Asymptotic behavior of the solutions
of a transmission problem
for the Helmholtz equation.
A functional analytic approach

Running title: A singularly perturbed
transmission problem

Tugba Akyel* and Massimo Lanza de Cristoforis

Acknowledgement The first named author acknowledges the support of
the TUBITAK-BIDEP 2219 International Postdoctoral Research Fellowship
Program (of 6 months). The second named author acknowledges the sup-
port of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e le
loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica
(INdAM) and the project ‘BIRD168373/16: Singular perturbation problems
for the heat equation in a perforated domain’ of the University of Padova,
Ttaly.

Conflict of interest The authors declare that they have no conflict of
interest related to this paper.

Abstract: Let ¢, Q° be bounded open connected subsets of R™ that con-
tain the origin. Let Q(e) = Q°\eQ for small € > 0. Then we consider a linear
transmission problem for the Helmholtz equation in the pair of domains e’
and Q(€) with Neumann boundary conditions on 9€°. Under appropriate
conditions on the wave numbers in €Q' and €2(¢) and on the parameters in-
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volved in the transmission conditions on €99, the transmission problem has
a unique solution (u'(e, -), u’(e, -)) for small values of € > 0. Here u‘(e, -) and
u° (e, ) solve the Helmholtz equation in €Q’ and Q(€), respectively. Then we
prove that if z € Q°\ {0}, then u°(e,x) can be expanded into a convergent
power expansion of €, kpeloge, da ., log~!€ for € small enough. Here k,, = 1
if n is even and x, = 0 if n is odd and d2» =1 and 62, =0 if n > 3.
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turbed domain, asymptotic behavior, real analytic continuation.

2010 Mathematics Subject Classification: 35J05, 35R30 41A60, 45F15,
47H30, 78 A30.

1 Introduction

In this paper we consider a linear transmission problem for the Helmholtz
equation in a domain with a small inclusion. Problems of this type are mo-
tivated by the analysis of time-harmonic Maxwell’s Equations (see Vogelius
and Volkov [32]). For related problems for the Helmholtz equation, we refer
to the papers [2] of Ammari, Vogelius and Volkov, [1] of Ammari, Takovleva
and Moskow, [3] of Ammari and Volkov, and [16] of Hansen, Poignard and
Vogelius. First we introduce a problem with no hole (and no transmission),
and then we consider the case with the hole. We consider m € N\ {0},
n € N\ {0, 1}, a €]0, 1] and the following assumption.

Let Q be a bounded open connected subset of R™ of class C"™°.

Let R™\ Q be connected. Let 0 € Q. (1.1)
Now let Q° be as in (1.1). Let
ko € C\] — 00,0], Sk, > 0. (1.2)
We also assume that k2 is not a Neumann eigenvalue for —A in Q°. Then if
g° € C"h(9Q°) (1.3)
and if vo is the outward unit normal to 92°, the Neumann problem

{ Aul + k2u® =0 in Q°, (1.4)

o) o _ 0 o
T’ =9 on Of)

has a unique solution @° € C"™%(°) (see for example Colton and Kress [8,
Thm. 3.20] and classical Schauder regularity theory). Since the Helmholtz



equation in (1.4) is even in k,, if k, € C\ {0}, possibly replacing k, by —k,,
we can always assume that assumption (1.2) is fulfilled.

We now perturb singularly our problem. To do so, we consider another
subset ' of R” as in (1.1). Then there exists

€0 €]0, 1] such that Qi C Q° Ve € [—e€p, €] - (1.5)

A known topological argument shows that Q(e) = Q°\ eQ is connected, and
that R™ \ ©(e) has exactly the two connected components ¢Q¢ and R” \ 0,
and that

N (e) = (edN") U IN° Ve €] — e, €0[\{0} .

Moreover the outward unit normal v, to 9€(e) satisfies the equality

ve(x) = —vgqi(x/€) sgn(e) Vr € €09, (1.6)
V() = vao(x) Vo € 0Q°, (1.7)

for all € €] — €9, €9[\{0}, where sgn(e) = 1 if € > 0, sgn(e) = —1 if € < 0.
Then we introduce the constants

m’, m° €]0, +o0, a €]0,+o0[, bER,
and
ki € C\] — 0,0], Sk >0, (1.8)
and the datum ' .
gt e ™90 . (1.9)
Then we consider the transmission problem
Aul + k2ut =0 in €0,
Au® + k2u® =0 in Q(e),
u(r) —au(z) = b Vz € edN) (1.10)
g () + e (w) = g (wfe) Vo € ot
81220 u® = g° on 00°,

in the unknown (u’,u°) € C™(eQi) x C™*(Q(e)) for € €0, €[, and we
plan to show that for € €]0, o[ small enough, problem (1.10) has a unique
solution (u'(e, ), u’(e,-)) € O™ (e2') x C™(Q(e)) and to understand the
behavior of (u'(e,-),u’(e,-)) as e approaches 0. More precisely, we plan to
answer the following question.

