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More is different.
- Philip W. Anderson

The full appreciation of natural phenomena must go beyond physics in the usual
sense [...] because the separation of fields is merely a human convenience.
Nature is not interested in our separations, and many of the interesting

phenomena bridge the gaps between fields.
- Richard Feynman

La creatività è soprattutto la capacità di porsi continuamente delle domande.
- Piero Angela





Abstract

In this Thesis, we will explore how tools from Statistical Physics and In-
formation Theory can help us describe and understand complex systems.

We will often deal with minimal and paradigmatic models characterized by
stochastic processes, employing both analytical techniques and numerical
simulations.

In the first part of this Thesis, we will focus on the interplay between
internal interactions and environmental changes and how they shape the
properties of the many degrees of freedom of a complex system. We model
the environment as an independent stochastic process that affects the param-
eters of the system, a fruitful paradigm in several fields - such as changing
carrying capacities in ecosystems, switching environments in chemical sys-
tems, mutating strategies in microbial communities, different regimes of
neural activity, and diffusion in disordered or inhomogeneous media. At any
time, the environmental state is not known, so we are interested in the joint
distribution of the internal degrees of freedom marginalized over the envi-
ronmental ones. By computing its mutual information in different scenarios,
we explicitly describe the internal and effective dependencies arising in the
system. We study the properties of environmental information in different
scenarios and how mutual information encodes internal and environmental
processes, as well as how it can help us disentangle them. Yet, often we are
not able to observe and describe all the internal dependencies of a complex
system, and typically we resort to effective representations. By building
information-preserving projections and focusing on the paradigmatic case of
underdamped systems, we show these optimal effective representations may
be unexpectedly singular and undergo abrupt changes. These results help us
understand the fundamental limits of approximating complex models with
simpler effective ones while attempting to preserve their dependencies, that
may arise from unknown environmental changes.

In the second part of this Thesis, we leverage this approach and ideas
from criticality and apply them to neural systems at different scales. We
build on the hypothesis that brain dynamics may be poised near a critical



point, finding seemingly scale-free correlations and power-law distributed
neuronal avalanches in data from the somatosensory barrel cortex of rats.
However, we show that an environmental-like latent variable that models
unobserved neural activity may lead to power-law neuronal avalanches in
the absence of criticality. Remarkably, the properties of mutual information
suggest that, whereas avalanches may emerge from an external stochastic
modulation, interactions between neural populations are the fundamental
biological mechanism that gives rise to seemingly scale-free correlations. We
further explore the role of the structure of interactions at a different but
relevant scale - whole-brain dynamics. We develop a stochastic continuous-
time formulation of a well-known cellular automaton, showing how the
mean-field limit predicts a bistability region. Yet, a continuous transition
appears with an interaction network, with localized oscillations that provide
a dynamical mechanism for the emergence of clusters of activity known
to generate functional networks. Our results shed light on the role of the
interaction network, its topological features, and unobserved modulation in
the emergence of collective patterns of brain activity.

Finally, these ideas will lead us to a phenomenological coarse-graining
procedure for neural timeseries. We test it in equilibrium and non-equilibrium
models, as well as models of conditionally independent variables in a stochas-
tic environment - which, as we have shown throughout this Thesis, often
display non-trivial and unexpected features. In doing so, we further test the
fascinating hypothesis that the Statistical Physics of phase transition may
serve as a powerful and universal framework for understanding biological
and living systems.
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Preface

In the first part of this Thesis, we will focus on the interplay between in-
ternal interactions and environmental changes and how they shape the

properties of complex systems. In Chapter 2 and Chapter 3, we consider
models where an independent stochastic process - the environment - changes
the parameters of the system in time. This approach has several applications
and can describe changing carrying capacities in ecosystems, switching envi-
ronments in chemical systems, mutating strategies in microbial communities,
different regimes of neural activity, and diffusion in disordered or inhomo-
geneous media. We assume that, at any time, the environmental state is not
known, and that we are interested in the properties of the joint distribution
of the internal degrees of freedom marginalized over the environmental
ones. Even from a data-driven perspective, this is a relevant scenario - as
a growing wealth of data is populating the realm of biological, chemical,
and neural systems, direct extrapolation of some properties belonging to the
underlying dynamics has become prominent, and one might ask whether
these reconstructed features may arise from nothing but our ignorance about
the unobserved environment in which the system lives. In Chapter 2, we
compute the mutual information between the internal degrees of freedom in
the absence of interactions. By doing so, we explicitly describe the effective
dependencies arising from the shared environment in different scenarios,
from discrete environments to continuous ones, in equilibrium and non-
equilibrium settings. We find that a stochastic environment in suitable limits
may give rise to non-trivial dependencies in the system, associated with a
corresponding environmental information.

The description of these emerging dependencies is useful in Chapter
3 to understand the complex interplay between internal interactions and
changing environments. In the case of linearized interactions, i.e., of systems
close to a potential minimum, we find that the mutual information of the
whole system encodes the internal and environmental processes as distinct
contributions. Furthermore, such contributions can always be fully disentan-
gled in suitable limits. Non-linear interactions, on the other hand, lead to a
much richer structure, giving rise to a new term that models the interference

v



vi preface

between the dependencies induced by internal interactions and those stem-
ming from the environment. This interference can be either constructive
- with the dependency between the particles amplified by the presence of
both interactions and environment at once - or destructive, depending on
the shape of the internal interactions. Remarkably, although we focused on
paradigmatic but rather comprehensive physical models, these ideas have a
much larger scope. In particular, in machine learning and artificial neural
network, disentangled representations of the data and generative models
with latent variables are widely used.

These are archetypal examples of the fact that we may not be able to
observe the many degrees of freedom of a complex system. Indeed, we
may not have experimental access to all of the degrees of freedom or it may
be more useful to study the behavior of coarse-grained variables. Thus,
we rather seek an effective representation of the observed evolution. To
this end, in Chapter 4, we build information-preserving projections of a
possibly unknown complex dynamics. By focusing on the paradigmatic case
of underdamped systems, where we are interested in the position subspace
rather than the whole phase space, we show that optimal effective models
may have a singular optimal parameter space. Crucially, this discontinuity
in the optimal parameter space is triggered by the minimization of the
information loss which induces abrupt changes in the effective model. Our
results pose fundamental challenges to the ambition of inferring underlying
parameters from effective low-dimensional models, as the appearance of
this transition in paradigmatic systems translates into an alarming warning
signal for more general cases. Furthermore, they help us understand the
fundamental limits of approximating complex models with simpler effective
ones while attempting to preserve their dependencies.

In the second part of this Thesis, we leverage these results and ideas
from phase transitions and criticality applied to biological and in particular
neural systems. In Chapter 5, we analyze local field potentials from the so-
matosensory barrel cortex of rats. We find seemingly scale-free correlations
and power-law distributed neuronal avalanches, building on the hypothesis
that brain dynamics may be poised near a critical point. To describe these
features, we consider a general class of stochastic processes describing an
archetypal evolution of neural activity driven by another, but unobserved,
external process. We show how the properties of this environmental-like
latent variable are crucial in producing power-law neuronal avalanches. Fur-
ther, we exploit the previously derived properties of the mutual information
to study the interplay between internal and extrinsic activity, allowing us to
understand how the underlying dependencies shape the observed properties
of neural activity. In particular, our work suggests that, whereas avalanches
may emerge from an external stochastic modulation that affects all degrees
of freedom in the same way, interactions between neural populations are the
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fundamental biological mechanism that gives rise to seemingly scale-free
correlations.

Hence, we further explore the role of the structure of interactions in Chap-
ter 6. We turn our attention to a different but relevant scale, and in particular
to models for whole-brain dynamics. We develop a stochastic continuous-
time formulation of a well-known cellular automaton via a master equation
approach. We show analytically how the mean-field limit predicts a discon-
tinuous transition with a bistable region in the control parameter space. Yet,
when we go beyond mean-field by adding interaction networks connecting
different brain regions, the picture is drastically different. The transition be-
comes continuous and localized oscillations emerge, providing a dynamical
mechanism able to sustain clusters of activity that are known to generate
functional networks. Our results shed light on the role of the underlying
network structure in the emergence of collective patterns of brain activity,
highlighting that critical-like transitions may be also driven by topological
features of functional connections at the whole-brain level.

Finally, in Chapter 7 ideas from phase transitions and criticality will
lead us to a model-free and phenomenological coarse-graining procedure
recently introduced to deal with neural timeseries. We test concepts from
this phenomenological Renormalization Group in well-known equilibrium
and non-equilibrium models, studying different interaction topologies and
whether they affect the coarse-graining outcomes. We also consider models
of conditionally independent variables in a stochastic environment - which,
as we have shown throughout this Thesis, often display non-trivial and
unexpected features. Overall, we highlight the efficacy and limitations of
these approaches.

Building from these results, future perspectives are manifold - from
studying how biological and living systems harvest and process information,
to how phase transitions and criticality may help them achieve optimal
solutions and strategies in this direction. And all these ideas have a common
framework behind them - Statistical Physics.
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chapter 1

Introduction

Statistical Physics was born to describe large systems with many degrees of
freedom. For these systems, it is often the case in which we are not necessarily
interested in their microscopic details - but rather in their macroscopic,
collective behavior that emerges from the interactions of their individual
parts.

One of the most striking features of Statistical Physics is the study of
phase transitions, sudden changes in the behavior of a system as a result of
small changes in external conditions. In the last century, powerful theoretical
tools have been developed to understand these phenomena, from the scaling
hypothesis to the Renormalization Group. At the edge of a second-order
phase transition, macroscopic properties that are not predictable from the
microscopic details emerge - fluctuations become long-range correlated both
in space and time even with short-range interactions, the susceptibility to
external perturbations peaks, and a newfound scale invariance reflects into
the appearance of complex spatiotemporal patterns. These emergent features
are often connected to trade-offs between order and disorder, robustness and
flexibility, everlasting silence and never-ending activity. As such, a fascinat-
ing yet debated hypothesis was formulated in the last decades - that being
poised close to a critical point might be an optimal strategy for biological
and living systems [1, 2]. Properties of critical systems may be desirable
for information storage and processing [3–6], collective motion, behavior,
and response [7–11], as well as computational capabilities and information
transmission [12–17]. And the key idea is that these properties need not be
present at the microscopical level, but rather emerge spontaneously as the
system approaches the edge of a second-order phase transition.

1



2 chapter 1 . introduction

These concepts are tightly related to the idea that “more is different”, as
Philip W. Anderson wrote fifty years ago [18]. Complex systems are often
characterized by emergent properties - properties that are observed only
at the level of the system as a whole, but that are not present at the level
of their individual components. Arguably, phase transitions are one of the
most emblematic examples of emergence, where the very same microscopic
system can lead to qualitatively different behaviors at different values of the
control parameter, e.g., the temperature. It is even more striking that phase
transitions formally exist only in the thermodynamic limit, where complexity
arises from simple interactions only when an infinite number of degrees of
freedom is at play - with the words of Leo Kadanoff, for Statistical Physics
and our paradigmatic models “infinitely more is different” [19]. Clearly,
real-world systems are not infinite, and no thermodynamic limit exists in
nature. But it is not hard to imagine that this story is telling us something
quite profound about the relation between our models and the phenomena
we want to model. Complexity is ubiquitous in the natural world at all
scales, from microbial communities to entire ecosystems, from neural and
brain dynamics to social interactions. Notwithstanding, our models are most
often quite simple instead - with the goal of capturing minimal but essential
features of what we are observing. Then, criticality and phase transitions
may be one of the mechanisms with which we are able to generate complexity
out of otherwise simple individual rules, and ultimately understand what
the fundamental pieces of our model are.

Indeed, as Anderson puts it, it is undeniable that new and fundamental
questions arise at different scales. A flawless description of the dynamical
evolution of a single degree of freedom does not explain the behavior of
many, interconnected ones, which is instead profoundly dependent on the
structure of interactions among them. This is where our quest for minimal
models becomes paramount - quantum mechanics is not useful to describe
ecosystems, but a minimal description of species interactions is fundamental
if we want to capture their behaviors. Ultimately, this is because the interac-
tions between the components give rise to emergent phenomena, which are
fundamentally different from the behavior of the components themselves.

In the course Thesis, we will explore these ideas in different contexts.
In the first part, we will try to address an apparently orthogonal question -
what happens in paradigmatic systems that are affected by an unobserved
but changing environment? Yet, as we will see, this question is relevant in
the context of complex systems, where understanding where the interdepen-
dencies between the individual parts emerge from is of prime importance. In
particular, we will show how tools from Information Theory can help us dis-
entangle effective dependencies arising due to the shared environment at the
level of information encoded in the probability distributions describing the
system as a whole. Then, we will further explore what Information Theory
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(a) T = 0.95Tc (b) T = Tc (c) T = 1.05Tc

Figure 1.1 – Configurations of the two-dimensional Ising model in a 500×500 lattice
below, at, and above the critical temperature. These and all the other configurations
in this Thesis are obtained from a Monte Carlo simulation performed using the
Wolff algorithm.

can tell us about the relation between simple effective models and the com-
plex dynamics they are trying to approximate. In the second part, instead,
we will explicitly use ideas coming from phase transitions and criticality to
study the properties of neural activity, both in data and in simple models. We
will see how interactions and external, environmental-like modulation shape
neural activity, and how the underlying structure of interactions can qualita-
tively change the properties of our model. To this end, in this introductory
Chapter, we will review how criticality comes about in archetypal models,
what are its main features, as well as how we can describe them. Phase
transitions in dynamical models, in particular, will lead us to stochastic
processes and probability, where we will have the opportunity to introduce
the main quantities from Information Theory that we will use.

1 .1 equilibrium and dynamical phase transitions

In this Section, we will briefly recall the main ideas behind equilibrium and
dynamical second-order phase transitions. To do so, we will consider two
archetypal models - the Ising model and the contact process - which will
allow us to sketch the fundamental features of such transitions. Remarkably,
the concept of scale invariance and the sudden lack of a characteristic scale
that appears near critical points have been argued to be a crucial aspect found
in natural systems and complex systems in general [1, 2]. In the second part
of this Thesis, we will be interested in how such signatures are found in
neural activity in particular, and how they may be connected to dynamical
phase transitions and in particular absorbing ones.

Notably, a prominent framework to understand how natural and biologi-
cal systems may tune themselves to a critical point is that of self-organized
criticality (SOC) [20]. Although we will not enter into the details here, the
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core idea is the presence of a dynamical feedback on the control parameter,
i.e., on the parameter that determines the phase of the system, by either
dissipation or driving. With the proper assumptions - for instance, timescale
separation between the system’s dynamics and the feedback’s one - the sys-
tem self-organizes to the vicinity of the critical point, without any need for
fine-tuning. Besides SOC, it has been argued that biological systems may
have evolved to achieve criticality - or, at least, to be described by mod-
els close to the edge of a phase transition - due to its inherent functional
advantages, for instance via adaptation and plasticity [21–27].

1.1.1 the ising model

Scale invariance is at the heart of critical phenomena. A system is said to be
scale invariant if its physical properties remain unchanged at different scales
- for instance, the structure of self-similar geometrical objects like fractals
does not change at different spatial scales. They are effectively scale-free.
Formally, a scale-invariant scalar function needs to obey

f (y)
f (x)

= φ
(y
x

)
∀x,y, (1.1)

for some function φ. Eq. (1.1) tells us that the function f varies in the
same way at all scales. The class of differentiable functions that satisfy this
condition can be easily found, and they are power laws of the form

f (x) = cxa (1.2)

where a = φ′(1) is a constant. In fact, a change of scale of the form x→ cx
gives f (cx) = caf (x). A function g(x) with a given characteristic scale ξ , say
g(x) = exp(−x/ξ), would transform differently at different scales. This is the
reason why power-laws are regarded as signatures of scale invariance.

In physical systems, power-laws prominently arise in the presence of
second-order phase transitions. Here, we first focus on a paradigmatic equi-
librium case - that of a transition between an ordered state and a disordered
one. Consider a lattice of N spins, i.e., of binary variables Si = ±1 with
i = 1, . . . ,N , described by the Ising Hamiltonian

HIsing = −J
∑
⟨ij⟩

SiSj (1.3)

where the sum runs over the lattice’s nearest neighbors, and J is the coupling
strength. It is well known that in dimension d > 1 the Ising model described
by Eq. (1.3) displays qualitatively different behaviors depending on the
temperature T (see Figure 1.1). The interaction described by Eq. (1.3) is a
short-range one, and indeed at high temperatures the model displays short-
range correlations and disorder, with spins randomly oriented. On the other



1 .1 . equilibrium and dynamical phase transitions 5

(a) Nspins = 250000 (b) Nspins = 62500 (c) Nspins = 10000

Figure 1.2 – A configuration of the 2D Ising model at criticality. (a) A 500 × 500
lattice. (b) A 250× 250 sublattice. (c) A 100× 100 sublattice. Notice how islands of
spins exist at all scales.

hand, although correlations are still short-range at low T , long-range order
appears because all the spins tend to align to minimize the energy. More
precisely, the magnetization

m =
1
N

〈 N∑
i=1

Si

〉
vanishes if in the disordered phase at T > Tc, whereas it is different from zero
in the ordered one at T < Tc. Tc defines a critical temperature, at which the
system undergoes a second-order phase transition as it begins to order [28],
and m is a local order parameter that allows us to discriminate between the
two different phases. It is around the critical temperature that the physical
properties of the model are the most interesting.

As we approach Tc something remarkable happens - the correlations be-
tween the spins become more and more long-range, leading to the formation
of islands of aligned spins. Exactly at criticality, these islands exist at all
scales and the configuration of the Ising model becomes fractal-like. Figure
1.2 shows how sublattices at different scales resemble the full lattice. This is
perhaps one of the most striking features of criticality: at the critical point,
the correlations between the microscopic degrees of freedom become rele-
vant at all scales, regardless of the nature of the starting interaction. Since
no relevant scale can be defined, the physical properties of the model turn
out to be scale-free and described by power-laws. For instance, the order
parameter scales as

m ∼ |t|β (t < 0) (1.4)

where t = (T −Tc)/Tc and β is called a critical exponent. A number of these ex-
ponents can be found in the thermodynamic limit N →∞, where ergodicity
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is broken. For instance, the zero-field susceptibility is divergent

χ =
∂m
∂h

∣∣∣∣∣
h=0

∼ |t|−γ (1.5)

where h is an external pinning field - with a corresponding Hamiltonian
Hh = −h

∑
i Si - that selects one of the two ergodic regions of the phase space

defined by the symmetry group Z
2 of the Ising model, and that become

disjointed in the thermodynamic limit [29]. Similarly, away from criticality,
the connected correlation function G(r) = ⟨SrS0⟩ − ⟨Sr⟩⟨S0⟩ ∼ e−r/ξ defines a
correlation length ξ due to the short-range nature of the microscopic inter-
action. However, close to the critical point, the correlation length diverges
as

ξ ∼ |t|−ν (1.6)

so that, exactly at T = Tc, the decay of the correlations becomes algebraic

G(r) ∼ r−(d−2+η). (1.7)

This is precisely what we mean when we say that at criticality the system
is scale-free - Eq. (1.6) together with Eq. (1.7) implies that ξ → ∞ as we
approach the critical point, so all scales are equally relevant.

The fact that the collective behavior emerging at criticality becomes inde-
pendent of the microscopic interaction leads us to another feature of critical
systems: universality. Indeed, the critical behavior depends only on a few
key properties, like the symmetry of the Hamiltonian, the dimensionality of
the system, and the range of interactions. These properties define a univer-
sality class, leading to different systems sharing the same set of exponents.
From a theoretical point of view, this is well understood in the context of the
Renormalization Group, but we can get an intuition already at the level of
coarse-graining. Loosely speaking, a coarse-graining transformation amounts
to changing the scale at which we look at the system - an example of a spatial
coarse-graining in a lattice would be to group together plaquettes of nearby
spins via a majority rule, known as a block-spin transformation. In the case
of the Ising model, for T < Tc after enough coarse-graining steps the system
ends up in one of its two ground states with all the spins aligned. On the
other hand, for T > Tc the system ends up in a fully disordered configuration.
At criticality, fluctuations exist at all scales and the system is described by
power-laws. Due to such intrinsic scale invariance, the coarse-graining yields
no change at the critical point, as we can see in Figure 1.3. Qualitatively, this
is where universality comes to be - as the coarse-graining procedure unravels
the long-range properties of the system by smoothing out its short-range
fluctuations.

The Ising model serves as an archetypal example of which kind of proper-
ties we expect to find a criticality, from long-range correlations without the
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(a) Original lattice (b) First generation of spins

(c) Second generation of spins (d) Third generation of spins

Figure 1.3 – A critical configuration of the 2D Ising model is left invariant under a
coarse-graining transformation due to its underlying scale invariance. The coarse-
graining procedure we used here is a 2x2 block-spin transformation.

need for long-range interactions, to a diverging susceptibility that allows for
a large sensitivity to external stimuli. A number of these properties have been
argued to be optimal for biological systems [1–5, 7–13, 16, 17, 30–35], and
in particular for the brain, as we will see in detail in Chapter 5 and Chapter
6. At the same time, critical and abrupt transitions may be detrimental to
ecological systems, for instance. Although not included in this thesis, in [36]
we studied how isotropic percolation - another kind of equilibrium transition
- can help us understand the emergence of scale-free fires, that are invariant
under spatial coarse-graining, during the devastating 2019-2020 bushfire
season in Australia. Yet, complex systems are often described by dynamical
processes. In the next Sections, we will briefly show how phase transitions
arise in non-equilibrium settings, described by stochastic processes.

1.1.2 the contact process

The contact process is one of the simplest non-equilibrium models, describ-
ing the spreading of activity, and was first introduced as a toy model for
epidemic spreading without immunization [37]. Much like the Ising model
for equilibrium systems, the contact process is an archetypal example of
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non-equilibrium phase transitions. Consider, in general, a collection of
i = 1, . . . ,N nodes of a given network. Each site can be either active or in-
active, and we identify its state by means of a binary variable σi(t) = 1, 0,
respectively. The activity spreads via a nearest-neighbors interaction, and it
depends on the number of active neighbors,

ni(t) =
∑
j∈⟨i⟩

σj(t),

whereas each active site is emptied at a given rate µ. Thus the rates w(σi(t)→
σi(t + dt),ni(t)) are given by

w(0→ 1,ni) =
λni
ki

w(1→ 0,ni) = µ
(1.8)

where λ is the spreading rate, and ki is the number of neighbors of the i-th
site, e.g., the coordination number in a lattice. As we will see, it exists a
critical value of the control parameter λ = λc that separates two qualitatively
different global behaviors. If λ > λc, the spreading rate is high and a site
does not recover fast enough, so at large times an active fluctuating phase
permeates the system. On the other hand, if λ < λc, the activity is not
able to spread fast enough and the system eventually finds itself in a state
where all the sites are empty. From its definition, the local dynamical rules
in Eq. (1.8) do not allow the system to escape from such a configuration.
These two phases appear only in the long time limit - that is, they are
stationary solutions of the model - and the transition to the absorbing state
is dynamically irreversible.

In this Section, we will briefly describe in which sense this transition
to an absorbing state is in fact a phase transition, and how we can recover
a notion of criticality similar to that of equilibrium systems. If we are to
identify a phase transition, we need to introduce an order parameter first.
One possible choice is the density of active site ρ(t) defined as

ρ(t) = lim
N→∞

1
N

〈 N∑
i=1

σi(t)
〉

(1.9)

where the average ⟨·⟩ is performed over many realizations of the stochastic
process. This seems to be a good candidate - it is clearly zero in the absorbing
state, and is different from zero if the activity is proliferating. Then, the
equation of motion for the local order parameter ρi(t), defined as

ρi(t) = P[σi(t) = 1],
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nn-1 n+1

n+1

λn(N−n)
N

n

λ(n−1)(N−(n−1))
N

Figure 1.4 – The transition scheme for the mean-field contact process, where n is
the number of active sites, N − n is the number of empty sites, and the spreading
rate is rescaled λ→ λ/N . The spontaneous emptying rate is unitary.

is the master equation

P[σi(t +∆t) = 1] = P[σi(t) = 1][1−µ∆t] + λ∆t
ki

∑
j∈∂i

P[σi(t) = 0,σj(t) = 1]

and the continuous time limit yields

d
dt
ρi(t) = −µρi(t) +

λ
ki

∑
j∈∂i

P[σi(t) = 0,σj(t) = 1] (1.10)

where ∂i is the set of neighbors of the i-th site. This is still an exact re-
lation, but the last term in the r.h.s. makes it impossible to solve it ex-
actly. Thus, to understand the nature of the phase diagram of the contact
process we consider a mean-field approach, which amounts to assuming
that the joint probability in the last term of Eq. (1.10) is factorizable, i.e.,
P[σi(t) = 0,σj(t) = 1] = P[σi(t) = 0]P[σj(t) = 1]. This is equivalent to assum-
ing that the underlying network is fully-connected, which further implies a
homogeneity assumption ρi = ρ and ki = k. We end up with

dρ
dt

= −µρ + λ
Nk

[Nk(1− ρ)ρ]

= ρ(λ− 1)−λρ2. (1.11)

where we rescaled the control parameter to restore extensivity.
Notice that we can derive the same equation of motion directly from the

master equation for the mean-field contact process. The rates are outlined
in Figure 1.4, where n is the number of active sites and N −n the number of
empty sites. Hence the master equation is

ṗn = −pn
[
n+

λn
N

(N −n)
]
+ pn+1(n+1) + pn−1

λ(n− 1)
N

[N − (n− 1)] (1.12)

where pn(t) is the probability of having n active sites at time t, and we set
µ = 1 for conciseness. We are interested in the average value of active sites
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⟨n⟩, whose evolution obeys

⟨ṅ(t)⟩ =
〈
−n2 + λn

2(N −n)
N

+n(n− 1) +
n(n+1)(N −n)

N

〉
= ⟨n⟩ (λ− 1)−

λ
〈
n2

〉
N

.

Since the density of active sites is given by

ρ(t) = lim
N→∞

⟨n(t)⟩
N

, (1.13)

and in the large-N limit we expect fluctuations to be negligible, so that ⟨n⟩2

coincides with
〈
n2

〉
, we have

ρ̇(t) = ρ(t)(λ− 1)−λρ2(t)

which is exactly Eq. (1.11). However, in this framework, one could in princi-
ple look at next-to-leading order solutions performing a system-size expan-
sion [38].

We immediately see that Eq. (1.11) has two possible stationary solutions,
namely the vacuum solution and the active solution

ρvst = 0, ρast =
λ−µ
λ

.

For ρast to be positive, we need λ > µ. A linear stability analysis with ρ(t) =
ρst + ϵ(t) for ϵ≪ 1 yields

dϵ
dt

= (λ−µ)ϵ − 2λρstϵ+ ρst(λ−µ)−λρ2st +O(ϵ2)

so that ϵ̇ = ±(λ−µ)ϵ in the absorbing and active state, respectively. Thus, we
find a bifurcation point at

λc = µ (1.14)

which is the mean-field critical point of the contact process. If λ > λc the
stable solution is the active one, whereas for λ < λc the vacuum is stable.
Notice that there is no discontinuity in the order parameter, similar to the
case of second-order phase transitions in equilibrium Statistical Mechanics.

1.1.3 an absorbing phase transition

The contact process at its critical point is described by scale-free properties.
Its spatiotemporal structure can be probed in terms of both an equal time
correlation function,

c⊥(r, t) = ⟨σi(t)σi+r(t)⟩ − ⟨σi(t)⟩⟨σi+r(t)⟩ , (1.15)
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and a time autocorrelation function,

c∥(t) = ⟨σi(t)σi(0)⟩ − ⟨σi(t)⟩⟨σi(0)⟩ , (1.16)

where averages are over sites. Hence, we can independently introduce a
correlation length in space ξ⊥ and a correlation length in time ξ∥. Away
from criticality, we expect that for large values of their arguments both these
correlation functions decay exponentially, namely

c⊥(r, t) ∼ e−r/ξ⊥ , c∥(t) ∼ e−t/ξ∥ .

In order to understand how these correlations behave, we let go of spatial
homogeneity while still considering independent sites, that is, we write

∂
∂t
ρ(x, t) = −ρ(x, t) + λ

q

∑
y

P[σx(t) = 0]P[σy(t) = 1]

= −ρ(x, t) + λ
q

∑
y

ρ(y, t)[1− ρ(x, t)]

where x ∈ R
d denotes the position in a d-dimensional continuous space.

Then, we expand ρ(y, t) about the point x,

ρ(y, t) ≈ ρ(x, t) + (yi − xi)∂iρ(x, t) +
1
2
(yi − xi)(yj − xj )∂i∂jρ(x, t) + . . .

where we use the Einstein convention. In a finite volume V we have
∑

y ≈
q/V

∫
V
ddy, so that

∂
∂t
ρ(x, t) = −ρ(x, t) + λ

V

∫
ddy

[
ρ(x, t) +

1
2
|y− x|2∇2ρ(x, t) (1.17)

− ρ(x, t)2 − 1
2
|y− x|2ρ(x, t)∇2ρ(x, t) + . . .

]
which depends in principle on all possible couplings between the order
parameter and its derivatives. If we stop at the lowest order and consider
only diffusive coupling, we end up with

∂
∂t
ρ(x, t) = (λ−µ)ρ(x, t)−λρ2(x, t) +D∇2ρ(x, t) (1.18)

where D is the constant factor appearing in Eq. (1.17).
If we consider the sub-critical case, λ < λc, we expect ρ(x, t) to be small

at large times - thus, we can neglect the non-linear term. This is clearly not
true in the super-critical regime. Hence, we consider deviations from the
homogeneous steady state by introducing the field

ψ(x, t) =

ρ(x, t) λ < λc
ρ(x, t)− λ−λc

λ λ > λc
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and its equation of motion,

∂ψ

∂t
= −|λ−λc|ψ −λψ2 +D∇2ψ ≈ −|λ−λc|ψ +D∇2ψ.

Here, we assumed that at large times deviations from the steady state are
small. If we consider, without loss of generality, a one-dimensional system, a
simple Fourier transform ψ(x, t) = 1

2π

∫
dkeikxf (k, t) gives

f (k, t) = A(k)exp
[
−(|λ−λc|+Dk2)t

]
.

The solution is exactly a Green function G0(x, t) if we impose ψ(x,0) = δ(x),
which implies A(k) = 1. Hence

G0(x, t) =
1

√
4πDt

e−|λ−λc |t−
x2
4Dt . (1.19)

Since G0(x, t) describes how a perturbation at the origin and at time zero
propagates through the system, heuristically we immediately find that the
lifetime of such fluctuations is ∝ |λ−λc|−1, and propagates at a characteristic
distance of ≈

√
Dt ∼ |λ−λc|−1/2. Both these quantities diverge at criticality,

showing how fluctuations become correlated at arbitrarily large distances
and arbitrarily large times. Hence, at the critical point, we have

ξ⊥ ∼ |λ−λc|−ν⊥

ξ∥ ∼ |λ−λc|−ν∥
(1.20)

giving rise to scale-free correlations both in space and in time. Similarly,
other physical observables display the same behavior. For instance, we can
define a susceptibility by adding an external field h, i.e., a spontaneous
activation rate wh[0→ 1] = h. The mean field equation of motion becomes

dρ
dt

= ρ(λ−µ)−λρ2 + h(1− ρ)

and the susceptibility diverges as the power-law

χ =
∂ρst
∂h

∣∣∣∣∣
h=0

=
1

λ(λ− 1)
∼ |λ−λc|−1,

signaling that the system becomes infinitely sensible to external perturba-
tions. Furthermore, in absorbing phase transitions we also find critical
slowing-down. If we solve Eq. (1.11) for ρ(0) = ρ0, we find at large times

ρ(t) ≃

∆
[
∆
ρ0

−λ
]−1
e∆t ∆ < 0

∆
λ + ∆

λ2

[
λ− ∆

ρ0

]
e−∆t ∆ > 0
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Figure 1.5 – Avalanches in the mean-field contact process. (a) In the presence of an
absorbing phase transition, an avalanche is defined as the cascade of activity that
follows a seed perturbation on top of the absorbing configuration and ends when
all sites have fallen back to the silent state once more. The size of an avalanche
corresponds to the number of activations. (b) In the mean-field directed percolation
universality class, at criticality the size of an avalanche S decays as a power-law∼ S−τ
with an exponent τ = 3/2. The plotted distribution is estimated from simulations
performed with the Gillespie algorithm (see Appendix B).

where ∆ = λ−λc, and for ∆ , 0. This implies that, away from criticality, the
system approaches the stationary solution exponentially with a relaxation
time τ = |∆|−1. As we approach the critical point, the relaxation time τ
diverges. That is, at criticality it takes an infinite time to reach the steady
state, defining a new critical exponent.

Finally, systems with absorbing phase transitions are quite interesting
because they produce scale-free avalanches (Figure 1.5). An avalanche is the
spread of activity produced by perturbing the absorbing state with a single
seed of activity. In the subcritical regime, this cascade of activity will be
short-lived and spatially localized close to the perturbation. On the other
hand, in the super-critical phase activity will spread indefinitely, since the
fixed point is the active one. At criticality, instead, both the duration and
the number of activations lack a characteristic scale - we will observe large
and long events, as well as short and small ones. If we call S the number of
activated sites during an avalanche, and T the avalanche duration, we have

pS (S) ∼ S−τ

pT (T ) ∼ T −τT .
(1.21)

A formal connection can be drawn with the power-law scaling of the survival
probability of the contact process at criticality [39]. Remarkably, scale-free
avalanches are observed in neural activity, most prominently at the meso-
scopic scale [40–50], and are often considered signs that the underlying
dynamics might be tuned to a critical point, albeit from a heuristic per-
spective. In particular, in finite-size systems, we expect to see a cutoff that
corresponds to large events that are limited by the system size itself. Notably,
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although we expect scale-free avalanches to be a prominent feature of models
with absorbing states, a number of other mechanisms to produce them have
been proposed, as we will see in Chapter 5.

1 .2 from stochastic processes to information theory

Many dynamical models are characterized by master equations, like the
contact process in Eq. (1.12), which describe the stochastic evolution of a
population of individuals that follows a given set of transitions. Formally,
Eq. (1.12) is a first-order equation for a probability distribution defined over
a set of discrete states, i.e., the probability pn(t) of having n active sites in the
contact process. Each transition enters the master equation via its rate.

However, we are often interested in a more coarse-grained description
of our system, such as the evolution of the density of active states described
by Eq. (1.11). Crucially, Eq. (1.11) is a deterministic equation and lacks a
noise term that accounts for the stochasticity of our typically finite systems.
This level of description can be equivalently achieved by either Langevin or
Fokker-Planck equations. The former is a stochastic differential equation,
whereas the latter is a partial differential equation that described the evolu-
tion of a probability density function (pdf). As we will extensively use them
throughout this Thesis, in the last part of this introductory Chapter we will
briefly recall the formalism of Langevin and Fokker-Planck equation, and
introduce some key concepts from Information Theory.

1.2.1 fokker-planck and langevin equations

We consider a generic Markov process described by the transition probability
P (xn, tn|xn−1, tn−1), which is the probability of moving from a possibly contin-
uous state xn−1 ∈ R

N at time tn−1 to state xn at the next timestep, tn. For this
stochastic process, one can expand the Chapman-Kolmogorov equation,

P (xn+1, tn+1|xn−1, tn−1) =
∫
dxnP (xn+1, tn+1|xn, tn)P (xn, tn|xn−1, tn−1), (1.22)

to derive the master equation as

∂P (x, t|x0, t0)
∂t

=
∫
dx′

[
W (x|x′ , t)P (x′ , t|x0, t0)−W (x′ |x, t)P (x, t|x0, t0)

]
(1.23)

where we introduced the transition rateW (x|x′) = lim∆t→0p(x, t +∆t|x′ , t)/∆t
[38]. Eq. (1.23) is an equation for the probability that the system is in the
state x at time t, given the initial condition x0 at the initial time t0. That
is, the stochastic process at a time t is described by the probability density
function p(x, t) =

∫
dx0P (x, t|x0, t0)p(x0), where p(x0) is the initial distribution

of states.
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Eq. (1.23) is an integro-differential equation, and thus not particularly
easy to handle. Under suitable conditions [38, 51, 52], the master equation
can be expanded in the form

∂P (x, t|x0, t0)
∂t

=
∞∑
k=1

(−1)k

k!

∑
i1,...,ik

∂k

∂i1 · · ·∂ik

[
a
(k)
i1,...,ik

(x, t)P (x, t|x0, t0)
]

(1.24)

where {i1, . . . , ik} is a subset of {1, . . . ,N }, and

a
(k)
i1,...,ik

(x, t) =
∫
dx′

ik∏
j=i1

(x′j − xj )W (x′ |x).

Eq. (1.24) is called the Kramers-Moyal expansion of the master equation. If
we truncate it at the second order, we obtain

∂P (x, t|x0, t0)
∂t

=−
N∑
i=1

∂
∂xi

[
a
(1)
i (x, t)P (x, t|x0, t0)

]
+

+
1
2

∑
ij

∂2

∂xi∂xj

[
a
(2)
ij (x, t)P (x, t|x0, t0)

]
(1.25)

which is known as the Fokker-Planck equation. Eq. (1.25) describes the evo-
lution for the transition probability in terms of the first two jump moments
a(1) and a(2). Typically, we will refer to P (x, t|x0, t0) as the “propagator” of the
system. For example, in the case of the master equation of the mean-field
contact process, Eq. (1.12), we have

∂P (ρ|ρ0)
∂t

= − ∂
∂ρ

[(
ρ(λ− 1)−λρ2

)
P (ρ|ρ0)

]
+
∂2

∂ρ2

[
ρ
λ(1− ρ) + 1

2N
P (ρ|ρ0)

]
where ρ = n/N is the density of active sites.

An equivalent description of a Markov process is obtained through
stochastic differential equations, which we write as

ẋi = fi(x, t) +
∑
j

gij(x, t)ξj(t) (1.26)

where ξ(t) is a stochastic process. We choose ξ(t) to be a white noise, that is,
a Gaussian process satisfying

⟨ξi(t)⟩ = 0〈
ξi(t1)ξj(t2)

〉
= 2Dδijδ(t2 − t1)

where D is the strength of the noise correlation. With this choice, Eq. (1.26)
is called a Langevin equation. Its solution is a Markov process, and thus can
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be cast in terms of a Kramers-Moyal expansion whose jump moments are
given by

a
(1)
i (x, t) = fi(x, t) +D

∑
jk

gjk(x, t)
∂gik(x, t)
∂xj

a
(2)
ij (x, t) = 2D

∑
k

gik(x, t)gkj(x, t)

whereas all other vanish [38, 52]. Thus, we can write a Fokker-Planck equa-
tion for a given Langevin equation, and vice-versa. In particular, the term
gij appearing in Eq. (1.26) plays the role of a - possibly time-dependent and
inhomogeneous - diffusion coefficient, whereas the first term fi describes the
deterministic evolution of the system in the absence of noise. In the case of
the mean-field contact process, for example, we have

ρ̇(t) = ρ(t)(λ− 1)−λρ2(t) +
√

1
N
ρ(t) [λ(1− ρ(t)) + 1]ξ(t)

and notice that the deterministic part, which survives in the N →∞ limit, is
exactly the mean-field equation, Eq. (1.11), as can be formally understood
in terms of a Van Kampen expansion [38, 52]. In this Thesis, we will deal
with both Langevin and Fokker-Planck equations, depending on the con-
text. For instance, trajectories obtained from Langevin equations can be
simulated easily (see Appendix B), whereas Fokker-Planck equations are
more suitable to analytical treatments. Both, however, are crucially involving
stochastic quantities and thus probability distributions. In the next section,
we will briefly review how in this setting one can introduce concepts from
Information Theory, which we will extensively use in what will follow.

1.2.2 entropy, information, and probability

How is entropy, one of the fundamental concepts of Statistical Physics, re-
lated to probability? Roughly speaking, entropy quantifies the disorder of a
system, and thus our uncertainty about its (microscopic) configuration. In
a microcanonical setting, where an isolated system occupies each of its Ω
microstates with equal probability, the entropy S is given by the expression
first derived by Ludwig Boltzmann,

S = kB logΩ

where kB is the Boltzmann constant. This formula follows from the assump-
tion that the system finds itself in each microstate with a uniform probability
pi = 1/Ω, for all microstates i. In thermodynamic systems where microstates
are not occupied with equal probability, we have

S = −kB
∑
i

pi logpi (1.27)
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which is known as Gibbs entropy. In this context pi may be, for instance in a
canonical ensemble, a Boltzmann distribution pi ∝ exp(−βEi) where Ei is the
energy of the i-th state.

Eq. (1.27) shows us that the concept of entropy is also connected to prob-
ability distributions, or, in other words, to uncertainty regarding the state of
a system [53, 54]. Decades later, in his pioneering work on communication
Shannon [55] defined the entropy H of a random variable X taking values in
the discrete set {x1, . . . ,xN } with probabilities {p1, . . . ,pN } as

H = −
N∑
i=1

pi log2pi (1.28)

which is formally identical to Eq. (1.27), only missing Boltzmann constant.
H is measured in bits - or nats, if the logarithm is in the natural base -, it is
always positive, and quantifies the amount of information contained in the
random variable X, where information here is measuring our uncertainty
about the values of X itself. Keeping in mind that 0log0 = 0, If all values
are equally probable, for instance, the entropy is maximal, whereas if only
one outcome is possible it vanishes. In this context, one can introduce the
information of an outcome xi as

Ii = − log2pi

so that the less likely the event is, the higher information it yields about
X. Then, H = ⟨I⟩, where the expectation value ⟨·⟩ is taken over all possible
outcomes. In other words, Shannon entropy is a measure of the uncertainty
or randomness of a system in terms of the amount of information required
to describe its state - and, precisely, it is the expected amount of information
associated with a given probability distribution. The more random the
outcomes are, the higher the entropy.

It is crucial to note that Eq. (1.28) is formally defined only for discrete
variables. If X is a continuous random variable described by a probability
density function p(x), one can write the differential entropy

HX = −
∫
dxp(x) logp(x) = Ep [− logp] (1.29)

where Ep[·] is the expected value operator with respect to the pdf p. Dif-
ferential entropy, however, can be negative, and it is not invariant under
reparametrizations of p [54, 56]. A more suitable quantity for continuous
probability distributions is the relative entropy of a distribution p(x) with
respect to a distribution q(x), namely

DKL(p||q) =
∫
dxp(x) log

p(x)
q(x)

= −HX +Ep [− logq] (1.30)
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which quantifies the information we lose when using q to approximate p.
Eq. (1.30) is always positive due to Jansen’s inequality, and it is known as the
Kullback-Leibler divergence between p and q [54, 56, 57]. Informally, one can
obtain once more the differential entropy of p(x) by using an unnormalized
uniform distribution in place of q - giving us a heuristic interpretation of the
differential entropy, which is otherwise ill-defined.

A key interpretation of the Kullback-Leibler divergence is that of a statis-
tical distance between the probability distributions p and q. Although it is
not a metric - it does not satisfy the triangle inequality, nor it is symmetric -
one can interpret Eq. (1.30) as a measure of the difference between two points
in the space of probability distributions∗. In particular, the Kullback-Leibler
divergence measures the amount of additional information that is needed
to encode events from one probability distribution using the other. Several
such quantities exist - as we will see in more detail in Chapter 4 - and all of
them measure, in different ways and with different meanings, how “far” a
probability distribution is from another. Indeed, Eq. (1.30) vanishes if and
only if p and q are equal. For instance, a symmetric version can be obtained
by symmetrization,

D
sym
KL (p||q) = 1

2
[DKL(p||q) +DKL(q||p)]

which is known as the Jensen-Shannon divergence. It is worth noting that
finding a closed expression for the integral in Eq. (1.30) is often non-trivial.
One notable case in which such expression is known is that of d-dimensional
multivariate Gaussian distributions N (µ,Σ),

DKL (N (µ1,Σ2) ||N (µ2,Σ2)) =
1
2

[
log

detΣ2

detΣ1
+TrΣ−1

2 Σ1 − d+

+ (µ1 −µ2)T Σ−1
2 (µ1 −µ2)

]
,

which we will extensively use in this Thesis.
The Kullback-Leibler divergence plays a crucial role in Information The-

ory, as well as Statistical Physics. For instance, one might compare a joint
probability distribution between two random variables X and Y , pXY (x,y),
and its factorization, pX(x)pY (y), where pX and pY are the corresponding
marginal distributions. This quantity is known as the mutual information
between X and Y ,

IXY =DKL(pXY ||pXpY ) =
∫
dxdy pXY (x,y) log

pXY (x,y)
pX(x)pY (y)

. (1.31)

∗Notably, a proper Riemannian metric in probability space, the Fisher information metric,
can be obtained from an expansion of the Kullback-Leibler divergence [57].
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HX |Y HY |XIXY

HXY

HX HY

Figure 1.6 – Depiction of the relation between the mutual information between
two random variables X and Y , IXY , their joint entropy HXY , the entropies of the
marginal distributions, HX and HY , and the corresponding conditional entropies,
HX |Y and HY |X .

