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 A B S T R A C T

This study introduces a novel computational framework combining Wall-Modeled Large Eddy Simulation 
(WMLES) and the Immersed Boundary Method (IBM) to investigate the aerothermodynamic behavior of a 
transonic gas turbine vane. The numerical assessment is validated against a renowned experimental dataset Arts 
et al. (1990) [1], with the current investigation emphasizing the effects of wall cooling on aerodynamic 
performance. Results highlight the influence of wall-to-recovery temperature ratios on flow dynamics. From 
a detailed analysis of the system’s physics, wall cooling is observed to reduce energy transfer from the outer 
flow to near-wall regions, leading to altered boundary layer dynamics and a reshaping of wake characteristics. 
Conversely, from a one-dimensional modeling perspective,  aerodynamic losses exhibit only minor variations 
across all cases, while thermodynamic contributions under colder conditions lead to a substantial reduction in 
total entropy production, achieving an approximately 8% decrease compared to the adiabatic configuration. 
Thus, the paper demonstrates that the computational efficiency of the hybrid WMLES+IBM approach, optimized 
for GPU architectures, enables detailed simulations of realistic gas turbine operations, including off-design 
conditions. By effectively capturing complex flow phenomena with high accuracy and scalability, this study 
establishes a robust methodological framework, providing a valuable foundation for advancing the knowledge 
of modern aero-engine gas turbine components.
1. Introduction

Increasing combustion temperatures in gas turbines provide sig-
nificant advantages for engine efficiency but also introduce consider-
able challenges. Higher temperatures result in increased thermal stress 
on components, potentially causing deformation or failure of turbine 
blades. This accelerated material degradation necessitates the use of ad-
vanced, heat-resistant materials to ensure reliability and longevity [2–
4]. Despite these obstacles, the benefits of elevated combustion tem-
peratures are substantial. Improved thermodynamic efficiency allows 
turbines to produce more power without requiring larger or heav-
ier engines, translates into reduced fuel consumption and operating 
costs while simultaneously decreasing greenhouse gas emissions per 
unit of power generated, contributing to more sustainable energy pro-
duction [5,6]. As a result, effective cooling systems are increasingly 
progressing for managing the elevated heat loads experienced in mod-
ern aero-engine gas turbines [7–10]. However, implementing these 
systems poses significant challenges to fluid dynamics. Complex phe-
nomena, such as shock-wave/boundary-layer interactions (SBLIs) [11–
13], and steep temperature gradients can destabilize the boundary 
layer, potentially leading to flow separation. These effects complicate 
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the prediction and control of heat transfer rates, necessitating the use 
of advanced Computational Fluid Dynamics (CFD) tools to accurately 
simulate both flow behavior and thermal loads.

With advancements in computational power and the capability to 
simulate increasingly complex fluid systems, Direct Numerical Simu-
lations (DNS) are widely acknowledged as the most accurate method 
for studying complex flow phenomena [14–17]. However, the com-
putational demands of DNS severely limit its application to academic 
research and simplified scenarios. According to Refs. [18,19], the com-
putational expense of DNS scales approximately as 𝑁DNS ∼ 𝑅𝑒37∕14𝐿 , 
where 𝑅𝑒𝐿 is the Reynolds number based on a characteristic length. 
This steep scaling with the Reynolds number makes DNS impracti-
cal for most engineering applications, particularly for high-Reynolds-
number flows encountered in real-world scenarios. Consequently, al-
ternative approaches are required to balance computational feasibility 
with physical fidelity.

As an alternative, Large Eddy Simulation (LES) has emerged to 
traditional Reynolds-Averaged Navier–Stokes (RANS) methods, offer-
ing improved accuracy by directly resolving large, energy-dominant 
eddies on the computational grid [20,21]. However, Wall-Resolved
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Nomenclature

𝐸̄𝑆𝐺𝑆 Filtered subgrid-scale total energy
𝑝̄ Filtered Pressure
𝑇̄ 𝑆𝐺𝑆𝑖𝑗 Filtered subgrid-scale stress tensor
𝜆̄ Molecular diffusivity
𝜆̄𝑆𝐺𝑆 Molecular subgrid scale diffusivity
𝜇̄ Molecular viscosity
𝜇̄𝑆𝐺𝑆 Molecular subgrid scale viscosity
𝜌̄ Filtered density
𝜌̄𝑤𝑚 Wall modeled near-wall density distribution
𝜏𝑖𝑗 Filtered molecular stress tensor
𝛥𝜉+𝑖 Near wall resolutions
𝛥 Mesh local size
𝛿𝜈 Wall viscous length
𝛿𝑖𝑗 Kronecker tensor components
𝛾 Specific heat ratio
𝜅 Von Kármán constant
𝜆eff Effective diffusivity
𝜆𝑡𝑜𝑡 Overall diffusivity
̄𝑖 Filtered molecular heat flux
 Energy forcing term
𝑖 Momentum forcing terms components
𝜇eff Effective viscosity
𝜇ref Reference molecular viscosity
𝜇𝑡𝑜𝑡 Overall viscosity
𝜓𝑖𝑖𝑗 Triple velocity correlation tensor
𝜌𝑤 Wall density
𝜏𝑤 Wall shear stress
𝑒 Favre-filtered internal Energy per unit mass
𝑔̃𝑖𝑗 Filtered velocity gradient
𝑆̃𝑖𝑗 Favre-filtered strain rate tensor
𝑆̃𝑑𝑖𝑗 Traceless symmetric velocity gradient
𝑇̃ Favre-filtered Temperature
𝑢̃𝑖 Favre-filtered velocity components
𝐸̃ Favre-filtered total Energy per unit mass
𝐴+ Van Driest damping function coefficient
𝑐 Cascade chord length
𝑐𝑝 Specific heat at constant pressure
𝑐𝑣 Specific heat at constant volume
𝐶𝑤 WALE model constant
𝐷 Van Driest damping function
𝑀𝑎 Mach number
𝑝0 Total pressure
𝑃𝑟 Prandtl number
𝑃𝑟𝑡 Turbulent Prandtl number
𝑄𝑗 Subgrid scale heat flux
𝑞𝑤 Wall heat flux
𝑅 Specific gas constant
𝑅𝑒 Reynolds number
𝑆 Sutherland’s empirical parameter
𝑆𝑡 Strouhal number
𝑡 Time,pitch
𝑇 0 Total temperature
𝑇𝑤 Wall temperature
𝑇rec Recovery temperature
2 
𝑇ref Reference temperature
𝑇𝑤𝑚 Wall modeled temperature distribution
𝑇 𝑢 Turbulence Intensity
𝑢𝜏 Wall friction velocity
𝑈𝑤𝑚 Wall modeled velocity distribution
𝑥,𝑦,𝑧 Cartesian coordinates
𝑦∗ Wall-normal distance in semi-local scaling
CFL Courant-Friedrichs-Lewy (criterion)
DNS Direct Numerical Simulation
EP Energy Preserving
IBM Immersed Boundary Method
LES Large Eddy Simulation
RANS Reynolds Averaged Navier–Stokes
TTS Time-To-Solution
WENO Weighted Essentially Non-Oscillatory
WMLES Wall-Modeled Large Eddy Simulation
WRLES Wall-Resolved Large Eddy Simulation

LES (WRLES), which aims to resolve the near-wall regions directly, 
remains computationally demanding for most practical applications. 
As still noted in Refs. [18,19], the number of grid points required 
for WRLES scales approximately as 𝑁WRLES ∼ 𝑅𝑒13∕7𝐿 . Thus, applying 
this scaling law to the aerodynamic analysis of a gas turbine airfoil 
at a chord Reynolds number of 𝑅𝑒𝑐 ≈ 106 would necessitate ap-
proximately 𝑁WRLES ≈ 1011 grid points. This computational demand 
underscores the impracticality of WRLES for engineering scenarios 
involving high-Reynolds-number flows, driving the search for more 
efficient turbulence modeling approaches.

Consequently, hybrid approaches that combine LES and RANS have 
gained significant traction in the latest decade addressing the limita-
tions of standalone methods. Among these, Wall-Modeled LES (WM-
LES) is particularly noteworthy. WMLES applies LES to resolve large-
scale/energy-dominant flow structures while employing wall models 
to approximate stress and heat transfer near solid boundaries. This 
approach drastically reduces computational costs, scaling linearly with 
the Reynolds number, and enables the simulation of realistic geometries 
while maintaining the ability to capture time-dependent flow fea-
tures and complex interactions. In particular, WMLES has consistently 
demonstrated superior accuracy compared to other hybrid or zonal 
methods, effectively bridging the gap between computational efficiency 
and physical fidelity. Extensive validation in Refs. [22,23] highlights 
its effectiveness in delivering high-resolution insights into complex 
turbulent flows, making it a robust and practical choice for engineering 
applications where detailed turbulence modeling is essential.

Modeling complex flow behaviors in transonic gas turbine aero-
engine components demands more than selecting an appropriate tur-
bulence model. Equally critical are the challenges of handling complex 
geometries and ensuring computational efficiency on massively parallel 
architectures, such as modern General Purpose Graphical Processing 
Units (GPGPUs) [24–26]. Finite-volume methods with body-fitted grids 
remain a standard for accurately resolving fluid flows around industrial 
geometries. However, these methods often face scalability limitations 
when applied to the thousands of computing units typical of con-
temporary High-Performance Computing (HPC) platforms. To address 
these issues, the Immersed Boundary Method (IBM) [27] emerges as 
a compelling alternative, allowing the use of Cartesian meshes that 
are inherently better suited for efficient scaling across large parallel 
architectures. However, while IBM offers advantages in grid generation 
and computational efficiency, it encounters difficulties in resolving 
near-wall regions due to mismatches between the mesh and body 
surfaces [28–31]. Thus, when paired with WMLES, which aims at 



F. De Vanna and E. Benini Applied Thermal Engineering 272 (2025) 126396 
placing the first off-wall grid point as far as possible from the sur-
face, IBM becomes a powerful framework for addressing high-Reynolds 
and high-Mach number flows. So, the WMLES+IBM combination opti-
mizes computational performance by minimizing near-wall resolution 
demands without drastically compromising physical accuracy.

