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Stabilizing Wall States to Protect
Quantum Information

Miguel Casanova , Marco Cortese , and Francesco Ticozzi

Abstract—A new approach to the decoupling of quantum
information from undesired environmental interactions is
proposed, based on the preparation and stabilization of par-
ticular “wall” states on the interface between the system of
interest and the environment. These states can be selected
by minimizing the purity loss of the system of interest
or by identifying the dominant interaction couplings. The
effectiveness of the method is discussed with numerical
simulations for paradigmatic systems and different ways
to stabilize the wall state. Some promising features of
stabilization via strong Hamiltonian driving are highlighted
in the examples.

Index Terms—Quantum information and control, quan-
tum error correction, quantum dynamical decoupling.

I. INTRODUCTION

EFFECTIVELY protecting quantum information encoded
in physical systems from undesired couplings with its

environment is arguably the crucial task to be addressed
in order to obtain reliable quantum information processing
in solid-state devices. To this aim, various techniques have
been proposed, among which we briefly recall: (1) noiseless
encodings [1], [2], a passive method that exploits encoding
information in pre-existing noise-protected subspaces or sub-
systems; (2) quantum error correction (QEC) [3], [4], where
the effect of the noise on the subsystem is undone via
suitable recovery actions; (3) quantum dynamical decoupling
(DD) [4], [5] and related (periodic or randomized) open-loop
control techniques, which are aimed to average out the action
of the noisy dynamics over a time interval up to a target order
in the time expansion.

In QEC, the price to pay in order to engineer correctable
information is an overhead in the size of the system: roughly
speaking, the more general is the noise to be corrected, the
more physical qubits are needed to obtain a correctable one.
On the other hand, DD requires potentially complex control
inputs to be designed to counteract noise, and even more so
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if some logical gates have to be simultaneously implemented
on the protected information [6].

We here propose a novel approach to noise suppression that
uses open-loop control to approximately decouple from noise a
subsystem of the system of interest. This can be seen as a way
to engineer approximately noiseless subsystems [7], with the
peculiarity that the system is divided in a logical subsystem,
and a wall one, that acts as a barrier for information leakage.
Within this framework, the noise-avoiding control does not
need to act directly on the encoded information, thus highly
simplifying the implementation of logical gates on it - in
fact, gates can be implemented completely independently of
the noise protection protocol, a very different scenario with
respect to, e.g., dynamical decoupling [6]. Crucial to the task
is the preparation of particular states on the wall subsystem,
which we call wall states, that are able to significantly slow
down decoherence of the logical degrees of freedom. Wall
states are selected by looking at the form of the purity
derivative at the beginning of the evolution. Purity preservation
is known to be a proxy for unitary evolution, and has also
been considered in different control-based approaches (see,
e.g., [8]). Since the wall states we identify need not be
invariant for the free dynamics, their drift can be slowed-down
by well-established open-loop control techniques acting on the
wall subsystem alone [9], [10]: fast repeated measurements,
engineered dissipation, or strong Hamiltonian driving. The
latter task is related to, and extends, pointer-state engineering
as considered in [11]. The effectiveness of the method is
tested numerically, and the different approaches to enforcing
state invariance are compared: the use of strong Hamiltonian
driving is demonstrated not only to work well, but to have the
potential, at least under some additional assumptions, to ensure
infinite-time persistence of high purity. A quick comparison of
the resource and advantages of different error-control strategies
is summarized in the following table: the proposed method is
called QWall.
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II. MODEL AND CONTROL TASK

The general objective is to find a control strategy that allows
to protect a (factor) subsystem of a target quantum system. In
the following we illustrate how this can be done by focusing
our control effort not on the encoded information, but on the
subsystem that has the strongest direct dynamical connection
to the environment. We thus transition to consider a finite-
dimensional tripartite quantum system with Hilbert space HSb
HW b HE, where HS represents the system on which we
aim to encode and protect quantum information, HW represent
a controllable subsystem, referred to as the wall subsystem,
and HE represents the environment. Additionally, take ns, nw

and ne to be the dimensions of each of the three subsystems,
respectively. We assume that the initial state is factorized with
respect to this partition: the state of HS is unknown as it will be
determined by the specific information processing task, while
the one of HW is the object of our design, and that of HE is
arbitrary and unknown. We assume:

Assumption 1: The joint Hamiltonian has the following
structure:

H “ HS b 1 b 1 ` 1 b HW b 1 ` 1 b 1 b HE

` HSW b 1 ` 1 b HWE. (1)

Namely, we assume there are no direct interaction terms
between the quantum information system and the environment.

