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This work introduces the concept of variable-dependent admissible limits for tolerance stack-up analysis,
where limits adapt based on geometrical and non-geometrical variables. Unlike traditional methods that
assume fixed limits, the proposed approach integrates these dependencies into both variational and Monte
Carlo analyses, enabling broader tolerances while maintaining functionality. A case study from the automo-
tive sector demonstrates the methodology’s effectiveness. This innovation shifts tolerance analysis from a
purely geometrical to a functional domain, improving accuracy, reducing costs, and supporting compact and

safe designs in industrial applications.
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1. Introduction

The demand for higher performance in products has driven the need
for increasingly accurate and precise manufacturing processes. Conse-
quently, tighter tolerances are now more common than in the past, as
they help limit geometrical variation in the final product and reduce the
cost of poor quality [1].

Tolerance synthesis, or allocation, refers to the process of assigning
tolerance values to individual specifications with the goal of fulfilling
functional requirements, while accounting for the accumulation of uncer-
tainty [2]. Tolerance synthesis involves the use of tolerance stack-up (also
known as tolerance analysis, or tolerance chain) tools to simulate the
propagation of individual geometric variability throughout the entire
product (assembly). Each geometrical variability is controlled by the geo-
metric specifications assigned to the individual features of each part.

Tolerance analysis is a crucial aspect of product design and manu-
facturing, with various methods developed over the years to address the
complexities of dimensional and geometric variation. The most simple
methods relies on a kinematic model to represent the product’s variabil-
ity as in e vector-loop method where product variability is described by
a closed loop of vectors [3,4]. Increasing the complexity, the variational
approach models deviations from the nominal geometry and assembly
constraints through mathematical equations [5]. A natural evolution is
represented by the matrix method where a matrix captures small dis-
placements of features within their tolerance zones or the gaps between
assembled parts [6]. Still employing matrices, another technique, based
on the Jacobian, involves virtual joints linked to functional elements,
simulating small displacements in terms of translations and rotations
around a reference point. These functional elements are organized into
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pairs, forming a kinematic chain, where internal pairs describe varia-
tions within parts, and kinematic pairs represent the connections
between interacting parts [7,8]. The torsor approach, on the other hand,
assumes that feature deviations can be described by small linear and
angular displacements, known as the small displacement torsor [9,10].
By merging these two models, a unified Jacobian-torsor model combines
these two methods, where the Jacobian manages tolerance propagation
and the torsor captures feature variability [11]. More complex models as
Tolerance-Map® (T-Map®) provides a framework for representing the
degrees of freedom within a tolerance zone, enabling the derivation of
stack-up equations. The Minkowski sum is employed to combine differ-
ent T-Maps, which determine the resulting effect on a target feature
[12]. While tolerance stack-ups typically do not consider form devia-
tions, the concept of skin model shapes allows the contribution of form
tolerances to be included [13]. A general overview, for further insights,
of the tools and methods that can be employed for tolerance analysis is
provided in [14]. All existing tolerance stack-up models, as the those
presented so far, rely solely on geometrical variables and fixed, definitive
limits, no-mater the mathematical complexity of the model. However,
real-world design variables often interact in complex ways, where the
actual values of different characteristics can influence each other either
constructively or destructively. As a result, functional limits are dynamic,
depending not only on the state of other geometrical variables but also
on non-geometrical factors like material properties, which introduce
inherent variability.

This paper introduces a novel methodology to incorporate variable-
dependent admissible limits into tolerance stack-up analysis. Unlike tradi-
tional approaches, these functional limits adapt to the state of influencing
variables, both geometrical and non-geometrical, shifting the focus from
fixed geometrical constraints to a functional domain. This enables a more
accurate representation of real-world dependencies, allowing broader toler-
ances without compromising functionality.

0007-8506/© 2025 The Author(s). Published by Elsevier Ltd on behalf of CIRP. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/)


http://crossmark.crossref.org/dialog/?doi=10.1016/j.cirp.2025.03.006&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:mattia.maltauro@unipd.it
https://doi.org/10.1016/j.cirp.2025.03.006
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.cirp.2025.03.006
https://doi.org/10.1016/j.cirp.2025.03.006
http://www.ScienceDirect.com
http://https://www.editorialmanager.com/CIRP/default.aspx

158 M. Maltauro et al. / CIRP Annals - Manufacturing Technology 74 (2025) 157—160

By bridging the gap between theoretical models and industrial needs,
the proposed methodology provides a grounded approach for implement-
ing functional tolerance stack-ups in practice, enhancing both product
performance and cost efficiency.