Mutual information has a straightforward interpretation [54, 56]. In fact, if
X and Y were independent, their probability distribution would be exactly
the product pX(x)pY (y). Thus, since we can think of Eq. (1.31) as the distance
between a joint probability distribution and its factorization, the mutual
information quantifies how dependent X and Y are on one another, and
vanishes if and only if they are independent. Being always positive and
symmetric, IXY measures how much information the two variables share,
and this information stems from their overall dependency - e.g., correlations
or general higher-order and non-linear relations. More precisely, we can
write

IXY =HX +HY −HXY =HXY −HX |Y −HY |X

where HX |Y is the entropy of the conditional distribution pX |Y , as sketched
in Figure 1.6. This rewriting tells us that mutual information quantifies the
change in information content, as measured by entropy, due to the depen-
dencies between X and Y . Indeed, for independent variables, both Shannon
entropy and differential entropy are additive, as one would expect from
Statistical Physics. As we will see in Chapter 2 and Chapter 3, a non-zero mu-
tual information may arise both from observed dependencies - e.g., “internal”
pairwise interactions between the degrees of freedom - or unobserved ones -
e.g., effective dependencies arising from shared environmental changes. One
fundamental question, however, is how to generalize Eq. (1.31) beyond the
two-variable case, where there is more than one way to partition the system.
Straightforward extensions to arbitrary numbers of variables suffer from the
problem of sometimes being negative [58]. Most notably, a generalization
first proposed in [59], and known as partial information decomposition, par-
titions the information between multiple sources and a target into a unique,
synergistic, and redundant component. A more recent extension, named
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O-information, was proposed in [60] and takes into account higher-order
dependencies by balancing redundancy and synergy. Although we will not
make use of such quantities, some results presented in this Thesis may have
interesting extensions in this direction [61–67].

Finally, as mentioned above, another useful quantity that can be derived
from the Kullback-Leibler divergence is the Fisher information matrix IF
[57]. Let us write explicitly the parametric dependence of the probability
density function p(x;ϑ) on its parameters ϑ = (ϑ1, . . . ,ϑM ). If we compute the
Kullback-Leibler divergence between p(x;ϑ) and the pdf resulting from an
infinitesimal change of parameters, p(x;ϑ+ dϑ), we obtain

DKL [p(x;ϑ) ||p(x;ϑ+ dϑ)] =
1
2

∑
ij

dϑidϑjgij(ϑ) +O
(
||dϑ||3

)
where the Hessian matrix,

gij(ϑ) =
∫
dx
∂ logp(x;ϑ)

∂ϑi

∂
∂ logp(x;ϑ)

,ϑj (1.32)

is known as Fisher information metric for the statistical manifold defined by
the family of probability distributions p(x;ϑ), with coordinates (ϑ1, . . . ,ϑM ).
We can rewrite Eq. (1.32) as

(IF)ij (ϑ) =
∫
dxp(x;ϑ)

∂2 logp(x;ϑ)
∂ϑi∂ϑj

(1.33)

which we will use in Chapter 4. Heuristically, the Fisher information quan-
tifies how sensible p(x;ϑ) is to changes in its parameters ϑ in terms of how
much information results from an infinitesimal variation dϑ.

We will use all of these ideas in different contexts. In particular, comput-
ing mutual information will allow us to probe the (pairwise) dependency
structure of our stochastic models, understanding how different processes
affect the observed degrees of freedom. The Kullback-Leibler divergence
and other statistical distances can be used to project one family of mod-
els into a different one, as characterized by their possibly time-dependent
probability distributions that solve the correspondent Fokker-Planck equa-
tion. And, finally, ideas stemming from criticality and phase transitions are
powerful tools to understand complex systems with otherwise simple and
paradigmatic models, as we will see.
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chapter 2

Information from

unobserved environments

Real-world systems are usually coupled with noisy, ever-changing envi-
ronments. In the last twenty years, it was realized that such environments

play a crucial role in shaping the properties and dynamics of complex in-
teracting systems. Biological systems [71, 72], biochemical [73] and gene
regulatory networks [74–76], swarming and oscillatory systems [77, 78] are
only a few examples. Likewise, observed properties believed to be distinctive
of neural interactions may be solely explained by an environmental-like
dynamics that affects all neurons [79–82]. Environmental randomness has
also been shown to deeply affect the evolution of species in an ecosystem,
altering their fixation probabilities and stationary distributions [83, 84]. Sim-
ilarly, eco-evolutionary dynamics are deeply affected by possibly sudden and
random changes in environmental conditions [85]. Crucially, such random-
ness may be intrinsically different from periodic, predictable environments
[86]. From a different perspective, crucial non-equilibrium features in chem-
ical systems, such as thermophoresis [87, 88], and pattern formation [89],
have been recently shown to be sheer consequences of the interplay between
environmental and internal interactions acting on different timescales [90].

To make things more interesting, an ever-growing wealth of data is pop-
ulating the realm of biological, chemical, and neural systems, thus fueling
the possibility of a direct extrapolation of some properties belonging to the
underlying dynamics. In fact, when dealing with experimental data, it is not
unusual to solve a given inverse problem, for example using a maximum en-
tropy principle [91–93], to reconstruct the interactions between the internal

23
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Figure 2.1 – Sketch of a system in a stochastic and typically unobserved environment,
e.g., Eqs. (2.2)-(2.4). The internal degrees of freedom (gray dots) with their internal
dependencies (black lines) undergo shared environmental changes, affecting their
dynamical evolution (colored arrows). As a result, the environment induces new
effective dependencies between the internal degrees of freedom (colored lines).

degrees of freedom that shape the observed behavior. However, one might
ask whether these reconstructed couplings may arise from nothing but our
ignorance about the unobserved environment in which the system lives. This
question is often particularly hard to assess, as effective interactions arise
even in non-interacting systems under the influence of a correlated noise
[94].

Hence, describing the coupling to a stochastic environment may be as
fundamental as describing those between the internal degrees of freedom.
Yet, modeling together these contributions is often a problem too hard to be
tackled. Indeed, environmental changes are usually unknown, and the only
observed degrees of freedom are the internal ones. Hence, environmental
effects are commonly neglected.

In this Chapter, we introduce a paradigmatic yet general example of a
possibly interacting system under the influence of a shared, but unobserved,
stochastic environment. To address the question of understanding how such
environments affect the system, we first focus on the case in which internal
interactions are not present - i.e., the system’s evolution is solely shaped
by the environmental dynamics. By computing the mutual information
between the internal degrees of freedom, we will explicitly describe the
effective dependencies arising from the shared environment in different cases
- from discrete environments to continuous ones, in equilibrium and non-
equilibrium settings. We will show how a stochastic environment in suitable
limits may give rise to non-trivial dependencies in the system, associated
with a corresponding environmental information. In particular, in systems
placed out-of-equilibrium by the presence of multiplicative noise (e.g., a
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thermal gradient) such information increases with the magnitude of the
non-equilibrium term. Finally, in the presence of continuously varying
environments, we will show that the effects of the environment at stationarity
can be mapped into a heterogeneous diffusion coefficient, i.e., an effective
inhomogeneous medium. The description of these emerging dependencies
will help us understand, in the following Chapter, the complex interplay
between internal interactions and changing environments.

2 .1 general formalism

Consider a system of N particles diffusing in a one-dimensional space. Their
positions x = (x1, . . . ,xN ) are described by the Langevin equations

dxµ
dt

= Fµ(x; {ζ}) +
√
2Gµ (x; {κ})ξµ µ = 1, . . . ,N (2.1)

where {ξµ} is a set of independent white noises with zero mean. Fµ(x; {ζ})
is the µ-th component of a generic force field, which is specified by the
set of parameters {ζ}. For instance, the case of linear interactions reads
Fµ = −

∑
νAµνxν , so that the parameters {ζ} are the elements of the interaction

matrixAµν . Similarly,Gµ(x; {κ}) is the diffusion coefficient of the µ-th particle,
that depends on the set of parameters {κ}.

Eq. (2.1) describes the stochastic dynamics of the internal degrees of
freedom, x, of an interacting system. We now assume that this system is
coupled to a changing environment, which is shared by all its particles. We
model the environment as an independent stochastic process that affects
the parameters of the system shared by the N particles. In Eq. (2.1), this
corresponds to a process that affects the set of parameters {{ζ}, {κ}}, i.e., the
environment changes the properties of the model through its parameters,
whereas the parametric form itself does not change. Notably, this description
corresponds to a large number of compelling scenarios - e.g., a changing car-
rying capacity in ecosystems [84–86], a switching environment in a chemical
system [73, 88], different strategies in microbial communities [95, 96] and
different regimes of neural activity [79, 80, 82], or diffusion in disordered
or inhomogeneous media [97, 98]. Generalizing the formalism in the case
in which different environments correspond to, e.g., different force fields is
immediate. A sketch of these ideas is shown in Figure 2.1.

To fix the ideas, consider the case of a finite numberM of environmental
states indexed by i = 1, . . . ,M. In this scenario, our system is described by

dxµ
dt

= Fµ(x; {ζ}i(t)) +
√
2Gµ

(
x; {κ}i(t)

)
ξµ (2.2)

where i(t) is a realization of the process describing the switch between theM
environmental states. Thus, the probability πi(t) = P[i(t) = i] of being in the
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i-th environmental state at time t is described by the master equation

∂tπi(t) =
M∑
j=1

[
Wj→iπj(t)−Wi→jπi(t)

]
(2.3)

where Wi→j is the transition rate from the i-th to the j-th environmental
state. Notice that this process is independent of all xµ, hence it indeed plays
the role of an environment that affects, but is not affected by, the system.
The system itself will jump between states identified by the parameters
{{ζ}i , {κ}i}, so that environmental changes affect all degrees of freedom in
the same way. On the other hand, we assume that the internal processes are
those determined by the force field F, which models the interactions between
the N degrees of freedom.

The system is described by a joint p.d.f. pi(x, t) to have values x at time t
and to be in the environmental state i. This probability is governed by the
Fokker-Planck equation

∂tpi(x, t) =−
N∑
µ=1

∂µ
[
Fµ (x; {ζ}i)pi(x, t)

]
+

N∑
µ=1

∂2µ
[
Gµ (x; {κ}i)pi(x, t)

]
+

+
M∑
j=1

[
Wj→ipj(x, t)−Wi→jpi(x, t)

]
(2.4)

where we used the shorthand notation ∂xµ := ∂µ. Despite its simplicity,
general solutions to this model are elusive. Indeed, we are interested in the
case in which we regard the environmental changes as unobserved degrees
of freedom acting on x in the same way. That is, we seek the marginalization
over the states of the environment,

p(x, t) =
∑
i

pi(x, t). (2.5)

Yet, finding even the stationary solution of Eq. (2.4) is a particularly chal-
lenging task. Therefore, we resort to a timescale separation approach in
which the environment can be either much faster or much slower than all
timescales at which the internal dynamics operates.

In what follows, we will often focus on the simple case in which the
environment only acts on the diffusion coefficient, i.e., F(x; {ζ}i) = F(x; {ζ}),
∀i. For the sake of brevity, we will not write the parametric dependence on
{ζ} explicitly when not needed. Furthermore, without loss of generality, we
assume that Gµ(x, {κ}i) = Di , where Di is a constant diffusion coefficient of
the i-th environmental state. The calculations can be easily carried out in
more general cases. We will eventually relax these conditions and consider
systems in the presence of multiplicative noise and continuously varying
diffusivities.
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2.1.1 fast and slow environments

Let us assume that τint is the fastest timescale associated with Eq. (2.1),
whereas the jump process between the environmental states in Eq. (2.3)
occurs on a typical timescale τenv. For example, if M = 2 we would have
τenv = (W1→2 +W2→1)−1. In Figure 2.2 we show the typical trajectories one
obtains from a system described by Eq. (2.4) in the absence of interactions
and under harmonic confinement, a case which we will study explicitly in
Section 2.3.1. In particular, notice how such trajectories change as we change
the ratio for different ratios τenv/τint.

We first consider the limit τenv/τint := ϵ≪ 1, i.e., the limit in which the
environment is much faster than the internal dynamics. We call this case the
“fast-jumps” limit. We seek a formal solution to Eq. (2.4) of the form

pi(x, t) = p
(0)
i (x, t) + ϵp(1)i (x, t) +O(ϵ2) (2.6)

and, in particular, we are interested in the zero-th order steady state marginal-
ized over the environmental states, i.e., pfast(x) =

∑
i limt→∞p

(0)
i (x, t), where

the subscript denotes the fast-jumps limit.
To find such a solution, we first rewrite Eq. (2.4) as

∂tpi(x, t) =
1
τint

N∑
µ=1

[
−∂µ

[
F̃µ(x)pi(x, t)

]
+∂2µ

(
D̃ipi(x, t)

)]
+

+
1
τenv

M∑
j=1

[
W̃j→ipj(x, t)− W̃i→jpi(x, t)

]
(2.7)

where F̃µ := τintFµ, D̃i := τintDi , and W̃i→j := τenvWi→j . Then, we rescale the
time by the slowest timescale, that is, t→ t/τint. We end up with the rescaled
equation

∂tp
(0)
i =

1
ϵ

M∑
j=1

[
W̃j→ip

(0)
j − W̃i→jp

(0)
i

]
+

+
N∑
µ=1

[
−∂µ

(
F̃µ(x)p

(0)
i

)
+∂2µ

(
D̃ip

(0)
i

)]
+

+
M∑
j=1

[
W̃j→ip

(1)
j − W̃i→jp

(1)
i

]
+O(ϵ). (2.8)

The leading ϵ−1 order in the first row of Eq. (2.8) gives

0 =
M∑
j=1

[
W̃j→ip

(0)
j (x, t)− W̃i→jp

(0)
i (x, t)

]
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Figure 2.2 – Trajectories of a non-interacting system under harmonic confinement
with a switching diffusion coefficient. From top to bottom, the ratio between the
typical timescale of the environment and the internal one increases, i.e., the switch-
ing rate of the diffusion coefficient becomes slower with respect to the internal
relaxation.

which is the stationary condition of the environmental process alone, Eq. (2.3).
Hence, we can always write the zero-th order solution in the factorized form
p
(0)
i (x, t) = πst

i P (x, t), where

0 =
M∑
j=1

[
W̃j→iπ

st
j − W̃i→jπ

st
i

]
(2.9)

defines the dependence on the i-th index.
Since πst

i is nothing but the stationary distribution of the environmental

states, we immediately find that pfast(x) =
∑
i limt→∞p

(0)
i (x, t) = limt→∞ P (x, t).

The order O(1) of Eq. (2.8) reads

∂tP (x, t) =
N∑
µ=1

[
−∂µ

(
F̃µ(x)P (x, t)

)
+

∑
i

πiD̃i

 ∂2µ P (x, t)] (2.10)

after a summation over the index i. Therefore, the stationary joint probability
distribution pfast(x) that solves Eq. (2.4) is given by the solution of

0 =
N∑
µ=1

−∂µ (Fµ(x)pfast(x))+
∑
i

πiDi

∂2µpfast(x)
 . (2.11)

In this fast-jumps limit, as a consequence of the environment, the system
feels an effective diffusion coefficient,

Dfast = ⟨D⟩π =
∑
i

πiDi , (2.12)
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which is the stationary ensemble average of all environmental states.
We now consider the opposite limit τint/τenv = ϵ−1 ≪ 1, i.e., the limit

in which the environment is much slower than the internal dynamics. We
refer to this case as the “slow-jumps” limit. Once again, we seek the formal
solution

pi(x, t) = p
(0)
i (x, t) + ϵ−1p(1)i (x, t) +O(ϵ−2) (2.13)

and we want to find the zero-th order steady state marginalized over the
environmental states, i.e., pslow(x) =

∑
i limt→∞p

(0)
i (x, t). As in the previous

case, we rescale the time by the slowest timescale, which is now the environ-
mental characteristic time τenv. After inserting Eq. (2.13) into Eq. (2.7), we
end up with

∂tp
(0)
i =ϵ

N∑
µ=1

[
−∂µ

(
F̃µ(x)p

(0)
i

)
+∂2µ

(
D̃ip

(0)
i

)]
+

+
N∑
µ=1

[
−∂µ

(
F̃µ(x)p

(1)
i

)
+∂2µ

(
D̃ip

(1)
i

)]
+

+
M∑
j=1

[
W̃j→ip

(0)
j − W̃i→jp

(0)
i

]
+O(ϵ−1). (2.14)

Once more, the leading order O(ϵ) in the first row of Eq. (2.14) corresponds
to the stationary solution of the Fokker-Planck equation associated with the
fastest dynamics alone. Here, this is equal to the distribution P st

i (x) that
solves

0 =
N∑
µ=1

[
−∂µ

(
Fµ(x)P

st
i (x)

)
+∂2µ

(
DiP

st
i (x)

)]
(2.15)

which is nothing but the dynamics at a fixed environmental state Di . Notice
that here we are making a slight abuse of notation, writing P st

i (x) in place of
P st(x;Di), which explicitly shows that the dependence on the environmental
state i only comes through the i-th diffusion coefficient Di . Indeed, the
functional form of the force field F and consequently of P st is the same for
all environmental states. Whenever needed, we will explicitly write the
parametric dependence.

Hence, we can write the zero-th order solution of Eq. (2.7) in the factor-
ized form p

(0)
i (x, t) =Πi(t)P

st
i (x), where the dependence on time only comes

through the function Πi(t). Then, after an integration over x, the order O(1)
gives

∂tΠi(t) =
M∑
j=1

[
W̃j→iΠj(t)− W̃i→jΠi(t)

]
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which is exactly the master equation governing the environmental dynamics,
Eq. (2.3). Since we are mainly interested in the steady state of p(0)i (x, t), we
find that the solution of Eq. (2.4) in the slow-jumps limit is given by

pslow(x) :=
M∑
i=1

p
(0)
i (x)|ϵ≫1 =

M∑
i=1

[
πst
i P

st
i (x)

]
(2.16)

where πst
i are, as before, the stationary probabilities of the jump process

alone. Notice that Eq. (2.16) is a mixture distribution, where the mixture
components are the stationary solutions obtained with a fixed environmental
state i, P st

i (x). As we will see, this is often the most interesting case - hence,
we will often work in this limit.

2 .2 properties of the mutual information in the slow-

jumps limit

As we have seen, in the fast jumps limit the stationary distribution corre-
sponds to the one of the interacting system in an average diffusion coefficient,
Eq. (2.11). Hence, since the form of the solution does not change, we do
not expect the environment to induce any additional dependency between
the internal degrees of freedom - as we will see explicitly. This scenario is
quite different in the slow-jumps limit, where we find instead the mixture
distribution in Eq. (2.16).

For the sake of simplicity, we focus on the case of two particles, so that
x = (x1,x2). A possible generalization to more than two particles can be found
in Appendix C. To quantify the dependency between these internal degrees
of freedom, we seek to compute the mutual information

I =
∫
dx1dx2p12(x1,x2) log

p12(x1,x2)
p1(x1)p2(x2)

(2.17)

where p12 is the joint p.d.f. of the two particles - e.g. pslow(x1,x2) - and
p1 and p2 are the corresponding marginalizations. Recall that Eq. (2.17) is
nothing but the Kullback-Leibler divergence between the joint probability
distribution and its factorization. Therefore, I quantifies how much x1 and
x2 depend on one another and vanishes if and only if they are independent.
In the case of the probability distribution describing our system, Eq. (2.5),
the mutual information will receive contributions not only from the depen-
dencies due to internal interactions, but also from the ones arising from the
marginalization over the unobserved environment.

As a general remark for what follows, let us note that the mutual in-
formation I can only depend on dimensionless quantities, since it is itself
dimensionless. These, in turn, may depend on environmental features, in-
ternal parameters, or combinations of both. To illustrate this crucial detail,



2 .2 . properties of the mutual information in the slow-jumps limit 31

consider the case of the slow-jumps limit, Eq. (2.16). Here, the jump rates
describing the discrete environment appear only through their dimensionless
ratios in πst

i , e.g.,Wi→j /Wk→l . Hence, the mutual information can only de-
pend on the set of such dimensionless ratios, which we denote with {Wjumps}.
The remaining parametric dependence appears in the stationary solution of
the dynamics at a fixed environment, given by P st

i . Thus, in principle, I may
depend on all dimensionless combinations of the parameters {ζ}i and {κ}i
appearing in Eqs. (2.2)-(2.4), for any given environmental state i. We call the
set of such dimensionless combinations {ψ}i . Furthermore, dimensionless
combinations may arise by combining parameters from different environ-
mental states, e.g., Di/Dj in the case of switching diffusion coefficients. We
denote the set of these parameters with {ϕ}. Overall, we end up with

Islow = Islow
(
{Wjumps}, {ϕ}, {ψ}Mi=1

)
(2.18)

where {ψ}Mi=1 = {{ψ}1, . . . , {ψ}M} denotes all the sets of dimensionless combina-
tions at fixed environmental state, for all environmental states.

Crucially, Eq. (2.18) is the mutual information of a mixture distribution,
but it is not necessarily related to that of its components∗,

Iint({ψ}i) =
∫
dx1dx2 P

st(x1,x2; {ζ}i , {κ}i)×

× log
P st(x1,x2; {ζ}i , {κ}i)

P st(x1; {ζ}i , {κ}i)P st(x2; {ζ}i , {κ}i)
, (2.19)

where we explicitly wrote the parametric dependence of P st(x1,x2; {ζ}i , {κ}i) =
P st
i (x1,x2) and its marginalizations. Yet, Iint({ψ}i) is an interesting quantity -
it gauges the dependencies due to the internal dynamics, Eq. (2.2), at a fixed
environmental state†. Indeed, it will be useful to introduce its average over
the environmental states,

⟨Iint⟩π :=
M∑
i=1

πst
i Iint({ψ}i). (2.20)

If no internal interactions are present - i.e., if F(x) =
∑
µFµ(xµ) - P

st
i (x1,x2)

is factorizable and thus both Iint({ψ}i) and ⟨Iint⟩π vanish. As a shorthand

∗Here and further on, for the sake of a simpler notation P sti denotes both the i-th compo-
nent of the joint distribution, P sti (x1,x2), and the corresponding marginalizations, P sti (xµ) for
µ = 1,2.

†As with P st, since neither F nor G in Eq. (3.1) change their functional form in different
environmental states, we expect Iint to have the same functional form as well. The i-th
dependence only comes through the relevant adimensional parameters appearing in the i-th
set {ψ}i . Generalizing to cases in which the internal dynamics changes with i is trivial, as it
would result in the explicit dependence I iint({ψ}i ).
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notation, we will often write I iint := Iint({ψ}i) when the explicit parametric
dependence is not needed.

To understand if and how the mutual information of the system living in
the stochastic environment, I , is related to the internal dependencies, quan-
tified by Iint, let us consider some simple bounds on the Shannon entropy
of mixture distributions. Let H12 be the joint entropy associated with the
mixture distribution pslow(x1,x2),

H12 = −
∫
dx1dx2pslow(x1,x2) logpslow(x1,x2), (2.21)

and let H i
12 be the entropy of its i-th component P st

i (x1,x2),

H i
12 = −

∫
dx1dx2 P

st
i (x1,x2) logP

st
i (x1,x2). (2.22)

An analytical expression for Eq. (2.21) is often elusive, given the mixture
nature of pslow. However, this may not be the case for the entropy in Eq. (2.22).
In order to bound the former with the latter, let us introduce the joint entropy
between the particles and the environment H12,E , where the environment is
represented by the set of probabilities {πst

i } appearing in Eq. (2.16). Then,
the properties of the conditional entropy [56] allow us to write

H12 ≥H12|E

where
H12|E =

∑
i

πiH
i
12.

Similarly, we can write

H12 ≤H12,E =H12|E +HE

where
HE = −

∑
i

πst
i logπst

i :=Hjumps (2.23)

is the entropy associated with the steady state of the environmental jump
process.

Therefore, we can bound the joint entropy of pslow(x1,x2) as∑
i

πst
i H

i
12 ≤H12 ≤

∑
i

πst
i

[
H i

12 − logπst
i

]
. (2.24)

Analogous bounds can be cast for H1 and H2, i.e., the entropies of the
marginal distributions pslow(x1) and pslow(x2), respectively. Then, a lower
(upper) bound on the mutual information, I =H1+H2−H12, can be found by
taking these lower (upper) bounds on H1 and H2 and the upper (lower) one
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on H12, Eq. (2.24). Thus, the mutual information of the mixture distribution
is bounded by

⟨Iint⟩π −Hjumps ≤ I ≤ ⟨Iint⟩π +2Hjumps. (2.25)

Eq. (2.25) shows that, at least in principle, the mutual information I between
x1 and x2 can be larger than the average mutual information of the internal
dynamics, ⟨Iint⟩π. Furthermore, in a non-interacting system where I iint = 0,
the two particles may still be dependent - and this dependency is induced by
the environment, while being directly connected to its entropy Hjumps.

These bounds can be greatly improved [68, 99], provided our ability to
compute some suitable information distances both between the components
of the mixture distribution in Eq. (2.16) and the components of the corre-
sponding marginalizations. Indeed, from [99] we can write the estimator

Ĥ12 =
M∑
i=1

πst
i H

i
12 −

M∑
i=1

πst
i log

 M∑
j=1

πst
j e

−d(P st
i,12 ||P

st
j,12)

 (2.26)

where P st
i,12 denotes the joint mixture component P st

i (x1,x2) and d(P
st
i,12 ||P

st
j,12)

is any generalized distance function in the corresponding probability distri-
butions space. An analogous estimator can be written for H1 and H2, leading
to

Î =
M∑
i=1

πst
i

I iint − log

(∑M
j=1π

st
j e

−d(P st
i,1 ||P

st
j,1)

)(∑M
j=1π

st
j e

−d(P st
i,2 ||P

st
j,2)

)
∑M
j=1π

st
j e

−d(P st
i,12 ||P

st
j,12)

 (2.27)

which is our estimator for the mutual information I . In particular, Eq. (2.26)
is a lower bound for the entropy H12 when we choose as a distance function
the Chernoff-α divergence, defined as

Cα(p||q) = − log
∫
dxpα(x)q1−α(x)

for any α ∈ [0,1] and with p and q probability density functions. Similarly,
an upper bound is instead achieved with a Kullback-Leibler divergence

DKL(p||q) =
∫
dxp(x) log

p(x)
q(x)

.

Therefore, Eq. 2.27 is a lower bound for the mutual information I if we
choose the Chernoff-α divergence for the one-variable distances and the
Kullback-Leibler divergence for the two-variable distances, and it is an upper
bound if we make the opposite choice.

We are now able to bound the mutual information between x1 and x2,
at least in the slow-jumps limit. These bounds show explicitly that the de-
pendencies induced by a stochastic environment may go beyond the naive
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environmental average of the internal ones, i.e., ⟨Iint⟩π. To find I , in gen-
eral, we rely on a numerical estimation of the mutual information integral,
Eq. (2.17). Such an estimate can be obtained via a Monte Carlo integration
by sampling from the joint distribution, as detailed in Appendix B.

2 .3 information from shared environments

Using the tools introduced in the previous sections, we now address the
question of whether and how a changing environment impacts the properties
of a system evolving under its influence. In particular, we aim to quantify the
dependencies between x1 and x2 through the mutual information I . With this
in mind, we will first focus on the case in which x1 and x2 are not interacting,
i.e., Fµ(x) = Fµ(xµ) for µ = 1,2. In this scenario, any dependence among the
two particles, if any, must stem from the environmental changes they share.
We denote with Ienv the related environment-induced mutual information.

For the sake of simplicity, we consider the case in which there are only
two environmental states indexed by i ∈ {−,+}. The diffusion coefficient
follows then a dichotomous process jumping between two states D− and
D+ > D−, with transition ratesW−→+ = w+ andW+→− = w−. The state D+ is
the state with high diffusion, whereas the state D− pushes the system in a
low-diffusion regime. Generalizing to an arbitrary number of environmental
states leads to qualitatively similar results, shown in Appendix C.

2.3.1 harmonic confinement

Let us begin with a non-interacting system that is confined in a harmonic
potential

U (xµ) =
x2µ
2τ

(2.28)

so that the force field appearing in Eqs. (2.2)-(2.4) is given by

Fµ(xµ) = −∂µU (xµ) = −
xµ
τ
.

Here, the internal timescale is simply given by τint = τ , whereas the envi-
ronmental one is τenv = w−1

sum with wsum = w− +w+. Therefore, the relevant
dimensionless parameters of this model are: (i) τwsum, which governs the
timescale separation between the internal degrees of freedom and the jump
process of the environmental states; (ii) w−/w+, which determines the rel-
ative persistence of the environmental states; (iii) D−/D+, which describes
the separation between the environmental states. In particular, the fast-
and slow-jumps limits are identified by τwsum ≫ 1 and τwsum ≪ 1, respec-
tively. Thus, using the notation introduced in Section 2.2 we expect the
mutual information in these two limits to depend on {Wjumps} = {w−/w+} and
{ϕ} = {D−/D+} only.
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We now need to solve the Fokker-Planck equation

∂tpi(x, t) =
2∑
µ=1

[
∂µ

(xµ
τ
pi(x, t)

)
+Di ∂

2
µpi(x, t)

]
+

∑
j∈{−,+}

[
wipj(x, t)−wjpi(x, t)

]
.

In a fast environment, following Eq. (2.11), we only need to solve

0 =
2∑
µ=1

[
∂µ

(xµ
τ
pfast12 (x1,x2)

)
+ ⟨D⟩π ∂2µpfast12 (x1,x2)

]
(2.29)

where ⟨D⟩π = (D+w+ +D−w−)/wsum, and p
fast
12 denotes the joint probability

between x1 and x2 in the fast-jumps limit. This is nothing but a simple
Ornstein-Uhlenbeck process [38], hence we immediately find that

pfast12 (x1,x2) =
1

2πτ ⟨D⟩π
exp

[
−
x21 + x

2
2

2τ ⟨D⟩π

]
≡ pfast1 (x1)p

fast
2 (x2) (2.30)

where pfast1 (x1) = p
fast
2 (x2) =N (0, τ ⟨D⟩π) is a Gaussian distribution with zero

mean and variance τ ⟨D⟩π. Loosely speaking, this limit describes environ-
mental changes affecting the internal degrees of freedom only on average.
Crucially, this leaves the two processes independent of each other, since
Eq. (2.30) factorizes. Hence, we immediately find that the mutual informa-
tion induced by the environment, Ienv, vanishes in the fast jumps limit,

Ienv
∣∣∣
τwsum≫1

= 0 (2.31)

since DKL(p
fast
12 ||pfast1 pfast2 ) = 0.

The picture is markedly different in the slow-jumps limit, when τwsum ≪
1. The stationary probability distribution in Eq. (2.16) is now a mixture
distribution, whose components solve

0 =
2∑
µ=1

[
∂µ

(xµ
τ
P st
i (x1,x2)

)
+Di∂

2
µP

st
i (x1,x2)

]
from Eq. (2.15). Hence, we immediately the Gaussian mixture

pslow12 (x1,x2) =
1

2πτ

[
πst
−
D−

e−
1

2τD− (x
2
1+x

2
2) +

πst
+
D+

e−
1

2τD+ (x
2
1+x

2
2)
]

= πst
−N (0,Σ−) +π

st
+N (0,Σ+) (2.32)

where Σ−(+) =D−(+)diag(τ,τ). Similarly,

pslow1 (x1) =
1

√
2πτ

[
πst
−√
D−
e−

x21
2τD− +

πst
+√
D+
e−

x21
2τD+

]
= πst

−N (0, τD−) +π
st
+N (0, τD+) (2.33)
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and pslow2 = pslow1 . Let us note that the joint probabilities we have found do
not depend on the dimensionless combinations of parameters only.

It is clear that in this slow environment limit the two processes are not al-
ways independent, since in general pslow12 , pslow1 pslow2 . Thus, the unobserved
environment is inducing an effective dependency between the two variables
x1 and x2, which are otherwise independent. An example of a realization and
its corresponding probability distribution is shown in Figure 2.3b and 2.3d,
respectively. In the intermediate regime between the fast- and slow-jumps
limits we cannot solve the Fokker-Planck equation explicitly, but a direct
simulation of the Langevin equations [100] shows that the resulting probabil-
ity interpolates between Eq. (2.33) and Eq. (2.30) in a smooth fashion, as we
see in Figure 2.3d-f. Therefore, we will now focus on the slow-jumps limit,
where we can tackle the problem analytically, and the mutual information
takes non-zero values.

Even though no closed form exists for the mutual information of a Gaus-
sian mixture, we can compute the estimator in Eq. (2.27) and the associated
bounds. Therefore, we are now interested in both the Chernoff-α divergence
and the Kullback-Leibler divergence between the components of these Gaus-
sian mixtures. For the two one-dimensional components of Eq. (2.33) we
have the Chernoff-α divergence

Cα(N (0, τD+)||N (0, τD−)) =
1
2
log

(1−α) +α(D−/D+)
(D−/D+)α

which depends only on the ratio D−/D+ := ε±. Since we are free to choose
α ∈ [0,1], we take ∂αCα = 0 so that the Chernoff divergence is minimum. We
find

α =
1− ε± − ε± logε±
(ε± − 1)logε±

so that

C(N (0, τD+)||N (0, τD−)) =
1
2

−1+ log
(ε± − 1)ε

1
ε±−1
±

logε±


:=

1
2
z(ε±). (2.34)

Similarly, for the components of Eq. 2.32 we have

Cα(N (0,Σ+)||N (0,Σ−)) = log
(1−α) +α(D+/D−)

(D+/D−)α

and upon optimization over α we find the same result as before up to a factor
1/2,

C(N (0,Σ+)||N (0,Σ−))) = −1+ log
(ε± − 1)ε

1
ε±−1
±

logε±
= z(ε±). (2.35)
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Figure 2.3 – The environmental contribution to the mutual information as a function
of D−/D+ and w−/w+ in a non-interacting harmonic potential, Eq. (2.28). (a) The
colored surface is the result of a Monte Carlo integration of the mutual information
in the slow-jumps limit with τwsum = 10−3. The gray surface is, instead, the van-
ishing mutual information in the fast-jumps limit τwsum = 103. In the D−/D+ → 0
limit, Ienv becomes exactly Hjumps, the black dashed line, which is also its maximum
value. The gray plane is instead the mutual information in the fast-jumps limit,
which always vanishes. (b) A realization of x1(t) and x2(t) (red and yellow curves) in
the slow-jumps limit, at w−/w+ = 1 and D−/D+ = 10−10. A bursty, coordinated be-
havior emerges due to environmental changes. (c) Same, but in the fast-jumps limit,
where both variables show a Brownian-like behavior. (d-f) Comparison between the
marginalized probability distribution p(xµ) from the simulated Langevin dynamics
and the analytical distribution ((d) and (f) cases) for D− = 10−5, D+ = 1, τ = 1 in (d)
the slow-jumps limit at w− = w+ = 5 · 10−4, (f) the fast-jumps limit at w− = w+ = 50
and (e) in between at w− = w+ = 0.5.

Notice that z(ε±) = z(1/ε±) implies that the divergences in Eqs. (2.34)-(2.35)
are symmetric. We also note that the function z(ε±) has the following proper-
ties:

lim
ε±→0

z(ε±) = +∞ = lim
ε±→0

z(1/ε±)

lim
ε±→1

z(ε±) = 0
(2.36)

which means that if D− ≪D+ both Chernoff divergences between the compo-
nents of the Gaussian mixtures diverge.

We also need to write down explicitly the Kullback-Leibler divergences
between the mixture components, which are

DKL(N (0, τD+) ||N (0, τD−)) =
1
2

[
1− ε±
ε±

+ logε±

]
:=

1
2
h(ε±) (2.37)
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and

DKL(N (0,Σ+) ||N (0,Σ−)) =
1− ε±
ε±

+ logε± = h(ε±). (2.38)

These distances are not symmetric anymore, but the function h(ε±) is such
that

lim
ε±→0

h(ε±) = +∞ = lim
ε±→0

h(1/ε±)

lim
ε±→1

h(ε±) = 0
(2.39)

so the limit D− ≪ D+ is, perhaps unsurprisingly, the limit in which the
distances between the mixture components diverge.

Overall, the upper and lower bounds on the environmental mutual infor-
mation are respectively given by

I
slow,up
env

(
D−
D+
,
w−
w+

)
=−πst

+ log

[
πst
+ +πst

− e
− h(D−/D+)

2

]2
πst
+ +πst

− e
−z(D−/D+)

+

−πst
− log

[
πst
+ e

− h(D+/D−)
2 +πst

−

]2
πst
+ e−z(D+/D−) +πst

−

I slow,lowenv

(
D−
D+
,
w−
w+

)
=−πst

+ log

[
πst
+ +πst

− e
− z(D−/D+)

2

]2
πst
+ +πst

− e
−h(D−/D+)

+

−πst
− log

[
πst
+ e

− z(D+/D−)
2 +πst

−

]2
πst
+ e−h(D+/D−) +πst

−
(2.40)

and they only depend on the dimensionless ratios D−/D+ and w+/w−. Notice
that, since the particles are not interacting, the first term of Eq. (2.27), which
depends on I±, vanishes due to the fact that the mixture components are
always factorizable.

Crucially, although both bounds in Eq. (2.40) are not tight in general,
from Eqs. (2.36)-(2.39) we see that they do saturate in the limits D−/D+ → 0
or D−/D+ → 1. These limits are particularly significant. The former corre-
sponds to drastic environmental changes, which lead to markedly different
dynamics and give rise to a bursty, seemingly coordinated behavior of the
internal degrees of freedom. The latter, on the other hand, describes the
trivial case in which D− and D+ are very similar and thus environmental
changes are effectively negligible. We end up with

I slowenv

(
w−
w+

)
=

Hjumps if D+ ≫D−
0 if D+ ≈D−

(2.41)
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where Hjumps = −πst
+ logπst

+ −πst
− logπst

− is the environmental entropy, defined
in Eq. (2.23). Eq. (2.41) gives us the exact limits of the mutual information
in the slow-jumps regime. Clearly, when D−/D+ → 1, the dynamics is insen-
sitive to the environment, thus x1 and x2 are independent processes. Instead,
and interestingly, the first line is nothing but the Shannon entropy of the
jump distribution, Hjumps(w−/w+). A Monte Carlo integration of the mutual
information integral, Eq. (2.17), shows that Hjumps is also the maximum
value of the mutual information that emerges due to the environment, see
Figure 2.3a.

This result has a quite clear intuitive interpretation, even though the
bounds in Eq. (2.25) would allow the mutual information to be larger. In
fact, from an information-theoretic point of view, Hjumps quantifies precisely
the information lost once we integrate out the stochastic environment, i.e.
our ignorance about the system as a whole. Hence, the dependency that the
unobserved environment is inducing between x1 and x2 is at most equal to
the entropy associated with the jump process describing the environmental
changes.

2.3.2 non-linear confining potentials

Are the results shown in the previous section strictly related to the presence
of harmonic confinement? We can now generalize them to a non-interacting
system in a non-linear confinement. We consider a generic non-linear relax-
ation stemming from the potential

U (xµ) =
x2nµ
2nτ

, (2.42)

where n is a positive integer. In this scenario, the internal timescale is
proportional to τ , which has the dimension of a - that is, we need to solve
the rescaled Fokker-Planck equation

∂tpi(x, t) =
1
τint

2∑
µ=1

∂µ x2n−1µ

ρn
pi(x, t)

+ τintDi ∂2µpi(x, t)
+

1
τenv

∑
j∈{−,+}

[
wi
wsum

pj(x, t)−
wj
wsum

pi(x, t)
]

where ρ = n
√
τ/τint is a characteristic length-scale associated with the potential

in Eq. (2.42). As before, the timescale of the environment is τenv = w−1
sum and,

in the fast- and slow-jumps limit, the only dimensionless parameters are
given by w−/w+ and D−/D+ = ε±.
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Similarly to the harmonic case, the fast-jumps limit leads to the Fokker-
Planck equation

0 =
2∑
µ=1

∂µ x2n−1µ

τ
pfast12 (x1,x2)

+ ⟨D⟩π ∂2µpfast12 (x1,x2)


whose solution is trivially factorizable. Yet again, the environmental changes
affect the internal degrees of freedom only on average - leaving the two
processes independent of each other. Therefore, the mutual information
induced by the environment vanishes in the fast-jumps limit even in the
presence of non-linear confinements.

In the slow-jumps limit, for the mixture distribution in Eq. (2.16), the
picture is clearly different. The components of the joint distribution that
solve Eq. (2.15) can be written as

P st
i (x1,x2) =

(2Dinτ)−1/n

4Γ2
(
1+ 1

2n

) exp[
−
x2n1 + x2n2
2Dinτ

]
, (2.43)

and their marginalization reads

P st
i (xµ) =

n

Γ
(
1
2n

)
(2Dinτ)1/2n

exp

− x2nµ
2Dinτ

 (2.44)

with Γ(·) the Gamma function. From these expressions, we can write the mix-
ture distributions pslow12 (x1,x2) =

∑
i π

st
i P

st
i (x1,x2) and p

slow
12 (xµ) =

∑
i π

st
i P

st
i (xµ),

for i ∈ {−,+}.
In order to derive the bounds from the estimator in Eq. (2.27), we first

compute the Chernoff-α divergence between the components of the mixture
distribution. For the sake of simplicity and without loss of generality, being
free to choose α ∈ [0,1], we set α = 1/2, so that the expression

C1/2(P
st
− , P

st
+ ) = − log

∫
dx

√
P st
− (x)P st

+ (x)

can be easily computed analytically. We find

C
joint
1/2 (ε±) = −1

n
log

[
2
√
ε±

1+ ε±

]
C
marg
1/2 (ε±) =

1
2
C
joint
1/2 (P st

− , P
st
+ )

(2.45)

for Eq. (2.43) and Eq. (2.44), respectively. Similarly,

D
joint
KL (ε±) =

ε± − 1− logε±
n

D
marg
KL (ε±) =

1
2
D

joint
KL (P st

− ||P st
+ )

(2.46)
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are the Kullback-Leibler divergences between the − components and the +
components. Then, the lower bound reads

I lowenv =−πst
+ log

(
πst
+ + e−C

marg
1/2 (ε±)πst

−
)2

πst
+ + e−D

joint
KL (ε±)πst

−

−πst
− log

(
e−C

marg
1/2 (1/ε±)πst

+ +πst
−
)2

e−D
joint
KL (1/ε±)πst

+ +πst
−

(2.47)

and the upper bound is

I
up
env =−πst

+ log

(
πst
+ + e−D

marg
KL (ε±)πst

−
)2

πst
+ + e−C

joint
1/2 (ε±)πst

−

−πst
− log

(
e−D

marg
KL (1/ε±)πst

+ +πst
−
)2

e−C
joint
1/2 (1/ε±)πst

+ +πst
−

. (2.48)

Crucially, notice that both C joint
1/2 (ε±) and D

joint
KL (ε±) diverge as − logε± when

ε± → 0. Thus, as before, the upper and lower bounds on Ienv converge to
Hjumps in this limit, implying that

Ienv

(
D−
D+
,
w−
w+

)
=

Hjumps if D−/D+ ≪ 1

0 if D−/D+ ≈ 1
, (2.49)

exactly as in the harmonic case. That is, the non-linearities of the potential
do not change the fact that, when the two environmental states are infinitely
separated, the dependency induced by the unobserved environment is exactly
equal to its entropy, Hjumps.

Let us show explicitly the results with n = 2 in Eq. (2.42). In the slow-
jumps limit, the mixture components read

P st
i (x1,x2) =

√
Diτπ2

2

Γ
(
3
4

)
Γ
(
1
4

) exp(
−
x41 + x

4
2

4Diτ

)
, P st

i (xµ) =
Γ
(
3
4

)
π(Diτ)1/4

e
−

x4µ
4Diτ .

Let us remark that P st
i (x1,x2) = P st

i (x1)P
st
i (x2) since the particles are not

interacting. In Figure 2.4b-c we plot the joint mixture distribution, defined
in Eq. (2.16), and its factorization,

2∏
µ=1

pslow(xµ) =
2∏
µ=1

 ∑
i={+,−}

[
πiP

st
i (xµ)

] .
Notably, the effects of the environment on the joint distribution, with respect
to the factorized one, reflect into a suppression of the tails along the axes.
Indeed, the shared diffusion coefficient implies that both x1 and x2 experience
either a high- or low-diffusion regime at the same time. Thus, the probability
that one particle has diffused away from the potential minima at the origin,
while the other remains close to it, is significantly lower. This is exactly the
dependency induced by the environment - although the particles are not
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Figure 2.4 – The environmental contribution to the mutual information as a function
of D−/D+ and w−/w+ in a quartic potential and in the slow-jumps limit. For all plots,
τ = 1. (a) The quartic potential considered here. (b-c) Contour plots of the joint
probability distribution and its factorization, respectively, for D+ = 10, D− = 10−2,
w− = w+. Notice that the marginalized probability has much longer tails along
the axis x = 0 and y = 0. (d) The colored surface is the result of a Monte Carlo
integration of the mutual information. In the D−/D+ → 0 limit, Ienv approaches
Hjumps, the black dashed line, which is also its maximum value. (e) Compared
with the linear case, the non-linear relaxation reflects into a considerably slower
convergence towards Hjumps of the mutual information.

directly interacting, they are not exploring the (x1,x2) space independently
due to the shared changes they experience.