Remark: In simulation, we will relax this assumption and
see that the impact of perturbative terms coupling the system
and the environment directly only lead to a limited decrease
in the performance of the method.

Moreover, we denote the interaction term as Hint “ HSW b
1`1bHWE. As we include the environment in our description,
we have joint unitary dynamics, i.e., a state evolution equation
of the form

d

dt
ρ “ ´irH, ρs. (2)

As customary, we set � “ 1, and we consider (also in the
simulations) a reference time without specified measurement
units.

Since we are not interested in the information contained
in HW , we can perform state preparation on this partition
and consider the initial state ρwp0q “ trSEpρp0qq as a control
resource. In addition, we assume to be able to have complete
controllability on such system (see, e.g., [12, Ch. 3]), and be
able to implement state stabilization by implementing some
combination of dissipation engineering, repeated measure-
ments, or strong Hamiltonian driving of the form K ¨1bHcb1,
with K large. More details on these control resources will be
made clear in Section V.

III. PURITY DYNAMICS FOR THE TARGET SUBSYSTEM

The task at hand is to decouple the partition HS from the rest
of the system, so that the evolution of the reduced state ρsptq “
trWEpρqptq is unitary, i.e., so that the information stored in
HS is recoverable [7]. As a measure of the unitarity of the
evolution of ρsptq, we use its purity γ pρsptqq “ trpρsptq2q. It
can be proved that the purity remains constant on a subsystem
if and only if its reduced evolution is unitary [13].

Any Hermitian operator, acting on a tripartite system, can
be written with respect to a factorized basis. We thus rewrite

H “
n2

s ´1ÿ

i“0

n2
w´1ÿ

j“0

n2
e´1ÿ

k“0

μijkσ
s
i b σw

j b σ e
k , (3)

where σ
ts,w,eu
0 “ 1ts,w,eu{?nts,w,eu are the identity operators

in each of the partitions, which together with σ
ts,w,eu
i , i ą

0, form a trace-orthonormal basis of Hermitian operators
acting on the corresponding partition of the system. This
basis spans the set of observables in each of the partitions,
i.e., OpHtS,W,Euq “ spanptσ ts,w,eu

i uiq. If we introduce the
structure of Hamiltonian (1), into the general expression (3),
we have the constraint that μijk “ 0 if both i, k ą 0, i.e.,
all non-zero coefficients are μij0 or μ0jk. For convenience, we
introduce the following renaming,

μijk “
$
&

%

αij if k “ 0 and i ` j ą 0
βjk if i “ 0
0 if i, k ą 0.

(4)

This notation has been chosen so that, αij refers to the
coefficients of HS and HSW , whereas βjk refers to HW , HE and
HWE.

In order to slow-down the initial loss of purity, we are
interested in minimizing the magnitude of its derivatives
evaluated at time zero and initial product state ρo “ ρsobρwob
ρeo. The first derivative is d

dtγ pρsq|t“0“ trp2ρsop d
dtρsq|t“0q.

However, since d
dtρ “ ´irH, ρs and due to the cyclic property

of the trace, it turns out to be the trace of a commutator,
which is zero. For this reason, we shift our focus to the second
derivative:

d2

dt2
γ pρsq|t“0“ tr

ˆ
2p d

dt
ρsq2|t“0`2ρsop d2

dt2
ρsq|t“0

˙
. (5)

The introduction of the constraints (4) in the computation
of the second derivative leads us to proposition 1.

