KOHNEN’S FORMULA AND A CONJECTURE OF DARMON
AND TORNARIA

MATTEO LONGO, ZHENGYU MAO

ABSTRACT. We generalize a result of W. Kohnen in [9] to explicit Waldspurger
lifts constructed by E. M. Baruch and Z. Mao in [1]. As an application, we
prove a conjecture formulated by H. Darmon and G. Tornarfa in [6].

1. INTRODUCTION

The aim of this note is to extend a result of Kohnen [9, Thm. 3] to Waldspurger
lifts of elliptic modular forms constructed in [1] and use this formula to prove a
conjecture of H. Darmon and G. Tornarfa in [6].

Let us first explain the generalization of Kohnen’s formula we are interested in.
Suppose that f =" ., a,q" is a modular form of weight 2k for I'o(M), the usual
congruence subgroup of level M in SLo(Z), where M > 1 is a square free odd
integer. Thanks to the work of Baruch and Mao [1] one attaches to f and a divisor
M' | M aformg=73" -, cnq" of weight k+1/2 and with respect to the congruence
group I';(4MM’). Let so be the cardinality of the set Sy of primes dividing M’.
Let D(f, So) be the set of fundamental discriminants D such that (%) = —wy if
¢ | M’ and (%) = 4wy if £ | M/M', where wy is the sign of the Atkin-Lehner
involution acting on f. We are interested in fundamental discriminants satisfying
the following condition

(%) D € D(f,Sp) and (—1)*°T* = sgn(D).

Suppose D; and D5 are fundamental discriminant satisfying (x). Kohnen’s formula
relates the product c¢|p,| - ¢|p,| to certain linear combinations of explicit Shintani
integrals, namely, integrals of the differential form f(z)dz along geodesic cycles in
the upper half plane. The main result is Theorem 2.3 below, which is a generaliza-
tion of [9, Thm. 3]. However, the proof of this result is not a direct generalization
of the proof of loc. cit., which has a more combinatoric flavour. Instead, our proof
is based on methods from [1] and [15], working in the context of automorphic forms.
Finally, let us point out that the above result is proved in the more general setting
of automorphic forms over totally real number fields (in Proposition 2.7 below),
although for the application to Darmon-Tornaria conjecture we only need the case
of rational numbers.

We now briefly explain the application to elliptic curves, and the content of
the Darmon-Tornarfa conjecture. Let E/Q be an elliptic curve of conductor N =
Mp, where M > 1 is an odd square free positive integer and p { 2M is a prime
number. Fix as above a divisor M’ | M and let g be the generalized Kohnen-
Waldspurger lift in [1] of the modular form f attached to E. This is a modular form
of weight 3/2 for I'; (4N M') with Fourier expansion ), -, ¢,¢". This expansion is
only well-defined up to (non-zero) scalar, and therefore we may form the quotients
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Cn = Cp/Cp,, Where c,, # 0 (the existence of such an integer ng follows from
the main result of Baruch-Mao, combined with standard non-vanishing results for
L-series). We show that these coefficients can be seen as the value at 1 of rigid
analytic functions é,(k), defined on a neighborhood U of 1 in a suitable weight
space, which incorporate similarly defined quotients of Fourier coefficients of the
generalized Kohnen-Waldspurger lifts of classical even weight modular forms in the
Hida family passing through f. We fix a fundamental discriminant D satisfying the
following modification of the condition (x), where as above wy for ¢ | N is the sign
of the Atkin-Lehner involution on E (recall that sq is the cardinality of the fixed
set Sp):

() (f) — it | Mp: (;’) = g i £] (M/M') and (—1)* = —sgn(D).

It turns out that (ff) implies ¢p(1) = 0 ([1, Thm. 1.1]), although the function
¢p(k) is not identically zero in U because D satisfies (x) with respect to all the
newforms of level I'g (M) appearing in the Hida family; (actually in the Hida family
the associated p-stabilized forms of level I'y(N) appear). Our main result (Theorem
4.5 below, a consequence of Theorem 4.4) is the following: There exists a family of
points Pp € E(Q) ®z Q, one for each D as above, which is non-zero if and only if
L'(E,xp,1) # 0, and such that

d _
0 o (7o) = o) -

Further, if D < 0, then we may take Pp € E(v/D) ®z Q. Here logy, is the formal
group logarithm on E (see §4.1 for a precise definition). Further, the point Pp arises
from Darmon’s theory of his eponymous points, introduced [5] and developed by
several authors (see for example [3], [4], [7], [18], [22], [12], [13]). With S = 0,
Theorem 4.4 corresponds to [6, Thm. 1.5]. We finally use this result to prove
Theorem 4.6, a conjecture of Darmon and Tornarfa, [6, Conj. 5.3]. This conjecture
predicts that the Fourier coefficients ¢|p| of g (where recall that g is the generalized
Kohnen-Waldspurger lift of the modular form f attached to the elliptic curve F)
for D a fundamental discriminant satisfying the following condition

) (lj) — i 0] M (lj) — g i €| (Mp/M'); and (~1)* = —sgn(D)

(which are not necessarily zero by [1, Thm. 1.1]), are encoded by certain p-
adic Shintani integrals, denoted 9J(f, D, D’) and introduced in §4.1, depending
on the auxiliary choice of an auxiliary fundamental discriminant D’ satisfying
(1) Further, the common coefficient of proportionality between the Fourier coef-
ficients ¢|p| of g and J(f, D, D’) is log(Ppr), and thus is non zero if and only if
L'(E,xp,1) # 0. For S = 0, this is [6, Thm 5.1], from which [6, Conj. 5.3] is
inspired.

The authors acknowledge H. Darmon, G. Tornaria and J. Hakim for useful dis-
cussions. M. L. is partly supported by PRIN 2010-11 and PRAT 2013. Z. M. is
partly supported by NSF DMS 1400063.

