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ABSTRACT

The work proposes and discusses a theoretical approach to predict the behavior of an open-channel supercritical flow that overpasses a step,
either forward or backward facing, non-orthogonal to the flow direction. In this case, a sequence of oblique shock waves and expansion fans
is generated close to and downstream of the step. The proposed model is verified by comparing the theoretical predictions with the results
provided by a two-dimensional, depth averaged numerical model. Applications include the combined use of oblique steps and abrupt wall
deflections to suppress wave fronts that characterize supercritical flow in channel bends. Special attention is devoted to the supercritical to
subcritical transition (and vice versa) in overpassing a forward-facing step; this is found to be a rather intriguing problem characterized by
complex solutions and by hysteresis. Besides the classic smooth (everywhere supercritical) and choked (with a hydraulic jump and a subcriti-
cal flow upstream of the step) solutions, an additional intermediated flow configuration can occur for particular characteristics of the super-
critical current and step height. The domain of existence of the different solutions, as well as the hysteresis domain, are obtained based on
the theoretical and the numerical models.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0140493

I. INTRODUCTION

When a supercritical flow is deflected by the channel walls, obli-
que shock waves and/or expansion fans are generated by compressive
or expansive deflections. The problem of relating flow variables
upstream and downstream of a shock wave, and that of determining
the direction of the wave front, have a well-known solution within the
framework of two-dimensional flow on flat beds (Chow, 1959; Ippen,
1951). Starting from the pioneering works of Ippen (Ippen, 1936,
1951; Ippen and Dawson, 1951; Ippen and Harleman, 1956; and Ippen
and Knapp, 1936), the theory for supercritical flows within the frame-
work of shallow water approximation has been developed and
improved in the years to study the shock wave patterns caused by wall
deflections (Hager et al., 1994), channel expansions (Ferreri and
Nasello, 2002; Rouse et al., 1951), contractions (Akers and Bokhove,
2008; Causon et al., 1999; Defina and Viero, 2010; Hsu et al., 2004;
Reinauer and Hager, 1998; and Sturm, 1985), and junctions (Hager,
1989; Mignot et al., 2008), shock wave reflection phenomena (Defina
et al., 2008a; Defina et al., 2008b; and Viero et al., 2013), and granular
flows as well (Cui, 2021).

The case of a supercritical flow approaching a step orthogonal to
the flow direction has also received considerable attention in the past.
Two flow configurations are possible: the smooth flow configuration
with the supercritical flow passing over the step without undergoing any
transition, and the choked flow configuration with the critical state estab-
lishing just over the step and a hydraulic jump some distance upstream,
with subcritical flow between the jump and the step (Chaudhry, 2008;
Chow, 1959; Defina and Susin, 2006; Eames and Robinson, 2022;
Henderson, 1966; Liong, 1984; and Valiani and Caleffi, 2017). In addi-
tion, the transition between the two flow configurations occurs at two
different threshold values of the Froude number, delimiting a hysteresis
region in which the state that currently establishes is determined by the
past history of the flow (Abecasis and Quintela, 1964; Austria, 1987;
Baines, 1984; Baines and Whitehead, 2003; Defina and Susin, 2006;
Lawrence, 1987; Mehrotra, 1974; Muskatirovic and Batinic, 1977; and
Pratt, 1983). Hysteresis entails that, starting from a smooth flow config-
uration and reducing the upstream Froude number, F0, the flow turns
to choked conditions at a threshold F0C; then, by increasing F0, the flow
recovers smooth conditions at F0L > F0C, with F0L � F0C the amplitude
of the hysteresis region.
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Much less investigated is the case of a supercritical flow approach-
ing submerged obstacles, such as steps, either forward or backward fac-
ing, non-orthogonal to the flow direction. This case can be considered
as a combination of the above two cases, i.e., bottom steps and flow
deflections; indeed, beside the presence of a discontinuity in the bed ele-
vation, the static reaction force exerted by the steps is not aligned with
the incoming flow, which affects the flow direction similarly to wall
deflections, thus producing shock waves and expansion fans.

Although the presence of steps in a channel with supercritical
flow is rather unusual, they can be of practical interest. For example,
submerged obstacles can be designed to eliminate or reduce the sys-
tems of steady shock or expansion waves that, once generated by pla-
nimetric deviations of the walls of a channel, propagate downstream
to often considerable distances. The possibility of reducing the shock
wave produced by a wall deflection by introducing a bottom drop, i.e.,
a backward-facing step non-orthogonal to the flow direction, was pro-
posed and experimentally investigated by Schwalt and Hager (1994).
An example in which two steps are suitably arranged so that no shock
waves are generated by a channel bend is discussed in the present
paper.

The broad aim of the present work is to improve and widen the
knowledge about open-channel flows by assessing the behavior of
supercritical flows approaching a step non-orthogonal to the flow
direction, either forward or backward facing. The problem presents a
challenge because very diverse flow configurations and wave patterns
can develop depending on the incoming flow and on the step height
and direction. Moreover, similarly to the case of orthogonal steps, the
transition between different flow configurations is characterized by
hysteresis, which complicates identifying all the possible flow configu-
rations and the thresholds that mark the transition between these dif-
ferent configurations.

In Sec. II, we propose a theoretical model based on classical con-
servation principles (Sec. IIA). A two-dimensional, depth-averaged
numerical model, briefly described in Sec. II B, is then used to validate
the theory and to show and discuss some illustrative examples; in fact,
the results from the numerical model allow for a more clear and effec-
tive illustration, analysis, and discussion of the problem. The analytical
derivations of the theoretical model and the iterative procedures to
solve the model equations are detailed in the Appendixes.

The model applications start from the simplest case of smooth
flow configurations over forward- and backward-facing steps (Secs.
IIIA and IIIB, respectively), including the efficient arrangement of a
channel bend with a bed sill that suppresses downstream front waves
(Sec. III C).

Section IV addresses the complex case of a forward-facing step
that, besides the smooth and choked flow configurations, can enforce
a particular flow configuration, referred to as intermediate flow config-
uration, with an oblique shock wave forming upstream of the step.
Special attention is devoted to identify the thresholds that mark the
transition between the three different configurations, since different
mechanisms are found to force flow transition, and hysteresis further
complicates the problem.

II. MATERIALS AND METHODS
A. The theoretical model

The theoretical model here proposed to assess the flow over back-
ward- and forward-facing steps is based on the classical depth-

averaged laws of conservation of mass, energy, and momentum. The
approach is similar to that used by Ippen (1951) to predict the shock
waves triggered by an abrupt wall deflection in open-channel super-
critical flow (see Appendix A). We consider a prismatic control vol-
ume across, and aligned with, the abrupt variation of bottom
elevation, as shown in Fig. 1; the sides of the control volume parallel to
the face of the step have unit length.

The mass conservation equation applied to this control volume
reads

U0Y0 sin bð Þ ¼ U1Y1sin b� hð Þ; (1)

where U0, Y0 and U1, Y1 are the flow velocity and water depth just
upstream and over the step; b is the step direction and h is the velocity
direction over the step; both b and h are taken with respect to the
direction of the approaching flow.

The momentum conservation equation, projected on the direc-
tion tangential to the step and combined with Eq. (1), can be written
as

U0 cos bð Þ ¼ U1 cos b� hð Þ: (2)

Combining Eqs. (1) and (2) to eliminate h, and introducing the
water-depth ratio g¼Y1/Y0, we find (see Appendix B)

U2
1

U2
0
¼ 1

g2
sin2 bð Þ þ cos2 bð Þ: (3)

Combining Eqs. (1) and (2) to eliminateU1, yields (see Appendix B)

h ¼ b� arctan
tan bð Þ

g

� �
: (4)

An additional equation for energy or momentum conservation
is required to close the system. For the case of a backward-facing
step, with height a< 0, the energy conservation equation can be
used, whereas for the case of a forward-facing step (a> 0), either
energy or momentum conservation can be prescribed, with the latter
being preferable when the step is abrupt and its relative height, a/Y0,
is large.

