analysis techniques [21,45,46], further
optimizations of the passive receiver design, and the extension of
the QDSC technique to other quantum cryptographic protocols,
enhancing their security and practicality. In fact, the contin-
ued development and integration of innovative techniques will
be crucial in addressing the evolving challenges in the field of
quantum communication and cybersecurity.

APPENDIX A: DERIVATION OF ELLIPSOID
PARAMETERS FROM POVM ELEMENTS
A.1. General Considerations
Consider a qubit density operator 𝜌 and the elements {Π𝑎} (𝑎 =
0, ⋯ , 𝑑 – 1) of a POVM which can be written in the Bloch sphere
notation respectively as

𝜌 = 1
2(1+ ⃗𝑟0 ⋅ 𝜎⃗), (A1)

Π𝑎 = 𝑡𝑎1+ 𝑚⃗𝑎 ⋅ 𝜎⃗, (A2)
where 𝜎⃗ = (𝜎𝑥, 𝜎𝑦, 𝜎𝑧) is the Pauli tensor of Pauli matrices. The
vector ⃗𝑟0 = (𝑟𝑥, 𝑟𝑦, 𝑟𝑧)𝑇 is the Bloch vector related to 𝜌, hav-
ing the physical requirement to satisfy the positivity constraint
| ⃗𝑟0|2 ≤ 1. Instead, the operators Π𝑎 relate to the vector 𝑡𝑎 and
𝑚⃗𝑎 = (𝑚𝑎,𝑥, 𝑚𝑎,𝑦, 𝑚𝑎,𝑧) that must satisfy the unitarity constraint
on the POVMs ∑𝑎 Π𝑎 =1, which implies that ∑𝑎 𝑚⃗𝑎 = 0 and
∑𝑎 𝑡𝑎 = 1 while 𝑡𝑎 ≥ |𝑚⃗𝑎| from the positivity Π𝑎 ≥ 0. Therefore,
according to Born’s rule, the response vector p = (𝑝0, ⋯ , 𝑝𝑑–1)𝑇

has components:
𝑝𝑎 = Tr(𝜌Π𝑎) = 𝑡𝑎 + 𝑚⃗𝑎 ⋅ ⃗𝑟0. (A3)

The above relation can be written in matrix form as

(p – t) = 𝑀𝑛×3 ⃗𝑟0 , ⃗𝑟0 = (
𝑟𝑥𝑟𝑦
𝑟𝑧

) . (A4)
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Fig. 6. Collected counts during 1�hour of acquisition (main plot) together with four detailed frames highlighting the different correlations
along the data-take. Each point in the graph is derived considering 2�seconds of integration window.
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Fig. 7. Evolution of the C parameter and the Secret-Key Fraction
obtained in the proof-of-principle RFI-QKD experiment.

In this shape, the positivity constraint about 𝜌 (implying
| ⃗𝑟| ≤ 1) can be rearranged into a constraint on p:

1 ≥ | ⃗𝑟0|2 = (p – t)𝑇(𝑀+)𝑇𝑀+(p – t) , (A5)

where 𝑀+ is the pseudoinverse of 𝑀. By defining 𝑄 = 𝑀𝑀𝑇, the
above constraint can be rewritten as in Eq. (4):

(p – t)𝑇𝑄+(p – t) ≤ 1 (A6)

The set of vectors p satisfying the above constraint describes an
hyper-ellipsoid lying in a 𝑑-dimensional space, determined by
the quadratic form 𝑄+ and centered in t. It is worth to note that
𝑄 and t are functions only of the POVMs, while p depends also
on the quantum state 𝜌.