2. KOHNEN’S FORMULA

2.1. Generalized Kohnen-Shintani correspondence. Let f =" -, a,q" be
a newform of even integral weight 2k, square-free odd level M and trivial character.
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We let S be the set of primes dividing M, whose cardinality we denote s = |S|. Fix a
subset Sy C .S, write M’ for the product of the primes in Sy, and let sg = |Sp| be the
cardinality of Sy. Let D(f,Sy) be the set of fundamental discriminants D defined
in the Introduction. We also denote xp the quadratic character a — (%) attached
to the fundamental discriminant D. Fix a Dirichlet character x’ of (Z/(4M))* such
that x, =1if £ | (M/M’), x3(—1) = —1if £ | M’ and x'(—1) = 1. We can consider
X' as a character of (Z/(4MM'))*. Attached to f and the choice of the auxiliary
character x’, we may consider the explicit Waldspurger’s lift of Baruch-Mao relative
to Sop ([1]7 [26]7 [28]7 [27D7

9= Z cnq" € Sk+1/2(FO(4MM/7Xl))

n>1

which satisfies the following properties (see [1, Thm. 1.1]):

(a
(b
(c
(d

¢ is a Shimura lift of f.
g belongs to the Kohnen’s plus space: ¢, = 0 if (—=1)%*n =23 mod 4.
cip| = 0 if (=1)*T*D > 0 and D ¢ D(f, So).
If D satisfies () in the Introduction, then
leipll* _ L(fixp k) 2180 [DIF12 - (k — 1)) ¢
11 (41

2 o]~ 5D %

Otherwise, if D € D(f, Sp) and (—1)%** £ sen(D), then L(f, xp,k) = 0.

NN AN

£]So

2.2. Kohnen’s formula. Let K = Q(v/A) be a real quadratic field of fundamental
discriminant A such that all primes dividing M are split in K.

Fix 7 = (7. "2 ) such that 7¥ + 7273 = A and 2M | 72, 2 | 73. Let Fa denote
the set of binary integral primitive quadratic forms

Q(z,y) = Az® + By + Cy?

of discriminant A satisfying the following properties: (1) M | A and (2) B=7n
modulo M. The group I'g(M) acts on Fa from the right via

(Q)(x,y) := Q(ax + by, cx + dy)
for v = (2 7).

Recall that canonical projection induces a bijection between Fa /T'g(M) and the
group of SLy(Z)-equivalence classes of integral primitive binary quadratic forms
of discriminant A equipped with Gaussian composition law. This is identified, by
class field theory, with the Galois group G, = Gal(H};/K) of the strict Hilbert
class field H; of K.

Let r 4+ sv/A be fundamental unit of norm 1 in O = Z[(A++v/A)/2] normalized
with » > 0 and s > 0 and define g := (sziﬁ rz_c;‘jg), an element in I'o(M). Define
Shintani integrals attached to f and @ € Fa as

YQ(T)

(3) r(,Q) = / F()Q(z 1)1

Fix a genus character xp, p, of K, attached to the pair of Dirichlet characters
(XDys XD,), Wwhere A = Dy - Do, and (D1, Do) = 1. Set as in [20]

r(f;DlaDQ;T) = Z XD17D2(Q)'T(f7Q)

[RIeFa/To(M)
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Remark 2.1. The value of (r(f; D1, D2;7))? does not depend on the choice of 7.
Let x be the character of (Z/M')* such that x, = x} when ¢ | M’. Then
rx(f; D1, D2) == x(71)r(f; D1, Da; 7)
is independent of the choice of 7.

Remark 2.2. When D; = Dy and 7 = (D1 7D1), we denote r(f; Dy, Ds;7T) by
r(f; D1, Dy).

Theorem 2.3. Suppose A = Dy - Do with D1, Ds satisfying (x) above and Dy odd.
Then

CD2|CIDa| _ Nk olSI . -1, ¢ 1y (f; D2, D)

Moreover ry(f; D2, D1) = ry(f; D1, D2).

Remark 2.4. The difference in constant (a factor of 2/5!) between the above The-
orem and [9, Theorem 3] lies in the difference of r,(f; D2, D1) (which is defined
through a sum of oriented optimal embeddings in [20]) and 7, v (f; D1, D2) in [9]
(which is a sum over non-oriented optimal embeddings). !

Remark 2.5. A combination of (2), [3, Eq. (28)] and [3, Eq. (29)] already shows, at
least in the cases of weight 2k > 2 which will be relevant for the following sections,
that the square norm of the above formula is true.

The proof of the theorem is based on results in [1] and [15]. Before proving
the Theorem, we first give a generalization of Kohnen’s formula in the setting of
automorphic forms over a totally real number field.

2.3. Theta correspondence. From this subsection to the end of §2.7 we will use
a notation different from to the other sections of the paper. Thus, some symbols
used here (e.g., 7,A, D1, Dy, S,Sp) will have a different meaning with respect to
the other parts of the paper.

Let F be a totally real number field, A its adele ring. Fix an additive character v
on A/F which is nontrivial. We will recall now the theta correspondence (Shimura
correspondence) studied by Waldspurger [28].

Let M be the space of 2 x 2 matrices, and M® be the subspace consisting of
matrices with trace 0. Let ® be in S(MY(A)) the space of Schwartz functions on
M%(A). Let wy be the Weil representation of PGLgy xSL, associated to 1, (see for

example [1] for definition). We can construct a theta function @g on PGLg xSLs:
Oh(g.h) = D wylg.h)2(x), g€ PGLy(A), h € SLo(A).
zeMO(F)

Then for any cusp form ¢ on PGLy and ® € S(M°(A)) define:

0L (o) (h) = / 0% (9, h)olg) dg.
PGLo(F)\ PGL2(A)

For irreducible cuspidal representations m of PGLs, the space

{05(0) s p e, @ € SM°(A))}

LA similar factor should also appear in [6, Theorem 2.1].
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is an irreducible cuspidal representation 7 (which could be trivial). We denote
7 = 0¥(r) and call it the theta correspondence of 7.

2.4. Transition of periods. Let 7 € GLy(F) such that 72 = (P ), D € F*. Let
T be the centralizer of 7 in PGLy. We fix measure on T, over a local place F, as
follows. Let K, = F,(7) be a quadratic algebra over F,,, take the measure on F, to
be self dual with respect to 1, the measure on K, to be self dual with respect to
Yy otrg, /r,, and on KX to be CKv(l)INKd/iixlv’ on F¥ to be va(l)l‘iﬁ.(Here Cr,
and (g, are the L—functions associated to %‘U and K, when v is finite place, and
set to 1 when v is infinite place). The measure on T, is just the quotient measure
on F\K. The global measure is taken to be the product of local measures. The
choice of measure on PGLs is not important for the discussion below.
Define

Pr(p) =/ o(t) dt, pem
T-(F)\T (&)
and
W@ = [ HO D)D) b p e
The following Lemma is the analogue of [15, Proposition 2.1], we will skip the proof
as it is identical to the proof given in ibid.
Lemma 2.6. If ¢ = 0%(90), then
(4) WP(2) = Pr(far* )

where fo r 15 a function on PGLy satisfying

/ Jor (tg) dt = ®(g~"7g)
T, (A)

and
forxp= / fo.-(9)¢(-9) dg.
PGLs(A)

Of course fo . is not uniquely determined; the discussion below applies to any
choice of fg . For the special case 7 = (1 _1), we write fo 1= fo ., T := T, and
P :=P,.