FIG. 1. Plan view of the flow field across a bottom step, whose face is denoted by
the thick blue line, at an angle b to the upstream flow direction. The red rectangle
denotes the control volume, of unit length, taken across (and aligned with) the step.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 35, 036604 (2023); doi: 10.1063/5.0140493 35, 036604-2

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/phf


1. Energy conservation across the step

When head losses at the step can be neglected, the energy conser-
vation equation across the step reads

Y0 þ
U2
0

2g
¼ aþ Y1 þ

U2
1

2g
(5)

with E0 ¼ Y0 þ U2
0=2g and E1 ¼ Y1 þ U2

1=2g the specific energy
upstream and downstream of the step, respectively. The step height, a,
can be either positive or negative in Eq. (5). Combining Eq. (5) with
Eq. (3) yields (see Appendix B)

g� 1þ a
Y0
¼ F2

0

2
1� 1

g2

� �
sin2 bð Þ (6)

in which F ¼ U=
ffiffiffiffiffiffi
gY
p

is the Froude number.

2. Momentum conservation normal to a forward-facing
step

For a forward-facing step of height a> 0, the momentum conser-
vation equation, projected on the direction normal to the step, reads
(see Appendix B)

1þ 2F2
0 sin2 bð Þ � 2

mS

Y2
0
¼ g2 þ 2

g
F2
0 sin

2 bð Þ; (7)

where mS is the static force, per unit specific weight and unit length,
acting on the face of the step and opposed to the approaching flow
(Defina and Susin, 2006). A rough but sufficiently accurate approxi-
mation to this force can be obtained by assuming hydrostatic pressure
just before the step face (Defina and Susin, 2006) with a water depth
that is the weighted average of flow depths Y0 and Y1þ a

mS ¼ aY0 þ 1� að Þ Y1 þ að Þ � a
2

� �
a;

that is,

mS

Y2
0
¼ aþ 1� að Þ gþ a

Y0

� �
� 1
2
a
Y0

� �
a
Y0

(8)

with a a suitable weight in the range [0, 0.5[. From the many compari-
sons made between the theory and the results of the numerical model
described in Sec. II B, it emerges that suitable values for a actually vary
between a¼ 0.2 and a¼ 0.3, with often a minor impact of the chosen
value on the theoretical predictions.

B. The numerical model

The unsteady depth-averaged shallow water equations (SWEs)
are used to solve a large set of different cases of supercritical flow with
wall deflections (Abdo et al., 2019; Causon et al., 1999; and
Mohamadian et al., 2005) and over bottom steps, either forward or
backward facing, at moderately high Froude numbers (Alcrudo and
Benkhaldoun, 2001; Aleksyuk et al., 2022; Bernetti et al., 2008;
Cozzolino et al., 2011; Rosatti and Begnudelli, 2010; and Valiani and
Caleffi, 2017).

In this study, to gain insight on the shock wave pattern and to
check the reliability of the theoretical predictions, the SWEs are solved

with a standard Godunov-type finite volume method on unstructured
triangular grids, which naturally allows for arbitrary spatial refine-
ments close to waves fronts (Defina et al., 2008a; Defina et al., 2008b).
The bottom elevations are defined at the grid nodes and are assumed
to vary linearly within each cell of the mesh. This second-order accu-
rate description of the impermeable bottom allows dealing with slop-
ing channel and sudden variations of the bed properly (Begnudelli and
Sanders, 2006; Viero et al., 2017; and Viero and Defina, 2018). The
Exact Riemann Solver proposed by Toro (2001) is used to compute
water and momentum fluxes at the cell sides. The generation of
unphysical discontinuities at cell faces is avoided, even in the case of
smooth flows, by reconstructing the flow variables at cell faces with an
adaptive scheme in which either primitive or conservative variables
are selected according to the local Froude number (Begnudelli et al.,
2008). Such kind of first-order adaptive schemes, with a second-order
accurate description of the bed and suitable to extreme mesh refine-
ments close to bed and flow discontinuities (Viero et al., 2013), were
shown to be robust, efficient, and accurate for many engineering appli-
cations (Begnudelli et al., 2008), including flow fields with shock and
rarefaction waves generated by wall deflections (Defina and Viero,
2010). The model performance is increased in terms of computational
efficiency with a Local Time Stepping method, which satisfies the
Courant–Friedrichs–Lewy (CFL) stability condition locally and
dynamically during the simulations (Sanders, 2008).

In the present study, the channel bed is horizontal, and bed fric-
tion is neglected by assuming a roughness coefficient n¼ 10�5 m�1/3 s
in the Manning formula. The model is always run with constant-in-
time boundary conditions (flow depth and velocity prescribed at the
upstream section and radiation at the channel outlet) and run until
steady state solutions are achieved, including the case of choked flow
conditions in which the hydraulic jump moves upstream up to the
inlet section. The mesh resolution has been increased progressively
until the solution is independent of the grid. Close to the front waves,
the mesh resolution is as high as l/B¼ 2.5 � 10�4, with l the side
length of mesh triangles and B the channel width.

III. MODEL APPLICATION TO SMOOTH FLOW
CONFIGURATIONS

To show the consistency of the proposed theory and to clarify
how the different conservation principles are applied, three examples
are here presented and discussed in which the theoretical predictions
are compared to the results of the numerical model. While the theoret-
ical model provides the flow depth, velocity, and directions in the
regions of the flow field bounded by shock and rarefaction waves as
well as the front wave angles, the shallow water model computes the
general 2D flow field as the result of given geometrical domain and
boundary conditions. To make the comparison between theory and
numerical results flow better, the values provided by the numerical
model are indicated between round brackets just after the theoretical
values.

A. Supercritical flow approaching a forward-facing
step

A first example uses a straight channel of width B¼ 5.0 m in
which a supercritical flow meets a forward-facing step of height
a¼ 0.2 m and direction b¼ 60�. The approaching flow has a depth
Y0¼ 0.4m with a Froude number F0¼ 3.0. This sudden change in
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bottom elevation deviates the flow to the left, generating an expansion
fan and an oblique shock wave at the expansive and compressive edges
of the step, i.e., points A and B, respectively, as shown in Fig. 2.

Flow characteristics in region (1) are computed using Eqs. (3)
and (4), completed with the momentum conservation principle of Eq.
(7), as the relatively high forward-facing step (a/Y0¼ 0.5) is expected
to cause some head loss. The specific static force, mS, is estimated with
Eq. (8) using a¼ 0.25. We find Y1¼ 0.45m (0.44m), F1¼ 2.62 (2.64),
and h¼ 2.8� (2.7�). Once the flow characteristics in region (1) are
assessed using the present model, flow characteristics in regions (2)
and (3), as well as the direction of the oblique shock wave generated at
point B and the expansion fan generated at point A, can easily be esti-
mated using the typical approach given in the literature (e.g., Chow,
1959; Ippen, 1951), which is briefly recalled in Appendix A.

The oblique shock wave generated at point B has the direction
b1–2¼�24.9� (�24.6�). In region (2), Eqs. (A1)–(A3) yield
Y2¼ 0.51m (0.51m) and F2¼ 2.40 (2.42). In region (3), Eqs. (A4) and
(A5), together with the condition stating that the specific energy is
conserved, i.e., E1 ¼ E3, yield Y3¼ 0.39m (0.39m), F3¼ 2.87 (2.88).
The direction of first and last elementary wave fronts of the expansion
fan is ufirst¼ 25.2� (25.3�) and ulast¼ 20.0� (19.9�), respectively. A
generally good agreement is found between the theoretical and the
numerical results.

B. Supercritical flow approaching a backward-facing
step

The second example uses the same geometry and flow character-
istics as in the previous example; the only difference being that, in this
case, the flow approaches a backward-facing step of height a¼�0.2m
and direction b¼ 60�. This sudden drop in bottom elevation deviates

the flow to the right, generating an expansion fan and an oblique
shock wave at the expansive and compressive edges, i.e., points A and
B, respectively, as shown in Fig. 3.