Let = be fixed in ¢\ {0}. What can be said on the map (1.11)



e — u’(e,x) when e > 0 is close to 07

In a sense, question (1.11) concerns the ‘macroscopic’ behavior of u°(e, ).
We are also interested in the ‘macroscopic’ behavior of {u’(e,-)}cejo. e as €
is close to 0. Since the only point which belongs to the domain of all the
functions u’(e,-) as € €]0,¢[ is z = 0, here we mean that we are interested
in the behavior of {ui(e,O)}Ee]O,E/[ as € is close to 0. Such a behavior is a
specific case of the ‘microscopic’ behavior of the family {u'(e, ") }cpo,e» 4-€-
of the behavior of {u'(e,€{)}ecio, [ in case & = 0, a case that we plan to
analyze in a forthcoming paper.

Questions of this type have long been investigated for linear problems on
domains with small holes with the methods of asymptotic analysis, which
alm at proving complete asymptotic expansions in terms of the parameter
€. It is perhaps difficult to provide a complete list of the contributions.
Here we mention the early results in the monographs of Cherepanov [5]
and [6] on the formation of cracks and in the books of Nayfeh [29], Van
Dyke [31], and Cole [7], which present an extensive review of the expansion
methods known at the time. For the rigorous description of the method
of matching outer and inner asymptotic expansions we refer to the book of
I'in [18], and for the Compound Expansion Method (also known as Multi-
Scale Expansion Method) we mention the two volumes of Mazya, Nazarov
and Plamenewskii [27] where, among other results, the authors introduce
a systematic approach for analyzing general Douglis and Nirenberg elliptic
boundary value problems in domains with perforations and corners.

To analyze the problem and answer the above question, we resort to the
Functional Analytic Approach (see [10]). Accordingly, we first convert the
transmission problem (1.10) into a system of integral equations by exploiting
classical Potential Theory. Then we observe that, by changing the variables
appropriately, we can obtain a functional equation that can be analyzed by
means of the Implicit Function Theorem around the degenerate case where
€ = 0. Then we prove that we can represent the unknown densities of the
integral equations in terms of real analytic functions of € when n > 3 is odd,
of real analytic functions of €, eloge when n > 3 is even and of ¢, eloge,
log~'e for n = 2. Next we go back to the integral representation of the
solutions of problem (1.10) and we deduce both the existence of u’(e, -) and
of u°(e,-) and the representation formulas that describe their dependence
upon €. Thus we prove our main result, i.e., Theorem 5.1 that answers
question (1.11) (see also the following comment).

For related problems for the Laplace equation, we refer to [21] and to the
paper [28] of Molinarolo. For an existence result in the case of the Laplace



equation and of a big inclusion (that is, for € > 0 fixed) we refer to the
paper [11] of Dalla Riva and Mishuris and for a local uniqueness result for
the solutions of (1.10) themselves, rather than for the family of solutions,
we mention the paper [12] of Dalla Riva, Molinarolo and Musolino.

2 Preliminaries and notation

We denote the norm on a normed space X by || - ||x. Let X and ) be
normed spaces. We endow the product space X x Y with the norm defined
by ||(z,y)lxxy = ||z]lx + |Jy||y for all (z,y) € X x Y, while we use the
Euclidean norm for R™. We denote by I the identity operator. For standard
definitions of Calculus in normed spaces, we refer to Cartan [4] and to Prodi
and Ambrosetti [30]. The symbol N denotes the set of natural numbers
including 0. Throughout the paper,

n e N\ {0,1}.

The inverse function of an invertible function f is denoted f(-1), as opposed
to the reciprocal of a complex-valued function g, or the inverse of a matrix
A, which are denoted g—! and A~!, respectively. A dot ‘-’ denotes the inner
product in R™, or the matrix product between matrices with real entries.
Let D C R™. Then D denotes the closure of D and O denotes the boundary
of D. For all R > 0, z € R", z; denotes the j-th coordinate of z, |z
denotes the Euclidean modulus of z in R”, and B, (z, R) denotes the ball
{y € R" : |z —y| < R}. Let Q be an open subset of R”. Then we find
convenient to set

ot =q, Q" =R"\Q.