In Figure 2.4d, we plot the mutual information in this slow-jumps limit,
computed via Monte Carlo sampling [101]. In particular, we sample the
components of the joint distribution starting from the potential in Eq. (2.42)
via Hamiltonian Monte Carlo [102, 103] (see Appendix B for more details).
Then, each component is weighted according to the stationary distribution
of the environment, for any given w−/w+, to obtain samples of Eq. (2.16).
In Figure 2.4e we see that the convergence rate of the mutual information
to Hjumps in the limit D−/D+ → 0 is slower than the one obtained in the
linear regime. This holds in general - at a given value of D−/D+, the mutual
information due to the environment is typically smaller than in the case
of a linear relaxation. This is perhaps unsurprising since the non-linear
relaxation increases the typical auto-correlation timescale and thus reduces
the impact of environmental changes.

Overall, we have shown that, for any potential of the formU (xµ) ∝ x2nµ , the
bounds obtained from Eq. (2.27) always saturate to Hjumps when D−/D+ → 0
and vanish when D− →D+. This result remarks that, when the variability of
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the environment is maximal, any two non-interacting degrees of freedom
share exactly the information described by Shannon entropy associated with
the external jump process, Hjumps. Importantly, in all these non-interacting
cases, the only dimensionless parameters we can build are w−/w+, which
determines the persistence of the two environmental states, and D−/D+, de-
scribing how similar the environmental states are. Although the probability
distributions in Eq. (2.44) and Eq. (2.43) do not depend only on such com-
binations, the mutual information does. We will see how this scenario is
changed in the presence of internal interactions in the next Chapter.

2 .4 out-of-equilibrium systems

So far, we have been investigating non-interacting systems coupled with an
ever-changing environment that eventually relaxes to equilibrium. However,
nature usually operates out-of-equilibrium, and most of the environments of
biochemical, neural, and ecological systems are in non-equilibrium condi-
tions. Hence, before introducing internal interactions to study their interplay
with changing environments, we focus yet again on a non-interacting case
that is however out-of-equilibrium. We consider the dynamics

ẋµ = −1
τ
xµ +

√
2γi(t)T (xµ)ξµ (2.50)

where i(t) is a realization of the stochastic process governing the environ-
ment, µ = 1,2, and T (xµ) = T0 + xµ∆T is a linear temperature gradient. This
picture captures key features of a diffusing molecule that can live in two
conformational states [88, 104–106]. Alternatively, it can be a simple way
to describe proteins in an environment with patches of different densities
- e.g., liquid condensates [107, 108] - subject to an external gradient. Since
diffusion and temperature are connected by the Einstein relation,

Di(xµ) ∝ γTi(xµ),

the environment may act as a modification of the viscosity, in the case of
patches of different densities, or the motility, when the switching describes
two different conformational states. These diffusive properties are encoded
into γi(t) that can take two values, γ− and γ+, replacing the role of D− and D+
of the previous models.

The peculiarity of this model is the presence of a multiplicative noise
proportional to xµ rather than the additive noise considered in the previous
cases. Once more, the limit of a slow environment is identified by τwsum ≪ 1,
following the notation of the previous sections. The components of the
mixture distribution defined in Eq. (2.16) are the solution of the Fokker-
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Figure 2.5 – Mutual information in the presence of a linear temperature gradient.
(a-b) The joint and the marginal probability distributions in the slow-jumps limit.
(c) As we increase the strength of the temperature gradient ∆T , the system is farther
from equilibrium, and themutual information induced by the environment increases
(the gray dashed line is the baseline equilibrium value). Here, the different curves
are for ∆T = {0.15,0.29,0.43,0.57}, T0 = τ = 1, γ+ = 1.5 and γ− = 0.5.

Planck equation

0 =
2∑
µ=1

[
∂µ

(xµ
τ
P st
i (x1,x2)

)
+∂2µ

(
γiT (xµ)P

st
i (x1,x2)

)]
where for consistency we need to have xµ ∈ [−T0/∆T ,+∞], so that T (xµ) is
always positive. We find

P st
i (xµ) =

Ni
(
T0/∆T
∆T γiτ

)
Γ
(
T0/∆T
∆T γiτ

) (
1+

∆T
T0
xµ

) T0/∆T
∆T γi τ

−1
e
− 1
τ

xµ
γi∆T (2.51)

with Ni(z) = ∆T 1−2z T z−10 e−z(γiτ)−z, and P
st
i (x1,x2) = P

st
i (x1)P

st
i (x2). In partic-

ular, the boundary condition

P st
i (xµ)

∂xµ

∣∣∣∣∣
xµ=−T0/∆T

= 0

ensures that no particle can escape the system, and it is always satisfied
provided that the temperature gradient is such that ∆T <

√
T0/γiτ for all
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environmental states i. In Figure 2.5a-b, we show the joint and factorized
distributions of this system, respectively. Notice that the dependency in-
duced by the environment translates into a suppression of the probability of
finding a particle diffusing away from the origin while the other is close to it,
much like in the additive noise case.

We are now interested in the mutual information associated with the joint
distribution pslow12 and its dependence on the strength of the temperature
gradient ∆T - that is, on how far the system is from equilibrium. We compute
it as a standard numerical integral and plot the results in Figure 2.5c as
a function of w−/w+ for increasing ∆T . As we can see, the strongest the
temperature gradient, the higher the mutual information, suggesting that
environmental-induced dependencies may be stronger in out-of-equilibrium
systems.

2 .5 continuously-varying environments

Finally, as a last example of two particles that are not interacting but share the
same environment, we consider the case in which the environment changes
in a continuous fashion [97, 98]. To fix the ideas, let us consider the paradig-
matic example of two Ornstein-Uhlenbeck processes,ẋµ = −xµ/τX +

√
2Dξµ

Ḋ = −D/τD +
√
2θξD

(2.52)

where the only dimensionless parameter of the system is now τX /τD , which
governs the timescale separation of the two dynamics. Hence, contrary to
the case of a discrete-state environment, we cannot define the separation
between environmental states - previously quantified by D−/D+ - nor their
relative persistence - which was given by w−/w+.

The corresponding stationary Fokker-Planck equation is given by

0 =
2∑
µ=1

[
∂µ

(
xµ
τX
p(x,D)

)
+D2∂2µp(x,D)

]
+∂D

[
D
τD
p(x,D)

]
+θ∂2Dp(x,D) (2.53)

and, as before, we are interested in the marginalization over the environment

p(x, t) =
∫
dDp(x,D, t).

Notably, we can try and explicitly marginalize Eq. (2.53) before considering
any timescale separation limit. If we do so, at stationarity we obtain

0 =
2∑
µ=1

[
∂µ

(
xµ
τX
p(x)

)
+∂2µ

(
D̂2(x)p(x)

)]
(2.54)
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where

D̂2(x) =
∫ +∞

−∞
dDD2p(D |x) (2.55)

is an effective spatial diffusion coefficient. An explicit example of such
mapping is shown in Figure 2.6.

Clearly, Eq. (2.55) lacks a closed form since we cannot compute p(D |x)
explicitly. Nevertheless, Eq. (2.54) shows that the effective dependencies
induced by the environment are equivalent to those that arise from an in-
homogeneous medium. Surprisingly, such dependencies are fundamentally
different from an effective coupling between x1 and x2, as one might naively
expect. It is also worth noting that, in principle, space-dependent diffusion
coefficients interpreted in the Ito sense might always emerge from the varia-
tions of an external stochastic environment, which is also the sole responsible
for a non-zero mutual information here. This result might shed some light
on the controversial topic of the Ito-Stratonovich dilemma in diffusing chem-
ical systems. A similar perspective, where the internal states play a role
analogous to a changing environment, is presented in [88].

In the limit in which the environment is either much faster or much
slower than the internal relaxation, i.e., respectively τX /τD ≫ 1 and τX /τD ≪
1, we can repeat the calculations of the previous sections. In the presence
of a slower environment, we find the following stationary joint probability
distribution

pslow12 (x1,x2) =
∫ +∞

−∞
dD pst(D)pst(x1,x2|D)

=
1

2π
√
(x21 + x

2
2)θτDτX

exp

−
√
x2 + y2

θτDτX

 (2.56)

where pst(D) ∼N (0, τDθ) is the stationary distribution of the process govern-
ing the evolution of the diffusion coefficient, and pst(x1,x2|D) ∼N (0, τXD2)
is the stationary distribution of (x1,x2) at fixed D.

Eq. (2.56) can be marginalized exactly over one of the two degrees of
freedom, in order to evaluate the mutual information. The marginalization
leads to

pslowµ (xµ) =
1

π
√
θτDτX

K0

( |xµ|√
θτDτX

)
(2.57)

where Kn(·) is the modified Bessel function of the second kind. These prob-
ability distributions are plotted in Figure 2.7a-b. As in the previous case,
we see that the shared environment favors regions in which both particles
are close to the potential minima. Notably, as we have seen, this can be
interpreted as a spatially-varying diffusion coefficient that peaks at the origin
(see Figure 2.6).
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Figure 2.6 – A time-varying diffusion coefficient is equivalent to a constant yet
spatially-varying one, Eq. (2.55). (a) Plot of D̂(x,y), obtained self-consistently from
the numerical solution p(D |x,y), estimated from simulations of the Langevin equa-
tions in Eq. (2.52). (b) Comparison of the contour lines of D̂(x,y) and a trajectory
of the system (gray) in a time-varying diffusion (black). The system experiences a
higher diffusion close to the origin, as expected.

The joint probability in Eq. (2.56) is not factorizable, and thus we expect
that in this limit the mutual information, I slowcont , will be different from zero
due to the shared environment. Since in this case there are no dimensionless
parameters left, we also expect no parametric dependence. Indeed, let
us rewrite the mutual information integral after the change of variables
(x1,x2) =

√
θτDτX(scosφ,s sinφ) as

I slowcont =
∫ ∞

0
ds

∫ 2π

0
dφ

e−s

2π
log

e−sπ
2sK0 (s|cosφ|)K0 (s|sinφ|)

= −1+ 1
2π

∫ ∞

0
dse−s

∫ 2π

0
dφ log

π
2sK0 (s|cosφ|)K0 (s|sinφ|)

where no free parameters are left. Using the integral definition of the Euler’s
constant, γE = −

∫ ∞
0 e−s logs, we end up with

I slowcont =γE + log
π
2
− 1− 1

π

∫ ∞

0
dse−s

∫ 2π

0
dφ logK0 (s|cosφ|) (2.58)

whose numerical value is I slowcont ≈ 0.148.
In the opposite limit, τX /τD ≫ 1, the effective diffusion coefficient aver-

aged over the environmental states is simply ⟨D⟩pst(D) = 0. Thus, we trivially
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Figure 2.7 – The mutual information in the presence of a continuously varying
environment, described by the Langevin equations in Eq. (2.52). (a-b) Plots of the
joint and the factorized distribution in the limit of a slow environment, τX /τD ≪ 1.
(c) Mutual information at different values of τX /τD estimated through a k-nearest
neighbors estimator. The gray shaded area represents 3 standard deviations from
the mean value obtained from different simulations of the Langevin equations. As
expected, in the limit τX /τD ≪ 1 the mutual information converges to Eq. (2.58),
whereas it vanishes in the opposite limit.

find that

pfast12 (x1,x2) = δ(x1)δ(x2),

which is a factorized distribution. Therefore, and as expected from the results
of the previous sections, no mutual information between the internal degrees
of freedom emerges from a fast continuously-varying environment.

At intermediate values of τX /τD , we cannot solve Eq. (2.53) exactly. There-
fore, in order to obtain samples from the stationary joint distribution, we
simulate the Langevin equations in Eq. (2.52). Then, from these samples, we
estimate the mutual information through the k-nearest neighbors estimator
proposed in [109, 110]. The results are plotted in Figure 2.7c. The mutual
information changes smoothly and monotonically with τX /τD and, in the
limit τX /τD → 0, approaches Eq. (2.58). Notably, we explicitly see that slower
environments lead to a higher dependency between the internal degrees of
freedom, and thus to a larger information induced by the environmental
changes.
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Overall, this example of a continuously-varying diffusion coefficient and
the previous ones of linear, non-linear, and out-of-equilibrium models have
helped us understand how a stochastic environment shapes the dependencies
in a system made of otherwise independent particles. With these results
in mind, in the next Chapter we will reintroduce internal interactions and
explore their complex interplay with environmental changes.





chapter 3

Information of

interacting systems in

unobserved environments

In this Chapterwe will study the complete dynamical model introduced in
Eq. (2.2), working with systems in which the force field F(x; {ζ}) describes

interactions between the internal degrees of freedom x. Without loss of
generality, we will focus once more on the case in which environmental
changes describe a diffusion coefficient that switches between M discrete
states. Namely, the dynamics of the particles is described by

dxµ
dt

= Fµ(x; {ζ}) +
√
2Di(t)ξµ (3.1)

where i(t) is a realization of the jumps between the environmental states.
Our goal is to describe how the different processes - the one stemming from
internal interactions, and the stochastic environment - shape the dependen-
cies of the system, and thus the information between its internal degrees of
freedom. These ideas are sketched in Figure 3.1.

Recently, this problem has gained momentum from a theoretical perspec-
tive in different contexts [111–114], but the general question of how we can
characterize and possibly disentangle the effects of internal interactions from
those of a stochastic environment is very much open and elusive. In this
Chapter, we will show that in the presence of linearized interactions the
mutual information of the whole system encodes the internal and environ-
mental processes as distinct contributions. Furthermore, such contributions

51
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Figure 3.1 – The degrees of freedom of a complex system (gray dots) living in a
changing environment (colored arrows) will experience different sources of depen-
dencies, both coming from internal interactions (black lines) and induced by the
environment (colored lines). Can these dependencies be disentangled, and if so,
in which cases? As we will see, they are shaped by the complex interplay between
interactions and environmental changes.

can always be fully disentangled in suitable limits. Non-linear interactions,
on the other hand, lead to a much richer structure of the mutual informa-
tion, giving rise to a new term that models the interference between the
dependencies induced by internal interactions and those stemming from the
environment. This interference can be either constructive - with the depen-
dency between the particles amplified by the presence of both interactions
and environment at once - or destructive, depending on the shape of the
internal interactions. Overall, although characterizing the specific nature
of internal interactions through mutual information remains a challenge,
we will show how a fast-varying environment might reveal the presence of
underlying internal couplings in any general system.

3 .1 exact disentangling with linear interactions

Let us begin with the paradigmatic example of linear interactions, i.e., of
two interacting Ornstein-Uhlenbeck processes [38]. This particular choice is
twofold. First, an Ornstein-Uhlenbeck process is one of the simplest multi-
dimensional stochastic processes with a non-trivial stationary distribution.
Second, Ornstein-Uhlenbeck processes can often be seen as a linearization of
more complex, non-linear interacting models.
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As in the previous Chapter, for the sake of simplicity we consider the
case of two particles, whose position is described by the internal degrees of
freedom x1 and x2. Environmental changes are modeled through a dichoto-
mous process of the diffusion coefficient Di(t) between the states i ∈ {−,+},
with D− and D+ > D− and transition rates W−→+ = w+ and W+→− = w−. A
general formalism for N particles andM jumps can be found in Appendix
C. Given the linear nature of this system, the internal dynamics is described
by an interaction matrix A, whose off-diagonal elements describe the inter-
nal couplings between x1 and x2. Our model can be written as the set of
Langevin equations

dxµ
dt

= −
∑
ν

Aµν
xν
τ

+
√
2Di(t)ξµ(t) (3.2)

where i(t) is a realization of the jump process between {−,+} and ξ1 and ξ2
are independent white noises with zero mean. Albeit simple, this model is
related to “diffusing diffusivity” processes, often used to describe spatially
disordered or inhomogeneous environments [97, 98], represented by the
cartoon in Figure 3.2. Our goal is to understand whether these two distinct
contributions to the dynamics can be disentangled, and, if so, under which
conditions.

Notice that in the case A = 1 no interactions are present, and we recover
the harmonic case described in the previous Chapter, Section 2.3.1. Therefore,
we expect the mutual information stemming from the environment, Ienv, to
obey the limiting behaviors

Ienv

(
w−
w+

)
=

Hjumps if D+ ≫D−
0 if D+ ≈D−

(3.3)

where Hjumps = −
∑
i π

st
i logπst

i . How does the mutual information I between
x1 and x2 change when we add back linear interactions on top of the shared
environment?

Let us consider the matrix

A =
(
1 −g1

−g2 1

)
and assume that its eigenvalues have positive real parts, so that a stationary
state exists. For instance, this is always satisfied if g1 and g2 have opposite
signs, or if 1 ≥ √

g1g2. We can now write down the expected parametric
dependence of the mutual information, Eq. (2.18). The set of parameters {ζ}
appearing in Eq. (3.1) is {τ,g1/τ,g2/τ}, where τ = τint plays the role of the
internal timescale. As before, the environmental one is again τenv = w−1

sum
withwsum = w−+w+. Therefore, assuming that τwsum is fixed by the timescale
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Figure 3.2 – A cartoon representing a possible interpretation of the system described
by Eq. (3.2). Two particles coupled by a spring move experience a change in, e.g.,
temperature affecting their diffusion. The wiggly lines show the dependencies
arising from the intrinsic force of the spring and from the extrinsic temperature
changes, fueled by the environment through which the particles move. This cartoon
was taken from the commentary on our paper [68] that appeared in Physics 14, 162
(see Appendix A) (copyright APS/Carin Cain).

separation, we can rewrite Eq. (2.18) as

I = I
(
w−
w+
,
D−
D+
, g1, g2

)
(3.4)

where, using the notation of Section 2.2, {Wjumps} = {w−/w+}, {ϕ} = {D−/D+}
and {ψ}i = {g1, g2}. The fact that the set of dimensionless parameters of the
internal dynamics, {ψ}i , does not depend on the environmental states has
crucial implications, as we will see further on. In particular, we have that
the mutual information of the internal dynamics Iint({ψ}i) is equal to its
environmental average, ⟨Iint⟩π.

Let us assume, for the time being, that we are in the slow-jumps limit
τenv ≫ τint, so that we can solve the Langevin equations in Eq. (3.2) separately
for D+ and D− and then average them over πst

± as in Eq. (2.16). The compo-
nents of the resulting mixture distribution pslow12 =

∑
i π

st
i P

st
i are multivariate

Gaussian distributions,

P st
i (x1,x2) ∼N (0,Σi),

where Σi are symmetric matrices obeying the Lyapunov equation [38]

AΣi +ΣiA
T = 2τDi1 (3.5)

with 1 the identity matrix. We now introduce the rescaled covariance matrix
Σ̃i = Σi/(Diτ), which is determined by the equation AΣ̃i + Σ̃iAT = 21. Since
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no dependence on the environmental state i is present, we have that Σ̃i = Σ̃

∀i. Thus we can rewrite Eq. (3.5) as

1
2

[
AΣ̃ + Σ̃AT

]
= 1 (3.6)

where

Σi =DiτΣ̃. (3.7)

Eq. (3.7) shows that the covariance matrix appearing in the mixture com-
ponents of pslow12 receives separate contributions from the environmental
diffusion coefficient Di and the internal interactions A.

We can immediately solve Eq. (3.6), finding

Σ̃ =
1

g1g2 − 1

 g1(g2−g1)2 − 1 − g1+g22
− g1+g22

g2(g1−g2)
2 − 1

 . (3.8)

In order to compute the bounds on the mutual information from the estima-
tor in Eq. (2.27), we need to find the mutual information Iint({ψ}i) = I i in a
fixed environment, i.e.,

I i =
∫
dx1dx2P

st
i (x1,x2) log

P st
i (x1,x2)

P st
i (x1)P

st
i (x2)

.

In this case of our Gaussian distributions N (0, τDiΣ̃), we can compute I i

exactly as

I i =
1
2
log

Σ11Σ22

detΣ
=
1
2
log

Σ̃11Σ̃22

detΣ̃

=
1
2
log

[
1− 4

4+ (g1 − g2)2
+

1
1− g1g2

]
:= Iint({gµ}) (3.9)

where {gµ} = {g1, g2}. Since
∑
i π

st
i = 1, this also implies ⟨Iint⟩π = Iint. That is, as

expected from the dimensionless parameters of this system, the dependency
between x1 and x2 induced by the internal interactions does not change with
the environmental state.

Then, to find the estimator in Eq. (2.27) we also need the Chernoff and
the Kullback-Leibler divergences between the components of the slow-jumps
distribution and its factorization. Since we are dealing with Gaussian dis-
tributions, such divergences can be computed analytically [56, 57, 99]. We
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find

Cα (N (0,Σ+) ||N (0,Σ−)) =
1
2
log

det[(1−α)Σ+ +αΣ−)]

det1−αΣ+det
αΣ−

=
1
2
log

detτΣ̃ [(1−α)D+ +αD−]

det1−α τD+Σ̃detα τD−Σ̃

= log
[(1−α)D+ +αD−]

D1−α
+ Dα−

and

DKL (N (0,Σ+) ||N (0,Σ−)) =
1
2

[
log

detΣ−
detΣ+

+TrΣ−1
− Σ+ − 2

]
=
1
2

[
log

detτD−Σ̃

detτD+Σ̃
+Tr

1
τD−

Σ̃
−1
τD+Σ̃ − 2

]
= log

D−
D+

+
D+

D−
− 1.

As we can see, due to the factorization of the covariance matrix, these dis-
tances are the same as the ones of the non-interacting case in Eqs. (2.35)-
(2.38). As such, they only depend on the ratio D−/D+. Hence, we can bound
the mutual information with

I slow,up/low
(
w−
w+
,
D−
D+
, {gµ}

)
= Iint

(
{gµ}

)
+ I slow,up/lowenv

(
w−
w+
,
D−
D+

)
(3.10)

where I slow,up/lowenv are the bounds on the mutual information in the absence
of interactions, Eqs. (2.40).

Eq. (3.10) tells us that, in the slow-jumps regime, the bounds on the
mutual information are fully disentangled in form - i.e., interactions and
environment are not mixing. This further implies the limiting behaviors

I slow
(
{gµ},

w−
w+

)
=

Hjumps + Iint
(
{gµ}

)
ifD+ ≫D−

Iint
(
{gµ}

)
ifD+ ≈D−

(3.11)

since the environmental bounds saturate. When D−/D+ ≪ 1 and thus the two
environmental states are markedly different from one another the mutual
information is simply the sum of the one stemming from the interactions,
Iint, and the entropy of the environment, Hjumps. Crucially, a Monte Carlo
integration in the slow-jumps limit shows that this is true not only for these
limits - but rather holds in general, see Figure 3.3.

On the other hand, in the fast-jumps limit, once we solve the Lyapunov
equation in Eq. (3.6), the stationary probability distribution is the multivari-
ate GaussianN (0,⟨D⟩π τΣ̃). Hence, as shown in the previous Chapter, it only
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Figure 3.3 – The total mutual information as a function ofD−/D+ andw−/w+ at fixed
τwsum = 10−3, i.e., in the slow-jumps limit. (a) The colored surface is the result of a
Monte Carlo integration of Itot, in the slow-jumps limit, for the interacting model
with g1 = 5, g2 = −0.1, and τ = 1. The gray surface is instead the non-interacting
case, Ienv. The two contributions to the mutual information disentangle and the in-
teractions simply result in a constant shift. (b) A comparison between the predicted
shift Iint(g1, g2), Eq. (3.9), and the difference of the Monte Carlo estimates of the two
surfaces for every sampling point (w−/w+,D−/D+), namely IMCint (w−/w+,D−/D+).

depends on the single effective diffusion coefficient ⟨D⟩π. In this limit we can
compute the mutual information exactly as in Eq. 3.9, since it only depends
on Σ̃. That is, we find

I fast = Iint
(
{gµ}

)
(3.12)

which is perhaps unsurprising, since we know from the previous results
that no information arises from the environment in the fast-jumps limit.
Finally, in the intermediate regime between the fast- and slow-jumps limits -
i.e., for intermediate values of τwsum - we can estimate the stationary p.d.f.
from simulations of the Langevin equations in Eq. (3.1). Then, through
either numerical integration or k-nearest neighbors estimators [109, 110], we
always find that the presence of linear internal interactions simply shifts the
mutual information with respect to the non-interacting case, Ienv.

Therefore, our results suggest that the mutual information receives two
distinct contributions - one from the environment, Ienv, and one from the
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internal linearized interactions, Iint - and that they are disentangled in form:

I

(
{gµ},

D−
D+
,
w−
w+
, τwsum

)
= Iint(

{
gµ}

)
+ Ienv

(
D−
D+
,
w−
w+
, τwsum

)
. (3.13)

That is, in systems linearized close to equilibrium the internal dependencies
are not altered by the environment and, vice versa, the information induced
by the unobserved environmental changes is not affected by interactions
between the observed degrees of freedom. In principle, as we will see in the
rest of this Chapter, this result needs not to hold in general - but it is rather a
fundamental property of linear interactions. In Appendix A, we report the
non-technical commentary that appeared in Physics 14, 162 about this result
[68], which further elucidates its relevance in different contexts.

Let us also note that, from the previous Chapter, we know that even
with non-linear interactions in the fast-jumps limit the environmental con-
tribution vanishes exactly. Hence, and independently of the underlying
interactions, any non-zero mutual information in the fast-jumps limit acts as
a fingerprint of the presence of internal couplings. This result is extremely
interesting. In fact, although the environmental states - identified by D−
and D+ in our model - are usually not experimentally accessible, it might be
possible to characterize the frequency of such environmental changes. Neu-
ral activity originating from external stimuli [115–117], stirring in chemical
conglomerates [118], temperature-activated chemical reactions in solutions
[73, 119], and population growth [84, 95, 96], are only a few examples in
which this framework might apply. Even if fast-varying environments have
been shown to be informative, our approach might provide hints about the
presence of interactions even away from the fast-jumps limit, by bounding
the environmental contribution to the mutual information. Yet, to fully
understand how internal interactions and changing environments shape the
dependencies of a system, we need to introduce non-linear interactions -
often at the price of analytical tractability, as we will see in the next Section.

3 .2 non-linear potentials and information interfer-

ence

Solving Fokker-Planck equations in the presence of non-linear interactions is
often a hard task. Hence, to keep things as analytically tractable as possible,
we assume that the force field F appearing in Eq. (3.1) can be written as the
gradient of a potential of the form

V (x1,x2) =
2∑
µ=1

U (xµ) +Vint(x1,x2) (3.14)
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so that we can immediately solve the Fokker-Planck equation in a fixed
environment as

P st
i (x1,x2) ∝ exp

[
−V (x1,x2)

Di

]
(3.15)

up to a normalization factor. Without loss of generality, we will often consider
the case of U (xµ) = x4µ/4τ , so we can leverage the results of the previous
Chapter. Hence, we are focusing on equilibrium systems with non-linear
relaxation and non-linear interactions.

3.2.1 general decomposition of the mutual information

From Section 2.2 we know that the mutual information can only depend
on dimensionless parameters. Besides the ratio of the rates of the environ-
mental jump process, we denoted the dimensionless parameters for a given
environmental state i with {ψ}i . In particular, recall that the average over
the environmental states of the mutual information associated with the joint
distribution in Eq. (3.15) is given by

⟨Iint⟩π :=
M∑
i=1

πst
i Iint({ψ}i).

This term stems from the presence of internal interactions, since in the ab-
sence of Vint such components are factorizable and their mutual information
is zero. If the dimensionless parameters do not change with i - such as in the
case of linear interactions - it reduces to ⟨Iint⟩π = Iint({ψ}).

With this in mind, and inspired by the results obtained with linearized
interactions, it will be useful to identify all the different contributions to
the mutual information of the overall system. As before, we call Ienv the
mutual information stemming from the shared environment alone, which we
obtained in Section 2.3.2 for U (xµ) = x4µ/4τ . Using the notation of Section 2.2,
we then choose to decompose the mutual information of the overall system
as

I
(
{Wjumps}, {ϕ}, {ψ}Mi=1

)
= Ienv

(
{Wjumps}, {ϕ}

)
+

+ ⟨Iint⟩π
(
{ψ}Mi=1

)
+

+Ξ
(
{Wjumps}, {ϕ}, {ψ}Mi=1

)
(3.16)

where {ψ}Mi=1 = {{ψ}1, . . . , {ψ}M}. For our systemwith two environmental states,
we have {Wjumps} = {w−/w+} and {ϕ} = {D−/D+}. The term Ξ in Eq. (3.16)
quantifies the contributions due to the presence of both the environment and
the interactions at once. In general, this is not a mutual information, i.e., it
needs not be positive, and may depend on all dimensionless parameters. For
these reasons, we name this term as information interference. Clearly, when
interactions can be linearized this interference term is always zero.
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Since we know that in fast environments the system is solved by

pfast(x1,x2) ∝ exp
[
−V (x1,x2

⟨D⟩π

]
and that there will be no dependency induced by the environment, we will
focus on the slow-jumps limit throughout the rest of this Chapter. In this
limit, finding analytical expressions for all the terms in Eq. (3.16) is often
challenging, andwe have to resort to numerical integration oncemore. Hence,
unless otherwise specified, the mutual information in Eq. (3.16) is obtained
as outlined in the previous Chapter. We employ Hamiltonian Monte Carlo
to sample the joint distribution in Eq. (3.15), and we weigh these samples
according to the corresponding mixture distribution, πst

i . Then, the mutual
information integral is evaluated by Monte Carlo integration. Crucially,
Monte Carlo sampling requires the knowledge of the analytical expressions
of both the joint and the marginal mixture components [101], which we need
to compute for every choice of potential.

3.2.2 destructive information interference

Let us begin with the potential

V (x1,x2) =
x41 + x

4
2

4τ
− g

x21x
2
2

2
:= Vsw(x1,x2) (3.17)

where, for stability, g > 0. The subscript “sw” refers to the fact that this is a
single-well potential, depicted in Figure 3.4a, with one stable minimum at
(x1,x2) = (0,0). In the slow-jumps limit, the mixture components of the joint
distributions follow the Boltzmann-like distribution

P st
i (x1,x2) =

1
Nsw(τ,g,Di)

e−Vsw(x1,x2)/Di (3.18)

where the normalization Nsw can be computed analytically in terms of
hypergeometric functions. The corresponding marginal components are

P st
i (xµ) =

|xµ|
Nsw(τ,g,Di )

√
gτ

2
K 1

4

g2x4µτ8Di

e(−2+g2τ2) x4µ
8Diτ (3.19)

where Kn(x) is the modified Bessel function of the second kind. We plot the
corresponding mixture distributions in Figure 3.4b-c.

With this choice of the potential, the sets dimensionless parameters are
given by {Wjumps} = {w−/w+}, {ϕ} = {D−/D+} and {ψ}i = {gτ}. Once more, as
with the case of linear interactions, we have {ψ}i = {ψ}, leading to

⟨Iint⟩π := I intsw (τg) ,
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which is the mutual information arising from the presence of the non-linear
interacting potential. In other words, and as for the linear case, the mutual
information of the joint distribution, Isw, cannot depend separately on D−
and D+, thus being independent of the environmental state. Consequently,
we write it as

Isw

(
w−
w+
,
D−
D+
, τg

)
= Ienv

(
w−
w+
,
D−
D+

)
+ I swint (τg) +Ξsw

(
w−
w+
,
D−
D+
, τg

)
. (3.20)

Unfortunately, no analytical expression can be found for these terms.
Nevertheless, let us investigate separately the impact of interactions and

environmental changes in this example. First, the effect of the interactions in
the joint probability distribution reflects into the appearance of tails along
the axes x1 = 0 and x2 = 0, as we can see in Figure 3.4b-c. The higher g, the
longer the tails - indeed, due to the shape of the potential and the flat regions
around the axes (Figure 3.4a), the dependency induced by the presence of
interactions leads to a high probability of finding one particle close to the
minimum at the origin, and the other particle farther from it. Conversely,
as shown in Section 2.3.2, the environment affects the joint distribution
by suppressing such tails as the difference between D− and D+ becomes
more pronounced. Indeed, the shared environmental changes lead to the
particles experiencing either a high- or low-diffusion regime at the same
time - suppressing the probability of one particle diffusing away from the
potential minima at the origin while the other is close to it.

As the dependencies induced by the environment and interactions oper-
ate in opposite ways, the mutual information takes contrasting contributions.
In Figure 3.4d-e-f, we see that the mutual information of the overall system,
Isw, is always smaller than the sum of Ienv and I intsw . Furthermore, it can also
be smaller than Ienv for some values of (w−/w+,D−/D+). This means that

Ξsw

(
w−
w+
,
D−
D+
, τg

)
≤ 0 (3.21)

in the entire space, and Ξsw < −I intsw in some regions of the parameter space
(see Figure 3.4f). Naively speaking, non-linear interactions can mask environ-
mental information by counteracting the dependency induced by a switching
environment and effectively reducing the information that x1 and x2 share.
We name the phenomenon described by Eq. (3.21) destructive information
interference.

However, the limiting behaviors of Isw can still be understood. When
D−/D+ → 1, the only contribution to the mutual information comes from
the interactions alone, I intsw (τg). Similarly, in the opposite limit D−/D+ → 0,
the numerical integration shows that the two contributions to the mutual
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Figure 3.4 – The total mutual information Isw in the single-well case, Eq. (3.17), as a
function ofD−/D+ andw−/w+, in the slow-jumps limit. For all plots, τg = 10. (a) The
single-well potential considered here. (b-c) Contour plots of the joint probability
distribution and its factorization, respectively, for D+ = 10, D− = 10−2, w− = w+. The
marginalized probability has much longer tails along the axis x = 0 and y = 0, which
tend to be suppressed by the environment. However, these tails are still present in
the joint probability as a consequence of the interactions. (d) The colored surface is
the result of a Monte Carlo integration of Isw, whereas the gray surface represents
the environmental contribution alone Ienv. (e) Isw (black dots) can be smaller than
Ienv (gray dashed line) and, in general, it is lower than the sum of I intsw and Ienv (red
dashed line). (f) In fact, the term Ξsw is always negative, showing that the effects
of the environment and of the interactions are reciprocally masked at low-enough
values of D−/D+. For D−/D+ → 0,1 we find Ξsw = 0, hence the environmental and
the interactions contributions are disentangled.

information are exactly disentangled, i.e.,

Isw

(
w−
w+
,
D−
D+
, τg

)
=

Hjumps + I intsw (τg) if D−/D+ ≪ 1

I intsw (τg) if D−/D+ ≈ 1
. (3.22)

Eq. (3.22) implies that in both limits Ξsw → 0. In Figure 3.4e, we compare
this fully disentangled form (in red) with the mutual information at fixed
w−/w+ and for different values of D−/D+ (black dots). We see that, indeed,
this disentangling is only achieved in the limits in Eq. (3.22) - whereas at
intermediate values of D−/D+ destructive interference reduces Isw. This
suggests that, away from dynamical fixed points where internal interactions
cannot be linearized, the interplay between them and environmental changes
can create non-trivial mixed dependencies in the system.
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Figure 3.5 – The total mutual information Irsw in the rotated single-well case,
Eq. (3.23), as a function of D−/D+ and w−/w+, in the slow-jumps limit. For all plots,
τg = 10. (a) The rotated single-well potential considered here. (b-c) Contour plots
of the joint probability distribution and its factorization, respectively, for D+ = 10,
D− = 10−2, w− = w+. The marginalized probability has much longer tails along the
axis x = 0 and y = 0, which are suppressed in the joint probability as a consequence
of the environment. Contrary to the single-well case, the interactions here trigger
the presence of tails along the bisectors of the (x,y) plane. (d) The colored surface is
the result of a Monte Carlo integration of Irsw, whereas the gray surface represents
the environmental contribution alone Ienv. (e) Irsw (black dots) is always greater
than Ienv (gray dashed line) and, in general, it is greater than the sum of I intrsw and
Ienv (red dashed line). (f) The term Ξrsw is always positive, and in particular it is
different from zero at high enough values of D−/D+. For D−/D+ → 0,1 we end up
with Ξrsw = 0 as expected.

3.2.3 constructive information interference

In the previous section, we argued that the destructive information interfer-
ence stems from the fact that interactions and environment tend to generate
opposite dependencies in the system. If this phenomenon is at the root of
the destructive information interference we observed, what happens when
we rotate the interaction term in Eq. (3.17) of an angle π/4?

The potential governing the system is now

Vrsw(x1,x2) =
x41 + x

4
2

4τ
− g

||Rπ/4(x,y)||2

2
(3.23)

where Rθ is the rotation matrix of angle θ, || · ||2 is the L2 norm and g > 0. The
“rsw” subscript stands for rotated single-well, in analogy with the previous
case. Such potential is shown in Figure 3.5a, and as expected from the
rotation the flat region around the minimum at (x1,x2) = (0,0) now expands
along the bisectors of the (x1,x2) plane, rather than its axes.
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Since the rotation does not change the parametric dependence, the sets
dimensionless parameters are still {Wjumps} = {w−/w+}, {ϕ} = {D−/D+} and
{ψ} = {gτ}. Hence, we must have that

⟨Iint⟩π := I intrsw (τg) ,

similarly to the previous case. The joint and marginal mixture components
in the slow-jumps limit can be again found analytically, and are given by

P st
i (x1,x2) =

1
Nrsw(τ,g,Di)

e−Vrsw(x1,x2)/Di (3.24)

and

P st
i (xµ) =

√
gπ2

2α

|xµ|
[
I− 1

4

(
βix

4
µ

)
+ I 1

4

(
βix

4
µ

)]
2Nrsw(τ,g,Di)

exp

x4µ(g2 − 128α)

128αDi

 (3.25)

where In(x) is the modified Bessel function of the first kind, α = τ−1/4+ g/8,
βi = g2/(128αDi), andNrsw has an exact expression in terms of hypergeomet-
ric functions.

Overall, the decomposition of the mutual information

Irsw

(
w−
w+
,
D−
D+
, τg

)
= Ienv

(
w−
w+
,
D−
D+

)
+ I rswint (τg) +Ξrsw

(
w−
w+
,
D−
D+
, τg

)
(3.26)

is formally identical to Eq. (3.20). However, in this case, the role of the
interactions is to introduce tails along the bisectors of the (x1,x2) plane,
whereas the environment keeps acting on the x1 = 0 and x2 = 0 axes. Hence,
non-linear interactions do not counteract the dependency induced by the
environment anymore. As a consequence, as shown in Figure 3.5d-e, the
mutual information of the overall system is almost always close to the sum
of the environmental and the interaction terms, i.e., Ξrsw ≈ 0. However, in
general we find

Ξrsw

(
w−
w+
,
D−
D+
, τg

)
≥ 0 (3.27)

as we see from Figure 3.5f. This implies that, in some regions of the pa-
rameter space, x1 and x2 share more information than the one coming from
the changing environment and their sheer couplings. In analogy with the
previous case, we name this phenomenon constructive information interference
- naively speaking, this particular choice of the potential leads to a coopera-
tion of the environmental term and the interaction term, boosting the overall
mutual information.

We remark that, yet again, the limiting behaviors of the mutual infor-
mation exhibit an exact disentangling, as before. Thus, when D−/D+ → 0,
Ξrsw → 0 and Ienv →Hjumps, while for D− →D+ only I intrsw survives.
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3.2.4 bistable systems and information peaks

As a last example, here we study the slightly more complicated case of a
bistable system. In particular, we consider the potential

Vdw(x1,x2) =
x41 + x

4
2

4τ
− gxy (3.28)

where g > 0. The “dw” subscript stands for double-well. In fact, this poten-
tial, depicted in Figure 3.6a, has two stable minima at (x1,x2) = (±√gτ,±√gτ).
The joint and the marginal mixture components in the slow-jumps limit are:

P st
i (x1,x2) =

1
Ndw(τ,g,Di)

e−Vdw(x1,x2)/Di (3.29)

and

P st
i (xµ) =

[
(D9

i τ)
1
4Γ

(1
4

)
0F2

(1
2
,
3
4
;αix

4
µ

)
+

+ g2x2µ(Diτ)
3
4Γ

(3
4

)
0F2

(5
4
,
3
2
;αix

4
µ

)] e
−

x4µ
4Diτ

√
2D2

i Ndw(τ,g,Di)

where pFq(a1, . . . , ap;b1, . . . , bq;x) is the generalized hypergeometric function,
αi = g4τ/(64D

3
i ), and Ndw can be found analytically. As we can see in Fig-

ure 3.6b-c, the joint probability distribution has two peaks corresponding to
the two minima of the potential, whereas the factorized distribution presents
four peaks - that is, the dependency induced by the internal interactions
reflects into the fact that both particles are likely found in either (

√
gτ,

√
gτ)

or (−√gτ,−√gτ). On the other hand, the shared environment here induces
more complex dependencies. In fact, the switching between high- and low-
diffusion regimes favors the transition from one minimum to the other, and
of both particles at the same time. This can be readily understood by the
presence, in the factorized probability, of connections among the four peaks,
which are not present in the joint probability distribution that accounts for
the environmental-induced dependencies.

The crucial difference between this case and the previous ones is that
the dimensionless parameters appearing in the mutual information mix
environmental and interaction features. Indeed, we have {Wjumps} = {w−/w+},
{ϕ} = {D−/D+} and {ψ}i = {Di/τg2}. Hence, now the mutual information can
be decomposed as

Idw

(
w−
w+
,
D−
τg2

,
D+

τg2

)
= Ienv

(
w−
w+
,
D−
D+

)
+
∑
i∈±

πiI
int
dw

(
Di
τg2

)
+Ξdw

(
w−
w+
,
D−
τg2

,
D+

τg2

)
where I intdw is the mutual information associated to Eq. (3.29), which depends
explicitly on the environmental state Di . Notice also that the interference
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Figure 3.6 – The total mutual information Idw in the double-well case, Eq. (3.28), as
a function of the adimensional parameters D±/(τg2), in the slow-jumps limit. For
all plots, w−/w+ = 1, τ = g = 1. (a) The double-well potential considered here. (b-c)
Contour plots of the joint probability distribution and its factorization, respectively,
for D+ = 10, D− = 10−2. The joint probability has two peaks, corresponding to
the two minima of the potential. On the contrary, the marginalized probability is
markedly different, with four peaks. (d) The colored surface is the result of a Monte
Carlo integration of Idw, whereas the gray surface represents the environmental
contribution alone Ienv, in the plane (D−/τg

2,D+/τg
2). (e) The mutual information

I intdw of the interactions only. At large D, we expect the two minima to be less relevant,
and indeed the mutual information vanishes. At small D, instead, I intdw is markedly
different from zero since the particles are typically trapped in one of the two minima.
At intermediate values the mutual information peaks due to an interplay between
trapping and diffusion. (e) The term Ξdw can be either positive or negative, meaning
that, at different values of D±/(τg2), we find both constructive and destructive
interference. Clearly, when D− ≈D+, we have Ξdw ≈ 0.

term, Ξdw, does not depend explicitly on D−/D+ alone since this parameter
can be obtained by combining D+/τg

2 and D−/τg
2.

To explore such dependence of the mutual information on the single
environmental states, we plot it in Figure 3.6d in the case w− = w+, whereas
in Figure 3.6e we plot the dependence of the interaction term, I intdw, on the
diffusion coefficient. We see that, at intermediate values of D, this term
peaks - meaning that the particles are more dependent. This fact can be
understood at least heuristically. Indeed, the distance between P st

i (x1,x2) and
its factorization receives the most contributions from the fact that the latter
has four peaks, due to the implicit assumption of independence between x1
and x2 in the factorized distribution. However, when D is large, the system
can easily escape the potential minima, and thus they will not contribute to
I intdw, which vanishes as D grows. Conversely, small values of D weigh more
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the potential minima, since the system is substantially trapped in them. In
this limit, I intdw converges to a non-zero value due to the fact that only two of
the peaks of the factorized distribution are present in the joint distribution.
Finally, we observe an emerging peak of I intdw at a finite value of D. This
optimal diffusion naively allows the system to explore both minima from
time to time, still being trapped for a consistent amount of time during each
stochastic realization.

In Figure 3.6f, we show the interference term Ξdw for the specific case
w− = w+. All other choices do not qualitatively change the picture. In this
scenario, we have

Ξdw

(
w−
w+
,
D−
τg2

,
D+

τg2

)
⋛ 0 (3.30)

leading to a non-trivial pattern of constructive and destructive information
interference. This pattern, although hard to understand analytically, is
intuitively a consequence of the system switching from a state in which it
is trapped in one single minimum, to a state in which it can freely explore
larger regions of the (x1,x2) plane. When both environmental states are
represented by large diffusion coefficients, we find destructive interference
- the diffusion is too large for the system to be trapped into one of the two
minima and thus the environment is masking the internal dependencies.
On the other hand, we find a significant constructive interference when
one environmental state displays a small diffusion coefficient, and the other
an intermediate one. As outlined above, in this scenario the system can
explore both minima thanks to the switching environment, achieving a
larger information between the two particles than with interactions alone. In
this case, it is difficult to define the usual limiting behaviors of the mutual
information, in which the disentangling is recovered. Indeed, D−/D+ is not
the only relevant parameter of the system and the limit D−/D+ → 0 is not
particularly informative anymore.

