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Stabilizing Wall States to Protect
Quantum Information

Miguel Casanova ', Marco Cortese ', and Francesco Ticozzi

Abstract—A new approach to the decoupling of quantum
information from undesired environmental interactions is
proposed, based on the preparation and stabilization of par-
ticular “wall” states on the interface between the system of
interest and the environment. These states can be selected
by minimizing the purity loss of the system of interest
or by identifying the dominant interaction couplings. The
effectiveness of the method is discussed with numerical
simulations for paradigmatic systems and different ways
to stabilize the wall state. Some promising features of
stabilization via strong Hamiltonian driving are highlighted
in the examples.

Index Terms—Quantum information and control, quan-
tum error correction, quantum dynamical decoupling.

[. INTRODUCTION

FFECTIVELY protecting quantum information encoded
Ein physical systems from undesired couplings with its
environment is arguably the crucial task to be addressed
in order to obtain reliable quantum information processing
in solid-state devices. To this aim, various techniques have
been proposed, among which we briefly recall: (1) noiseless
encodings [1], [2], a passive method that exploits encoding
information in pre-existing noise-protected subspaces or sub-
systems; (2) quantum error correction (QEC) [3], [4], where
the effect of the noise on the subsystem is undone via
suitable recovery actions; (3) quantum dynamical decoupling
(DD) [4], [5] and related (periodic or randomized) open-loop
control techniques, which are aimed to average out the action
of the noisy dynamics over a time interval up to a target order
in the time expansion.

In QEC, the price to pay in order to engineer correctable
information is an overhead in the size of the system: roughly
speaking, the more general is the noise to be corrected, the
more physical qubits are needed to obtain a correctable one.
On the other hand, DD requires potentially complex control
inputs to be designed to counteract noise, and even more so
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if some logical gates have to be simultaneously implemented
on the protected information [6].

We here propose a novel approach to noise suppression that
uses open-loop control to approximately decouple from noise a
subsystem of the system of interest. This can be seen as a way
to engineer approximately noiseless subsystems [7], with the
peculiarity that the system is divided in a logical subsystem,
and a wall one, that acts as a barrier for information leakage.
Within this framework, the noise-avoiding control does not
need to act directly on the encoded information, thus highly
simplifying the implementation of logical gates on it - in
fact, gates can be implemented completely independently of
the noise protection protocol, a very different scenario with
respect to, e.g., dynamical decoupling [6]. Crucial to the task
is the preparation of particular states on the wall subsystem,
which we call wall states, that are able to significantly slow
down decoherence of the logical degrees of freedom. Wall
states are selected by looking at the form of the purity
derivative at the beginning of the evolution. Purity preservation
is known to be a proxy for unitary evolution, and has also
been considered in different control-based approaches (see,
e.g., [8]). Since the wall states we identify need not be
invariant for the free dynamics, their drift can be slowed-down
by well-established open-loop control techniques acting on the
wall subsystem alone [9], [10]: fast repeated measurements,
engineered dissipation, or strong Hamiltonian driving. The
latter task is related to, and extends, pointer-state engineering
as considered in [11]. The effectiveness of the method is
tested numerically, and the different approaches to enforcing
state invariance are compared: the use of strong Hamiltonian
driving is demonstrated not only to work well, but to have the
potential, at least under some additional assumptions, to ensure
infinite-time persistence of high purity. A quick comparison of
the resource and advantages of different error-control strategies
is summarized in the following table: the proposed method is
called QWall.

Encoded Noise QIP (Gate)
information control implementation
QWall | Subsystem Fast/Strong Independent
DD Full target | Fast/Strong & Intertwined
system cyclical
QEC | Subspace or | Fast/Strong & Alternated
subsystem cyclical
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Il. MODEL AND CONTROL TASK

The general objective is to find a control strategy that allows
to protect a (factor) subsystem of a target quantum system. In
the following we illustrate how this can be done by focusing
our control effort not on the encoded information, but on the
subsystem that has the strongest direct dynamical connection
to the environment. We thus transition to consider a finite-
dimensional tripartite quantum system with Hilbert space Hs®
Hw ® Hg, where Hg represents the system on which we
aim to encode and protect quantum information, Hw represent
a controllable subsystem, referred to as the wall subsystem,
and Hg represents the environment. Additionally, take ng, n,,
and n, to be the dimensions of each of the three subsystems,
respectively. We assume that the initial state is factorized with
respect to this partition: the state of Hs is unknown as it will be
determined by the specific information processing task, while
the one of Hy is the object of our design, and that of Hp is
arbitrary and unknown. We assume:

Assumption 1: The joint Hamiltonian has the following
structure:

H=Hs®1R@1+1Q9HYy Q1 +1R®1QHEg
+Hsw®1 + 1 ® Hwk. (1)

Namely, we assume there are no direct interaction terms
between the quantum information system and the environment.

Remark: In simulation, we will relax this assumption and
see that the impact of perturbative terms coupling the system
and the environment directly only lead to a limited decrease
in the performance of the method.

Moreover, we denote the interaction term as Hj,; = Hgw ®
1+1®Hwg. As we include the environment in our description,
we have joint unitary dynamics, i.e., a state evolution equation
of the form

d
5P i[H, p]. (2)
As customary, we set A = 1, and we consider (also in the
simulations) a reference time without specified measurement
units.

Since we are not interested in the information contained
in Hw, we can perform state preparation on this partition
and consider the initial state p,,(0) = trsg(0(0)) as a control
resource. In addition, we assume to be able to have complete
controllability on such system (see, e.g., [12, Ch. 3]), and be
able to implement state stabilization by implementing some
combination of dissipation engineering, repeated measure-
ments, or strong Hamiltonian driving of the form K- 1®H &1,
with K large. More details on these control resources will be
made clear in Section V.

[1l. PURITY DYNAMICS FOR THE TARGET SUBSYSTEM

The task at hand is to decouple the partition Hg from the rest
of the system, so that the evolution of the reduced state ps(¢) =
trwg(p)(¢) is unitary, i.e., so that the information stored in
Hs is recoverable [7]. As a measure of the unitarity of the
evolution of pq(f), we use its purity y(ps(1)) = tr(pg(2)?). It
can be proved that the purity remains constant on a subsystem
if and only if its reduced evolution is unitary [13].

Any Hermitian operator, acting on a tripartite system, can
be written with respect to a factorized basis. We thus rewrite

n2—1n2—1n2—1

H= 3 > > wpo ®0' @0, 3)
i=0 j=0 k=0
where 0"} = piswel/ the identit t
A = \/{s.w.e} are the identity operators
in each of the partitions, which together with oi{s’w’e}, i >

0, form a trace-orthonormal basis of Hermitian operators
acting on the corresponding partition of the system. This
basis spans the set of observables in each of the partitions,
ie, O(Higwry) = span({ai{s’w’e}},-). If we introduce the
structure of Hamiltonian (1), into the general expression (3),
we have the constraint that w;z = 0 if both i,k > 0, ie,
all non-zero coefficients are ;o or pojx. For convenience, we
introduce the following renaming,

aj ifk=0andi+;j>0
Bixif i =0 “4)
0 ifi,k>0.

Mijk =

This notation has been chosen so that, «;; refers to the
coefficients of Hg and Hgyw, whereas Bji refers to Hy, Hg and
Hweg.

In order to slow-down the initial loss of purity, we are
interested in minimizing the magnitude of its derivatives
evaluated at time zero and initial product state p, = P50®0we®
Peo- The first derivative is %V(,Os)h:o: tr(Zpso(%ps)h:o).
However, since % p = —i[H, p] and due to the cyclic property
of the trace, it turns out to be the trace of a commutator,
which is zero. For this reason, we shift our focus to the second
derivative:

d2

d d?
o= (A e+ 200Gzlcn ). )

The introduction of the constraints (4) in the computation
of the second derivative leads us to proposition 1.