The space of m times continuously differentiable complex-valued functions
on Q is denoted by C™ (£, C), or more simply by C"(Q2). Let r € N\ {0},
f € (C™(Q))". The s-th component of f is denoted fs and the Jacobian
matrix of f is denoted Df. Let n = (n1,...,mn) EN", In| =m + -+ + M.

Then D" f denotes 88%. The subspace of C"™(Q2) of those functions f

21Oz
such that f and its delrivatives D" f of order |n| < m can be extended with
continuity to  is denoted C™(€2). The subspace of C™({)) whose functions
have m-th order derivatives that are Holder continuous with exponent o €
10, 1] is denoted C™%(Q), (cf. e.g. [10, §2.11].) Let D C R™. Then C™%(Q, D)
denotes the set { f € (C™ (ﬁ))n : f(Q) C D}. We say that a bounded open
subset of R" is of class C™ or of class C"“ | if it is a manifold with boundary
imbedded in R™ of class C™ or C"™®, respectively (cf. e.g., [10, §2.13].) For



standard properties of the functions of class C"™% both on a domain of R"
or on a manifold imbedded in R™ we refer to [10, §2.11, 2.12, 2.14, 2.20] (see
also [19, §2, Lem. 3.1, 4.26, Thm. 4.28], [24, §2].) We retain the standard
notation of L? spaces and of corresponding norms. We note that throughout
the paper ‘analytic’ means ‘real analytic’.

3 Some basic facts in potential theory.

Next we turn to introduce the fundamental solution of A + k? when k €
C\] — 00,0]. In the sequel, arg and log denote the principal branch of the
argument and of the logarithm in C\] — oo, 0], respectively. Then we have

arg(z) = Qlog(z) €] —m, [  Vze C\| —00,0].

Then we set

o (1A (1/2)% (1/2)
JB(Z):ZF(],+1)FU+V+1) VzeC, (3.1)

J=0

for all v € C\ {—j : j € N\ {0}}. Here (1/2)V = e¥18(1/2) As is well
known, if v € C\ {—j : j € N\ {0}} then the function JA(-) is entire and

JH(2)=e V%% ], (2) VzeC\|—o0,0], (3.2)

where J,,(-) is the Bessel function of the first kind of index v (cf. e.g., Lebe-
dev [26, Ch. 1, §5.3].) One could also consider case v € —N, but we do not
need such a case in this paper. If v € N, we set

N =-2 S eIy (3.3)

0<j<v—1 )
VSN (—1)929(1/2)%(1/2) 1 1

_iz( >?l((/+),)'(/) 227+ > 7| vzecC.
=0 JA\V g ) 0<I<j | j<i<j+v

As one can easily see, the NB() is an entire holomorphic function of the
variable z € C and

Ny(z) = %(log(z) —log 2+7)J,(2)+ 2"V NE(2?) Vz € C\|—00,0], (3.4)

where v is the Euler-Mascheroni constant, and where N, (+) is the Neumann
function of index v, also known as Bessel function of second kind and index



v (cf. e.g., Lebedev [26, Ch. 1, §5.5].) Let k € C\] — 00,0], n € N\ {0, 1},
an € C. Then we set

al=(n/2)9—1-(n/2) if n is even,,
bn = n-1 q_ Neo—1— 2 . . (35)
—1) =T x (n/2)9=1=(n/2) if p is odd,
and
ki 2 log £~ log2 +9) + 2 logls] |
: xTay (K2]?) + bul2 "N (K]2]?)
— 2 2
Sk,an () = if n is even,
ank" 2Ty (K a]?) + bl 27T (K2 ef?)
2 2
if n is odd,
(3.6)

for all z € R™\ {0}. As it is known and can be easily verified, the family
{Sk@n}anec coincides with the family of all radial fundamental solutions of
A+ k2.

Now we need to consider two specific fundamental solutions. For the
first, we need to choose a,, so that the resulting fundamental solution can be
extended to an entire holomorphic function of the variable k& € C. For the
second, we need to choose a,, so as to obtain the fundamental solution which
satisfies the Bohr-Sommerfeld outgoing radiation condition corresponding to
k. We start by introducing the holomorphic family, which we denote by S, ,.
Here the subscript h stands for ’holomorphic’. For a proof we refer to the
paper [25, Prop. 3.3] with Rossi.