Building on this groundwork, this study analyzes the aerother-
modynamics of a gas turbine vane in the efficient, computationally 
scalable, and accurate framework provided by the WMLES+IBM strat-
egy. This methodology builds upon the authors’ previously-validated 
research [32–34] and is utilized to develop an extensive database 
on the aerothermal performance of a gas turbine stator operating 
under transonic conditions. The numerical simulations are based on a 
well-known experimental setup detailed in Ref. [1]. Expanding upon 
the original experimental campaign, which primarily investigated the 
aerodynamic behavior of the cascade, the present study extensively 
explores the influence of wall temperature on the system aerody-
namic performance and physical behavior. The advantages offered by 
this LES-based method over traditional RANS computations enable an 
in-depth analysis of the system’s time-dependent dynamics and an in-
depth investigation over the physical reason underline discrepancies 
among diabatic and adiabatic scenarios.

The organization of this paper is as follows: Section 2 outlines 
the experimental reference framework. Section 3 details the numer-
ical modeling approach employed. Section 4 describes the computa-
tional setup and configurations. Section 5 presents the results. Finally, 
Section 6 summarizes the key findings and conclusions.

2. Experimental reference

This research builds upon the experimental findings detailed in 
Ref. [1], which investigated the aerothermal characteristics of a high-
pressure turbine nozzle guide vane arranged in a linear cascade. The 
experiments were performed at the von Kármán Institute’s Isentropic 
Light Piston Compression Tube facility, replicating modern aeroengine 
conditions with controlled Mach and Reynolds numbers.

The test apparatus consists of a 5-meter-long, 1-meter-diameter 
cylinder housing a test section and a downstream dump tank. High-
pressure air generates the required freestream conditions. The cascade 
features five airfoils with a chord length of 67.647 mm and a gap-
to-chord ratio of 0.850, equipped with static pressure measurement 
systems. It is designed for an isentropic outlet Mach number of 0.9 
under nominal conditions. Freestream turbulence, ranging from 1% to 
6%, was induced using a grid of spanwise parallel bars and measured 
with a VKI constant-temperature hot wire probe for precise turbulence 
characterization.

Among the various setups in Ref. [1], the present study focuses 
on numerically replicating the MUR47 test case, which operates under 
off-design conditions with an isentropic outlet Mach number of 1.020. 
This setup presents notable challenges, including discharging shock 
waves, shock-boundary layer interactions, and intense wake dynamics. 
The current analysis evaluates cascade behavior based on variations 
in blade wall temperature, emphasizing cooled conditions typical of 
modern aeroengine applications.

3. Numerical modeling

3.1. Governing equations

This study employs URANOS [35,36], a DNS/LES solver developed 
at the Department of Industrial Engineering of the University of Padova. 
URANOS is designed to solve the compressible Navier–Stokes equations 
in conservative formulation. By applying Favre filtering, (𝜙̃ = 𝜌𝜙∕𝜌̄) for 
any flow variable 𝜙, where 𝜙̄ represents the Reynolds-averaged value, 
the governing equations are expressed as follows: 
𝜕𝜌̄

+
𝜕𝜌̄𝑢̃𝑗 = 0 (1a)
𝜕𝑡 𝜕𝑥𝑗

3 
𝜕𝜌̄𝑢̃𝑖
𝜕𝑡

+
𝜕
(

𝜌̄𝑢̃𝑖𝑢̃𝑗 + 𝑝̄𝛿𝑖𝑗
)

𝜕𝑥𝑗
=
𝜕𝜏𝑖𝑗
𝜕𝑥𝑗

−
𝜕𝑇 𝑆𝐺𝑆𝑖𝑗

𝜕𝑥𝑗
+ 𝑖 (1b)

𝜕𝜌̄𝐸̃
𝜕𝑡

+
𝜕
(

𝜌̄𝐻̃ 𝑢̃𝑗
)

𝜕𝑥𝑗
=
𝜕
[(

𝜏𝑖𝑗 − 𝑇 𝑆𝐺𝑆𝑖𝑗

)

𝑢̃𝑗
]

𝜕𝑥𝑗
−
𝜕̄𝑗
𝜕𝑥𝑗

−
𝜕𝐸𝑆𝐺𝑆𝑗

𝜕𝑥𝑗
+  (1c)

Here, 𝜌̄ represents the filtered density, 𝑢̃𝑖 the filtered velocity in the 𝑖th 
direction, 𝑝̄ the filtered pressure, and 𝐻̃ = 𝐸̃ + 𝑝̄∕𝜌̄ the total enthalpy. 
The filtered total energy per unit mass, 𝐸̃, is defined as 𝐸̃ = 𝑒 + 𝑢𝑖𝑢𝑖∕2, 
where 𝑒 is the filtered internal energy per unit mass. The governing 
equations are supplemented by the ideal gas law, 𝑝̄ = 𝜌̄𝑅𝑇̃ , and the 
relation 𝑒 = 𝑐𝑣𝑇̃ . Here, 𝑇̃  is the filtered temperature, 𝑅 the specific gas 
constant, and 𝑐𝑣 = 𝑅∕(𝛾−1) and 𝑐𝑝 = 𝛾𝑅∕(𝛾−1) are the specific heats at 
constant volume and pressure, respectively, with 𝛾 = 𝑐𝑝∕𝑐𝑣 the specific 
heat ratio. The viscous stress tensor, 𝜏𝑖𝑗 , and heat flux, ̄𝑗 , are expressed 
as: 
𝜏𝑖𝑗 = 𝜇(𝑇̃ )

(

𝑆̃𝑖𝑗 −
1
3
𝑆̃𝑘𝑘𝛿𝑖𝑗

)

(2a)

̄𝑗 = −𝜆(𝑇̃ ) 𝜕𝑇̃
𝜕𝑥𝑗

(2b)

where 𝜇(𝑇̃ ) is the molecular viscosity and 𝜆(𝑇̃ ) = 𝑐𝑝𝜇(𝑇̃ )∕𝑃𝑟 is the 
thermal diffusivity. The molecular viscosity follows Sutherland’s law: 
𝜇(𝑇̃ )
𝜇ref

=
(

𝑇̃
𝑇ref

)1.5 ( 1 + 𝑆∕𝑇ref
𝑇̃ ∕𝑇ref + 𝑆∕𝑇ref

)

(3)

with 𝑇ref and 𝑆 set to 400 K and 110.4 K, respectively. Here 𝑆̃𝑖𝑗 =
1∕2(𝑔̃𝑖𝑗 + 𝑔̃𝑗𝑖) is the filtered strain rate tensor, with 𝑔̃𝑖𝑗 = 𝜕𝑢̃𝑖∕𝜕𝑥𝑗 the 
resolved velocity gradient. Finally, the terms 𝑖 and  in Eqs. (1b) and 
(1c) handle specific boundary conditions.

3.2. Turbulence modeling

The SubGrid Scale (SGS) stress tensor, 𝑇 SGS𝑖𝑗 = 𝜌𝑢𝑖𝑢𝑗 − 𝜌̄𝑢̃𝑖𝑢̃𝑗 , is 
modeled using Boussinesq’s hypothesis: 

𝑇 SGS𝑖𝑗 − 1
3
𝑇 SGS𝑘𝑘 𝛿𝑖𝑗 = −2𝜇SGS

(

𝑆̃𝑖𝑗 −
1
3
𝑆̃𝑘𝑘𝛿𝑖𝑗

)

(4)

where 𝜇SGS denotes the SGS eddy viscosity, and 𝑇 SGS𝑘𝑘  represents the 
isotropic contribution. The SGS viscosity is modeled using the Wall-
Adaptive Large-Eddy (WALE) viscosity model [37,38]: 

𝜇SGS = 𝜌̄(𝐶𝑤𝛥)2

(

𝑆𝑑𝑖𝑗𝑆
𝑑
𝑖𝑗

)3∕2

(

𝑆𝑖𝑗𝑆𝑖𝑗
)5∕2 +

(

𝑆𝑑𝑖𝑗𝑆
𝑑
𝑖𝑗

)5∕4
(5)

where 𝑆𝑑𝑖𝑗 is the traceless symmetric part of the square of the resolved 
velocity gradient tensors: 

𝑆𝑑𝑖𝑗 =
1
2
(

𝑔̃𝑖𝑙 𝑔̃𝑙𝑗 + 𝑔̃𝑗𝑙 𝑔̃𝑙𝑖
)

− 1
3
𝑔̃𝑚𝑙 𝑔̃𝑙𝑚𝛿𝑖𝑗 (6)

Here, 𝐶𝑤 = 0.325 is the model constant, and 𝛥 = (𝛥𝑥1𝛥𝑥2𝛥𝑥3)1∕3 the 
local mesh size. The WALE model is particularly recommended for 
scenarios involving embedded geometries, as it inherently adjusts the 
turbulent-to-laminar viscosity ratio, 𝜇SGS∕𝜇 ∼ (𝑦+3), near walls. In 
particular, the model achieves this behavior without requiring damping 
functions or artificial transitioning between the bulk flow and boundary 
layers.