Proposition 1: Consider a tripartite quantum system with a
Hamiltonian of the from (1). If the initial state of the system
is p(0) = P50 ® Pyo ® pPeo, the derivatives of the purity of py(?)
are independent of all the local terms, Hwg and p.,, up to
second order. The second derivative at t=0 has the following
form

n2—1n2—1

d2
ﬁy(psﬂt:() =—4 Z Z Qb Qjj
a,i=1b,j=1

tr (Ujpsaaispso - U;Uispgzg)

(tr(03 Puo)tx(0" Duo) = (030" puc) ) (6)
where we used the notation introduced in (4). Furthermore, the
initial second derivative of the purity of py can be made equal

to zero by if there exists py, such that tr(c)’ pw,,)tr(ojw,ow,)) -
tr(ol:”ojwpwo) =0 Vb,j.
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Proof: Substituting the state dynamics, i.e., %,%Iz:oz

trWE<_i[H7 po]) and dzps|t 0= trWE<_[H7 [Hs po]])’ into (5)
we obtain,

n—ln—ln—l

tzy(:ov lr=0 = —4 Z Z 2 Mabe Kijk

a,i=0b,j=0 c,k=0
(07 £5007 30 — 9507 03,
(tr(03," pwo (07" uo )tr (0 peo (0, Peo)
*tr(ogv(fjwpm))tr(aceakepe»)-

Applying the coefficient constraints given by (4), all the
terms with coefficients B or B disappear, due to the trace
involving ps, becoming zero whenever either a or i is zero.
Then, we are left only with the terms with coefficients ogpajk,
for which the traces involving p., are 1. Moreover, the terms
involving a4, or oo are zero as well. Therefore, the second
derivative of the purity of p; becomes independent of the
environment and of the local terms, taking the form given in
equation (6). Finally, from this last expression it can be easily
seen that if there exists py, such that tr(o)” pwo)tr(ojw,owa) —

tr(ag”a“’,owo) = 0 Vb, j, we have that 5722)/(,05)|t:0: 0. ]

IV. CHOICE OF THE WALL STATE
A. Minimizing Purity Loss Rate

We are now interested in defining a problem that allows
us to find the optimal wall state to preserve the purity of p;.
Specifically, we want to minimize the absolute value of the
second derivative of the purity at time zero. However, this
quantity depends on py,, therefore, let us first take the average
of the second derivative d22 v (ps)|i=0 over the set of all pure
states pg,, Which we call Qe’“ The surface area of this set is
defined as v = Sgext dps. Then we have that

d? 1 d?
<ﬁy(ps)|t:0>ps = = - dtzy(ps)lt 0d ps

nfln —1

- Z Z Hab®ij Xai

a i=1b,j=1
(tr(ay’ owo ) tr(07" Puo)
—tr(GgVU}vao)), (7)

where yx, = Sszext tr(o} ps00; Pso — 007 ,oszo)d,os. We define the

following objecﬁve function,

(pwo) |<dl‘2 Y (Ps) |t:0>ps | (8)

Finally, we are only interested in initial pure states, oy, =
lw)(w| € Q5X'. Summing up, we are interested in solving the
following optimization problem.

Problem 1: Given the tripartite quantum system with
Hamiltonian as in (1) and initial product state p, = p5 ®
Pwo @ Peo, find a pure initial state p,, such that

Ow = argmin ['(py,). 9)
p‘meQCXt

nw

This optimization problem can be treated numerically with
standard methods: notice that the cost function is convex, while
the state set can be parametrized as a manifold. Nonetheless,
identifying effective, if not optimal, wall states is also possible
via the approach we propose in the next section.

B. Heuristic Wall State Design: Dominant Terms in the
Operator-Schmidt Decomposition

To develop some intuition on the best choices of p,,,, we
analyze a simple case.

Example 1: Consider a
Hamiltonian

H:ol-‘v®ajw®]le—|—]ls®alf®ale,
—_—

Hwe

three qubit system with

(10)
Hgw

where oi{s’w’e} are Pauli matrices. In this toy model, there
are no local terms, the Hamiltonian is purely an interaction
Hamiltonian and the second derivative of the purity of p; is

d2 2 2
- pso)

—v(ps)li=0 = —4t1‘((ol-spw)
((tr(ff,prO))2 — 1) (11)

dt
By looking at the factor corresponding to the wall, namely
(tr(ajw,ow,,))2 — 1, we observe that by choosing p,, as an
eigenstate [v)(v| of ;" this factor is equal to zero,

2 2
(0" pwo) )" =1 = (wlo b)) =1

=22 —1=(x1)*—1=0,
where A, = +1 is the eigenvalue of the Pauli matrix ajw,
corresponding to |v). This implies that jzzy(pé)lt o= 0, and
hence that for this case choosing py, as an eigenstate of 0
solves Problem 1. Moving towards the general case, Where
Hsw = ZU 0’1 X O’] , we cannot choose a initial pure state
Pwo = |w)(w| that is an eigenvector of each of the ojW.

