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1 Introduction

Type IIB/F-theory flux compactifications play a prominent role in string phenomenology,

see for instance [2-4] for reviews. One important aspect of such compactifications is that

fluxes and branes can backreact on the geometry generating a non-trivial warp factor, which

can induce hierarchies in the energy scales perceived by the four-dimensional observers

located at different points of the internal space. Nevertheless, the warp-factor is often

assumed to be constant for technical simplicity, since this allows one to borrow several of

the well established results on unwarped Calabi-Yau compactifications. It is then important

to formulate effective four-dimensional theories that go beyond the limits of the constant

warping approximation and consistently combine the effects of warping, fluxes and branes.



In particular, the non-trivial warp factor is expected to affect the Kéhler potential
and the kinetic terms of the effective theory, which set the strength of physical masses
and couplings, whose holomorphic structure is encoded in the F-terms. In [1], following
the ideas of [5, 6], a derivation of the low-energy effective theory for the moduli sector of
type IIB warped flux compactifications [7-9] has been proposed.! The derivation exploits
a combination of arguments based on the structure of the ten-dimensional vacua and the
expected supersymmetric properties of the effective four-dimensional theory, taking advan-
tage of its superconformal formulation at an intermediate step. Assuming that complex
structure and 7-brane moduli are stabilised by fluxes, the resulting K&hler potential for
the remaining massless moduli has a surprisingly simple form in terms of the universal
modulus a characterising this class of vacua:

K = —-3loga. (1.1)

The universal modulus implicitly depends on the chiral coordinates parametrising the com-
plete set of moduli and such implicit dependence codifies the non-triviality of K.

The crucial step is then the determination of the appropriate complex/chiral coor-
dinates on the moduli space. For instance, the moduli describing the positions of the
mobile D3-branes inherit the complex structure of the internal complex space while the
two-form potentials naturally combine into Co — 7 Bs, which provides the appropriate com-
plex parametrisation of the corresponding moduli. On the other hand, the determination of
the chiral coordinates p, parametrising the Kéhler and Ramond-Ramond (R-R) Cy moduli
is less obvious and in [1] they were identified by means of supersymmetric probe Euclidean
D3-branes. The resulting effective Lagrangian is directly affected by the warping produced
by the three-form fluxes and by the mobile D3-branes and consistently satisfies the no-scale
condition [26, 27] in a non-obvious way.

In the derivation of [1] the three-form fluxes were considered as fixed quantities specified
by certain Dolbeault cohomology classes, which stabilise the axion-dilaton and complex
structure moduli and backreact on the geometry by warping it, but otherwise decouple
from the low-energy dynamics. This assumption allows one to derive the effect of the three-
form fluxes due to their induced D3-charge but, in fact, does not capture the complete
potential impact of the fluxes on the low-energy physics. In order to understand this
point, let us focus for simplicity on the vacua with constant axion-dilaton 7 and recall that
supersymmetry requires the three-form flux G3 = F3 — 7 H3 to define a class in the H>!(X)
cohomology group of the internal space X, which clearly does not depend on the Kéahler
moduli. On the other hand, 3 is required to be primitive, that is to satisfy J A G3 = 0,
where J is the Kéahler form. Such primitivity condition is trivial at the cohomological
level and can be always satisfied for generic (strictly SU(3)-holonomy) compactifications,
but it nevertheless introduces in G5 a hidden dependence on the Kéhler moduli. This
dependence was neglected in [1] but, as we will see, its inclusion potentially affects the
low-energy theory.

In this paper it is shown how such hidden dependence can be taken into account by
making a minimal modification of the chiral coordinates p, proposed in [1] while keeping

!Other works on the effective theory of warped type IIB/M-theory flux compactifications include [10-25].



the simple form (1.1) of the Kéhler potential unchanged. This modification is sensible even
if one allows for a supersymmetry breaking flux component G2 # 0 and, consistently, the
Kahler potential still satisfies the no-scale condition. The resulting effective Lagrangian
is almost identical to the one obtained in [1]. The only difference is in a G3-dependent
contribution to the kinetic metric for the p, moduli. Remarkably, the presence of the same
contribution has already been pointed out in [22], following an approach which is somewhat
orthogonal to the procedure adopted here and in [1]. Namely, the authors of [22] performed
a direct and careful dimensional reduction which focuses on the Cy-moduli and keeps the
(non-universal) Ké&hler moduli fixed — see also the very recent [25] for a similar derivation
including mobile D3-branes. Hence, the results of the present paper provide a manifestly
supersymmetric completion of the results of [22, 25] and resolve the apparent conflict
between the approaches adopted in [22, 25] and in [1, 5, 6].

In section 2, the above-mentioned G3-induced modifications of the effective theory are
derived and discussed for the subclass of type IIB compactifications on warped Calabi-
Yau spaces with constant axion-dilaton and no seven-branes. A purely type IIB extension
of the results to F-theory models, although in principle straightforward, is complicated
by the non-trivial transformation properties of G3 under the SL(2,7Z) duality group and
by its entanglement with the fluxes supported on 7-branes. On the other hand, the F-
theory generalisation of the results of section 2 admit a simple formulation in the dual
M-theory framework [28], in which the type IIB bulk and seven-brane fluxes are unified
in the background G4-flux. This is shown in section 3, which considers M-theory warped
flux compactifications to three-dimensions on general (non-necessarily elliptically fibered)
Calabi-Yau four-folds [29, 30]. In section 3 we show how the logic followed in [1] and
in section 2 of the present paper can be readily adapted to the M-theory framework,
leading to a simple Ké&hler potential similar to (1.1) and to chiral coordinates that allow
for the incorporation of warping, mobile M2-branes and fluxes into the effective theory.
In particular, we will see that the resulting effective Lagrangian contains manifestly G4
dependent terms, analogous to the type IIB G5 dependent terms discussed above.

2 Effective theory of warped IIB models

Let us review the structure of IIB/F-theory warped flux compactifications [7-9], mostly
following the notation of [1]. These vacua have an Einstein frame metric of the form

ds?y = 02 >4 W|2ds? + 2 e 2Ads% (2.1)

where £, = 2mv/a/ is the string length scale, ds? is the external four-dimensional Minkowski
metric, ds?X is the metric of the internal K&hler space X and e? represents the warp
factor which varies along the internal directions y™, m = 1,...,6. W is the conformal
compensator, which has dimension of a mass and is eventually fixed in order to obtain a
canonically normalised four-dimensional supergravity in the Einstein frame. Note that we
have introduced the £2 factor in order to work with natural units along the internal space.



The warp factor is sourced by the D3-charges present in the internal space and deter-
mined by the equation

_ 1
Axe 4 = 71X Q6 (2:2)
with Qg representing the D3-charge density
i _
Qs = L2 Z &7 — mGB A Gs + Qg (2.3)

IeD3’s

where 69 are delta-like 6-forms associated with the mobile D3-branes, while Qud is some
additional contribution to the D3-charge, for instance due to O3-planes or curvature cor-
rections on 7-branes, which we assume non-dynamical. The internal part of the self-dual
five-form flux F5 is completely fixed in terms of the warping, Fi®® = (4 xy de= %4, and the

/X Qs =0. (2.4)

The general solution of (2.2) can be written in the form

associated tadpole condition reads

e M =g 4 e o (2.5)

where a is the universal modulus and e=*40) is the particular solution of (2.2) fixed by
the condition

/ e *odvoly = 0. (2.6)
X

Notice that e~440(%) can also assume negative values very close to sources with negative
tension, where the supergravity approximation breaks down.
The internal Kihler metric ds% has fixed (dimensionless) volume vo:

1
/dVOlX—'/J/\J/\J—VQ (2.7)
X 3 x

where J is the Kahler form.? This does not imply a loss of any degree of freedom, since the
overall breathing mode is parametrised by the universal modulus a. The remaining non-
universal Kihler moduli v, a = 1,...,h"1(X) — 1, can be identified with the coefficients
of the expansion

J = 1%, (2.8)
where w, are integral harmonic (1,1)-forms which provide a basis of H?(X;Z). Because

of (2.7), these non-universal Kahler moduli satisfy the constraint

1 a,b, c
o1 +abc - .
3'Ibvvv Vo (2.9)

where we have introduced the intersection numbers

Lobe = / Wa A wp A we . (2.10)
X

2Thp notation of [1] has been slightly simplified. In particular a, e 440 ds% and J here correspond to
a, e"44o, ds?xyo and Jo there.