The paper is structured into three main sections. The next section
presents a generalized mathematical procedure for considering variable-
dependent admissible limits in tolerance stack-up. Section 3 highlights
the practical application of this procedure in an industrial context. Finally,
the paper concludes with a summary of findings and implications.

2. Methodology

In “standard” tolerance analysis, an equation linking input geometrical
quantities to an output geometrical quantity is defined as follows:

F(®;) =u (1)

Where F is the functional equation, also referred to as the assembly equa-
tion, linking all the input quantities ®; to the output u. This equation
describes the interrelation between geometrical variables in a purely geo-
metrical context.

The dimension u is typically characterized by acceptability ranges
defined by performance:

L U
Ul SU=Ujjpy

Any bilateral tolerance can be described by a set of two unilateral tol-
erances that must be satisfied simultaneously:

U=, ()

Uty 3)

Considering Eq. (1), Eq. (2) can be rewritten as a function of the
variables ®;:

F(®) = uzu, (4)

This functional inequality forms the basis of tolerance stack-up analy-
sis and can be used to define admissible variability for each input variable
(®;) while ensuring that the inequality is respected. This approach
assumes that the limits for the output quantity are fixed and definitive,
meaning they are pre-determined.

2.1. Variable-dependent admissible limits

Here, the concept of variable-dependent limits is introduced. The
admissible limits for the output variable can be determined through
methods such as computer-aided engineering (CAE) simulation. The
boundary conditions for such simulations may consider worst-case sce-
narios, thereby finding plausible admissible limits beyond which func-
tionality is compromised.

Therefore, even if statistical tolerance analysis is used, considering Eq.
(4), only the left side of the inequality is treated statistically, while the
right side is still regarded as the worst-case scenario.

It is assumed that the functional limit is a function of the variables ®;
and ¥;, where ®; are the geometrical variables contained in the functional
equation (Eq. (1)) and ¥; include additional variables such as geometrical
tolerances not influencing the functional equation or non-geometrical fac-
tors like material properties and operating conditions. A functional link
can thus be defined:

Ui = G(®i, )

This can be rewritten in a more practical form as follows:

Ui = U™ = G (®4,)) (5)
G (®:. )20 (6)

For Eq. (5) to have physical meaning, the function G must be positive.
Therefore, a domain for the variables ®; and ¥; can be derived from Eq.
(6) if needed.

2.2. Functional equation with variable-dependent limits

The functional equation used for tolerance stack-up analysis in
the case of variable-dependent admissible limits is found by combining

Eq. (4) with Eq. (5).

F(d;) = uzu,Li‘nT“" -G (®i, ;)

Which become:

F(@) + G (i, %)) zup™ @)
If the upper limits is considered, Eq. (3), the final result is:

- (F(<I>,~) —H (@, %, wk)) > — yYmin (8)

Where W} are variables that do not influence the functional equation F
aNnd the functiopal link G for the lower limit. Notably, the additional terms
G (®;,'¥;) and H (;, ¥, ;) always favor the inequality.

2.3. Tolerance stack-up with variable dependent limits

To perform tolerance stack-up analysis, Eq. (7) and/or Eq. (8) can be
rewritten by moving all terms to the left side of the inequality. By group-
ing the two equations, both upper and lower limits can be considered
simultaneously:

F(®;) —H (0;,9;,%) — ummn) -0
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As a result, these two equations represent the "distance from func-
tional failure." The focus shifts from a purely geometrical domain to a
functional one, where the values on the left side of the inequalities repre-
sent the distance from failure.

These equations can be used for statistical tolerance analysis by employ-
ing Monte Carlo simulation to find a distribution for the distance from failure.
Statistical metrics and failure probabilities can then be computed.

In variational statistical analysis, the same equations can be expanded
using Taylor polynomials:
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Where @, ¥, ¥} are the values of the variables at the expansion point of
the Taylor series, the partial derivatives represent sensitivity coefficients, and
the terms A®;, A¥;, AV, represent the deviations from the expansion point.

This set of equations can be used for statistical tolerance stack-up with
different strategies, such as Root Sum of Squares (RSS) or Second Order
Tolerance Analysis (SOTA) [15,16].

2.4. RSS analysis with variable dependent limits

In the simplest case, for RSS analysis, assuming a Gaussian distribution for
each input variable with a standard deviation of o;j, and mean values of ®;,
V7, Wy, the statistical distribution of the distance from failure can be defined.
The mean distance from failure is found using the following equations:

{ dy = F(@)) + G (@], %)) — ugm .
dy = 7(F(‘I’z‘*) -H ((I)i*,\l/j.ﬁ \PZ) _ U,L,-],‘nmi")
The standard deviation is found using the following equations:
aF \ 2 3¢ \?2 o\’
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(12)
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With these results, it is possible to determine statistical metrics and create
a graphical representation of the tolerance stack-up result.