Theorem 3.7 Letn € N\{0,1}. Let Sp(-,-) be the map from (R™\{0})xC
to C defined by
b { 2128 () oo
2

Sho(x, k) = +|3:|_("_2)N512(k2|33|2)} if n is even,
2
bplz| =20 (k2]z)?) if n is odd,

(3.8)
for all (x,k) € (R™\ {0}) x C. Then the following statements hold.

(i) Shn(-,k) is a fundamental solution of A+k? for all k € C and S (-, 0)



coincides with the classical fundamental solution S, of A, i.e.,

Log |z Yr € R\ {0}, ifn=2,
Sha(,0) = 51(x) = { el Ve eRN{0),  yn>2,
(3.9)

where s, denotes the (n — 1) dimensional measure of 0B, (0,1).

(11) Shn(-, k) is real analytic in R™ \ {0}. Moreover, if x € R™ \ {0}, then
the map Shpn(x,-) is holomorphic in C.

Now let k € C\] — 00,0], Sk > 0. As well known in scattering theory,
a function u € CL(R™\ {0}) satisfies the outgoing k-radiation condition
provided that

. n—1 €T .
xlglolo |z| 2 (Du(x)m —iku(z)) =0. (3.10)
Now by writing the fundamental solution of (3.6) in terms of the Hankel
functions, and by exploiting the asymptotic behavior at infinity of the Hankel
functions, one finds classically that the fundamental solution of (3.6) satisfies
the outgoing k-radiation condition if and only if

ay = —an.n_z if n is even _ _7;7-[-1_(”/2)2_1_(n/2) (311)
—e 2 ™, if nisodd

Then we introduce the following definition.

Definition 3.12 Let n € N\ {0,1}. Let k € C\] — 00,0]. We denote by
Srn(-, k) the function from R™\ {0} to C defined by

Syn(x, k) = Sha, (%) Ve e R™"\ {0},
with ayn, as in (3.11) (cf. (3.6).)

As we have said above, if k € C\] — o0, 0] and Sk > 0, then S, (-, k) satisfies
the outgoing k-radiation condition and S, (-, k) is the fundamental solution
that is classically used in scattering theory. In particular, for n = 3 we
have S, 3(x,k) = —ﬁeikm for all z € R™\ {0}. The subscript r stands
for ‘radiation’. Now we introduce the function ~, from C to C defined by
setting

[—i+ 2(z —log2+7)]b, if nis even,

(2) = P 3.13
() { —e"TQ”bn if nis odd, ( )



for all z € C. Then we have

Sy, k) = Spn(, k) + va(log k)K" 2 T8, (K*|2[?) Vo e R\ {0},

’ (3.14)
for all k € C\]—o0, 0], which is a formula that shows the relation between the
fundamental solution S, that is normally used in scattering theory and the
fundamental solution Sy, that we need here for technical purposes. Next
we introduce the layer potentials corresponding to a fundamental solution
or to a smooth kernel and the corresponding boundary operators.

Definition 3.15 Let n € N\ {0,1}, k € C. Let S be either a fundamental
solution of A + k? or a real analytic function from R™ to C. Let Q be

a bounded open subset of R"™ of class C*. Let u € C%0Q). Then we
introduce the following notation.

(i) We denote by valu, S| the function from R™ to C defined by

volp, S)(z) = - S(x —y)u(y) doy Vo € R™. (3.16)

Then we denote by vg, [, S], by vg [, S and by Valu, S, the restriction
of valu, S] to Q, to Q= and to 09, respectively.

(ii) We denote by W[, S] the function from 0 to C defined by

)
Wl Sl@) = | ——=S(x —y)uly)do, ~ VredQ, (3.17)
a0 OVQ

where

50 S(x—y)=DS(x — y)va(x) V(z,y) € 02 x 00,z #y.
Q.

If k € C\] — o0, 0], we set

valw k] = valw, Sra(- k)], (3.18)

and we use corresponding abbreviations for Vo, vé[, W, If k € C, we set

van(w k] = valw, Sha(-, k)], (3.19)

and we use corresponding abbreviations for Vg p,, fugiz o W, ne HAeC, we
set

va sl Al = valu Jaa (NP, (3.20)

9



and we use corresponding abbreviations for Vo 7, vg 7> Wstz 7+ Next we intro-
duce the following result on acoustic layer potentials, that is a consequence
of [9] (which is a generalization of [25]). For a proof we refer to [22, Thm.
A3].