An extension of this idea to the general case, leads to an
approach based on the operator Schmidt decomposition [14].
In the previous section it has been proven that the terms
that affect the purity of the target up to second order are
the ones contained in Hgwy. However, in the general case
the choice of p, is not trivial, given the fact that Hgwy
contains multiple terms with different “strength coefficients”.
A possible heuristic is to find an orthogonal base for the matrix
Hgw such that we are able to cancel the dominant couplings.
This basis can be found with the help of the Singular Value
Decomposition (SVD), that for quantum operators leads to the
so-called Operator Schmidt Decomposition (OSD).

Let Bs, By and Bsw be bases of O(Hs), O(Hw) and
O(Hs ® Hw), respectively, consisting of the identity and
traceless orthonormal Hermitian operators. Clearly Bgy can be
chosen as Bsw = {A;®Bj|A; € Bs,Bj€ By,i=1,... ,n%,j =
1,..., nfv} We can then rewrite Hgy with respect to the basis
Bswi

2 2
ny 1y,

Hsw = Z Z hjr - Aj @ By,
j=1k=1
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with hy = tr(HT(Aj ® Bi)) € R. We can define H —
[hi] € R™ ™, which is the real matrix corresponding to
the coefficients hj. If we apply the SVD to H, we get H=
UZVT, where the diagonal matrix ¥ = diag(sy, ..., sy) has
the singular values in descending order, namely s; > sp >
...>= sy, where N = min(n?, nfv) Let, now, uj, = [U]jx and
vt = [V]jx be the elements of the matrices U and V. Then,
we can define the Hermitian operators

2 2
S n;,

C = Z uji -Aj € O(Hs), D; = Z Vi - By € O(Hw),
k=1

n

j=1

which allow us to rewrite Hgy = Z?’zl s1-Cr®Dy.

Since H is real, both U and V are orthogonal matrices, i.e.,
UUT = 1 and VW1 = 1. This implies that {C;}; and {D;};
are both trace-orthonormal, i.e., they satisfy the following
properties tr(CxC;) = & and tr(DgDy) = 8-

Using this expression for Hgw, let us rewrite

N
1
Clow) = 1= D sisixii(te(Dipw)tr(Dspw)
ij=1
—tr(DiDjpw))|,
where, after extensive numerical computations, it has been
seen that x; = &6;;. We can also prove that x; = § <

0, since the integrand takes the form —Var, (C;) if we
restrict pg, to be a pure state. Moreover, we also have
that (tr(Dyp, ) (Do) — t(DDjpy)) = Ep, [DIIE,, [D] -
E,,[DiDj] = —Cov,, (D;, D;). Putting everything together,

and defining for convenience ¢; = —%siz, we have that
N
T(pw) = D, & (tr(D,-zpw) - (tr(DiPw))2>
ij=1
N
= Z ¢iVarp, (D;). (12)
ij=1

Since all of the operators D; are normalized, we propose
choosing py, = [w)(w|, such that Dglw) = Alw), i.e., such
that it is an eigenstate of the operator with the highest singular
value. This choice of wall state makes zero the term with
the biggest coefficient in (12), and is intended as a heuristic
solution to problem 1. Remarkably, this choice corresponds
to the optimal one (found numerically) for the examples we
studied.