The isotropic component in Eq.  (4) is modeled following the ap-
proach in Ref. [39]. Specifically, as 𝑇̃ 𝑆𝐺𝑆𝑘𝑘 = 2𝜌̄𝑘SGS, where 𝑘SGS denotes 
the SGS turbulent kinetic energy, according to the Smagorinsky model, 
the following equations hold: 

𝜇SGS = 𝐶𝑠𝜌̄𝛥
2
√

𝑆̃𝑚𝑛𝑆̃𝑚𝑛, (7a)

𝑘SGS = 𝐶𝐼𝛥
2𝑆̃𝑚𝑛𝑆̃𝑚𝑛, (7b)

with 𝐶𝑠 = 0.012 and 𝐶𝐼 = 0.0066. By combining these equations, the 
following relationship is derived: 
1 𝑇̃𝑘𝑘𝛿𝑖𝑗 =

2 𝐶
′
𝐼
(𝜇SGS )2

𝛿𝑖𝑗 , (8)

3 3 𝜌̄ 𝛥
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where the isotropic contribution of the SGS stresses is expressed in 
terms of the SGS viscosity. As per Ref. [39], 𝐶 ′

𝐼 = 45.8, while 𝜇SGS, 
in Eq. (8) is taken from the WALE model. This approach results in the 
so-called WALE-realizable or modified-WALE model.

Finally, the SGS terms in the filtered energy equation are expressed 
as: 
𝐸SGS𝑗 = (𝜌𝐸 + 𝑝)𝑢𝑗 − (𝜌̄𝐸̃ + 𝑝̄𝑢̃𝑗 ) (9a)

=
[

𝜌𝑐𝑝𝑇 𝑢𝑗 − 𝜌̄𝑐𝑝𝑇̃ 𝑢̃𝑗
]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑗

+
[ 1
2
(

𝜌𝑢𝑖𝑢𝑖𝑢𝑗 − 𝜌̄𝑢̃𝑖𝑢̃𝑖𝑢̃𝑗
)

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝜓𝑖𝑖𝑗

−1
2
𝑇 SGS𝑖𝑖 𝑢̃𝑗 . (9b)

Here, 𝑗 = −𝜆𝑆𝐺𝑆𝜕𝑇̃∕𝜕𝑥𝑗 represents the SGS heat flux, where 𝜆𝑆𝐺𝑆 =
𝜇𝑆𝐺𝑆 𝑐𝑝∕𝑃𝑟𝑆𝐺𝑆 , with Pr𝑆𝐺𝑆 = 0.9. The term 𝜓𝑖𝑖𝑗 is the velocity triple 
correlation tensor, which is assumed to be zero.

The overall model is made non-dimensional with conditions defined 
by 𝛾, 𝑅𝑒, 𝑀𝑎, and 𝑃𝑟. Unless otherwise stated, the specific heat ratio 
𝛾 = 1.4 and the Prandtl number 𝑃𝑟 = 0.71.

3.3. Wall turbulence treatment

To handle the limitations of near-wall resolution, URANOS uses 
the WMLES approach. The current version of the solver includes an 
equilibrium-based model that assumes the instantaneous balance be-
tween convection and pressure gradient near the wall, introducing two 
variables: 𝑈𝑤𝑚 and 𝑇𝑤𝑚, representing the mean wall-parallel velocity 
and temperature, respectively [40]. The subscript 𝑤𝑚 indicates values 
computed by the wall model instead of the LES solver. With these 
assumptions, the near-wall Navier–Stokes equations simplify to: 
𝑑
𝑑𝑦

(

𝜇𝑡𝑜𝑡
𝑑𝑈𝑤𝑚
𝑑𝑦

)

= 0 (10a)

𝑑
𝑑𝑦

(

𝜆𝑡𝑜𝑡
𝑑𝑇𝑤𝑚
𝑑𝑦

)

= − 𝑑
𝑑𝑦

(

𝜇𝑡𝑜𝑡𝑈𝑤𝑚
𝑑𝑈𝑤𝑚
𝑑𝑦

)

(10b)

In this model, 𝜇tot = 𝜇𝑤𝑚 + 𝜇𝑡,𝑤𝑚 and 𝜆tot = 𝑐𝑝
(

𝜇𝑤𝑚∕𝑃𝑟 + 𝜇𝑡,𝑤𝑚∕𝑃𝑟𝑡,𝑤𝑚
) are 

the total viscosity and thermal diffusivity, respectively. 𝑐𝑝 is the specific 
heat at constant pressure, and 𝑃𝑟𝑡,𝑤𝑚 = 0.9 is the turbulent Prandtl 
number.  Being the problem thermally dominated, the laminar viscosity 
within the wall model, 𝜇𝑤𝑚, is explicitly made temperature-dependent, 
computed using Sutherland’s law as 𝜇𝑤𝑚 = 𝜇𝑤𝑚(𝑇𝑤𝑚). This ensures that 
viscosity variations due to thermal effects are correctly accounted for, 
enhancing the accuracy of near-wall stress and heat flux predictions. 
In addition, the wall eddy viscosity is given by 𝜇𝑡,𝑤𝑚 = 𝜅𝜌𝑤𝑚𝑢𝜏𝑦𝐷, with 
𝐷 being the Van Driest damping function. The von Kármán constant 
is set to 𝜅 = 0.41, and the wall model density is expressed as 𝜌𝑤𝑚 =
𝑝LES∕𝑅𝑇𝑤𝑚, where 𝑝LES is the external LES pressure. The Van Driest 
damping function is formulated as 𝐷 =

[

1 − exp (−𝑦∗∕𝐴+)
]2, with 𝐴+ = 17

as the damping parameter.  To further refine near-wall turbulence and 
thermal interactions, the model turbulent viscosity adopts a semi-local 
scaling approach, where the semi-local wall-normal coordinate 𝑦∗ is 
defined as 
𝑦∗ = 𝑦

√

𝜌𝑤𝑚𝜏𝑤,𝑤𝑚∕𝜇𝑤𝑚 (11)

where 𝑦 represents the wall-normal distance. According to Ref. [41], 
this scaling effectively accounts for variable property effects in high-
speed and thermally inhomogeneous flows, improving the accuracy of 
wall heat transfer modeling. Thus, by incorporating semi-local prop-
erties in the computation of turbulent viscosity, the model adapts to 
changes in thermal and density conditions near the surface. Finally, 
Eqs. (10) are solved on a dedicated grid embedded within the LES mesh. 
The embedded grid starts from 𝑦 = 0 at the wall, where boundary 
conditions for velocity and temperature are applied, and extends up 
to 𝑦 = ℎwall, where the model interfaces with the outer flow. At the 
interface, the continuity conditions 𝑈𝑤𝑚 = 𝑢∥,LES, 𝑇𝑤𝑚 = 𝑇LES, and 
𝑃𝑤𝑚 = 𝑝LES are enforced. Further details on the model can be found 
in Refs. [42–47].
4 
Table 1
Computational settings in the IBM+WMLES computations.

3.4. Numerical discretization methods

The model uses a high-order finite-difference scheme on a nonuni-
form structured Cartesian grid. To address supersonic flows with shocks,
a hybrid strategy is employed for convective flux calculations. This 
combines a seventh-order WENO-Z scheme near shock regions [48–
51] with the sixth-order Energy-Preserving (EP) method in smoother 
flow areas [52–55]. This hybrid WENO-Z7/EP6 approach strikes a 
balance between the stability of WENO and the low dissipation of 
the EP method.  A modified Ducros-like sensor [56] identifies shock-
affected zones, activating the WENO scheme when the sensor value 
exceeds 0.1, while the EP method is used elsewhere. The threshold of 
0.1 was selected based on a balance between minimizing numerical 
dissipation in smooth regions and ensuring robust shock-capturing 
capabilities. As demonstrated in Ref. [47], increasing the numerical 
scheme order (like selecting WENO-Z7) and favoring central schemes 
significantly improves the resolution of near-wall turbulence. In partic-
ular, in that scenario, a sensor threshold of 0.2 was identified as optimal 
for preserving wall turbulence structures while effectively capturing 
discontinuities. Thus, in the current study, a slightly more conservative 
value of 0.1 is used to further stabilize the simulation due to the 
geometrical complexity of the configuration compared to Ref. [47]. 

Viscous fluxes are computed using a semi-staggered Laplacian for-
mulation, as detailed in Ref. [57]. In this formulation, the Lapla-
cian terms of viscous components are discretized on a staggered grid, 
while compressible terms are evaluated at collocated points. This en-
sures the correct telescoping of viscous fluxes and preserves the strong 
conservation of viscous stresses. Time integration is performed using 
the third-order low-storage total variation diminishing Runge–Kutta 
method from Ref. [58].

For embedded geometries, the model employs a second-order accu-
rate sharp-interface Immersed Boundary Method (IBM), which has been 
validated in prior studies by the authors [59–62]. The IBM approach is 
integrated with WMLES, as described in Refs. [32,34], with geometric 
data organized into two separate immersed entities.

4. Computational setup

Fig.  1 presents the numerical model used in this investigation, 
detailing its size and main characteristics. The computational domain 
is a 3D rectangular box with dimensions 𝐿𝑥∕𝑐 × 𝐿𝑦∕𝑐 × 𝐿𝑧∕𝑐 = 3× 0.85 × 𝛼, 
where 𝑐 denotes the blade chord length, and 𝛼, the non-dimensional 
spanwise extension, is thoroughly discussed in Ref. [33] and set to 0.1 
in this study. In the present study, a uniform mesh is employed in the 
𝑦 and 𝑧 directions, while a non-uniform grid is used in the 𝑥 direction 
to increase resolution around the cascade region. The computational 
mesh consists of 𝑁𝑥 × 𝑁𝑦 × 𝑁𝑧 = 768 × 384 × 80 grid points. Fig.  2 
provides an overview of the grid (Fig.  2(a)), with detailed close-ups 
of the leading and trailing edge regions (Figs.  2(b), 2(c)) to illustrate 
the mesh resolution in key areas. In Ref. [33], multiple grid resolutions 
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Fig. 1. Sketch of the numerical model.
Fig. 2.  Computational grid details around the cascade, showing the global mesh 2(a) and detailed views of the leading edge 2(b) and trailing edge 2(c) regions.
— 576 × 288 × 60, 768 × 384 × 80, and 1024 × 512 × 112 — were 
tested to evaluate their impact on accuracy and computational cost. 
The analysis showed that the intermediate resolution (768 × 384 × 80) 
provided the best option, ensuring a well-resolved shock structure while 
maintaining a feasible computational cost.