Proposition 1: Consider a tripartite quantum system with a
Hamiltonian of the from (1). If the initial state of the system
is ρp0q “ ρso bρwo bρeo, the derivatives of the purity of ρsptq
are independent of all the local terms, HWE and ρeo, up to
second order. The second derivative at t=0 has the following
form

d2

dt2
γ pρsq|t“0 “ ´4

n2
s ´1ÿ

a,i“1

n2
w´1ÿ

b,j“1

αabαij

tr
´
σ s

aρsoσ
s
i ρso ´ σ s

aσ
s
i ρ

2
so

¯

´
trpσw

b ρwoqtrpσw
j ρwoq ´ trpσw

b σ
w
j ρwoq

¯
, (6)

where we used the notation introduced in (4). Furthermore, the
initial second derivative of the purity of ρs can be made equal
to zero by if there exists ρwo such that trpσw

b ρwoqtrpσw
j ρwoq ´

trpσw
b σ

w
j ρwoq “ 0 @b, j.
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Proof: Substituting the state dynamics, i.e., d
dtρs|t“0“

trWEp´irH, ρosq and d2

dt2
ρs|t“0“ trWEp´rH, rH, ρossq, into (5)

we obtain,

d2

dt2
γ pρsq|t“0 “ ´4

n2
s ´1ÿ

a,i“0

n2
w´1ÿ

b,j“0

n2
e´1ÿ

c,k“0

μabcμijk

trpσ s
aρsoσ

s
i ρso ´ σ s

aσ
s
i ρ

2
soq

ptrpσw
b ρwoqtrpσw

j ρwoqtrpσ e
c ρeoqtrpσ e

k ρeoq
´trpσw

b σ
w
j ρwoqtrpσ e

c σ
e
k ρeoqq.

Applying the coefficient constraints given by (4), all the
terms with coefficients βjk or βbc disappear, due to the trace
involving ρso becoming zero whenever either a or i is zero.
Then, we are left only with the terms with coefficients αabαjk,
for which the traces involving ρeo are 1. Moreover, the terms
involving αa0, or αi0 are zero as well. Therefore, the second
derivative of the purity of ρs becomes independent of the
environment and of the local terms, taking the form given in
equation (6). Finally, from this last expression it can be easily
seen that if there exists ρwo such that trpσw

b ρwoqtrpσw
j ρwoq ´

trpσw
b σ

w
j ρwoq “ 0 @b, j, we have that d2

dt2
γ pρsq|t“0“ 0.

IV. CHOICE OF THE WALL STATE

A. Minimizing Purity Loss Rate

We are now interested in defining a problem that allows
us to find the optimal wall state to preserve the purity of ρs.
Specifically, we want to minimize the absolute value of the
second derivative of the purity at time zero. However, this
quantity depends on ρso, therefore, let us first take the average
of the second derivative d2

dt2
γ pρsq|t“0 over the set of all pure

states ρso, which we call �ext
ns

. The surface area of this set is
defined as ν “ ş

�ext
ns

dρs. Then, we have that

x d2

dt2
γ pρsq|t“0yρs “ 1

ν

ż

�ext
ns

d2

dt2
γ pρsq|t“0dρs

“ ´ 4

ν

n2
s ´1ÿ

a,i“1

n2
w´1ÿ

b,j“1

αabαijχai

ptrpσw
b ρwoqtrpσw

j ρwoq
´trpσw

b σ
w
j ρwoqq, (7)

where χai “ ş
�ext

ns
trpσ s

aρsoσ
s
i ρso ´σ s

aσ
s
i ρ

2
soqdρs. We define the

following objective function,


pρwoq “ |x d2

dt2
γ pρsq|t“0yρs |. (8)

Finally, we are only interested in initial pure states, ρwo “
|wyxw| P �ext

nw
. Summing up, we are interested in solving the

following optimization problem.
Problem 1: Given the tripartite quantum system with

Hamiltonian as in (1) and initial product state ρo “ ρso b
ρwo b ρeo, find a pure initial state ρw such that

ρ̂w “ argmin
ρwoP�ext

nw


pρwoq. (9)

This optimization problem can be treated numerically with
standard methods: notice that the cost function is convex, while
the state set can be parametrized as a manifold. Nonetheless,
identifying effective, if not optimal, wall states is also possible
via the approach we propose in the next section.

B. Heuristic Wall State Design: Dominant Terms in the
Operator-Schmidt Decomposition

To develop some intuition on the best choices of ρwo, we
analyze a simple case.