Flow characteristics in region (1) can be computed using Eqs. (3)
and (4), completed with the energy balance given by Eq. (6) in which
head losses are neglected; we find Y1¼ 0.37m (0.37m), F1¼ 3.31
(3.30), and h¼�1.91� (�1.86�). As in the previous example, in region
(2), Eqs. (A4) and (A5), together with the condition stating that the
specific energy is conserved, yield Y2¼ 0.33m (0.33m), F2¼ 3.55
(3.54). The direction of the first and last elementary wave fronts of the
expansion fan is ufirst¼�19.5� (�20.3�) and ulast¼�16.3� (�16.1�),
respectively. The oblique shock wave generated at point B has the
direction b1–3¼ 19.2� (18.8�). In region (3), Eqs. (A1)–(A3) yield
Y3¼ 0.41m (0.41m), F3¼ 3.10 (3.10). Also in this example, the agree-
ment between the theoretical and numerical results is very good.

C. The use of steps to suppress wave fronts in channel
bends

Planimetric changes of channel geometry, such as bends and
channel contractions or expansions, locally produce shock waves
that are often characterized by considerable height; importantly, this
system of waves continues downstream for even long distances. The
possibility of limiting the presence of shock waves to the area in
which they are produced is perhaps the most investigated aspect of
supercritical open channel flows (Beltrami et al., 2007; Ippen and
Dawson, 1951; Reinauer and Hager, 1997, 1998; Rouse et al., 1951;
and Tian et al., 2019). Steps, both forward and backward-facing,
could profitably be used to prevent or reduce the downstream propa-
gation of perturbations produced by planimetric variations of the
channel geometry.

FIG. 2. Plan view of the flow depth distribution and longitudinal section C–C’ pro-
vided by the numerical model in the first example. In the plan view, the dashed line
between points A and B indicates the position of the step; the thick line is the theo-
retical shock wave front and the two thin lines denote the first and last elementary
wave fronts of the expansion fan as predicted by the theory; indexes in brackets
identify the different fields.

FIG. 3. Plan view of the flow depth distribution and longitudinal section C–C’ pro-
vided by the numerical model in the second example. In the plan view, the dashed
line indicates the position of the step; the thick line is the theoretical shock wave
front, and the two thin lines denote the first and last elementary wave fronts of the
expansion fan as predicted by the theory; indexes in brackets identify the different
fields.
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As an example, we combine a forward- and a backward-facing
step into a short sill to produce a relatively sharp change in the channel
direction by 20�, equivalent to a bend characterized by a moderately
high curvature (Fig. 4). We consider a channel of width B¼ 3 m, with
flow depth Y0¼ 0.2m and Froude number F0¼ 3.0. The total deflec-
tion of 20� is comprised of a 10� deflection when the flow steps upon
the sill and an additional 10� deflection when the flow goes down the
sill.

According to the theoretical model [with a¼ 0.25–0.30 in Eq.
(8)], a possible solution to deflect the flow over the sill by an angle
h¼ 10� is to use a forward-facing step of height a¼ 0.2 m, inclined at
an angle b0¼ 60�; in this case, the predicted Froude number over the
sill is F1¼ 1.9, and the flow depth is Y1 � 0.3m. The flow is further
deflected to 2h¼ 20� just down of the sill; the backward-facing step
has the direction b1¼ 130�, relative to the velocity direction over the
sill, so that the upstream channel width, B¼ 3 m is recovered. From
Eq. (4), the flow depth downstream of the sill is Y2� 0.2m; by assum-
ing that energy is conserved in overpassing the step, Eq. (6) yields
a¼�0.26m, and hence, the channel bottom downstream of the sill
should be lower than that upstream by 0.06m.

These theoretical predictions are compared with the results pro-
vided by the numerical model. The numerical model, applied to the

computational domain shown in the plan view of Fig. 4, provides the
water depth distribution shown in Fig. 5(a). Over the sill, the average
water depth is Y1 � 0.28m and the Froude number is F1 � 2.05. In
the downstream branch of the channel, the average water depth is
Y2 � 0.20m, in agreement with the theoretical prediction. Some water
depth oscillations are the by-product of the small difference between
the channel walls direction obtained with the theoretical model and
the actual flow direction predicted by the numerical model; as a conse-
quence, close to the channel walls (Fig. 5), the water depth ranges as
Y2� 0.16–0.23 m.

By fine tuning the height of the sill, the flow conditions predicted
by the numerical model downstream of the bend can be easily
improved. Figure 5(b) shows the water depth distribution computed
with the numerical model when the sill height is increased just by
1 cm. In this case, the average water depth over the sill is Y1� 0.285m
with a Froude number F1 � 1.98, whereas in the downstream branch
of the channel, water depth oscillates between Y2� 0.19–0.22 m.

To stress the effectiveness of the double-step configuration in
dampening the wave fronts and free-surface oscillations, Fig. 5(c)
shows the water depth distribution computed for the case of a bend
having the same average curvature B/R� 0.2, with R the mean radius
of curvature. In this case, a compression and an expansion wave, with

FIG. 4. Sharp bend with a bed sill. The plan view of the computational domain with notation; the flow is from the left to the right.

FIG. 5. Water depth distribution when the approaching Froude number is F0¼ 3, the initial water depth is Y0¼ 0.2 m, and when (a) the sill geometry is that provided by the
theoretical model, (b) the sill height is increased by 1 cm, and (c) the bend has a constant curvature, corresponding to the average curvature of cases (a) and (b).
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a height comparable to the mean flow depth, are generated at the outer
and inner side of the bend and, importantly, these free-surface oscilla-
tions persist into the downstream channel, damping out quite slowly.

IV. FLOW TRANSITIONS IN PASSING
A FORWARD-FACING STEP

When the energy of the approaching flow is not large enough for
the supercritical flow to pass over a forward-facing step, the smooth
flow configuration and wave patterns shown in the example of Sec.
IIIA cannot hold. In this case, if the forward-facing step is orthogonal
to the flow, the new stable configuration is the chocked flow configura-
tion, whereas when the step makes an angle b< 90� with the flow, dif-
ferent stable flow configurations may develop.

To clarify this statement, we preliminarily present the following
example in which a supercritical flow approaches a step with direction
b¼ 30� and relative height a/Y0¼ 0.5. Figure 6 shows the results pro-
vided by the numerical model when the Froude number of the
approaching flow is gradually reduced from the relatively large initial

value F0¼ 4.1. When F0 is relatively large, the flow is everywhere
supercritical [Fig. 6(a)] and its configuration corresponds to the one
discussed in the first example (Sec. IIIA); as in the case of a step nor-
mal to the flow direction, this flow configuration is referred to as
smooth flow configuration.

When the Froude number is reduced below a first threshold
value, F0T (F0T � 4.0–4.1 in this example), a shock wave originates at
edge A and reflects off the left wall of the channel at point B just
upstream of the step [Fig. 6(b)]. The flow behind the shock wave is
supercritical, and it remains supercritical in passing over the step. This
flow configuration is quite surprising; in fact, when assuming hydro-
static pressure distribution, it is typically assumed that an obstacle can
affect the upstream supercritical flow only by establishing a subcritical
state (i.e., the so-called choked flow condition); on the contrary, in the
present case, the flow is everywhere supercritical, and yet the step
modifies the upstream flow field.

Further reducing the Froude number makes the regular reflection
(RR) to become irregular [Fig. 6(c)], with a subcritical region behind
both the Mach stem and the reflected shock, upstream of the step. In
addition, the reflected shock re-reflects against the right wall of the
channel making an irregular reflection (IR) and hence producing a
secondary patch of subcritical flow. Further reducing F0, the size of
both the primary and secondary subcritical patches increases [Fig.
6(d)], and when the Froude number goes below a second threshold
value, labeled F0C (F0C � 2.10 in this example), the subcritical regions
merge to form one single band of subcritical flow all across the channel
[Fig. 7(a)]; this unstable configuration triggers the transition from
supercritical to subcritical state with a moving hydraulic jump
upstream of the step [Fig. 6(e)]. As in the case of a step normal to the
flow direction, the latter flow configuration is here referred to as
choked flow configuration.