Finally, let us remark that, although we focused on paradigmatic but
rather comprehensive physical models, these ideas have a much larger scope.
In fact, disentangling the different dependencies of a system is a far-reaching
question. Techniques such as Bayesian networks and other probabilistic
graphical models have been successfully used in biological data, for instance,
to disentangle different sources of interactions and dependencies in general
[120–122]. Connections may be also drawn to machine learning and artificial
neural networks, particularly in the context of learning disentangled repre-
sentations of the data, i.e. representations in which the informative latent
factors are described by a factorized distribution [123–126], or in generative
models with latent variables, such as switching state-space models [127, 128].
The environment in our model, in fact, can be seen as a latent variable, i.e.
unobserved and independent of the observed degrees of freedom, while af-
fecting the observed dynamics. Unlike the one presented in this thesis, these
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approaches are often harder to interpret and are less prone to the derivation
of exact results, even though they remain extremely powerful in dealing with
experimental data.



chapter 4

Information-driven

transitions in optimal

effective models

Tthe dependencies between the many degrees of freedom of complex
systems, as we have seen in the previous Chapters, are shaped by the

interplay between internal interactions and shared, changing environments.
However, it is often the case that we are not able to describe them as a whole,
but rather seek an effective representation of their dynamics. Indeed, we
may not have experimental access to all of the degrees of freedom - e.g., as
we will see, we only observe the position subspace rather than the whole
velocity-position phase space - or it may be more useful to study the behavior
of coarse-grained variables. In this Chapter, we will show how Information
Theory can help us define these effective models in such a way that they
resemble the original dynamical evolution as closely as possible - and what
this choice implies for the relation between the underlying system and our
effective description.

In Figure 4.1 we sketch these ideas that, in general, are deeply related
to the question of how to infer such effective models from experimental
data. For example, higher-order discretization schemes have been recently
proposed to build effective Langevin models from discrete datasets [129].
Different Bayesian techniques have also been proposed, leveraging artificial
neural networks for density estimations and the field of simulation-based
inference to obtain posterior distributions of an effective model given the data
[130–134]. Furthermore, data-driven approaches to infer dynamical features

69
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Figure 4.1 – In the previous chapters, we have seen how the dependencies of the
degrees of freedom of complex systems (gray dots) are shaped by the interplay
between changing environments (colored arrows and lines) and internal interactions
(black lines). Yet, often we do not seek to describe all these internal degrees of
freedom and their dependencies, but rather a subset or a coarse-grained version
of them. Thus, we usually deal with effective models to tackle the underlying
complexity. In this Chapter, we will explore if and how such effective models can
retain information about the original dynamics.

from single trajectories are solidly taking hold, especially as the experimental
spatiotemporal resolution rapidly increases. This inference problem is well
understood for deterministic systems [135–137], while criticalities arise in
stochastic systems, where fast variables have to be treated as external noise
[51]. Fundamental advances have recently been made for, e.g., stationary
underdamped [138] and overdamped stochastic processes [139–143], where
the fast equilibration of velocities is employed∗.

The idea of building projections from complex to simpler models is also
at the heart of coarse-graining procedures, which can be implemented to
obtain informative coarse-grained models that preserve relevant features
[146–148], and dimensionality reduction techniques [149–153]. However,
the properties of such low-dimensional representations and how they relate
to the original, high-dimensional space are often non-trivial to address.

In this Chapter, we frame the definition of an optimal model in the con-
text of information projections between the probability space of the observed
dynamics and the one of the effective model. An optimal model is such

∗Crucially, it has been shown that employing this simplification ab initio might lead
to erroneous results [88, 144], whose origin dates back to the Ito-Stratonovich dilemma
[145]. Nevertheless, the overdamped framework remains a paramount tool to gain analytical
insights.
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that it captures the maximum amount of information on possibly short-time
trajectories of the observed degrees of freedom. We then focus on the phys-
ically relevant case of reducing the dynamics of an underdamped system
in the full position-velocity phase space, (x,v), to an effective overdamped
dynamics in the x-space. This question is, even by itself, challenging and
far-reaching and might impact several other fields, ranging from the esti-
mation of dissipation in biological systems [154–156]. In doing so, we relax
the stationarity assumption usually employed, and include the effect of the
initial conditions. We show that the information-preserving feature of our
approach is associated with an unforeseen discontinuity in the parameter
space of the optimal model, associated with two minima of the information
loss that exchange stability. This information-driven transition is present
both in simple harmonic confinements - where we can solve the model ana-
lytically - as well as in anharmonic potentials, where we employ a Gaussian
ansatz to infer the relevant quantities directly from simulated trajectories.
This result poses a significant and unforeseen limitation on the efficacy of
effective models in predicting underlying dynamics, as slight changes in
underdamped parameters may give rise to large variations in the optimal
prediction.

4 .1 effective models through information theory

Let us assume that our system lives in an N dimensional phase space, and
that it is described by the probability distribution

Pcomplex = Pcomplex(x1, . . . ,xN , t). (4.1)

In principle, Eq. 4.1 depends on time as well, as the underlying process needs
not to be stationary. We further assume that we do not have access to the
evolution of all degrees of freedom {xn(t)}n=1,...,N , but rather observe only
the set {yk(t)}k=1,...,K with yk = yk(x1, . . . ,xN ) - e.g., yk may be a coarse-grained
version of the system, or we may only partially observe its evolution, so
that yk = xk with K < N . Typically, such observed space - see the sketch in
Figure 4.2 - is lower-dimensional with respect to the full phase space. Hence,
we can only experimentally measure the probability distribution

Pobs = Pobs(y1, . . . , yK , t) (4.2)

and not Eq. 4.1, which is defined on the whole phase space. Determining
the dynamics that generates Eq. 4.2 is, in general, a hard task. For instance,
as we will see later on, Pobs may be the result of a non-Markovian evolution
even if Pcomplex is the solution of a Markovian dynamics. Furthermore,
describing our complex system as a whole might be not possible, especially
in experimental settings. A physically relevant example, which we will
study throughout this chapter, is the case in which we only observe spatial
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trajectories while the complete dynamics is defined in the full position-
velocity phase space.

Hence, one often resorts to an effective model described by

Peff = Peff(y1, . . . , yK , t;θp) (4.3)

where θp is the vector of parameters that specify, e.g., the Fokker-Planck
equation whose solution is Peff. In principle, we can choose a simple enough
effective model that we are able to solve it - however, tuning its parameters θp
is a non-trivial task, and depending on the specific setting different inference
procedures have been proposed [129–143]. Yet, the goal of any inference
procedure can be thought of as tuning our effective model in such a way
that Peff is as close as possible to our observations, Pobs. Thus, rather than
focusing on the features of a specific inference problem, here we assume that
we are able to find the best possible description of the original dynamics in
terms of a chosen, most likely simpler, effective model.

To this end, we build an information projection that maps Pobs(y, t) into
the solution of the effective model minimizing the overall information loss
during the dynamical evolution, defined as

FM(θp) =
∫ tobs

0
dtM(Pobs, Peff) (4.4)

where tobs is the duration of our observations and M is any information
metric - e.g., a Kullback-Leibler divergence or a Chernoff divergence. That
is, we choose the parameters of the effective model θp using the information
projection

θopt = argminθpFM(θp), (4.5)

so that the global minimum of FM determines the optimal effective model.
The corresponding pdf then is

Popt(y, t) = Peff(x, t |θopt). (4.6)

By definition, once the effective model is specified, this is the best description
an inference problem can determine in terms of information loss over the
entire dynamical evolution.

Crucially, this approach is often computationally hard to solve. Even
if we were able to explicitly obtain the dependence of Peff on θp, finding a
reliable estimate of Pobs from the data may be particularly challenging. Thus,
computing exactly the metric M appearing in the information loss is often
unfeasible. To avoid this issue, we introduce a Gaussian ansatz and assume
that we can describe our probability distributions with

Pobs ∼N (µobs(t), σ̂obs(t)) , Peff ∼N (µeff(t), σ̂eff(t))
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Figure 4.2 – Sketch of the definition of optimal effective models used in this Chapter.
We observe trajectories that reflect a subspace or a coarse-grained version of an
underlying dynamics in a higher-dimensional phase space. We build an optimal
effective model that captures as much information as possible on the observed
evolution via a projection that minimizes the information loss integrated in time,
Eq. (4.4). Such an optimal model is, by definition, the best effective description we
can find and thus does not depend on a specific inference procedure. To make this
approach computationally feasible, we often assume that the observed and effective
trajectories are fully characterized by their mean and variance, which corresponds
to a Gaussian ansatz.

where µobs(t) and σ̂obs(t) are the evolution of the mean and covariance matrix
in the observed space, and similarly µeff(t) and σ̂eff(t) are the analogous
evolution of the effective model. Clearly, we can let go of the Gaussian
assumption for the effective model if we can solve explicitly for Peff(y, t;θp).
Otherwise, this assumption corresponds to an effective model described by
an Ornstein-Uhlenbeck (OU) process of the form

ẋ(t) = −w2
p

(
x(t)−µp

)
+
√
2∆̂pξp(t), (4.7)

where ξp is a white noise, and {wp, µp, ∆̂p} := θp. The solution of Eq. (4.7) is
Peff(x, t) ≡ POU(x, t) =N (µOU(t), σ̂OU(t)). Since with this assumption the pdfs
appearing in Eq. (4.4) are Gaussian, we can always find an exact expression
for the information metricM, greatly simplifying the task of solving Eq. (4.5).
In practice, this also corresponds to a maximum entropy ansatz at each time
if we assume that the observed trajectories are fully characterized by their
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mean and covariance [54]. This proposed definition of optimal effective
models is sketched in Figure 4.2.

Importantly, one must be careful that, in principle, Pobs and Peff may
admit different steady states for some parameters θp - if they admit one in
the first place. In fact, M(Pobs, Peff) vanishes if and only if Peff = Pobs. Clearly,
since in this case the integral in Eq. (4.5) would diverge in the long-time
limit, these parameters will not be the ones that minimize the information
loss. Hence, we are free to impose that M→ 0 when tobs → +∞, resulting in
a constraint on the stationary mean and variance of Peff and thus reducing the
number of free parameters to optimize. As we will see explicitly in a concrete
example, we can check a posteriori that the optimal solution is indeed the
one in which the steady state of the effective model matches the observed
one.

4 .2 information-driven transitions in overdamped ap-

proximations of underdamped dynamics

From now on, we will leverage the definitions introduced in the previous
section and focus on the physically relevant case of a system described by an
underdamped model,

ẋ = v

v̇ = −γv+F (x) +
√
2∆̂ξ(t)

(4.8)

where γ is the friction coefficient, ∆̂T ∆̂ = D̂ is the diffusionmatrix, F a generic
non-linear position-dependent force, and xi uncorrelated noise with zero
mean. Masses are set to unity for simplicity. This general model also includes
chiral diffusion [157]. However, it is often the case that the details of Eq. (4.8)
are not known, or the model cannot be solved analytically. Furthermore,
we usually have access only to measurements of short-time trajectories in
the x-space. These trajectories are those described by the probability distri-
bution Pobs(x, t), which ideally coincides with the exact solution of Eq. (4.8)
marginalized over the v-space.

Then, we need to specify the effective model, whose parametric form
will shape the information loss in Eq. (4.4). In full generality, we prescribe a
generic overdamped model,

ẋ = Fp(x;ϑp) +
√
2∆̂pξp(t) (4.9)

where Fp(x;ϑp) may be a new force-field that depends on the parameters
ϑp, ∆̂Tp ∆̂p a new diffusion matrix, and ξp uncorrelated white noise with zero
mean. The parameters of this effective model that need to be optimized by
solving Eq. (4.5) are θp = {ϑp, ∆̂p}. Let us stress that, in principle, this is an
arbitrary choice - our effective model could have been, e.g., a delayed process



4 .2 . overdamped approximations of underdamped dynamics 75

with memory. Indeed, in general, there are no Markov processes whose
pdf coincides with Pobs(x, t), which is obtained from the marginalization of
the Markovian dynamics described by Pcomplex(x,v, t). This implies that our
optimal model will be simpler and possibly tractable, at the price of not
being able to match perfectly the observed dynamics. That is, the overall
information loss along the dynamical evolution will never be exactly zero.

As a proof of concept, we will first apply the method to systems with
one spatial dimension. The underdamped dynamics lives in a 2D phase
space and the optimal model is a 1D OU process. The multidimensional
extension is conceptually straightforward but deserves proper attention in
dealing with non-diagonal diffusivities. We will present a simple example
of a 2D process at the end of this section. Furthermore, since the focus of
this Chapter is to show that information-preserving projections might lead
to emerging singularities even in simple scenarios, we will first consider the
tobs → +∞ limit, so we have access to the whole dynamical evolution and
we can effectively match the steady state distribution. Hence, no further
inference error emerges from small observation times. In the last part of the
Chapter, we will discuss a trajectory-based approach where this assumption
is relaxed.

4.2.1 one-dimensional harmonic potentials

We begin by considering the paradigmatic case of a one-dimensional har-
monically bounded particle, i.e., we write Eq. (4.8) as

ẋ = v

v̇ = −γv −ω2x+
√
2kBT γ2ξ(t)

(4.10)

where ∆̂ =
√
kBT γ2 for thermodynamic consistency [51]. We will call vth =√

kBT the thermal velocity. With this choice, Eq. (4.10) can be solved exactly.
These Langevin equations correspond to the Kramers equation

∂tp+ v∂xp = ∂v
[
(ω2x+γv)p

]
+ v2thγ∂

2
vp,

with p = p(x,v, t|x0,v0,0). We can solve this equation, finding the Gaussian
propagator

p(x,v, t|x0,v0,0) ∼N (M, Ŝ)
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with mean and covariance given by

M = e−Γt
(
x0
v0

)
Sxx = S0

(
λ1 +λ2
λ1λ2

+
4E

λ1 +λ2
− e

−2λ1t

λ1
− e

−2λ2t

λ2

)
Svv = S0

(
λ1 +λ2 +

4λ1λ2E
λ1 +λ2

− e−2λ1tλ1 − e−2λ2tλ2

)
Sxv = Svx =

γv2th
(λ1 −λ2)2

(
e−λ1t + e−λ2t

)2
where S0 =

γv2th
(λ1−λ2)2

, E =
(
et(−λ1−λ2) − 1

)
, and

Γ =
(
0 −1
ω2 γ

)
, λ1,2 =

γ ±
√
γ2 − 4ω2

2
.

In order to find a Gaussian pdf, we further assume that the initial conditions
(x0,v0) are described by two independent Gaussian distributions p(x0) ∼
N (µx0 ,σ

2
x0) and p(v0) ∼N (µv0 ,σ

2
v0), so that

p(x,v, t) ∼N
(
e−Γt

(
µx0
µv0

)
,S + e−Γt

(
σ2
x0 0
0 σ2

v0

)(
e−Γt

)T )
(4.11)

is the solution to the Kramers equation we are seeking.
Eq (4.11) describes the dynamics of the system in the complete phase

space. Yet, we are interested only in the position space, which we may
measure from experimental spatial trajectories. Since we know the full
analytical solution of the system, this assumption amounts to computing the
marginal probability distribution over the x-space,

phar(x, t) =
∫
dv p(x,v, t).

Clearly, this is still a Gaussian distribution, with mean and variance

µhar(t) = e
− γt

2

γµx0 +2µv0 sinh
(
λt
2

)
λ

+µx0 cosh
(λt
2

)
σ2
har(t) =

e−γt

ω2λ2

[
γσ2

x0ω
2λsinh(λt) +C cosh(λt) + v2thλ

[
λeγt −γ sinh(λt)

]
−D

]
where C =ω2

(
σ2
x0(γ

2 − 2ω2) + 2σ2
v0

)
−γ2v2th,D = 2ω2

(
σ2
v0 + σ

2
x0ω

2 − 2v2th
)
, and

λ =
√
γ2 − 4ω2. Hence, in the harmonic case, the Gaussian ansatz proposed

in the previous Section is exact, and we only need to know µobs(t) = µhar(t)
and σobs(t) = σhar(t).
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We now need to specify the effective model. We consider an Ornstein-
Uhlenbeck (OU) process of the form

ẋ(t) = −w2
p

(
x(t)−µp

)
+
√
2∆̂pξp(t), (4.12)

where {wp, µp, ∆̂p} := θp. The solution of Eq. (4.12) is again a Gaussian
propagator that can be marginalized over the initial condition p(x0) intro-
duced above. Thus, we end up with the distribution Peff(x, t) = POU(x, t) =
N (µOU(t),σOU(t)), whose mean and variance are

µOU(t) = µp(1− e−w
2
pt) +µx0e

−w2
pt

σ2
OU(t) =

∆2
p

w2
p
(1− e−2w

2
pt) + σ2

x0e
−2w2

pt .

Once more, in this simple case of harmonic confinement, we only need to
compute the mean and the variance of the distribution to obtain the exact
information loss. That is, we are not introducing any approximation in
the information projection, as we are matching two Gaussian distributions
through their means and variances. This allows us to study exactly the
properties of the optimal model defined by Eq. (4.5).

Importantly, as argued in the previous Section, we are free to constrain
the steady state of Peff to be equal to the one of Pobs, since otherwise the
information loss diverges in the tobs → ∞ limit. The steady state of the
former defines

µstatobs = 0, σ stat
obs =

vth
ω
,

and that of the effective Ornstein-Uhlenbeck gives

µstateff = µp, σ stat
eff =

∆p

wp
.

This constraint allows us to fully specify the effective dynamics, Eq. (4.12),
in terms of one single parameter to optimize. We choose to set µp = 0 and
∆p = vthwp/ω, so that θp = {wp}. The optimal information projection is then
solely determined by wp. Notice that in the multi-dimensional case, the
constraint above will reduce the number of model parameters, but they are
generally more than one. We will later check that, as tobs → +∞, the multi-
parameter optimization leads to the same minimum as the one obtained
imposing the steady state, and that even for short observation time the
results we find are qualitatively unchanged.

For the sake of simplicity, as ametric we choose the symmetrized Kullback-
Leibler divergence M =Dsym

KL , so that the information loss

FDsym
KL

=
∫ ∞

0
D

sym
KL (Pobs, Peff)dt
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Figure 4.3 – (a) Contour plot of wopt(γ,ω) in the harmonic case, showing a discon-
tinuity line ωc(γ). (b) By plotting wopt(ω) for selected values of γ , we see that the
discontinuity gradually decreases as γ increases (plotted from bottom to top) and
eventually disappears. At large ω, wopt displays a plateau. (c) The ratio Rov(γ,ω)
shows that for high values of γ our method coincides with the overdamped limit.
When the transition line is crossed, we find drastically different values of wopt even
for relatively large γ . (d-f) The transition is driven by the presence of two minima of
FM that exchange stability. The global minimum is highlighted by a triangle and the
unstable minimum (if present) by a circle. At low enough values of γ , as we increase
ω a second minimum appears at low w. These two minima eventually coalesce at
larger γ , smoothing the transition.

can be obtained from

D
sym
KL (Pobs, Peff) =

DKL(Pobs||Peff) +DKL(Peff||Pobs)
2

=
σ2
eff(t) + [µeff(t)−µobs(t)]2

4σ2
obs(t)

+
σ2
obs(t) + [µobs(t)−µeff(t)]2

4σ2
eff(t)

.

(4.13)

In Figs. 4.3a-b we plot the space of the wp that minimizes FDsym
KL

as a function
of the parameters of the original model,

wopt = wopt(γ,ω). (4.14)

Surprisingly, we find a line of discontinuities at ω = ωc(γ). We can also
compare the values of wopt with those predicted by a standard overdamped
limit, wov = ω/

√
γ , a projection in the x-space usually employed for strong

friction regimes. By plotting the ratio Rov = wopt/wov, it is evident that the
optimal model is markedly different from the overdamped model, even at
relatively large values of γ (see Figure 4.3c). We can think of FM as a quantity
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Figure 4.4 – wopt(ω) for different metrics, with γ = 0.1. (a) Different colors corre-
spond to different choices of the information metric. They all exhibit a discontinuous
transition, for different ωc(γ). (b) Non-information metrics result in a continuous
wopt(ω), which monotonously increase with ω.

analogous to a free energy, whose global minimum defines the optimal model.
Then, the discontinuity can then be seen as a first-order phase transition due
to the presence of two minima that exchange stability (see Figs. 4.3d-f).

Crucially, this discontinuity is independent of the specific choice of M.
To illustrate this, we choose as alternative options the Hellinger distance H2,

H2(Pobs, Peff) = 1−
√
2
σobsσeff
σ2
obs + σ

2
eff
e
− 1

4
∆µ2

σ2obs+σ
2
eff

with ∆µ = µobs −µeff, the geodesic distance G,

G(Pobs, Peff) = 2
√
2tanh−1


√

∆µ2 +2(σobs − σeff)2

∆µ2 +2(σobs + σeff)2

 ,
the Chernoff-alpha divergence Cα,

Cα(Pobs||Peff) =
α(1−α)∆µ2

2ψα
+
1
2
log

 ψα

σ
2(1−α)
obs + σ2α

eff


with ψα = (1−α)σ2

obs +ασ
2
eff, and the Wasserstein distanceW 2

2 ,

W 2
2 (Pobs, Peff) =

√
∆µ2 + σ2

obs + σ
2
eff +

√
σ2
obsσ

2
eff,

which are the expressions of such distances between two 1D Gaussian dis-
tributions. Clearly, each distance has a different information-geometric
meaning [56, 57]. In Figure 4.4a we show that the discontinuous transition is
present for all these choices, although their functional forms are vastly differ-
ent - which implies that the exact transition line ωc(γ) is metric-dependent,
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as expected. Then, we minimize the Lβ norm between the first two moments
of the two Gaussian distributions Pobs and Peff,

Lβ({µ}, {σ }) =
∣∣∣µobs −µOU

∣∣∣β + ∣∣∣σ2
obs − σ

2
OU

∣∣∣β .
This, in general, is not a metric in the probability space. Remarkably, in
Figure 4.4b we show that with this choice the transition disappears, and
wopt monotonously increases with ω. This result strongly suggests that the
transition is an intrinsic feature deeply related to the minimization of the
information loss, and not just a byproduct of our specific choice of the metric.

To investigate the meaning of the phases associated with the two minima
of FM, we introduce the Fisher information [56, 57] at fixed γ ,

IF(ω,t |γ) =
∫ +∞

−∞
Popt(x, t |wopt(ω,γ))

∂2 log
(
Popt(x, t |wopt(ω,γ))

)
∂2ω

∣∣∣∣∣
γ
dx

=
(∂ωwopt)2

[
2σopt(∂wopt

µopt)2 + (∂wopt
σopt)2

]
2σ2

opt

∣∣∣∣∣
γ

(4.15)

where µopt and σ
2
opt are the mean and variance of the optimal pdf, respec-

tively, and ∂wopt
= ∂/∂wopt. Eq. (4.15) quantifies the sensitivity of Popt to

changes in ω, at a fixed value of γ . In Figure 4.5a-b we show the temporal
evolution of IF . Approaching the transition from below (ω ≲ ωc), IF peaks
at short times, indicating that the information projection weighs more earlier
stages of the dynamics, i.e., the transient regime. On the other hand, for
ω ≳ ωc, the peak of IF appears at longer times, capturing the persistent
oscillating behavior. Notice that, for very small values of ω, the system is
close to the free-diffusion regime. This reflects into longer transients and, in
turn, an increase of the peak time (see Figs. 4.5c-d). The integral mean

⟨IF⟩T =
1
T

∫ T

0
dtIF

in the limit T → +∞ quantifies the total susceptibility of the optimal model
to changes in ω. This quantity diverges at the transition point, as expected.
Moreover, we observe that ⟨IF⟩∞ considerably decreases at large values of ω
since wopt(ω) saturates, indicating increasing robustness of the information
projection (see Figure 4.5e).

These results suggest that the two phases of the optimal model, repre-
sented by the minima of FM, are characterized by the dynamical regimes they
capture the most. The transition appears at low values of γ and high enough
values of ω, when the strong harmonic confinement and the low damping
generate long-lasting oscillations around the steady state. Conversely, the
optimal model relaxes exponentially to the steady state with a characteristic
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Figure 4.5 – (a-b) Plot ofDsym
KL (t) (gray) and IF(t) (black dashed line) in the harmonic

case before and after the transition, respectively. (c) IF(t) exhibits opposing trends
before and after the transition. (d) These trends are well characterized by the
peak time of IF , tpeak, which captures the transient dynamics for ω < ωc, and the
oscillatory dynamics for ω > ωc. Notice that at small ω we are close to the free
diffusion regime with a longer transient. (e) At the transition, the integral mean of
the Fisher information diverges. In all these plots, γ = 0.1, σ2

x0 = σ
2
v0 = µx0 = vth = 1

and µv0 = 0.

time w−2
opt, thus being unable to optimally capture both the transient and the

oscillatory behavior along the entire dynamical evolution.
To provide a heuristic interpretation of the transition, let us assume that

we are at a low enough γ , so that the transition is present. If ω is low as well,
the particle is loosely confined and Pobs relaxes with a few oscillations to the
steady state. Hence, the optimal model is the one that better matches the
initial transient dynamics, as this weighs the most in the time-integrated
Kullback-Leibler divergence. This means that the characteristic time is
small, i.e., wopt is large and the information loss tends to be small, as we
see in Figure 4.3d-e. As we increase ω, however, the confinement grows
stronger, and more persistent oscillations appear. At ωc(γ), the optimal
model becomes the one that captures these long-lasting oscillations rather
than the initial transient, hence its characteristic time suddenly increases.
Therefore, the two minima of the information loss FM(w) represent these
two optimal models that capture at best either the initial transient dynamics
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Figure 4.6 – An example of the evolution of Pobs, its mean and its variance at low
values of damping (left) and high values of damping (right). As both the optimal
model and the standard overdamped approximation are exponential models, they
are able to match closely the behavior of Pobs at large damping. Instead, at low
γ , we are approximating an oscillatory evolution with an exponential one. The
constraint of keeping as much information as possible on this complex dynamics
with a simpler one is at the heart of the observed information-driven transition.

or the persistent oscillations. These ideas are illustrated in Figure 4.6.
Crucially, in the underdamped model, the dynamics changes smoothly

across the transition line, highlighting that the information-preserving fea-
ture of the projection is at the root of the discontinuous transition. Re-
markably, as shown before, this transition does not appear if M is not an
information metric, e.g., the L2-distance between the mean and variance of
Pobs and POU, while being a robust property for different appropriate choices
of M. In Figure 4.7 we also show that the transition line changes as we
change the initial conditions, but the results are qualitatively identical. We
also remark that a variation in σ2

x0 (Figure 4.7b) has a greater impact than a
variation in all the other initial conditions (Figure 4.7a). This is compatible
with the heuristic interpretation that the transition appears due to the effec-
tive model capturing either the long-time oscillations or the initial transient
dynamics, which is affected by the initial conditions.

Interestingly, although in general there is no analytical expression for
wopt, by tuning the initial conditions it is possible to gain an analytical
grasp of its form in some regions of model parameters. We choose the
initial distributions in such a way that the variance stays constant at all
times, i.e., σ2

har(t) = σ
2
OU(t) = σ

2
x0 . To this end, we need σ2

x0 = kBT /ω2 and
σ2
v0 = kBT . Hence, the Kullback-Leibler divergence depends only on the mean
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Figure 4.7 – Contour plot of wopt as a function of ω and γ for (a) v2th = 0.75,
µx0 = 1.25, σx0 = 1, µv0 = 0, σ2

v0 = 0.5, and (b) µx0 = 1, σx0 = 0.5, µv0 = 0, and
σ2
v0 = 1. The dashed lines indicate the transition line ωc(γ) for the initial conditions

of the previous case.

and greatly simplifies. We have to minimize

FM(w2
p) =

∫ ∞

0

(µOU(t)−µhar(t))2

2v2th/ω
2

dt

which gives

FM(w2
p) =

ω2

2v2thλ
2

∫ ∞

0
e−t(γ+2w

2
p)
[
µx0λe

γt
2 − etw

2
p f (t)

]2
=

=
1

4v2th

µ2x0ω2 + (µv0 +γµx0)
2

γ
+
µ2x0ω

2

w2
p

−
4µx0ω

2[µv0 +µx0(γ +w2
p)]

ω2 +γw2
p +w4

p

 .
where λ =

√
γ2 − 4ω2 and f (t) = (γµx0+2µv0)sinhλt/2+µx0λcoshλt/2. Thus,

we have to solve
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)2
+ω4. This equation has a

solution that is always positive and analytical, although particularly cumber-
some and not reported here. Notably, when µv0 = 0, we only need to find the
positive and real solution of the equation

ω4 +2γω2w2
p − 3(γ2 − 2ω2)w4

p − 6γw6
p − 3w8

p = 0
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which does not depend on µx0 . We find

wopt =

√√√√√√√√
− 8
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3γω2√

A(γ,ω)+B(γ,ω)
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√
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−
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√
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√
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√
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B(γ,ω) = γ2 +4ω4.

Remarkably, if we expand this solution for γ → +∞ we find

wopt =
ω
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1− 3
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ω
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)4+O
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)
which is the correction to the overdamped solution, wov = ω/

√
γ . Instead,

when γ → 0, we have
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ω

(1+ 2
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)1/4
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√
3)1/4

2
√
6ω

γ

+O
(
γ4/3

)
so the behavior in the small-γ regime is drastically different. In particular,
the zero-th order approximation of wopt does not depend on γ anymore.

Clearly, in this case there is no discontinuous transition, since FM(wp)
has always a unique minimum. This implies that long-lasting oscillations in
both the mean and the variance of Pobs are needed to observe the transition
- since here we are forcing the variance to stay constant in the first place.
This observation, together with the necessity highlighted above for M to
be an information metric and thus a generalized distance in probability
space, suggests that the two phases of the effective model emerge from the
interplay between the non-exponential temporal evolution of the system and
the minimization of the information loss, which involves both mean and
variance at once.

4.2.2 optimal model at short times and stationary constraints

We now check for consistency that, as tobs → +∞, the multi-parameter opti-
mization leads to the same minimum as the one obtained by imposing the
steady state. Furthermore, we show that the optimal model exhibits the same
qualitative properties even without this constraint. In particular, to keep the
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Figure 4.8 – Optimization over both wp and ∆p at different observation times tobs
in the harmonic case, for γ = 0.5. The black dashed line represents the stationary
constraint ∆p = vthwp/ω, the white star represents the minima of the information
loss FM(w,D), whereas the white dot represents the minima obtained from the
constrained optimization. Results are obtained with the symmetric Kullback-Leibler
divergence, but do not change for other informationmetrics. (a-b) The large tobs limit
gives the same results as the constrained case. (c-d) If tobs is small, the minimum is
different since the observed trajectories do not reach stationarity. Yet, the transition
is still present for larger values of ω, when a large number of oscillations in the
mean and variance of Pobs(x, t) are present even at small times.

information loss comparable at different observation times, we introduce an
integral mean in Eq. (4.5) to determine the optimal parameters,

θopt = argmin
θp

1
tobs

∫ tobs

0
dtM(Pobs, Peff).

With this choice, we still avoid divergences in the long-time limit if the
stationary distributions are different. For simplicity, and in order to visualize
the results, we still set µp = 0 and we optimize over the (∆p,wp) plane. In
Figure 4.8a-b we plot the information loss FM(wp,∆p) with tobs ≫ 1 - i.e.,
when the observation time is long enough to reach the steady state. The
results are identical to the ones presented in the main text.
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On the other hand, in Figure 4.8c-d we show the information loss for
a shorter observation time tobs. Crucially, the discontinuous transition is
still present, but for a much larger value of ω. Intuitively, this transition
appears when enough oscillations are present in the given observation time,
strengthening the observation that it originates from an interplay between
transient and oscillatory regimes. Hence, for small tobs, the discontinuous
jump of wopt appears when the potential is more confining, i.e., larger ω, so
that strong oscillations arise even at short times.

4.2.3 two-dimensional harmonic potentials

Here, we extend the previous results by considering a simple generalization
to a two-dimensional harmonic potential. In particular, we set

F (x) =
(
ω2
1 0
0 ω2

2

)(
x1
x2

)
(4.16)

while keeping D̂ = vthγ 1, i.e., thermal noise acts independently on each
degree of freedom. As an effective dynamics, we choose the immediate
two-dimensional extension of the previous OU process, that is:

ẋ(t) = −w2
px(t) +

√
2v2thw

2
p

(
ω−1
1 0
0 ω−1

2

)
ξp(t), (4.17)

where the steady-state constraints have been incorporated explicitly. In
this scenario, the optimal model is still defined by one single parameter to
optimize, wp = wp(ω1,ω2,γ). In other words, the effective dynamics needs to
approximate the different evolution along each of the two spatial dimensions,
x1 and x2, with a single characteristic time w−2

opt.
The underlying 2D dynamics determined by the force in Eq. (4.16) entails

two independent confinements along the two spatial directions, each one
analogous to the one-dimensional case. Therefore, as before, we expect
a discontinuous transition to appear at large values of ω1,2 at a small γ .
Loose confinements in both directions are then associated with higher values
of wopt, while a strong oscillatory behavior results in lower values of the
optimal parameter. In Figure 4.9a we plot wopt(ω1,ω2), at fixed γ . As
expected, along the diagonal, we recover the results of the one-dimensional
case. However, the interplay between ω1 and ω2 reflects into a complex, yet
still discontinuous, front.

Let us describe the behavior of wopt(ω1) for a given value of ω2. First,
we notice that the total information loss FM, evaluated using the symmetric
Kullback-Leibler divergence, is the sum of two 1D contributions, FM1

and
FM2

, respectively associated with ω1 and ω2. If ω2 is large (Figure 4.9b),
persistent oscillations along the x2 directions are present. From the 1D
optimization problem (Figure 4.3d-f), we know that FM2

≫ FM1
in this



4 .2 . overdamped approximations of underdamped dynamics 87

Figure 4.9 – (a) Contour plot of wopt(ω1,ω2) at fixed γ = 0.1 in the 2D harmonic
case. As before, we find that wopt undergoes a discontinuous transition. (b-d) If
ω2 (or ω1) is large, no discontinuity is present since the overall information loss is
dominated by its corresponding minima (see Figure 4.3d), regardless of the value
of ω1. On the contrary, if ω2 is small, its contribution to the information loss is
negligible and the optimal parameters as a function of ω1 are similar to the 1D case
(gray dashed line). Intermediate regimes show two discontinuous transitions. In all
these plots, σ2

x0 = σ
2
v0 = µx0 = vth = 1 and µv0 = 0.

regime, hence FM ≈ FM2
, independently of the value of ω1. Since FM2

is minimized for low values of ω2, ωopt ≈ ω2, showing a post-transition
behavior. As we decrease ω2, when FM1

≈ FM2
, FM takes both contributions,

exhibiting two discontinuities that are associated with the crossings FM2
≳

FM1
and FM1

≳ FM2
(see Figure 4.9c). Finally, at small ω2, FM ≈ FM1

, and
we see small deviation from the 1D optimal solution as a function of ω1 (see
Figure 4.9d).

This simple example shows that information-driven transitions are still
present in higher dimensions, although for general systems the parameter
space quickly grows and the features of the transition become harder to
interpret and predict.
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4 .3 anharmonic potentials and trajectory-based approx-

imations

So far, we have studied the case of a harmonically bounded particle starting
from the exact expression of Pobs without relying on trajectory estimations.
Now, we consider the more realistic case in which we only have access to
a few, and possibly short-time, trajectories. We now explicitly employ the
Gaussian ansatz,

Pobs(x, t) =N (µobs(t), σ̂obs(t)),

starting from simulated trajectories of Eq. (4.8). Notice that µobs(t) and
σ̂obs(t) depend on γ , F and ∆̂ in non-trivial ways. Similarly, we keep the
Gaussian form of the effective model,

ẋ(t) = −w2
p

(
x(t)−µp

)
+
√
2∆̂pξp(t),

as before. Thus, we extract from the simulated trajectories: (i) the mean,
µobs, and the variance, σ2

obs, at any time, to obtain the maximum entropy
ansatz for Pobs; (ii) the initial conditions in the x-space, µx0 and σx0 ; (iii)
the observed steady state, which converges to the analytical one only as we
increase number and duration of trajectories. Then, we obtain the optimal
parameters from Eq. (4.5).

We first test this trajectory-dependent approach using simulated trajec-
tories for the harmonic case, comparing its results with the analytical ones
obtained above. We integrate numerically Eq. (4.8) using a standard Euler-
Maruyama method (see Appendix B). In Figure 4.10b-c, we show that the
method generally leads to accurate results. However, close to the transition,
the number of trajectories plays a crucial role. Indeed, a small sample size
induces statistical errors in the estimates of µobs and σ

2
obs, as well as initial

conditions and steady states. These errors, in turn, might lead to an inaccu-
rate estimation of the deepest minimum. In the insets of Figure 4.10c we
show that, at fixed ω ≈ωc, for a small number of trajectories one can end up
with a value of wopt corresponding to either of the two minima.

Finally, we apply our method to simulated trajectories generated with an
anharmonic force,

F(x) = ω2x+ ϵx3 (4.18)

whose potential is depicted in Figure 4.10a. In this case, the dynamics is not
solvable, and the maximum entropy ansatz for Pobs is not exact, hence we do
not have an exact theoretical baseline to compare the results. Remarkably,
the information-driven transition is still present, albeit slightly shifted with
respect to the case of a harmonic potential. The number of trajectories plays
the same role as before, i.e., it introduces uncertainty close to the transition
as it decreases. This result highlights that the transition is a robust feature
also for not analytically tractable models, short-time trajectories, and small
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Figure 4.10 – Results obtained from a limited number of spatial trajectories, in the
presence of harmonic and anharmonic potentials. For all these plots, σ2

x0 = σ
2
v0 =

µx0 = vth = 1, µv0 = 0 and γ = 0.1. (a) Depiction of the two potentials. (b) Mean and
variance in the harmonic case, obtained from ntr = 100 trajectories. The gray dashed
line represents the mean and variance of the corresponding optimal model. (c) The
optimal value wopt in a harmonic potential, as a function of ω and for different
numbers of trajectories. The error bars represent one standard deviation over 103

numerical experiments, and the gray dashed line is obtained from the exact solution
of the system. Close to the transition the standard deviation increases due to the
statistical errors that exchange the depth of the two minima, as we see from the inset
histograms. (d) Same as (b), for an anharmonic potential with ϵ = 1.5. (e) Similarly
to (c), the optimal value wopt as a function of ω obtained from 104 trajectories, for
different values of ϵ. The gray dashed line corresponds to the harmonic case, i.e.
ϵ = 0. Notice that, the larger ϵ (darker points), the sooner with respect to ω the
transition happens.

observational sample sizes. As a consequence, the potential appearance of a
discontinuity has to be considered when building projections that capture the
maximum amount of information of a (relatively small) set of experimental
trajectories. Indeed, without knowing the parameters of the underlying
system, the presence of an abrupt transition may lead to markedly different
behaviors of the effective model.

Overall, in this Chapter we introduced an archetypal method that al-
lowed us to build information-preserving projections of a possibly unknown
complex dynamics, which is arguably the solution to a generic inference
problem. By focusing on the paradigmatic case of underdamped systems,
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we have shown that, when approximating complex models with simpler
effective ones, the optimal parameter space may be unexpectedly singular -
and that this discontinuity in the optimal parameter space is triggered by the
minimization of the information loss. This information-driven discontinuous
transition induces abrupt changes in the effective model, which switches
between qualitatively different phases. Our results pose fundamental chal-
lenges to the ambition of inferring underlying parameters from effective
low-dimensional models, as the appearance of this transition in paradig-
matic systems translates into an alarming warning signal for more general
cases. Naively speaking, we expect that discontinuities in the parameter
space might emerge when the effective model is unable to simultaneously
capture all the dynamical features of the original model (e.g., oscillations
and transient in the case presented here).

Notwithstanding, the proposed method to build optimal effective models
through information projections has broad applicability - e.g., passive tracers
in active media [158], species dynamics in ecological communities [159],
effective models to probe neural activity [160, 161], or any dynamics with
unobserved degrees of freedom. Yet, we remark that our approach did not
consider thermodynamic features. Non-equilibrium thermodynamics suffers
from coarse-graining procedures [90, 162–164], and building projections that
preserve the underlying thermodynamics represents a completely different
and far-reaching task. A fascinating future idea will be to simultaneously
optimize dynamics and thermodynamics in a Pareto-like multi-optimization
problem [165]. A more immediate extension would be to perturbatively
include higher moments in the estimation of Pobs from the experimental data
to improve the Gaussian ansatz proposed here. In principle, if a large num-
ber of trajectories is accessible, one can directly estimate the full marginal
distribution numerically. Moreover, more general classes of effective models
should be explored, with particular attention to understanding if and how
the corresponding optimal model improves upon a classical overdamped
limit. Further generalizations of the model might also include other types
of noise [166, 167], although they must rely mostly on extensive numerical
simulations.

Ultimately, we believe that this work sheds light on the fundamental
properties of effective representations of complex dynamics. Indeed, emerg-
ing singularities in low-dimensional models, while crucial in shaping their
behavior, might be a sheer consequence of the employed projection method,
without reflecting any property of the original system.



II
Criticality and phase

transitions in

Neuroscience

The results described in the following part of this Thesis are based upon
the published works “Scaling and criticality in a phenomenological renor-

malization group” (G. Nicoletti, S. Suweis, A. Maritan, Phys. Rev. Research 2,
023144, 2020) [81], “Disentangling the critical signatures of neural activity”
(B. Mariani, G. Nicoletti, M. Bisio, M. Maschietto, S. Vassanelli, S. Suweis, Sci.
Rep. 12, 107702022) [82], and “Criticality and network structure drive emer-
gent oscillations in a stochastic whole-brain model” (G. Barzon, G. Nicoletti,
B. Mariani, M. Formentin, S. Suweis, J. Phys. Complexity 3, 025010, 2022)
[168].

Parts of the contents presented, including displayed figures, are taken
with permission from the published paper [81], copyright (2020) by the
American Physical Society.
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chapter 5

Disentangling the critical

signatures of neural

activity

The brain is one of the most impressively complex systems we are able to
study. Although a complete understanding of the properties of neural

dynamics is a fundamental, far-reaching, and very much open question in
science, the large number of degrees of freedom in the brain has inspired the
study of minimal, paradigmatic models - often related to Statistical Physics.
In 2003, the seminal work of Beggs and Plenz [40] showed that in Local
Field Potentials (LFPs) in cortical slices and cultures on chips neural activity
occurred in cascades, named “neuronal avalanches”. Remarkably, they found
that both the sizes and the lifetimes of these avalanches were power-law
distributed, with exponents surprisingly close to the ones of a critical mean-
field branching process. From then on, the idea that the collective behavior
of networks of neurons might emerge from a possibly self-organized critical
state grew into a widespread and active research field [2, 4, 6, 11–13, 17, 169–
174]. One of the most compelling aspects of this idea is that the large scale
collective behavior of critical systems does not depend on their microscopic
details. Therefore, from the point of view of Statistical Physics, one might
argue that we could describe the emergent properties of the brain without
necessarily knowing the fine structure of its ≈ 1011 neurons and ≈ 1015

synapses - an impossible task so far.
In this and the following Chapters, we will show how the idea that neural

activity might be driven by an underlying critical dynamics shapes experi-
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mental and modeling approaches. Here, we will first review some of the most
compelling experimental evidence that supports the so-called “critical brain
hypothesis”, as well as the most prominent examples of how such experimen-
tal evidence can be explained with non-critical models. We focus on LFPs
from the rat’s somatosensory barrel cortex, where we find both scale-free
avalanches and signatures of criticality beyond avalanches in the form of
scale-free spatial correlations. From these data, and inspired by the results
obtained so far in this Thesis, we then introduce a general class of stochastic
processes describing an archetypal evolution of neural activity driven by
another, but unobserved, external process. We show how the properties of
this environmental-like latent variable are crucial in producing seemingly
power-law neuronal avalanches in the observed degrees of freedom. Further,
we exploit the properties of the mutual information derived in the previous
Chapters to study the interplay between internal and extrinsic activity, allow-
ing us to understand how the underlying dependencies shape the observed
properties of neural activity. In particular, our work suggests that, whereas
avalanches may emerge from an external stochastic modulation that affects
all degrees of freedom in the same way, interactions between neural popula-
tions are the fundamental biological mechanism that gives rise to seemingly
scale-free correlations.