Example 1: Consider a three qubit system with
Hamiltonian

H “ σ s
i b σw

j b 1e
looooooomooooooon

HSW

`1s b σw
k b σ e

llooooooomooooooon
HWE

, (10)

where σ
ts,w,eu
i are Pauli matrices. In this toy model, there

are no local terms, the Hamiltonian is purely an interaction
Hamiltonian and the second derivative of the purity of ρs is

d2

dt2
γ pρsq|t“0 “ ´4tr

´
pσ s

i ρsoq2 ´ ρ2
so

¯

´
ptrpσw

j ρwoqq2 ´ 1
¯

(11)

By looking at the factor corresponding to the wall, namely
ptrpσw

j ρwoqq2 ´ 1, we observe that by choosing ρwo as an
eigenstate |vyxv| of σw

j this factor is equal to zero,
´

trpσw
j ρwoq

¯2 ´ 1 “
´

trpσw
j |vyxv|q

¯2 ´ 1

“ λ2
v ´ 1 “ p˘1q2 ´ 1 “ 0,

where λv “ ˘1 is the eigenvalue of the Pauli matrix σw
j ,

corresponding to |vy. This implies that d2

dt2
γ pρsq|t“0“ 0, and

hence that for this case choosing ρwo as an eigenstate of σw
j

solves Problem 1. Moving towards the general case, where
HSW “ ř

ij σ
s
i b σw

j , we cannot choose a initial pure state
ρwo “ |wyxw| that is an eigenvector of each of the σw

j .
An extension of this idea to the general case, leads to an

approach based on the operator Schmidt decomposition [14].
In the previous section it has been proven that the terms
that affect the purity of the target up to second order are
the ones contained in HSW . However, in the general case
the choice of ρw is not trivial, given the fact that HSW

contains multiple terms with different “strength coefficients”.
A possible heuristic is to find an orthogonal base for the matrix
HSW such that we are able to cancel the dominant couplings.
This basis can be found with the help of the Singular Value
Decomposition (SVD), that for quantum operators leads to the
so-called Operator Schmidt Decomposition (OSD).

Let BS, BW and BSW be bases of OpHSq, OpHWq and
OpHS b HWq, respectively, consisting of the identity and
traceless orthonormal Hermitian operators. Clearly BSW can be
chosen as BSW “ tAi bBj|Ai P BS,Bj P BW , i “ 1, . . . , n2

s , j “
1, . . . , n2

wu. We can then rewrite HSW with respect to the basis
BSW :

HSW “
n2

sÿ

j“1

n2
wÿ

k“1

hjk ¨ Aj b Bk,
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with hjk “ trpH:pAj b Bkqq P R. We can define Ĥ “
rhjks P R

n2
s ˆn2

w , which is the real matrix corresponding to
the coefficients hjk. If we apply the SVD to Ĥ, we get Ĥ “
U�VJ, where the diagonal matrix � “ diagps1, . . . , sNq has
the singular values in descending order, namely s1 ě s2 ě
. . . ě sN , where N “ minpn2

s , n2
wq. Let, now, ujk “ rUsjk and

vjk “ rVsjk be the elements of the matrices U and V . Then,
we can define the Hermitian operators

Cl “
n2

sÿ

j“1

ujl ¨ Aj P OpHSq, Dl “
n2

wÿ

k“1

vkl ¨ Bk P OpHWq,

which allow us to rewrite HSW “ řN
l“1 sl ¨ Cl b Dl.

Since Ĥ is real, both U and V are orthogonal matrices, i.e.,
UUJ “ 1 and VVJ “ 1. This implies that tClul and tDlul

are both trace-orthonormal, i.e., they satisfy the following
properties trpCkClq “ δk,l and trpDkDlq “ δk,l.

Using this expression for HSW , let us rewrite


pρwq “ | 1

ν

Nÿ

i,j“1

sisjχijptrpDiρwqtrpDjρwq

´trpDiDjρwqq|,
where, after extensive numerical computations, it has been
seen that χij “ ξδi,j. We can also prove that χii “ ξ ď
0, since the integrand takes the form ´Varρso pCiq if we
restrict ρso to be a pure state. Moreover, we also have
that ptrpDiρwqtrpDjρwq ´ trpDiDjρwqq “ EρwrDisEρw rDjs ´
EρwrDiDjs “ ´CovρwpDi,Djq. Putting everything together,
and defining for convenience ζi “ ´ ξ

ν
s2

i , we have that


pρwq “
Nÿ

i,j“1

ζi

´
trpD2

i ρwq ´ ptrpDiρwqq2
¯

“
Nÿ

i,j“1

ζiVarρwpDiq. (12)

Since all of the operators Di are normalized, we propose
choosing ρwo “ |wyxw|, such that D0|wy “ λ|wy, i.e., such
that it is an eigenstate of the operator with the highest singular
value. This choice of wall state makes zero the term with
the biggest coefficient in (12), and is intended as a heuristic
solution to problem 1. Remarkably, this choice corresponds
to the optimal one (found numerically) for the examples we
studied.