2.5. A generalization of Kohnen’s formula. Let 7 be such that L(m, %) # 0.
Then it is well known that 7 = ¥ () # 0.
For ¢ € m, define the corresponding Whittaker function

W, (g) = /F LA D o) o

Let W(p) = W, (e). By uniqueness of Whittaker model, if ¢ = ®ye50v @vgs ©v,0,
where ¢, ¢ is a fixed unramified vector in m,, we can write for g € Fg = QuecsF,
We(9) = [1,es Wau(g) for a compatible choice of functions W, in the local Whittaker
spaces of .

On the other hand, from [28] we get locally the space of T’ , invariant forms on
7y is of dimension at most one. Any such invariant form (on the Whittaker space
of m,) is a scalar multiple of

PT(W’U) :/T W, (1) dt.
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(The above integral converges as 7, is a unitary representation). Thus there is a
constant ¢, g depending on 7 and S (and not on ¢) such that

Pr(¢) = cns [[ Pr(W,

veS

By [15, Lemma 3.1], if ®, and 7, are unramified, in the sense that ®, is the
characteristic function of MO(R@) where R, is the ring of integers in F, and 7, €
GL2(R,), we can let fo -, = fo the characteristic function of PGL2(R,,). Thus for
S large enough

WP(05(0) = crs [] Pr(forw* Wo).
vES
Apply the discussion to the special case 7 = (1 1 ); we have for some constant
C}r,s
W (05 (0)) = Crs H P(fo,x Wy).
veS

It is well known that ¢ ¢ = L% (7, §) where L(m, s) is the partial L—function of

.

Let ¢ = 0$(g0) be such that W () # 0, we get

Cs H'UES PT(f‘I),T,’U * Wv) =

WP(@)W (@) = W(@)?.
(PIT(P) = e e i )
Recall the (special case of) main formula in [1]:
W@ W
(5) WD _ [Wie) HE Pu; Py P

2 2
Il H<P|| s

where E,(p,, Py, 1) are local constants defined in [1]; ||3||? and ||p||* are Peterson
norm with respect to a pair of compatible measures on SLy and PGLs, fixed in [1].
We get from the above discussion:

Proposition 2.7. Let & = @@, € S(M°(A)), ¢ = ®¢, € 7 and @ = 04(p) be
such that W (@) # 0. Let S be large enough so that for v € S, 1y, ¢y, @y, 7, are
unramified, and assume W, =[], g Wy (over Fg) be such that P,(W,) # 0. Then:
(6)
WEOW@E) _,  WEPE 17 (_ Pelforss W), 1
) 2HPWP Wy L 5
Il el r(Wo)P(fo,0* W)

veS

)Eu(%,@v,d))) ~

ves

The above equation gives a relation between the product of distinct Whittaker
functionals of ¢ and the period P; of ¢, up to some local factors. We can consider
it as a generalization of Kohnen’s formula in [9, Theorem 3].

We remark that the same argument as above gives

D ~INTRS (%) -1 fq:‘/T’l)*W) T ~\|12
(7) W (@)W (p) = UI;IS P fm*WU)IW(@)I

where @' = Hi/(go). We will derive Theorem 2.3 from (7) and (5).
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2.6. Specification of the formula (7). Now consider the case FF = Q. Let M
be a square free odd number. Let 7’ be associated to a new form f of weight 2k
and level M. Let D be a positive fundamental discriminant such that ¢ splits in
Q(v/D) for all primes ¢ | M. Assume D = Dy Dy where Dy and D, are coprime,
moreover we assume D1 is odd and D; satisfies conditions (x), then Dy also satisfies
conditions ().

Let 7 = 7 ® xp,. (We use as above y, to denote the quadratic character of
A attached to a € Q*.) Let ¢¥(z) = ¢o(|D1]|z) where 1o(x) is fixed as follows:
Yo (z) = €2™® if v is finite and e~ 2™ if v = oo. For convenience, we fix the local
measures with respect to 1 instead of ). This does not change the global measure,
thus the statements of our global results.

We assume L(f, D1,1) # 0, then 7@ = 6% () # 0. Moreover with our restrictions
on D, (that it satisfies the condition (%)), the representation 7 is independent of
our choice of parameter Dy, (see [28], summarized in [1, Theorem 3.2]).

We will calculate the local constant

PT(f‘I)/,T,’U * W’U)
PT(WU)P(ffb,v * Wv)

for some specific choice of ¢, ®,,®!. With our specific choices, we will check in
most cases

C(@va cI)m (I);) =

(8) f<I>’,7—,v * W, = OZLWM f@,v * Wy = a, Wy, ai)av 7& 0.
Thus the above constant is just
/ a/
9 Cpy, Dy, P)) = —>—.
©) (oo B0, ®)) = g

We take ¢’ = ®¢!, be the vector in 7’ such that ¢ is the new vector at all finite
places v and ¢/ is the lowest weight vector. Let ¢(g) = ¢'(g) - xp, (det g).

Then S could be taken to be {oc0,2} U {l : [DM}. Recall for g € Qg, W, =
H’UES W, (gv)'

It is convenient to use the following notations: for « € PGLg, axW(g) := W (ga);
for & € SLy, & x W(g) = W(ga) and & * ® = wy(@)®; a=((“,-1),1). Recall the
local theta correspondence defines a map from 7, S(M°(F,)) to 7,, we denote it by
Pv = 0(y, Py, 1by) € Ty, (this is only defined up to a scalar multiple). Sometimes
we also denote the absolute value |D;| € QF by Dg, to distinguish from |D|,.