5 .1 the critical brain hypothesis

It is experimental evidence that the cortex is never silent, but rather rife
with spontaneous activity. The critical brain hypothesis suggests that this
is the result of the brain operating in the vicinity of the critical point of a
phase transition, leading to a rich and variable dynamics at rest. Indeed,
most experimental efforts to study criticality in the brain have focused on
the spatiotemporal organization of outbursts of spontaneous activity, i.e.,
neuronal avalanches. Since the work of Beggs and Plenz, power-law neuronal
avalanches have been repeatedly observed in experiments [41–50], although
with varying exponents. In particular, the original observation [40] was that
neuronal avalanches displayed exponents remarkably close to those of a
mean-field branching process - or, equivalently, of the mean-field directed
percolation universality class. Furthermore, the idea that the collective be-
havior of networks of neurons might emerge from a self-organized critical
state is undeniably tempting from a modeling perspective. Large-scale corre-
lations - a feature typical of systems close to a phase transition - would allow
a coherent global response to external stimuli [1, 2], as well as an optimal in-
formation transmission [4, 6, 12, 17], and at the same time the near-divergent
susceptibility would translate into a high sensitivity to sensory stimuli [10,
11]. From a computational point of view, it has been advocated that the trade-
off between a disordered phase where perturbations and noise can propagate
unboundedly - high information transmission, but low storage capacity - and
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an ordered phase where changes are rapidly erased - high storage capacity,
but low information transmission - might be a naturally optimal solution.
In general, it has been argued that criticality provides biological systems
with an optimal balance between robustness against perturbations and the
flexibility to adapt to changing conditions. For instance, Hidalgo et al. [6]
have shown that complex adaptive systems that have to cope with a great
variety of stimuli are much more efficient when operating in the vicinity of a
critical point, and thus they benefit from dynamically tuning themselves to
such state.

On the other hand, the debate about the nature of the transition - if there
is any - is very much open, and thus its hypothetical universality class is
poorly understood. Some suggest that the avalanche exponents might be
those found in a mean-field branching process [32, 40], and thus connected
to directed percolation. Yet, recent works have proposed that the observed
transition might be related to a synchronous-asynchronous one [175–180],
a disorder-induced transition [181], or a contact process with inhibitory
degrees of freedom [182]. Further, and perhaps unsurprisingly, a number of
works showed that the presence of power-law avalanches is not a sufficient
condition for criticality, as they might emerge from different mechanisms [79,
183–186]. We will now focus on the description of neuronal avalanches, and
then show how in state-of-the-art spatially extended experimental recordings
the structure of spatial correlations reveals further signatures of criticality.

5.1.1 scale-free neuronal avalanches

Historically, the study of neuronal avalanches has mostly dealt with LFPs, i.e.,
the electric potential recorded in the extracellular space of neuronal tissues.
As such, this is a typically mesoscopic measure that samples the activity of
neural populations rather than single-neuron activity [187]. Then, standard
procedures exist to detect neural activity events from LFPs, obtaining a
binary timeseries in discrete time, e.g., a threshold detection based on the
standard deviation of the signal [41, 44, 188]. From this discrete timeseries,
avalanches are extracted - an avalanche starts when activity is detected
from a previous timestep where no activity was present, and lasts until the
timestep in which no events are detected. The size of an avalanche S is then
the number of such events, and its duration is T .

Therefore, to study avalanches’ statistics, the data are temporally binned,
and avalanches are defined as sequences of bins that present activity. In
particular, the temporal bin is often chosen to coincide with the average inter-
event interval [40]. Then, scale-free neuronal avalanches are characterized
by size distributed as the power-law

pS (S) ∼ S−τ (5.1)
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and by durations
pT (T ) ∼ T −τT . (5.2)

In [40] and subsequent works, it was suggested that τ ≈ 1.5 and τt ≈ 2,
which are the exponents one would find in, e.g., a mean-field branching
or contact process. These distributions are computed and fitted using a
corrected maximum likelihood method [117, 189]. Following the methods
proposed in [189, 190], avalanche sizes and lifetimes are usually fitted with
the discrete power-law

p(x;α) =
x−α∑y=xmax

y=xmin y
−α

where the parameter xmax is set to the maximum observed size or duration.
xmin is selected as the one that minimizes the Kolmogorov-Smirnov distance

KS = max
x≥xmin

|Ŝ(x)− P̂ (x)|

where Ŝ(x) is the cumulative distribution function (CDF) of the data and P̂ (y)
is the CDF of the theoretical distribution fitted with the parameter that best
fits the data for x ≥ xmin. Goodness-of-fit is typically assessed by comparing
against surrogate datasets drawn from the best-fit power-law distribution
with the same number of samples as the experimental dataset. We also take
into account the fact that while maximum likelihood methods rely on the
independence assumption, actual timeseries data are often dependent. As
the authors of [189] suggest, before performing the fit, the avalanche data
are undersampled in order to decorrelate them, by estimating the time τ∗

after which two observations are independent of each other.
Then, a robust test of criticality is often to verify whether the so-called

“crackling-noise relation” between avalanche exponents holds. This scaling
relation was first developed in the context of crackling noise [191], but
nonetheless it is expected to hold in general in all systems close to their
critical point [192], and in particular in systems with absorbing states [193].
The relation predicts that the critical exponent δ, which relates the duration
of an avalanche to its mean size through the relation

⟨S⟩(T ) ∼ T δfit , (5.3)

obeys the scaling relation

δpred =
τT − 1
τ − 1

= δfit. (5.4)

Clearly, both δpred and δfit can be estimated independently. In principle,
if these two estimates are compatible, then the system is compatible with
criticality. Proving this relation is however challenging. First, it is sensitive
to the fitting methods of the distributions of avalanche sizes and lifetimes.
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Second, in the case of LFPs, the range of avalanche lifetimes typically ex-
tends over one order of magnitude only, which undermines the reliability
of power-law fitting. Yet, recent findings [47, 178, 194] suggest that, while
the avalanche exponents found in different experimental settings do vary,
they all lay along the scaling line defined by the crackling-noise relation
with a seemingly universal exponent δ ≈ 1.28. Nevertheless, it was recently
suggested that this relation can be fulfilled in different settings [195] and
even in models of independent spiking units, for a range of choices of the
power-law fitting method [196]. In fact, one can derive this relation with
the sole assumption that avalanches are power-law distributed and that they
satisfy S ∼ T δ, i.e., fluctuations in the size of an avalanche given its duration
are negligible. Then,

p(S(T ))
∣∣∣∣∣ dSdT

∣∣∣∣∣dT = p(T )dT =⇒ (T δ)−τδT δ−1 = T −τT (5.5)

from which it follows immediately that δ = (τT − 1)/(τ − 1) [195]. These
assumptions are certainly satisfied in critical points, where the exponent δ
is related to other critical exponents by a number of scaling relations [191].
Yet, the crackling-noise relation may hold also hold in other settings, as we
will also find.

Here, we apply these ideas to LFPs activity from the primary somatosen-
sory cortex of four rats, recorded through spatially extended multi-electrodes
arrays∗. The cortical activity is recorded through a 256-channels array or-
ganized in a 64 rows × 4 columns matrix with an inter-electrode distance
of 32 µm (see [82, 117] for further details on the experimental procedures).
We find that both are statistically compatible with the expected power-laws,
as we show in Figure 5.1b-c. Averaging over four rats, we find an inter-rat
variability with average exponents ⟨τ⟩ = 1.75 ± 0.1 and ⟨τT ⟩ = 2.1 ± 0.3. In
Figure 5.1d we show that the crackling-noise relation holds, by comparing
δpred = τT −1

τ−1 with the exponent obtained by fitting the average avalanche
sizes as a function of their duration, i.e., ⟨S⟩ (T ) ∼ T δfit . Averaging over each
of our rats, we find

⟨δpred⟩ = 1.47± 0.18, ⟨δfit⟩ = 1.46± 0.14

∗In order to distinguish real LFP events from noise, a three standard deviation threshold
was chosen based on the distribution of the signal amplitudes, which significantly deviated
from a Gaussian best fit above that threshold. Both negative and positive LFPs ( nLPFs and
pLFPs, respectively) were considered as events in accordance with previous works [170]. One
reason is that polarity changes in the LFP signal take place across the depth of the cortex
due to compensatory capacitive ionic currents, particularly along the dendrites of pyramidal
cells [197]. Since in our experiments electrodes span multiple cortical layers, both nLFPs and
pLFPs were found and detected. For detection, each event was considered terminated only
after it crossed the mean of the signal. See also [117] for further details and comparison with
MUAs, as well as avalanches in non-resting state conditions.
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Figure 5.1 – (a) Left: scheme of the array used to obtain the LFPs data from all the
cortical layers of the barrel cortex (adapted from [198]); right an example of the
LFPs signals for different layers and the corresponding discretization. An array of
256 channels organized in a 64 × 4 matrix is inserted in a barrel column and the
signals from the cortical layers are collected by 55× 4 electrodes. (b-d) Avalanche
statistics obtained from the analysis of LFPs data in a rat. Both the distribution of
the avalanches (b) sizes and (c) durations are power-laws, and (d) the crackling-noise
relation is satisfied. (e) Scaling of the correlation length with the system size in LFPs
data, averaging over four different rats. The error bars are shown as 5 standard
deviations from the mean for visual ease. The correlation length scales linearly with
the system size with no plateau in sight, a hallmark of criticality.

Further details on the fitting procedure can be found in [117], where we also
use higher frequency data (MUAs) from the same experimental condition, but
with a much less dense array. MUAs reproduce more closely the avalanche
exponents and in particular the scaling exponent δ ≈ 1.28 [47, 178, 194],
possibly due to the fact that LFPs are known to be strongly affected by
finite-size effects [40].

5.1.2 scale-free correlations

Although MUAs are better suited to study avalanches, the advantage of our
LFPs is that we can leverage the spatially extended structure of the electrodes.
Indeed, since the first observation of scale-free neuronal avalanches, many
works showed that they might emerge from different mechanisms [79, 183–
186]. Arguably, a more fundamental signature of criticality is the presence
of power-law correlations in space [199, 200]. In particular, a key feature of
both equilibrium and non-equilibrium systems is a correlation length that,
in the thermodynamic limit, diverges at criticality. In finite systems, such
scale-free correlations manifest themselves in a correlation length that scales
linearly with the system size. Yet, the study of these correlations has usually
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been applied at coarser scales, such as in whole-brain data [181, 201], and
only recently in specific cortical areas [202].

In our data, thanks to the extended spatial resolution of the multi-
electrodes array, we are able to obtain the spatial correlations of the fluctua-
tions of the measured LFP activity [201, 203]. We study the scaling of the
correlation length ξ as a function of the system sizes L by selecting different
portions of the array [7, 204]. The correlation length ξ can be defined as
the average distance at which the correlation of the fluctuations around the
mean crosses zero [7] at different system sizes. For each timeseries of LFP
activity vi(t), we first compute their fluctuations around the mean activity,

ṽi(t) = vi(t)−
∑N
i=1 vi(t)
N

(5.6)

with N the number of electrodes. Different sizes of the system, i.e., different
portions of the array, are selected and, importantly, the mean activity is
computed for each system size, considering the channels inside the portion
of the array of linear size L [202, 204]. For our array, L decreases from the
maximum of 55 channels down to 5 channels.

For each system’s subset, we compute the average correlation function of
the fluctuations between all pairs of channels separated by a distance r,

C(r) =
〈〈(ṽi − ṽi)(ṽj − ṽj)〉t

σṽiσṽj

〉
i,j

(5.7)

where ⟨·⟩t stands for the average over time, ⟨·⟩i,j is the average over all pairs
of channels separated by a distance r and

ṽi =
1
NT

NT∑
t=1

ṽi (t)

σ2
ṽi
=

1
NT

NT∑
t=1

(
ṽi (t)− ṽi

)2
with NT is the length of the time series. ξ is computed as the zero of the
correlation function, C(r = ξ) = 0.

We find that ξ scales linearly with L, as shown in Figure 5.1. This result
can be interpreted as a signature of the presence of underlying long-range
correlations that scale with the size of the system. This behavior matches
exactly what would happen at a critical point, where the correlation length
diverges in the thermodynamic limit and thus grows with the size of a finite
system. Hence, we find that the measured neural activity in the barrel
cortex at rest displays two different signatures of a possible underlying
critical dynamics - power-law avalanches and scale-free spatial correlations.
In the rest of this Chapter, and inspired by previous results on stochastic
environments, we will show a possible origin of these signatures of criticality.
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5 .2 extrinsic neural activity as a stochastic environ-

ment

In order to try and unfold the underlying processes from which these collec-
tive properties emerge, we assume that neural activity may be decomposed
in two parts [80, 185]: (i) intrinsic activity, which is the activity driven by
interactions between neurons or populations of neurons - in our case, the
propagation dynamics across the multi-layer network of the interconnected
neurons along the barrel; (ii) extrinsic activity, which corresponds to activity
modulated by an external or global unit - in our case, the external inputs
triggering or modulating the propagation (e.g. synaptic current injection
from the thalamic inputs). Taking into account extrinsic activity becomes
particularly important when neural activity is not analyzed in an isolated
context - e.g., from neural slices - but rather from a portion of the animal
brain, as in our case.

Let us begin with a biologically sound model. We consider the neural
activity described by a Wilson-Cowan model [205], which includes both
excitatory and inhibitory synapses, as well as non-linearities in the transfer
function. Its derivation is based on arguments on neural dynamics and action
potentials, which makes it a general tool to model mesoscopic neural regions.
In particular, we study a stochastic version of the Wilson-Cowan model
[206–209], which includes a stochastic term that accounts for the finite size
of the populations.

In order to model extrinsic activity alone, i.e., activity purely driven
by external modulation, we consider N non-interacting neural populations.
Each one is modeled through the activity of two sub-populations, one of
excitatory neurons Ei and one of inhibitory neurons Ii . Ei and Ii are defined as
the densities of active excitatory or inhibitory neurons, and can be interpreted
as firing rates. They evolve according toĖi = −αEi + (1−Ei)f (ζi) +

√
(αEi + (1−Ei)f (ζi))ηEi

İi = −αIi + (1− Ii)f (ζi) +
√
(αIi + (1− Ii)f (ζi))ηIi

(5.8)

where
ζi =ωEEi −ωI Ii + h

is the input to the i-th population, α is the rate of spontaneous activity
decay, ωE,I are the synaptic efficacies, and ηE,I are uncorrelated Gaussian
white noises with population-size dependent strength σ ∝ 1/

√
K , with K

the number of excitatory and inhibitory neurons [207, 209]. The response
function f (x) is given by f (x) = β tanh(x) x ≥ 0

f (x) = 0 x < 0
(5.9)
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Figure 5.2 – We consider the case of N independent neural populations, each
described by a Wilson-Cowan model in the inhibition dominated phase. These
populations all share a common unobserved input from another neural population
in, e.g., a balanced state. These shared inputs act as a stochastic environment
and, depending on their features, may provide strong extrinsic modulation to the
observed neural activity.

where x = ωEEi −ωI Ii + h is the average incoming current from the other
synaptic inputs and an external input h. For each unit, we are interested
in the firing rate of the overall population, Σi = (Ei + Ii)/2. β will be set to
1 from now on. Importantly, we consider the case in which the units are
inhibition dominated, i.e., when ωI > ωE , with a small noise amplitude σ ,
and are non-interacting with each other. Importantly, it was recently shown
in [208] that this model admits a critical point at ω0C = ωE −ωI = α

β , where
power-law distributed avalanches will emerge independently of the size of
the system.

We now add external modulation, which comes into this model through
the external current h. Intuitively, this is equivalent to an unobserved en-
vironment that we studied in the previous Chapters - in this scenario, we
assume that such a role is played by other, yet unobserved, neural popu-
lations, as we sketch in Figure 5.2. Hence, we model h as the firing rate
h =

(
E(h) + I (h)

)
/2 of another Wilson-Cowan model, namely

dh
dt

=
d
dt

[
E(h) + I (h)

2

]
(5.10)



102 chapter 5 . disentangling the critical signatures of neural activity

whose evolution is parametrized by ω(h)
E , ω(h)

I , and σ (h). In principle, we
may want to choose an external input h that displays bursts of activity
separated by periods of silence. Thus, clearly, a possible choice for the
external stochastic modulation would be a Wilson-Cowan unit in the critical
state. Another and more compelling candidate is a neural population in a
balanced state [206, 207] defined by ω(h)

0 = ω(h)
E −ω(h)

I ≪ ω
(h)
S = ω(h)

E +ω(h)
I ,

and we set the parameters so that ω(h)
0 > ω

(h)
0C
. Crucially, in this scenario, the

mechanism giving rise to avalanches is fundamentally different. With these
parameters, and in the absence of noise, the dynamics predicts a stable up
state. Yet, by increasing the noise amplitude, this up state can be destabilized,
leading to large excursions in the down state and thus to avalanches. This
phenomenon is a consequence of the non-normality of the matrix describing
the linearized dynamics, that can cause a system to be reactive - i.e., its
dynamics can exhibit unusually long-lasting transient behaviors even if it
asymptotically converges to a stable fixed point, and that coincides with the
condition ω0 ≪ωS [206].

For these reasons, we first choose as an effective input h the firing rate
coming from a neural population in a balanced state. Although we cannot
analytically tackle this model, we simulate the Langevin equations Eqs. (5.8)-
(5.10) and from each firing rate Σi we generate trains of events and analyze
avalanches by temporal binning through the average inter-event interval.
If the noise strength σh is high enough, h spends most of the time close to
the down state, while showing frequent bursts of activity - this behavior
is qualitatively equivalent to the low-D∗ limit previously considered, and
is depicted in Figure 5.3a. Again, in this regime, we find that avalanche
sizes and durations are power-law distributed and satisfy the crackling-noise
relation, as we see in Figure 5.3b-d. On the other hand, if σh is lower, the
external input h is not modulated as in the previous high D∗ limit. Once
more, in this regime avalanches obtained through temporal binning are
exponentially suppressed both in their size and in their duration, as we see
in Figure 5.3e-h.

Let us note that a balanced h =
(
E(h) + I (h)

)
/2 is only one of the possible

choices that could be considered for the external modulation. Crucially, we
believe it is one that achieves a significant biological realism, being linked
to E-I balance [177]. Moreover, a large number of parameters can satisfy
this condition, thus not requiring extreme fine-tuning, as long as the size
of the system remains finite and thus driven by noise. We highlight that
other choices of external modulation should be able to generate bursts of
activity separated by periods of silence - for instance, Brunel’s model in
the synchronous irregular phase [210]. Remarkably, another choice is the
same Wilson-Cowan model, but in a critical rather than balanced state. In
Figure 5.4 we analyze some Wilson-Cowan units that receive the same input
from another Wilson-Cowan population that is in a critical state. Indeed, in
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Figure 5.3 – Avalanche statistics generated by the Wilson-Cowan units driven by
a balanced unobserved population. Internal units are in an inhibition dominated
phase, with ωI = 7, ωE = 6.8, and α = 1. The external input h is in a balanced state,

with ω(h)
E = 50.5, ω(h)

I = 49.5, h(h) = 10−3, and α(h) = 0.1. In Figures (a-d) we set the
amplitude of the noise of the unobserved population, σ (h), to 2.5× 10−2, so that its
up state can be destabilized by the noise. In Figures (e-h), instead, σ (h) = 5× 10−3

and the unobserved population is always in the up state. (a, e) Comparison between
the trajectories of h, Ei+Ii2 and the corresponding trains of events in the high (a) and
low (e) σ (h) regime. (b-d) If σ (h) is high, avalanches are power-law distributed and
the crackling-noise relation is verified. (f-h) Same plots, now in the low σ (h) regime.
Avalanches are fitted with an exponential distribution. (h) The average avalanche
size as a function of the duration scales with an exponent that, as σ (h) decreases,
becomes closer to the trivial one δfit ≈ 1.

this case we set α(h) =ω(h)
0 =ω(h)

E −ω(h)
I = 0.1, thus we are exactly at the critical

point ω0C =ωE −ωI = α
β [208]. Here, in principle, we expect avalanches to be

present for all noise amplitudes (i.e., system sizes) since the external driving
experiences power-law distributed cascades. However, note that in Figure 5.4
we set h(h) = 10−3, so that the dynamics slightly deviates from the critical
point defined for h = 0. For this reason, avalanches disappear if we reduce
the noise to a sufficiently low value (see Figure 5.4e-h). Notably, the noise
amplitude has to be dramatically reduced in order not to see avalanches, at
σ (h) = 5× 10−5.

We further note that these exponents - and those that we will find through-
out the Chapter - are different from the ones obtained in LFP data, but this
is perhaps not surprising. In fact, besides the simplicity of this paradigmatic
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Figure 5.4 – Avalanche statistics generated by the Wilson-Cowan units driven by
a critical unobserved population. Internal units are once more in an inhibition
dominated phase, with the same parameters as in Figure 5.3. The unobserved

population is now in the critical state ω(h)
E = 50.05, ω(h)

I = 49.95 and α(h) = 0.1,
with h(h) = 10−3. In panels (a-d) we have σ (h) = 1.2× 10−3, whereas in panels (e-h)
σ (h) = 5×10−5. In panels (a) and panel (e) we compare the trajectories of h, Ei+Ii2 and
the corresponding trains of events in the high (a) and low (e) σ (h) regime. (b-d) If
σ (h) is high avalanches are power-law distributed and the crackling-noise relation is
verified. (f-h) Same plots, now in the low σ (h) regime. Avalanches are fitted with an
exponential distribution .

model, avalanche exponents have been found to depend on the experimental
settings [211] and on individual variability [47]. Nevertheless, our frame-
work reproduces the seemingly universal scaling exponent δ ≈ 1.28 found in
many different experimental settings [47, 178], including our own in MUAs
data [117].

5.2.1 avalanches from extrinsic activity

Why do we find power-law avalanches in a non-interacting model? Our
results suggest that, in principle, any external modulation that alternates
periods of silence with periods of varying activity might be able to generate
power-law avalanches in the observed degrees of freedom. Thus, we now
resort to a simpler model that reproduces these features, where we may
have a deeper analytical understanding of the origin of such phenomena.
Furthermore, as we will see, in this archetypal model we will have the
possibility to add internal interactions and leverage the information-theoretic
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results we obtained in the previous Chapters.
To this end, we introduce a paradigmatic model of N continuous real

variables (v1, . . . , vN ), denoting the activity of N units (e.g. neurons or, as in
our case, distinct populations of neurons as measured by our LFPs). Intrinsic
activity will eventually correspond to pairwise interactions among these
units, whereas extrinsic activity is still modeled through a common external
input that affects all the units in the same way. Inspired by the results of the
previous Chapters, we consider the simple case of a multivariate Ornstein-
Uhlenbeck (mOU) process, in which the external input corresponds to a
common modulation of the noise strength. Although not realistic from a bio-
physical point of view, this model is simple enough to be treated analytically
and to provide a clear physical interpretation, while being complex enough
to display non-trivial behaviors [212]. Moreover, mOU processes have been
already considered in the literature in the context of fMRI signals [213–216].
We have

dvi(t)
dt

= −
∑
j

Aijvj(t) +
√
D(t)ηi(t), (5.11)

where ηi(t) are standard white noises, A is a N ×N symmetric matrix and
D(t) > 0 corresponds to a noise strength modulation from an external input
shared among all the units. We also write Aij =

1
γi

−Wij , where γi is the
characteristic time of the i-th unit, and W is the matrix of the effective
synaptic strengths, whose diagonal entries are set to zero. In order to derive
analytical results, following [79], we define the noise modulation D(t) as

D(t) =

D∗ if D(t) ≤ D∗

D(t) if D(t) >D∗ (5.12)

where D(t) is itself an OU process,

Ḋ(t) = −D(t)/γD +
√
θηD(t)

and D∗ > 0 is a properly chosen threshold. Therefore, the noise modulation
D(t) is described by periods in which it is constant in time and equal to D∗,
and periods in which it changes according to an OU process with values
D(t) >D∗.

We first consider the case in which the units are driven only by this extrin-
sic activity and not by the intrinsic one, i.e., we set the internal interactions
to Wij = 0, ∀i, j. We refer to this case as the “extrinsic model”. Then, we add
back interactions by reconstructing an effective connectivity [214] in order
to match the correlations matrix of our LFP data - and we will refer to this as
the “interacting model”.

In the absence of internal interactions, at each time the units are condi-
tionally independent given the common external modulation D. However,
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we typically do not have experimental access to such external modulation.
In general, we can only describe the joint stationary probability distribution
p(v1, . . . , vN ) of the units alone. Let us now consider the timescale separation
limit γD ≫ γi , which corresponds to the assumption that the timescale of the
modulation is much slower than the one of the units [185]. In this limit, as
shown in the previous Chapters, the process of vi reaches stationarity much
faster than the process of D, thus the joint stationary distribution is given by
the marginalization

p(v1, . . . , vN ) =
∫
dD

N∏
i=1

p(vi |D)p(D) (5.13)

where p(vi |D) is the stationary solution to the Fokker-Planck equation[38]
associated to Eq. (5.11) at a fixed D, and p(D) is the stationary solution
associated to Eq. (5.12). Notice that, although the conditional probability dis-
tribution is factorizable, in general p(v1, . . . , vN ) ,

∏N
i=1p(vi), i.e., the presence

of the unobserved modulation results in an effective dependence between
the units.

With our choice of an Ornstein-Uhlenbeck process for vi , p(vi |D) is Gaus-
sian and we are able to compute these distributions analytically. We find

p(D) =
1
2

1+Erf

 D∗√
θγD

δ(D−D∗) +
H(D−D∗)√
πθγD

exp
{
− D2

θγD

}
, (5.14)

where H is the Heaviside step function, and

p(vi ,vj ) =+
1+Erf

(
D∗√
θγD

)
2πD∗√γiγj

exp
− 1

D∗

(
v2i
γi
+
v2j
γi

)
+

+
1√

γiγjγDπ3θ

∫ ∞

D∗

dD
D
e
− 1
D

(
v2i
γi
+
v2j
γi

)
e−

D2
θγD . (5.15)

It is clear that p(vi ,vj ) , p(vi)p(vj ) - as in the previous Chapters, the marginal-
ization over the environment is introducing effective dependencies between
the units. In principle, we are able to compute the joint probability dis-
tribution for any number of variables in the same way. Crucially, notice
that

⟨vivj⟩ − ⟨vi⟩⟨vj⟩ = 0 ∀i , j, (5.16)

which implies that the units, although not independent, are always uncorre-
lated. This follows immediately from the fact that all the expectation values
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Figure 5.5 – Probability distribution in the extrinsic model. (a-b) The stationary dis-
tributions p(D) and p(v). Colored lines represent the results from 103 simulations,
and filled areas one standard deviation. The green line in panel (b) represents a
Gaussian distribution with average diffusion coefficient. (c-d) Comparison between
the (logarithm of the) joint probability distribution in Eq. (5.15) (colored lines) and
its factorization p(vi)p(vj ) (black lines), in the (c) low D∗ and (d) high D∗ regimes.
(e-h) Comparison between the analytical expressions of the joint probability distri-
bution (colored lines), its factorization (gray lines), and simulations (colored dots).
Filled areas represent one standard deviation. Plots are for the low D∗ regime.
Notice that most differences between the joint probability and its factorization are
found in tails of the distribution, similarly to previous Chapters.

where a variable vi appears an odd number of times vanish, e.g.,

⟨vivj⟩ =
∫
dvi dvj p(vi ,vj )vi vj

=
∫
dDp(D)

(∫
dvi vi p(vi |D)

)(∫
dvj vj p(vj |D)

)
= 0 ∀i , j

since ∫
dvi vi p(vi |D) = 0.

Therefore, in this extrinsic Ornstein-Uhlenbeck model, the variables are
always uncorrelated. This property will be useful when we will consider the
case of a non-zero Wij , which will be the sole source of correlations in the
model.

In Figure 5.5a-b we plot the stationary distribution ofD and of vi obtained
from direct simulation of the corresponding Langevin equations. If we com-
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pare this distribution to a standard distribution of an Ornstein-Uhlenbeck
process with a diffusion coefficient equal to the mean ⟨D(t)⟩ - the one we
would obtain in the opposite timescale separation limit - we immediately see
that the distribution of our model is peaked around zero and displays longer
tails, as expected. Indeed, due to the fact that D∗ < ⟨D(t)⟩, the system tends
to wander around the potential minimum in zero, particularly during the
time windows where the diffusion coefficient is constant and equal to D∗. At
the same time, the fact that D(t) can suddenly increase favors the presence
of values of v that are larger in absolute value, suggesting the presence of
a bursting behavior. These phenomena can be seen in the joint probabil-
ity distribution p(vi ,vj ) as well. In Figure 5.5(c-h) we compare it with its
factorization p(vi)p(vj ), which is equivalent to ignoring the feedback effects
between vi and vj due to the shared extrinsic modulation. We see that at
low D∗ the most important differences between the two occur in the tails of
the two-dimensional distribution, with the joint distribution typically show-
ing dramatically longer tails. This translates to the fact that far-from-zero
values of the two variables can occur more easily at the same time. Perhaps
unsurprisingly, this scenario is completely reversed when we increase D∗. As
expected, for higher values of D∗ the joint probability distribution and the
factorized distribution become identical.

Overall, the net effect of the marginalization is the widening of the tails of
both the one-point p(v) and the two-point p(vi ,vj ) probability distributions
when D∗ is small enough. As we increase D∗, this effect becomes more and
more negligible. In this sense, we can think of D∗ as a control parameter that
changes the qualitative behavior of the system - and, in particular, shapes the
dependence between the units induced by the modulation. Most importantly,
the fact that the tails of the joint probability distribution are wider when D∗

is small reflects dynamically in the emergence of a non-trivial coordination
between the variables, leading to a bursty behavior - even without internal
interactions between the units. The effect of a lowD∗ in the trajectories can be
appreciated in Figure 5.6a. WheneverD(t) =D∗, the noise contribution to the
units is vanishing and the activity follows an exponential decay. On the other
hand, when D(t) > D∗, noise dominates the system and leads all variables
to large excursions from the mean. Therefore, in this regime, each vi will
typically alternate periods of quasi-silence to periods of activity, reproducing
a bursty, coordinated behavior.

Most importantly, the low D∗ regime is also the onset of power-law dis-
tributed avalanches, as we see by simulating the model at different D∗ and
performing the same analysis as in LFPs. We find that, as D∗ decreases, a
transition between exponential avalanches and power-law distributed ones
appears. Figures 5.6b-d show that, if D∗ is small enough, the stochastic
modulation produces scale-free avalanches in both size and time with ex-
ponents τext = 1.60± 0.01 and τextt = 1.77± 0.01. Crucially, these avalanches



5 .2 . extrinsic neural activity as a stochastic environment 109

Figure 5.6 – Avalanche statistics generated by the extrinsic model with γD = 15,
θ = 1, and γi = 0.05. (a) Comparison between the trajectories of D(t), vi and
the corresponding discretization with D∗ = 0.3. (b-d) If D∗ is low, avalanches are
power-law distributed with exponents τext = 1.60± 0.01 and τextT = 1.77± 0.01. The
crackling-noise relation is verified in both cases. (e) Trajectories with D∗ = 5. (f-h)
Avalanches are now fitted with an exponential distribution. The average avalanche
size as a function of the duration scales with an exponent that, as D∗ increases,
becomes closer to the trivial one δextfit ≈ δintfit ≈ 1.

satisfy the crackling-noise relation - we fit δextfit = 1.21± 0.01 while expecting
δextpred = 1.28± 0.02 from the avalanches exponents. These results are strictly
related to the low value of D∗, that is, on the alternating periods of low and
high noise strength. In fact, for higherD∗, modulation is rare, as we see in Fig-
ure 5.6e. This leads to an almost unperturbed Ornstein-Uhlenbeck process,
which is only capable of producing exponentially distributed avalanches,
which we plot in Figures 5.6f-h. Hence, our simple extrinsic model repro-
duces the results we found in the previous sections with Wilson-Cowan
units, and we can understand them in terms of the modulation-induced
dependency appearing in the joint probability distribution.

Another signature of criticality is the collapse of the average profile
of avalanches of different durations onto a single scaling function. For
avalanches of duration T , we can write down the average number of firing
at time t as S(t,T ) = T δ−1F(t/T ) where F is a universal scaling function that
determines the shape of the average temporal profile. ⟨S(T )⟩ and S(t,T ) are
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Figure 5.7 – Collapse of the average profile of avalanches of different durations in
the extrinsic model, for the low D∗ regime. (a) Profile of the avalanches before the
rescaling. (b) If we rescale with an exponent δ ≈ 1.33, which is remarkably close to
the one found through the crackling-noise relation, we obtain an optimal collapse
onto the same scaling function.

related by

⟨S(T )⟩ =
∫ T

0
S(t,T )dt. (5.17)

At the critical point, we expect that plots of t/T versus s(t,T )T 1−δ for different
T will collapse onto the same universal scaling function F [191]. Thus,
finding the exponent for which the goodness of the collapse is higher provides
another way to estimate δ. For testing the avalanche shape collapse, we
used the methodology introduced in [217]. To determine the quality of the
collapse, the averaged and rescaled avalanche profiles of different lifetimes
F(t/T ) = T 1−δS(t/T ,T ) are first linearly interpolated at 1000 points along the
scaled duration. The variance across the different F(t/T ) is calculated at each
interpolated point, and the shape collapse error ϵ(δ) is then defined as the
mean variance divided by the squared span of the avalanche shapes. We plot
the results in Figure 5.7. We find that the exponent that minimizes ϵ(δ) is
δ ≈ 1.33, close to the estimates of δ we find from the crackling-noise relation.
Again, it is also close to the apparently super-universal exponent found in
[47] and in [192].

Importantly, the avalanche exponents are unaffected by the size of the
system (see Figure 5.8) - that is, the avalanches obtained do not present
a clear cutoff. Yet, it is evident that when increasing the number of units
the values of the maximum avalanche size and duration increase, while
the exponent of the distribution remains the same, displaying a property
typical of power-laws. This phenomenon is perhaps unsurprising in our
model, where the units are conditionally independent to begin with. On
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Figure 5.8 – Properties of avalanches in the extrinsic model. (a-b) At increasing
values ofD∗, the shape of both avalanche sizes and durations smoothly changes from
a power-law to an exponential one. Notably, as D∗ approaches zero, the power-law
exponents become stable. (c-d) At different system sizes, the power-law distributions
of avalanches do not display the expected finite-size cutoff. This is not surprising,
since units are conditionally independent and thus no border effects are present.

the contrary, in [117] we find that avalanches in LFPs from the same set of
experiments reproduce the expected finite-size scaling features [40]. Finally,
Figure 5.8 shows avalanches’ distributions in the extrinsic model at different
values of D∗. We can see that, while the exponents converge to a fixed value
for small D∗, they change smoothly with D∗ until the distribution becomes
exponential for high threshold values.

5 .3 extrinsic and intrinsic neural activity

We have shown that in the paradigmatic model described by Eq. (5.11) with
Wij = 0 the extrinsic modulation alone generates power-law avalanches in
the low-D∗ limit. Yet, this extrinsic activity cannot explain correlations such
as the ones observed in Figure 5.1e, as shown by Eq. (5.16). Hence, we now
consider the interacting model, i.e., we consider the case in which both the
extrinsic and the intrinsic components of activity are present.

5.3.1 scale-free correlations from internal interactions

Since in the extrinsic model described in the previous section the units are
uncorrelated, we can infer the values of Aij directly from the data [214]. In
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particular, we solve the inverse problem in such a way that the correlations
of Eq. (5.11) match the experimentally-measured correlations σij of our
LFPs. For simplicity, we start from a general multivariate Ornstein-Uhlebeck
process [38] of the form

dv(t) = −Av(t)dt +B(t)dZ (t), (5.18)

where B(t) is a diagonal matrix whose diagonal elements are given by

Bij =
√
D(t)δij

and Z (t) denotes a Wiener process. In the case of non-interacting units,
which we use to model extrinsic activity, the matrix A is again diagonal with
entries Aij = δij /γi . If the matrix B was constant in time, the covariance
matrix σ of the process would be determined by the continuous Lyapunov
equation

Aσ + σAT = BBT. (5.19)

Since in our case the matrix B is a stochastic variable, we need to marginalize
over its stationary distribution p(B). Then, we immediately get

Aσ + σAT =Q, (5.20)

where Q is a diagonal matrix, whose elements are given by

Qij = δij

∫ ∞

D∗
Dp(D)dD := δijf (D∗,γD ,θ) (5.21)

where f (D∗,γD ,θ) is nothing but the average value of the modulation. Then,
by taking the transpose of Eq. (5.20) and assuming that A is symmetric,
we end up with a Lyapunov equation for the matrix A, where we can set
σ to be the covariance matrix of the data. In principle, we could relax the
assumption of symmetry of the matrix A by considering the covariance
matrix and the time-shifted covariances [214]. However, this introduces
further approximations and in the present work we are only interested in
the covariance matrix. Hence, we end up with a model

v̇i(t) = −
∑
j

Aijvj(t) +
√
D(t)ξi(t)

where Aij depends on the the parameters of the stochastic modulation
(D∗,γD ,θ). Notice that, if we write

Ãij =
Aij

f (D∗,γD ,θ)
,
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Figure 5.9 – (a) The correlation length of the interacting model scales linearly with
the system size, as in the data. In the extrinsic model, as expected, the correlation
length of the fluctuations is constant and equal to 1, i.e., the correlation function
drops to zero for adjacent electrodes. (b) Comparison between the mutual informa-
tion in the extrinsic model (θ = 1, γD = 10, γ1 = 0.1, γ2 = 0.5) and, as an example,
in the interacting model with two units. Notice that the onset of a non-vanishing
mutual information induced by D(t) is also the onset of power-law distributed
avalanches, whereas the mutual information arising from interactions is indepen-
dent of D∗.

we need to solve the Lyapunov equation σÃ+ Ãσ = 1 that only depends on
σ , the covariance matrix of the data. Clearly, if we rescale the experimental
timeseries by their standard deviation, σ coincides with the correlation
matrix.

Overall, the effective connectivity A obeys the Lyapunov equation∑
k

[
σikAkj +Aikσkj

]
= δij

∫ ∞

D∗
Dp(D)dD := δijf (D∗,γD ,θ). (5.22)

With these effective interactions, we are now able to study the scaling of the
correlation length ξ as a function of the system sizes L. We plot the results
in Figure 5.9a. As in our data, ξ scales linearly with L in the interacting
model - in fact, we can show that even though Aij depends on the modulation
parameters (D∗,γD ,θ), the scaling of the correlation length does not. In fact,
by introducing the rescaled parameters D̃ =D/f and ṽi = vi/

√
f , we end up

with
dṽi
dt

= −
∑
j

Ãij ṽj(t) +
√
D̃(t)ξi(t)

and clearly

⟨ṽi ṽj⟩ − ⟨ṽi⟩⟨ṽj⟩ =
⟨vivj⟩ − ⟨vi⟩⟨vj⟩

f
.
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Therefore, the covariance between ṽi and ṽj is proportional to the covariance
between vi and vj . This implies that at different (D∗,θ,γD ) we simply find a
rescaled interaction matrix Aij , but the scaling of correlation length does not
change.

5.3.2 disentangling extrinsic and intrinsic activity

In our model, scale-free correlations are strictly dependent on the interaction
network. But what happens to modulation-induced avalanches in the pres-
ence of such interactions? Let us remark that our model is formally similar
to the ones studied in the previous Chapters [68, 69]. Thus, we can leverage
mutual information to understand what kind of dependency structure arises
between units, and what such dependencies can tell us about the origin of
the critical signatures observed in LFPs.

To this end, we compute the mutual information between pairs of vari-
ables

I =
∫ +∞

−∞
dvi

∫ +∞

−∞
dvjp(vi ,vj ) log

p(vi ,vj )

p(vi)p(vj )
, (5.23)

which captures pairwise dependencies in the system that go well beyond
simple correlations. In Figure 5.9b we show that a non-zero mutual infor-
mation emerges in the extrinsic model in the low D∗ limit. That is, the
unobserved modulation - much like the stochastic environments previously
considered - induces effective dependencies among the units, even without
internal interactions. Remarkably, the onset of this dependency is also the
onset of the coordinated behavior between the units and thus of power-law
distributed avalanches we have shown in Figure 5.6. On the other hand, the
mutual information vanishes only in the trivial limit D∗ →∞, since at large
but finite D∗ Eq. (5.15) is not exactly factorizable.

When interactions are added back, the stationary probability distribution
solution of the interacting model with a generic interaction matrix A is

p(v1, . . . , vN ) =
1+Erf

[
D∗√
θγD

]
2
√
(πD∗)N detΣ

e−
1
D∗ vTΣ−1v+

+
1√

(γDθ)NπN+1detΣ
GN

 D∗√
θγD

,
vTΣ−1v√
θγD

 (5.24)

where the matrix Σ is determined by
(
AΣ+ΣAT

)
/2 = 1 and

GN (α,β) =
∫ ∞

α

dx

xN/2
e−

β
x−x

2
(5.25)

does not have, in general, a closed form. In general, we could define a
multivariate information between these N variables. In practice, however,
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Figure 5.10 – Avalanche statistics generated by the model at D∗ = 0.3 (a-b, e-g)
and at D∗ = 5 (c-d,h-j), with γD = 15 and θ = 1 and γi = γ = 0.05 for the extrinsic
model. (a-b) Comparison between the trajectories of D(t), vi and the corresponding
discretization in the low-D∗ regime for (a) the extrinsic model and (b) the interacting
one. (c-d) Same, but in the high-D∗ regime. (e-g) If D∗ is low, avalanches are power-
law distributed with almost identical exponents in the extrinsic and interacting
model, τext = 1.60± 0.01, τ int = 1.55± 0.01 and τextt = 1.77± 0.01, τ intt = 1.74± 0.01.
The crackling-noise relation is verified in both cases. (h-j) Same plots, now in the
high-D∗ regime. Avalanches are now fitted with an exponential distribution. Notice
that larger events, corresponding to periods in which D(t) > D∗, show up in the
distributions’ tails, suggesting that the shift between exponentials and power-laws
is smooth. (j) The average avalanche size as a function of the duration scales with an
exponent that, as D∗ increases, becomes closer to the trivial one δextfit ≈ δintfit ≈ 1.

it is very hard to perform the related numerical integration if N is large.
Therefore, and without loss of generality, we consider yet again pairwise
dependencies, i.e., the case of two variables that interact through the matrix
element A12 = Ã12f (D∗,γD ,θ) with Ã12 the inferred interaction matrix, and
average over all pairs of variables. As previously shown, since this is a
Gaussian model we expect the mutual information to receive a distinct - and
constant - contribution from the interaction matrix. In fact, in Figure 5.9b
we see that the mutual information is simply shifted independently of D∗.

Crucially, this interaction-dependent constant shift of the mutual infor-
mation is a signal that the effects of external modulation and of the effective
interactions are completely disentangled. The different regimes for the in-
teracting model with the inferred interaction matrix are plotted in Figures
5.10b and 5.10d. This fact reflects on the avalanche properties of our model.
Indeed, as shown in Figures 5.10e-f-g, all avalanches exponents τ ≈ 1.6,
τt ≈ 1.75 and the crackling-noise relation exponent δ ≈ 1.28 are not changed
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significantly by the inclusion of direct interactions among the units. The
high D∗ regime is not changed either, see Figures 5.10h-i-j. The fact that the
exponents do not change when we add interactions to our model suggests
that the avalanches are not affected by the interactions themselves - that is,
in our model, they are determined by the extrinsic modulation. These results
have profound implications - extrinsic and intrinsic activity are disentangled,
and scale-free avalanches only need external modulation to arise.

Overall, in this Chapter we have shown how different signatures of
criticality can be found in spatially-extended LFPs data from the rat’s barrel
cortex. In archetypal models, intrinsic contributions to the neuronal activity
- due to the direct interaction between the units themselves - and extrinsic
ones - arising from externally-driven modulated activity - can be exactly
disentangled. Furthermore, we have shown that a properly chosen external
modulation leads to a regime with power-law avalanches that satisfy the
crackling-noise relation and that are compatible with the exponent δ ≈ 1.28
found in [47, 178]. Crucially, this result holds even in different extrinsic
models, such as Wilson-Cowan units modulated by an effective input coming
from unobserved neural populations or multivariate Ornstein-Uhlenbeck
processes. The same value of the δ exponent is known to have been found in
a variety of neural systems, and our results suggest that it could be explained
by a slow time-varying extrinsic dynamics [185] that affects all the neural
units in the same way. On the other hand, it was recently shown [194] that
this exponent may arise as a consequence of measuring only a fraction of
the total neural activity, i.e., of subsampling. Further work is still needed to
understand the emergence of such exponents and in which conditions they
are robustly reproduced in experiments.

At the same time, while scale-free spatial correlations can and do coex-
ist with power-law avalanches, these kinds of critical signatures cannot be
explained by extrinsic activity alone. Crucially, our archetypal model al-
lows us to combine this extrinsic dynamics to an intrinsic interaction matrix,
inferred directly from the experimental data to match the spatial correla-
tions we find in our experiments. When we do so, we show that these two
signatures of criticality can be disentangled - avalanches appear as a con-
sequence of the external modulation and are only slightly affected by the
interactions, and, vice-versa, the interactions determine the spatial corre-
lations independently of the external modulation. Hence, we believe that
scale-free correlations may be deeply related to the origin of criticality in
the brain, playing a fundamental role in the advantages it might achieve by
being critical [1, 2, 11]. Remarkably, these results are tightly related to the
information-theoretic view presented in the previous Chapters. Although the
presence of a non-zero mutual information cannot be a sufficient condition
for power-law avalanches to appear, in our extrinsic model their emergence
does correspond to the onset of a non-vanishing dependence induced by an
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unobserved environment - and, conversely, mutual information allows us to
show that the mechanism generating avalanches and scale-free correlations
are fully disentangled.





chapter 6

The interplay between

criticality and network

structure in whole-brain

models

The human brain is an impressively complex system, spanning several
spatial scales of organizations, from microcircuits to whole-brain net-

works. The comprehensive map of neural connections is usually referred
to as “connectome” [218]. However, it is typically unfeasible to reconstruct
connectomes at the neuronal level, and often one relies on anatomical con-
nectivity at coarser spatial scales. In humans, such brain structural networks
are typically assessed with diffusion tensor/spectrum imaging techniques,
which quantify white matter pathways between mesoscopic brain regions
[219, 220].