V. HOLDING THE WALL IN PLACE VIA ZENO EFFECT

Now that we have established a criterion to choose the
wall state, leading to slower purity-loss rates for the system
of interest, we investigate how different control techniques,
performed on the wall subsystem, affect the system and
can be used to stabilize the wall around its initial state, or
at least slowing down its drift dynamics, extending in this
way its decoupling effect to longer times. For illustration
purposes, we consider a particular case of the toy problem (10)
and perform numerical simulations, adding different types
of control actions in each subsection, showing the effect of

Fig. 1. Purity of ρs for a system with Hamiltonian (13), driven with
repeated measurements, for different measurement frequencies and
|wy “ |0y.

different control choices. Namely, we consider the system with
Hamiltonian

H “ Hint “ σz b σz b 1e ` 1s b σx b σz. (13)

In order to test the robustness of our method, we also introduce
a Hamiltonian perturbation that violates Assumption 1 -
namely it includes a direct system-environment term. To this
aim we consider:

H̃ “ H ` 1

5
σy b 1w b σy. (14)

The initial state is chosen as ρp0q “ |`yx`| b |wyxw| b
|`yx`|. We set the system and environment state to |`y,
since it is not an eigenvector of either σy nor σz. We will
compare three different wall states, |wy P t|0y, |`y, |iyu. For
convenience, let us also define |wKy P t|1y, |´y, |´iyu, which
are the corresponding eigenvectors with negative eigenvalue.
For this system, the optimal wall state, |0y, and the heuristic
one coincide. We will use the time until ρs reaches a purity
of 0.95 as a performance metric.

1) Fast Repeated Measurements on the Wall: It is well
known that repeated projective measurements produce a Zeno
effect [15], by resetting the state to the measurement eigen-
states. Here the measurement operators are chosen to stabilize
the wall subsystem close to its initial state, thus, for each of the
initial states |wy that we consider, we associate the projectors
as t�0 “ 1 b |wyxw| b 1, �1 “ 1 b |wKyxwK| b 1u.

The measurement will be repeated uniformly with frequency
f , meaning that at every instant ti “ i{f , i P N the following
instantaneous transformation is applied

ρpti ` εq “
řnw´1

j“0 �jρptiq�j

tr
´řnw´1

i“0 �jρptiq�j

¯ , (15)

where ε Ñ 0`. It is important to remark that between every
ti and ti`1 the system evolves freely, according to (2).

If f is large enough, we expect the loss of purity to slow
down due to the Zeno effect [15]. Figure 1 shows the purity
dynamics for different values of f . The Zeno effect occurs
independently of the choice of |wy: however, if the wall state
satisfies the criterion given in the previous section, we expect it
to be more effective. In our example, this would correspond to
|wy “ |0y. This indeed is the case, as shown in Figure 2, which
shows the purity dynamics for different initial wall states and
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Fig. 2. Purity of ρs for systems with Hamiltonians (13) and (14), driven
with repeated measurements, for different wall states and measurement
frequency f “ 50.

Fig. 3. Time to reach 0.95 purity of ρs for a system with
Hamiltonian (13), driven with repeated measurements, in function of the
measurement frequency.

Fig. 4. Purity of ρs for a system with Hamiltonian (13), driven with
dissipation, for different dissipation strengths and |wy “ |0y.

f “ 50. Finally, Figure 3 shows the time required to have a
purity loss of 0.5.

2) Dissipation-Driven Wall: Next, in order to preserve the
wall state, a stabilizing dissipation term substitutes the
repeated measurements [16]. We consider the following
Lindblad equation

9ρ “ ´irH, ρs ` γ

ˆ
LρL: ´ 1

2
tL:L, ρu

˙
, (16)

where we set L “ κ1s b |wyxwK| b 1e.
Figure 4 shows the purity dynamics for different values of

dissipation strength κ . Fig. 5 shows the evolution of the purity
of the target when the dissipation strength is equal to 4. Then,
Fig. 6 displays the time that it takes the target to reach 0.95
purity for different values of the dissipation strength.