We label the flow configurations characterized by the presence of
a shock wave upstream of the step as intermediate flow configuration.
In a sense, the intermediate flow configuration can be recognized as a
flow state in which the first shock wave angle, b0, is higher than the
step angle, b. In the above example, the amplitude of the Froude num-
ber interval between the threshold for smooth-to-intermediate flow
transition, F0T � 4.1, and the value for intermediate-to-choked flow
transition, F0C � 2.10, is actually very large, thus making the interme-
diate flow configuration a relevant solution that needs to be under-
stood and described in detail.

In the above example, it should also be noted that the transition
to choked flow is triggered by the downstream flow field rather than
by the insufficient energy of the upstream approaching flow (the latter
being the reason triggering the transition for a step normal to the
flow). To shed light on the mechanism that triggers the transition to
choked flow, we run an additional simulation in which the computa-
tional domain is modified so that, just downstream of the step, the
channel linearly widens with the right wall that makes an angle of
�30� as shown in Figs. 7(b) and 7(c). The widening produces an
expansion fan at A [Figs. 7(b) and 7(c)] that effectively counteracts the
reflection of the shock wave originating just upstream of the step. In
this case, the flow over the step is not affected by the downstream
flow, and the transition occurs because the energy of the upstream
flow is insufficient to pass over the step (this will be demonstrated in
Sec. IVB3, where the theoretical threshold for minimum upstream
energy is derived). In these conditions, the transition to choked flow

FIG. 6. Froude number distribution of a supercritical flow approaching a step for (a)
F0¼ 4.1, (b) F0¼ 3.6, (c) F0¼ 2.5, (d) F0¼ 2.2, and (e) F0¼ 2.0 (unsteady flow
condition). The step has relative height a/Y0¼ 0.5 and direction b¼ 30�. The red
line denotes the position of the step, and the black dashed line denotes the shock
wave produced at edge A.
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configuration occurs for a different threshold value, F0t¼ 1.46, sensibly
lower than the threshold value F0C¼ 2.10 obtained without the chan-
nel widening.

In summary, starting from a relatively high Froude number, F0,
so that the flow configuration is smooth, and reducing the Froude
number, we first meet the transition from smooth to intermediate flow
configuration. When the Froude number is reduced to F0¼ F0C, the
transition to choked flow occurs, triggered either by a downstream-
driven mechanism, due to the irregular reflections of shock waves and
the merging of subcritical flow patches, or by an upstream-driven
mechanism, when the energy of the flow approaching the step
becomes insufficient. While the threshold associated with this second
mechanism, F0t, can be theoretically determined (Sec. IVB3), the
threshold for the downstream-driven transition can only be inferred
from the results of the numerical model. For a constant-width channel,
the first mechanism acts at a higher threshold than the second (i.e.,
F0C � F0t) and, in particular, F0C¼ F0t when the intermediate-to-
choked transition occurs due to insufficient upstream energy.

The threshold condition separating the smooth and intermediate
flow configurations, F0T, is determined and discussed in Sec. IVA. In
Sec. IVB, we describe the intermediate flow configuration, present the
theoretical model needed to resolve the flow field, and determine its

domain of existence. The focus is here on the threshold conditions for
intermediate-to-choked flow transitions, i.e., F0C and F0t. Sections
IVC and IVD complete the description focusing on choked flow con-
figurations and on the subcritical to supercritical transition; Sec. IVC
shows that the critical line, where transition from subcritical to super-
critical state occurs, typically does not coincide with the step face,
whereas Sec. IVD addresses the possibility that hydraulic hysteresis,
which typically affects a supercritical flow approaching a forward-
facing step normal to the flow direction, can occur also when the step
makes an angle smaller than 90� with the flow direction.

A. Threshold condition between smooth
and intermediate flow configuration

The transition from smooth to intermediate flow configurations
occurs when the momentum of the approaching flow is not large
enough to overcome the step or, equivalently, when the Froude num-
ber of the approaching flow is just smaller than the threshold Froude
number F0T. To estimate F0T, we use the momentum balance equation;
we consider the difference, DM, between the momentum of the flow
over the step and that of the approaching flow, scaled by Y2

0

DM ¼ g2 þ 2
g
F2
0 sin2 bð Þ � 1� 2F2

0 sin2 bð Þ þ 2
mS

Y2
0

so that the momentum conservation equation, Eq. (7), reduces to DM¼ 0.
The above equation, withmS given by Eq. (8), can be rewritten as

DM ¼ g2 þ 2F2
0 sin2 bð Þ 1

g
� 1

� �
� 1

þ 2aþ 2 1� að Þ gþ a
Y0

� �
� a
Y0

� �
a
Y0
: (9)

We observe that DM ! þ1 both when g! 0 and g! þ1;
hence, a minimum DMm exists, and only if DMm � 0, the momentum
conservation equation has a real solution. Therefore, the case DMm¼ 0
is the threshold condition so that the flow remains supercritical while
overcoming the step. By setting the derivative @DM/@g to zero, we find
that the difference DM attains a minimum when g ¼ gMm fulfills the
following equation:

F0sin bð Þ ¼ gMm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gMm þ 1� að Þ a

Y0

r
: (10)

At this threshold condition, the momentum balance equation,
DM¼ 0, yields

1� 2að Þ a
Y0

� �2

þ 2
a
Y0

aþ gMm 1� að Þ 2� gMmð Þ
� �

þ 3g2Mm � 1� 2g3Mm ¼ 0: (11)

For a given step direction, b, and parameter a, combining Eqs.
(10) and (11) to eliminate gMm yields a relationship between the rela-
tive height of the step, a/Y0, and the minimum Froude number of the
approaching flow, F0¼ F0T (or, equivalently, between the Froude
number of the approaching flow, F0, and the maximum relative height
of the step, a/Y0) so that the flow does not undergo any transition
when passing the step. This relationship is shown in Fig. 8 for some
values of the flow and geometry characteristics.

FIG. 7. Froude number distribution of a supercritical flow approaching a step having
a relative height a/Y0¼ 0.5 and direction b¼ 30�. (a) The unsteady flow field in a
constant width channel and F0¼ 2.1 (i.e., at the threshold condition F0C), (b) the
steady flow field in a channel that linearly widens just downstream from the step
and F0¼ 2.1, and (c) same as (b) with F0¼ 1.47. The dashed line denotes the
position of the step.
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For the case of a step with direction b¼ 30� and relative depth
a/Y0¼ 0.5, whose numerical solution is given in Fig. 6, Eq. (11), with
a¼ 0.25, yields gMm ffi 1:49; therefore, according to Eq. (10), the
approaching supercritical flow cannot overcome the step without
changing its status when F0 ¼ F0T ffi 4:1, in good agreement with the
results of the numerical simulations that give F0T ¼ 4:0–4:1.

Interestingly, when b¼ 90� (i.e., when the step is normal to the
flow), the Froude number of the flow over the step at this threshold con-
dition is F1 ¼ F2=3

0 =gMm > 1 and the flow over the step turns out to be
supercritical (see Fig. 8) rather than critical as commonly assumed. This
discrepancy is because the energy conservation equation, in which head
losses are neglected, is commonly used to estimate threshold conditions,
which leads to F1¼ 1 over the step (Chaudhry, 2008; Chow, 1959; Dey,
1994; Liong, 1984; and Valiani and Caleffi, 2017).

B. A model for the intermediate flow configuration

As introduced above, when the Froude number of the approach-
ing flow is smaller than F0T, a particular flow field, referred to as inter-
mediate flow configuration, can develop. Before introducing the
theoretical model of this intermediate flow configuration, we describe
its distinctive characteristics using an example. We consider the same
step of the example of Fig. 6 when the Froude number of the
approaching flow is F0¼ 2.6, i.e., smaller than the threshold F0T, and
determine the flow configuration using the numerical model (some
details of the flow field across the step are shown in Fig. 9). Just
upstream of the step (region 1) the supercritical flow deflects, and a
shock wave generates at edge A; this wave has the direction b0¼ 38.8�

and has an irregular reflection against the left wall of the channel, at B.
In region (1), between the shock wave and the step, the flow depth is
Y1¼ 0.758m (Y1/a¼ 3.79), the Froude number is F1¼ 1.59, and the
flow direction is h1¼ 16�. This supercritical current has enough
energy to overcome the step remaining supercritical.