These complex interconnections act as a backbone on top of which the
neurophysiological dynamics occurs. One way to measure such neural activ-
ity is through functional magnetic resonance imaging (fMRI). Correlations in
fMRI signals from spontaneous activity at rest have been repeatedly observed
[221], yielding detailed maps of complex emergent patterns of coherent brain
activities, called resting state (functional) networks (RSN) [222]. Such pat-
terns, consistent among healthy individuals [223], are specifically associated
with neuronal systems responsible for sensory, cognitive, and behavioral
functions [224, 225].

119
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As we have seen in the previous Chapter, a hypothesis that is increasingly
being considered in light of the growing experimental [47, 226] and theoreti-
cal [24, 227] evidence is that the observed collective emergent patterns may
be signatures of the brain self-organizing at a critical point [25, 171]. That is,
brain dynamics - possibly at different scales - may be poised at the edge of
a phase transition. Over the years, evidence to support this hypothesis has
been mostly coming from the presence of scale-free neural avalanches [40].
However, different works focused on other signatures of criticality, such as
cluster size distributions [173, 228] or long-range temporal and spatial corre-
lations [82, 201] during spontaneous brain activity - exemplary properties of
a system near its critical point. Furthermore, it was recently shown that the
collective dynamics of neurons may be associated with a non-trivial fixed
point of phenomenological renormalization groups [81, 229]. Some works
have also suggested that this phenomenology is compatible with systems be-
tween an asynchronous and a synchronous phase, with emerging oscillations
[175, 178, 230]. In all these studies the role of the network structure in driv-
ing such emerging patterns - e.g., global oscillations or optimal information
processing - is often missing.

In fact, the emerging collective dynamics in the brain is shaped both by
the underlying topological structure of the connectome, and by the properties
of neural population activities [231–233]. Despite a direct relation between
structural and functional networks, to what extent structure does determine
the neural dynamics and its critical signatures has still to be clarified [234,
235]- and computational models may be the key to bridging this gap [236].
To this end, biophysically inspired models of neural dynamics are typically
built on top of empirically derived structural networks, with the aim of rec-
onciling functional behavior. Notably, a stochastic version of the Greenberg
& Hastings (GH) cellular automaton [237] - one of the simplest models to
describe neural dynamics - running over a human connectome of N = 998
cortical regions [238] was shown to match some features of whole-brain
activity when tuned to the critical point [173, 201]. The model undergoes a
critical percolation-like transition in the sizes of active clusters, as a function
of the level of induced excitatory activation by neighboring neurons. At the
percolation transition, the model is able to predict the properties of observed
functional RSN.

Yet, it is known that geometrical percolation transitions may arise in
stochastic dynamical systems, and that they usually do not coincide with
actual dynamical transitions [239]. Recent numerical studies have suggested
that such dynamical transition in this GH cellular automaton may be con-
tinuous for certain levels of connectivity, otherwise being discontinuous or
even absent [240]. Nevertheless, a comprehensive and analytical description
of the underlying mechanisms is still lacking. In this Chapter, we will study
the properties of this dynamical transition, in order to understand the re-
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Figure 6.1 – In whole-brain models such as the GH cellular automaton proposed
in [201], the dynamical evolution of neural activity is determined by the interplay
between the microscopical rule and the underlying network structure. In this
Chapter, we will show how different network structures may change the nature of
the dynamical transition associated with this model, and how in turn this affects its
collective properties.

lation between network structure, criticality, and emergent behaviors. As
we sketch in Figure 6.1, the temporal evolution of activity will be the result
of a complex interplay between the underlying dynamical rules, and the
topological constraints induced by the connectome. In particular, we develop
a stochastic continuous-time formulation of the GH model via a master equa-
tion approach. We show analytically how two stable equilibria emerge in
the mean-field limit, together with a bistable region of the parameter space
where these two equilibria coexist. Hence, the mean-field limit predicts a dis-
continuous transition - i.e., a transition in which the average activity displays
a finite jump. The mean-field power spectrum lacks a characteristic peak,
suggesting that no collective oscillations are present - and, in particular, the
lack of localized oscillations implies that no clusters of activity appear, as
observed in connectomes [173, 201]. However, when we go beyond mean-
field by adding a network connecting different brain regions, the picture is
drastically different. We find that the transition becomes continuous - i.e.,
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the average activity changes smoothly - and localized collective oscillations
emerge, providing a dynamical mechanism able to sustain clusters of activity
and thus capable of generating functional networks. Furthermore, we show
that complex topological properties of the connectome are responsible for the
dynamical evolution of the model, and in particular simpler null models of
connectivity display drastically different phase portraits. Overall, our results
shed light on the role of the underlying network structure in the emergence
of collective patterns of brain activity, as well as explain the mechanisms
behind the phase diagram of Greenberg & Hastings models used in previous
works [173, 174, 201, 240–242].

6 .1 a stochastic whole-brain model

Here, we develop a continuous-time formulation of the whole brain stochastic
model introduced by Haimovici and collaborators [201] to describe the
dynamics of the human brain at a mesoscopic scale. This model is a variation
of the Greenberg & Hastings cellular automaton [237], originally designed
to study excitable media. Each of N nodes in the system belongs to one of
three states: quiescent Q, excited E, or refractory R. The original dynamics
of the GH automaton is modified in such a way that the states undergo the
following stochastic transitions:

Q −→ E if
∑
jWijsj(t) > T or with prob. r1

E −→ R with prob. 1

R −→Q with prob. r2

(6.1)

where sj(t) ∈ {0,1} is the state of node j at a certain time step t - set to 1 if
the node is in the E state, and 0 otherwise -,Wij is the weighted connectivity
matrix of the underlying network, r1 is the probability of self-activation and
r2 is the probability of recovery from the refractory state. In particular, T
is a threshold that governs the induced activation due to interaction with
neighboring nodes, which acts as a control parameter of the model.

Therefore, in this model, a neuron may be activated either if the weighted
combined activity of neighboring neurons exceeds a threshold T , or it may
self-activate with a probability r1 that encodes, e.g., external stimuli or unob-
served pathways. After activation, neurons switch to a refractory state with
unitary probability and cannot be excited again. Escape from the refractory
state occurs with probability r2. In this formulation, the state of the system
evolves in discrete time steps and is updated synchronously. In particular,
for small values of T , the activity spreads easily between neighboring nodes,
even along weak connections. This leads to a regime of high and sustained
activation, characterized by fast and temporally uncorrelated fluctuations.
We refer to this phase as “super-critical”. For high values of T , the activity
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Figure 6.2 – States and transition rates of the model. Quiescent nodes (gray) can be
excited with activation rate ract, and excited nodes (red) become refractory (green)
with a rate r2. The refractory period ends with a unitary rate, after which a node
can be excited again.

is instead sustained only by a few strong connections, resulting in a sup-
pressed or “sub-critical” phase with regular, short-propagating activity in
which nodes fail to give rise to relevant patterns of activity. Importantly, we
include homeostatic plasticity in the model, implemented as a normalization
of the excitatory input of the incoming node. It has been shown that its
addition improves the correspondence between simulated neural patterns
and experimental brain functional data [173, 174].

Here, we rather formulate the model in a continuous time framework,
in order to study analytically its behavior of the model in the large N limit.
We denote by σi(t) ∈ {E,R,Q}, i = 1, . . . ,N , the state of site i at time t. The
dynamics in Eq. (6.1) can be translated into the following continuous-time
evolution: for h > 0 and each node i, the probability of having σi(t + h) = E
given that σi(t) =Q is ract(i)h+o(h), where ract(i) is a rate of activation defined
as

ract(i) = r1 + (1− r1)Θ
[∑
j

Wijsj − T
]

(6.2)

with Θ[ · ] the Heaviside step function. Notice that 0 ≤ r1 ≤ 1 by construction.
In a similar manner the probability of jumping from state E at time t to state
R at time t + h will be h+ o(h) and from R to Q will be r2h+ o(h)∗.

The mean-field approximation of the model corresponds to the assump-
tion that the underlying graph is fully-connected with constant weights,
i.e.,Wij = c, ∀i, j. We further consider a homeostatic normalization of the
weights, which amounts to assuming that the sum of incoming weights of a
given link is unitary. That is, we have the weight matrix

W̃ij =Wij /
∑
j

Wij = 1/N . (6.3)

∗We highlight that the parameters r1 and r2 in the discrete-time model were probabilities,
whereas here they are rates.
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Thus the input to a node is simply given by the density of active neurons in
the network, i.e., the argument inside Θ[ · ] in Eq. (6.2) becomes∑

j

W̃ijsj − T =
nE
N

− T (6.4)

and it is independent of the particular node i, so that we can write ract(i) =
ract.

These transition rules induce a Markovian dynamics on nE , nR, nQ =
N −nE −nQ - respectively the number of active, refractory, and inactive nodes
- with the following rates:

(nE ,nR,nQ)
nQract−→ (nE +1,nR,nQ − 1)

(nE ,nR,nQ)
nE−→ (nE − 1,nR +1,nQ)

(nE ,nR,nQ)
nRr2−→ (nE ,nR − 1,nQ +1)

. (6.5)

We sketch these rates in Figure 6.2. Then, from the reactions in Eq. (6.5), we
can write the master equation of our continuous-time model

Ṗ (nE ,nR) = P (nE − 1,nR) [N −nE −nR +1]ract
+ P (nE +1,nR − 1) [nE +1]

+ P (nE ,nR +1) [nR +1]r2
− P (nE ,nR) [(N −nE −nR)ract +nE +nRr2]

(6.6)

where P (nE ,nR) is the joint probability of finding nE active nodes and nR
refractory nodes.

6.1.1 fokker-planck and langevin equations

The master equation Eq. (6.6) can be framed in terms of the density of
active x and refractory y neurons. If we introduce the jump steps ∆x = 1/N ,
∆y = 1/N , we can treat them as continuous variables in the limit of a large
system N →∞, where the probability P (x,y) obeying the master equation,
Eq. (6.6), becomes differentiable [38]. By taking this continuum limit and
expanding all terms via a Kramers-Moyal expansion up to the second order,
we obtain the Fokker-Planck equation for the probability density p(x,y),

∂
∂t
p(x,y) = − ∂

∂x
[A1(x,y)p(x,y)] +

1
2N

∂2

∂x2
[B11(x,y)p(x,y)]+

− ∂
∂y

[A2(x,y)p(x,y)] +
1
2N

∂2

∂y2
[B22(x,y)p(x,y)]+

+
1
2N

∂2

∂x∂y
[(B12(x,y) +B21(x,y))p(x,y)]

(6.7)
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where the coefficients are

A1(x,y) = (1− x − y)[r1 + (1− r1)Θ(x − T )]− x
A2(x,y) = x − r2y
B11(x,y) = (1− x − y)[r1 + (1− r1)Θ(x − T )] + x
B22(x,y) = r2y + x

B12(x,y) = −x
B21(x,y) = −x

(6.8)

and P (x,y) = p(x,y)∆x∆y. Then, the stochastic evolution of the density
of active and refractory nodes can be expressed in terms of the Langevin
equation (

ẋ
ẏ

)
=

(
A1(x,y)
A2(x,y)

)
+

1
√
N

(
B11(x,y) B12(x,y)
B21(x,y) B22(x,y)

)1/2 (
ξ1
ξ2

)
(6.9)

where ξ = (ξ1,ξ2) is an uncorrelated 2d white Gaussian noise, i.e., such that
ξi ∼ N (0,1) and ⟨ξi(t)ξj(t′)⟩ = δijδ(t − t′), A(x,y) is the deterministic drift
term, and B(x,y) encloses the stochastic diffusive part.

From now on, unless otherwise specified, we test the validity of our
analytical predictions by comparing them with numerical simulations of the
continuous model (see also Appendix B). The discretization step is ∆t = 0.01,
and the parameters are r1 = 0.001 and r2 = 0.1 for consistency with previous
works [173, 174, 201, 240–242].

6.1.2 discontinuous transition in the mean-field limit

In the limit of a large number of interacting units in the system, the effect of
random fluctuations becomes negligible. Indeed, the mean-field description
of this model corresponds to the thermodynamic limit, N →∞, where the
deterministic part of Eq. (6.9),ẋ = (1− x − y)[r1 + (1− r1)Θ(x − T )]− x

ẏ = x − r2y
, (6.10)

describes the evolution of the density of active and refractory units. Although
we cannot obtain the full analytical solution of Eq. (6.10), we can study the
system’s equilibria and their stability. Indeed, by varying the threshold T ,
the dynamics switches between two different regimes based on the value of
Θ(·). These two phases are characterized by high and low levels of activity,
respectively. We call them super- and sub-critical phases.

The super-critical phase is defined by the condition x > T , for which the
Heaviside function in Eq. (6.10) evaluates to 1. Hence, and at stationarity,
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we find y+ =
1

2r2 +1
x+ = r2 y+

(6.11)

so that in this regime the average activity x+ is independent of the rate of
self-activation r1. This means that the spread of activity is completely driven
by the interaction between active neighbors. For this equilibrium to exist, we
need

T <
r2

2r2 +1
=: T+ (6.12)

so that the inequality x > T is satisfied. This defines the threshold below
which the super-critical phase exists. Likewise, the sub-critical phase is
defined by x ≤ T . At stationary, Eq. (6.10) leads toy− =

r1
r2 + (r2 +1)r1

x− = r2 y−
, (6.13)

and the inequality x ≤ T implies that

T ≥ r1r2
r2 + (r2 +1)r1

=: T−, (6.14)

i.e., above the threshold T−, the sub-critical phase exists. As expected from
Eq. (6.11) and Eq. (6.13), we notice that ∀r1, r2 the fraction of active nodes x+
in the supercritical phase is larger than the subcritical equilibrium x−, since
r1 ≤ 1.

Moreover, in the range of T given by equations Eq. (6.12) and Eq. (6.14)
for which such solutions exist, they are both stable equilibria, each with
its own basin of attraction. We can investigate the nature of the equilibria
through linear stability analysis. If we write Eq. (6.10) as ż = f (z) with
z = (x,y), the stability of its equilibria f (z∗) = 0 is readily understood from
the evolution of small perturbations z = z∗ +∆z with |∆z| → 0, which obey

∆̇z = f (z∗) +
∂f
∂z

∣∣∣∣
z=z∗

∆z + ... = J(z∗)∆z.

Thus the dynamics near the fixed points is governed, at first order, only by
the Jacobian matrix J . In particular, the real part of its eigenvalues λ can give
us information on stability or instability.

In the super-critical phase, the Jacobian evaluated at (x+, y+) is

J+ =
(
−2 −1
1 −r2

)
,

whose eigenvalues are

λ
(+)
± = −

2+ r2 ±
√
r22 − 4r2

2
.
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Figure 6.3 – Diagram of equilibria in the model. (a) The region of existence of
super- and sub-critical equilibria. As the control parameter T changes, we can
identify three different regions: for low T , only the supercritical equilibrium exists
(red region); for high T , only the subcritical equilibrium exists (blue region); for
intermediate values of T , the two equilibria coexist. (b-d) Examples of trajectories
in the three regions. The model is simulated with a fully-connected network of size
N = 103. Each plot shows 30 trajectories from a random initial configuration.

The super-critical equilibrium thus is stable if Re(λ(+)± ) < 0. We can distin-
guish two regimes: if r2 ≥ 4 the eigenvalues are purely real, otherwise they
have an imaginary part. In both cases the conditions are satisfied, thus the
super-critical fixed point (x+, y+) is respectively a stable knot or a stable focus.
Instead, in the sub-critical phase the Jacobian evaluated at (x−, y−) reads

J− =
(
−1− r1 −r1

1 −r2

)
with eigenvalues

λ
(−)
± =

−(1 + r1 + r2)±
√
(1 + r1 + r2)2 − 4(r1 + r2 + r1r2)

2
.

Since r1 ≥ 0 and r2 ≥ 0, λ(−)± always have a negative real part, and thus this
equilibrium is always stable. Again, we observe two different regimes - if
r1 − 2

√
r1 + 1 < r2 and r1 + 2

√
r1 + 1 > r2 we have a stable focus, otherwise a

stable knot.
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Figure 6.4 – Average activity x̄ as a function of the control parameter T for different
sizes and topologies. To prove the presence of the bistable region, we slowly change
T every 105 steps starting from T0 = 0.2 ·T− up to TF = 5 ·T+ for 60 values of T taken
in a logarithmic scale, and then decreasing it back to T0 in the same way. (a) Results
obtained with fully-connected topologies of different sizes N . Triangles to the right
represent values obtained while increasing T , whereas triangles to the left represent
values obtained while decreasing it. We see that a hysteresis cycle emerges and
that it approaches the expected boundaries of the bistable region as N increases.
(b) Results obtained from Erdős–Rényi networks with N = 103, constant weights,
and for different wiring probabilities p. As the connectivity decreases, the bistable
region shrinks and the transition between the two regimes becomes smooth. For
extremely low values of p, the transition disappears (as indicated by the arrow) and
the system is never in the super-critical regime.

Therefore, the super- and sub-critical equilibria, if they exist, are always
stable. Crucially, and ∀r1, r2, Eq. (6.12) and Eq. (6.14) imply that

T− =
r1r2

r2 + (r2 +1)r1
<

r2
2r2 +1

= T+ (6.15)

thus three regions emerge in the parameter space spanned by T , as shown
in Figure 6.3. For T ≤ T−, the sub-critical equilibrium does not exist, hence
we can only observe the active phase. On the other hand, for T > T+ only the
sub-critical equilibrium exists. In between these values, for T− < T ≤ T+, the
two equilibria coexist and we find a region of bistability.

In order to assess the effects of finite sizes on the region of bistability, we
simulate the system and track the average activity x̄ as an order parameter,
following the approach used in [240]. The simulation starts at T0 = 0.2T−
from a random initial configuration and, after a given number of steps, the
control parameter T is increased by a small ∆T without resetting the state of
the system. Such procedure is repeated up to a final value TF = 5T+. Ideally,
this corresponds to an adiabatic change of the control parameter, allowing
the system to access the metastable states in the bistability region. Then, the
same procedure is repeated starting from TF and decreasing T down to T0.
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In principle, if ∆T is small enough, in the region where the two equilibria
coexist we should find a corresponding hysteresis cycle. Since we want to
properly span both the super- and sub-critical regions, and because of the
different order of magnitude of the two theoretical thresholds (T− ≈ 10−3,
T+ ≈ 10−1), we take 60 logarithmic steps. In Figure 6.4(a) we plot the behavior
of x̄ at different steps of this procedure for fully-connected topologies of
different sizes. In the super- and sub-critical region, x̄ is in accordance
with the theoretical predictions Eq. (6.11) and Eq. (6.13). In between the
theoretical values of T±, we recover the discontinuous transition and the
hysteresis cycle previously found in [240, 242]. Perhaps unsurprisingly, for
small network sizes the limits of the hysteresis cycle do not precisely match
the expected values of T+ and T− given in Eq. (6.12) and Eq. (6.14). In fact,
due to the finite size of the system, the associated noise contribution causes
the bistable region to shrink as the size of the network is reduced.

So far we have considered the mean-field limit only, which corresponds
to a fully-connected topology with constant weights. However, the architec-
ture of the brain is usually characterized by sparse connectivity, and brain
networks often display a non-trivial topology with small-world properties
and community structures, both at the micro- and macro-scale. Moreover,
the strength of the interaction between different brain regions is highly het-
erogeneous and typically follows a scale-free distribution [238, 243]. In the
rest of this Chapter - at the price of analytical tractability - we will explore
the effect of non-trivial topologies, as well as heterogeneous weights, on the
dynamics of our model.

We first study the simple case of an Erdős–Rényi network with a given
wiring probability p between two nodes and constant weights. We repeat
the procedure described above at fixed network size and for different wiring
probabilities, to understand how the network topology affects the hysteresis
cycle predicted by the mean-field limit. We plot the results in Figure 6.4b. We
find that, as we lower the connectivity, the bistable region shrinks until it dis-
appears, giving rise to a smooth transition at low values of p. This behavior,
which is deeply different from the one expected from the mean-field approx-
imation, is consistent with previous results obtained in the discrete-time
model [174, 240]. As we will see later in this Chapter, such smooth transi-
tions are strengthened by the introduction of empirical connectivity, and
they are crucial for the onset of emergent collective oscillations. Eventually,
for very low values of p, the transition disappears as it becomes impossible
for the network to sustain the super-critical regime.

6 .2 the emergence of collective oscillations

Neural activity typically exhibits a certain level of stochastic fluctuations,
even when the brain is at rest. In fact, a growing amount of evidence suggests
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that neural noise might enhance the signal processing capabilities of neurons
[244, 245], and power spectra have proved to be informative in other neu-
ronal models [209, 233, 246, 247]. To analytically investigate the oscillatory
dynamics of the mean-field model, from Eq. (6.9) we perform a linear noise
approximation [38] by defining the local coordinates (ζ1, ζ2) asx(t) = x

∗ + ζx(t)√
N

y(t) = y∗ +
ζy (t)√
N

⇒

ζx(t) =
√
N (x(t)− x∗)

ζy(t) =
√
N (y(t)− y∗)

. (6.16)

Then, the power spectrum of the oscillations around a given equilibrium is
given by

Si(ω) = ⟨ζ̃i(ω)ζ̃∗i (ω)⟩ = ⟨ζ̃i(ω)ζ̃i(−ω)⟩ (6.17)

for i = x,y.
We rewrite the original equations in terms of (ζx,ζy), keeping only the

linear terms. For the deterministic part, this leaves only the Jacobian evalu-
ated at the equilibrium J(x∗, y∗) ≡ J , whereas the diffusion term needs to be
expanded up to 1/

√
N . We end up withζ̇x = J11ζx + J12ζy + ηxζ̇y = J21ζx + J22ζy + ηy

(6.18)

where (ηx,ηy) is a colored noise defined by

⟨ηi(t)⟩ = 0 ⟨ηi(t)ηj(t′)⟩ = δ(t − t′)Bij (6.19)

where Bij = Bij(x∗, y∗) is the diffusion matrix evaluated at equilibrium.
In Fourier space, we immediately findiωζ̃x(ω) = J11ζ̃x + J12ζ̃y + η̃xiωζ̃y(ω) = J21ζ̃x + J22ζ̃y + η̃y

(6.20)

where the statistics of (ηx,ηy) is left unchanged, i.e.,

⟨η̃i(ω)⟩ = 0 ⟨η̃i(ω)η̃j(ω′)⟩ = δ(ω −ω′)Bij . (6.21)

The linear system in Eq. (6.20) is solved by
ζ̃x(ω) =

(iω − J22)η̃x + J12η̃y
−ω2 − iω(J11 + J22) + J11J22 − J12J21

ζ̃y(ω) =
(iω − J11)η̃y + J21η̃x

−ω2 − iω(J11 + J22) + J11J22 − J12J21

(6.22)

so that we can compute the power spectrum,

Si(ω) = ⟨ζ̃i(ω)ζ̃∗i (ω)⟩ = ⟨ζ̃i(ω)ζ̃i(−ω)⟩. (6.23)
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Figure 6.5 – Theoretical expressions of the power spectrum are well-matched by
simulated data from a fully-connected network at stationarity. The gray lines
represent the power spectrum obtained by simulating the continuous-time model
for 105 steps at stationarity in a network of N = 103 nodes and after an initial
transient of 5 · 104 steps. (a) For T < T− the power spectrum shows a small peak
at ωmax

− . (b) In the bistable region, depending on which equilibria the dynamics
settles, we can find both power spectra. (c) For T > T+, no peak emerges in the power
spectrum.

In particular, we are interested in oscillations of the density of active neurons
x, which are described by

Sx(ω) =
α + βω2

[(ω2 −Ω2
0)

2 + Γ2ω2]
(6.24)

where the coefficients
α = B11J

2
22 − 2B12J12J22 +B22J

2
12

β = B11
Ω2

0 = J11J22 − J12J21
Γ2 = (J11 + J22)2

(6.25)

can be readily evaluated in either of the two equilibria.
Overall, we find that the power spectrum in the super-critical regime is

given by

S+x (ω) =
2r2[1 + r2 + r

2
2 +ω

2]

(1 + 2r2)[(1 + 2r2)2 + (2+ r22 )ω
2 +ω4]

, (6.26)

and in the sub-critical regime we have

S−x (ω) =
2r1r2[r

2
1 + r1r2 + r

2
2 +ω

2]

(r1 + r2 + r1r2)[(r1 + r2 + r1r2)2 + (1+ r21 + r
2
2 )ω

2 +ω4]
. (6.27)
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Power spectra obtained from the simulation of the model are perfectly
matched by these theoretical expressions, as we see in Figure 6.5. Importantly,
Eq. (6.26) and Eq. (6.27) show that, in both regimes, for low frequencies the
power spectrum is flat. On the other hand, in the large frequency limit, we
find Brownian noise, i.e., S(ω) ≈ ω−2. Such scale-free behavior of the fre-
quencies’ spectrum is found, for instance, in Local Field Potentials, i.e., the
electrical activity of the brain measured with single microelectrodes [248].
Most importantly, in the super-critical regime the power spectrum does not
display any peak. A small peak at

ωmax
− = [(1 + r1r2)(r1r2)

1/2 − r21 − r
2
2 − r1r2]

1/2 (6.28)

emerges instead in the sub-critical phase for the range of parameters in which
ωmax
− exists, i.e., the radical is non-negative. These results suggest that in the

mean-field limit of the model stochastic amplification alone is not sufficient
to induce significant sustained collective oscillations.

6.2.1 oscillations at criticality in the human connectome

We now consider an empirical connectome of the human cerebral cortex with
N = 998 regions [238]. In this case, we have both a complex topology and a
non-trivial distribution of weights, as we see in Figure 6.6a. Quite surpris-
ingly, numerical simulations show that the analytical expressions of the two
equilibria are still valid in the limit of small and large values of T . However,
for intermediate values of the control parameter the average activity is no
longer bounded to the two equilibria, but rather changes continuously from
one to the other, as we see in Figure 6.6b.

In Figure 6.6c-d-e we plot the model’s trajectories for different values
of T . We clearly see that, at intermediate values of T , the bistability is not
present anymore - signaling that the transition is not discontinuous anymore,
but the average activity rather changes smoothly from the limiting values
represented by the mean-field equilibria. Furthermore, the density of excited
neurons x displays a high variability during its temporal evolution - yet,
notice that during peaks of activity we find at most x ≈ 0.25, suggesting
that localized regions of the network are activated together, and activity
does not spread easily to the entire network. As a consequence, as we see in
Figure 6.6f, the power spectrum now displays a peak Pmax - i.e., collective
oscillations emerge. If we look at the value of Pmax as a function of T in
Figure 6.6g, we find a pronounced maximum at an intermediate value T : +Tc
of the threshold, where the average activity x̄ is in between the equilibria x±.
Hence, the topological complexity of the underlying connectome allows for
a non-trivial evolution of activity.

In Figure 6.6g we also show that at TC the variance of σx̄ peaks as well.
This is perhaps unsurprising, since oscillations are related to variability of
the activity. However, and crucially, such activity shows long-range temporal
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Figure 6.6 – Dynamics of the model over an empirical connectome shows the
emergence of a critical-like transition and collective oscillations. (a) Plot of the
connectome from [238]. (b) The average activity x̄ does not show any hysteresis
cycle but rather changes smoothly from x+ to x− as T increases. (c-e) Examples of
trajectories at different values of T . In particular, at intermediate values of T , the
trajectories show high variability and a rich dynamics. (f) The power spectrum at
different values of T . As x̄ smoothly changes between the two equilibria, collective
oscillations emerge. Notice that the frequency peak is at a frequency higher than
ωmax− . (g) The peak of the power-spectrum Pmax is maximal at intermediate values
of T . At the same point, both the autocorrelation time τac and the variance σx̄ of x̄
peak (shown in arbitrary units), suggesting that a critical-like transition might be
present.

correlations as well. Indeed, we can compute its autocorrelation time τac as
the characteristic decay time of the autocorrelation function’s exponential
envelope. Once more, as a function of the threshold T we find that τac
displays a peak at T ≈ Tc.

All together, these features are reminiscent of those found in finite-size
systems close to a second-order phase transition [249, 250], suggesting that
they may emerge from a critical point of the control parameter T . Hence, the
transition observed in the presence of the empirical connectome is closer to
a critical transition rather than the bistability predicted by the mean-field
limit. Let us stress that these features are emerging at the dynamical level,
contrary to the percolation transition originally studied by Haimovici and
collaborators [201]. In general, we find that this dynamical transition does
not occur at the same value of T of the percolation transition, as observed in
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Figure 6.7 – Dynamics of the model over an Erdős–Rényi network with wiring prob-
ability pconn ≈ 0.08, without and with weights following the empirical distribution
of the connectome. (a-d) Without the weights, the transition is discontinuous with a
bistable region, as we can see from both the hysteresis cycle and the trajectories. (e)
No oscillations are present, and the power spectrum follows the mean-field predic-
tion. (f-i) In the presence of the empirical weights, the transition becomes instead
continuous. The trajectories in the region where the average activity x̄ changes
smoothly between x± display large departures from the expected equilibria. (j) With
the empirical weights, oscillations are present.

other models [239].

6.2.2 erdős–rényi networks and continuous transitions

In order to understand the relevance of the non-trivial topology of the con-
nectome, we consider the Erdős–Rényi network previously studied. As a
simple null model, we set the wiring probability to be equal to that of the
connectome, pconn ≈ 0.08. Furthermore, we take into account networks both
with and without weights re-sampled from the weight distribution of the
empirical connectome. In principle, these choices amount to trying to under-
stand whether sparsity and weight heterogeneity are sufficient features to
reproduce the complex dynamical evolution of the model in the connectome.

As expected from Figure 6.4, without resampled weights the wiring
probability pconn is high enough that the transition is discontinuous and
a bistable region still exists. Indeed, in Figure 6.7a-e, we see that in this
scenario the null model matches the behavior of the mean-field limit. No
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Figure 6.8 – Average activity x̄ in Erdős–Rényi networks at different wiring proba-
bilities p, with weights re-sampled from the empirical connectome. With weights,
the transition becomes continuous already at higher p.

peak in the power spectrum emerges, and the stationary dynamics always
reaches one of the two equilibria x±. Hence, sparsity alone is not enough
to reproduce high activity variance, local collective oscillations nor long
autocorrelation times.

These results change dramatically when we add back the weights from
the empirical connectome. In Figure 6.7f we see that no hysteresis cycle
emerges, and the transition is now continuous much like in the case of the
connectome. The trajectories in Figure 6.7g-h now display large transient
periods of activity stemming from the silent state x−, a feature typical of
excitable or non-normal models [206, 207]. These sustained activations lead
to a clearly oscillating behavior. Indeed, the power spectrum in Figure 6.7j
displays a clear peak, as we have previously shown for the connectome. That
is, the presence of the empirical weights - together with sparsity - helps the
disruption of the bistable region predicted at the mean-field level.

Importantly, such a disruption emerges only if the wiring probability p of
the Erdős–Rényi network is low enough. In Figure 6.8 we show the average
activity obtained while slowly varying T , as before, in Erdős–Rényi networks
at different p with weights resampled from the empirical connectome. We
immediately note that in the fully-connected case p = 1, even with weights, a
hysteresis cycle is still present - hence, the transition is still discontinuous.
However, the transition becomes smoother already at higher values of p,
showing that both sparsity and weights aid in the disruption of the bistabil-
ity predicted by the mean-field approximation. Once more, at low wiring
probabilities the network cannot sustain activity anymore. These results
may suggest that a continuous, critical-like dynamical transition with global
oscillations emerges if the underlying network is either extremely sparse
- as in Figure 6.4 and Figure 6.8 - or at higher values of p, but with a het-
erogeneous weight distribution. Crucially, empirical connectomes are often
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Figure 6.9 – Comparison of the trajectories in the empirical connectome and in the
Erdős–Rényi with p = pconn and empirical weights. (a) Connectome trajectories of x
as a function of time and (b) in the phase space for different T . The black dashed
line in panel (b) is the nullcline of the refractory population y, and the gray lines
in panel (a) are x±. (c-d) Same, but in the case of the null model. Notice how the
trajectories in the phase space are qualitatively different, and oscillations emerge as
large activations from the sub-critical equilibrium (y−,x−).

characterized by such features. Yet, we may ask whether sparsity and weight
heterogeneity are enough to reproduce the dynamical features observed in
the connectome.

To address this question, at least from a heuristic point of view, we
compare the phase space trajectories of the empirical connectome and of the
null random network model with weights, see Figure 6.9. In the empirical
connectome, the dynamics is typically richer and oscillates close to the
nullcline ẏ = 0 predicted by the mean-field Eq. (6.10). Such oscillations
appear to be around values of (x,y) that are different from the mean-field
equilibria, strengthening the hypothesis that the equilibrium at intermediate
values of T changes continuously. On the other hand, in the Erdős–Rényi
case, the trajectories display large transient dynamics away from the (y−,x−)
equilibrium, reminiscent of noise-induced oscillations [209, 233, 246, 247]
or non-normal systems [206, 207]. This suggests that, although in both
models we find emerging oscillations, the underlying dynamical features
might be different. Notably, these phenomena have usually been observed
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in models with excitatory and inhibitory populations. Here, we rather have
a single excitatory population with a refractory state, hinting that the two
different scenarios may lead to a similar phenomenology. Overall, further
work is needed to explore the role of higher-order structures in the empirical
connectome - e.g., modularity [251, 252] or heterogeneity in the degree
distribution [253] - and their effect on the model dynamics.

Let us note that the small size of the empirical connectome considered
here may be a limitation for these investigations, since finite-size corrections
may be hiding criticality. Notably, in [254] a similar modification of the
discrete-time Greenberg & Hastings model run on a large-scale connectome
displays semicritical behaviors consistent with a Griffith phase in a certain
range of the control parameter. Such use of synthetic connectomes overcomes
the finite size issue, at the cost of relying on some subjective assumptions
about the generated topologies. Hence, future works should be devoted to
fully understanding whether the observed continuous transition is associated
with a real critical point or - most likely - with other phenomena such as rare
region effects [255] or noise-induced transitions [209]. Possible approaches
may include the use of heterogeneous mean-field methods as done in the
study of epidemic spreading [253] or annealed network approximations
[256].

In fact, this is still very much an open question. Previous efforts focused
on the emerging percolation transition in the model, discussing the effect of
the topology in shaping the transition by means of in-silico [241, 242] and
empirical connectomes [173, 174]. Here, we instead focus on the dynamical
transition that arises in this model [240]. To the best of our knowledge,
this is the first attempt to investigate the nature and the consequences of
this dynamical transition from an analytical perspective. This approach
allowed us to probe the complex interplay between dynamical, and possibly
critical-like, features and the underlying topology - which is often of great
importance and, at the same time, poorly understood.





chapter 7

Scaling and criticality

from a phenomenological

renormalization group

The idea that living systems may be poised at criticality is a fascinating
hypothesis [1, 2, 6], and in recent years it has been explored in a vast

variety of areas [7, 11, 40, 92].
Tools from Statistical Mechanics, such as the Renormalization Group [199,

200, 249], teach us that at criticality the macroscopic, collective behavior of
the system is described by a few relevant features, such as the embedding
dimension of the system and its symmetries, while most of the microscopic
details become irrelevant. At the critical point, the physical properties are
determined by a non-trivial fixed point in the space of all the possible models
compatible with the underlying symmetry. However, in the broad landscape
of natural systems, one often has to deal directly with data without an explicit
model, and real-world systems are typically finite - so that most of the time
it is hard to come up with a definitive answer about whether they are poised
near a critical point [2].

In this scenario, the critical brain hypothesis plays a relevant role. Since
the first observations of neuronal avalanches during spontaneous activity
[40], many different universality classes for the putative transition have been
proposed - from a mean-field branching process [32, 40] to synchronization
transitions [175–180]. However, measuring power-law exponents from -
possibly subsampled and noisy [257] - data often leads to spurious results,
hence the question of the nature of the critical transition emerging in brain

139
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dynamics, if any, remains very much open. At this point, it is well-known
that power-law scaling may stem from plausible yet non-critical models, e.g.
neutral [184] or randomly driven ones [82, 183, 185] as we have shown in
Chapter 5.

Recently, a phenomenological coarse-graining procedure was introduced
in [229, 258] to deal in particular with neural timeseries in a model-free
setting. In particular, as we will see, the core idea of this phenomenological
Renormalization Group (PRG) is to deal in principle with unknown and
possibly long-range interactions, by avoiding coarse-graining directly in real
space. In [229, 258], this PRG was applied to data from calcium imaging
in the hippocampus of a mouse running along a virtual track. Ideally, if
the system was close to a critical point, appropriate physical quantities at
different levels of coarse-graining should display power-law scaling. Further-
more, in a critical system, we expect probability distributions to converge
to a non-trivial fixed point of the renormalization flow, which describes the
system’s details-independent macroscopic properties [199]. The authors do
find that the results on neural activity seem to point to the presence of both
scaling and fixed points, suggesting that the underlying dynamics might be
critical. Indeed, the brain is probably one of the most impressively complex
systems we are able to study and the idea that the collective behavior of
neurons might emerge from a self-organized critical state has been widely
studied for several years.

In this Chapter, we aim to test this phenomenological Renormalization
Group in well-known equilibrium and non-equilibrium models. In particu-
lar, we will focus on the contact process and thus the directed percolation
universality class [200, 250]. In fact, absorbing phase transitions have long
been proposed as an archetypal model for the brain, where avalanches in
spontaneous activity appear as activity events over a possibly silent back-
ground. The advantage of the contact process here is that its critical behavior
is well understood and the exponents are known from numerical studies,
so we shall regard it as a “control case” to investigate the ability of this
PRG to extract relevant information and infer signatures of a critical state in
out-of-equilibrium systems. Further, we consider different topologies, to test
whether long-range interactions in a, e.g., small-world network affect the
results. Along the road, we will also study these coarse-graining ideas in the
Ising model, as well as in models of conditionally independent variables in a
stochastic environment - which, as we have shown throughout this Thesis,
often display non-trivial and unexpected features.
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7 .1 a phenomenological renormalization group for neu-

ral activity

In the simplest models studied in Statistical Mechanics, interactions are
usually short-range. Hence if we want to recover the macroscopic, collective
behavior it makes sense to think of the coarse-graining procedure as an
average over the short distance, microscopic details. - e.g., with a block-
spin transformation [199]. Yet, in full generality, if we start with a set of
variables {σi} we can think of a coarse-graining transformation as a generic
transformation that maps {σi} into a new set of variables σ̃i′ . For instance,
spatial coarse-graining amounts to choosing a transformation of the form

σi → σ̃i′ = f

∑
j∈Ni

σj

 (7.1)

where f is a generic function, Ni denotes the neighborhood of the variable
i, and i′ indexes the new coarse-grained variables. For instance, a block-
spin transformation can be obtained by considering the function f (·) as
the identity. Crucially, probability distributions change as well under a
coarse-graining transformation, namely

P ({σi})→ P̃ ({σ̃i′ }).

In the case of Boltzmann distributions,

P ({σi}) =
1
Z
e−βH({σi })

we ask the RG transformation to leave the partition function Z invariant
and let the Hamiltonian transform. After the coarse-graining step we find
a new Hamiltonian H̃({σ̃i}) for the variables {σ̃i}. Consequently, we need to
properly rescale the scale of the system i′ = g(i) and renormalize the variables
σ̃i′ = h(σi) so that the new system has the same physical properties as the
original one∗.

It is important to stress that the RG procedure does not necessarily rely
on Boltzmann distributions. For instance, if we consider a sequence of
independent and identically distributed (iid) random variables {Xi} and let
p(x) be the probability density of X, we may seek the distribution for the
sum

X
(n)
i =

X
(n−1)
2i−1 +X(n−1)

2i
ζ

∗To find the new, effective Hamiltonian that describes the coarse-grained variable exactly
is generally hard and one typically has to rely on perturbation theory around a Gaussian
Hamiltonian. Moreover, it is not always trivial to define a coarse-graining step that preserves
exactly the features of the system, such as its symmetries.
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which is the n-th step of a decimation process - and can be thought of as a
coarse-graining step - and where ζ is, in general, a renormalization factor.
The pdf transforms as

pn+1(x) =
∫
dx1dx2pn(x1)pn(x2)δ

(
x − x1 + x2

ζ

)
= ζ

∫
dx′ pn(x

′)pn(ζx − x′)

= (Rζpn)(x)

and Rζ is the RG transformation. By expressing it in terms of characteristic
functions,

ϕ(z) =
∫
dxp(x)eixz = 1+

∞∑
k=1

ik

k!

〈
Xk

〉
zk ,

one immediately finds that Rζ acts in a simpler local way,

(Rζϕn)(z) = ϕ
2
n

( z
ζ

)
.

A further simplification comes if we consider the cumulants ω(z) = logϕ(z),
so that

(Rζωn)(z) = 2ωn
( z
ζ

)
. (7.2)

Since we are interested in the asymptotic distribution of coarse-grained
variables, of {Xi}, we look for the fixed point

ω∗(z) = iω(1)z −
1
2
ω(2)z

2 + · · · = 2ω∗
( z
ζ

)
= iω(1)

2z
ζ

−ω(2)

( z
ζ

)2
+ . . .

where ω(k) is the k-th cumulant of the distribution. For this relation to hold
at all orders we need

ζ = 2, ω(k) = 0 ∀k ≥ 2

which implies that the fixed point is ϕ∗(z) = eiω1z. Since ω1 = ⟨X⟩ the fixed
point corresponds to the pdf

p∗(x) = δ (x − ⟨X⟩) (7.3)

which is nothing but the law of large numbers (LLN) - and indeed we can
think of this distribution as that of a normalized sum of iid variables.

A linear stability analysis for ω(z) = ω∗(z) + δω(z) for small δω gives

(R2u(k))(z) = 21−ku(k)(z)
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LLN

CLT

Figure 7.1 – Renormalization Group flow in the space of probability distributions,
where the central limit theorem (CLT) fixed point is unstable and the law of large
number (LLN) one is stable.

whose eigenvalues are λk = 21−k, with corresponding eigenvectors u(k)(z).
Thus, there cannot be relevant perturbations for k ≥ 1 - the law of large
number is a stable fixed point in the space of probability distributions.

What happens if the probability distribution is such that ⟨X⟩ = ω(1) = 0?
In such case, upon expanding Eq. (7.2) the first non-trivial order is the second
one, which gives

ζ =
√
2, ω(k) = 0 ∀k ≥ 3.

The fixed point is described by ω∗(z) = −1/2ω(2)z
2, where ω(2) = var(X) = σ2,

leading to the Gaussian distribution

p∗(x) =
1

√
2πσ2

e−
x2

2σ2 .

That is, with the proper renormalization a fixed point still exists and we
recover the central limit theorem (CLT) for centered distributions. However,
the eigenvalues of the RG transformation now are

λk = 21−k/2

so the flow is quite different from before. Now k = 1 gives a relevant per-
turbation, and this is expected since λ1 is the eigenvalue associated with
the first cumulant - if the mean is not exactly zero we go back to the law of
large numbers. Hence a perturbation that changes the first moment flows
away from the central limit theorem fixed point, which is thus unstable as
sketched in Figure 7.1†.

These simple examples show that the RG flow can be thought of as a
flow in the space of probability distributions. In general, if the variables are

†It is worth noting that even for independent random variables the central limit theorem
is not a fixed point if the first two moments of p(x) do not exist, giving rise to a larger class of
stable distributions and the so-called generalized central limit theorems.
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weakly correlated, the coarse-graining drives the joint distribution towards
a Gaussian distribution, which is a fixed point of the transformation [259].
Yet, one should be careful that this picture is somewhat different than that of
Statistical Mechanics, where fixed points lie in the critical surface and where
a Gaussian fixed point emerges in critical systems embedded in a dimension
d higher than their upper critical dimension du - i.e., where mean field theory
applies. Instead, let us stress out that in this probabilistic view the Gaussian
fixed point is trivially a consequence of the central limit theorem, hence it
appears for independent or weakly correlated variables, away from criticality.
In a critical system, on the other hand, variables are strongly correlated and
we might expect a non-trivial fixed point where the central limit theorem
does not hold.

Let us now describe the coarse-graining procedure introduced in [229,
258]. The PRG procedure can be declined in two different ways - one that
mimics real-space coarse-graining by building clusters of maximally corre-
lated variables, and the other that draws inspiration from momentum-space
renormalization and it is formally related to principal component analysis
(PCA). In both cases, the idea that fixed points of the RG flow can be inter-
preted as fixed points of probability distributions will prove to be pivotal
concepts, that go beyond the power-law scaling one expects by the control of
such fixed points. As we will see, these ideas are well suited for the case of
neural activity.