3) Strong Coherent Driving: Another control strategy to
preserve the wall state is to exploit the quantum Zeno effect

Fig. 5. Purity ρs for systems with Hamiltonians (13) and (14), wall driven
with dissipative dynamics, with different initial wall states and dissipation
strength κ “ 4.

Fig. 6. Time to reach 0.95 purity ρs for a system with Hamiltonian (13),
driven with dissipation, in function of the dissipation strength.

generated by strong Hamiltonian driving to stabilize the wall
state. We consider the free Hamiltonian H0 and a control term
Hc,

H “ σi b σj b 1 ` 1 b σp b σllooooooooooooooomooooooooooooooon
H0

`k1 b σj b 1loooomoooon
Hc

.

The full system can be shown to evolve following the effective
Hamiltonian [10], Heff “ řnc

t“1�tH0�t, when k Ñ `8,
where �t “ 1 b q�t b 1 are the eigenprojectors of Hc, and
nc is the amount of distinct eigenvalues of Hc. Namely, Hc “řnc

t“1 λt�t, where λt are the eigenvalues of Hc. Therefore,

Heff “
ncÿ

t“1

´
λtσi b q�t b 1 ` 1 b q�tσp q�t b σl

¯

“ σi b σj b 1 ` 1 b
ncÿ

t“1

q�tσp q�t b σl.

If σj is non-degenerate, then all of the q�t are of rank 1 and
nc “ nw. We can then write q�t “ |ψtyxψt|, and we have that

Heff “ σ1 b σj b 1 `
nwÿ

t“1

xψt|σp|ψty1 b q�t b σl. (17)

It follows that if |wy is an eigenvector of non-degenerate
σj, it is also an eigenvector of

řnw
t“1

q�tσp q�t, with eigenvalue
xw|σp|wy. This in turn, gives us the possibility to decouple
the target subsystem simply by preparing the wall into the
appropriate initial state. For the simulations, we consider
the example Hamiltonian (13) plus the following control
Hamiltonians for each of the initial wall states |wy, Hc “
κ1 b p|wyxw| ´ |wKyxwK|q b 1.
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Fig. 7. Purity of ρs for a system with Hamiltonian (13) plus Hamiltonian
driving, for different driving strengths and |wy “ |0y.

Fig. 8. Purity of ρs for systems with Hamiltonians (13) and (14) plus
Hamiltonian driving, for different initial wall states and driving strength
κ “ 4.

Fig. 9. Time to reach 0.95 purity ρs for a system with Hamiltonian (13)
plus Hamiltonian driving, in function of the driving strength. Notice how
the wall state allows to never reach 0.95 purity for k ą 4.

Fig. 7 shows the purity dynamics for different driving
strengths. For κ “ 4, the target purity can be seen in Fig. 8.
The time to reach a purity of 0.95 is shown in Fig. 9. The
blue line in this figure disappears roughly after κ “ 4, because
for κ greater than this value, and |wy “ |0y, the purity of the
target does not go below 0.95. This behavior is potentially
very interesting, and needs more careful examinations.

VI. CONCLUSION

We have proposed a new approach to the decoupling of
a subsystem from environmental interaction, which relies on
controlling the leading term of the interaction Hamiltonian on

an interface subsystem, but not addressing the system encod-
ing the logical information directly. This choice allows for
simpler implementation of logic operations on the protected
qubit. Decoupling is attained by selecting and approximately
preserving a particular state, called a wall state, in the
interface subsystem. The advantage of properly selecting
such state is motivated analytically, via purity preservation,
and numerically. In simulation, we test the importance of
Assumption 1, showing that relaxing it only entails a small
performance degradation. Future work will be devoted to
further developing the heuristic strategy for wall state selection
we propose, comparing the performance to state-of-the-art
decoupling techniques, and investigate the potential of strong
Hamiltonian driving towards attaining not just a slow-down
of decoherence, but an “eternal” lower bound on the target
purity, a possibility highlighted in the simulations.
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