We denote the region over and at the edge of the step, actually a
line, as region (2). Just over the step, i.e., in region (2), the flow turns
to the right so that its direction is h2¼ 6�. Starting from region (2), an
expansion fan develops (region 2’) that accelerates the current and
aligns it with the right wall of the channel, with the last elementary
wave front of the expansion fan separating region 2’ from region (3).

It is worth noting that both the flow depth and the free-surface
elevation in region (1) are greater than those just over the step. The

numerical model shows that the sudden free-surface drop over the
step is because the flow suddenly expands and its direction reduces
from h1¼ 16� to h2¼ 6�. Hence, as a good approximation, energy can
be assumed to conserve in overcoming the step when the intermediate
flow configuration establishes; the use of energy, rather than momen-
tum conservation equation, entails the advantage that the force mS

does not need to be estimated, and hence, the solution is not affected
by the uncertainties related to the choice of the parameter a in Eq. (8).

In addition, the flow passes the step with the lowest possible
energy. The two latter conditions are specified in Sec. IVB1, before
introducing the set of equations that fully describe the theoretical
model for the intermediate flow configuration.

1. The flow just over the step when the intermediate
flow configurations establishes

To impose that the flow from region (1) passes the step with the
lowest possible energy, we follow a procedure similar to the one
adopted for the case of momentum conservation in Sec. IVA to assess
the threshold F0T. We consider the difference, DE, between the energy
of the flow in region (1) approaching the step and that of the flow over
the step (region 2), scaled by the upstream flow depth Y1

DE1;2 ¼ 1� g1;2 �
a
Y1
þ F2

1

2
1� 1

g21;2

� �
sin2 b� h1ð Þ (12)

so that the energy conservation equation reduces to prescribing
DE1,2¼ 0. Looking at Eq. (12), we observe that DE1;2 ! �1 both

FIG. 8. Upper threshold Froude number, F0T, as it varies with the relative step
height, a/Y0, for some values of the step direction b; solid and dotted curves are for
a¼ 0.2 and a¼ 0.3, respectively. The dashed line is the Froude number, F1, over
the step at the upper threshold condition.

FIG. 9. The flow field (Froude number distribution and longitudinal section C–C’) pro-
vided by the numerical model when the step has a relative height a/Y0¼ 0.5, the
direction b¼ 30�, and the Froude number of the approaching flow is F0¼ 2.6 (i.e.,
lower than the upper threshold F0T), with notations. The red line denotes the position
of the step, the black dashed line denotes the shock wave produced at edge A, the
yellow line is a streamline showing the flow direction in the flow fields (0)–(3), and
the red dashed line denotes the last elementary wave front of the expansion fan.
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when g! 0 and g!þ1; hence, a maximum DEM exists, and only
if DEM > 0, the energy conservation equation has a real solution. By
setting the derivative @DE/@g1,2 to zero, we find that the difference DE
attains a relative maximum when g1,2¼ gEM 1,2 fulfills the following
equation:

gEm 1;2 ¼ F2=3
1 sin2=3 b� h1ð Þ: (13)

With Eq. (13), the energy balance equation, DE1,2¼ 0, yields

a
Y1
¼ 1þ 1

2
F2
1 sin

2 b� h1ð Þ � 3
2
F2=3
1 sin2=3 b� h1ð Þ; (14)

which is the condition ensuring that the flow from region (1) passes
the step with the lowest possible energy.

Interestingly, when b¼ 90�, necessarily h1¼ 0� so that Eq. (13)
states that the flow depth over the step is critical, and Eq. (14) reduces
to the well-known relationship between the relative step height a/Y0
and the Froude number of the approaching flow when its energy is
just enough for the flow to pass over the step without undergoing
supercritical to subcritical transition.

2. Theoretical model for the intermediate flow
configuration

In the intermediate flow configuration, the most significative
regions of the flow field upstream and across the step are numbered as
in Fig. 9. We assume that flow in region (0), i.e., the approaching flow,
as well as the step height and direction, are known. We use the stan-
dard Rankine–Hugoniot jump conditions, that is, Eqs. (A1)–(A3),
between regions (0) and (1), to compute the flow in region (1), i.e., Y1,
U1, and h1, as a function of the shock wave direction b0; note that the
flow in region (1) can be either supercritical or subcritical, depending
on the shock wave direction b0. We then use Eqs. (3), (4), (13), and
(14), between regions (1) and (2), to compute the shock wave direction
b0 and the flow at the edge of the step, in region (2), i.e., Y2, U2, and
h2; here, the flow can be either supercritical or critical.

The above set of seven equations is the intermediate flow config-
uration model, and its solution can be achieved using the iterative pro-
cedure detailed in Appendix C.

The reconstruction of the flow field can be completed by consid-
ering how it develops downstream of the step face. Region (2) coin-
cides with the most upstream elementary wave front of the expansion
fan that, in fact, originates exactly at the edge of the step. To show this,
we must demonstrate that the direction of the first elementary wave
front of the fan, u, is equal to the direction of the step. Using Eq. (A5),
we have u ¼ h2 þ arcsin 1=F2ð Þ, and hence

sin u� h2ð Þ ¼ 1
F2
: (15)

The continuity equation, Eq. (1), between regions (1) and (2), i.e.,
U1Y1sin bð Þ ¼ U2Y2sin b� h2ð Þ, can be rearranged to read

F2=3
1 sin2=3 bð Þ ¼ F2=3

2
Y2

Y1
sin2=3 b� h2ð Þ:

Equation (13) between regions (1) and (2) reads

Y2

Y1
¼ F2=3

1 sin2=3 bð Þ:

Combining the two above equations to eliminate Y2/Y1 yields

1 ¼ F2=3
2 sin2=3 b� h2ð Þ

and hence

sin b� h2ð Þ ¼ 1
F2
: (16)

Comparing Eqs. (15) and (16) shows that u¼b, which was to be
demonstrated.

We can also evaluate the flow characteristics in region (3), down-
stream of the expansion fan. At the first elementary wave front of the
expansion fan, flow characteristics (Y2, F2, h2) are known; we then use
these values to compute the constant hk of Eq. (A4)

hk ¼ h2 �
ffiffiffi
3
p

arctan
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2
2 � 1

	 

=3

q� �
þ arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
F2
2 � 1

q� �
:

In region (3), that includes the last elementary wave front of the
fan, the flow direction is imposed by the right wall of the channel,
hence, h3¼ 0; therefore, we use Eq. (A4) to compute the Froude num-
ber F3. The specific energy can be computed as E2 ¼ Y2 1þ F2

2=2
	 


,
and it can be assumed constant all along the fan and in region (3).
Hence, from E2 ¼ E3 ¼ Y3 1þ F2

3=2
	 


, we can compute the flow
depth Y3 and the flow velocityU3.

Considering the same example of Fig. 9 (forward-facing step with
direction b¼ 30� and relative depth a/Y0¼ 0.5), Fig. 10 compares the
theoretical prediction provided by the intermediate flow configuration
model with the results of the numerical simulations when the Froude
number of the approaching flow is within the range 2.1< F0 < 4,
within the domain of existence of the intermediate flow configuration;
the agreement between theory and numerical results is satisfactorily
good.

Figure 11 shows some examples of the intermediate flow configura-
tion. In particular, for the case a/Y0¼ 0.8 and b¼ 45�, the shock wave
originating upstream of the step has an irregular reflection right from the
beginning of the intermediate flow development [Figs. 11(a) and 11(b)].
Figures 11(c) and 11(d), for the case a/Y0¼ 1.25 and b¼ 55�, show that
the patches of subcritical flow grow with F0 reducing. The merging of the
patches triggers the transition to choked flow [Fig. 11(e)]. We also
observe that flow in region (1) is subcritical. In the example of Figs. 11(f)
and 11(g), with a/Y0¼ 0.8 and b¼ 70�, the intermediate flow configura-
tion does not develop at all, and a smooth-to-choked transition occurs
suddenly as soon as F0 reduces below the threshold F0T; this occurs
because the intermediate flow configuration model has no real solution
in this case; this point is discussed in Sec. IVB3.