In the following a key role is played by the three-form flux
GgEFg—THg (211)

which, away from fluxed 7-branes, must satisfy the Bianchi identities dF5 = dH3 = 0. In
order to solve the equations of motion, G3 must be imaginary-self-dual (xxG3 = iG3) that
is, it must have vanishing components G'? = G3? = 0 and be primitive:

JAG3=0 (2.12)

This condition is accompanied by an analogous primitivity condition on the 7-branes fluxes.
Furthermore, the (2,1) and primitive component G%’l preserves four-dimensional A/ = 1
supersymmetry, while a non vanishing (0, 3) component G2 breaks supersymmetry in a
(classically) controlled way.

The background fluxes generically stabilise complex structure and seven-brane moduli,
which can then be assumed to decouple at low energy. In such a case, in [1] it was argued
that the (implicitly defined) Kéhler potential describing the moduli sector of the four-
dimensional effective theory has the following simple form

K = —-3loga (2.13)

up to an additional constant which depends on the specific normalisation of the flux su-
perpotential and of the conformal compensator.

Let us briefly recall the argument leading to (2.13). The metric ansatz (2.1) is in-
variant under a simultaneous constant rescaling of the four-dimensional metric and the
compensator: ds? — e~ *ds?, U — e“W¥. This rigid redundancy is promoted to a local
four-dimensional one once the four-dimensional fields are allowed to have a non-trivial low-
energy dynamics. Hence the effective four-dimensional theory is expected to be invariant
under arbitrary Weyl transformations. This property, as well as its supersymmetric gener-
alisation [1, 5, 6], is accommodated by the superconformal formulation of four-dimensional
supergravity, see for instance [31] for a detailed discussion and references to the original
papers. Such a formulation has a non-canonical Einstein-Hilbert term

1
5C [ Veaiupe Ry (2.14)

where C' is some arbitrary positive constant and K is the Kahler potential of the ordinary
four-dimensional supergravity, with canonical Einstein-Hilbert term %Mlg J /=94 Ry, that
is obtained by gauge-fixing the superconformal symmetry [31]. Clearly C' may be reab-
sorbed in a rescaling of ¥ and can be chosen in order to simplify the relation between the
ten- and four-dimensional quantities.

By matching (2.14) with the ten-dimensional term %—g J v/=g10 Rip evaluated on (2.1),
one readily identifies

Ce 3K = 47r/ e *dvoly = 4rvoa (2.15)
X

where we have used (2.5) and (2.6). We can then choose C' = 47vq and arrive at (2.13).3

With this choice, the gauge-fixing to ordinary supergravity is achieved by setting ¥ =
Mp e%K _ Mp
VAamvg T VAwrvoa®

%Note that C' = 1 in [1] and then the Kihler potentials here and there differ by a shift of 3log(4mvo).




2.1 Hidden dependence of G3 on the Kihler moduli

In order to make our point as clean as possible, we now focus on warped Calabi-Yau
compactifications, hence excluding 7-branes while retaining mobile D3-branes, O3-planes
and a non-trivial three-form flux G3 # 0. In this case the axion-dilaton 7 is constant and
the internal space can be written as X = X /22, where X is a Calabi-Yau space and Zo
represents the orientifold involution. In particular, the different fields on X uplift to fields
on X of appropriate parity under the orientifold involution. For instance, the Kéhler form
J is even while G5 is odd, and the harmonic forms w, provide a basis of the integral even
cohomology group HJQF(X ;7). Since T is constant, G3 = G>! + G%3 is actually harmonic
and then defines an element of the odd cohomology groups H>'(X) & H*?(X). Calabi-
Yau three-folds have vanishing Hodge numbers h'? = h32 = 0. Hence the right-hand
side of (2.12) is always satisfied in cohomology and does not lead to any constraint on the
Kahler moduli.

On the other hand, the condition (2.12) introduces in G3 a hidden dependence on the
(non-universal) Kéhler moduli v defined in (2.8). Indeed, let us consider an infinitesimal
variation dv®, preserving the constraint (2.9). Being the cohomology class of Gj fixed,
we can write the corresponding variation as dG3 = ddBs, with 0By = §Cy — 79 By. Since
0J = dv®w,, the preservation of (2.12) under K&hler moduli deformations requires

v *we NG+ J ANIG3 =0. (2.16)

Observing that the possible supersymmetry-breaking (0, 3)-component G2 is automati-
cally primitive and then is not affected by the variation of the Kéhler moduli, we can impose
§G3Y = §G1? = 6G%3 = 0, which allow us to restrict dBs to be (1,1) and d-closed. We
can then expand §Bs = 58}11’1 + O0A1Y, where 5!3'}11’1 is harmonic and describes a variation
of the (Bs, C3) moduli, while A is a complex (1,0)-form. Note that the one-form §A!?
is determined up to a 0-exact piece. We can then expand

SAL0 = §2ALO (2.17)
with A(ll’0 such that
v ALY =0 (2.18)

up to a d-exact contribution. The condition (2.18) ensures that dv®A" is trivial for dv®
proportional to v?, i.e. for deformations orthogonal to the constraint (2.9). Hence we
can set

6G3 = 6v*DOALO (2.19)

and this in turn implies that (2.16) can be rewritten as
JNOOALY = —w, A Gs. (2.20)

Note that, consistently, both sides of this equation vanish once contracted with v®.
We may now remove the arbitrary d-exact contribution to ALY by imposing atA’ =0
and rewrite (2.20) as
AxA}Z’O = —2%x (wa A Gg) (2.21)



where Ax = dd'+d'd = 2(870+90) is the usual Laplacian.* Hodge theorem then implies
that AL is uniquely determined in terms of w, A G (up to a d-exact term, if one removes
the gauge-fixing condition OTALY = 0). From the primitivity condition (2.12) it also follows
that (2.21) actually requires (2.18), showing the mutual consistency of these equations.

Equation (2.19) specifies the way in which the G5 flux carries the hidden dependence
on the Kéhler moduli. Hence, we can split G3 into the sum of a fixed moduli-independent
contribution G:(,)O), in the same H?!(X) ® H%3(X) cohomology class of G3, plus a moduli
dependent (2,1) d-exact piece. If we locally set G:(,)O) = dBéO), by repeating the same
argument followed above we can locally write G = dBs with

By = By + 960 4 £25%y, (2.22)

where b!0 is some globally defined (1,0)-form and xa, @ = 1,... ,h&l, are odd harmonic
(1,1)-forms defining a basis of H? (X;Z). The coefficients 3% give the complex parametri-
sation of the (B, C2)-moduli and will enter the four-dimensional effective theory as chiral
fields. On the other hand, the one-form b'° carries the non-trivial dependence of G on
the non-universal Kahler moduli. More explicitly, we can write

Gs = GY) + 00p10 (2.23)

with
6o+ = v ALC (2.24)

2.2 Chiral coordinates

We are now in the position to revisit the identification of the moduli chiral coordinates pro-
posed in [1]. As we have already observed, the (Bsg, C2) moduli are naturally parametrised
by the complex coordinates 5%, while the D3-brane moduli are described by a set of co-
ordinates Z}, with I =1,..., Nps, which specify the positions of the mobile D3-branes in
some local complex coordinate system z' along X.