Case (1) v = {|D3 is odd. Then 7 is unramified and ¢; is the unramified vec-
tor. We take ®; = @] to be the characteristic function of MO(Zl). Then @; is an
unramified vector in 7. As 7 = k~!(; P)k for an element k € PGLy(Z;), by [15,
Lemma 3.1], we can take fo; = lpar,(z) and for - = |D|;%1PGL2(Z1)~ Thus (8)

1

holds with o) = |D|; 2 vol(PGL2(Z;)) and oy = vol(PGL2(Z;)). The local constant
is

_ o

P(Wy)

Case (2) l|Dy. Then 7’ is unramified and ¢] is the unramified vector. We take
@] to be as chosen in [15, Lemma 3.2]. Namely ®((¢ %)) is 0 if one of a,b, ¢ is

c —a

0(9017 @, (I);)

not integral, or both b and ¢ are prime in Z;, or a? + bc is in Z; . Otherwise, we set
(2 2,)) = xp,(c)ifc € Z or xp, (=b) if b € Z;*. Welet &, = D}+®}. Explicitly

c —a
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3

(X)) = <I>2(D§X)|D1|fg where g is a root of unity, equal to [~ 2 times Gaussian
sum associated to the quadratic character on the finite field F;. Then ¢ = D§ * @/
is unramified (see [21, Proposition 3.4]). (In [21] it is shown that 6(y;, @], ;)
where ¢} (z) := e2mie/D} is unramified. This easily implies that @ = (¢, ®;,1;) is
unramified.)

_1
By [15, Lemma 3.2], for -1 = lpgr,(z,)|D1l; > xp, (det-). (Notein [15, Lemma 3.2]
L(xp,1) =1). On the other hand

#
foa=alDilF (1= pavae (1 ) 7)o (det).

(Note the volume of the intersection of PGLy(Z;) with the centralizer of (,—. ') is
1

(I—=1)"1). Thus o = vol(PGL2(Z;))| D1, * while

fou# Wil) = g1 (1= ) vol(PGLaZ) Wil (| 7, ).

]
Using the Iwasawa decomposition (i _E;;g) =) (Dg 1) (? 72,3? ), we get

P (3 5 0= [ oo (1))

It is clear that W ((® ;)) = 0ifa ¢ [7'Z;. Thus we can restrict the above integration
to |t|; < I2. On the other hand over the domain |¢|; = ¢ where ¢ < [ is fixed, we have
i(t) = 1 and the integrand is a constant multiple of xp, (¢). Thus the integration
over |t|; = ¢ < lis 0. We are left with

Povic (3 S5 = [ (7)) a

- fy— 1
= (=) wi((PD )it
The local constant is
_s3 _
Clpr @1, @) = [Dil (Wi((PD7 )~

Case (3) [|M and I ¢ So. In this case with our assumption on Dy, e(m, 3) = 1.
Take ® = @] the characteristic function of {(2 %, )} where ¢ € IZ; and a,b € Z.
Then ¢ = ¢’ is the vector in 7; of the lowest level, i.e. a multiple of the vector
¢ appearing in [1, Lemma 8.3]; the representation 7; is a special representation.
Let Koy := {(2%) : a,d € Z),b € Zy,c € 1Zi}, wy == (;1). We get forr1 =
Jo, = 1K, Uw Ko, - Since €(m, %) =1, we have m(w;)W; = W;. Thus for . * W, =
f@J * Wl = 2VO](KQJ)VV1 and

1
C b, P)) = ——r.
((ph s l) P(Wl)
Case (4) | € Sy. Then €(m,,3) = —1. Take ®; = ®] whose value at {(¢ %)}

is zero unless a € Z;, b € Z; and ¢ € 1Z;. Otherwise it is x;(a) where x; is
an odd character on Z;/(1 + 1Z;). Then ¢ = ¢’ is the vector described by [1,
Proposition 8.5]. It is still the vector of lowest level in the space of 7;, this time
however 7; is a supercuspidal representation.
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We get for 1 = (1}(0,[ — 1le0’l)Xl(T1) and fo; = lKo,l — lszo,z' In this case
m(w))W; = —=Wj. Thus fe, * W, = 2vol(Ky )W, and
faorz1x Wi = 2vol(Ko ) xi (1) Wi
We get

C(Solv ), (I);) = ;l((;‘-/lvl)) .

Case (5) [ = 2. Take ®; = @] whose value at {(2 % )} is zero unless a € 7

and b,c € 2Z;. Then ¢ = ¢’ is the Kohnen vector described by [1, (9.4)]. By
_1

(15, Lemma 3.4], forr2 = |D|y ?1par,z,) and fo2 = lpgry,(z,). We get o/ =

1

|D|5 2 vol(PGLsg(Zs)) and o = vol(PGLy(Z2)). The local constant is

1
l)l_E

C 2 CI> (I)I == | 2 .
( 29 29 2) P(I{E)

Case (6) v = co. Take @, to be the function in [21, p.544]. It follows from [24,
Remark 2.1] that ¢ is the lowest weight vector in 7o,. Recall D > 0. Then there
exists an element v € PGLy(Fs) such that

’7_17-00'7 = \/5(1 —1) € GL2(FOO>
Let ip o = ((ﬁ @71) 1) € SLy(Fxe).

Lemma 2.8. Let &' = EB}oo * ®, then

_3
PT(f@’,‘r,oo * Woo) - ‘D‘OO4PT('7 * (f@oo,oo * Woo))

Proof. First observe

Pr(for 00 ¥ Weo) = / / fééov‘vaO(g)WOO(tg) dg dt
Tr 00 /JPGL2(Foo)

= / / for_ 7.00(tg)Woo(g) dg dt = / P (97 'mg)Wa(g) dg
Ty oo JPGLy(Fao) PGL2(Fso)

=/ ®lo(g™ VD (1 1) 7 ) Weelg) dg
PGL:(Fo0)
:/ (g7 VD (1) 9Wee(v9) dg.
PGLs (Fo)
Now use the fact that {p « * ®, (X) = |D|§o®go(@X) The above becomes
_3
D[ ale () 9Welog) dg
PGLy(Fao)

— |D|} / o oo * Wao(31) dt = | D]t / o oo * Wao(t7) dt
T(Fso) Tr(Foo)

where the last identity comes from the Jacobian for the change of variable ¢ — v~ 1ty
is 1. ([l

It follows from the proof of [21, Proposition 3.5] that fo_ oo * Woe = W for
a nonzero scalar «. Then

_3 _3
PT(QO)PT(f@’OO,T,oo * Weo) = a|D|oc” Pr () Pr (77 * Weo) = | D]oo” Pr(7y * 0) Pr (W)
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Thus the local constant is:

Dl Py (7 % )
C QOOCH@OC’@QO = — v .
( )= P P(W)

Note (for some nonzero o) Woo ((* 1)) = aa”e when a > 0 and 0 otherwise.