3. Domain of existence of the intermediate flow
configuration

Different threshold conditions have been shown to delimit the
intermediate flow configuration. The upper boundary of the domain
of existence of the intermediate flow configuration, F0T, marks the
smooth-to-intermediate transition and can be analytically computed,
as detailed in Sec. IVA and Fig. 8.

One lower threshold for the intermediate flow configuration, F0C,
is that associated with the downstream-driven transition to choked
flow (i.e., merging of subcritical flow patches over the step); it has not
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a theoretical basis and can only be estimated with the numerical model
by progressively reducing the upstream Froude number up to the tran-
sition to choked flow.

The other lower threshold, F0t, denotes the intermediate-to-
choked transition due to insufficient energy of the flow upstream of

the step. Its computation requires solving the theoretical model of the
intermediate flow with the procedure outlined in Appendix C, by pro-
gressively reducing F0 from a relatively high value until a solution can
be found. Figure 12 shows the lower boundary of the intermediate
flow configuration model, F0t, as it varies with the relative step height,

FIG. 10. Comparison between the theoretical predictions of the intermediate flow configuration model (lines) and the numerical results (circles) when the step has a relative
height a/Y0¼ 0.5 and direction b¼ 30�, and when the Froude number of the approaching flow is in the range 2.1< F0 < 4, i.e., within the domain of existence of the interme-
diate flow configuration. Notation is the same as in Fig. 9.

FIG. 11. Some examples of the Froude number distribution for forward-facing steps with different inclination b and relative height a/Y0. Upper panels (b¼ 45�): (a) the flow
passes over the step without undergoing any transition, (b) at a slightly smaller F0, transition to the intermediate flow configuration occurs, and the shock wave that originates
just upstream of the step has an irregular reflection off the left wall of the channel. Intermediate panels (b¼ 55�): by progressively lowering F0, the patches of subcritical flow
increase their size [(c) and (d)] until they merge triggering the transition to choked flow [unsteady flow condition in (e)]. Lower panels (b¼ 70�): the flow passes over the step
without undergoing any transition (f) whereas at a slightly smaller F0, transition to choked flow occurs abruptly without developing the intermediate flow configuration (g).
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for some step directions. Numerical simulations showed that, for a
constant-width channel, F0C� F0t (Fig. 7).

The intermediate flow configuration can develop only if the
Froude number of the incoming flow is lower than the upper thresh-
old (F0 < F0T), and higher than the lower threshold (F0 > F0t), both
being necessary but not sufficient conditions. They are both necessary
because, for given step direction b and relative height a/Y0, the set of
seven equations describing the intermediate flow configuration model
has real solutions only if the constraint F0t < F0 < F0T is satisfied (this
was numerically tested by applying the intermediate flow model,
Appendix C, to different flow conditions). They are not sufficient
because we can have F0t < F0 < F0T with F0 < F0C, so that a choked
flow establishes because of the downstream-driven transition mecha-
nism; alternatively, step direction b and relative height a/Y0 can be
such that F0t > F0T, entailing that the intermediate flow configuration
cannot form at all.

Figure 13 summarizes the main theoretical and numerical results
relative to the problem of smooth-to-choked transition, with the possi-
ble transition through the intermediate flow configuration. When the
direction of the forward-facing step is not too large (i.e., b � 60�),

F0t	 F0T and the flow admits the intermediate configuration; with b
increasing, the amplitude of the Froude number interval pertaining to
the intermediate flow configuration reduces, until vanishing when the
step direction is greater than approximately 70�.

As previously said, at large step angle b and relative height a/Y0,
the lower threshold F0t may become greater than the upper threshold
F0T. When F0t > F0T, the intermediate flow configuration cannot
occur, entailing that (i) the threshold F0t has no meaning anymore,
since it is defined only when the intermediate configuration holds, and
(ii) starting from smooth flow configuration and decreasing F0, the
smooth-to-choked flow transition occurs at F0C¼ F0T (the opposite
transition from choked to smooth flow, occurring when F0 is progres-
sively increased, is addressed in Sec. IVD).

For example, for the case of Figs. 11(e) and 11(f), with a/Y0¼ 0.8
and b¼ 80�, the upper threshold Froude number, when a¼ 0.25, is
F0T ffi 2:4 (F0T ffi 2:47 according to the numerical model), whereas
the Froude number at the lower boundary of the intermediate flow
configuration is F0t ffi 2:7, i.e., significantly greater than the upper
threshold value (see also Fig. 13); accordingly, no intermediate flow
configuration can develop.

The case when F0t> F0T is of interest also with regard to the hys-
teretic behavior of a supercritical flow approaching a forward-facing
step (see, e.g., Defina and Susin, 2006 and references therein). This
aspect, which involves the choked-to-smooth flow transition occurring
when F0 is progressively increased, is discussed in detail in Sec. IVD.

C. The critical line in the case of choked flow

Differently from the case of a step normal to the flow direction,
the position of the critical line (i.e., where transition from subcritical to
supercritical state occurs) does not coincide with the face of the step
but shifts downstream (see Fig. 14). The curvilinear triangles of Fig. 14
have a straight base, b, along the right wall of the channel, a sloping

FIG. 12. The lower boundary of the intermediate flow configuration model, F0t, for
some step directions.

FIG. 13. Domain of existence of the different flow configurations on the (F0)�(a/Y0) diagram for some values of the step direction, b obtained starting from smooth flow config-
uration and by reducing the upstream Froude number, F0. The green and the black curves denote, respectively, the upper (F0T) and lower (F0t) theoretical boundaries of the
intermediate flow configuration. Based on the results of the numerical model, the horizontal bars indicate the Froude number interval pertaining to choked (red), intermediate
(yellow), and smooth (green) flow configurations; the red curves are just an interpolation of the threshold values, F0C. Light yellow and dark yellow distinguish the cases when
the shock wave generated just upstream of the step has a regular (RR) or an irregular (IR) reflection off the wall of the channel, respectively.
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straight side corresponding to the step, and a downstream curvilinear
side along which critical conditions occur. Based on the results of
numerical simulations, the shape and size of these curvilinear triangles
are likely to depend only on the step direction; specifically, the ratio
between the base b and the channel width B is related to the step direc-
tion as b=B ffi 0:9 p� 2bð Þ, with b in radians.

D. Hydraulic hysteresis in passing over
a forward-facing step

The occurrence of hysteresis for a supercritical flow approaching
a forward-facing step normal to the flow direction has been recognized
and investigated both experimentally and theoretically over the past
few decades (Abecasis and Quintela, 1964; Austria, 1987; Baines, 1984;
Baines and Whitehead, 2003; Defina and Susin, 2006; Lawrence, 1987;
Mehrotra, 1974; Muskatirovic and Batinic, 1977; Pratt, 1983; and
Viero and Defina, 2017). We then wonder if hysteresis can occur also
when the step is not orthogonal to the flow direction. Formally, this
corresponds to check if F0L > F0C, with F0L and F0C the upper and
lower boundaries of the hysteresis domain, respectively.

The lower boundary of the hysteresis region, F0C, is the threshold
for choked flow transition already discussed in Sec. IVB3. Therefore,
here we focus on the upper boundary of the hysteresis region, denoted
with F0L.

For the case of a step normal to the flow direction, the upper
boundary of the hysteresis region, F0L, can be determined by assuming
that (i) the flow just upstream of the step is subcritical and (ii) critical
flow occurs just over the step. By imposing mass and energy balance
between the flow just upstream and that over the step, F0L is uniquely
determined (Defina and Susin, 2006; Viero and Defina, 2017). When
the step is non-orthogonal to the approaching flow, the problem com-
plicates because critical conditions cannot be imposed exactly at the
step face, as shown in Sec. IVC; for this reason, we could not develop
a theoretical model to predict F0L.