7.1.1 real-space-inspired approach

We consider a system of N random variables whose interaction network is
unknown. Denoting state variables of the neurons with σ (1)

i for i = 1, ...,N ,
where the superscript 1 denotes that we are at the first coarse-graining step,
we consider the maximal non-diagonal element of the normalized correlation
matrix

cij =
Cij√
CiiCjj

,

where Cij is the covariance matrix

Cij =
〈
σ
(1)
i σ

(1)
j

〉
−
〈
σ
(1)
i

〉〈
σ
(1)
j

〉
,

and ⟨·⟩ represents the average over the timeseries of neural activity. We
remove this pair of maximally correlated variables (i, j∗(i)) and repeat the
procedure until no other pairs remain. The coarse-grained variables are then
defined as

σ
(2)
i′ = σ (1)

i + σ (1)
j∗(i)
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Figure 7.2 – Correlation matrices at different cluster sizes K , from a critical contact
process in a two-dimensional lattice. Notice how the global structure of the matrix
is preserved at different coarse-graining steps since we cluster together maximally
correlated pairs.

where i′ = 1, . . . ,N /2. We iterate this process, producing clusters of K =
1,2,4, . . . ,2k−1 variables. Each one defines a new variable σ (k)

i as the summed
activity of cluster i. An example of the correlation matrices at different levels
of coarse-graining is shown in Figure 7.2.

Under this coarse-graining procedure, in [229, 258] the behaviors of
various quantities are analyzed in order to make some parallels with the
behavior of critical systems. In particular, they consider the mean variance of
the neural activity, the distribution of individual coarse-grained variables, the
spectrum of the covariance matrix, and the mean autocorrelation function.

The mean variance of the activity over the time series is defined as

M2(K) =
1
Nk

Nk∑
i=1

[〈(
σ
(k)
i

)2〉
−
〈
σ
(k)
i

〉2]
(7.4)

where K = 2k−1, Nk is the number of variables after k steps of the coarse-
graining procedure and Nk+1 = Nk/2. If the variables are independent one
would obtain a variance scaling asM2(K) ∝ K α̃ with α̃ = 1. In particular, the
activity of real neurons shows a scaling of the form

M2(K) ∝ K α̃

with α̃ ≈ 1.4.
As outlined before, the probability distributions over a single coarse-

grained variable may be particularly relevant in determining the coarse-
grained behavior of the system. Since a coarse-grained variable σ (k)

i is vanish-
ing if and only if all the corresponding 2k−1 raw variables that determine its
value are zero, we can split the probability distribution into a contribution
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of the silent variables and one of the active variables. Hence, we write

P
(
σ
(k)
i

)
=Psilence(K)δ

(
σ
(k)
i ,0

)
+ [1− Psilence(K)]AK

(
σ
(k)
i

)
for some function AK , K = 2k−1 and where Psilence is the probability that
σ
(k)
i = 0. We can also think of the second term in the r.h.s. as the probability

distribution Pactivity of the normalized activity x(k)i = σ (k)
i /K inside a cluster

of K variables, namely

Pactivity(x
(k)
i ) := Z−1AK

(
σ
(k)
i

)
(7.5)

with Z a proper normalization constant The effective (reduced) free energy
of the system is defined as

F(K) = logPsilence, (7.6)

which is based on the assumption that the energy of the system is zero when
no activity is present. We are interested in its possible scaling, F(K) ∼ −K β̃ .
For independent variables, we expect β̃ = 1.

A scaling behavior of the ranked spectrum of the covariance matrix at
the critical point is also expected. In fact, when the system is translational
invariant, at the critical point the correlation function decays algebraically
as G(x) ∼ |x|−(d−2+η). Indeed, in a system with translational invariance, each
element of the covariance matrix is given by Cij = C(xi−xj ) for some function
C, whose Fourier transform is

C(k,q) =
1
N

∑
i,j

C(xi − xj )e
−ixi ·ke−ixj ·q

= δk,−qG(k)

where

G(k) =
∑
n

e−ixn·kC(xn).

Hence the covariance matrix’s entries are

C(xi − xj ) =
1
N

∑
k

eik·(xi−xj )G(k),

which means that in Fourier space the covariance matrix is diagonal. In fact,
it is easy to show that the eigenvalues are given by the Fourier transform of
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the correlation function G(k), since∑
xj

C(xi − xj )e
ik·xj = eik·xi

∑
xj

C(xi − xj )e
−i(k·xi−k·xj )

= eik·xiG(k)

so that eikx is a eigenfunction of eigenvalue G(k). This has a non trivial
implication for the eigenvalue spectrum of the covariance matrix in a critical
system. Since the eigenvalues are the Fourier transform of the correlation
function, we shall write

λk ∼
∫
ddr eik·rr−(d−2+η) ∼ 1

|k|2−η
.

If this is a decreasing function of |k|, that is if η < 2, then we consider a
ranking of eigenvalues from small momentum to large momentum. Hence
the highest eigenvalue has rank r = 1, which implies

r[λk] =
∑
k′

I[λk′ > λk] =
∑
k′

I[|k′ | < |k|]

≈ Ld
∫
ddk′ θ(|k′ | < |k|)

∼ (L|k|)d .

In turn, this means that the eigenvalues of the covariance matrix decay as a
power-law of their rank, namely

λr ∼
1
rµ

(7.7)

where r is the rank of λr , i.e., λ1 ≥ λ2 ≥ . . .λN , and µ = (2 − η)/d. If we
consider the variables inside the clusters at each coarse-graining step, the
highest possible rank r will be given by the number of variables K that make
up each cluster. Hence, as a direct consequence of the power-law decay of
the correlation function in space, at criticality we should find

λr ∝
(K
r

)µ
(7.8)

with µ = (2− η)/d.
Finally, the mean autocorrelation function is obtained from

C(k)(t) =
1
Nk

∑
i

C
(k)
i (t) (7.9)

where

C
(k)
i (t) =

⟨σ (k)
i (t0)σ

(k)
i (t0 + t)⟩ − ⟨σ (k)

i ⟩2

⟨(σ (k)
i )2⟩ − ⟨σ (k)

i ⟩2
.
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Since we are grouping correlated variables to begin with, the decay of the
autocorrelation is slower in clusters of bigger sizes. However, in a critical
system, we might expect dynamical scaling, which would imply a power-law
scaling of the autocorrelation times τc ∝ K z̃.

7.1.2 momentum-space-inspired approach

The ideas described in the previous section draw inspiration from ideas
of real-space coarse-graining by defining clusters of maximally correlated
variables rather than spatial neighbors. Here, we instead exploit the fact
that in systems with translational invariance the Fourier transform of the
correlation function, G(k), coincides with the eigenvalue spectrum of the
covariance matrix, λk. Since coarse-graining in momentum space amounts
to averaging over the Fourier modes with small wavelengths, averaging over
low variance contributions of the covariance matrix should lead to a formally
equivalent result. Hence, we consider the set of eigenvectors of the covariance
matrix {ur}, ordered according to the rank of the corresponding eigenvalue
from the highest to the smallest one, and we introduce the projectors

Pij(K) =
K̂∑
r=1

uirujr (7.10)

where, with orthonormal eigenvectors, Pij(N ) is the identity. The authors
of [229, 258] propose to consider a cutoff K̂ < N , in analogy to the cutoff
in momentum space, in such a way that the low variance contributions do
not enter the projector in Eq. (7.10). Then the coarse-grained variables are
defined as

φi(K̂) := zi(K̂)
∑
j

Pij(K̂)
[
σ
(1)
j − ⟨σ (1)

j ⟩
]

(7.11)

where zi(K̂) assures that the coarse-grained variables have unitary variance,
i.e., ⟨φ2

i (K̂)⟩ = 1.
By means of the Young-Eckart theorem, the above procedure allows one

to find the best decomposition with rank K̂ of the original data matrix. These
ideas are formally related to dimensionality reduction techniques and in
particular principal components analysis. If Xij is the P ×N matrix of P
temporal samples of N variables, we can think of each row as representing
a single configuration xi that lives in a N -dimensional space. Then, via
singular values decomposition, we have

X =UΣV T , UUT = I = VV T , Σ = diag(σ1, . . . ,σr ) (7.12)
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where U ∈ M(P × P ), V ∈ M(N × N ), Σ ∈ M(P × N ) r = min(P ,N ), and
(σ1, . . . ,σr ) are the singular values of X. Importantly, we haveXTX = V ΣTΣV T , ΣTΣ ∈M(N ×N )

XXT =U ΣΣT UT , ΣΣT ∈M(P × P )

which means that the right-singular vectors of X are eigenvectors of XTX,
and the left-singular vectors are eigenvectors for XXT . This further implies
that the non-zero singular values of X are the square roots of the non-zero
eigenvalues of both XXT and XTX. With this in mind, a possible approach
to dimensionality reduction is to find the best low-rank decomposition of X,
where the rank is nothing but the number of non-zero singular values. We
want to minimize

min||X −Xk ||2F =min

∑
ij

(X −Xk)2ij


where || · ||F is the Frobenius norm and Xk is a rank k matrix. For instance,
in the case of a unitary rank decomposition X1 = λabT with aT a = 1 = bT b,
a ∈ R

P and b ∈ R
N , the minimization leads toaTX = λbT

Xb = λa
=⇒

XXT a = λ2aXTXb = λ2b
.

This result means that the best rank 1 decomposition of X is such that a is
an eigenvector of XXT and b is an eigenvector of XTX, both with the same
eigenvalue λ2. Hence we can write

X1 = σiuiv
T
i

for some i = 1, . . . ,rank(X). Since X =
∑
j σjujv

T
j with Frobenius norm ||X ||2F =∑

i σ
2
i , we immediately see that ||X−X1||2F is minimized if we choose the index

i to be the one of the highest singular value. In fact,

||X −X1||2F = ||X − σiuivTi ||
2
F =

rank(X)∑
j=1,j,i

σ2
j

so the best choice we can make is to remove from this sum the highest
singular value. This is nothing but the Young-Eckhart theorem and it is true
for any value k: if i = 1, . . . , k are the indexes of the highest singular values
and we define

Xk =
k∑
i=1

σiuiv
T
i
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then ||X −Xk ||F < ||X −B||F for every matrix B ∈ M(P ×N ) of rank k. Hence,
the low-rank decomposition is intimately related to the k highest singular
values.

So far, we said nothing about dimensionality reduction - albeit finding a
rank k < N decomposition amounts to restrict the data into a k-dimensional
subspace of the originalN -dimensional space. Thus we could directly project
the variables into the subspace spanned by the k highest right-singular vector
of X - and this is exactly what PCA does. To define the PRG in momentum
space, we stick with the best low-rank decomposition, so that the number of
variables is unchanged. In fact, our projectors are given by

(Pk)µν =
k∑
i=1

vµivνi

and we can recover the Young-Eckhart theorem by means of

Xk = XPk =
r∑
j=1

σjujv
T
j

k∑
i=1

viv
T
i =

k∑
i=1

σiuiv
T
i .

Hence, if we define the P ×N matrix Φ as the matrix of the coarse-grained
variables we have

Φµν =
N∑
σ=1

Xµσ (Pk)σν

which is exactly Xk .
In this setting, we may once again look directly at probability distribu-

tions, namely

PK̂ (φ) =
〈 1
N

N∑
i=1

δ
(
φi(K̂)−φ

)〉
=

1
N

N∑
i=1

P

[
φi(K̂) = φ

]
, (7.13)

as we change the cutoff K̂ . In fact, a renormalization group transformation
typically drives the joint probability towards a fixed point, and if the vari-
ables are weakly correlated such a fixed point is the one obtained from the
central limit theorem [259]. Hence, the authors of [229, 258] propose to use
this PRG approach to test whether the joint distribution converges towards a
non-Gaussian critical fixed point.

7 .2 results on archetypal models

We now test the results of the PRG in a number of simple models, whose
critical behavior is well understood. We will start with the contact process,
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where we can instead investigate its dynamical properties. Importantly,
we are interested in the ability of the proposed PRG to distinguish critical
from non-critical systems, and to test whether the results observed in neural
activity may be signaling the presence of an underlying phase transition
[229, 258]. Then, we will consider both the Ising model, for which it only
makes sense to compute static quantities - the scaling of the covariance
spectrum and the behavior of probability distributions - and models of
conditionally independent variables. This will allow us to probe the behavior
of the PRG in equilibrium settings, as well as understand the effect of latent,
environmental-like dynamics on its results [260].

7.2.1 the contact process on a two-dimensional lattice

The contact process [200, 250] is possibly the simplest non-equilibrium
model used to describe the propagation of activity on a network. Each node
can be either active (occupied) or inactive (empty), and we identify its state
by means of a binary variable σi(t) = 1, 0 respectively. The activity spreads
via a nearest neighbors interaction, and it depends on the number of active
neighbors ni(t) =

∑
j∈⟨i⟩σj(t), whereas each active site is emptied at a unitary

rate. The rates w[σi(t) → σi(t + dt)|ni(t)] that define the process for a node
with ki neighbors are given by

w[0→ 1|ni] =
λni
ki
, w[1→ 0|ni] = 1 (7.14)

where λ is the spreading rate. Clearly, the configuration with all empty sites
is an absorbing state since the system cannot escape from it. In particular, if
λ > λc the stationary state is an active fluctuating phase, whereas if λ < λc
the system eventually gets trapped in the absorbing configuration. Exactly at
λ = λc the density of active sites undergoes large fluctuations and the system
often wanders close to the absorbing state. Indeed one can prove that the
critical contact process dies out with probability 1 [261]. A non-vanishing
survival probability is achieved only in the super-critical regime λ > λc.

As shown in the introduction of this Thesis, the density ρ of the active
sites is an order parameter of this system, and in a mean-field regime it
evolves according to

ρ̇ = ρ(λ− 1)−λρ2.

This equation has two stationary solutions: ρvst = 0 and the active state
ρast = (λ−1)/λ. The former is stable if λ < 1, and the latter if λ > 1. Hence the
mean-field critical point is λMF

c = 1. In a two-dimensional lattice, instead,
it is well-known that numerical studies place the critical point at λ2Dc ≈
1.6488 [250]. Indeed, the contact process is not exactly solvable even in one
dimension, therefore we need to rely on numerical simulations as well. We
implement the usual scheme [262]: an occupied site i is randomly chosen,
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and with probability 1− pλ = 1/(1 +λ) the site is emptied. With probability
pλ = λ/(1 + λ) one of the neighbors is picked at random and, if empty, is
occupied. The time is increased by 1/Nocc, where Nocc is the number of
occupied sites. We perform all simulations with N = 402 sites and analyze
clusters of sizeK = 2, . . . ,256. Inmomentum space, we keep up toN/128 ≈ 12
eigenvalues, which is less than 1% of the original modes. Finally, for the
super-critical regime, we set λ = 3, far from the absorbing transition.

In Figure 7.3a-b we see that in the super-critical regime the exponents
of the variance and of the free energy are not exactly compatible with the
independent case α̃ = 1 = β̃. Nevertheless, the profile of the free energy
clearly shows that the underlying dynamics is different from the critical
state, as for clusters of size K > 32 the silence probability vanishes in the
active phase, a feature characteristic of the super-critical case. Notably, if
we compare the critical exponent β̃ = 0.65± 0.02 with the one obtained for
real neurons in [229, 258], β̃neurons = 0.893±0.003, we see that in the contact
process the decay of the silence probability with the cluster size is slightly
slower. Notice that this does not necessarily mean that real neurons are less
active than the sites of a critical contact process - to quantitatively compare
the silence probabilities one should take into account the multiplicative
constant in the power-law fit. In principle, one might also wonder why
the apparent exponent of a super-critical contact process is similar to the
exponent found in real neuronal data. However, we think that this might
well be a numerical coincidence as the fundamental point is that in the super-
critical regime of the contact process the scaling fails for large K , since the
silence probability vanishes in the active phase, a fact that is not observed in
real data from neural activity.

Furthermore, it is important to check whether the scaling does persist
for all the values of K . For instance, we might try to fit only the variance
for K ≥ 16. In the critical case, we find an exponent α̃(c)

16 = 1.43± 0.05, which
is compatible with α̃(c) and hence suggests that the scaling is consistent at
different values of K . In the super-critical regime we find α̃(sc)

16 = 1.08± 0.03
which, albeit lower, is still compatible with α̃(sc) within the error. However,
this might suggest a breakdown of the scaling in the super-critical case that
we do not see at this scale because it occurs at larger values of K . Since
such values are typically inaccessible in experiments and simulations, we
conclude that the scaling of variance is not particularly informative. The fact
that we do not see full compatibility with the independent case might be
due to the fact that in the super-critical regime the fluctuations are not fully
uncorrelated, and possibly this method tends to overestimate them.

Figure 7.3c-d shows instead the correlation structure of the system’s
quasi-stationary state. The change in the spectrum of the covariance matrix
is more evident, since in the super-critical case the eigenvalues span a smaller
set of values. In the critical case, instead, we find a power-law decay with
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Figure 7.3 – Results of the phenomenological renormalization group in the case of a
critical (blue) and super-critical (red) contact process in a two-dimensional lattice.
All error bars and shaded areas are in units of three standard deviations. (a-b)
Scaling of the variance, Eq. (7.4), and of the free energy, Eq. (7.6). Notice that both
the critical and the super-critical regimes are compatible with a power-law behavior,
albeit with different exponents. In particular, the silence probability is smaller
and decays much faster in the super-critical case due to the proliferation of activity.
However, we do not find full compatibility between the super-critical contact process
and the independent case, as one would expect. (c-d) Scaling of the eigenvalues
of the covariance matrix within clusters of sizes K = 32,64,128, and scaling of the
autocorrelation times along the coarse-graining. The distinction between the two
phases is rather clear. The eigenvalues of the covariance matrix in the critical regime
scale with an exponent µ = 0.63± 0.02, which is compatible with the expected value
from the hyper-scaling relations of the contact process. On the other hand, the
eigenvalues show less variability at λ > λc. The same holds for the autocorrelation
times, which follow a power-law behavior at criticality, whereas the scaling becomes
negligible above it. (e-f) Evolution of the probability distribution of non-zero
activity during the coarse-graining via maximally correlated pairs, Eq. (7.5), and
of the probability distribution of coarse-grained variables in momentum space,
Eq. (7.13). We show the results for K = 32, . . . ,256 and for N/8, . . . ,N /128 modes
(from brighter to darker colors). The distribution in direct space is very different
due to the critical contact process being typically close to the absorbing state. In
momentum space, the super-critical contact process converges to a Gaussian fixed
point in agreement with the central limit theorem [259], whereas at criticality we
see the presence of non-Gaussian tails with a bulk that seems to become invariant
as we keep less and less modes.
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an exponent µ = 0.63± 0.02, with µ = (2− η)/d. In real neurons, the authors
of [229, 258] report µneurons = 0.71 ± 0.06. We note that, since one of the
hyper-scaling relations of the contact process [263] yields

η = d − 2+
β

ν⊥
,

we expect µ ≈ 0.6 in the 2D contact process from β ≈ 0.583 and ν⊥ ≈ 0.733
[200, 250]. This value is compatible with what we find using the PRG
procedure. The autocorrelation function shows evident changes as well, as
expected - in the super-critical regime it decays exponentially, whereas at
criticality we find a power scaling with an exponent z̃ = 0.50 ± 0.06. We
note also that in the super-critical regime a power-law seems to be present,
but the small exponent is compatible with the absence of scaling. Indeed, a
constant autocorrelation time across different cluster sizes fits, with the same
significance, the data, hence no relevant scaling feature seems to be present
in the super-critical regime.

Finally, the evolution of the joint probability distribution of the coarse-
grained variables in Figure 7.3e-f shows once more the differences in the
underlying dynamics. The most notable result is the convergence in momen-
tum space: for λ > λ2Dc the fixed point is Gaussian in accord with the central
limit theorem, whereas at λ = λ2Dc we do see distinct non-Gaussian tails. The
last coarse-graining step in momentum space only keeps N/128 modes, so
the fact that we still find non-trivial tails is significant. Yet, as we will see
later in this Chapter, there are a number of caveats one needs to take into
account.

Let us also note that we can further test the robustness of the scaling with
respect to the definition of the autocorrelation time and the collapse of the
critical time-autocorrelation function. In fact, estimating the autocorrelation
time might be challenging due to sampling effects. In order to check the
robustness of the scaling we find in Figure 7.3d, we perform a longer simu-
lation of the 2D critical contact process and we implement three different
strategies to evaluate the autocorrelation time. We estimate the exponential
correlation time τe, the integrated correlation time τi as defined in [264] and
the definition of τc proposed by Cavagna and collaborators in [8]. In Figure
7.4 we see that the scaling exponent is compatible for all three estimates -
and even though the integrated correlation time is particularly noisy, it only
differs by an irrelevant multiplicative constant. Hence the scaling we find
proves to be robust with respect to the definition of the autocorrelation time.
Moreover, as proposed in [229, 258], if we rescale the time by t → t/τ the
autocorrelation functions at different K collapse in the same curve at critical-
ity. This is typically associated with dynamical scaling, which is expected at
the critical point of the contact process. Notice that, on the contrary, in the
super-critical regime the autocorrelation decay is exponential, and hence we
do not see a meaningful change in the autocorrelation function as we change
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Figure 7.4 – Collapse of the autocorrelation function and robustness of scaling of
the autocorrelation times in a critical contact process on a 2D lattice. All error bars
and shaded areas are in units of three standard deviations. (a-b) If we rescale the
times by t→ t/τ , with τ the autocorrelation time, the time-autocorrelation functions
at different K collapse into a single curve. (c) The scaling of the autocorrelation
times is robust with respect to the definition of the autocorrelation time itself.

K . In fact, in Figure 7.3 we see a scaling of the autocorrelation times that is
compatible with a constant.

7.2.2 the contact process on small-world networks

At a first glance, the results we find in a two-dimensional lattice seem to
be compatible with what one would expect. However, one of the core ideas
of this phenomenological renormalization procedure is that it should be
well-defined both for short-range and long-range interactions. This fact is
especially relevant if one needs to deal directly with neural activity data and
the specific network architecture is not accessible. Thus, we consider now a
small-world network, where such long-range interactions are present. In the
small-world case, the critical point λSWc depends on the rewiring probability,
and it has been studied numerically in [265]. In particular, we implement a
Watts-Strogatz model with a rewiring probability p = 0.01. Then, the critical
point is λSWc ≈ 1.7961.

As a sanity check, we use in this case a synchronous update algorithm.
The results show no difference with respect to the asynchronous one used
insofar. Importantly, in the case of the asynchronous update - where at most
one site is changed at each step - one should carefully consider that the
algorithm induces a spurious correlation between subsequent configurations.
Hence we do not keep all the configurations to perform averages, but we
rather subsample them so as to select only uncorrelated configurations. Once
this is taken into account, the results of synchronous and asynchronous
updates are equivalent.

We find that all the considerations we made so far hold in the small-world
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Figure 7.5 – Results of the phenomenological renormalization group in the case of a
critical (blue) and super-critical (red) contact process in a small-world network with
a rewiring probability of p = 0.01. The simulation is performed using a synchronous
algorithm. All error bars and shaded areas are in units of three standard deviations.
(a-b) The scaling of both the variance and the free energy is similar to that of the 2D
lattice, suggesting that the topology is not affecting it. (c-d) Scaling of the eigenvalues
of the covariance matrix within clusters of sizes K = 32,64,128, and scaling of the
autocorrelation times along the coarse-graining. The eigenvalues of the covariance
matrix in the critical regime scale with an exponent µ = 0.65±0.02, again compatible
with the previous case. (e-f) Evolution of the probability distribution of non-zero
activity during the coarse-graining via maximally correlated pairs and of the coarse-
grained variables in momentum space. We show the results for K = 32, . . . ,256 and
for N/8, . . . ,N /128 modes (from brighter to darker colors). In both cases, we find
results similar to the 2D lattice topology.

topology as well - and the presence of long-range interactions does not affect
the results of the PRG coarse-graining procedure, as we see in Figure 7.5.
These results confirm that, in principle, the method proposed by [229, 258]
is not sensible to the presence of long-range interaction, since it does not
depend on the underlying spatial structure to begin with.

7.2.3 persistence of the scaling near a critical point

A natural question one may ask is how sensible this PRG approach is, i.e.,
how easy it is to distinguish a truly critical system from a super-critical one.
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We test this in the contact process by moving the control parameter from the
critical point λc to λnc ≈ 1.1λc, which is a 10% increase.

Notice that, although it is not trivial to define a finite-size critical point
[266] for the transition in the contact process - the finite size contact process
eventually reaches the absorbing configuration, at all values of λ [250] - at λnc
we do see distinctive features of a super-critical dynamics. The dynamical
evolution lacks considerable fluctuations in the density of sites, nor the
system constantly approaches the absorbing state as at λ = λc. Hence, at λnc
the dynamics is significantly super-critical, and we shall refer to this as a
near-critical case to distinguish it from the super-critical regime we described
before.

In Figure 7.6(a-b) we see non-trivial scaling behaviors of both the variance
and the free energy. If we compare them to Figure 7.3, they are arguably more
similar to the critical regime rather than the super-critical one. As in the
previous case, wemight try to fit only points at larger values ofK , for instance
K ≥ 16. We find that the exponents does get smaller, α̃(nc)

16 = 1.24± 0.06, but
once again remains compatible with α̃(nc). As before, this suggests that we
see a non-trivial scaling that might only disappear at very large values of
K . Given that these are the typical values one can deal with, the scaling of
the variance cannot be ruled out for this near-critical system. Importantly,
the exponents α̃ and β̃ are in between the critical and super-critical regimes,
suggesting that as λ changes from λ = λc to λ = +∞, the exponents smoothly
approach 1. These results call for carefulness as the scaling inferred from
the PRG of the variance and of the free energy are not necessarily emerging
from an underlying critical state. The fact that both the variance and the
free energy show a power-law behavior both at λc and at λ > λc might be a
sign that criticality is not a necessary condition for such power-laws. Indeed,
in the case of the free energy, one should note that usually it is the singular
part of the free energy that shows scaling, whereas with this PRG we cannot
distinguish it from the non-singular part.

On the other hand, in Figure 7.6c-d the eigenvalues of the covariance
matrix do not display an evident power-law scaling as we change the cluster
size, and the scaling of the autocorrelation time function is not significant,
particularly for larger clusters. The most convincing results to discriminate
between critical and quasi-critical states are the joint probability distribu-
tions, Eq. (7.5) and Eq. (7.13)), that we show in Figure 7.6e-f, in particular
the one in momentum space. We do not see the non-Gaussian tails that we
previously found at the critical point, which is expected since away from crit-
icality the variables are much less correlated with one another and they are
eventually dominated by the central limit theorem. Indeed, along the coarse-
graining such probability distributions become compatible with Gaussian
ones.
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Figure 7.6 – Results of the phenomenological renormalization group in the case of a
near-critical contact process in a two-dimensional lattice. All error bars and shaded
areas are in units of three standard deviations. (a-b) Scaling of the variance, Eq. (7.4),
and of the free energy, Eq. (7.6). Even if this is a super-critical contact process, the
exponents are far from being comparable with the independent case α̃ = 1 = β̃.
Overall, the scaling is more similar to the real critical case, see Figure 7.3. Notice in
particular how the silence probability is non-vanishing even for large clusters. (c-d)
The spectrum of the covariance matrix, instead, does not show a power-law decay,
and the scaling of the autocorrelation times is not as convincing as the critical case
and fails for large clusters. (e-f) Evolution of the probability distribution of non-zero
activity during the coarse-graining via maximally correlated pairs, Eq. (7.5), and
of the probability distribution of coarse-grained variables in momentum space,
Eq. (7.13). We show the results for K = 32, . . . ,256 and for N/8, . . . ,N /128 modes
(from brighter to darker colors). Both of them are comparable with the super-critical
case, and in particular in momentum space we do not see the non-Gaussian tails
typical of criticality.

7.2.4 the ising model

Let us now briefly move to the simpler, equilibrium case of the 2D Ising
model. We build clusters of maximally correlated spins by simulating the
model at different temperatures using the Wolff algorithm [267] and collect-
ing samples of uncorrelated configurations. This case is rather emblematic
- we are not interested in the dynamics, but rather in what this PRG can
tell us about the static properties of the system. Notice that we define the
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Figure 7.7 – Results of the phenomenological Renormalization Group for a critical
Ising model. All error bars and shaded areas are in units of three standard devi-
ations. (a-b) One should be careful that the spectrum of the covariance matrix of
Ising spins at low temperature shows an emerging dominance by a single eigenvalue
- meaning that a single principal component contributes to most of the variance of
the system. In other words, the subcritical Ising model shows clear signatures of
low dimensionality, while this is not true in the supercritical regime. The transition
between the two regimes, and in particular of the two disjointed regions appearing
due to spontaneous symmetry breaking, is evident in the space of the first two
principal components. (c-d) Scaling of the eigenvalues at the critical temperature
and convergence to a non-Gaussian fixed form of the distribution of coarse-grained
variables in momentum space. Notice that a dominant eigenvalue is present at criti-
cality because the model begins to become ordered - but the dominant eigenvalues
scale in the same way as the bulk of the spectrum.

finite-size critical temperature as the temperature at which the specific heat
is maximum [266], which implies a shift with respect to the exact critical
temperature Tc ≈ 2.269J/kB.

For the sake of brevity, we only show the relevant results at the critical
point. Indeed, in the disordered phase at T > Tc the coarse-graining drives
the system towards a behavior that is comparable with one of independent
random variables, very much like one would expect from a usual block-spin
transformation in real space. For T < Tc, instead, the behavior of coarse-
grained variables resembles the one of a perfectly ordered system, where all
the spins tend to be aligned. However, as we lower the temperature we see
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a non-trivial effect due to the spontaneous symmetry breaking that occurs
at the transition. In fact, the Ising model in its ordered phase is essentially
low dimensional [268] - one single eigenvalue eventually dominates the spec-
trum of the covariance matrix at low temperature, as we see in Figure 7.7a-b.
Hence, a single principal component contributes to most of the variance of
the system. The supercritical Ising model shows a continuous eigenvalue
spectrum, hence low dimensionality disappears, but as we lower the tem-
perature a gap in the spectrum becomes more and more evident. This is
not surprising since below the critical temperature the system lives in two
disjointed regions - which we may regard as a direct consequence of the O(1)
symmetry group of the Ising Hamiltonian, which allows two ground states,
and the related spontaneous symmetry breaking at the transition. A spec-
tral gap is indeed present at the critical temperature, where the symmetry
breaking takes place.

In order to take this into account, in Figure 7.7c we consider separately
the behavior of the highest eigenvalues and the rest of the spectrum. We find
that at criticality they both scale with the same exponent µ = 0.88± 0.03 and
only the multiplicative constant differs. Since the Onsager solution of the
2-dimensional Ising model gives η = 1/4, we expect

µ =
7
8
= 0.875.

which is perfectly compatible with our result. Moreover, in Figure 7.7d
we see that the joint distribution clearly converges to a non-Gaussian form.
Hence, in this case of an equilibrium phase transition with spontaneous
symmetry breaking, this procedure does identify two distinct phases.

This example of the Ising model highlights how careful we need to be
in analyzing the results of this coarse-graining procedure. The Ising model
has a trivial symmetry group, that allows for two degenerate ground states
only, but one can imagine more complex models where this analysis would
be much more complicated.

7.2.5 conditionally independent units

As we have seen, the results in the contact process suggest that, although the
PRG gives the expected results at criticality, a number of caveats must be
taken into account. Here, as a final check, we study its behavior in models of
conditionally independent variables, which we have used throughout this
Thesis. Subsequent studies to our own [81, 260] have shown that these mod-
els’ behavior under this phenomenological renormalization is particularly
relevant. As we will see here, although the convergence of the joint proba-
bility distribution in Eq. (7.13) is related to the spectrum of the covariance
matrix, one should be careful when considering its relation with criticality.
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We first introduce a simple model of conditionally independent neurons.
Consider N random variables

(
σ t1, . . . ,σ

t
N

)
. At each time t the distribution

of the i-th variable, which we can think of as a neuron that can be either
active or inactive, is a simple binomial distribution with parameter ξi(t).
However, we consider the case in which also ξ(t) = (ξ1(t), . . . , ξN (t)) is itself a
random variable distributed according to some distribution p(ξ), so that the
N neurons are conditionally independent. Similarly to Chapter 5, we can
think of this case as that of neurons driven by a common external dynamics,
represented by p(ξ), and that show otherwise no intrinsic dynamical features.

The probability that a neuron is either active or inactive is then a binomial
distribution conditioned to the value of ξi(t), that is

p(σ ti |ξ = ξ(t)) =

ξi(t) σ ti = 1

1− ξi(t) σ ti = 0
,

and the each neuron is described by the joint probability p(σ ti ,ξ) = p(σ
t
i |ξ =

ξ(t))p(ξ). Since the coarse-graining procedure depends on the equal-time
covariance of the neurons cov(σi ,σj ) = Cij , we need themarginal probabilities

p(σ ti ) =


∫
dξ∗i ξ

∗
i p(ξ

∗
i ) = ⟨ξi⟩ σ ti = 1∫

dξ∗i (1− ξ
∗
i )p(ξ

∗
i ) = 1− ⟨ξi⟩ σ ti = 0

and

p(σ ti ,σ
t
j ) =



〈
ξiξj

〉
σ ti = 1,σ tj = 1

⟨ξi⟩ −
〈
ξiξj

〉
σ ti = 1,σ tj = 0〈

ξj
〉
−
〈
ξiξj

〉
σ ti = 0,σ tj = 1

1+
〈
ξiξj

〉
− ⟨ξi⟩ −

〈
ξj

〉
σ ti = 0,σ tj = 0

.

If we now use the latter marginal probability we immediately find that, if
i , j, the first contribution to the covariance matrix of the neurons is given
by 〈

σiσj
〉
p(σi ,σj )

=
∑

σi ,σj=0,1

σiσj p(σi ,σj )

= p(σi = 1,σj = 1) =
〈
ξiξj

〉
.

If instead i = j, we shall use the former marginal probability,

⟨σiσi⟩p(σi ) =
∑
σi=0,1

σi p(σi) = ⟨ξi⟩
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Hence, even if the neurons are not correlated, their covariance is not vanish-
ing but depends on the covariance of p(ξ),

Cij =


〈
ξiξj

〉
− ⟨ξi⟩

〈
ξj

〉
i , j

⟨ξi⟩ (1− ⟨ξi⟩) i = j
.

Let us consider the simple case of ξi = ξj ∀i, j, so that at each time all
the neurons fire with the same probability ξ , and take p(ξi) to be a uniform
distribution. In this case, the covariance matrix is simply

Cij = aδij + b(1− δij )

with a = 1/4 and b = 1/12. The eigenvalues of this matrix are given by

λ1 = a+ (N − 1)b m = 1

λ2 = a− b m =N − 1

where m is the corresponding multiplicity. Therefore, there are N − 1 eigen-
values with the same value.

The eigenvector associated with the highest eigenvalue is 1/
√
N (1, . . . ,1)T ,

but there is no obvious choice for the other eigenvectors in Equation (7.10)
because the ranking is ill-defined. However, from a numerical standpoint, the
spectrum of the covariance matrix will not be degenerate, so if we simulate
the model we can try to apply the procedure regardless. As we can see
from Figure 7.8a-b the joint probability does not converge to a Gaussian,
even though there is nothing critical about the underlying dynamics. Hence
the proposed coarse-graining in momentum space fails for a simple set of
conditionally independent binomial variables, albeit it seemed to be the most
promising procedure for the super-critical contact process in the vicinity
of the critical point. On the other hand, and perhaps not surprisingly, in
this model the proposed coarse-graining procedure via maximally correlated
variables does work: in fact, since the off-diagonal elements of the covariance
matrix are all equal, we are randomly pairing neurons together and no scaling
property emerges.

To further test these results, we can consider the extrinsic model pre-
sented in Chapter 5. Namely, we have

dvi(t)
dt

= −vi(t)
τi

+
√
D(t)ηi(t),

where ηi(t) are standard white noises, and the modulationD(t) > 0 is realized
through the process

D(t) =

D∗ if D(t) ≤ D∗

D(t) if D(t) >D∗
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Figure 7.8 – Results of the phenomenological renormalization group in the case of
conditionally independent units. All error bars and shaded areas are in units of three
standard deviations. (a-b) Scaling of the variance, Eq. (7.4), and evolution of the
probability distribution of coarse-grained variables in momentum space, Eq. (7.13)
in the binomial model. As we can see, the variance does not scale like a power-
law, but the procedure in momentum space results in a non-Gaussian distribution.
(c-d) Results in momentum space for the extrinsic model of Chapter 5. In panel
(c) we show the results obtained from the numerical estimation of the covariance
matrix, which seem to point to a convergence of the probability distribution of the
coarse-grained variables. (d) If we use the analytical expression of the projectors,
however, the collapse vanishes, as one would expect for a non-critical model. Blue
dashed lines are the analytical expressions, and gray dashed lines are Gaussian
distributions.

with

Ḋ(t) = −D(t)/γD +
√
θηD(t).

As we have shown, we can find the stationary probability distributions of
this model analytically. In particular, the units are uncorrelated, and the
diagonal entries of the covariance matrix are given by

⟨v2i ⟩ =
τiD∗

4

[
1+Erf

(
D∗

√
θτD

)]
+

√
τ2i θτD
16π

e−
(D∗)2
θτD .

This allows us to write explicitly the projectors that remove the low-variance
modes since the eigenvectors are just the canonical basis. The coarse-grained
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variables with only the first K̂ modes follow the distribution

PK̂ (φ) =
1
N

(N − K̂)δ(φ)+

+ K̂
√
Av

1+Erf
(

D∗
√
θτD

)
2
√
πD∗

e−
φ2Av
D∗ +

1√
π2θτD

∫ ∞

D∗

dD
√
D
e
−
[
D2
θτD

+φ2Av
D

]
with

Av =
D∗

4

[
1+Erf

(
D∗

√
θτD

)]
+

√
θτD
16π

e−
(D∗)2
θτD .

As we see in Figure 7.8c-d, if we use the numerical estimate of the covariance
matrix or its analytical expression we find drastically different results. In the
former case, the probability distribution seems to converge to a fixed form
that resembles Av . In the latter case, instead, no convergence is present - as
PK̂ (φ) depends explicitly on K̂ .

We can understand this behavior in terms of perturbation theory. In gen-
eral, whenever we estimate the covariance matrix Cij from data we retrieve
the correct matrix in theM→∞ limit if we use unbiased estimators. Yet, if
we have a finite number of samples of independent variables, we will never
find a diagonal matrix, but rather C̃ij = Cij + δCij , possibly with |δCij | ≪ 1
if M is large enough. A first-order perturbative expansion in |δCij | of the
eigenvalue equation leads to the correction

λ̃i = λi + eTi δCijei = λi + δCii

for the eigenvalues, and

ẽi = ei +
∑
j,i

eTi δCijej
λi −λj

ej = ei +
∑
j,i

δCij
λi −λj

ej (7.15)

for the eigenvectors. Thus, the perturbative correction is enough to make the
eigenvectors dense - all their entries are different from zero. It immediately
follows that the perturbative projectors are not diagonal anymore, and in
general

φ̃i(K̂) = zi(K̂)
N∑
j=1

aj(K̂)
[
xj −

〈
xj

〉
M

]
for some coefficients zi(K̂) and aj(K̂). Thus, if the original xi variables are
independent, we now have a sum over independent variables and the distri-
bution PK̂ (φ) is going to be a Gaussian distribution. But if they are not, as in
this case, the central limit theorem does not apply and we find a non-trivial
distribution.
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These simple examples show once more how careful one should be when
employing these kinds of procedures. All in all, the two approaches com-
bined seem to work well - a system might be critical if both the real- and
the momentum-space approaches indicate the presence of underlying scale
invariance. That is, this approach might realistically give a set of neces-
sary conditions for criticality, rather than sufficient ones. For instance, the
presence of a non-trivial distribution of the coarse-grained variables in mo-
mentum space is a necessary condition for criticality because it implies that
the underlying variables are strongly correlated, but the convergence to a
fixed form in the critical case is hard to assess and calls for particular atten-
tion when dealing with experimental data. Overall we believe that this PRG
should be considered as a better method to infer the presence of a critical
state with respect to typical inference methods based on the identification of
avalanches in both size and duration with particular exponents [2, 40, 47,
171].





Conclusions and

perspectives

In the course of this Thesis, we have explored how ideas from Statistical
Physics can help us understand the fundamental properties of complex

systems. A recurring theme has been the presence of unobserved, stochastic
environments that often influence the dynamical evolution of the observed
degrees of freedom in non-trivial ways. The presence of such unobserved
environments - which may be as complex as the internal d.o.f. themselves
- is not uncommon in real-world systems, and their effects are sometimes
poorly understood.

In the first part of this Thesis, we studied what information theory can
teach us about stochastic processes of this kind [68, 70]. We found that
mutual information, a quantity that measures pairwise dependencies, dis-
plays interesting properties when dealing with both internal interactions
and stochastic environments. In particular, where interactions are linear -
e.g., close to a fixed point where we can linearize the dynamics - two dis-
entangled terms appear in the expression of the mutual information. One
encodes solely the environmental dynamics, and depends on the features
of the environment alone. The other, instead, only depends on the interac-
tions between the internal degrees of freedom. In particular, in the case of
discrete environmental states, the information induced by the unobserved
environment is bounded by the entropy of its stationary distribution. This
result is rather intuitive, as entropy quantifies nothing but our ignorance
about environmental changes.

In more general cases where interactions are non-linear, we have shown
that information interference might occur. That is, the dependencies induced
by the environment and those arising from internal interactions may either
mask or boost one another. These results describe how mutual information
can be decomposed into interpretable terms when we only have access to
some of the degrees of freedom of our system. Interestingly, in future works,
these problemsmay be studied from a field-theoretical perspective, where the

167
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marginalization over the environment gives rise to new interaction vertices
that are not present in the original theory. Ideally, this could allow for
a much more general framework amenable to analytical treatments. One
might ask whether a stochastic environment can be mapped into a set of
effective couplings with defined properties, and if such couplings can be
distinguished from the internal ones - or, as we have shown in the case of
continuously varying diffusivities, they can be interpreted in a spatial sense.
On the flip side, the ability to analytically deal with a class of stochastic
processes with tools of information theory, as shown here, opens up many
fascinating possibilities. A particularly appealing question is what happens
when, instead of considering a stochastic environment, the system undergoes
an external perturbation - notably, how the latter changes the information
content and how such information evolves over time. A first step towards this
direction might be to consider two diffusion processes in a finite domain that
undergo a single stochastic jump and to study the persistence of the mutual
information as a function of time, domain size, and boundary conditions
of the system. These scenarios can be studied, for instance, by combining
the physical interpretability and the analytical procedures behind our work
together with tools from machine learning and data-driven approaches. This
could lead to promising results in the quest to meaningfully disentangle the
different sources of dependencies that emerge in complex systems.

Ultimately, we believe that the ideas presented in this Thesis may draw
a path toward a deeper understanding of the different sources of couplings
in real-world systems. Indeed, they are a starting point to elucidate the
relations between their internal complexity and possibly equally complex,
but unobserved, ever-changing environments.

Then, we further exploited ideas from information theory to understand
the relation between complex high-dimensional models - where, once more,
we are able to observe only some degrees of freedom - and low-dimensional
effective models [69]. We outlined a general procedure for building optimal
effective models, where optimality is defined in terms of information lost
along the dynamical evolution of the original system. A paradigmatic yet
physically relevant example is that of underdamped dynamics. Often, we
are not interested in describing the full velocity-position phase space, but
rather in the position space alone. Surprisingly, we found that the parameter
space of the optimal model may not be continuous. This discontinuous,
information-driven transition can be understood in terms of peaks of Fisher
information, which quantifies how sensible the effective model is to changes
in its parameters. The optimal effective model is only able to capture few
features of the complex underlying evolution - for instance, either the initial
transient behavior or long-term oscillations in the paradigmatic case of pro-
jecting an underdamped dynamics into an overdamped one. The information
loss displays different minima, each of them associated with the features
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it captures best, that exchange stability. When this happens, the optimal
effective model switches to a different “phase”, and the Fisher information
diverges.

These results help us understand the relation between high-dimensional
dynamics and approximated, low-dimensional ones. In particular, the pres-
ence of an unforeseen transition - exclusively driven by the information-
preserving constraint - may be a warning for more general inference pro-
cedures. Notwithstanding, one could think of different extensions, such as
preserving thermodynamic properties or optimizing for different features in
a Pareto-like framework. Ultimately, this part of the Thesis ties in with well-
known ideas of dimensionality reduction, showing how effective dynamical
representations may display properties that cannot be predicted from the
high-dimensional one.