On the other hand, the identification of a set of chiral coordinates p,, a =1, ... ,h}r’l,
parametrising the universal modulus a, the non-universal Kdhler moduli v* and the Cy-
moduli is less obvious. In order to detect them, [1] used an argument based on super-
symmetric probe D3-brane instantons, working under the assumption that G35 is decoupled
from the low-energy dynamics. As we have shown in section 2.1, such an assumption misses
a hidden G5 dependence on the Kéhler moduli. Let us then revisit the procedure followed
in [1], now taking into account this additional ingredient.

Consider a Kuclidean supersymmetric D3-brane, E3-brane for short, wrapping an ef-
fective (even) divisor D and supporting an anti-self-dual world-volume flux F = %@FD;}, —
Bs|p. Tts on-shell action is complex and must depend holomorphically on the back-
ground chiral moduli. Having the possibility to choose hil independent (even) divisors

“Note that AL can be identified with a corresponding one-form appearing in [22, 25], see for instance
eq. (3.39) in [25], where the condition (2.21) arises as a constraint for a dimensional reduction performed
at fixed non-universal Kdhler moduli. See later for more comments on this point.



Dy, a=1,..., hi’l, there are enough probe E3-branes for identifying a set of chiral co-
ordinates p,, which should enter as an integral linear combination the on-shell action of
any supersymmetric E3-brane. In fact, for our purposes, we can focus on Rep, and then
consider just the real DBI contribution to the E3-brane action. Indeed, the imaginary part
of p, depends just on the R-R axionic moduli, which do not appear in (2.13) and must
correspond to (perturbative) isometries of the theory.

Supersymmetry of the E3-brane is equivalent to a generalised calibration condi-
tion [5, 32], which implies that the on-shell bosonic DBI action takes the form

1 1

—SpBI = / e MINT - IIIlT/ FAF. (2.25)
2T 2 D

We can choose a basis of even divisors D, which are Poicaré dual to the harmonic forms

wq and decompose D = n®D,. Then, we would like to identify Rep, such that

1 S
2—SDBI = n"Repq + (hol + hol) (2.26)
™

where (hol + hol) denotes the real part of a holomorphic function of (Z}, 3%). As in [1], by
extracting the dependence of Sppr on the background moduli we will arrive at our definition
of Rep,. The new contribution arising from the hidden Kéhler moduli dependence discussed
in section 2.1 affects only the second term on the right hand-side of (2.25), so we can focus
on that.

By using (2.22) we can decompose F as follows

F=FO+ Ii [Im (96"°) + €2 Im 8% X4 ]| (2.27)

mrT

and then, by performing some integrations by parts, we can write

1
ImT/ fAf—ImﬁaImBB/ Xa A X
201 21 b B
+ 21m1€4/ [Re (b"° A G3) — %55170 A 850’1] (2.28)
Tts JD

1 1
+Imﬁa/ f<o>AXa+1mT/ FO) A FO)
fg D 2£§ D

The last line can be considered as contributing to the (hol + hol) part in (2.26) and can
then be discarded. On the other hand, as shown in [1] and reviewed in appendix A.1, the
dependence of the first term in (2.25) on the background moduli can be made explicit, by
writing 5 [, e AT A J asin (A.8).

By combining these results, our guiding condition (2.26) leads to the following defini-
tion of the real part of the chiral coordinates p,:

1 1 _
Rep, = iaZabcvbvc + 3 Z ka(Z1, Z1;0) 4 he(v) — mll&ﬁlmﬁalmﬁﬂ
I
(2.29)
1 1,0 x A 1210, a701
Smr (1 /D [Re (b1 A Gs) 500" A 9



In (2.29) we have introduced the even-odd-odd intersection numbers

Iaa,@ = / Wa N Xa N XB (230)
X
and the locally defined potentials x4 (2, Z; v) such that
Wa = 100K, . (2.31)

These potentials also enter the definition of h(v):

1 i ~ N
ha(v) = _M /X (27”{'(1 - log |€a‘2) <21H1TG3 A\ G3 - Q6d> (232)

where (, is the holomorphic section of the line bundle O(D,) such that D, = {(, = 0}.
By using the formula 6?(D,) = %85 log |¢,|?, this holomorphic section can also be used to
write the last integral in (2.29) as an integral over the entire internal space X:

i

/a(...)—/x(...)/\52(Da)—%/X(...)/\&?log]glF. (2.33)

The last line in (2.29), which does not appear in the corresponding formula of [1], is the
new contribution due to the hidden GG3 dependence on the Kéhler moduli. As a non-trivial
consistency condition, the definition (2.29) should not depend on the choice of the divisor
D, within its equivalence class, up to possible (hol+ hol) contributions. This can be indeed
verified by using (2.33) and, remarkably, the last line of (2.29) is actually crucial to prove
this property once the G35 dependence on the Kéhler moduli is taken into account.

In the following we will need the derivatives of Re p, with respect to the non-universal
Kéhler moduli v®. These can be computed by adapting the corresponding calculation in [1].
In particular, a key formula proved in appendix A.1 of [1] is the following: under a generic
variation dv® of the non-universal Kéhler moduli, we have that

0ka(y;v) = 2 Sv? Gx(y, ) (J ANwa Awy)(y) (2.34)
Xy

where Gx (y,y') = Gx(vy',y) is the Green’s function associated with the internal metric
dsg(. This Green’s function can also be used to express e =440 appearing in (2.5) as follows:

_ 1
e~ o) = . Gx(y,y)Qs(y') . (2.35)
s Y

By taking (2.33), (2.19) and (2.24) into account, together with (2.34) and (2.35), one
can verify that the hidden dependence on the v®’s carried by the G5 flux appearing in (2.32)
and by the terms in the second line of (2.29) nicely combine, so that we obtain

dRep, = Mgy 60° (2.36)

with 1
Ma, = /X e AT ANwe Awy — S /X wa A Re (A;’O A Gg) . (2.37)



Notice that the matrix M, does not depend on the arbitrarily chosen divisors D, and is
symmetric. To make the latter property manifest, one may use the fact that it does not
depend on the possible 0-exact contribution to A;’O either. One can then fix the gauge
8TA;’O = 0 and use (2.21) to write the second integral on the right-hand side of (2.37) as

/ wg A Re <A;’O A @3) =Re / ONLO A *Xﬁf\g’l . (2.38)
X X

Another useful property of M, which can be derived from (2.18) and (2.6), is the
following:
Mapv® = aZypvv¢ = 2vpa(J awy) - (2.39)

2.3 Effective Lagrangian

Having identified the real part of the chiral fields p,, one can proceed with the calculation
of the effective Lagrangian following from the Ké&hler potential (2.13). In particular, the
bosonic effective Lagrangian for gravity and the moduli sector is given by

1 _
Loos = 5 B Ry*1— Mp Ky 7dp" Axdg” (2.40)

with K77 = 0707K = %, where 7 collectively denote the chiral fields (pq, 3%, Z%).

In principle, one may invert (2.29) and write the universal modulus a, and then the
Kihler potential, as a function of (Re p,, Im 3%, Z¥, Z}). However in general, unfortunately,
it is not possible to find this function and so the general explicit form of the Kahler potential
is not known, as it is also the case in the constant warping approximation [33]. Nevertheless,
as discussed in appendix A.2, one can still compute the second derivatives of K appearing

in (2.40), along the lines of [1, 33]. The resulting effective bosonic Lagrangian (2.40) takes

the form
-2 1 ab —~ 1 a « b
Mp“Lhos =Ry x1 — GVpa AN*¥Vpy + ————0"L05d 3% A xdf3
2 dvoalm T
1 _ . 7 (2.41)
(]
— 2V0a EI gij(Z[, Z[)dZI VAN *dZI .