However, it is worth noting that, close to the upper threshold
condition, the flow configuration across the step resembles that of the
lower boundary of the intermediate flow configuration, F0t. Indeed, in

region (1), i.e., downstream of the first shock wave and just upstream
of the step, the flow is subcritical when b is relatively large [Fig. 7(c)]
or supercritical for smaller b (Fig. 9); anyway, free surface drops and
the flow rapidly accelerates when passing over the step, where the
Froude number is close to one. Therefore, we can reasonably think
that the upper boundary of the hysteresis region, F0L, is greater but not
far different from the lower boundary of the intermediate flow config-
uration, F0t.

With F0L � F0t, the necessary condition for having hysteresis,
F0L> F0C, turns into F0t> F0C. According to Fig. 13, hysteresis is then
expected to occur when F0t > F0T, i.e., when the intermediate configu-
ration cannot exist (in fact, in this case F0C¼ F0T). On the contrary,
when F0t	 F0C (see, e.g., the upper panels of Fig. 13), the transition
from choked to either intermediate or smooth flow cannot occur if
F0 < F0C; it is then expected to be F0L � F0C, so that the hysteresis
domain is negligibly small.

The above reasoning suggests that F0L should be greater, but not
much greater than max{F0t; F0C}; we then use the numerical model to
check the soundness of the above reasoning.

We consider a straight channel with a forward-facing step of rela-
tive height a/Y0¼ 1.25 and studied the behavior of the flow when the
step direction is b¼ 80�, b¼ 45�, and b¼ 30�. We preliminarily
determine the thresholds F0T and F0C starting from a smooth flow
condition and gradually reducing the Froude number F0; then, starting
from choked flow, we gradually increase the Froude number by small
steps until intermediate (for b¼ 45� and b¼ 30�) or smooth (for
b¼ 80�) flow configurations are recovered; in this way, we estimate
the upper boundary of the hysteresis region, F0L. The results of these
simulations are summarized in Fig. 15.

When b¼ 80�, it is F0t > F0C; therefore, choked flow occurs
when the Froude number of the approaching flow is reduced below
F0T (i.e., F0C¼ F0T), whereas smooth flow configuration is recovered
when the Froude number is increased over the threshold F0L, a little
greater than F0t; in this case, the hysteresis domain F0L � F0C is rela-
tively large. On the contrary, when b¼ 45� and b¼ 30�, it is
F0t< F0C; and the hysteresis domain is relatively small.

FIG. 14. Some examples of the Froude number distribution in choked flow configurations. The dashed line denotes the position of the forward-facing step, and the thick black
curve is the critical line.
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Therefore, the numerical model confirms that hysteresis occurs
for large b values, for which F0t > F0T and the intermediate configura-
tion cannot exist; hysteresis can occur also at relatively small b
values although, in this case, the amplitude of the hysteresis region,
F0L� F0C, is very small.

V. CONCLUSIONS

A theoretical model has been presented and discussed that pre-
dicts the behavior of a supercritical flow overpassing a forward- or
backward-facing step, non-orthogonal to the flow direction within the
shallow water approximation.

Some examples, comparing the theory with the results of a two-
dimensional shallow-water numerical model, demonstrate the correct-
ness of the theoretical model. In particular, an example of practical
application is presented in which a forward-facing step, followed by a
backward-facing step, are used to prevent the development of the
shock wave system that typically characterizes a supercritical flow in a
channel bend.

A rather intriguing problem that emerged during the present study
is that of flow transitions that occur even when the energy or momen-
tum of the approaching flow is large enough for the supercritical flow to
pass over a forward-facing step. We identified three different flow con-
figurations referred to as smooth, intermediate, and choked flow configu-
rations, with the intermediate configuration characterized by the
presence of an oblique shock wave upstream of the step. We estimated
the thresholds separating these flow configurations. In particular, the
intermediate flow configuration can occur only when the step direction,
b, is smaller than approximately 70� so that, for a step normal to the
flow direction, only the smooth and choked flow configurations occur.
It was shown that the flow becomes choked either when the upstream
supercritical flow has insufficient energy to overpass the step, or when
the patch of subcritical flow forming downstream of the irregular shock
wave reflections migrates upstream of the step.

The possible occurrence of hysteresis has also been investigated;
we found that the amplitude of the hysteresis region, in terms of

Froude number of the incoming flow, reduces with the step direction,
b, and turns out to be very small when b is smaller than approximately
70�, i.e., when the intermediate flow configuration can establish.

It is well-known that close to sharp shock wave fronts and rela-
tively high and sharp steps, the pressure distribution deviates substan-
tially from the hydrostatic and, together with free surface curvature
and vertical acceleration, it strongly affects the flow (e.g., Defina and
Viero, 2010; Dumbser, 2011; and Horna Munoz and Constantinescu,
2020). Therefore, as future work, the validity and suitability of the
shallow water approximation have to be checked by performing ad
hoc experimental tests and/or using three-dimensional numerical
models able to cope with non-hydrostatic pressure distributions, and
high-velocity, separated flows (Dai and Jin, 2022; Gao et al., 2022;
Kadia et al., 2022; Lazzarin et al., 2023; Lazzarin et al., 2023; Li et al.,
2021; Nasif et al., 2020; and Ni et al., 2019). Such additional investiga-
tions should be aimed at assessing both the flow field characteristics
downstream of the step, especially when the approaching flow has a
large Froude number, and the transition thresholds for the case of a
forward-facing step. Previous experience on super- and trans-critical
flows within the framework of 2D hydrostatic flows (Defina and Susin,
2006; Defina and Viero, 2010) suggests the validity of the phenomeno-
logical overview as described in the present study.
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APPENDIX A: THE RANKINE–HUGONIOT JUMP
CONDITIONS

We recall the basic equations that, in the framework of depth-
averaged shallow water flows, describe the steady shock wave pat-
terns triggered by wall deflections (Ippen, 1951). These equations
correspond to the well-known Rankine–Hugoniot jump conditions
originally developed for compressible flows. Figure 16(a) shows the
flow field and the shock wave produced by a sharp deviation h of
the current, caused by a compressive wall deflection.

We consider a prismatic control volume aligned in the direc-
tion, b0, of the shock wave front as shown in Fig. 16(a). The mass
conservation equation and the momentum conservation equation
projected on the direction tangential to the shock wave front exactly
correspond to Eqs. (1) and (2), respectively, when the step direction,
b, is replaced by the direction of the shock wave front, b0; hence,
combining these equations yields exactly Eqs. (3) and (4) that are
here rewritten for the sake of clarity

U2
1

U2
0
¼ 1

g2
sin2 b0ð Þ þ cos2 b0ð Þ; (A1)

h ¼ b0 � arctan
tan b0ð Þ

g

� �
(A2)

with U the flow velocity, Y the flow depth, and g¼Y1/Y0. The
momentum conservation equation projected on the direction

normal to the shock wave front is used to close the system; this
equation corresponds to Eq. (7) when the step height is reduced to
zero, hence, mS¼ 0, and the step direction is replaced by the direc-
tion of the shock wave front. Equation (7) then reduces to

g2 þ g� 2F2
0 sin2 b0ð Þ ¼ 0: (A3)

For given water depth Y0 and Froude number F0 of the
upstream flow, the three above equations relate each other the
shock wave front direction b0, the water depth Y1 (or, equivalently,
g¼Y1/Y0), the flow velocity U1 and direction h1 so that, given, e.g.,
the flow direction h1, imposed by a wall deflection, the shock wave
front direction and the flow velocity and depth downstream of the
shock wave can be estimated.

In the case of expansion fans, typically generated by diverging
walls as in Fig. 16(b), a simpler formulation can be used. In the limit
of vanishingly small shocks, the specific energy, E¼Y þ U2/2g, is
conserved and Eqs. (A1) and (A2) can be rearranged to read
(Chow, 1959; Ippen, 1951; and K�arm�an, 1938)

h ¼ 7
ffiffiffi
3
p

arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
F2 � 1

3

r !
� arctan

ffiffiffiffiffiffiffiffiffiffiffiffiffi
F2 � 1
p	 
" #

þ hk; (A4)

b ¼ arcsin
1
F

� �
and u ¼ bþ h (A5)

with hk a suitable constant. The above equations, together with the
condition that energy is conserved, fully describe the expansion fan
and the flow field downstream of the expansion fan.