V. HOLDING THE WALL IN PLACE VIA ZENO EFFECT

Now that we have established a criterion to choose the
wall state, leading to slower purity-loss rates for the system
of interest, we investigate how different control techniques,
performed on the wall subsystem, affect the system and
can be used to stabilize the wall around its initial state, or
at least slowing down its drift dynamics, extending in this
way its decoupling effect to longer times. For illustration
purposes, we consider a particular case of the toy problem (10)
and perform numerical simulations, adding different types
of control actions in each subsection, showing the effect of

1.04

0.9 4

0.8

Purity

0.7

0.6 4

Time

Fig. 1. Purity of ps for a system with Hamiltonian (13), driven with
repeated measurements, for different measurement frequencies and

[w) = 10).

different control choices. Namely, we consider the system with
Hamiltonian

H=Hy; =0,00,Q1, +1;, R0, Q0. (13)

In order to test the robustness of our method, we also introduce
a Hamiltonian perturbation that violates Assumption 1 -
namely it includes a direct system-environment term. To this
aim we consider:

H=H+ éay@nW@)ay. (14)
The initial state is chosen as p(0) = |+)}+| ® [wxw| ®
[+)>(+]. We set the system and environment state to |+),
since it is not an eigenvector of either oy nor o,. We will
compare three different wall states, |w) € {|0), |+), |i)}. For
convenience, let us also define [wb) e {|1), |—), |—i)}, which
are the corresponding eigenvectors with negative eigenvalue.
For this system, the optimal wall state, |0), and the heuristic
one coincide. We will use the time until p; reaches a purity
of 0.95 as a performance metric.

1) Fast Repeated Measurements on the Wall: Tt is well
known that repeated projective measurements produce a Zeno
effect [15], by resetting the state to the measurement eigen-
states. Here the measurement operators are chosen to stabilize
the wall subsystem close to its initial state, thus, for each of the
initial states |w) that we consider, we associate the projectors
as {Ilp = 1@ wXw|® 1, T| = 1 ® whXwt|@1}.

The measurement will be repeated uniformly with frequency
f, meaning that at every instant #; = i/f, i € N the following
instantaneous transformation is applied

wil
2iro Mip(6)T;
p(ti+e) = —
(g ()T, )

where ¢ — 0. It is important to remark that between every
t; and t;41 the system evolves freely, according to (2).

If f is large enough, we expect the loss of purity to slow
down due to the Zeno effect [15]. Figure 1 shows the purity
dynamics for different values of f. The Zeno effect occurs
independently of the choice of |w): however, if the wall state
satisfies the criterion given in the previous section, we expect it
to be more effective. In our example, this would correspond to
|[w) = |0). This indeed is the case, as shown in Figure 2, which
shows the purity dynamics for different initial wall states and

) (15)
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Fig. 2. Purity of ps for systems with Hamiltonians (13) and (14), driven
with repeated measurements, for different wall states and measurement
frequency f = 50.
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Fig. 3. Time to reach 0.95 purity of ps for a system with

Hamiltonian (13), driven with repeated measurements, in function of the
measurement frequency.
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Fig. 4. Purity of ps for a system with Hamiltonian (13), driven with
dissipation, for different dissipation strengths and |w) = |0).

f = 50. Finally, Figure 3 shows the time required to have a
purity loss of 0.5.

2) Dissipation-Driven Wall: Next, in order to preserve the
wall state, a stabilizing dissipation term substitutes the
repeated measurements [16]. We consider the following
Lindblad equation

p=—i[H,p]+y (LpLT - %{LTL, p}), (16)
where we set L = k1, ® |w><wi| ® 1,.

Figure 4 shows the purity dynamics for different values of
dissipation strength . Fig. 5 shows the evolution of the purity
of the target when the dissipation strength is equal to 4. Then,
Fig. 6 displays the time that it takes the target to reach 0.95
purity for different values of the dissipation strength.

3) Strong Coherent Driving: Another control strategy to
preserve the wall state is to exploit the quantum Zeno effect

1.04

0.9 4

0.8

Purity

0.7

0.6 4

Time

Fig. 5. Purity ps for systems with Hamiltonians (13) and (14), wall driven
with dissipative dynamics, with different initial wall states and dissipation
strength « = 4.

101
— 0

----- I+

1--- 10

Time

Dissipation strength

Fig. 6. Time to reach 0.95 purity ps for a system with Hamiltonian (13),
driven with dissipation, in function of the dissipation strength.

generated by strong Hamiltonian driving to stabilize the wall
state. We consider the free Hamiltonian Hy and a control term
HC’

H=0Q®05®1+1Q0,00+k1®0;@1.