Ué, } + 2k

3. Case study

The proposed methodology is applied to an industrial case study pre-
sented in Fig. 1. The case study involves an AC/DC converter, in particular,
the focus is on the distance between the transformer (blue component on
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Opto-isolator

Critical distance
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Fig. 1. Case study: a) full geometry, b) isolated geometry, c) schematic geometry.

the isolated geometry) and an opto-isolator mounted on a secondary PCB
in the assembly.

The actual case study comes from the automotive industry and it is rel-
evant to the On-Board Charger (OBC) for electric vehicles. The presented
case study employs a different geometry and boundary conditions that
resemble the original problem. This product’s design requires a delicate
balance: internal components must be closely packed to minimize volume
and improve vehicle integration, while maintaining sufficient distance to
prevent dangerous electrical arcing. This dilemma makes the product an
ideal case for applying the proposed methodology.

The two components are placed at a 230 V nominal potential differ-
ence, therefore a minimum distance needs to be guaranteed to avoid elec-
trical arching. Considering that the potential difference is given by the
power supply and a tolerance of 4 10% is allowed [17], the peak voltage
difference is 253 V corresponding to 1.865 mm minimum distance accord-
ing to IPC-9595-B:2012. According to the same standard the sensitivity of
the distance as function of the voltage is 0.005 mm/V.

A Gaussian distribution for the voltage difference is assumed as a
boundary condition. An extract from the full geometric specification for
the components involved in the stack up is presented in Fig. 2.

Principal PCB 2x
(01)
0,15 (Z
s Glos oz
[ k| ‘ | ‘
[ — ; 1]
nx P11 ﬁ . 2x (D3
nx 0,9 14108 CZ|A|B &}
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Transformer
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Fig. 2. Extract of the geometric specification for the components involved in the stack-up.

3.1. Standard stack up analysis

The case study is first studied utilizing standard tolerance stack-up
analysis with the RSS model. Considering the geometric specification out-
lined in Fig. 2, a summary of the model can be seen in Table 1.

Table 1

RSS summary for the standard stack-up analysis.
Spec. Value Sensitivity o (Islo)?
(01.1) 0.15 15 0.025 0.1406
(01.2) 0.15 15 0.025 0.0014
(02) 0.8 1 0.133 0.0178
(03) 0.8 1 0133 00178
(04) 0.5 1 0.083 0.0069
(05) 1 1 0.167 0.0278
(06) 0.5 1 0.083 0.0069
AS_1 +0.25 1 0.083 0.0069
AS_2 +0.09 1 0.030 0.0009

The sensitivity coefficient for the stack-up analysis are computed
based on the geometry. Sensitivity coefficients are all equal to 1 expect for
the one relative to the tolerances applied to the assembly surfaces for the
secondary PCB and the transformer on the principal PCB. The sensitivity
factor depends on the relative orientation possible between the two surfa-
ces. The orientation error translate in horizontal deviation based on the
leverage factor due to the proportion between the height of the compo-
nent and the base width.

Considering the adjusted RSS analysis as presented by Fischer [18], the
graphical representation of the distance between the two studied compo-
nents is shown in Fig. 3. A rejection rate of 1357 part per million is found.

0.8
LsL
1.865
0.6
04F
0.2
0
0 1 2 3 4 5 6 7 8 9
Distribution: Quality metrics:
Mean = 4.0000 RR = 1357 ppm
Std. dev. = 0.7150 cp =n/a
Skew = 0.0000 cpk 0.9953
Kurt = 3.0000 Yield 99.8643%

Fig. 3. Standard stack-up result, a rejection rate of 1357 part per million is anticipated.

3.2. Proposed stack up analysis

_ Considering the proposed methodology the functions G(®;, ¥;) and
G (®;,'¥;) become:

G(V)=06 + 0.005 -V (13)

G (V) =0.005- (Vmax — V) (14)

Eq. (13)is directly derived from the standard (IPC-9595-B:2012), while
Eq. (14) is derived by the definition of G (V) asin Eq. (5). Vmax is equal to
253 V according to [17].

Therefore, the nominal distance from failure is found to be 2.250 mm
by applying Eq. (11), where F(®;) = 4 mm, G (&;,¥}) = G (230) = 0.115
mm, and uj;" = G(253) = 1.865 mm. The standard deviation, consider-
ing the adjusted RSS analysis as presented by Fischer is found to be 0.717
mm, this value is found by applying Eq. (12) and increasing the result by
50%. The graphical representation of the distance from failure can be seen
in Fig. 4.