APPENDIX B: MATHEMATICAL DERIVATIONS

1. Derivation of Eq. (3)

Taking the square of both members of Eqs. (1) and (2) yields,
respectively,

FIG. 16. Plan view of the flow fields produced by channel wall deflections of an angle h. (a) Compressive deflection producing a shock wave; the thick gray line denotes the
wave front, and the red rectangle denotes the control volume, of unit length, taken across (and aligned with) the shock wave front, whose direction is b0. (b) Diverging deflec-
tion producing an expansion fan.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 35, 036604 (2023); doi: 10.1063/5.0140493 35, 036604-14

Published under an exclusive license by AIP Publishing

https://scitation.org/journal/phf


U2
0Y

2
0 sin

2 bð Þ ¼ U2
1Y

2
1 sin

2 b� hð Þ ¼ U2
1Y

2
1 1� cos2 b� hð Þ
� �

;

(B1)

U2
0 cos

2 bð Þ ¼ U2
1 cos2 b� hð Þ: (B2)

Replacing cos2 b� hð Þ solved from Eq. (B2) in Eq. (B1), we
find

U2
0Y

2
0 sin

2 bð Þ ¼ U2
1Y

2
1 1� U2

0

U2
1
cos2 bð Þ

" #
¼ U2

1Y
2
1 � U2

0Y
2
1 cos

2 bð Þ

(B3)

and hence

U2
1 ¼ U2

0
Y2
0

Y2
1
sin2 bð Þ þ cos2 bð Þ

 !
: (B4)

2. Derivation of Eq. (4)

Dividing Eq. (1) by Eq. (2) yields

U0Y0sin bð Þ
U0cos bð Þ ¼

U1Y1sin b� hð Þ
U1cos b� hð Þ ; (B5)

which is equal to

Y0tan bð Þ ¼ Y1tan b� hð Þ; (B6)

which leads to

tan b� hð Þ ¼ Y0

Y1
tan bð Þ (B7)

and then to

h ¼ b� arctan
Y0

Y1
tan bð Þ

� �
: (B8)

3. Derivation of Eq. (6)

The energy balance across a step of height a, reads

Y0 þ
U2
0

2g
¼ aþ Y1 þ

U2
1

2g
: (B9)

With Eq. (3), Eq. (B9) can be rearranged to read

aþ Y1 � Y0 ¼
U2
0

2g
� U2

1

2g
¼ U2

0

2g
� U2

0

2g
Y2
0

Y2
1
sin2 bð Þ þ cos2 bð Þ

" #
;

(B10)

that is,

Y1 � Y0 þ a ¼ U2
0

2g
1� Y2

0

Y2
1
sin2 bð Þ � cos2 bð Þ

" #

¼ U2
0

2g
sin2 bð Þ � Y2

0

Y2
1
sin2 bð Þ

" #
; (B11)

that is,

Y1

Y0
� 1þ a

Y0
¼ 1

2
U2
0

gY0
1� Y2

0

Y2
1

 !
sin2 bð Þ: (B12)

4. Derivation of Eq. (7)

The momentum balance normal to a forward-facing step (i.e.,
with step height a> 0) reads (Defina and Susin, 2006)

Mu �mS ¼ Md (B13)

with Mu and Md denoting momentum upstream and downstream
of the step, and mS the static force, per unit specific weight and unit
length, on the face of the step, opposed to the approaching flow.
Substituting, we obtain

Y2
0

2
þ U2

0n

g
Y0 �mS ¼

Y2
1

2
þ U2

1n

g
Y1; (B14)

that is,

Y2
0

2
þ U2

0 sin
2 bð Þ

g
Y0 �mS ¼

Y2
1

2
þ U2

1 sin
2 b� hð Þ
g

Y1: (B15)

The above equation is rewritten in non-dimensional form by
dividing all terms by Y2

0

1
2
þ F2

0 sin
2 bð Þ �mS

Y2
0
¼ 1

2
Y2
1

Y2
0
þ U2

1

gY0

Y1

Y0
sin2 b� hð Þ (B16)

that can be rewritten as

1þ 2F2
0 sin

2 bð Þ � 2
mS

Y2
0
¼ Y1

Y0

� �2

þ 2F2
0
U2
1

U2
0

Y1

Y0

� �
sin2 b� hð Þ:

(B17)

Using Eq. (1) to eliminate h from Eq. (B17), one finally obtains

1þ 2F2
0 sin

2 bð Þ � 2
mS

Y2
0
¼ Y1

Y0

� �2

þ 2F2
0 sin

2 bð ÞY0

Y1
: (B18)

APPENDIX C: ITERATIVE PROCEDURES

1. Iterative procedure to solve the momentum balance
for g

To solve momentum balance across a bed step, we use the fol-
lowing iterative procedure. First, with g¼Y1/Y0 and A¼ a/Y0, we
rewrite Eqs. (7) and (8) as

1þ 2F2
0 sin

2 bð Þ � 2
mS

Y2
0
¼ g2 þ 2

g
F2
0 sin2 bð Þ; (C1)

2
mS

Y2
0
¼ 2aþ 2 1� að Þ gþ Að Þ � A
� �

A: (C2)

Equation (C1) can be rearranged to read

g ¼ 2F2
0 sin

2 bð Þ
1þ 2F2

0 sin
2 bð Þ � 2

mS

Y2
0
� g2

: (C3)

Using Eq. (C2) to eliminate the mS term, we finally obtain
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g ¼ 2F2
0 sin

2 bð Þ
1þ 2F2

0 sin
2 bð Þ � 2aþ 2 1� að Þ gþ Að Þ � A

� �
A� g2

: (C4)

The Froude number of the incoming flow, F0, and the relative
step height a and direction b are given. On assuming g¼ 1 at the
first iteration, the recursive use of Eq. (C4) allows determining g
with the needed accuracy.

2. Iterative procedure to solve the intermediate flow
configuration

For a given value of the upstream F0 and relative step height,
a/Y0 and direction, b, we solve the intermediate flow configuration
using an iterative approach. We start from a first guess of the shock
wave front direction b0 (Fig. 17), assuming b0¼ b.

As a first step, we compute the flow depth in region (1) using
Eq. (A3) with g¼ g0,1¼Y1/Y0; we find

g0;1 ¼
1
2
�1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8F2

0 sin2 bð Þ
q� �

(C5)

and hence, Y1¼ g0,1Y0. We then compute the flow direction, h1,
and the velocity U1 using Eq. (A2), with h¼ h1, and (A1),
respectively.

To solve for the flow field in the region (2), we consider
the energy balance Eq. (12) between regions (1) and (2), with F1 ¼
U1=

ffiffiffiffiffiffiffi
gY1
p

and DE1,2 the energy difference scaled by the upstream
flow depth Y1.

To close the problem, we have to impose two conditions that
are (i) energy is assumed to conserve, and hence, it must be
DE1,2¼ 0 and (ii) condition prescribed by Eq. (13) must be satisfied.
Combining Eqs. (12) and (13) yields

DE1;2 ¼
3
2
F2=3
1 sin2=3 b� h1ð Þ � 1

2
F2
1 sin

2 b� h1ð Þ � 1þ a
Y1
: (C6)

With the guessed value of b0, the above equation gives an
energy difference DE1,2 different from zero. We then improve the
guess for b0 by computing the correction factor DE1,2/2, and hence,

bðkþ1Þ0 ¼ bðkÞ0 þ DE=2 to be used in the next iteration.

Once the procedure converged, the flow depth in region (2) is
computed as Y2¼ g1,2 Y1 with g1,2¼ gEm 1,2 given by Eq. (13),
whereas flow velocity and direction are given by Eqs. (3) and (4)
that are rewritten as

U2 ¼ U1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin2 b� h1ð Þ=g21;2 þ cos2 b� h1ð Þ

q
; (C7)

h2 ¼ b� arctan
tan b� h1ð Þ

g1;2

" #
: (C8)
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