Additionally, to assess the adequacy of turbulence resolution, the 
Pope Index [63] has been monitored, averaging 0.97 across the domain. 
According to the criteria outlined in Ref. [63], values above 0.8 indicate 
that the resolved kinetic energy remains dominant over subgrid-scale 
contributions, ensuring that the simulation maintains an appropriate 
5 
level of turbulence resolution. Further details on the grid independence 
study are provided in Appendix. 

Such a computational configuration takes about 0.11 s per Navier–
Stokes iteration (three Runge–Kutta sub-steps) using four NVIDIA A100 
GPUs on a single node of the Leonardo supercomputing infrastruc-
ture (CINECA, Italy). A total of 8,200,000 iterations are performed 
to capture very-low-frequency flow phenomena (𝑆𝑡𝑚𝑖𝑛 ∼ 10−3). In 
particular, the first 200,000 iterations address initial transients, while 
the remaining 8,000,000 are used for sampling flow statistics. The total 
runtime for each configuration is approximately 240 h (10 days), for a 
computing budget of 240 h × 4 GPUs × 6 cases ≈ 6000 GPUhours.
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Fig. 3. Normalized wall units along with the airfoil chord-scaled curvilinear coordinate as a function of the wallto-recovery temperature ratio.
4.1. Boundary conditions

The boundary conditions are set as follows: a subsonic stagnation 
condition is applied at the inflow and a back-pressure condition at the 
outflow [64]. In particular, non-dimensional total pressure and temper-
ature at the inlet are set to 𝑝0in∕𝑝ref = 1.01584 and 𝑇 0

in∕𝑇ref = 1.00450, 
respectively, while static pressure and density at the outlet are fixed 
at 𝑝out∕𝑝ref = 0.524191 and 𝜌out∕𝜌ref = 0.630428. This setup provides 
unitary non-dimensional static temperature, pressure, and density at 
the inlet, matching the MUR47 test case as reported in Ref. [1]. In 
addition, a preliminary RANS simulation is used to weakly enforce 
the outlet velocity components, with values set to 𝑢out∕𝑢in = 0.284771
and 𝑣out∕𝑢in = −1.03684. In particular, a sponge layer at the outlet 
incrementally adjusts the flow variables over time, effectively manag-
ing the turbulent wake while maintaining the boundary’s non-reflective 
nature. Flow periodicity is applied in both the 𝑦 and 𝑧 directions. This 
configuration results in a nominal inlet Mach number of 𝑀𝑎in = 0.15
and a nominal inlet Reynolds number of 𝑅𝑒in = 2.3 × 105.

Turbulent fluctuations in the velocity components are introduced at 
the inflow plane using the digital filter technique [65,66]. Specifically, 
the optimized version of the method is used [67]. Turbulence intensity 

𝑇 𝑢 =

√

1∕3𝑢′′𝑖 𝑢
′′
𝑖

𝑢in
, (12)

for velocity fluctuations is set to 3%. Likewise, temperature and den-
sity fluctuations are introduced into the inflow plane following the 
Reynolds analogy [68]. On the airfoil surfaces, two immersed boundary 
blocks enforce no-slip, non-penetrating, and isothermal wall conditions. 
In alignment with the IBM+WMLES approach, velocity components 
are set to zero, the wall temperature is held constant, and turbulent 
viscosity and diffusivity are modulated to ensure accurate friction and 
heat flux. Additional details on the IBM+WMLES methodology are 
available in Ref. [34].

The numerical setup is mined to examine the impact of wall cooling 
by systematically varying the wall-to-recovery temperature ratio: 

𝑇rat =
𝑇𝑤
𝑇𝑟

(13)

 In this study, the wall-to-recovery temperature ratio is varied from 
𝑇rat = 1, representing adiabatic conditions, down to 𝑇rat = 0.5, 
corresponding to strong cooling. The recovery temperature 𝑇𝑟 is defined 
as 

𝑇𝑟 = 𝑇in

(

1 +
𝛾 − 1
2

𝑃𝑟1∕3in 𝑀𝑎2in

)

, (14)

where 𝑇in is the inlet temperature, 𝑃𝑟in is the inlet Prandtl number, and 
𝑀𝑎in is the inlet Mach number. Reducing 𝑇rat to 0.5 means that the 
wall temperature is around half of the stagnation temperature of the 
system, introducing strong thermal gradients that influence boundary 
layer development, turbulence structures, and shock-wave interactions. 
This condition is particularly relevant for high-speed turbine flows 
6 
Fig. 4. Root mean square of the mass-conservation over solver iterations as a function 
of the wall-to-recovery temperature ratio.

and also challenging to realize in practical mixing [69], where the 
interaction between aerodynamics and cooling plays a critical role in 
performance and durability. Table  1 summarizes the cases analyzed, of-
fering essential details such as line styles, wall-to-recovery temperature 
ratios, computational effort (expressed as time per iteration). The table 
also includes the non-dimensional sampling period 𝑡∗tot = 𝑡tot∕𝑡𝑐 , where 
𝑡𝑐 = 𝑐∕𝑢in represents the system’s convective timescale, along with the 
minimum resolved Strouhal number, 𝑆𝑡min = 1∕𝑡∗tot.

4.2. Spatial and temporal resolutions

Fig.  3 displays the ensemble-averaged inner-scaled local-to-wall 
curvilinear resolutions, 𝜉+𝑖 = 𝛥𝜉𝑖∕𝛿𝜈 . Here, 𝛥𝜉 (Fig.  3(a)) and 𝛥𝜂 (Fig. 
3(b)) are near-wall curvilinear spacings, while 𝛥𝑧 (Fig.  3(c)) represents 
the spanwise grid step. Data are reported as a function of the airfoil 
chord-scaled curvilinear coordinate, 𝑠∕𝑐, and are parameterized by the 
wall-to-recovery temperature ratio. Here, 𝛿𝜈 = 𝜇𝑤∕(𝜌𝑤𝑢𝜏 ) denotes the 
viscous length scale with 𝜇𝑤 and 𝜌𝑤, the wall viscosity and density, 
respectively; 𝑢𝜏 =

√

𝜏𝑤∕𝜌𝑤 is the friction velocity, and 𝜏𝑤 = 𝜇𝑤𝜕𝑢𝑤∕𝜕𝑛
the wall-shear stress. Wall resolutions comfortably exceed the recom-
mended thresholds for WRLES, i.e., 𝜉+ < 40, 𝜂+ < 5, and 𝑧+ <
20 [70,71], indicating that the WMLES approach effectively maintains 
accurate near-wall description. The inner-scaled wall spacing increases 
with the wall-to-recovery temperature ratio, as wall viscosity 𝜇𝑤 is 
directly temperature-dependent and decreases with intensified wall 
cooling.

Time resolution is ensured by maintaining the Courant–Friedrichs–
Lewy (CFL) number at 0.5, as the current Runge–Kutta scheme is lin-
early stable up to a CFL value of 1. Finally, Fig.  4 reports the root mean 
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Fig. 5. Comparison of wall pressure a, isentropic Mach number b and wall friction c distributions with experimental data and steady-RANS calculations (symbols). Experimental 
data sourced from Ref. [1].
Fig. 6. Instantaneous freestream-total-scaled temperature as a function of the wall-to-recovery temperature ratio. 
square of the density time-derivative over solver iterations, confirming 
that the statistical sampling window is appropriately selected within a 
statistically steady flow regime.

4.3. Comparison with experimental data

Figs.  5(a), 5(b), and 5(c) present the normalized wall pressure 
𝑝𝑤∕𝑝in, the isentropic Mach number, and the friction coefficient 𝐶𝑓 =
|𝜏𝑤|∕𝑞in on both sides of the blade, where 𝑞in = 1∕2𝜌in𝑢2in is the 
freestream dynamic pressure. WMLES results (colored lines with sym-
bols) are compared with experimental data and steady-RANS predic-
tions (symbols).  The data indicate that increasing wall cooling has 
minimal effect on wall pressure and isentropic Mach number, while 
it slightly reduces wall friction, particularly on the suction side. The 
decrease in 𝐶𝑓 , in particular, is more pronounced around its peak, 
where the boundary layer is still laminar. Here, RANS predictions 
maintain a nearly constant 𝐶𝑓  from 𝑠∕𝑐 ≈ 0.5 to 𝑠∕𝑐 ≈ 1, whereas 
WMLES captures a continuous decay. This discrepancy likely stems 
from the RANS assumption of a fully turbulent boundary layer, which 
does not account for transition effects and the intermittent turbulent 
7 
patches suggested by WMLES. On the pressure side, the friction coeffi-
cient remains relatively stable across different cooling levels, indicating 
lower sensitivity of the boundary layer to thermal effects in this region. 

5. Results and discussion

Results are organized into two main subsections. The first, detailed 
in Section 5.1, provides an in-depth description of the flow, expressing 
the correlation between the physical behavior of the system and wall 
temperature. The second, Section 5.2, introduces a one-dimensional 
model of blade dynamics that accounts for wall temperature effects.