Thus

PWy) = a/ a"~le=2mDla gq
0

ety i - B (0 )).

2.7. Summary. It is known that if D € ZIX7 then
1 1 fy—1
= W = - D
P(Wi) = L(m, 5)Wi(e) = L(m. 5)Wi ((( ) 1)) ,

When I|Dy, L(w,s) = 1. So (7) becomes
(10)

7D~/ 5\ _ it - Tk ko—2m Pr(y %) YN
WE@W () = D4 Dix(n) ;2 Lf(w,é)WA((Dg)11)>|W(<P)|-

Here L/ (,-) is the finite part of the L—function L(,-); ¥ is an odd character on
(Z/ Tljes, 1) associated to {x; : [ € So}, ¢ is the vector corresponding to the half
integral weight form in Sk+%(4M Hleso I, x) defined in [1, Theorem 10.1], while

& = x(DH)(\/B DI ') x5, (note that D}, @1 = @ when Dy € Z and | & So;
when | € So, D}, %@ = xa(D})@1). Thus
= p/p?, | D1

DS

o
W2(¢') = x(D1)W, D,

2.8. Proof of Theorem 2.3. We note P.(y * ¢) is the integral £(¢) defined in
[20, (6.1.2)]. (It is easy to check that xp, o det when restricted to T is a genus
character on 7). From [20, (6.1.7)], it equals:

A_gi_kT(f;Dz,Dl;T)-

(Note the measure chosen by [20] differs from ours by a factor of Az: see [20, p.
830]). We observe here xp, o det = xp, o det on T, thus the relation:

r(f; D2, D1;7) = r(f; D1, Das 7).

By [27, Lemme 3], we have
743

W (Va

if g(z) = Zn21 cne?™% ig the half integral weight form corresponding to ¢ by the

recipe of [27]. Also LY (w, 1) = L(f, Dy, k), and W, ((ODlD“ 1)) = =27, (recall
P(x) = Po(|D1|z)). Thus (10) becomes:

L) = aF e meiDile(g| Dy )

Tl k 2k7”(f;D2,D1;T) 2

(5,) 2 1elID2e(IDaD) = A~ D™ M5 ) 3 L7 Bk

|e(ID1l)




KOHNEN’S FORMULA AND A CONJECTURE OF DARMON AND TORNARIA 11

Now we apply [1, Theorem 10.1], and get:

leipy )| L(f, D1, k) k=3 B = Digys
e G P Il

LeSo

Our Theorem follows from the above two equations.

3. FAMILIES OF MODULAR FORMS

We keep from now on the following notation: f is a weight 2 new form of
level N, square free and odd, trivial character and rational Fourier coefficients,
corresponding to an elliptic curve E. Fix a prime number p | N and put M := N/p.

Choose an embedding Q < Q,. We will then identify algebraic numbers with
p-adic numbers by means of this embedding without making this explicit in the
following.

3.1. Hida families. Let f,, be the Hida family passing through f, the weight 2
modular form attached to E by Taylor-Wiles’s modularity theorem. More precisely,
and to fix notations, there exists a compact open neighborhood U of 1 in Z,,
contained in the residue class of 1 modulo p — 1, and a formal series expansion

k)= an(k)
n>1
where a, (k) are C,-valued rigid analytic functions on ¢ (and C, is the completion
of a fixed algebraic closure of Q,), such that:
(1) For any integer k > 1 in U, fi := foo(k) is the g-expansion of a p-ordinary
cusp form of weight 2k, level I'g(/N) and trivial character, which is an
eigenform for all Hecke operators;

(2 fi=7r
For integers k > 1 in U, fj is not p-new, and we let f,g = Zn>1 al (k)q™ be the
weight 2k cusp form of level T'o(M) and trivial character whose p-stabilization is

-

3.2. Analytic continuation of generalized Kohnen’s lift. Fix a set of divisors
So of M and let M’ be the product of the prime numbers in Sy. Let g = 3" -, cnq™
and g = > ns1 ¢k (k)g™ be the lifts of f and £, respectively, relative to this choice
of Sy and the choice of an auxiliary character x’ as in Sec. 2.1. Recall that sg is
the cardinality of Sy and x is a character of (Z/M')* determined by x’.

Definition 3.1. Let D be a fundamental discriminant of a quadratic field such
that
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So, discriminants of type I (resp. II) are those satisfying () (resp. ({1)) of the
Introduction. Thus, L(f, xp,1) = 0 and ¢|p| = 0 for all D of type II, while non-
vanishing results for L-functions show that there are infinitely many fundamental
discriminant Dy of type I such that L(f, xp,,1) # 0 (cf. [17, Cor. 2], for example),
and consequently we also have c|p,|(1) # 0. We fix such a choice of Dy from now
on.

Lemma 3.2. There exists a neighborhood U of 1 in Z, such that the coefficients
C?Dol(k) do not vanish for all k € U.

Proof. By (2), this is equivalent to show that the same is true for the values

L(f]gu XDy k)
We begin by fixing for each integer k£ > 1 in U, Shimura periods Qﬁ satisfying
k

the additional property that

[ H)P(2)dz £ [T fi(2)P(2)dz
B 29?

Ii(fg,P7T7S) :

belongs to the field K T generated over Q by the Fourier coefficients of f,g, for
k

all polynomials P of degree at most k — 2 and all r,s € P}(Q), where ¢ ~ £ is
complex conjugation. Define the algebraic part of the special values of the relevant
L-functions to be

L*(F xon, k) 1= £ = DL 7(xD0)

CL(fE k
(*2777:)]“71 . Q";ﬁoo (fk7XD0> )7

and, in weight 2,

T(XDO)
Q i
where 7(xp,) is the Gauss sum ([3, §3.1], for example). These are algebraic num-
bers, which we can see as p-adic numbers by the fixed embedding Q — Q,. Then,

L*(f,xDo>1) =

: L(f7 XDy 1)7

one can equivalently show that the values L*( f,g, XDy k) do not vanish in a neigh-
borhood of 1.