Here the kinetic metric G is defined as follows

1 1
ab _ ab a,b
= ([ MP - — 2.42

g 4dvoa < 2V0av Y ) (242)
where M@ is the inverse of the matrix My, defined in (2.37), and we have introduced the

covariant exterior derivative
Vo =dps — AL, dZE — Tmr ! Iaaglmﬁ“dﬁﬁ (2.43)
mT

with _
Oka(Z1, Z13)

Acln' = i
aZi

(2.44)

~10 -



denoting the connection along the moduli space of the I-th D3-brane. Furthermore g;;(z, )
is the metric on the internal space and indeed the last line in (2.41) matches the kinetic
terms obtained by expanding the action of probe D3-branes.

Notice also that the inverse of G* is given by

Gab = —4voa Map + MaeMpg v°0?

1 _
=4 A A / AR (ALOAG) .
voa [/Xe Weq *wa+21m7'€§ Xwa e b 3

Equation (2.38) shows that the second, manifestly G3 dependent, term in the last line

(2.45)

of (2.45) is positive definite. Hence, such contribution tends to increase G, or, in other
words, to suppress the kinetic metric G.

The effective Lagrangian derived here is almost identical to the Lagrangian derived
in [1]. The only difference is that the matrix Mg, (denoted by M in [1]) now contains
also the manifestly G5 dependent term appearing in (2.37). Furthermore, by looking at the
kinetic terms for Im p, in (2.41), we recognise the terms obtained in [22, 25] by freezing the
non-universal Kahler moduli and focusing on the C4-moduli, including such explicitly G3
dependent contribution. Hence our effective theory provides the manifestly supersymmetric
completion of the results of [22, 25], consistently combining the different possible moduli of
this class of flux compactifications. Furthermore, it matches other previous partial results
present in the literature, see the discussion in [1] and references therein.

The manifestly supersymmetric structure of our theory allows us to check that it
satisfies the no-scale condition [26, 27]

K'Y K1K ;=3 (2.46)

where K7 = 97K and K27 is the inverse of K7 7. Asin [1], this provides a non-trivial check
of the consistency of our theory, since the underlying ten-dimensional vacua are known to
allow for a no-scale-like supersymmetry-breaking flux G%3 # 0.

The no-scale condition (2.46) can be more easily verified by rewriting it as det Az 7 = 0,
where Az 7 = 818:767%1( = 0r07a. Indeed, by using (A.10) and (A.11) it is not difficult
to see that, in our case, det Az 7 oc det (812221)) =0.

2.4 Formulation with linear multiplets

Our effective theory appears somewhat implicit, in the sense that different quantities
are only implicitly defined in terms of the chiral fields pa,ﬁa,Z}. However, its struc-
ture becomes more transparent if instead of the chiral multiplets p, we use as elementary
fields their dual linear multiplets [* — see for instance [34, 35] for reviews on the chi-
ral/linear duality.

Each linear multiplet I* contains a real scalar [* (denoted by same symbol) and a
three-form field-strength H* as bosonic components. The dualisation to linear multiplets
is possible since the Kéhler potential (2.13) does not depend on the axionic fields Im p,,
which can then be dualised to the two-form potentials associated with the field-strengths
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H®. On the other hands the real scalars [* are given by

1 0K
20Rep, 2voa

1o =

(2.47)

Hence, in the dual picture the universal modulus a and the (constrained) non-universal
Kéahler moduli v* reorganise themselves into the hi’l linear multiplets [*. Indeed (2.47)
can be easily inverted into

1 1

1 6vo  \° bvo  \3
_ L (v oo (Y0 )" 2.48
“ 9 (IabclalblC) Y (IbcdlblCld> (248)

By using (2.48) one can obtain, through a Legendre transform, the kinetic potential
K = K 4 2l°Rep, (2.49)

which specifies the dual theory. Up to an irrelevant additional constant, this has the
following explicit form

L 1
K = log (Ia,,czasz) + > (21, Z13) = ——1"Toastm 8°Tm B
T
I

1 7 2 i ~ d
_ _ e —Qn 2.50
ng/x 27k — 19 1og |Ca]?] <2ImTG3/\G3 Qn ) (2.50)
_ 1 a 1,0 A A\ _ }— 1,0 70,1
; nglz /D [Re(b A Gs) = 50610 A Ob

where

~

k(z,z;1) = Kq(2, 2;1) (2.51)

can be considered as the Kéahler potential associated with the rescaled Kéahler form

A ~ o 1
J =100k =
2V0a

J = 1%, (2.52)

whose (unconstrained) Kéhler moduli are given by the bosonic components of the linear
multiplets.

The effective field theory can be derived from the kinetic potential (2.50), which must
be considered as a function of (1%, 3%, 5%, Z}, Z}) In particular, the bosonic action is given
by [35]

1 1 - - _
Mg Cinear = 5 Rax 1+ ; Kay (dl“ A xdl® + HEA *Hb) — Kpzde” A xdg?
. (2.53)
i N _
+5 (Kazdgpz . Kafd@z> AHE
where now @7 collectively denote only the chiral fields (5, Z}) and we have used the
notation for derivatives introduced in (2.46), e.g. K, = alaaaTchI, etc. Notice that while
computing the derivatives of K one should again take into account the hidden dependence of
G3 on the Kahler moduli and hence on the scalars [*. Since the primitivity condition (2.12)
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is unaffected by a possible rescaling of the Kahler form, the discussion of section 2.1 can be
easily rephrased by replacing J — J and the formulas (2.19) and (2.24) can be rewritten as

9Gs AA1,0 ab"0 A1,0
= A ? = A ’ 2 4
ole 90A", ole “ (2:54)
respectively, with AL = 2vpa ALY such that
AxALY = —2% 5 (wa A G). (2.55)

Here and in the following all ‘hatted’ operators are defined in terms of the rescaled
Kahler metric

1
ds% = ds% (2.56)

2vpa
associated with the rescaled Kéhler potential (2.52).
The derivatives appearing in (2.53) can be explicitly computed and Liear assumes the
following form

1 1
M}?2£Iinear = 5 R4 *1— Z gab (dla A *dlb + HEA *Hb)
_ . _ 1 _
— O~ (4 J a « B
;gzj(zl, Z0)AZ; A#dZ] + o 1"Taapd 3 A +dB (257)

— Im <A{de}' + 3 TIngmBadﬁﬂ> AHE.

1
m

In this formula, G, is the same matrix introduced in (2.45), which can be rewritten

as follows A ]
gab =2 /)( 674AWb A >T<X(A)b + m /}( Wq A Re (A270 N Gg) (258)
S
where the rescaled warp factor
_4A _ 3 _4A
(& 44 = (21}0&)26 44 = m +e 440 (259)

solves the modified equation obtained by substituting the metric (2.56) in (2.2), while e—44o
is the particular solution with vanishing total integral.

Clearly the use of linear multiplets allows for a more explicitly formulation of the
effective theory in terms of the elementary fields, which furthermore have a more direct
connection with the geometrical structure of the underlying ten-dimensional vacua. In
particular, the rescaled Kiahler metric (2.56) can be interpreted precisely as the metric ‘seen’
by the mobile D3-branes and naturally enters the other quantities describing the effective
theory. In this sense, at least at the perturbative level, the linear multiplet formulation
appears more natural than the corresponding formulation in terms of chiral multiplets.

3 Effective theory of warped M-theory models

So far we have assumed the axion-dilaton 7 to be constant, but the results should clearly
extend to F-theory models, i.e. with non-constant holomorphic 7 and bulk seven-branes. A
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purely IIB description of such generalisation is complicated by the fact that G3 transforms
non-trivially under SL(2;Z) duality transformations. Furthermore, once seven-branes are
introduced, the associated world-volume fluxes are naturally entangled with the G5 fluxes
through the Bianchi identities and must themselves satisfy a primitivity condition. The
cohomological structures describing these effects must be appropriately ‘twisted’ in order
to take in account the non-trivial SL(2; Z) transformations and are then more complicated
with respect to the constant 7 case considered in the previous section.