In the second part of the Thesis, we instead focused on how some of
these results and methods from Statistical Physics in general can be applied
to Neuroscience. A well-established idea is that neural dynamics in the
brain, and in particular in the cortex, resembles the one of a system close
to a phase transition. This “critical brain hypothesis” was first formulated
with the observation of power-law distributed neuronal avalanches, cascades
of activity that display a seemingly scale-free spatiotemporal organization.
First, we studied how null models can help us understand the emergence of
these critical signatures in neural activity [82]. In particular, we showed how
in local field potentials from the rat’s somatosensory barrel cortex power-
law neuronal avalanches coexist with a spatial correlation length that scales
linearly with the system size. Inspired by the results of the previous Chapters,
we developed archetypal models in which neural activity is driven by an
extrinsic shared modulation, which is nothing but an unobserved stochastic
environment.

We found that extrinsic modulation is enough to produce scale-free neu-
ronal avalanches, whose exponents further obey the crackling-noise relation
that is expected to hold at criticality. Importantly, these avalanches are gen-
erated by conditionally independent degrees of freedom and thus do not
display other properties of real critical systems, such as finite-size scaling.
Then, in the simple case of linear interactions inferred directly from the data,
we leveraged the results on mutual information to show that the underly-
ing mechanisms that generate avalanches and correlations are disentangled.
The former are solely determined by the properties of the extrinsic mod-
ulation, whereas the latter emerge from the structure of the interactions -
and both contribute to the mutual information in different, disentangled
ways. These results fit in a well-established and fruitful research line that
studies null mechanisms for the emergence of neuronal avalanches. Being
able to disentangle such null mechanisms and more biological insightful
properties (e.g., neural correlations) is instrumental in understanding what
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avalanches can teach us about neuronal and brain dynamics. Although the
presence of a non-zero mutual information cannot be a sufficient condition
for power-law avalanches to appear, in our extrinsic model their emergence
does correspond to the onset of a non-vanishing dependence induced by an
unobserved environment. This fact suggests a promising future perspective.
By explicitly considering both the intrinsic activity and the extrinsic contri-
butions, one might be able to combine all these considerations into a unified
information-theoretic view - perhaps helping to unfold the underlying bio-
logical mechanisms at the origin of the observed signatures of criticality in
neural activity.

Then, we investigated how the dynamics of simple models is affected
by the underlying network topology [168]. In this context, we focused on
whole-brain activity - a much larger scale than the ones of LFPs. We studied
analytically a stochastic version of the Greenberg-Hastings cellular automa-
ton, which has been used to match functional resting-state networks found
in fMRI data. We highlighted the presence of a bistable region between a
high- and a low-activity phase, determined by the value of the activation
threshold for each neuron. Crucially, such dynamical bistability is disrupted
by the interplay between the underlying network sparsity and a sufficiently
heterogeneous weight distribution - properties that are typically found in
empirical connectomes of the human brain. In this scenario, a continuous
critical-like transition emerges, with large autocorrelation times and variabil-
ity of neural activity. At this transition, we also observe collective oscillations
localized in different parts of the network, suggesting that both criticality
and network structure play a fundamental role in driving the collective
behavior of neurons.

Overall, we were able to show in detail how network structure plays a
fundamental, yet sometimes poorly understood, role. Therefore, this part of
the work may serve as a baseline for future analytical efforts in explaining the
nature of the observed transition under more relaxed assumptions, e.g., in
the presence of a non-trivial distribution of weights and different topologies,
to further understand the influence of both in the emergence of critical
features in the human brain. All in all, we believe that our findings are a
further contribution to the still puzzling “critical brain hypothesis”.

Finally, in the last Chapter, we tried to understand what a phenomeno-
logical renormalization group can teach us about neural activity. We studied
a PRG introduced in [229, 258], that has two considerable advantages: it
is model-independent, and it is stable with respect to the presence of long-
range interactions. We tested its results both in equilibrium models, where
we expect it to be able to distinguish between critical and non-critical phases,
and in non-equilibrium ones, such as the contact process. We have found
that the super and sub-critical regimes can be easily recognized, even though
the nature of the phase transition is qualitatively different from the one of
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the Ising model.
At the same time, we have highlighted that quasi-critical states are dif-

ficult to infer, especially in the case in which only a subset of physical
quantities is analyzed. In non-trivial dynamical models, such as the contact
process, the strategy that works best seems to be the one related to the cor-
relation structure. For instance, the presence of non-Gaussian tails in the
joint probability distribution of the coarse-grained variables in momentum
space might be a signature of a possible underlying criticality, but at the
same time clustering maximally correlated variables fails as we approach the
critical point. Interestingly, in considerably simpler models of conditionally
independent variables, the situation is reversed. Hence, in principle, one
needs to study both the approach via maximally correlated pairs and in
momentum space. Notably, this is the case of [229, 258], where the authors
found that neural activity in the mouse hippocampus seems to be described
by a fixed point of this phenomenological renormalization flow.

However, this phenomenological renormalization is not able to tell us
much about the nature of the underlying transition - whether it belongs
to the directed percolation universality class, or it emerges from a transi-
tion between asynchronous and synchronous states. An interesting future
direction would be to extend the application of this PRG to characterize
different types of critical transitions in terms of coarse-grained variables.
In general, extending these methods and testing them systematically might
provide further insights into the understanding of the role of criticality in
living systems. With the current approach, when taken individually, the
signatures of the presence of an underlying fixed point might point in the
wrong direction. This seems to be particularly relevant in the case of an
external global parameter that couples effectively the units, even if they are
independent to begin with.

This, indeed, has been a recurrent theme throughout this Thesis - showing
once more how an unobserved, stochastic dynamics may deeply affect other-
wise simple systems. We can capture these features via information-theoretic
measures, as well as study the non-trivial effect of unobserved modulation
in paradigmatic models. As we have seen, this is particularly relevant for
neural activity, where power-law avalanches have long been argued to be a
signature of an underlying dynamical criticality. Such criticality, which also
features scale-free correlations, may be especially relevant for information
processing, which is a fundamental feature of biological systems in general.

In future works, we will combine these different perspectives to study
systems with minimal mechanisms to acquire information about an exter-
nal environment. Such mechanisms may have different sources and span
different scales, from biochemical sensing in living systems to adaptation
in neural circuits, memory formation, and storage [269–272]. In the quest
for understanding the fundamental processes for information acquisition, a
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Figure 7.9 – Sketch of a sensing model describing how biological systems acquire
information about external environments. (a) A receptor R can be either in an
active (A) or passive (P ) state, with transitions following two pathways, one used
for sensing (red) and affected by the environment h, and the other (blue) modified
by the storage concentration, [S]. An active receptor increases the response of a
readout population U (orange), which in turns stimulates the production of stor-
age molecules S (green) that provide a negative feedback to the receptor. (b) In
chemotaxis, the input ligand binds to membrane receptors, regulating motor con-
trol and producing phosphate groups, whose concentration regulates the receptor
methylation level. (c) In tumor necrosis factor (TNF) signaling, the nuclear factor
NF-κB is produced after receptor binding to TNF. NF-κB modulates the encoding
of the zinc-finger protein A20, which closes the feedback loop by inhibiting the
receptor complex. (d) In olfactory sensing, odorant binding induces the activation
of adenylyl cyclase (AC). AC stimulates a calcium flux, eventually producing phos-
phorylase calmodulin kinase II (CAMKII) which phosphorylates and deactivates AC.
(e) In neural response, multiple mechanisms may take place at different scales. In
zebrafish larvae, visual stimulation is projected along the visual stream from the
retina to the cortex, a coarse-grained realization of the R-U dynamics. Inhibitory
populations and molecular mechanisms, such as short-term synaptic depotentiation,
then lead to an adapted response upon repeated stimulation, and this adaptation
can be understood in terms of stored information.

minimal model would encompass a receptor that dissipates energy to pro-
duce a readout in response to an external environment. In turn, the response
favors the production of a slow and unobserved population that couples to
the receptor via a negative feedback effect. By doing so, this unobserved
population plays the role of storage or memory - it retains dynamically the
information about the receptor activation and the system’s readout response.
That is, information about the external environment is coded in the system
both at the readout level, which models the immediate response, and at
the storage level, which allows for a dynamical modulation and thus acts
as a memory. Such a minimal model is sketched in Figure 7.9a, where a
two-state receptor is driven out of equilibrium by an external environment,
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and two entangled birth-and-death processes describe the produced readout
and storage populations.

Importantly, these mechanisms are found at different scales and are
declined in different biochemical networks. A prominent example is the
modulation of flagellar motion operated by bacteria according to changes in
the local nutrient concentration, known as chemotaxis [273–275]. Briefly, in
E. Coli, the input ligand concentration is sensed by the membrane receptor-
kinase complex, increasing the rate at which an intracellular kinase, CheA,
hydrolyzes ATP, and producing phosphate groups. A response regulator
protein, CheY, is then responsible for motor control. However, a feedback
loop is present - methyltransferase CheR (R) and methylesterase/deamidase
CheB (B) regulate the receptor methylation level via a negative feedback.
This biochemical network is summarized in Figure 7.9b. Another crucial
example is tumor necrosis factor (TNF) signaling [276], where TNF binds to
receptor complexes stimulating the production of the nuclear factor NF-κB,
which modulates the expression of the gene encoding for the zinc-finger
protein A20. A20, then, acts as a negative feedback preventing sustained
NF-κB activation by inhibiting the receptor complex [277], see Figure 7.9b.
Yet another case is that of olfactory sensing (Figure 7.9c) [275], where odorant
binding induces the activation of adenylyl cyclase (AC). AC is responsible
for an inbound calcium flux, which interacts with calmodulin to activate AC
phosphorylase calmodulin kinase II (CAMKII). CAMKII closes the feedback
loop by phosphorylating and deactivating AC. Let us stress that a minimal
description such as the one in Figure 7.9a does not need to be realized at
a molecular level only. The same model, displaying information storage
and dynamical adaptation, can be thought of as a coarse-grained version
of neural response, where stimuli are projected from, e.g., the retina to the
cortex, and the response of the cortex is modulated by sensory adaptation at
a neural or synaptic level (Figure 7.9e). We will explore these networks and
their emergent information dynamics in a future work [278].

Further, a very much crucial but open question is how biological sys-
tems may then process the acquired information and act upon it. This ties
in with the ideas of decision making, as well as its thermodynamics impli-
cations, and feedback mechanisms on the environment or other agents [6,
271, 272, 279–283]. It is not far-fetched to suppose that internal processes
and interactions among degrees of freedom may also evolve to optimize the
information that a system has about changing environmental conditions [26]
- possibly including spatial heterogeneity along the way - in such a way that
it can act accordingly. Similarly, in cooperative or competitive settings, in-
formation about other agents or species is fundamental in order to optimize
decision and survival chances - e.g., competition for finite resources in a
game-theoretic description or among prey and predators in ecosystems.

Ultimately, one may seek to describe all of these aspects within a cohesive
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conceptual framework, ranging from information harvesting to optimal com-
putational properties and information processing, hoping to find a common
language for the principles governing vastly different scales - from the way
individual organisms gather and process information, to the emergence of
complex collective behaviors. And perhaps that language, in all its different
and fascinating facets, will turn out to be Statistical Physics.
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appendix A

Distinguishing noise

sources with Information

Theory

The following commentary “Distinguishing noise sources with Information
Theory” appeared as a viewpoint in the magazine “Physics” of the American
Physical Society. Its aim is to illustrate to the non-technical public the results
of our work [68], which we derived in this Thesis in Chapter 2 and Chapter
3. The commentary was written by prof. Katie Newhall, of the University of
North Carolina at Chapel Hill, USA. The content of this Appendix, including
displayed figures, is taken with permission from the published version,
copyright 2021 by the American Physical Society.

a.1 physics 14 , 162

From neurons firing in the brain to chromosomes moving in a nucleus,
biology is full of systems that can be modeled as a network of interacting
particles in a noisy environment. But fundamental questions remain about
how to reconstruct the particle interactions from experimental observations
[284] and about how to separate the noise coming from the environment
from the intrinsic interactions of the system [71]. Now, Giorgio Nicoletti
of the University of Padua, Italy, and Daniel Busiello of the Swiss Federal
Institute of Technology in Lausanne∗ show how “mutual information” can

∗Now at the Max Planck Institute for the Physics of Complex Systems, Dresden, Germany.
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Figure A.1 – A cartoon showing two particles coupled by a spring transiting through
a liquid that contains regions with different temperatures. The wiggly lines show
the correlations that can arise from the intrinsic force of the spring and from the
extrinsic temperature changes of the environment through which the particles move.
Copyright APS/Carin Cain.

help answer this second question [68]. Their theory disentangles the roles
of the stochastic environment and the deterministic interaction forces of a
system in creating correlations between the positions of two particles. This
step is an important one toward understanding the role of environmental
noise in real systems, where that noise can produce a response as complex as
the signal produced by the system’s interactions.

Thinking back to my high school biology lessons, biological processes
were always presented as deterministic, meaning there is no randomness in
how they progress. For example, I was taught that a molecular motor marches
rhythmically down a tubule, while ions traverse a membrane at regular
intervals. But these processes are in fact inherently random and noisy: A
molecular motor’s “foot” diffuses around before taking a step, and the motor
can completely detach from the tubule; ion gates fluctuate between “open”
and “closed” at random time intervals, making the flow of ions intermittent.
This issue has led me and other researchers to wonder how these systems
can properly function given the constant presence of fluctuations, or even
more surprisingly, how these systems can gain improved function through
these fluctuations.

Roughly speaking, the fluctuations and interactions associated with a
system can be categorized as either “intrinsic” or “extrinsic,” where intrinsic
fluctuations and interactions are typically those caused by the system itself
(e.g., the random opening and closing of ion gates) and extrinsic fluctuations
and interactions arise outside the system (e.g., thermal changes in the envi-
ronment in which the ions diffuse or fluctuations in the ion-gate-activation
signals). Extrinsic fluctuations can mask signals related to subtle internal
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changes of a system and add correlations that resemble those that arise from
intrinsic interactions. Both factors make it more difficult to extract model
parameters or even interaction laws. Nicoletti and Busiello address this issue
by using mutual information theory, which quantifies the level of indepen-
dence of two variables, to untangle internal and environmental correlations
from a signal.

In their study, the duo considered two particles diffusing through a liquid
that contains hot and cold patches of various sizes (Figure A.1). Nicoletti and
Busiello started by computing the effect of the environment on the particles’
motions. They modeled changes in temperature by randomly switching the
temperature around the particles between hot and cool, an action that mim-
icked motion between patches of hot and cold liquid. They derived the joint
probability distribution of the particles’ positions in the asymptotic limit
that the temperature patches were large (slow temperature switching). Then
they calculated the mutual information between the two particles, finding
that it is exactly the Shannon entropy of the fluctuating environment. (In
the asymptotic limit of small patches—quick temperature switching—the
particles were independent and thus contained no environmental contri-
bution to their mutual information.) Nicoletti and Busiello then repeated
the calculations for two spring-coupled particles, finding that the mutual
information between them is the superposition of the environmental mutual
information for two uncoupled particles and that of the mutual information
for interactions intrinsic to two coupled particles. Thus, they were able to
separate intrinsic and extrinsic effects.

Being able to bound the effect of the environment on the dynamics of
a biological process will aid in teasing out the properties of intrinsic inter-
actions from data, for example in inferring the presence and strength of
connections between neurons from voltage recordings. Since Nicoletti and
Busiello’s calculations place bounds on the mutual information, rather than
giving its definite value, the framework should be applicable to a wide range
of models.

Information-theory-based methods have already been applied to solve
neuroscience problems, such as reconstructing the connectivity networks of
neurons in the brain [285] and mapping the flow of information between
regions of the brain [286]. This new work has the potential to extend research
in this direction, adding another tool for understanding these complex sys-
tems. The approach could also help in developing physically interpretable
machine-learning approaches for probing biological systems. In a broad
sense, machine-learning techniques take noisy data, which may contain
latent variables, and disentangle those data. (Latent variables are like en-
vironmental noise in that they are not directly observed.) But machine
learning remains a black-box approach, something the new method could
help change.
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There may also be another impact of Nicoletti and Busiello’s work: un-
derstanding the effect of the timescale of the noise. The duo showed that the
speed at which the temperature of the environment changed impacted the
amount of mutual information between the particles from extrinsic fluctua-
tions. This change in how much the system responded to noise at different
timescales points to an emerging picture in biology: Noise is not always a
fluctuation about an average that can be ignored or a nuisance that hinders
measurement of a parameter. At the proper timescale, noise can be important
to the function of a system [286–288]. It is thus important that researchers
continue to develop tools to analyze systems that include noise.



appendix B

Computational and

numerical methods

In this Appendix, we briefly review the main computational techniques
used in this Thesis. In most of the Chapters, we simulated stochastic

differential equations, either with additive or multiplicative noise, with a
standard Euler-Maruyama algorithm [289]. Notably, in the specific case of
Ornstein-Uhlenbeck processes, which we often considered, we employed an
exact stochastic algorithm that allowed us to overcome the shortcomings of
discrete-time [100]. When the microscopic dynamic is known, such as in
Chapter 6, the Gillespie algorithm allows in general for exact integration of
the stochastic dynamics [290].

In Chapter 2 and Chapter 3, we also used Monte Carlo techniques to
sample the equilibrium distribution in the presence of non-linear potentials
using Hamiltonian Monte Carlo [102, 103]. Monte Carlo sampling was used
to evaluate the non-trivial integral of mutual information when not possible
analytically, starting from samples of the joint distribution [289]. Here, for
consistency, we summarize the main concepts and procedures we used to
obtain the presented results.

b.1 simulations of stochastic processes

Let us consider a generic Langevin equation of the form

ẋi(t) = fi(x, t) +
∑
j

gij(x, t)ξj(t) (B.1)
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where ξj(t) is a white noise. To simulate Eq. (B.1) up time T , we discretize the
time interval [0,T ] into N subintervals of duration ∆t > 0. Approximating
the temporal derivative with a first-order Taylor expansion, we end up with

xi(t +∆t) = xi(t) +∆tf (x(t), t) +
√
∆t

∑
j

gij(x(t), t)ui (B.2)

where ui are independent and identically distributed random variables with
zero mean and unitary variance. For Eq. (B.2) to be a good approximation
of Eq. (B.1), as usual, we need to choose a small enough timestep ∆t. Fur-
thermore, in the presence of absorbing states - e.g., with multiplicative noise
gij(x, t) =

√
xiδij and fi(x, t) = xi f̃i(x, t), so that xi = 0 for all degrees of free-

dom i is an absorbing configuration - one needs to be careful that we need to
ensure xi(t +∆t) = 0. This is known as the Euler-Maruyama algorithm.

Although higher-order discretization schemes exist to simulate the dy-
namics of Eq. (B.1), the Euler-Maruyama one is the most computationally
tractable, and thus we use it throughout this Thesis. To ensure that our re-
sults are stable, we check that they do not change as we decrease our choice of
∆t. However, for the specific case of the Ornstein-Uhlenbeck process, we are
able to simulate the stochastic dynamics without approximations due to the
discretization of time [100]. We consider the univariate Ornstein-Uhlenbeck
process of the form

ẋ(t) = −1
τ
x(t) +

√
Dξ(t) (B.3)

where ξ(t) is a white noise, D is the diffusion coefficient, and τ is the re-
laxation time. It can be shown that, for any given timestep ∆t, Eq. (B.3)
corresponds to the update formula

x(t +∆t) = x(t)µ+ σu (B.4)

where

µ = e−∆t/τ

σ2 =
Dτ
2

(1−µ2).

As expected, Eq. (B.1) reduced to the Euler-Maruyama discretization scheme
in the limit ∆t→ 0.

b.1.1 gillespie algorithm

The Gillespie algorithm [290] allows for exact updates of a stochastic system
specified by a given set of microscopic reactions. Let us assume that there
are µ = 1, . . . ,N sites in the network and i = 1, . . . ,M possible transitions -
e.g., in the contact process we have two transitions, nµ → nµ +1 with a rate
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λ/kµ
∑
ν∈∂ν δ(nν ,1) and nµ → nµ−1 with unitary rate, where nµ is the number

of particles in site µ.

At each time, the network can be associated with a propensity matrix A(t)
µi .

Each row of A(t)
µi is given by the transition rates that the µ-th site can undergo,

given its state at time t. We introduce the total propensity α(t)
0 =

∑
µ
∑
iA

(t)
µi ,

so that the waiting time for the next transition is given by

τ (t) = −
(
α
(t)
0

)−1
logu (B.5)

where u is uniformly distributed in [0,1]. Then, the transition ī that occurs
and the site µ̄ at which it occurs are such that

µ̄−1∑
µ=1

ī−1∑
i=1

A
(t)
µi ≤ α

(t)
0 v <

µ̄∑
µ=1

ī∑
i=1

A
(t)
µi (B.6)

where v is once again uniformly distributed in [0,1]. We then update Aµ̄i
with the new transition rates for µ̄ and set the time to t + τ . The result is
an exact numerical integration of the corresponding master equation. This
scheme is particularly useful in models such as the ones in Chapter 6, where
the microscopic reactions and the network structure are known.

b.2 monte carlo sampling

In this Thesis, and in the first part in particular, we often need to sample
different types of probability distributions, and we do so using Monte Carlo
methods. This is particularly relevant to compute the mutual information of
a joint probability distribution pXY ,

IXY =
∫
dxdy pXY (x,y) log

pX(x,y)
pX(x)pY (y)

=
〈
log

pXY
pXpY

〉
XY

, (B.7)

where pX and pY are the marginal distributions, and ⟨⟩XY is the average with
respect to pXY . A direct computation of Eq. (B.7) is often challenging due to
numerical instabilities in regions with low probability.

To avoid these issues, we compute the expected value in Eq. (B.7) using
Monte Carlo techniques [101, 289]. Let us assume that we can sample
the probability distribution pXY , obtaining a set ofM samples {(xi , yi)} for
i = 1, . . . ,M. Then, we can approximate the mutual information as

IXY ≈
M∑
i=1

log
pXY (xi , yi)
pX(xi)pY (yi)

. (B.8)

Notably, the estimator in Eq. (B.8) requires the knowledge of the analytical
expression of the joint distribution pXY and the marginals pX and pY . When
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such expressions are not known, we need to resort to other estimators, for
instance, a k-neighbor estimator [109, 110], or by approximating both the
joint distribution and the marginals one with their histograms, obtaining
samples from, e.g., a corresponding Langevin equation.

For instance, if pXY is a Gaussian mixture pXY ∼
∑
µπµN (mµ,σµ) with∑

µπµ = 1 - as in the case of linear relaxation and linear interaction in Chapter
2 and Chapter 3 - we can sample it efficiently by obtaining samples from
N (mµ,σµ) with probability πµ. However, it is often the case that we do not
know how to build the set {(xi , yi)}. To this end, we will briefly review a
powerful sampling method, known as Hamiltonian Monte Carlo [102, 103].

b.2.1 hamiltonian monte carlo

We consider, for consistency with Chapter 2 and Chapter 3, stationary proba-
bility distributions of equilibrium processes, i.e., Boltzmann distributions of
the form

pX(x) =
1
Z
e−V (x) (B.9)

where Z is the partition function. However, HamiltonianMonte Carlo is more
general and works for any kind of probability distribution. We introduce
auxiliary momenta, π, with a corresponding Hamiltonian

Hπ(πX ,πY ) =
1
2
πTMπ

so that the momenta are distributed as a Gaussian. For simplicity, we set
M = 1. Hence, our Hamiltonian is given by

H(x,π) = V (x) +
πTπ
2

(B.10)

where, for non-Boltzmann distribution, the potential is simply given by
− logpXY . We now integrate numerically Hamilton’s equations,

dx
dt

=
∂H
∂π

= π

dπ
dt

= −∂H
∂x

= −∂V
∂x
,

using a symplectic algorithm such as the leapfrog integrator with step ∆t,

π

(
t +

∆t
2

)
= π(t)− ∆t

2
∂V (x(t))
∂x

x(t +∆t) = x(t) +∆tπ

(
t +

∆t
2

)
π(t +∆t) = π

(
t +

∆t
2

)
− ∆t

2
∂V (x(t +∆t))

∂x

(B.11)
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where the initial momenta are sampled from a standard Gaussian distribu-
tion. We then perform a Metropolis-Hastings acceptance step [102, 103, 289],
in order to move towards the energy minimum. In particular, we perform L
steps of the leapfrog algorithm and propose to accept as a sample of pX the
point x(L∆t). To avoid problems with the proposal distribution - which arise
due to the deterministic nature of Hamilton’s equation - we flip the momenta
and accept the transition from x(0) to x(L∆t) with probability

α =min
(
1, eH(x(0),π(0))−H(x(L∆t),−π(L∆t))

)
. (B.12)

Then, we resample the momenta π(0) and repeat the procedure until we
collect enough samples.

b.2.2 cluster algorithms for the ising model

Monte Carlo methods can be used to sample the equilibrium probability
distribution of the Ising model at a given temperature. In particular, in
Introduction and in Chapter 7, we used the Wolff algorithm, a cluster update
algorithm that is especially efficient around the critical point [267].

As in Hamiltonian Monte Carlo, every metropolis-Hastings scheme is
built from a proposal distribution P (a→ b) for the transition from state a to
state b, and an acceptance distributionA(a→ b) for the same transition [289].
The Metropolis-Hastings algorithm, which follows from detailed balance,
prescribes

A(a→ b) = min
(
1,

p(b)
P (a→ b)

P (b→ a)
p(a)

)
(B.13)

where p(a) is the probability of state a. For the Ising model, spin-flip algo-
rithms are local algorithms with a trivial proposal distribution - so that the
acceptance probability only depends on the ratio of the energy at the two
configurations - but are not particularly efficient, because the acceptance
probability may be small. The Wolff algorithm, on the other hand, builds a
proposal distribution in such a way that the acceptance probability is always
one.

To do so, in a given configuration a we randomly select one spin and
recursively add neighboring aligned spin with probability q. That is, if spin
i is in the cluster and j ∈ ∂i is not, and if Si = Sj , then we add j to the cluster
with probability q. Notice that the same bond is never considered more than
once for activation. Once a cluster has been built, we flip it, leading to a
configuration b. The proposal distribution is then given by

P (a→ b) ∝ (1− q)nsame

where nsame is the number of links at the boundary of the clusters that have
been rejected, i.e., the links from i to j such that Si = Sj and that are not
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part of the cluster. If we call ndiff the number of links at the boundary with
Si , Sj , we have an acceptance probability

A(a→ b) = min
(
1,
e−β(ndiff−nsame)

(1− q)nsame

(1− q)ndiff
e−β(nsame−ndiff)

)
where we used the fact that all links inside the cluster give the same contri-
bution in the energy, and thus in the probability, before and after the flip.
This leads to a unitary acceptance probability if

q = 1− e−2βJ (B.14)

where J is the coupling strength of the Ising model. In this way, once a cluster
is built and flipped, the next configuration is a sample of the equilibrium
distribution. Furthermore, having flipped a typically large number of spins,
its correlation with the previous configuration is much lower than a single-
flip algorithm, such as a standard Metropolis scheme.
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Information in multiple

stochastic processes and

environmental states

In this Appendix, we briefly consider a generalization of the calculations
highlighted in Chapter 2 and Chapter 3. We consider N stochastic pro-

cesses described by the internal degrees of freedom x = {x1, . . . ,x2}, and M
environmental states indexed by i = 1, . . . ,M. Let us recall Eq. (2.1),

dxµ
dt

= Fµ(x; {ζ}) +
√
2Gµ (x; {κ})ξµ µ = 1, . . . ,N (C.1)

where {ξµ} is a set of independent white noises, Fµ(x; {ζ}) is the µ-th com-
ponent of a force field, and Gµ(x; {κ}) is the diffusion coefficient of the µ-th
particle. We assume that this system is described by the stationary probabil-
ity distribution p(x).

Since we have N variables, we need to choose a suitable generalization
of the mutual information. However, such generalizations are troublesome
from an information-theoretic perspective [56, 59]. Thus, we focus on the
case in which the variables are not interacting, i.e.,

Fµ(x; {ζ}) =
N∑
µ=1

Fµ(xµ; {ζ}).

In this scenario, we may be interested in the factorizability of the joint
probability distribution p(x) with respect to its full factorization, since all
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pairs of variables are equivalent. That is, we want to compute the Kullback-
Leibler divergence

IN =
∫ N∏

µ=1

dxµp(x1, . . . ,xN ) log
p(x1, . . . ,xN )∏N

µ=1p(xµ)
=

N∑
µ=1

Hµ −H1,...,N (C.2)

where Hµ is the entropy of the marginalized distribution and H1,...,N is the
entropy of the joint distribution. This is nothing but the information distance
between the joint probability distribution and the product of the single-
variable distributions. Thus, this quantity is always positive, and for N = 2
gives exactly the mutual information. Albeit improperly, we refer here to
this quantity as “multivariate information”.

c.1 n stochastic processes and m environmental states

We focus on the limit of slow jumps, so that we end up with a probability
distribution that is not trivially factorizable. Let us write the stationary limit
of the one variable probability distributions as

pslowµ (xµ) =
M∑
i=1

πst
i P

st
µi (xµ) (C.3)

and the N variables probability distribution as

pslow1,...,N (x) =
M∑
i=1

πst
i

N∏
µ=1

P st
µi (xµ), (C.4)

where P st
µi (xµ) solves the Fokker-Planck equation

0 =
N∑
µ=1

[
−∂µ

(
Fµ(x)P

st
µi (x)

)
+∂2µ

(
DiP

st
µi (x)

)]
,

as shown in Chapter 2.
In order to study the multivariate information in Eq. (C.2) we need to

bound the entropies of these distributions, which do not admit a closed form.
Recall that, from [99], we can write an upper and a lower bound starting
from the estimator

Ĥµ =
∑
i

πst
i H(P st

µi )−
∑
i

πst
i log

∑
j

πst
j e

−d(P st
µi ||P

st
µj )

 (C.5)

where d(P st
µi ||P

st
µj ) is any distance function in the probability distributions

space. We note that

H

 N∏
µ=1

P st
µi

 = −
∫
dx1 . . .dxN

N∏
µ=1

P st
µi (xµ) log

 N∏
µ=1

P st
µi (xµ)

 = N∑
µ=1

H(P st
µi )
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so the first part of Eq. (C.5) for the entropy of the joint probability distri-
bution is exactly equal to the sum of the estimators of the entropy of the
one variable distributions. This is a direct consequence of the fact that the
components of the joint distribution, Eq. (C.4), are factorizable - i.e., that we
are considering a non-interacting model. Thus, if we build the corresponding
estimator for the multivariate information, we are left with

ÎN,env = −
∑
i

πst
i log

∏N
µ=1

(∑
j π

st
j e

−d1(P st
µi ||P

st
µj )

)
∑
j π

st
j e

−dN (
∏N
µ=1 P

st
µi ||

∏N
µ=1 P

st
µj )

(C.6)

where we denote as d1(·||·) the distance function we choose for the one vari-
able entropies and as dN (·||·) the distance function we choose for the N
variables entropy.

Recall that, following [99], a lower bound for the entropy is achieved
when we choose as a distance function the Chernoff-α divergence

Cα(p||q) = − log
∫
dxpα(x)q1−α(x)

for any α ∈ [0,1], and an upper bound is instead achieved when we use a
simple Kullback-Leibler divergence

DKL(p||q) =
∫
dxp(x) log

p(x)
q(x)

.

Therefore, Eq. C.6 is a lower bound if we choose the Chernoff-α divergence
for the one variable entropy and the Kullback-Leibler divergence for the N
variables entropy, and it is an upper bound is we make the opposite choice.

Both this upper and lower bound saturate in two particular cases. The
first is the one in which Cα(·||·) diverges for all i , j. In fact, the Jensen
inequality implies that

Cα(·||·) ≤ (1−α)DKL(·||·),

hence if the Chernoff-α divergence diverges so does the Kullback-Leibler
divergence. In this case, both the upper and lower bound converge to the
same expression, and the estimator of the mutual information is exact. We
find

I∞N,env = −
∑

πst
i log

(πst
i )
N

πst
i

= (N − 1)Hjumps. (C.7)

Qualitatively, this means that the probability distribution P st
µi (x) is infinitely

different from P st
µj (x), so the discrete jumps between the Di states generate an

infinitely different dynamics in terms of its stationary states. Notably, this



190 appendix c. information in multiple stochastic processes

results does not depend onM explicitly, provided that the distances diverge
for all pairs of environmental states. In the case N = 2, we find once more
the results of Chapter 2 and Chapter 3.

The second, albeit trivial, case is the one in which the distances between
both P st

µi and P
st
µj are zero. Once more, both the upper and the lower bounds

given by Eq. (C.6) saturate and we find

I0N,env = −
∑

πst
i log1 = 0 (C.8)

which amounts to the trivial statement that if the two mixtures of Eqs. (C.3)-
(C.4) have the same components, then the joint probability is also factoriz-
able.

These results have a nice intuitive explanation. In fact, as long as Di is
fixed the processes described by Equation (C.1) are independent and thus
they cannot share any information. The only moment in time in which
they are effectively coupled is when a jump Di → Dj happens, when they
share the sudden change in the diffusion coefficient - from then on, as long
as Dj is fixed, they evolve independently once more. As these changes
are instantaneous, the greatest amount of information the processes can
share corresponds to the entropy of the jumps, which is achieved when the
processes are infinitely distinguishable for different diffusion coefficients Di .
In terms of information theory, the entropy of the jumps corresponds to our
ignorance on the system, that is, since the jumps are stochastic we do not
know when they happen.

c.2 linear interactions

Let us briefly consider the case of N interacting particles, where the interac-
tions are linear. That is, we consider

dxµ
dt

= −
∑
ν

Aµν
xν
τ

+
√
2Di(t)ξµ(t) (C.9)

so that, in the slow-jumps limit, the system is described by a Gaussian
mixture

pslow(x1, . . . ,xN ) =
M∑
i=1

πst
i

1√
(2π)N detΣi

exp
[
−1
2
xTΣix

]
(C.10)

where Σi are symmetric matrices obeying the Lyapnuov equation

AΣi +ΣiA
T = 2τDi1 (C.11)

with 1 the identity matrix. As in Chapter 3, we can introduce the rescaled
covariance matrix Σ̃i = Σi/(Diτ), which is determined by the equation

Σi =DiτΣ̃ (C.12)
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so that Σ̃ carries no environmental dependencies.
Then, if we want to compute the multivariate information I (N ) we need

the entropies of the mixture components, namely

H
(i)
1,...,N =

1
2

[
N log(2πeτDi) + logdet Σ̃

]
(C.13)

and
H

(i)
µ =

1
2

[
log(2πeτDi) + log Σ̃µµ

]
. (C.14)

Due to the interactions, it is not anymore the case that H (i)
1,...,N is exactly equal

to
∑
µH

(i)
µ . The bounds on the multivariate information become

I
slow,up/low
N =

1
2
log


∏
µ Σ̃µµ

det Σ̃

+ I slow,up/lowN,env

({
Di
Dj

}
,
{
πst
i

})
(C.15)

where the first term comes solely from the interaction matrix Aµν , and
{Di/Dj} is the set of the ratio of all diffusion coefficients, for i = 1, . . . ,N , j.
That is, the contribution of the interactions is disentangled from the one of
the switching environment. The environmental term can be computed from
the divergences

Cα(Σi ||Σj ) =
1
2
log

det
[
(1−α)Σi +αΣj )

]
det1−αΣi det

αΣj

=
1
2
log

detτΣ̃
[
(1−α)Di +αDj

]
det1−α τDiΣ̃detα τDjΣ̃

=
N
2
log

[
(1−α)Di +αDj

]
D1−α
i Dαj

and

DKL(Σi ||Σj ) =
1
2

[
log

detΣj
detΣi

+TrΣ−1
j Σi −N

]
=

=
1
2

log detτDjΣ̃

detτDiΣ̃
+Tr

1
τDj

Σ̃
−1
τDiΣ̃ −N


=
N
2

[
log

Dj
Di

+
Dj
Di

− 1
]
.

If we setN = 2 we recover the two variables case considered in Chapter 2 and
Chapter 3, but these results hold for any number of particlesN . Furthermore,
since marginalization of Gaussian distributions amount to excluding the
respective rows and column of the covariance matrices, these calculations
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can be easily generalized for Kullback-Leibler divergences between different
products of the marginal probabilities. In general, due to the factorization
of the covariance matrix, the bounds are the same as the ones of the non
interacting case and they only depend on the ratios Di/Dj . Hence, in the
limit in which all the distances between the mixture components diverge, we
are left with

I slowN → 1
2
log


∏
µ Σ̃µµ

det Σ̃

− (N − 1)
M∑
i=1

πst
i logπst

i (C.16)

where, once more, the jump entropy appearing in the last terms carries a
N − 1 multiplicative factor.

Finally, in the case studied in the main text the interaction matrix is given
by

A =

 1 −g1
−g2 1

 (C.17)

hence the solution to the Lyapunov equation is Eq. (3.8),

Σ̃ =
1

g1g2 − 1

 g1(g2−g1)2 − 1 − g1+g22
− g1+g22

g2(g1−g2)
2 − 1

 .
which leads to

1
2
log

[
Σ̃11Σ̃22

det Σ̃

]
=
1
2
log

[
1− 4

4+ (g1 − g2)2
+

1
1− g1g2

]
. (C.18)

Notice that in the fast-jumps limit, once we solve the Lyapunov equation, the
stationary probability distribution is the multivariate Gaussian distribution
N (0,⟨D⟩π τΣ̃) that only depends on the single effective diffusion coefficient
⟨D⟩π. In this limit we can compute the mutual information exactly

I fast =
1
2
log

[
1− 4

4+ (g1 − g2)2
+

1
1− g1g2

]
= Iint(g1, g2) (C.19)

thus in this limit the only - constant - contribution to the mutual information
is the first term of Eq. (C.15).

c.3 multivariate information in the fast-jumps limit

with non-linear interactions

In the presence of non-linear interactions, as studied in Chapter 3, the
Fokker-Planck equation of the system reads

∂tpi(x, t) = L(i)
FPpi(x, t) +

M∑
j=1

[
W (j→ i)pj(x, t)−W (i→ j)pi(x, t)

]
(C.20)
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where L(i)
FP is the Fokker-Planck operator,

L(i)
FP =

N∑
µ=1

∂µFµ(x) +Di
N∑
µ=1

∂2µ. (C.21)

If we follow the same timescale separation limits as in Chapter 3, the zero-th
order stationary solution in the fast-jumps limit now solves the equation

0 =
∑
i

L(i)
FP

[
πst
i p(x, t)

]
=

N∑
µ=1

∂µ
[
Fµ(x)p(x, t)

]
+ ⟨D⟩π

N∑
µ=1

∂2µp(x, t) (C.22)

where ⟨D⟩π =
∑
i π

st
i D̃i . Although this equation often cannot be solved ex-

actly, the solution is not factorizable, and thus the multivariate information is
not zero unless Fµ(x) = Fµ(xµ) which corresponds to the non-interacting case.
Hence, a non-vanishing multivariate information is a distinctive signature
of underlying interactions. Notably, the main difference with respect to the
previous linearized case corresponds to the fact that in the linear case it
is possible to show that the multivariate information depends only on the
interaction matrix A, whereas in the general non-linear case we cannot factor
out the dependence on the environments through ⟨D⟩π.

c.4 multivariate information for an interacting chain

Let us briefly consider a case for N > 2 in which we can compute some limits

analytically. We can think of a general interaction chain xN
gN−1−−−−→ xN−1

gN−2−−−−→
. . .

g2−−→ x2
g1−−→ x1, where the arrows denote interactions from the left term

to the right one. For instance, if N = 2, we write y
g
−→ x - meaning that y

is influencing x via the coupling g, but not vice-versa. Interestingly, the
mutual information associated to this interaction structure is well-behaved
in the limit g→∞, as it converges to 1/2log2. If g diverges, it means that so
does ẋ, and thus we are really only observing y. The general N -particle case
translates into a Lyapunov equation with an interaction matrix

A =



1 −g1 . . . 0 0 0 0
0 1 −g2 . . . 0 0 0
0 0 1 −g3 . . . 0 0
...

...
...

...
0 0 0 . . . 1 −gN−2 0
0 0 0 . . . 0 1 −gN−1
0 0 0 . . . 0 0 1


which has always a solution for Σ, since its eigenvalues have always a positive
real part. Hence, let us consider all the interactions gµ as positive.
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A general solution is highly non-trivial and we need to build it recursively.
A possible strategy is as follows. If we consider that Aµν = δµν − gµδµ+1ν , we
can rewrite the Lyapunov equation for the rescaled covariance Σ̃ as

Σ̃µν = δµν +
1
2

[
gµΣ̃µ+1ν + gνΣ̃µν+1

]
for µ,ν = 1, . . . ,N , which - noting that Σ̃ is symmetric - shows us that the
elements of a given row can be obtained from the elements of the next row.
Thus, let us start from the last one and try to find a general relation by
solving the first few recursions. We immediately have that Σ̃NN = 1, and the
other elements of the last row can be written as

Σ̃Nν =
(1
2

)N−ν N−ν∏
ρ=1

gN−ρ =
(1
2

)N−ν
gN−1 . . . gν+1gν

for ν = 1, . . . ,N − 1. In general, since Σ̃ is symmetric, we only need to solve
for the elements up to the diagonal one. Hence, once again for the next row
we can start from the general form of the diagonal element

Σ̃µµ = 1+ gµΣ̃µµ+1

which gives, in our case, Σ̃N−1N−1 = 1+ g2N−1/2. From here on, we can obtain
the remaining elements as a function of the elements of the next row. For the
next-to-last row we then find

Σ̃N−1ν = δN−1ν +
gν
2

[(1
2

)N−ν
g2N−1gN−2 . . . gν+1 + Σ̃N−1ν+1

]
which we need to solve for ν = 1, . . . ,N − 2, so we can drop the Kronecker
symbol. Starting from ν =N − 2 and solving the recursion we find

Σ̃N−1ν =
(1
2

)N−ν−1N−ν∏
ρ=2

gN−ρ

[
1+

(N − ν +1)
4

g2N−1

]
which gives us all the elements of the next-to-last row.

Now we can find the off-diagonal elements of the next row by solving a
recursion of the form

Σ̃N−2ν =
1
2

[
gN−2Σ̃N−1ν + gνΣ̃N−2ν+1

]
=
gν
2

(12)N−ν−1
g2N−2

N−ν−1∏
ρ=3

gN−ρ

[
1+

(N − ν +1)
4

g2N−1

]
+ Σ̃N−2ν+1


for ν = 1, . . . ,N−3 with a corresponding diagonal element given by Σ̃N−2N−2 =
1+ g2N−2(4 + 3g2N−1)/8. This equation shows how complicated the recursions
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become as N grows. If we try to write the first few terms of the recursion,
carefully tracking each contribution to each coefficient, we can write down

Σ̃N−2ν =
(1
2

)N−ν−2
N−ν∏
ρ=3

gN−ρ


[
1+

g2N−2
2N−ν

(
βN−2ν +αN−2νg

2
N−1

)]
where, after some lengthy calculations,

αN−2ν = 2N−ν−4
(
N − ν +4+

(N − ν − 2)(N − ν +3)
2

)
βN−2ν = 2N−ν−2(N − ν).

In general, we would like to know at least the coefficients of gN−1 of all the
diagonal elements, and the leading order in gN−1 of the determinant of Σ̃.
This is a particularly hard task tough, especially for the determinant, but in
principle one can keep writing recursion relations like these ones.

As an example, let us consider the three variable case, where

Σi =Diτ


1
8

[
8+ g21 (4 + 3g22 )

]
1
8g1(4 + 3g22 )

1
4g1g2

1
8g1(4 + 3g22 )

1
2 (2 + g

2
2 )

1
2g2

1
4g1g2

1
2g2 1


is the solution of the Lyapunov equation. The determinant is given by

detΣi =
1
64

(Diτ)
3
[
64+16(g21 + g

2
2 ) + 12g21g

2
2 + g

4
2g

2
1

]
and notice that this expression is not symmetric with respect to g1 and
g2. This should not be surprising, given the fact that g2 dominates the

interaction chain x3
g2−−→ x2

g1−−→ x1. For instance, if g2 diverges so do both x2
and x1 and only x3 stays finite no matter what. Then, in the limit g2 →∞ the
contribution to the multivariate information of the interactions converges to

Ichain3
g2→∞
−−−−−→ 1

2
log12.

One can check, although it is hard to prove, that in general when gN−1
diverges we are left with

IchainN

gN−1→∞
−−−−−−−−→ 1

2

N−1∑
k=1

log
(
2k
k

)
=
1
2

N−1∑
k=1

log
(2k)!
(k!)2

so the progression is 1/2log2, 1/2log12, 1/2log240, 1/2log16800, and so
on. We can check that these numbers are correct by writing explicitly the
determinant of Σ̃, and we can interpret this expression as follows. We
are looking for the Kullback-Leibler divergence between the whole joint
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probability and the product of the probabilities of the single variables alone.
If gN−1 diverges, so do the processes x1, . . . ,xN−1. Thus, in this limit we can
learn that it exists an interaction path - not necessarily a chain - that joins
xN with all the other variables - but we cannot possibly learn the underlying
order of the interactions. The uncertainty that is left is given by how many
ways we can order the interactions.
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