5.1. Flow physical description

5.1.1. Instantaneous flow dynamics
Fig.  6 presents the freestream-scaled instantaneous temperature, 

𝑇̃ ∕𝑇in, as a function of the wall-to-recovery temperature ratio for the 
six configurations. Contours display two vertically juxtaposed fields, 
utilizing the system’s periodicity in the 𝑦-direction to improve readabil-
ity. This visualization approach is consistently applied in all subsequent 
𝑥∕𝑦-plane representations.
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Fig. 7. Instantanous freestream-total scaled temperature slices at 𝑥∕𝑐 = 0.8 as a function of the wall-to-recovery temperature ratio. .
The instantaneous flow reveals three distinct regions: an upstream 
area with a nearly uniform temperature field near the nominal inlet 
value; a second region within the blade passage where the flow ac-
celerates and experiences a temperature drop gaining kinetic energy; 
and finally, a downstream region displaying turbulent wakes produced 
by the blade profiles, interspersed with irrotational flow from the 
interblade channels.

The wake region offers insights into the macroscopic effects of 
wall cooling. Under adiabatic conditions (𝑇rat = 1), the turbulent 
wake appears in warmer colors (red and orange), indicating higher 
wake temperatures than the irrotational flow regions. As wall tem-
perature decreases, the wake temperature also cools. At temperature 
ratios between 0.7 and 0.8, the turbulent wake temperature matches 
the one of the surrounding irrotational flow. For temperature ratios 
below 0.7, the wake is predominantly of blue tones, indicating a lower 
temperature relative to the potential flow.  An additional observation 
is that, for 𝑇rat > 0.8, the wake primarily develops from the blade’s 
suction side. Lower than 𝑇rat = 0.7, a partially turbulent temperature 
boundary layer also forms on the pressure side. This phenomenon can 
be attributed to the combined effects of pressure-side flow acceleration, 
wall cooling, and boundary layer transition dynamics. The pressure 
side of a turbine blade is experiencing a favorable pressure gradient, 
which stabilizes the boundary layer and delays transition compared 
to the suction side. However, as 𝑇rat decreases, several competing 
mechanisms contribute to localized turbulence development. Cooling 
increases near-wall fluid density, leading to stratification effects that, 
in the presence of strong acceleration, promote buoyancy-driven in-
stabilities and enhance turbulence generation. Further downstream, 
Tollmien–Schlichting waves and Kelvin–Helmholtz instabilities may 
develop, particularly in strong cooled conditions where temperature 
gradients amplify baroclinic vorticity production, gradually transition-
ing the boundary layer to turbulence. Additionally, thermal diffusion 
from the blade surface alters viscosity and density gradients, further 
affecting boundary layer stability. For subsequent analyses, the panels 
in Fig.  6 display traces of the planes at 𝑥∕𝑐 = 0.6 and 0.8, positions 
selected for examining and discussing the flow statistics as well as the 
probes location for Lagrangian statistics sampling.

To support the previous observations, 7 shows the wake’s tempera-
ture dispersion into the irrotational flow. Six instantaneous temperature 
slices at 𝑥∕𝑐 = 0.8 are presented, with the wall-to-recovery temperature 
ratio decreasing from 1 (adiabatic) to 0.5 (strong cooling) from left to 
right. Each image is doubled spanwise for clarity using periodicity. Un-
der adiabatic conditions, the wake temperature is significantly higher 
than the irrotational flow. For intermediate ratios (𝑇rat = 0.8 ÷ 0.7), the 
wake is nearly isothermal with the surroundings. At 𝑇rat = 0.6 and 0.5, 
the wake is colder than the main flow.
8 
5.1.2. Single point statistics
Fig.  8 shows the ensemble-averaged static-to-total freestream-total 

temperature, 𝑇̃∕𝑇 0
in, the Mach number distribution, 𝑀𝑎 =

√

𝑢̃𝑖 𝑢̃𝑖∕𝑐, and 
the non-dimensional entropy deficit, (𝑠̃−𝑠̃in)∕𝑅 at 𝑥∕𝑐 = 0.8. Here, total 
temperature is 𝑇̃ 0∕𝑇̃ = 1 + (𝛾−1)∕2𝑀𝑎

2
, the speed of sound is 𝑐 =

√

𝛾𝑅𝑇̃ , 
and entropy 𝑠̃ is defined as 𝑠̃∕𝑅 = 1∕(𝛾−1) ln(𝑝∕𝜌𝛾 ). Results are shown as a 
function of the wall-to-recovery temperature ratio.

Fig.  8(a) shows the wake temperature peaking at 𝑦∕𝑡 ≈ 0.5. As 
𝑇rat decreases, the peak drops from 0.87 to about 0.83. Lower blade 
temperatures broaden the wake temperature profile, creating a plateau, 
while higher wall temperatures result in a narrower, bell-shaped peak 
centered at 𝑦∕𝑡 ≈ 0.5. The temperature outside the wake remains largely 
unaffected by blade surface temperature. The shock wave near 𝑦∕𝑡 ≈ 0.8
shifts slightly toward higher pitch values as the blade temperature 
decreases.

Examining the Mach number distribution (Fig.  8(b)), minimum 
values approximately 0.8 are observed, while in the irrotational flow 
outside the wake, the Mach number reaches peak values around 1.1. 
The shock wave remains prominent near 𝑦∕𝑡 ≈ 0.8 and shifts slightly 
leftward along the pitch coordinate as blade temperature decreases. 
Notably, as 𝑇rat decreases, wall cooling induces a progressively more 
pronounced Mach deficit. This trend may initially seem counterintu-
itive since a lower wake temperature implies a lower speed of sound, 
which could theoretically increase the Mach number. However, the 
reduced blade surface temperature partially suppresses the energy ex-
change between temperature and velocity fields, limiting the exhaust 
flow acceleration and resulting in a lower overall Mach number within 
the wake. In contrast, in the irrotational flow regions, the Mach number 
recovers, with higher values observed in the cooled cases compared to 
the adiabatic configuration.

Fig.  8(c) presents the normalized density distribution, 𝜌̃∕𝜌in, within 
the wake. The density exhibits a structured profile along the pitchwise 
coordinate, 𝑦∕𝑡, with values ranging approximately from 0.55 to 0.70. 
As 𝑇rat decreases, the wake density progressively increases, reflecting 
the direct influence of wall cooling on the wake flow properties. The 
highest density values are observed near the wake centerline, indicating 
the accumulation of colder, denser fluid due to reduced wall temper-
atures. A key observation is that the wake density profile becomes 
broader as 𝑇rat decreases. This behavior aligns with the previously ob-
served wake temperature trend, where lower blade temperatures result 
in a more diffused wake structure. In particular, the results indicate that 
as the wall temperature decreases, the mean density gradients become 
more pronounced, enhancing the momentum deficit and amplifying 
vorticity generation through increased baroclinic torque effects. The 
presence of a shock wave near 𝑦∕𝑡 ≈ 0.8 is also evident in the density 
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Fig. 8.  Wake temperature a, Mach b, density c, and entropy d distributions as a function of the wall-to-recovery temperature ratio.
Fig. 9. Ensemble-averaged total pressure distribution at two discharge stations as a function of the wall-to-recovery temperature ratio.
distribution, where a sharp gradient appears, consistent with the Mach 
number and temperature trends. 

Fig.  8(d) shows the average wake entropy distribution. According to 
the flow non-dimensionalization convention and boundary conditions, 
entropy is zero at the inlet plane. Entropy generation increases with 
𝑇rat. Specifically, for 𝑇rat > 0.7, wake entropy generation is generally 
positive, while for 𝑇rat < 0.7, it becomes negative. At 𝑇rat = 0.7, a 
balance is observed where blade cooling offsets entropy production 
from fluid-dynamic losses.

We turn the focus to the effect of wall temperature on momentum 
losses. Fig.  9 shows the freestream-scaled total pressure distribution at 
𝑥∕𝑐 = 0.6 and 0.8, where the total pressure is 

𝑝̄0 = 𝑝̄
(

1 +
𝛾 − 1

𝑀𝑎
2
)

𝛾
𝛾−1

(15)

2

9 
here 𝑝̄ and 𝑀𝑎 are still the static pressure and the ensemble-averaged 
Mach number, respectively. Fig.  9(a) shows an inverse bump-like pat-
tern, with total pressure minimizing in the turbulent wake and the 
surrounding irrotational flow recovering with minimal loss. As wall 
temperature decreases and cooling intensifies, total pressure in the 
wake drops, and the wake losses region expands. This behavior sup-
ports earlier observations of Mach number trends. Specifically, wall 
cooling affects boundary layer dynamics, with cooler walls suppressing 
near-wall activity, reducing momentum transfer from the irrotational 
flow, increasing aerodynamic losses, and reshaping the wake profile. 
In contrast, the irrotational flow remains mostly unaffected by wall 
conditions, maintaining pressure levels close to the freestream value. 
Analysis at 𝑥∕𝑐 = 0.8 (Fig.  9(b)) confirms and amplifies such observa-
tions. At this downstream position, the turbulent wake shows greater 
total pressure losses, which depend on the wall-to-recovery temperature 
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Fig. 10.  Ensemble-averaged Reynolds stress components and turbulent kinetic energy as functions of wall-to-recovery temperature ratio.
Fig. 11.  Ensemble-averaged scaled SGS viscosity as functions of wall-to-recovery temperature ratio.
ratio. Lower wall temperatures result in larger pressure deficits, wider 
wake regions, and further total pressure reductions, emphasizing the 
increased aerodynamic inefficiencies caused by wall cooling.