On the other hand, these technical difficulties appear more treatable if addressed from
the dual perspective of M-theory flux compactifications to three dimensions [29, 30] on
elliptically fibered Calabi-Yau four-folds. In such a dual description, the holomorphic
axion-dilaton and the seven-branes are geometrised into the non-triviality of the elliptic
fibration [28] and the IIB three-form and seven-brane fluxes are both represented by the
M-theory four-form flux.

In the following we will show how the same logic followed for type IIB in the section 2
and in [1] can be easily adapted to the M-theory vacua described in [29, 30], by considering
flux compactifications on generic, non-necessarily elliptically fibered, Calabi-Yau four-folds.
The effective theory for these kinds of compactifications was first obtained in the constant
warping approximation in [36, 37],% while the effect of a weak warping and of higher deriva-
tive corrections has been more recently studied in [23, 24]. As we will see, our approach
allows us to incorporate the effect of the four-form flux, mobile M2-branes and of a possibly
strong warping in a consistent way. We will discuss a simple duality check of consistency
between the M-theory and IIB results, leaving a detailed study of the implications of our
results for F-theory models to the future.

3.1 Eleven-dimensional structure

In the M-theory flux vacua of [29, 30] the metric takes the form
ds?, = 03|®[*e'Pds? + e 2P dst (3.1)

where ¢ is the M-theory Planck length, ds3 is the flat three-dimensional metric, ds%, is
the Ricci-flat metric of a Calabi-Yau four-fold Y and the warp factor e varies along Y.
Furthermore ® (which has dimension [mass]%) is a constant playing the role of conformal
compensator and is fixed by the three-dimensional Einstein frame condition.

The M-theory field-strength Fy has the form

Fy = 63;|®|%dvols A deSP + Gy (3.2)

where dvols is the volume form associated with ds3. The internal G4 flux must be self-dual,
xy G4 = G4. More precisely, three-dimensional A/ = 2 supersymmetry requires the internal
G4 flux to be purely (2,2) and primitive,

JAGL=0 (3.3)

®See also [38] for a discussion relevant for applications to F-theory models.
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while the possible (4,0) and (0,4) components of Gy, also allowed by the self-duality
condition, break supersymmetry in a no-scale way. In addition, these vacua can host
mobile M2-branes.

Under the above conditions, the equation of motion of G4 implies that the warp factor
is determined by the Poisson equation

1
Aye P = 7o v Qs (3.4)
M
where Qg is the M2-charge density

1
Q8:§G4/\G4+£§4 Yo 6 -y Is. (3.5)
IeM2’s

Here Ig is a closed 8-form that is quartic in the curvature and integrates to i the Euler
characteristic of Y: [j, Iy = 2—14)((}’) [39]. As in the IIB case, once the tadpole condition
Jx Qs = 0 is satisfied, the general solution of (3.4) can be written as

e 8P = ¢ 4 ¢~ 6P0 (3.6)

where c is the universal modulus of these M-theory compactifications — the counterpart
of a in type IIB — and e~%7° is the particular solution of (3.4) that satisfies the condition

/ e 5Podvoly = 0. (3.7)
Y

The universal modulus is the breathing mode of the internal space, while the volume of
the internal space is not physical and can be fixed to the any given (dimensionless) value

1
dvoly = — [ JATATAT=w. (3.8)
Y 4! Jy

3.2 Kahler potential

The arguments followed in [1] and reviewed in section 2 can be naturally adapted to the
warped M-theory compactifications and lead to similar results. So, we will be sketchy.
First, we assume that the G4-flux stabilises completely the complex structure moduli of
Y (i.e. the IIB axion-dilaton, complex structure and seven brane moduli in an F-theory
context). One can then invoke the same arguments based on superconformal invariance
of [1, 5, 6], for instance by using the super-Weyl invariant three-dimensional supergravity
described in detail in [40]. In particular, the three-dimensional Einstein term takes the form

1
20/ V=03 |®|2e KRy (3.9)

where K denotes the three-dimensional Kéhler potential and C' is an arbitrary positive con-
stant which may be reabsorbed into a rescaling of ®. By matching (3.9) with the expression
obtained by dimensionally reducing the M-theory action leads to the identification

Ce 1K = 4r / e P dvoly = 4w ¢ (3.10)
Y
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where, in the second step, we have used the splitting (3.6) and the normalisation condi-
tion (3.7). Hence, by choosing C' = 47w, we conclude that the three-dimensional Kéhler
potential takes the following simple form

K = —4logc (3.11)

which is completely analogous to (2.13). Fixing the super-Weyl symmetry and imposing a
canonical Einstein-Hilbert term %Mp | v/=9g3 R3 require that

1 1

Mp \2 1p Mp \2
o= = ) 3.12
<4ﬂ'wo) e (47rwoc> (312)

3.3 Kahler moduli and G4 dependence

The Calabi-Yau Kahler form .J can be expanded as follows
J=uwy. (3.13)

Here w4 are harmonic (1, 1)-forms defining a basis of H%(Y'; Z) and u* are the non-universal
Kéhler parameters which, because of (3.8), must satisfy the constraint

1
IIABCD uMPuCuP = wy (3.14)

where we have introduced the intersection numbers
IABCD:/YwA/\wB/\wc/\wD. (3.15)
In the following, we will also use local potentials k4 such that
wa =100k A . (3.16)

Geometrically, e~27%4 defines a metric for the line bundle O(S,).
The actual (non-massive) Kéahler moduli must respect (3.3). This condition can be
imposed at a cohomological level by requiring that

utlwa NGyl =0 in HS(Y). (3.17)

The u?’s preserving (3.17) can be then parametrised in terms of the actual Kéhler moduli
v*, a=1,...,Ng, as follows
ut = mi e (3.18)

a

1 b2(Y)

where mg, = (mg,...,mq ') provide a set of Ng independent vectors such that

mwa NGy =0. (3.19)

Since G4 + 1ca(Y), where ¢3(Y) is the second Chern class of Y, defines an element of
HY(Y;7Z) [41], the numbers mZ can be chosen to be integral: mZ € Z.
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One can now repeat the arguments of section (2.1) and deduce that a deformation jv®
must be accompanied by a deformation of the G4 flux. The corresponding variation dGy4
can be written as

0G4 = i6v Q0! (3.20)

where AL! are real (1,1)-forms, defined up to harmonic and d9-exact pieces. Each AS?

must satisfy
v AN =0 (3.21)

up to harmonic and d0-exact pieces, and
10OALY N T = —wa A Gy (3.22)

where
wa = miwa. (3.23)

We can impose that the harmonic component of A}l’l vanishes:
(Acll’l)harm =0 (324)

and fix the residual degeneracy by requiring that dtAy! = 8TAST = 8TALT = 0. Under
these conditions, the primitivity of G4 implies that Ay (J _:A}L’l) = 0 and then AS' is
primitive itself:

JoAM =0. (3.25)

In turn this property can be used to rewrite (3.22) in the form
Ay ALt = —25y (wa A Gy). (3.26)

Note that (3.21) is not an independent condition but, because of the primitivity of Gy, it
is actually required by (3.26).
Along the same lines, we can split

Gy =G +ioach! (3.27)

where GELO) is any fixed element of H*?(Y) @ H?%(Y) @ H%*(Y) in the same class of G4
while C1! is a globally defined real (1,1)-form encoding the Kéhler moduli dependence:

st = sutALT, (3.28)
We can then locally write Gflo) = dC’?()O) and G4 = dC5 with
0y = - %aclvl + %5(3171 + 6,(B%Na + BAa) (3.29)

where the Ao, @ = 1,...,b3(Y), define a harmonic basis of H12(Y).