Recall the Mazur-Kitagawa p-adic L-function Lg/IK( foos XDo» Ky S), In two vari-
ables k and s for which we use the notation in [3, Sec. 3] (except that here the
weight variable is 2k instead of k in loc. cit.; to avoid confusion, we require that, for
afixed k =ky € ZNU, kg > 1, the function Lg/IK(fOO,XDO, ko, s) is the cyclotomic
p-adic L-function of fai, instead of fy, as in [3]). Its definition requires the choice
of a sign at infinity ws, corresponding to the choice of the ws, eigencomponent
for the action of ((1) _01) on modular symbols, and the choice of the corresponding
Shimura period Q;”,ﬁ“ and Q%> (cf. [3, §1.1]). We make the choice of ws so that

(note k is odd)
XDo(—1) = (1)l = wee.
Then, by [3, Theorem 3.1] we have
(11) L;\)/[K(fooa XDg» ]-a 1) = (]- - XDo(p)agl) : L*(fa XDg>s ]-)
and, by [3, Corollary 2.3], we have

Ll;zy[K(foo7XDoa kak) = )‘(k) : (1 - XDo(p)agl(k)pk71)2 : L*(flg,XDmk)'
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The Q,-valued function A — A(k) is non-zero in a neighborhood of 1, by [2, Propo-
sition 1.7]. The choice of Dy implies that xp,(p) = wp, and since a, = —w,, we
see that 1 —xp, (p)a;1 # 0. Thus, since also L(f, xp,, 1) # 0, the Mazur-Kitagawa
p-adic L-function does not vanish at (1,1); since it is p-adic analytic in a neigh-
borhood of (1,1), it follows then that there exists a neighborhood of 1 where it is
non-zero, which proves the non vanishing of the algebraic parts of the L-functions
of f]g in a neighborhood of 1. O

Fix U as in Lemma 3.2. Define for each k € U NZ, k > 1, and D a fundamental
discriminant prime to Dy, the normalized Fourier coefficients
12) o) o LT X0@®) P ()l ()
D = — . .
T Xy ) P 0 () (k)

Let Q(x) be the subfield of Q generated by the values of x. Via our fixed
embedding, we will also view Q(x) as a subfield of Q,.

Proposition 3.3. Let D be a fundamental discriminant of Type I or II. After
replacing U by a smaller neighborhood of 1 in Z,, we can insure that the normalized
coefficients ¢p|(k) extend to a p-adic analytic function on U, whose value at 1 is
~ CID|
¢ip(1) = —.
- €| Dol
Finally, ¢ p|(1) belongs to Q(x).

Proof. Fix a neighborhood as in Lemma 3.2 to start with. Note that

il (®) _ €Iy *loul (k)
Ao B Iy (k)2
Assume first that (D, D) = 1. Combining (2) and Theorem 2.3 we find:
() = L2X0@ P (k) (2wt (D) ry (7 D, Do)
p|(k) = - : . .
vl 1—xp,(p) - PF~1-ap ' (k) |Dolt=1/2-(k—=1)! L(f! xpy, k)

Using the expression in the proof of the lemma above for L( f,g, XDy, k) in terms of
the Mazur-Kitagawa p-adic L-function, we find

—7(xp,) - x(ID)~" 1 o

UL IRy i) (L7 x0®) 7 T (R)

A(k) - (270) - 7y (f£, D, D)
Q:j;’o

¢p|(k) =

(1= xpo(p) - P 0y () -

Here, as in the proof of the above lemma, we make the choice of wo, = xp,(—1).
Suppose that D is of Type II and (D, Dy) = 1. Since Dy and D are of different
types, we have

(T=xpM)-p* " -a, (k) - (1 = xpo(p) - P* 7 - ay " (k) = 1 —a, % (k)p* 2.
One observes now that
2mi) -y (ff, D, Do)
0¥
Ir

)\(k’) . (1 _ a}72(k)p2k72) . (

P

= ‘CED(foo/Q(\/TDO)a XD,Do> k)
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where the RHS is (up to a constant multiple) the p-adic L-function defined by
Bertolini and Darmon in [3, Definition 3.4, (1)] (note that the prime p is inert in
Q(v/'D - Dy), and all primes dividing M are split; also note the usual shift of notation
in the weight, so actually, and more precisely, by ﬁED (foo/Q(VD - Dy), XD, Dy k)
we mean the function £,(fe/Q(vVD - Do), XD, Dy, 2k) in loc. cit.). Therefore, we
can express C|p|(k) as a product of factors, each of them extending to a p-adic
analytic function in a neighborhood of 1, and therefore the extension of normalized
coefficients follows. Further, L}P(foo/Q(v/D - Do), xD,Do51) = 0 (cf. [3, Sec. 4])
and, since ¢|p| = 0, we have the claimed equality
~ ‘D]
C|D|(1) = C|D| = 67
[ Dol
Suppose now that D is of Type I and (D, Dg) = 1. Then all primes dividing
N = Mp are split in Q(v/D - Dy). Since Dy and D are of the same type, we have

(1=xo() P 0, (1) - (1= xpy(p) - P* 10y (8)) = (1= xpyay  (R)p*)°.

In this case, we have

) - 8
Ak) - (1— XDoagl(k)pk_l)z_ (27i) T?Z(UJ]:,E,D,DO) _
st

= ﬁgh(fw/Q(M)7 XD,Dg> k)

where the RHS is the p-adic analytic function (up to a constant multiple) defined
in S. Shahabi’s thesis [23, §. 3.2], and the above formula is [23, Prop. 3.3.1], except
for the usual shift of weight. A similar construction, working more generally for
rational quaternion algebras which are split at the Archimedean prime, is described
in [16, §5.1] and [14, §4.5]. The extension of the normalized coefficients follows. Its
value at 1 is given by

—7(xpo) - X(ID) ! L3 (foo/QVD - Do), X1,y 1)
|D0|1/2 Lg/IK(fOOaXDovlal) ’

By [16, Prop. 90], or [14, Prop. 4.24], we have

L (fs/QD - Do), DDy, 1) =2 (2mi) ?2(71(1{: D, Do)
f

and, by (11),

T(XDO)
Qf‘”

L?)/IK(fooaxDoulal)Zz 'L(quD(wl)

and therefore the value ¢ p|(1) is given by

—2mi \(ID) " (£, D, Dy)
|l)0‘1/2 L(faXDoul)

This is equal to ¢|p|/c|p,| again by a combination of (2) and Theorem 2.3, and the
statement follows.

The rationality of ¢|p|/c|p,| follows from results on the rationality of the factors
appearing in the above factorizations. More precisely, one may choose Shimura
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periods €y satisfying % € Q(x) because f has integer Fourier co-
efficients (see [25], for example), and then, with this choice of Shimura periods,
W belongs to Q(x) (see [17], for example).