To support the discussion on boundary layer energy reduction and 
exploit the advantages of scale-resolved simulations, Fig.  10 presents 
the ensemble-averaged freestream-scaled Reynolds stress components: 

𝜏𝑖𝑗 =
𝜌𝑢′′𝑖 𝑢

′′
𝑗

𝑞in
(16)

As per wake losses, data are provided at 𝑥∕𝑐 = 0.6. In particular, diago-
nal terms, 𝜏11, 𝜏22, and 𝜏33 are reported separately. The Reynolds stress 
components reveal strong turbulence anisotropy. 𝜏11 (Fig.  10(a)) shows 
a symmetric bump-like profile, peaking near 𝑦∕𝑡 ≈ 0.4. 𝜏22 (Fig.  10(b)) 
also forms a bump-like shape but with a left-side inflection  (point P1) 
that becomes more pronounced with increased cooling. 𝜏33 (Fig.  10(c)) 
displays values roughly half those of the other components, maintaining 
a similar left-side inflection  (point P2). In particular, Fig.  10(a) shows 
that lower wall temperatures reduce turbulence activity. Thus, wall 
cooling has reduced the energy transport from the outer flow to the 
near-wall region, the portion of the flow that lately is convected within 
the wake. Higher wall temperatures increase peak 𝜏11 values, indicating 
greater turbulence intensity in the streamwise direction and enhanced 
energy transfer to turbulent regions and the boundary layer. Cooler 
walls, instead, limit energy redistribution, affecting boundary layer 
stability and resulting in increased aerodynamic losses as observed 
in the total pressure distribution. Fig.  10(b) highlights that colder 
walls amplify such effects on 𝜏22, demonstrating a complex impact on 
turbulence anisotropy and energy distribution across flow directions. 
Meanwhile, 𝜏33 (Fig.  10(c)) shows less sensitivity to wall-to-recovery 
temperature ratios, suggesting the spanwise direction is more effective 
in mixing the wake flow.

Fig.  11 illustrates the trend of 𝜇𝑆𝐺𝑆∕𝜇 ratio, with results provided 
for 𝑥∕𝑐 = 0.6 (Fig.  11(a)) and 𝑥∕𝑐 = 0.8 ((Fig.  11(b)). A systematic 
10 
increase in the viscosity ratio is observed in colder configurations, 
highlighting the complex interplay of factors influencing this quantity. 
According to Smagorinsky-like models laminar-viscosity-temperature 
dependence, from a dimensional perspective, the viscosity ratio can be 
expressed as: 
𝜇𝑆𝐺𝑆
𝜇

= 𝑓
(

𝜌̄, |𝑆̃|, 1
𝑇̃ 𝛼

)

, (17)

where 𝜌̄ is the local density, |𝑆̃| the strain rate magnitude, and 1∕𝑇̃ 𝛼
the temperature dependency, with 𝛼 ≈ 0.75 based on Sutherland’s law 
or power-law viscosity scaling. By comparing the viscosity ratios for 
two wall-to-recovery temperature ratios, the following estimate can be 
derived: 
(𝜇𝑆𝐺𝑆∕𝜇)2
(𝜇𝑆𝐺𝑆∕𝜇)1

∼
𝜌2
𝜌1

|𝑆̃|2
|𝑆̃|1

𝑇̃ 𝛼1
𝑇̃ 𝛼2

. (18)

This expression highlights how density, strain rate, and temperature 
variations govern the scaling of SGS viscosity under different wall-
cooling conditions. The densities ratio, 𝜌2∕𝜌1, can be expressed in terms 
of pressure and temperature using the ideal gas law, 𝜌∕𝑝 = 𝑅∕𝑇 : 
𝜌2
𝜌1

=
𝑝2
𝑝1

𝑇1
𝑇2
. (19)

As the pressure variation across different cooling configurations is 
negligible (Fig.  5(a)), 𝑝2 ≈ 𝑝1. Hence, the density ratio simplifies to 
𝜌2∕𝜌1 ≈ 𝑇1∕𝑇2. Substituting this into Eq. (17) gives: 
(𝜇𝑆𝐺𝑆∕𝜇)2
(𝜇𝑆𝐺𝑆∕𝜇)1

∼
|𝑆̃|2
|𝑆̃|1

(

𝑇1
𝑇2

)1+𝛼
(20)

This expression highlights that the SGS viscosity ratio is governed 
primarily by the temperature ratio, with the strain rate ratio playing 
a comparatively minor role. The analysis reveals that the turbulent-to-
laminar viscosity ratio scales inversely with temperature, emphasizing 
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Fig. 12. 𝑦
𝑖𝑗 correlation tensor components as functions of 𝑦∕𝑡 coordinate parametrically at 𝑥∕𝑐 = 0.8. Data are provided parametrically to the wall-to-recovery temperature ratio.
the significant impact of temperature variations in turbulence modeling 
for wall-cooled configurations. This finding underscores an important 
implication: colder configurations typically demand higher grid resolu-
tion to adequately capture the equivalent turbulent spectrum, ensuring 
accurate representation of small-scale flow structures.

5.1.3. Two-points statistics
The impact of cooling on the wake turbulence structure is analyzed 

with respect to the velocity fluctuation correlations. 

𝑦
𝑖𝑗 (𝑥, 𝑦) =

⟨

𝑢′′𝑖 (𝑥, 𝑦, 𝑧, 𝑡)𝑢
′′
𝑗 (𝑥, 𝑦 + 𝛥𝑦, 𝑧, 𝑡)

⟩

⟨

𝑢′′𝑖 (𝑥, 𝑦, 𝑧, 𝑡)𝑢
′′
𝑗 (𝑥, 𝑦, 𝑧, 𝑡)

⟩ (21)

Here, 𝑦
𝑖𝑗 represents the correlation between two turbulent fluctuations 

separated by a distance 𝛥𝑦, normalized by the local value of the 
corresponding Reynolds stress component (i.e., at zero distance). Since 
the wake flow field is homogeneous in the 𝑧 and 𝑡 directions, the 
correlations depend solely on the 𝑥 and 𝑦 coordinates. ⟨⋅⟩ denotes the 
Favre averaging process.

The physical meaning of the correlation tensor warrants explanation 
to contextualize its role in understanding turbulence dynamics. Positive 
and negative correlations in the turbulent correlation tensor provide in-
sights into the spatial and temporal organization of turbulent structures 
within a flow. Positive correlation indicates that velocity fluctuations 
at two points are aligned or vary similarly over time or space. This 
alignment suggests the presence of coherent structures, such as vortices 
or streaks, where velocity fluctuations reinforce one another. Thus, 
strong positive correlations signify organized features like streamwise 
jet-like structures.

Conversely, negative correlation implies that velocity fluctuations at 
two points or directions are anti-aligned or vary oppositely over time 
or space. These correlations often occur in regions dominated by flow 
reversal or oscillatory behavior. In airfoil wakes, alternating positive 
11 
and negative correlations are characteristic of periodic vortex shedding. 
Such alternating patterns provide insight into the dynamic interplay 
between slow and fast turbulent structures, revealing key aspects of 
turbulence organization.

Fig.  12 shows the distribution of four out of the six independent 
components of 𝑦

𝑖𝑗 : 
𝑦
11 (Fig.  12(a)), 

𝑦
12 (Fig.  12(b)), 

𝑦
22 (Fig.  12(c)), 

and 𝑦
33 (Fig.  12(d)). Data are provided at 𝑥∕𝑐 = 0.8. The results indicate 

that cooling the blade surface has minimal impact on the diagonal 
components of the correlation tensor (Figs.  12(a), 12(c), 12(d)). The 𝑦

𝑖𝑖
terms show strong correlations for portions of the pitch below 0.1, with 
decorrelation occurring around 𝑦∕𝑡 ≈ 0.1. This pattern suggests that vor-
tical structures along the pitch direction exhibit a characteristic size of 
approximately one-tenth of the pitch. Moreover, the observed behavior 
reveals an alternation between fast (positive correlation) and slow (neg-
ative correlation) turbulent structures, separated by a characteristic 
spacing of 0.1.

The most pronounced thermal effects are observed in the mixed 
correlations 𝑦

12 (Fig.  12(b)). As the blade surface temperature de-
creases, the structures display increasingly pronounced decorrelation 
at 𝑦∕𝑡 ≈ 0.1, alongside a persistent alternation of positive and negative 
correlations at 0.1 pitch intervals. This trend suggests that cooler blade 
temperatures enhance the compactness and intensity of alternating 
slow and fast mixed 𝑢′′𝑣′′ structures. A high positive correlation in 𝑦

12
indicate constructive interactions between streamwise and transverse 
velocity fluctuations, commonly associated with shear layers which are 
here quantitatively demonstrated to intensify due to thermal gradients 
between the irrotational and the rotational regions of the flow.

5.1.4. Lagrangian statistics
This section presents key Lagrangian statistics at specific positions 

within the flow field to provide additional insight into the flow phys-
ical behavior. Four probes are placed along the airfoil’s suction side 
at (𝑥∕𝑐, 𝑦∕𝑐)𝑇 = (0.08, 0.13), (0.30, 0.02), (0.41,−0.24), (0.46,−0.45)𝑇 , desig-
nated as Probe 1, Probe 2, Probe 3, and Probe 4, respectively. For a 
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Fig. 13. Joint probability density functions of density and pressure fluctuations at selected probe locations. Solid black contour lines represent the 𝑇rat = 1 setup, while the colored 
contours correspond to the 𝑇rat = 0.5 test case.
Fig. 14. Pressure power spectral density within the airfoil suction side probe locations as a function of the wall-to-recovery temperature ratio.
 

clearer understanding of the probe locations, readers are directed to 
Fig.  6. These locations are critical to characterize the boundary layer 
further supporting previous findings. As there is no specific reason to 
select a particular plane in the 𝑧-direction, probe data are averaged 
along the spanwise direction.