3 -2 -1 0 1 5 6 7

Distribution: Quality metrics:
Mean = 2.2500 RR = 774 ppm
Std. dev. = 0.7170 cp = n/a
Skew = 0.0000 cpk 1.0460
Kurt = 3.0000 Yield 99.9226%

Fig. 4. Proposed stack-up result, a rejection rate of 774 part per million is anticipated.
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By considering the variability in the critical dimension due to the voltage
differential the rejection rate decreases to 774 part per millions.

4. Discussion

The comparison between the two methodologies highlights the significant
impact of the proposed approach: the rejection rate is halved (774 vs 1357
part per million) despite the relatively low sensitivity of 0.005 mm/V. By con-
sidering variable interdependencies statistically, the methodology allows for a
physically sound tolerance synthesis, permitting larger tolerances without
compromising functional integrity. This results in improved manufacturability,
reduced production costs, and enhanced product performance. Indeed, if a
rejection rate of 1357 part per million is deemed acceptable, applying the pro-
posed methodology tolerance relaxation can be exploited. The effectiveness of
the methodology becomes even more pronounced in cases where higher sen-
sitivity is present, such as when geometrical variables interact functionally
with external loads affecting section strength. In such cases, sensitivity can
approach a unitary order of magnitude, further amplifying the benefits of a
statistical rather than worst-case-based functional limits.

The methodology also facilitates product layout optimization, allowing
manufacturers to adjust nominal values while maintaining functionality
and balancing competing constraints. In the specific case of On-Board
Chargers (OBCs) in the automotive industry, safety (to prevent electric arc-
ing) and compactness are often at odds. The proposed approach statistically
models distance requirements between critical components, enabling a
better understanding of functional constraints. As a result, more compact
designs can be achieved without compromising safety standards, demon-
strating the practical industrial value of the methodology.

4.1. Applicability

While the case study focused on OBCs in the automotive industry, the
proposed methodology is equally applicable to other sectors where con-
flicting requirements need to be managed while maintaining tight con-
straints such as aerospace, and precision manufacturing among others.
The non-geometrical variables to be considered are inherently domain-
specific. For instance, in the OBC case study, variables such as battery deg-
radation, power fluctuations, or insulation aging might be relevant; in the
aerospace sector, factors such as thermal expansion, pressure cycling, and
fatigue may need to be addressed; while in precision manufacturing,
chemical properties of materials and coating degradation might be signifi-
cant. From a computational standpoint, no significant differences between
the two approaches were identified. The only distinction lies in the inclu-
sion of a larger number of variables, which increases the computational
cost when using a Monte Carlo strategy due to the need to sample addi-
tional variables. This occurs only if the additional variables are not incor-
porated directly into the functional equation.

4.2. Limitations

Despite its advantages, the proposed approach requires detailed input
on variable dependencies, which may limit its applicability in early design
stages when a finalized design is not yet available. However, it remains a
valuable enhancement for fully optimizing the final design, ensuring func-
tional reliability while reducing unnecessary conservatism in tolerance
allocation. Additionally, while the functional limits generated by this
approach provide a more realistic reflection of the system’s true behavior,
there is a risk that tolerances could become too wide if non-geometrical
variability is underestimated. Therefore, a thorough assessment of domain-
specific uncertainties is essential to prevent overrelaxation of tolerances
that may lead to non-functional products; the final responsibility is in the
hands of the designer.

5. Conclusions

This paper presents a novel concept to perform tolerance stack-up
analysis considering variable dependent critical limits. The methodology
can be integrated in different approaches to computer tolerance stack-ups
such as RSS, Monte Carlo, SOTA, etc. Its actual applicability has been dem-
onstrated through the application to a case study derived from the auto-
motive industry in the field of electric vehicle. A key advantage of this
approach is its ability to incorporate geometrical variables not originally
included in functional equations, as well as domain-specific non-geomet-
rical dependencies.

As for now there are no existing commercial tool that enables the
straightforward application of the presented methodology. Therefore,
future work may focus on the embedding of the proposed methodology
into more refine tolerance stack-up methodology to enhance its applica-
bility and ease of use in an industrial sector providing ready to use soft-
ware applications. An intriguing perspective is to develop a tolerance
analysis methodology that accounts for all these interrelations within the
assembly. Each functional equation results in one or two functional
inequalities as demonstrated in this work. By consolidating all the
inequalities into a single system, it can be expressed in vectorial format as
F(®;)+G (P, ¥))>uyi,, Where ®; represents all the geometrical variables
in the assembly, and ¥ represents all the non-geometrical variables rele-
vant to the product. This formulation serves as a foundation for an optimi-
zation process and allows for an overarching evaluation of the impact of
modifying a geometric specification on all the functional requirements of
the product.
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