5Indeed Ay (JJAL') = 0 implies that JJAL?! is a constant. On the other hand, by our gauge-fixing
conditions, Al?! is a df-exact 2-form. Since [JJ7dT] =0, also JJAL! is df-exact and then it cannot be a
non-vanishing constant.

17 -



3.4 Chiral coordinates

We now need to describe the moduli space in chiral coordinates. The M2-brane moduli can
be parametrised by their positions Z} in some local complex coordinates z* along Y. The
moduli of the C5 gauge potential can be identified with the 8% appearing in (3.29). On
the other hand, the precise form of the chiral coordinates p, of the Kéhler and Cg moduli
(where Cj is the potential of Fy = %11 Fy) is less obvious, as for the Kéhler/Cy moduli in
type 1IB.

One can proceed as in [1] and in section 2.2. The relevant instantons are given by
Euclidean Mb5-branes. As in type 1IB, the perturbative effective Lagrangian does not
depend on the Cg axions, and hence on Im p,. We can then focus on Re p,, which must be
detected by the real part of the action of a probe supersymmetric M5-brane wrapping an
effective divisor S C Y. This contains a warped volume contribution proportional to

1

— [ e PIATAT 3.30
3!
- JS

analogous to the first term on the right-hand side of (2.25). Hence, Rep, must contain a
contribution similar to (3.30) for an appropriately chosen divisor S. Indeed, this parametri-
sation has been used in [24] and shown to be consistent with a direct dimensional reduction.
More precisely, the contribution of (3.30) to Rep, can be obtained by choosing the

integration divisor
Se =mAS, (3.31)

where Sy, A =1,...,b5(Y), are a set of divisors which are Poincaré dual to the integral
harmonic forms w4. As shown in appendix B.1, by discarding some (hol+hol) contribution
one is then led to identify part of Rep, with

1 1 _
—cLaapouuPuC + = " ka(Z1, Z150) + ha(0) (3.32)
3! 2 7

A

where Zoapc = mPTapop, ka(z,2;0) = mAka(z, Z;v) [see equation (3.16)] and he(v) is

defined as follows
1
47r€§/[

he(v) =

1
/Y (270 — log |Cal?) [204 NGy — 65, Ty (3.33)

where (,(z) is a holomorphic section of O(S,) which vanishes on S,.

The M5-brane action contains other terms in addition to (3.30). First, there may be
higher order derivative corrections, similar to the I3 appearing in (3.33), which may carry a
dependence on the moduli, in particular on the Kéahler ones. Such higher order corrections
are not the main focus of the present paper and so we will neglect them, while considering Ig
as a non-dynamical contribution to the M2-charge density. One may incorporate their effect
along the lines of [23, 24] which showed how corrections of this kind are in fact necessary
in order to accommodate M-theory higher derivative contributions to the effective theory.

Rather, we concentrate on the G4 dependent contribution to the M5-brane action,
which is present already at the lowest derivative level. This term should arise from the con-
tribution of the world-volume 3-form flux 75 = dAs 4+ C3 supported on the M5-brane which
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is, however, self-dual and then does not admit a simple Lagrangian description [42-44].
One can then follow a simpler strategy, which identifies such a term by requiring that, as
in the type IIB case, the definition of Re p, depends on the choice of the divisors S4 (within
their linear equivalence classes) at most by a (hol+hol) term and matches the IIB result
under duality. These conditions lead to the definition

_ 1 A B C L > .
RepazchaABcu u u +§Zna(ZI,Z1,U)—|—ha(v)
. . ! , (3.34)
ST g5 — [ (e AGy+ ~actt A B!
5 7aas 15 26&/Sa< 1ty
where
7;04651/ Wa A da A Az (3.35)
Y

See subsection 3.6 below for a discussion on the matching with type IIB side.

Relegating the details of the calculation to appendix B.2, we obtain that, under a
deformation of the non-universal Kéhler moduli 6v® [preserving (3.14) and (3.17)], Rep,
transforms as follows

ORepa = Ny, o° (3.36)
where 1 1
Nabzz/eGDJ/\J/\wa/\wb—i—%G/wa/\All)’l/\G4. (3.37)
Y M JY

Note that, in Rep,, the contributions due to the G4 dependence on the Kéhler moduli
coming from h,(v) and from the second line of (3.34) nicely combine, so that the final
result does not depend on the arbitrarily chosen divisors S,.

We observe that equation (3.26) can be used to deduce that N, contains the manifestly
symmetric and positive definite contribution

1

1
1,1 _ 1,1 1,1
-3 /YAa Awp NGy = —+ /Y dAST A sy dAyT . (3.38)

465,
Note also that by contracting (3.37) with v® and using the primitivity of G4 one gets the

useful identity

1
N = 5 cToapcuuPuC = 3woe (J Jwg) - (3.39)

3.5 Effective Lagrangian

By using the above results, one can compute the effective Lagrangian associated with the
Kahler potential (3.11), as we did in section 2.3 for the type IIB case. The formula (2.40)
is valid also for three-dimensional N = 2 theories, up to substituting Mg with Mp, see
for instance [40]. Hence, by using the results of appendix B.3, one obtains the following
Lagrangian for the moduli sector of the effective theory:

1 ) -
M}?lﬁM - §R4 *1 = gabvpa N+ pp — 2W()Cva7?1a,3dﬁa A *dﬁﬁ
1 o (3.40)
N gis(Zr, 21)dZ} A +dZ]
I

2woc
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We have introduced the covariant derivative

Vpa = dpa — Aéle} - 7:1015 Bgdﬁa (3‘41)

where Or(Z P )
AL = ORa\ 41, 415 V) 3.49
al aZ} ( )

is the connection along the moduli space of the I-th M2-brane. The kinetic metric G% is
defined as follows

G = b (Nab b vavb> (3.43)

4W0 c 3W0 C

where A% is the inverse of the matrix Ay, defined in (3.37). Furthermore, note that
the contribution appearing in the last line of (3.40) contains the Calabi-Yau metric gi;
and perfectly matches the kinetic terms obtained by considering probe M2-branes on the
M-theory vacua described in section (3.1).

The kinetic metric G is the inverse of

4
Gab = _4W00Nab + §Nac Md Ucvd

1
= 4wgc (/ 6_6Dwa N *xywp — ﬁ / A}{l A wp A G4> .
Y MY

The first warped term in the second line was also obtained in [23, 24] by a direct dimensional

(3.44)

reduction in a weak warping regime. However, as it happens in the I1B case, we see that it
is valid also for a possible strong warping and that it must be completed by a (G4 dependent
contribution. Note that such a contribution can be written in a manifestly symmetric and
positive definite form by using (3.38). Hence, as in type IIB, this contribution of the flux
tends to lower the value of the kinetic matrix G20.

This supersymmetric theory satisfies the three-dimensional no-scale condition”

KV KK 7 =4 (3.45)

where K27 is the inverse of Kz 7 and we are adopting the usual notation: Kz = 07K =
%, K77 = 070K etc., with ©F = (pa, Z%,3%). This is indeed consistent with the possi-
bility of having supersymmetry breaking components G*° + G%% £ 0, which would induce
a non-vanishing contribution to the superpotential of the three-dimensional theory [45].
The condition (3.45) ensures the vanishing of the vacuum expectation value of the three-
dimensional potential — see for instance [40] for the component form of the action.

Finally, one may highlight the geometrical interpretation of the effective theory by
dualising the chiral multiplets p, into vector multiplets. We do not present the details of
such a dualisation, which would be the three-dimensional analog of what was presented in
section 2.4 for type IIB compactifications to four dimensions. A more explicit discussion
on this duality in our same context can be found in [24].