We finally deal with the remaining case of (D, Dg) # 1. One chooses an auxiliary
discriminant D{, prime to both D and Dy, satisfying the same conditions of Dy
(this is possible by [17]). Then, express ¢|p|(k) as the product

(1—XD(IJ) pPtast (k) ' CﬁDU“)) ' <1XD(,(P) pP ey (R) . C?Dé(k)>
P

L=xpy(p) - P - ap (k) e (k) ) \ 1= xpo(p) - P10y () e ()

and repeat the above argument to each of the two factors in parenthesis appearing
above, using the previously proved cases. This concludes the proof. O

Thus, for D; of type I and Dy of type II, we have ép,(1) = 0 even if the function
k +— ép,(k) is not identically zero on the neighborhood U of 1 where it is defined
(this follows because LP(foo/Q(v/ Dy - D2), XDy Dy k) is not necessarily zero). It
is naturally of interest to investigate then the value at 1 of its p-adic derivative,

(%6132 (k)) |k=1"

Remark 3.4. Tt might be interesting to prove Proposition 3.3 directly, in a way
similar to [6, Prop. 1.3], using arguments borrowed from the proof of [25, Thm.
5.5] (and its sequels [19], [10], [11]). Formally, our proof makes a systematic recourse
to p-adic L-functions instead; however, note that the principle of our proof (i.e.,
the construction of p-adic L-functions) and the proof of [25, Thm. 5.5] share the
same fundamental tool, namely, the p-adic interpolation of complex integrals (which
are Shintani integrals for p-adic L-functions over real quadratic extensions), and
originated from the seminal paper [8].

We finally need to understand the action of complex conjugation on these nor-
malized coefficients. Let

i:Qx)—Q—Q,

be obtained by composition with the fixed embedding Q — Q,. Let ¢ € Gal(Q/Q)
be a fixed complex conjugation. The composition of ¢ on Q(x), viewed as a subfield
of Q, with ¢ gives rise to a second embedding

i*=ioc:Q(x)—Q—Q,

(use that Q(x) is Galois over Q). For each integer k € U, and each fundamental
discriminant D prime to Dy, we thus have p-adic numbers

E|D|(kj) =" (6|D|(k>) .

The map i(Q(x)) — i*(Q(x)) defined by i(a) — i*(a) clearly extends on the p-adic
completions, and we denote the resulting map with the symbol x — Z. Thus, from
Prop. 3.3, the function & + ¢ p|(k) extends to a p-adic analytic function on U,

denoted by the same symbol, whose value at 1 is ¢p|(1) = DL which belongs to

#(Q0)) € 0y
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4. DARMON-TORNARIA CONJECTURE

We keep the notation of Sec. 3: f is a weight 2 new form of level N, square
free and odd, trivial character and rational Fourier coeflicients, corresponding to
an elliptic curve E; p | N is a prime and put M := N/p.

4.1. Rational points on elliptic curves. Let K = Q(v/A) be a quadratic imag-
inary field where all primes dividing M are split and the prime p is inert. Fix

Shimura’s periods Qjﬁ as in Lemma 3.2 for each integer £ > 1 in . Recall the

k

definition of Shintani integrals r( f,ﬁ, Q) in (3) attached to f,g and the quadratic form
Q € Fa, and put

X B P22\ (r(f1,Q) £7(f1,Q))
g O A

Then these values belong to K £ Similarly, let 7¢ := % and define

2k—2

Ii(k‘,Q) = (1 — 5p(k)2> Ii(f,g, (z — TQ)k_Q,T, YQT)

which belong again to K 7 (this is again independent on the choice of 7 and only
k

depends on the I'g(M)-equivalence class of Q).
Fix an embedding Q — Q,. Then 7, as well as elements in K i, can be
k

alternatively viewed in Q or Q,. We collect here the relevant facts about these
integrals (see [6, Sec. 3] for proofs):
(a) The functions k +— r*(k, Q) and k — I*(k,Q), defined for integers k > 1
in U, extend to p-adic analytic functions on U, taking values in @pv which
we denote by the same symbols r*(k, Q) and I (k, Q).
(b) We have I*(1,Q) = 0.
(c) If we denote by & — ¢(§) the non-trivial automorphism of the quadratic
unramified extension Q2 of @, and we define

d

IH(£,Q) = (Clkmk,@)

then 9*(f, Q) belongs to Q2 and

(13) DE(f,Q) +<(95(£,Q)) =2 < (k,Q))

k=1

k=1

Let xp,,p, be the genus character associated to a factorization A = D; - Dy of
the discriminant of K, as in Sec. 2. Recall that xp, p, is associated with the pair
of Dirichlet characters (xp,,Xp,), with associated quadratic fields K; = Q(v/D;),
i = 1,2. Let ¢ = +1 if the K;’s are both real and ¢ = —1 if the K;’s are both
imaginary. Following the terminology in [3, Def. 3.4], the claracter xp,, p, is said
to be even in the first case, and odd in the second. Since xp, - xp, = Xk, which
is the quadratic character associated with K, then xp,(¢) = xp,(£) for all £ | M,

while xp, (p) = —xp, ().
Define the following p-adic number (in Q,2):

19(f,D1,D2;7') = Z XD1,D2(Q>19(fa Q)

[QI€FA /To(M)
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and let Hp, p, be the quadratic extension of K determined by x p,,p,. Also, denote
by

logp : E(Qp) — Q,
the p-adic formal logarithm defined by log(P) := logq(q)T;te(P)), where ¢ is Tate’s
period of E at p, log, is the branch of the p-adic logarithm satisfying log,(q) = 0

and P, is Tate’s uniformization of the elliptic curve. The following result is [3,
Thm. 4.3].

Theorem 4.1 (Bertolini-Darmon). Suppose that (xp,, XD,) satisfies
XDl(fM) :XD2(*M) = —Wpn, XDQ(p) :7XD1(p) = —wp.

There exists a point
PD17D2 € (E(HD17D2) Xz @)XDLD27

in the subspace of E(Hp, p,)®zQ where the Galois group Gal(Hp, p,/K) acts via
the character xp, p,, such that:

(1> IOgE(PDth) = 19(fa D1, Dy; T):'

(2) Pp,.p, is non-zero if and only if L'(E, xp,,1) # 0.

Remark 4.2. As in Remark 2.1, 9,(f, D1, D2) := x(11)Y(f, D1, D2;7) is indepen-
dent of the choice of 7.