;_\,___/
Hyp H,

The full system can be shown to evolve following the effective
Hamiltonian [10], Hey = Y, [I;HoIl;, when k — 400,
where IT, = 1 ® ﬁ, ® 1 are the eigenprojectors of H., and
n. is the amount of distinct eigenvalues of H.. Namely, H. =
Z:’;l A I1;, where A; are the eigenvalues of H.. Therefore,
e
Hegr = Z ()\ro'i ® ﬁt ®T+1® ﬁtopﬁt ® Ul)

t=1
ne

0i®q/®]l+]l®2ﬁto,,ﬁt®m.

t=1

If o is non-degenerate, then all of the ﬁ, are of rank 1 and
ne = ny,. We can then write I1, = |, ){(v|, and we have that

Ny
Hei = 01 ®0; @1+ > (Wilop vl @ M, @01 (17)

=1
It follows that if |w) is an eigenvector of non-degenerate
oj, it is also an eigenvector of Z:Zl ﬁ,apﬁ,, with eigenvalue
{wlop|w). This in turn, gives us the possibility to decouple
the target subsystem simply by preparing the wall into the
appropriate initial state. For the simulations, we consider
the example Hamiltonian (13) plus the following control
Hamiltonians for each of the initial wall states |w), H. =

Kkl @ (Jwyw| — [whHwl ) @ 1.
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Fig. 7. Purity of ps for a system with Hamiltonian (13) plus Hamiltonian
driving, for different driving strengths and |w) = |0).

1.04
0.9
> 089 —0 [0), H
05_ ..... [+), H
074 === |i),H
[0y, H
0.6 4 [+), H
iy, H
0.5 1 . . - . .
0 2 4 6 8 10
Time
Fig. 8. Purity of ps for systems with Hamiltonians (13) and (14) plus

Hamiltonian driving, for different initial wall states and driving strength
Kk = 4.

Hamiltonian control strength

Fig. 9. Time to reach 0.95 purity ps for a system with Hamiltonian (13)
plus Hamiltonian driving, in function of the driving strength. Notice how
the wall state allows to never reach 0.95 purity for k > 4.

Fig. 7 shows the purity dynamics for different driving
strengths. For k = 4, the target purity can be seen in Fig. 8.
The time to reach a purity of 0.95 is shown in Fig. 9. The
blue line in this figure disappears roughly after k = 4, because
for k greater than this value, and |w) = |0), the purity of the
target does not go below 0.95. This behavior is potentially
very interesting, and needs more careful examinations.

VI. CONCLUSION

We have proposed a new approach to the decoupling of
a subsystem from environmental interaction, which relies on
controlling the leading term of the interaction Hamiltonian on

an interface subsystem, but not addressing the system encod-
ing the logical information directly. This choice allows for
simpler implementation of logic operations on the protected
qubit. Decoupling is attained by selecting and approximately
preserving a particular state, called a wall state, in the
interface subsystem. The advantage of properly selecting
such state is motivated analytically, via purity preservation,
and numerically. In simulation, we test the importance of
Assumption 1, showing that relaxing it only entails a small
performance degradation. Future work will be devoted to
further developing the heuristic strategy for wall state selection
we propose, comparing the performance to state-of-the-art
decoupling techniques, and investigate the potential of strong
Hamiltonian driving towards attaining not just a slow-down
of decoherence, but an “eternal” lower bound on the target
purity, a possibility highlighted in the simulations.

REFERENCES

[11 D. A. Lidar, I. L. Chuang, and K. B. Whaley, ‘“Decoherence-free
subspaces for quantum computation,” Phys. Rev. Lett., vol. 81, no. 12,
pp. 2594-2597, 1998.

[2] R. Blume-Kohout, H. K. Ng, D. Poulin, and L. Viola, “Information
preserving structures: A general framework for quantum zero-error
information,” Phys. Rev. A, vol. 82, no. 6, 2010, Art. no. 06230.

[3] E. Kanill, R. Laflamme, and L. Viola, “Theory of quantum error correc-
tion for general noise,” Phys. Rev. Lett., vol. 84, no. 11, pp. 2525-2528,
2000.