Theorem 3.21 Letn € N\{0,1}, m € N\{0}, o €]0,1[. Let Q be a bounded
open connected subset of R™ of class C™% such that R™\ Q is connected. Let
r €]0,+o00| be such that Q C B, (0,7). Then the following statements hold.

(i) The map vah from C™=12(90Q) x C to C"™(Q) which takes (u, k) to
the function v, [u, k] is real analytic.

(i) The map Uﬁ,h[" ']lm\ﬂ from C™=52(9Q) x C to C™(B,(0,7)\ Q)
which takes (u, k) to the function vg ; [1, k] Eoo\Q real analytic.

(#ii) The map Wéyh from C™=12(9Q) x C to C™1%(98)) which takes (i, k)
to the function Wgt)’h[u, k| is real analytic.

Then we have the following (c¢f. [22, Thm. 4]).

Theorem 3.22 Letn € N\{0,1}, m € N\{0}, a €]0,1[. Let Q be a bounded
open subset of R™ of class C™®. Let r €]0,+o0o[ be such that Q C B, (0,r).
Then the following statements hold.

(i) The map Vo s[-, -] from C™~12(9Q)x C to C™(9Y) which takes (i, \)
to the function Vo j[p, A] is real analytic.

(i) The map Ug,J[" ] from C™=5(9Q) x C to C™*(Q) which takes (j1, \)
to the function vg’J[u, A] is real analytic.

(iti) The map v, ;[ ']\W\Q from C™=12(9Q) x C to C™(B,,(0,7)\ )

which takes (1, A) to the function v ;[u, /\]lm\ﬂ is real analytic.

(iv) The map Wé’J[-, ] from C™12(9Q) x C to C™ 1*(9Q) which takes
(1, A) to the function W [, \] from 0Q to C defined by

W, gl N () (3.23)

=P / (T Mz — )@ — ) (& — y)va(@)uly) doy
o0
Vr € 012,

2

10



for all (1, \) € C™12(9Q) x C is real analytic. Moreover,
W sl Al(@) = AWh [, N(z) Vo € 99, (3.24)
for all (u,\) € C"™~12(0Q) x C.

Corollary 3.25 Letn € N\ {0,1}, m € N\ {0}, a €]0,1], k € C\] — o0, 0].
Let ) be an open subset of R™ of class C"™*. Then the following statements
hold.

(i) valp, k] = vonlp, k] + yn(log k)K" ?vg su, k?] on R™ for all u in the
space C™~12(9Q).

i) v, k] = v, [ k] + y(log k)" 203 [ [u, k2] on QF for all p in
Q Q,h Q,J
cm=Le(90).
(iii) Whlu, k] = Wé’h[u,k] + vn(log k:)k"Wf)J[,u, k% on 02 for all u in
cm=Le(90).

Proof. Statements (i)-(iii) are immediate consequences of equality (3.14),
of the definition of the layer potentials involved, and of Theorem 3.22. O

Next we observe that the fundamental solution S,.,, satisfies the following
scaling property, which can be verified by exploiting the definition of S, ,,
and elementary computations.

Lemma 3.26 Let n € N\ {0,1}, k& € C\| — 00,0]. Then the following
equalities hold

28 n(ex k) = Spn(x,ek), (3.27)
" 'DS, (ex, k) = DSpn(x,¢k), (3.28)
¢"D2S, p(ex, k) = D2S,,(z,ek) (3.29)

for all z € R™\ {0}, € €]0, +00].

Then we note that the following elementary equality holds

2by,
n(log(ek)) = —fin log e + vn(logk) , (3.30)

for all kK € C\] — 00,0] and € €]0, +o00[ (cf. (3.13).)

11



4 Formulation of the transmission problem in terms
of integral equations

As a first step, we wish to convert the transmission problem (1.10) into a
system of integral equations. By exploiting the representation Theorem A.1
for the solutions of the Helmholtz equation, the solutions u’, u® of (1.10)
can be written as a single layer acoustic potential. Then by exploiting the
classical jump formulas for single layer potentials, we obtain a system of
integral equations on the e-dependent domain €9Q¢ U 9°. In order to get
rid of € in the domain, we rescale our functional variables on €99’ and finally
obtain an e-dependent system of integral equations on the boundaries 9
and 00°, which do not depend on €. We present such a change of variable
in the following Theorem 4.1.