We start by presenting the Joint Probability Density Function (JPDF)
of pressure and density fluctuations at Probes 3 and 4, where fluc-
tuations are sufficiently intense due to the nature of the boundary 
12 
layer in that region. Let 𝑓 ∶ R → R and 𝑔 ∶ R → R represent 
Lebesgue integrable functions. The JPDF of 𝑓 and 𝑔, denoted by 
𝑝𝑓,𝑔 , characterizes the likelihood of the pair (𝑓 (𝑥), 𝑔(𝑦)) taking values 
within specific intervals [𝑥𝑖, 𝑥𝑖+1] and [𝑦𝑗 , 𝑦𝑗+1]. Mathematically, this 
probability is expressed as: 

𝑓,𝑔[𝑥𝑖, 𝑥𝑖+1, 𝑦𝑗 , 𝑦𝑗+1] =
𝑥𝑖+1 𝑦𝑗+1

𝑝𝑓,𝑔(𝑥, 𝑦) 𝑑𝑦 𝑑𝑥, (22)
∫𝑥𝑖 ∫𝑦𝑗
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where 𝑓,𝑔 quantifies the probability over the specified intervals. 
Eq. (22) satisfies the normalization condition, ensuring that the total 
probability across the entire domain is unity: 

∫

∞

−∞ ∫

∞

−∞
𝑝𝑓,𝑔(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 = 1. (23)

In this study, the JPDF is estimated using the Kernel Density Estima-
tion (KDE) method, as implemented in the scipy python library. The 
fluctuation ranges are discretized into 120 bins along each dimension 
to ensure sufficient resolution of the JPDF estimation.

This foundation is employed to verify the statistical relationship 
between pressure and density fluctuations within the flow field at 
the wall location. In particular, according to the ideal gas law, when 
applying Favre filtering, the following equation holds: 
𝑝̄ + 𝑝′

𝜌̄ + 𝜌′
= 𝑅(𝑇̃ + 𝑇 ′′). (24)

By exploiting a Taylor series expansion for small fluctuations, this 
expression can be rewritten as: 
𝑝̄
𝜌̄
+
𝑝′

𝜌̄
−
𝑝̄𝜌′

𝜌̄2
+ ((𝜌′)2) = 𝑅(𝑇̃ + 𝑇 ′′), (25)

Neglecting higher-order density fluctuations, ((𝜌′′)2), and knowing 
that 𝑝̄∕𝜌̄ = 𝑅𝑇̃ , the equation simplifies to: 
𝑝′

𝜌̄
−
𝑝̄𝜌′

𝜌̄2
= 𝑅𝑇 ′′. (26)

Eq. (26) establishes the relationship between pressure, density, and 
temperature fluctuations in turbulent flows. At an exact wall location 
with fixed temperature, 𝑇 ′′ vanishes. However, practical limitations in 
probing must be acknowledged. In the current IBM, the grid does not 
precisely align with the wall, necessitating interpolation to approximate 
values at the exact wall location. Consequently, the nearest off-wall cell 
relative to the probe location is used to store the field values, intro-
ducing a degree of approximation in capturing the near-wall behavior. 
Thus, localized temperature variations, caused by small-scale turbu-
lence or heat transfer irregularities, can affect the balance between 
pressure and density fluctuations.

Fig.  13 displays the JPDF of pressure and density fluctuations at 
Probe 3 and 4. Colored contour lines depict the case with 𝑇rat = 0.5, 
while black contour lines correspond to the adiabatic case (𝑇rat = 1.0). 
Data have been normalized to their respective maximum values. For 
reference, the theoretical relationship 𝑝′∕𝜌̃ = 𝑝̃𝜌′∕𝜌̃2, expected to hold 
precisely at a wall with fixed temperature, is represented by a dashed 
line. It is observed that in the adiabatic case, the theoretical trend 
is better reproduced, indicating a strong coupling between pressure 
and density fluctuations without significant influence from temperature 
fluctuations. In the cold case (𝑇rat = 0.5), the correlation between pres-
sure and density fluctuations shows some deviations, highlighting the 
influence of thermal fluctuations induced by the near-wall temperature 
gradient on the local dynamics. Specifically, the mild deviation of the 
pressure–density relationship indicates that the thermal field extracts 
energy from the momentum field. This energy transfer weakens the 
boundary layer’s strength and impacts its stability, emphasizing the 
intricate coupling between thermal and aerodynamic processes in this 
regime.

To reinforce findings, Fig.  14 presents the Power Spectral Density 
(PSD) of pressure signals at the selected probes. The PSD for a signal 
𝑥𝑇 (𝑡), where 𝑇  is the signal period, is defined as: 

𝑆𝑥𝑥 = lim
𝑇→∞

( 1
𝑇

|

|

𝑥̂𝑇 (𝑓 )||
2
)

, (27)

where |
|

𝑥̂𝑇 (𝑓 )||
2 is the discrete Fourier transform of the convolution of 

𝑥∗𝑇 (−𝑡) and 𝑥𝑇 (𝑡), with 𝑥∗𝑇 (−𝑡) being the complex conjugate of 𝑥𝑇 (𝑡), 
and 𝑓 the frequency. In Fig.  14, noisy gray background lines represent 
the PSD computed using Welch’s method [72], while smoothed blue-
shaded lines are obtained via the Konno–Ohmachi filter [73], that 
ensures consistent bandwidth on a logarithmic scale. Pressure signals 
13 
Fig. 15. Thermodynamics and aerodynamic losses distributions as a function of the 
wall-to-recovery temperature ratio.

are divided into 10 segments with 50% overlap, and each segment 
is windowed with a Hann function. Fourier transforms are applied to 
the segments, and periodograms are averaged to calculate the spectra. 
The PSD results are presented in a scaled pre-multiplied format, where 
the area under the 𝑓 ⋅ 𝑆𝑝𝑝 curve represents the energy associated with 
frequency 𝑓 . The data are normalized by scaling with the square of 
the root-mean-square value 𝜎 for each signal and reported against the 
Strouhal number, 𝑆𝑡 = 𝑓𝑐∕𝑢in. For clarity, each PSD is offset by an 
order of magnitude as the wall-to-recovery temperature ratio decreases 
vertically. Thus, the vertical axis numerical values lose their absolute 
meaning and are omitted to avoid direct scaling.

All four probes exhibit contributions spanning low, medium, and 
high frequencies in the pressure field at the analyzed wall positions. At 
Probe 1 (Fig.  14(a)), a distinct low-frequency contribution is observed 
at 𝑆𝑡 = 0.2, along with a medium-frequency peak at 𝑆𝑡 = 1.3 and 
two high-frequency peaks at 𝑆𝑡 = 45 and 𝑆𝑡 = 120. At Probe 2 
(Fig.  14(b)), the low-frequency contribution disappears, the medium-
frequency peak shifts slightly to 𝑆𝑡 = 1.5, and the high-frequency peaks 
merge into a single broader peak around 𝑆𝑡 = 85. Further downstream 
along the suction side, Probes 3 and 4 (Figs.  14(c) and 14(d)) exhibit 
stronger medium-frequency contributions, centered at 𝑆𝑡 = 6 and 𝑆𝑡 =
10, respectively. Meanwhile, the high-frequency peaks, associated with 
small-scale turbulent fluctuations, weaken progressively.

The most significant outcome of this analysis is the suppression of 
smaller-scale pressure fluctuations as the wall temperature decreases 
and cooling intensifies. This is reflected in the systematically weaker 
high-frequency peaks observed in the colder wall cases across all 
probes, accompanied by an increase in energy content associated with 
low-frequency scales. Notably, at Probes 3 and 4, the high-frequency 
peaks disappear entirely at 𝑇rat = 0.5, indicating a marked reduction in 
energy transfer from large-scale pressure and momentum structures to 
smaller, coherent turbulent scales. These results align with the trends 
observed in the pressure–density fluctuation JPDF, confirming that 
colder wall conditions amplify thermal fluctuations, which in turn 
inhibit the cascade of energy to from bigger to smaller momentum 
turbulent structures. This dynamic leads to more complex interactions 
between rotational and irrotational flow components in the down-
stream wake, highlighting the role of wall cooling in reshaping the 
turbulent energy distribution.

5.2. One dimensional flow modeling

After analyzing the flow physics, attention must turn to a critical 
aspect of gas turbine design: the estimation of thermo-fluid-dynamic 
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Fig. 16. Scaled thermal and pressure deficit as a function of the wall-to-recovery temperature ratio.
l 
Fig. 17. Inlet-to-outlet total temperature and pressure deficit as a function of the wall-
to-recovery temperature ratio.

losses. Losses are fundamental in evaluating the performance and effi-
ciency of turbomachinery components. The objective of this investiga-
tion is to examine how losses vary as a function of the wall-to-recovery 
temperature ratio. In turbomachinery, losses are often quantified using 
a loss coefficient, that can generally be expressed as: 
𝜁 = 1 − 𝑒𝛥𝑠∕𝑅, (28)

where 𝛥𝑠∕𝑅 represents the non-dimensional entropy generation within 
the component [74]. For an ideal gas, the entropy change, 𝛥𝑠∕𝑅, can be 
expressed using the second law of thermodynamics as: 

𝛥𝑠
𝑅

=
𝛾

𝛾 − 1
ln

(

𝑇 0
𝑥̂

𝑇 0
in

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
Thermal Contribution

− ln

(

𝑝0𝑥̂
𝑝0in

)

⏟⏞⏞⏞⏞⏟⏞⏞⏞⏞⏟
Aerodynamic Contribution

. (29)

where 𝑇 0
𝑥̂  and 𝑇 0

in are the total temperatures at the axial location 
𝑥̂ and the inlet, respectively, and 𝑝0𝑥̂ and 𝑝0in are the corresponding 
total pressures. This formulation separates the contributions of thermal 
and mechanical irreversibilities, providing a clear distinction between 
thermodynamic and aerodynamic losses.