Let’s now consider 𝑁 different probe states 𝜌𝑛 with corre-
sponding Bloch vectors ⃗𝑟(𝑛) = (𝑟(𝑛)

𝑥 , 𝑟(𝑛)
𝑦 , 𝑟(𝑛)

𝑧 )𝑇 and response
vectors p(𝑛), with 𝑛 = 1, ⋯ , 𝑁. Given the response vectors p(𝑛),
we would like to determine the unknown parameters t and 𝑀.
We recall that the input states are not known, namely the Bloch
vectors ⃗𝑟(𝑛) are unknown variables.
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Fig. 8. Numerical simulation of the Secret-Key Fraction as a
function of the overall channel losses, in the case of 𝜙𝐴𝐵 = 0 rad
(orange data, first plot from the top) and 𝜙𝐴𝐵 = 𝜋/4 rad (blue data,
second plot from the top), together with the respective error bars. In
proximity of the attenuation value 𝛼 = 11 dB the boxplot referring
to the experimental data is shown, finding the mean value of the ex-
perimental SKF to be contained within the two opposite simulated
margins.

First, we assume that the different inputs are randomly dis-
tributed, such that the overall ensemble corresponds to a fully
mixed state, namely ∑𝑛 ⃗𝑟(𝑛) = 0. Since p(𝑛) = t + 𝑀𝑑×3 ⃗𝑟(𝑛), the
above assumption implies that the vector t is determined by the
average constraint vector, namely

t = p̄ ≡ 1
𝑁 ∑

𝑛
p(𝑛). (A7)

Since p(𝑛) are experimental data, they satisfy ∑𝑎 𝑝(𝑛)
𝑎 = 1.

Therefore, Eq. (A7) ensures that the t vector satisfies the physi-
cality constraint ∑𝑎 𝑡𝑎 = 1.

We now collect all the response vectors in a single response
matrix 𝑃 by removing the average probability over the different
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𝑚 probe states as

𝑃𝑑×𝑁 =
⎛⎜⎜⎜⎜⎜⎜
⎝

𝑝(1)
0 – 𝑡0 … 𝑝(𝑁)

0 – 𝑡0
𝑝(1)

1 – 𝑡1 … 𝑝(𝑁)
1 – 𝑡1

⋮ ⋱ ⋮
𝑝(1)

𝑑–1 – 𝑡𝑑–1 … 𝑝(𝑁)
𝑑–1 – 𝑡𝑑–1

⎞⎟⎟⎟⎟⎟⎟
⎠

= 𝑀𝑑×3𝑅3×𝑁, (A8)

where 𝑅 is the 3 × 𝑁 matrix with the 𝑁 input Bloch vectors ⃗𝑟(𝑛)

as columns. By this notation, the hyper-ellipsoid bound can be
rewritten as

(𝑃𝑇𝑄+𝑃)𝑛,𝑛 ≤ 1 (A9)
Given that the response range WΠ is a convex set, we are in-

terested in the boundary data of the whole set in order to describe
it. The boundary data set of the response vectors is defined as
follows:

B = CHB ({p(𝑛)|𝑛 = 1, 2, … , 𝑁}) (A10)
where CHB(S) stands for the Convex-Hull Boundary of the
set S. The vectors p′ ∈B belong to the boundary of the hyper-
ellipsoid and saturate the bound in Eq. (A9).

In order to determine 𝑀, we need to find the (symmetric) ma-
trix 𝑄+ that defines the hyper-ellipsoidal response range WΠ.
𝑄+ can be obtained from an optimization problem:

minimize
𝑄

∶ ∑
p′∈B

[1 – (p′ – t)𝑇𝑄+(p′ – t)]2 . (A11)

In the above minimization, we did not consider the physicality
constraints of 𝑄, namely 𝑄𝑎𝑎 ≤ 𝑡2𝑎 and ∑𝑎 𝑄𝑎𝑏 = 0. Those con-
ditions can be ensured in the determination of the 𝑀 matrix (see
Eq. (A12)).

It is important to stress the fact that 𝑄 and t determine a rep-
resentation of the structure of the POVM elements which fully
characterizes the physical model of the receiver apparatus, in-
cluding the experimental errors introduced by the measurement
system.