1
ZKE

"The no-scale property can be more easily checked by verifying that the matrix A; 7 = 0r0ze
070 7c is degenerate.
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3.6 Matching with type IIB

By taking elliptically fibered Calabi-Yau fourfolds and G4-fluxes satisfying appropriate
transversality conditions, the M-theory flux compactifications discussed in the present sec-
tion are dual to type IIB F-theory compactifications to four dimensions. Leaving to the
future a detailed discussion on the implications of our results in the context of F-theory
compactifications, we now give just a simple check of the compatibility between the M-
theory results of the present section and the IIB results of section 2.

Indeed, one can locally assume an approximately factorised structure ¥ ~ X x T2,
where T2 is a two-dimensional torus with approximately constant complex structure 7.
In such a case the duality relations between the M-theory and IIB (local) quantities are
easily formulated, see for instance [2]. In particular, we are interested in the duality
relation between the terms involving the G3/Gy4 fluxes in the definitions of p, in type
IIB/M-theory respectively.

Writing the T2 metric as

L2

where z = z + 7y, with periodicities ¢ ~ =z + 1 and y ~ y + 1, the above factorised
structure corresponds to taking ds% ~ dsg( + dszTQ. L? represents the volume of T which
is eventually sent to zero in the F-theory limit. "fhen, as in [2], the M-theory/IIB G4/G3
fluxes are related as follows

L
Gy=—Im (dzZNG3) . AT
1= - Im (dZ A Gs) (3.47)
By consistency, the relation between b'* and C*! appearing in (2.22) and (3.29), respec-
tively, is®
L
1,1 _ = A 1,0

Let us now choose as M-theory divisors S, the vertical divisors in Y obtained by
‘attaching’ the T2 fibre over the divisors D, in the base X. Then, by plugging (3.47)
and (3.48) into the last term appearing in the definition (3.34) of Rep, and performing the
integration over the T2 fibre in S, it is easy to check that

L2
- 2E?AImT

1

S (cl»l A Gat50CH A ac“) —
M JSa

/ [Re (510 A Gs) — L0010 7 510

’ (3.49)
Upon using the identification £3; = L€2 [2], we see that (3.49) exactly reproduces the
last term in the definition (2.29) of Rep, in type IIB. This shows how such contributions,
which are directly related to the manifestly flux-dependent contributions to the respective
effective Lagrangians, are indeed perfectly compatible under duality. Similar consistency

checks for the other terms appearing in (2.29) and (3.34) can also be performed.

The complete relation between the potentials (3.29) and (2.22) is Cs = —Z-Im (dz A B5), with B; =
By — %dbl‘o7 C’éo) = —ﬁlm (dZ A Bgo)) and Ao = ﬁdz A Xo. Furthermore, if w, is Poincaré dual to a
vertical divisor, then Taap = — 5= Zaas-
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4 Conclusions

In this paper we have studied the effective theory of type IIB/M-theory warped flux com-
pactifications, completing and extending to the M-theory case the results of [1]. The type
IIB case is discussed in section 2 while the M-theory case is considered in section 3. The
results are very similar and can be indeed related by duality.

In our discussion, a key role is played by the hidden dependence of the G3/G4 fluxes
on the Kéhler moduli. Such a dependence does not directly affect the simple formu-
las (2.13)/(3.11) for the Kéahler potential. Rather, it can be taken into account just
by including an additional G3/G4 dependent term — given by the last line of equa-
tions (2.29)/(3.34) — in the definition of the chiral coordinates p, parametrising the Kahler
moduli. This produces a manifestly G3/G4 dependent contribution to the effective La-
grangian (2.41)/(3.40). More precisely, this contribution appears in the second term of
the inverse kinetic matrix (2.45)/(3.44) and is always positive, hence having a ‘suppression
effect’ on the kinetic matrix G% of the chiral fields p,. Our results reproduce, complete and
supersymmetrise the bosonic effective action obtained in [22, 25] by dimensional reduction
of IIB compactifications at fixed non-universal Kahler moduli.

There are several aspects that remain to be explored, including the following ones:

e Warping and fluxes apparently ‘break’ the cohomological nature of the effective the-
ories obtained in the constant warping approximation. In particular, for the mo-
ment, the evaluation of the explicit form of the effective theory seems to require a
case by case study. It would be very useful to develop efficient, model-independent
topological /cohomological /algebraic-geometrical techniques to compute the explicit
structure of our effective theories. This would allow for a better understanding of the
physical and phenomenological implications of our results, both at a qualitative and
a quantitative level.

e It would be important to further study the applications of our results to the phe-
nomenologically more relevant framework of F-theory flux compactifications, by com-
bining both the type IIB and M-theory perspectives, as for instance done in [2, 38]
in the constant warping approximation. The present paper and [1] assume dynami-
cally frozen axion-dilaton and complex structure and focus on the remaining moduli
sector, but it would be clearly worthwhile to incorporate gauge and charged mat-
ter sectors into the effective theory, as well as possible dynamical complex structure
moduli which may be present in the low-energy spectrum.

e In deriving our effective theories we have used the standard two-derivative type
IIB/M-theory supergravity. It would be interesting to understand how to incor-
porate higher-derivative corrections, for instance combining our results with those of
the papers [23, 24], in which this problem has been investigated for weakly warped
M-theory compactifications. Higher derivative corrections can play an important role
in phenomenological models — see for instance the reviews [2, 4] — and so it would
be desirable to better understand how to combine them with the effects of warping,
fluxes and branes.
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e Even though our effective theories have a natural applicability to string phenomenol-
ogy, they may also be useful in the somewhat different context of the AdS/CFT
correspondence. Indeed, as discussed in [46], by taking a rigid/decompactification
limit thereof, one can obtain the ‘holographic effective field theory’ of strongly cou-
pled quantum field theories. Ref. [46] considered type IIB holographic models in
which the non-compact internal space is an asymptotically conical Calabi-Yau three-
fold and the warping is only due to mobile D3-branes, but the same logic can be
applied to more general type IIB/M-theory holographic models for which the results
of the present paper can be relevant.
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A IIB-theory effective theory: some details

In this appendix we collect some technical details regarding the derivation of the effective
theory of the IIB compactifications considered in section 2.

A.1 Explicit form of the warped divisor volume

In [1] it was shown how, given a divisor D ~ n®D,, one can express the integral

1/ e MINT (A1)
2Jp

in terms of the background moduli. Let us briefly review this result and its derivation.
First one can use (2.5) and (2.8) to write (A.1) as follows

1 1
¢ N gpet®v¢ + 2/ e o A J A GHD) (A.2)
X

where 62(D) is a delta-like 2-form localised on the divisor D. This can be written as
§%(D) = 5-001og |(p|?, with (p being a section of the line bundle O(D) that vanishes on
D, so that

1
J.6%(D) = ——Alog |¢pl|?. (A.3)
47
Furthermore, since w, = i0dk, is harmonic, the scalar

1
do = Jow, = —iAIia (A.4)

is harmonic and hence constant along X. We can then use the identity

1
J.6%(D) = A (27K, —log|(p|?) + ndy . (A.5)
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and (2.6) to rewrite the second term of (A.2) as
1
/ e 440 J,6%(D))dvolx = / e oA (27n"kq — log [¢p|?) dvolx . (A.6)
X am Jx

Now, the key point is that the local potential n%x, defines a metric e=2™"% on the line
bundle O(D) and then the combination 2mn%k, —log |(p|? is globally defined. This implies
that we can integrate the right-hand side of (A.6) by parts and use (2.2) to get the identity
1
/ e 407 162 (D))dvoly = 7 (27n%kq — log |Cp]?) Qs - (A.7)
X s D

By using (2.3), we then conclude that (A.1) with D = D, (hence n® = 6¥) can be rewrit-
ten as

1 1 _ -

50 Zabct"0" + 5 ; ka(Z1, Z130) + ha(v) — ;[log Ca(Z1) +log Ca(Z1)] (A8)
where h,(v) is defined in (2.32). The last term in (A.8) is (hol+hol) and then, by using this
formula in (2.25) and (2.26), we can discard it and identify the first three terms appearing
on the right-hand side of (2.29).