Theorem 4.1 Let m € N\ {0}, n € N\{0,1}, a €]0,1[. Let Q, Q° be as in
(1.1). Let mi, m°, a €]0,+occ[, b € R. Let g, g° be as in (1.3), (1.9). Let
ki, ko be as in (1.2), (1.8). Assume that k2 is not a Neumann eigenvalue
for —A in Q°.

Then there exists €, €]0, €g| such that the map from the set of (1, 6%,6°)
in O™~ L9012 x C™~1(90°), which solve the following system of integral
equations

| Sh.n(€ — 1, eko)0'(n) doy (4.2)

F | 2 o g low )| Vo 0% 21©
+ / Srin(€§ =y, ko)0°(y) doy = ac / Shn(§ =, €ki)p(n) doy
onNe o0

2by, '
Fae Tk [wn log € + 7n (log kﬂ} Voi s [0, €k71(€) +b V€ € 09,

_1{ - %w(g) + /8 N DSpn(§ —n, eki)vgi(§)(n) doy, (4.3)

met

+€nkln |:27Z:_n:‘€n log €+ "Yn(log kz):| Wéi,J[wa 62]{’[2] (é)}
1 1 j
s 30O - [ DSunle = n ko 0 do,

2b,, . .
— k" [Wnn log € + v, (log ko)} Wi 107, k3] (€)

12



—amD&Mi—%%Wm@W@M%}Zﬁ@ vE € 00

—%00(17) + [ DSy — e, ko) ()6 (n) e (4.4)
oni

+ DS, n(x —y, ko)vao (2)0°(y) doy = ¢°(x) YV € 09°,
Qe

to the set of pairs (u',u®) in O™ () x C™(Q(e)), which satisfy problem
(1.10) and that takes (1,6%,0°) to the pair

(Ueﬂi [w7 kl]a /UQ(E) [N) ko]) (45)
where
w(z) = YP(z/e) Vi € 0, (4.6)
wz) = 0'(x/e) Yz € 0, pu(x) =60°(x) Vo € 097,

is a bijection for all € €]0, €,].

Proof. By a known result, we can choose €, €]0, eo[ so that k? and k2 are
neither Neumann nor Dirichlet eigenvalues for —A in €2’ for all € €]0, €]
(cf. e.g., Colton and Kress [8, Lem. 3.26], [22, Prop. 9]).

Next we assume that (u?,u®) € C"™(e2) x C™*(Q(e)) solves prob-
lem (1.10) and we show that there exists (¢,6%,6°) in C™ 12(9Q%)? x
C™=L(90°), which solves system (4.2)—(4.4) and such that (u’,u°) equals
the pair in (4.5).

By the representation Theorem A.1, there exists one and only one (w, y1)
in ™12 (e00) x C™~12(9Q(€)) such that

u' = Veqri [w) kl] ’ u’ = UV (e) [,uv ko] .

Then the jump formulas for the acoustic single layer potential and the
boundary conditions of problem (1.10) imply that the pair (w, u) satisfies
the following system of integral equations

| Seale =y holuty) do, (4.7)
0Q(e)
= a/ Srn(x —y, ki)w(y) doy + b Vz € edQ
€00’

—y{—;w(x) + /6 Lsr,n(fﬁ -y, ki)w(y) de} (4.8)

o0 ayeﬂi,x

13



1 _lﬂ(x) 4 LSr,n(:v =y, ko) p(y) doy,
2 Q(e)

W) x
= g'(x/e) Yz € eI,

1 0
5@+ [ Sl = vk uty) o, (4.9)
+ 875}7”(33 -y, ko) u(y) doy = ¢°(x) Vo € 09°.
a0 OVQe o

Next we define (1, 0%, 6°) by means of (4.6). By the definition of norm in
Schauder spaces, (1, 0%,6°) belongs to C™~5%(9Q%)? x C™~1(9Q°). Then
we can rewrite system (4.7)—(4.9) as follows.

/ Sr,n(ff — €1, kt))‘gi(n) deen_1 + / Sr,n(ef -y, ko)0°(y) doy
o0l one

= a/ Syn (€€ — en, ki)ib(n) doye™™t + b Ve € 09°,
ot

1 n—
_,{_2¢(§) + /Bm DS, (€€ — en, ki)vgi (§)Y(n) doye 1}

1 1 . J
‘W{‘29’<5> = | DSran(et = en. kovos(€) 0'(n) dorye” ™!