The matrix 𝑀 can be now determined from 𝑄 by a maximum
likelihood procedure, given by

minimize
𝑀𝑑×3

∶ ∑
𝑎,𝑏

[(𝑄 – 𝑀𝑀𝑇)𝑎𝑏]2

subject to ∶
𝑑–1
∑
𝑏=0

𝑀𝑏𝑗 = 0 , 𝑡2𝑎 – (𝑀𝑀𝑇)𝑎𝑎 ≥ 0 ,

∀𝑎 = 0, ⋯ , 𝑑 – 1
∀𝑗 = 1, 2, 3

(A12)

Alternatively, we note that since 𝑀 is a rectangular matrix
𝑛 × 3, the matrix 𝑄 = 𝑀𝑀𝑇 (and its pseudoinverse 𝑄+) has rank
3: therefore the hyper-ellipsoid (Eq. (A6)) lies in an affine sub-
space of dimensionality at most 3. The latter subspace is defined
by all vectors p = t + 𝑀𝑑×3 ⃗𝑟, with ⃗𝑟 a generic column vector
in R3. Given that 𝑄 has rank 3, its singular value decomposition
can be written as

𝑄𝑑×𝑑 = 𝑍𝑑×𝑑𝐷𝑑×𝑑𝑍𝑑×𝑑 = 𝑍̃𝑑×3𝐷̃3×3 𝑍̃T
3×𝑑, (A13)

with 𝑍̃T 𝑍̃ =1𝑑×𝑑 and 𝐷̃ a diagonal semi-definite positive ma-
trix. The matrix 𝑀 can be also evaluated as

𝑀 = 𝑍̃ 𝐷̃1/2𝑂, (A14)
where 𝑂 is a 3 × 3 orthogonal matrix. The matrix 𝑂 has a clear
physical meaning: it represents the orientation of the reference
frame in the Bloch sphere. We note that 𝑂 cannot be determined
by the response vectors p(𝑛), but it should be chosen according
to the chosen reference frame of the Bloch sphere.

A.2. Dimensional Reduction of the Problem
In order to reduce the dimensionality of the problem, we may
remove redundant linear dependent outcomes and extract valu-
able features, by means of Singular Value Decomposition (SVD)
of the response matrix 𝑃. A standard SVD can be generally
described in the following way:

𝑃𝑑×𝑁 = 𝑈𝑑×𝑑 ⋅ ⎛⎜⎜⎜
⎝

𝑠1 0 ⋯ 0
⋱ ⋮ ⋱ ⋮

𝑠𝑑 0 ⋯ 0

⎞⎟⎟⎟
⎠𝑑×𝑁

𝑊𝑁×𝑁, (A15)

where 𝑈 and 𝑊 are orthogonal matrices and the singular val-
ues 𝑠𝑎 are ordered in decreasing order, namely 𝑠𝑎 ≥ 𝑠𝑎+1. Since
the response range W should lie in an affine plane up to dimen-
sionality 3 thanks to the linear dependencies of the measure-
ment operators, the final SVD can be simplified considering a
3-dimensional ̃𝑆 matrix, such that

𝑃𝑑×𝑁 = 𝑈𝑑×3 ̃𝑆3×3 𝑊3×𝑁 , ̃𝑆3×3 = (
𝑠1 0 0
0 𝑠2 0
0 0 𝑠3

) . (A16)

In the above expression, the matrix 𝑈𝑑×3 is obtained by con-
sidering only the first three columns of 𝑈𝑑×𝑑 and the matrix
𝑊3×𝑁 is obtained by considering only the first three rows of
𝑊𝑁×𝑁. Since 𝑈 is unitary, we have that (𝑈𝑇)𝑈 =13×3. There-
fore, the matrix 𝑃𝑑×𝑁 represents 𝑁 𝑑-dimensional vectors (one
for each column), all (approximately) lying in a 3-dimensional
subspace Σ of R𝑑. The columns of the matrix 𝑈 represents the
three 𝑑-dimensional vectors that generate the subspace Σ.