A.2 Derivation of kinetic terms for IIB compactifications

In this appendix we discuss the derivation of the effective Lagrangian (2.41) from (2.13)
and (2.29).

We start from some useful formulas for the implicit derivatives of the moduli. Consider

ORe pq b ORepq OReps __
ORe oy = 0., 9zl = =0 and 5%

the tautological identities = 0. By using (2.36) we can

rewrite them as follows

1 caq Oa ov° b
= — =90 A9
2 acdV U 8Repb + Mac 8Re b a ( a‘)
1 Oa o’
ZIach v° OZZ + MabaZZ + Aéz = (Agb)
1 Oa o’ i
§Iabcvbvcaiﬁa + Mabaiﬂo‘ + mlaa/ghnﬁﬁ =0 (AQC)
where Al is defined in (2.44). By contracting (A.9) with v® and using (2.39) together
with (2.9) and its corollary Tope00? 83” =0, we get
Oa 1, Oa v Al Oa i
— e, T eql - a7 sImpBo. A.10
ORep, 3V0U 0Z; 6V0 > B 6VOIH17'U aaplmf ( )
Using these relations back in (A.9) and taking again (2.39) into account, one also gets
v _ ab 1 a,b
ORepy M 6V0aU v
ov® 1 1
57~ 3 <M“b - Wv“vb) Al (A.11)
ov? i 1
0B = " 9lmr <Mab B 6V0avavb> Iba’glmﬁﬁ

where M? is the inverse of M.
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Consider now the Kéhler potential (2.13). By taking into account that it does not
depend on Imp, and Re 3% and and using (A.10) we can compute

oK o oK 1, 0K

a

dpa  2voa’ ozi 2V0av ai 0B - 2voalmT

0" Lo Im 87 . (A.12)

Then, by using again (A.10) together with (A.11) and (2.34), we obtain the second deriva-
tives of K:

82K 1 ab 1 a, b\ — ~ab
rcdrs = v (M ™) =

O*°K -
- _Qo .AI—,
Opa0Z; g A
62K bl 1J ~
— = — @ ; F — 7 Z ,Z 5
021077 G iy + gy 9l Z1 21)
2K i (A.13)
_ ab B
= TyosIm 87,
9po0fc ~ TmrY Daslmp
O’°K S
__ = @ AL Ty 5Tm P
0B 7} 7Y AaleagtmB™,
PK

LR 1w )
— = — I - al I I I "YI .
opopr 4V0aIm7'v aaf + (Imr)Qg aarLpgsIm 37 Im 3

These formulas can be used to compute the effective theory. In particular, the bosonic
effective Lagrangian takes the form (2.41).

B M-theory effective theory: some details
In this appendix we derive some formulas presented in section 3.

B.1 Warped divisor volumes in M-theory

We want to make more explicit the dependence of (3.30) on the background moduli, fol-
lowing [1]. First we can use (3.6) and the homological decompositions [S] = m4[D4] to
rewrite (3.30) as follows:

1 ) 1
3 / e SPINTNT = gcmAIABCDUBUCvD +/ e8P0 [ 7.62(S)]dvoly . (B.1)
cJS : X

One can now use the identity 6(S) = 5-100log [(s|? to deduce that
1
Ja6%(S) = —-Alog ICs|? (B.2)

where (g is a section of the line bundle O(S) that vanishes on S. Furthermore, since
wa = 100k 4 is harmonic, we can observe that

1
Jowg = —iA/fA (B.3)
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is a constant. Then, recalling (3.7) and (3.4), we can combine (B.2) and (B.3) to obtain
the identity

1
/ e OIS dvoly = - / (2mm? k. — log|¢s[*) Qo (B4)
X ™M JY

where 2rmAk 4 —log |(s|? is a globally defined function. Hence, by using (3.5), (B.1) finally

takes the form
1 / e PININT = lcmAIABCDUBUCUD + L ZmAIiA(Z[,Z[;U)
3 /s 3! 24

1
47T€16v[

~ L5 foeco(zi) +losds( 2]
I

+

1
/Y (27rmA/£A —log |C5]2) <2G4 NGy — 61?/[[8> (B.5)

By choosing S — S, and m? — mZ and discarding the (hol+hol) term appearing in the
last line, we obtain (3.32).

B.2 Variation of Rep, in M-theory

We want to compute how Rep, varies under a deformation dv* of the non-universal
Kéahler moduli jv® preserving the constraint (3.14) and the cohomological primitivity con-
dition (3.17).

We first compute the variation of the potentials k4(z,z;v), starting from dws =
1000k 4, following [1]. This can be done without restricting to deformations preser-
ving (3.17). Hence, for the moment, we consider more general variation du* preser-
ving (3.14). Defining

da = Jawy (B.6)

(which is a constant along Y') one can check that we can write

Adky = —2 ((5dA + 5quB_lwA) . (B.7)
Noticing that
1 1
§dsy = —TapcpuCuPoul = —6uB/ wpwadvoly (B.8)
2wq Wo Y

we see that (B.7) is indeed integrable. The solution can be written as

Ska(y;v) = ou® Gy, ) (JANJT ANwa Awg)(Y) (B.9)
Yy
where G(y,y') = G(v',y) is the Green’s function associated with the Kéhler metric ds?.
Restricting back to variations dv® preserving the primitivity condition (3.17), we can
now write

ok a(y;v) = o Gy, v ) (T ANT Awa Awa)(y') (B.10)
Y,y
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A

where w, = m2w,. By writing e %70 appearing in (3.6) as

1
e~600W) = 58/ G(y:y)Qs (B.11)
M JY

it is not difficult to check that the variation (B.10) in (3.34), combined with the variation

of %c wapcuuCuP | produces

1
25vb/ e PINTANwa Awy C Opg. (B.12)
Y

On the other hand, in computing dp, we also need to take into account the hidden
G4 dependence on the v® Kéhler moduli discussed in subsection 3.3. By using (3.20)
and (3.28) it is straightforward to compute the corresponding variation in (3.34). In par-
ticular the variation of G4 in h(v) combines with the variation of the last term (the |, S.
integral), producing

W{Sv /Ywa/\A;’l/\G4 C 6pa. (B.13)

By combining (B.12) and (B.13) one obtains (3.36).

B.3 Useful formulas for M-theory effective theory

Starting from the definition (3.34) and using (3.36), one can rewrite the tautological iden-

ORepa _ b ORepa _ ORepq __
ORe pp 6 07T~ 0 and ap° = 0 as follows

tities

1 A B C 80 81)0

=& B.14
3! Laapcu”uu ORe py —H\[(w@Repb @ ( 2)
1 A B ¢ Oc I
30 ZoaBcu“uu 0z —i—/\fabaZZ §~Aai =0 (B.14b)
1 b o
aIaABCUAUBu a 5a +Nab 35 57;@355 =0 (B.14c)

where AL, is defined in (3.42). By contracting (B.14) with v® and recalling (3.39), we get

e 1 a dc 1 v I dc 1 —7
= w0 8zl Asis Faa = 0" TaaiB’ - B.15
ORep,  Awo  ~ 0ZF  Bwo T 9B 8wy aaB (B.15)

By using these relations, (B.14) also give

o ab 1 a,b
ORe py =N 12wocv v
v _ 1 ab 1 a,b I
0z~ 2 <N T 12woe ¢ ) A (B.16)
ava o ]. ab 1 a b _75
ope 2 <N 12WOCU v > ToapP

where N is the inverse of N.
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