[4] D. A. Lidar and T. A. Brun, Quantum Error Correction. Cambridge,
U.K.: Cambridge Univ. Press, 2013.

[5] L. Viola, E. Knill, and S. Lloyd, “Dynamical decoupling of open
quantum systems,” Phys. Rev. Lett., vol. 82, no. 12, pp. 2417-2421,
1999.

[6] K. Khodjasteh and L. Viola, “Dynamically error-corrected gates for
universal quantum computation,” Phys. Rev. Lett., vol. 102, Feb. 2009,
Art. no. 080501.

[71 F. Ticozzi and L. Viola, “Quantum information encoding, protection,
and correction from trace-norm isometries,” Phys. Rev. A, vol. 81, no. 3,
2010, Art. no. 032313.

[8] N. B. Dehaghani, A. P. Aguiar, and R. Wisniewski, “Quantum
Pontryagin neural networks in Gamkrelidze form subjected to the purity
of quantum channels,” IEEE Control Syst. Lett. vol. 7, pp. 2227-2232,
2023.

[9] C. Altafini and F. Ticozzi, “Modeling and control of quantum systems:

An introduction,” [IEEE Trans. Autom. Control, vol. 57, no. 8,

pp. 1898-1917, Aug. 2012.

P. Facchi and S. Pascazio, “Three different manifestations of the

quantum Zeno effect,” in Irreversible Quantum Dynamics, vol. 622,

F. Benatti and R. Floreanini, Eds. Berlin, Germany: Springer, 2003,

pp. 141-156.

K. Khodjasteh, V. V. Dobrovitski, and L. Viola, “Pointer states via engi-

neered dissipation,” Phys. Rev. A, vol. 84, no. 2, 2011, Art. no. 022336.

D. D’Alessandro, Introduction to Quantum Control and Dynamics,

2nd ed., Boca Raton, FL, USA: Chapman Hall/CRC, ch. 3, 2021.

M. M. Wolf. “Quantum channels & operations: Guided tour.” 2012.

[Online]. Available: https://citeseerx.ist.psu.edu/document?repid=repl&

type=pdf&doi=afa58291b0b8bd47504acb1ab8f553f0b37685¢cf

M. A. Nielsen et al., “Quantum dynamics as a physical resource,” Phys.

Rev. A, vol. 67, no. 5, 2003, Art. no. 052301.

B. Misra and E. C. G. Sudarshan, “The Zeno‘s paradox in quantum

theory,” J. Math. Phys., vol. 18, no. 4, pp. 756-763, 1977.

F. Ticozzi and L. Viola, “Analysis and synthesis of attractive quantum

Markovian dynamics,” Automatica, vol. 45, no. 9, pp. 2002-2009, 2009.

[10]

(11]
[12]

[13]

[14]
[15]

[16]

Open Access funding provided by ‘Universita degli Studi di Padova’ within the CRUI CARE Agreement




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Helvetica
    /Helvetica-Bold
    /HelveticaBolditalic-BoldOblique
    /Helvetica-BoldOblique
    /Helvetica-Condensed-Bold
    /Helvetica-LightOblique
    /HelveticaNeue-Bold
    /HelveticaNeue-BoldItalic
    /HelveticaNeue-Condensed
    /HelveticaNeue-CondensedObl
    /HelveticaNeue-Italic
    /HelveticaNeueLightcon-LightCond
    /HelveticaNeue-MediumCond
    /HelveticaNeue-MediumCondObl
    /HelveticaNeue-Roman
    /HelveticaNeue-ThinCond
    /Helvetica-Oblique
    /HelvetisADF-Bold
    /HelvetisADF-BoldItalic
    /HelvetisADFCd-Bold
    /HelvetisADFCd-BoldItalic
    /HelvetisADFCd-Italic
    /HelvetisADFCd-Regular
    /HelvetisADFEx-Bold
    /HelvetisADFEx-BoldItalic
    /HelvetisADFEx-Italic
    /HelvetisADFEx-Regular
    /HelvetisADF-Italic
    /HelvetisADF-Regular
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /Times-Bold
    /Times-BoldItalic
    /Times-Italic
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Times-Roman
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZapfChanceryITCbyBT-MediumItal
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Recommended"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