Fig.  15 shows the one-dimensional variation of entropy generation 
components with blade wall temperature along with the chord-scaled 
axial coordinate, 𝑥̂ = 𝑥∕𝑐𝑎𝑥, being 𝑐𝑎𝑥 the axial chord. The data are 
extracted as mass-flow-averaged quantities and further processed ac-
cording to Favre averaging over the system’s homogeneous directions, 
namely time, 𝑦, and 𝑧.  Aerodynamic entropy changes are depicted 
by purple-shaded dashed lines, thermodynamic contributions by red 
14 
lines, and the total entropy generation, which combines both effects, is 
represented by solid blue-shaded lines. As observed, variations in aero-
dynamic losses with cooling remain marginal compared to the dom-
inant thermodynamic component. Thermodynamic entropy change, 
become significant as the wall-to-recovery temperature ratio decreases. 
In the adiabatic case, where thermodynamic entropy change is absent, 
aerodynamic losses solely account for entropy variation. However, as 
the wall temperature decreases, thermodynamic components emerge, 
contributing to a reduction in overall entropy generation. Colder walls 
extract heat, reducing thermal irreversibilities and lowering entropy 
production. As a result, the total entropy variation decreases with lower 
wall temperatures, primarily due to the favorable impact of thermody-
namic components, which counterbalance the steady contribution of 
aerodynamic losses.

In such a context, it is practical to develop simplified one-dimensiona
model that focus on the average system behavior. According to the one-
dimensional first law of thermodynamics, the average total temperature 
deficit between the inlet and any station 𝑥̂ can be expressed as: 
𝛥𝑇 0

𝑥̂ = 𝑇 0
𝑥̂ − 𝑇 0

in, (30)

where 𝑇 0
𝑥̂  is still the total temperature at station 𝑥̂, and 𝑇 0

in is the 
inlet total temperature. Without loosing generality, Eq. (31) can be 
rearranged as: 

𝑇𝑥̂
𝑇 0
in

=
1 +

𝛥𝑇 0
𝑥̂

𝑇 0
in

1 + 𝛾−1
2 𝑀2

𝑥̂

, (31)

where the 𝛥𝑇 0
𝑥̂∕𝑇 0

in term serves as the key distinction between a diabatic 
and an adiabatic turbine nozzle. Similarly, the total pressure deficit 
between the inlet and any station 𝑥̂ can be expressed as: 
𝛥𝑝0𝑥̂ = 𝑝0𝑥̂ − 𝑝

0
in, (32)

Considering that the total state is locally isotropic, Eq. (33) can be 
expressed as: 

𝑝𝑥̂
𝑝0in

=
1 +

𝛥𝑝0𝑥̂
𝑝0in

(

1 + 𝛾−1
2 𝑀2

𝑥̂

)
𝛾
𝛾−1

. (33)

In the special case where 𝛥𝑝0𝑥̂∕𝑝0in = 0, the flow follows an isotropic 
behavior. Thus, Eqs. (31) and (33) provide a complete framework 
for assessing the thermodynamic and aerodynamic performance of the 
system in a one-dimensional framework once 𝛥𝑇 0

𝑥̂∕𝑇 0
in and 𝛥𝑝0𝑥̂∕𝑝0in are 

characterized. Data are reported in Fig.  16.
Fig.  16(a) presents the total temperature deficit, 𝛥𝑇 0

𝑥̂ ∕𝑇
0
in, separated 

into its two key contributions: the sensible temperature term, 𝛥𝑇𝑥̂∕𝑇 0
in, 

and the kinetic energy term, 𝛥𝐸𝑘∕𝑇 0
in. Results reveal that the sensible 

temperature term is highly sensitive to the blade surface temperature, 
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exhibiting significant variation with changes in the wall-to-recovery 
temperature ratio. In contrast, the contribution from kinetic energy, 
which is proportional to the square of the local Mach number, proves 
minimal sensitivity to wall temperature changes. Similarly, Fig.  16(b) 
illustrates the total pressure deficit, 𝛥𝑝0𝑥̂∕𝑝0in.  Unlike the total tempera-
ture deficit, the total pressure deficit shows a minor dependence on the 
wall-to-recovery temperature ratio.

From this results it is of interest gaining a global perspective fo-
cusing on inlet-to-outlet performance metrics. Fig.  17 illustrates the 
variations in total temperature and pressure deficits between the noz-
zle’s inlet and outlet as functions of the wall-to-recovery temperature 
ratio (𝑇rat). Results reveal a highly precise linear trend with 𝑇rat, given 
by the following expressions: 
𝛥𝑇 0

out∕𝑇 0
in = 𝛼𝑇 + 𝛽𝑇 𝑇rat (34a)

𝛥𝑝0out∕𝑝0in = 𝛼𝑝 + 𝛽𝑝𝑇rat, (34b)

WMLES data fitting suggests: 𝛼𝑇 = 0.0390, 𝛽𝑇 = −0.0388, 𝛼𝑝 = 0.0048, 
𝛽𝑝 = −0.0442. In particular, for 𝑇rat = 0.5, the total temperature deficit 
corresponds to a 2% reduction in total temperature at the exhaust 
relative to the adiabatic condition. Conversely, the total pressure deficit 
remains relatively steady across all setups, averaging around -4% and 
peaking at −4.5% in the coldest configuration.

6. Conclusions

This study investigates the impact of wall cooling on the aerother-
modynamic performance of a transonic gas turbine stator using a 
Wall-Modeled Large Eddy Simulation (WMLES) framework combined 
with the Immersed Boundary Method (IBM). Methodologically, the 
WMLES+IBM approach demonstrates exceptional efficiency in resolv-
ing time-dependent flow phenomena while maintaining computational 
feasibility. This balance between accuracy and efficiency highlights 
the method’s value as a robust alternative to traditional RANS or 
Unsteady-RANS approaches for simulating components of fluid machin-
ery and advanced aerothermal systems.  In particular, the proposed 
WMLES+IBM approach is beneficial in cascade design, as it can be 
seamlessly integrated with automatic optimization procedures while 
also enabling a detailed a posteriori verification of design features, 
accounting for unsteady effects. The primary findings of the research 
are outlined as follows:

1. Cooler blade surfaces partially suppress the energy cascade 
from larger to smaller turbulent scales. This suppression is evi-
denced by increased total pressure deficits in the wake, reduced 
Reynolds stress components, and attenuated high-frequency con-
tributions in the wake’s pressure spectra.

2. Wall cooling alters wake dynamics by amplifying low-frequency 
flow structures, resulting in increased complexity in the mixing 
of rotational and irrotational flow components in the down-
stream wake. This behavior is characterized by enhanced cor-
relations between streamwise and pitchwise turbulent velocity 
fluctuations. These changes are linked to intensified jet-like 
structures within the wake and more pronounced shear layers 
driven by thermal gradients.

3. The Joint Probability Density Function (JPDF) of pressure and 
density fluctuations proves the method to recover the strong cor-
relations of these quantities at the wall. However, for 𝑇rat = 0.5, 
pressure and density correlations are partially diminished due 
to intensified thermal fluctuations near the wall. This behavior 
provides clear evidence of weakened momentum boundary layer 
dynamics under colder wall conditions.

4. Wall cooling substantially decreases total entropy generation 
due to favorable thermodynamic contributions that offset the 
relatively constant aerodynamic losses. In particular, for the 
coldest configuration (𝑇rat = 0.5), entropy generation is reduced 
by approximately 8% compared to the adiabatic case (𝑇 = 1.0).
rat

15 
5. A linear relationship is observed between wall-to-recovery tem-
perature ratios and the total temperature and pressure deficits. 
This trend is suitable for the one-dimensional modeling of cooled 
gas turbine stages.

Future work will aim to extend the WMLES+IBM framework to 
incorporate coupled fluid-thermal modeling, enabling more compre-
hensive predictions of gas turbine performance under varying cooling 
strategies.  The present method also serves as a viable alternative for 
characterizing film cooling with holes along the blade surfaces while 
remaining computationally feasible. This enables a detailed investiga-
tion of coolant jet interactions with the main flow, capturing key effects 
such as penetration, mixing, and thermal shielding.
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Appendix. Grid independence study

This Appendix presents the grid convergence analysis to ensure a 
balance between accuracy and computational efficiency. Three grid 
resolutions were tested: coarse (576 × 288 × 60), medium (768 × 384 ×
80), and fine (1024 × 512 × 112), all under adiabatic conditions (𝑇rat =
1). Fig.  A.18 shows the wall pressure and isentropic Mach number 
distributions for different spanwise extensions 𝛼 (Figs.  A.18(a), A.18(b)) 
and grid resolutions (Figs.  A.18(c), A.18(d)) with 𝛼 = 0.1. The results 
confirm that numerical predictions are largely independent of both 
parameters. Variations in 𝛼 have minimal impact on the flow field, as 
expected for a predominantly two-dimensional problem. Similarly, grid 
refinement does not introduce significant changes. Thus, the medium 
grid (768 × 384 × 80) was chosen for all simulations as an intermediate, 
computationally affordable resolution.

Data availability

Data will be made available on request.
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Fig. A.18.  Comparison of numerical results for wall pressure and isentropic Mach number distributions across different grid resolutions and spanwise domain sizes 𝛼. Experimental 
data sourced from Ref. [1].
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