-/ Dsr,n<es—y,kowm(s)e"(y)day}=gi<5> ve € 0,

—é&o(:c) + DS, (x — en, ko)vae ()0 (1) doye™ !
Nt

+ DS, n(x =y, ko)vao(2)0°(y) doy = ¢°(x) Vo € 092°.
one

By the homogeneity properties of the fundamental solution S, , of Lemma
3.26, such a system is equal to the following.

/ Sr,n(£ -1, Ek’o)ei(ﬂ) dayen_1+2_n + Sr,n(ef - Y, ko)eg(y) day
8(27‘ aQo

=a | Spn(é— nek)(n)doye" T4 b VE € 0,

o0
1 1
i {3u0+ [ PSuale - @i do
1 1 . i
s =50© - [ DSl ek ()0 o,
~ [ DSualet — ks 0o, b = gi6) v € 00,

14



1 )
—590(1‘) + DS, n(x — €n, ko)vao ()8 (1) danenfl
o0

+ DS, n(x —y, ko)vao(2)8°(y) doy = ¢°(x) Vo € 09°.
o0e
Next we write the fundamental solution S, ,, in terms of S}, and we resort
to Corollary 3.25 and formula (3.30) and obtain the system (4.2)—(4.4).

On the other hand if (¥, 6%,6°) € C™=12(901)% x C™=12(90°) solves
system (4.2)—(4.4), then by reading backwards the above computations we
realize that the pair (v.g:i|w, ki], o) [t ko)) solves problem (1.10). More-
over, Theorem A.l ensures that the map of the statement is injective and
the above argument shows that such a map is also surjective. O

By Theorem 4.1 we have transformed problem (1.10) into a problem for
integral equations on the boundaries Q¢ and 99°, which do not depend on
e. In order to analyze the solutions of system (4.2)—(4.4) as e approaches
zero with the methods of the Functional Analytic Approach, we wish to
solve system (4.2)—(4.4) with respect to (1,6%,6°) in terms of e. To do so
one could try by applying the Implicit Function Theorem around a specific
point (0,1, 6%, 0°) that solves system (4.2)(4.4).

However, system (4.2)—(4.4) makes no sense if ¢ = 0. Thus we now
look for a suitable change of the functional variable (e, 1, 6%,6°) so that the
problem we obtain makes sense for ¢ = 0 and is not singular in the involved
functional variables. In particular, we should be able to take the limit as €
tends to 0 in the new problem and obtain a problem that we can solve.

Since we can collect a factor € in all terms of equation (4.2), we may try
to set ;

v="C =< (4.10)
€ €
with ¢, ¢* € C™~12(9Q%). If we do so, we realize that we obtain a problem
that has a limit as € tends to 0 and that the resulting problem does not look
degenerate in case n > 3 (and as we shall see, it is actually well-posed), but
not in case n = 2, because of the presence of the logarithmic term log e that
diverges as € tends to zero.

Thus at least in case n = 2, we must figure out something different. We
first note that the term log e appears as a coefficient of Vi ;[60, €2kZ] and of
Vi s[¥, €2k?]. Since we can write

VQZ'7J[97:, k2] loge
= (VQi7J[9i, k2] - VQ¢7J[9i, 0]) loge + VQi7J[9i, 0] loge Ve €]0, €0l

15



and Theorem 3.22 (i) implies that ¢ (Vo 5[0, €2k2] — Vo (0%, 0]) has an
analytic extension around e = 0, the term Vg ;[6°, €2k?]loge is no longer
divergent as € tends to 0 provided that Vi ;[6",0] equals zero.

Now we note that if we choose #° with integral equal to zero on 92,
then Vi ;[6%,0] = 0 and thus also Vo 5[0, €?k2]log € is no longer divergent
as € tends to 0.

Unfortunately however, not all elements of C™~1%(9Q%) have integral
equal to zero. Thus we now try to write the space C™~5%(9Q¢) as a direct
sum of the subspace of functions that do have integral equal to zero and of a
one dimensional subspace of functions that are multiples of a function with
integral equal to 1. So we now choose #* € C™~12(9Q¢) such that

/ 0f do =1,
ont

Cmhe (00 = {0 € Cmh (09 :

and we set
Odo = O} . (4.11)
o0t

Then we have
C e (0Q) = (00 )o® < 67 >,

where the sum is both algebraic and topological. As a consequence, if € €
10, €o[, then the map from