We note that, due to statistical and experimental errors, we
expect that more than 3 singular values of 𝑃 are not vanishing.
However, we set to 0 all 𝑠𝑛≥4, keeping only the first 3 largest
singular values in the SVD of 𝑃. Therefore, the right-hand side
of Eq. (A16) represents an approximation of the actual matrix
𝑃, useful to simplify the numerical calculations.

Therefore, we can define a reduces matrix 𝑉 according to

𝑃𝑑×𝑁 = 𝑈𝑑×3𝑉3×𝑁 ⇒ 𝑉3×𝑁 = (𝑈𝑇)3×𝑑𝑃𝑑×𝑁. (A17)

The passage described from Eq. (A15) to (A17) is crucial
to reduce the dimensionality of the dataset and thus the com-
plexity of the considered problem. Indeed, by using Eq. (A17),
the hyper-ellipsoid bound in 𝑑 dimension of Eq. (A9) can be
simplified to a 3-dimensional ellipsoid given by

(𝑉𝑇𝑄+𝑉)𝑛,𝑛 ≤ 1 , 𝑄+ = 𝑈𝑇𝑄+𝑈 ⇒ 𝑄 = 𝑈𝑇𝑄𝑈,
(A18)

where the reduced matrix 𝑉 can be seen as composed by
3-dimensional column vectors ⃗𝑣(𝑛), each one representing a
point in the spatial domain of the matrix 𝑉3×𝑁.

Similar to Eq. (6), the matrix 𝑄+ can be obtained by an op-
timization over the reduced-dimension boundary B̃, defined as

B̃ = CHB ({ ⃗𝑣(𝑛)|𝑛 = 1, 2, … , 𝑁}) , ⃗𝑣(𝑛) = (𝑉1,𝑛, 𝑉2,𝑛, 𝑉3,𝑛)𝑇.
(A19)

Since in our case the number of linear independent elements of a
qubit POVM is 2 (namely only 𝑠1 and 𝑠2 are not vanishing), the
retrieved response range set is translated into an ellipse lying on
a 2-dimensional plane. Therefore, we performed an ellipsoid fit
over the reduced boundary dataset B̃ (see Fig. 4), according to



Research Article Vol. 3, No. 4/25 August 2025/ Optica Quantum 399

the equation of an ellipsoid centered at the origin once the third
variable (𝑧 in this case) has been set to zero:

𝑎𝑣2
𝑥 + 𝑏𝑣2

𝑦 + 2𝑐𝑣𝑥𝑣𝑦 = 1. (A20)

Finally, considering the association

𝑄+
3×3 → ⎛⎜⎜⎜

⎝

𝑎 𝑐 0
𝑐 𝑏 0
0 0 0

⎞⎟⎟⎟
⎠

, (A21)

we obtain the precise geometrical description of the response
range associated to the reduced-dimension probability space.
We must now map this geometrical description to the full
𝑁-dimensional probability space. To do this we note that
the columns of 𝑈𝑑×3 represent the vectors that span the 3-
dimensional subspace Σ in which the hyper-ellipsoid lies. The
same space is spanned by the columns of the matrix 𝑍̃ (see
Eq. (A13)). Therefore, if we write 𝑈𝑑×𝑑 = (𝑈𝑑×3 ̃𝑢𝑑×(𝑑–3)) and
𝑍𝑑×𝑑 = (𝑍̃𝑑×3 ̃𝑧𝑑×(𝑑–3)) we have that ̃𝑢𝑇 𝑍̃ = 𝑈𝑇 ̃𝑧 = 0 since ̃𝑢 and
̃𝑧 span a subspace that is orthogonal to Σ. By using Eq. (A13),

the latter implies 𝑄 ̃𝑢 = ̃𝑢𝑇𝑄 = 0. Therefore,

𝑈𝑇𝑄𝑈 = (𝑈𝑇

̃𝑢𝑇 ) 𝑄 (𝑈 ̃𝑢) = (𝑈𝑇𝑄𝑈 0
0 0) = (𝑄 0

0 0) .