4.2. Darmon points and generalized Kohnen lifts. We fix the sign € as in
Sec. 4.1 taking e = 1 for xp,,p, even and € = —1 for xp, p, odd.
Recall the choice of the periods Qi made in Sec. 4 and the fundamental dis-

criminant Dy of type I chosen in Sec 2 By [6, Lemma 3.3], these periods can be
chosen so that, after replacing U by a smaller neighborhood, the following equality
holds:

k—1\ 2
e p f
14 Q% =1-wy—~ Dy, Dy).
(1) = (1= w25 ) e on o)
We will assume to have done this choice from now on.
Recall that g is the generalized Kohnen-Waldspurger lift in [1] and ¢ p(k) are
the normalized coefficients introduced in (12).

Proposition 4.3. Let Dy (reps. Dy) be of type I (resp. type II). Then

/4
1 e | =¢ k = 19)( sy M1, 72)-
D) T (i) = (7DD

Proof. Notice that, for all integers k > 1 in U, we have
2k —2 —_—
(1 - 5(7)2) C|D1|(k)c|D2|(k)

(1w, 235) e )

¢p,|(k) - ¢, (k) =
By Theorem 2.3, we have then
2k—2
(1 Zz ) riff D1, D2)

5 .
k—1
(1_wp5p(k)) T(flji?DOaDO)

&\, |(k) - € py (k) = x(ID1|) 7"
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Therefore, using (14),

— 2k=2 N\ . (fh
(15) 6|ol|(k>-ém2|<k>=x<|D1|>—1-(1_5(k)2) UE D1, D)
b f

With the above choice of €, we have r(f]g,Q) = 7(k,Q) (cf. [3, eq. (27)], or [16,
Lemma 3.4], [14, §4.3]). Combining (13) and [6, eq. (16)] we get

d (——F .
(16) Ox(F D1, D2) = x(1DaD) - g (G ®) - o (B) -
Differentiating (15), using that ¢p, (1) = 0 because D5 is of type II, and substituting
(16) we get the result. O

We now apply Theorem 4.1 in this situation. Before doing this, we observe that,
for fundamental discriminants Dy and Ds of type I and II respectively, the condition

XD, (P) = —Xp, (P) = —wp

is (I) and (II) in Def. 3.1, respectively, while the condition

XDy (M) = xp,(—=M) = —war
is equivalent to

XDI(_l) = XDz(_l) = <_1)SO+1’
where recall that sg is the cardinality of the set Sy and M’ is the product of the
primes in Sp: this is because x p, (¢) = xp, (¢) = wy for all primes ¢ | (M/M") (by (1)
in Def. 3.1) and xp, (¢) = xp,(¢) = —w, for all primes dividing M’ (by (2) in Def.
3.1). Thus, Q(v/D1) and Q(y/D3) are both real or imaginary, accordingly with the

parity of sp: odd in the first case, even in the second, and this is precisely condition
(3) in Def. 3.1 (which, of course, agrees with (x) required in the introduction of the

paper).
Theorem 4.4. Let Dy be of type I and D2 of type II. Also assume that c|p,| # 0.
There exists a point
P € (E(Hp,,p,) ®z Q(x))*P1 P2

such that:

(1) 1og(P) = (&0 () oy

(2) P is non-zero if and only if L'(E, xp,,1) # 0.
Proof. Combining Prop. 4.3 and Thm. 4.1, we see that, for P = Pp, p, as in Thm.
4.1,

o (P) = x (120) - (ema )

T1

Since ¢|p,|(1) belongs to Q(x), assertion (1) follows with

oro 0 (%) fo)

Finally, Prop. 3.3 shows that ¢p,|(1) # 0 if and only if ¢/p,| # 0, so the second
part of Theorem 4.1 shows that this point is non-zero if and only L'(E, xp,, 1) # 0,
thus showing assertion (2) and finishing the proof. O

We close this section with another application, which establishes Equation (1)
of the Introduction.
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Theorem 4.5. Let D be a fundamental discriminant of type II. There exists a

point Pp € E(Q) ®z Q(x), which is non-zero if and only if L'(E, xp,1) # 0, such
that

logp(Pp) = <CZ€5|D|(I€)> |k—1.

Further, if D < 0, then we may take Pp € E(v/D) @z Q(x).

Proof. Put Dy := D. Fix a discriminant D; of type I such that (Dq, Dy) = 1 and
¢p,|- Let A := Dy - Dy be the discriminant of the totally real field K = (@(\/Z)
Then one can apply Theorem 4.6 and obtain the first part of the statement for
Pp = P. The second part follows from the proof of [3, Theorem 4.3] because
if D < 0 then the point Pp actually belongs to the imaginary quadratic field

QD). 0

4.3. Generating series and a conjecture of Darmon-Tornaria. Based on the
work accomplished thus far, we are in position to address the conjecture of Darmon
and Tornarfa in [6, Conj. 5.3, Case 1]. Let Dy (resp. Ds) be of type I (resp. type
IT), coprime to each other with D; and Dy both positive (resp. negative) if sq is
odd (resp. even). Put

nx(f»Dlsz) = Xﬁl(‘le 'ﬁx(faDhDQ)

for Dy of type I and Dy of type II. Let g be given as in Sec. 2.1 and g* := )" ¢,q"
be the form obtained from g = )", ¢,¢" by applying the complex conjugation.

Theorem 4.6. The coefficients 0y (f, D1, D2) for Dy of type I are proportional
to the |D1|-th coefficient of g*, and they do not vanish identically if and only if
L/(Ea XD 1) 7& 0.

Proof. Combining Prop. 4.3 and Prop. 3.3, and using that c¢p, # 0, we have

X(1D1) - (dilcé\Dﬂ(k))W:li
— €Dyl

9 (f, D1,D9) = G

(TdIQE\Dﬂ(’“))\k:l

Thm. 4.4 shows that the coefficient of proportionality .
0
and only if L'(F, xp,,1) # 0. O

is non-zero if

Remark 4.7. We can remove the dependence on the character x in the above Theo-

rem. Fix a congruence class m in Z/M'Z and let g,, := cﬁ{”)q” where cﬁf”) =cp

ifn=m e Z/M'Z and A =0ifn # m € Z/M'Z. Then g,, is a half inte-
gral weight form with respect to the congruence group I'y (4MM’). We get from
the above theorem that ¥(f, D1, D2, T) is proportional to |D;|-th coefficient of g,
whenever Dy is of type I and |D1| = m € Z/M'Z. They do not vanish identically
if and only if L'(F, xp,,1) # 0.
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