(A22)

Since the matrix 𝑈 is orthogonal, the above relation can be
inverted as

𝑄𝑑×𝑑 = 𝑈𝑑×𝑑 ( 𝑄3×3 03×(𝑑–3)
0(𝑑–3)×3 0(𝑑–3)×(𝑑–3)

) 𝑈𝑇
𝑑×𝑑 = 𝑈𝑑×3𝑄3×3𝑈𝑇

3×𝑑.

(A23)

Finally, we are able to retrieve the expression of the sought
POVMs by solving the Maximum Likelihood problem described
in Eq. (A12), now having 𝑄 and t as the known parameters.

APPENDIX B: FURTHER DETAIL ON THE
EXPERIMENTAL POVM DETERMINATION
By using the experimental response vectors, we obtained

t = 1
𝑁 ∑

𝑛
p(𝑛) =

⎛⎜⎜⎜⎜⎜
⎝

0.1717
0.2420
0.2836
0.3027

⎞⎟⎟⎟⎟⎟
⎠

. (B1)

The 𝑄3×3 matrix obtained after the ellipse fit in the
2-dimensional space has the following shape:

𝑄3×3 = ⎛⎜⎜⎜
⎝

6.9176 –0.1565 0
–0.1565 13.2780 0

0 0 0

⎞⎟⎟⎟
⎠

. (B2)

After the application of Eq. (A23), we derived the following
quantity:

𝑄4×4 =
⎛⎜⎜⎜⎜⎜
⎝

0.0272 –0.0358 0.0029 0.0057
–0.0358 0.0471 –0.0026 –0.0087
0.0029 –0.0026 0.0712 –0.0715
0.0057 –0.0087 –0.0715 0.0744

⎞⎟⎟⎟⎟⎟
⎠

. (B3)

A figurative representation of 𝑄 and t is reported for clarity in
Fig. 9.

Fig. 9. Bar representation of the 𝑄4×4 matrix (left) and the t vec-
tor (right) computed with the explained process.

According to the theory, the representation of the sought
POVMs can be defined up to a reference frame specification. In-
deed, this freedom allows us to choose arbitrarily the direction
of one 𝑚⃗𝑎 vector and the plane on which a linear independent
vector 𝑚⃗𝑏 lies. In our case we choose 𝑚⃗2 to be parallel to the ̂𝑥
direction and the vector 𝑚⃗0 (that is linear independent from 𝑚⃗2)
lying on the ( ̂𝑥, ̂𝑦) plane. In the computation of the matrix 𝑀 dis-
cussed in Eq. (A12), this translated in the following conditions:

⎧{
⎨{⎩

𝑚2,𝑦 = 𝑚2,𝑧 = 0
𝑚0,𝑧 = 0

⇒
⎧{
⎨{⎩

𝑀2,2 = 𝑀2,3 = 0
𝑀0,3 = 0

. (B4)

From this, the POVMs associated with the exploited receiver
(depicted in Fig. 5), are obtained:

Π̂0 ≡ Π̂𝐿 = ( +0.1732 +0.0106 – 0.1645𝑖
+0.0106 + 0.1645𝑖 0.1702 ) , (B5)

Π̂1 ≡ Π̂𝑅 = ( +0.2480 –0.0099 + 0.2168𝑖
–0.0099 – 0.2168𝑖 +0.2360 ) , (B6)

Π̂2 ≡ Π̂𝐷 = (+0.2851 +0.2669
+0.2669 +0.2821) , (B7)

Π̂2 ≡ Π̂𝐴 = ( +0.2938 –0.2676 – 0.0522𝑖
–0.2676 + 0.0522𝑖 +0.3117 ) , (B8)

which satisfy the completeness conditions ∑𝑖 Π𝑖 =1 and the
positivity condition Π𝑖 > 0 ∀𝑖.
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