Cm1e (901 x R

to O™~ 1L2(90") that takes (6, c) to

Q+Egﬁ
€ €

is an isomorphism. Then we can introduce the new functional variables

° ) % ci
w=1% G-, % (4.12)

€ € e €
for (¢,c?), (s, ¢') € C™ 1290y x R. Once we do so, we find convenient
to write ¢° in terms of ¢ and of another constant ¢ so that the diverging
terms containing log € in system (4.2)—(4.4) cancel out and it turns out that

a right choice is

c

o —1/1.n—2/1.n—2\ 1
= k k; + .
c a ( o / 7 )C (log 6)52’,”

(4.13)
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So we now turn to show that by exploiting the above new functional vari-
ables, we can desingularize system (4.2)—(4.4) both in case n > 3 and in case
n = 2, while in case n > 3, the change of functional variables of (4.10) would
also serve the purpose. In order to simplify our notation and computations,
we find convenient to set

Yin1.a = C™ 1000 x R x C™ 1909 x R x O™ 1*(90°)  (4.14)

and to mention that we can choose 6% € C™~1%(9Q%) such that

1 4
0% do =1, —§0ﬁ+wzh[0ﬁ,o] =0 on 99, (4.15)
fSl9% ’

and that accordingly
vf = Vi 1,07, 0] is constant on 9’ (4.16)

(cf. e.g., [10, Prop. 6.18, Thms. 6.24, 6.25], [20, Thm. 5.1]). Then we also
have '
VQi,J[eﬁa 0] = Ji, (0) on 09" (4.17)

2

and we are now ready to prove the following statement.

Theorem 4.18 Let m € N\ {0}, n € N\ {0,1}, a €]0,1[. Let Q, Q° be as
in (1.1). Let mi, m°, a €]0,+oc[, b € R. Let g*, g° be as in (1.3), (1.9). Let
ki, ko be as in (1.2), (1.8). Assume that k2 is not a Neumann eigenvalue
for —A in Q°. Let 6% € C™=L%(90) be as in (4.15). Let ex €]0,¢o] be as in
Theorem 4.1. Let

(u'le, ¢, ", ¢, 0°,ule, ¢, ¢, 6°, e, 6°]) (4.19)
be the pair of functions of C"(eQi) x C™(Q(e)) defined by

u'le, ¢, ¢ <" e, 0%)(z) = %ng [C(-/€), kil(z) (4.20)

1

+- (cfl(k:;*2 JEP2) e+ )vg [0°(-/€), ki](z)  Vx e e,

_°c
(log €)%
. 1 ,
ule, ¢, ¢,s" ¢, 0°(x) = v, 0%, ko] (x) + “Uels'(+/€), Kol ()
+%v;m [0°(-/€), ko)(x) Vo e Qe),
for all (e,¢, ¢, s%, ¢,0°) €]0, €x[xYin—1.a-

17



If € €]0, e[, then the map (u'le, -, -, -, ], u’le, -, -, -]) is a bijection from
the subset of Yy, —1, consisting of the 5-tuples (C,c', <", c,0°) that solve the
following system of integral equations

. Sh,n(f -, Eko)<i(?7) doy, (4.21)

1
+e"k) |:2bnl-€n log € + v, (log ko)] / EVQZ- J[gi,t62k3](§) dt
™ 0 (9)\ ’
+/ Sh,n(§ -, 6ko)ciaﬁ (77) dan
oni
n n 2b 21,2
K —nnloge—i—'yn log k,) VQZ 0%, te2k2](€) dt
+€n_2k2_27n(10g kO)CiVQﬂJ[e ,0](&) + /89 Sr,n(eg — 9y, k)0 (y) doy
=a | Spn(§—n,¢€ki)C(n)doy
one
nin 2bn ! a 21.2
+ae"k]' | —kp log e + v, (log k;) / — Vi s[C, te*k7](€) dt
™ 0 8)\ ’
(R R / Shnl€ = 1, ki) (n) dor,
—I—a/ Shn(§ = ﬁaGk)We (n) doy
0

b 1
e 20%2{ mnloge—kfyn(logk)]/ an,J[eﬁje?kﬂ(f)dt
0

2b c Lo
g | 2k, 1 n(log k)| ————— | =V s[0%, te2k2](€) dt
raenkt |2y toget mullon )| oS [ S 18 0210
+e" 2 kD2l (log ki) Vi [0, 0](€)

+ae" 22 [2bn log e

T (log €)%2.n + (log €)%2.n

1 (log Im] Vi s 6,0](€) + b
VE € 90,
C

Wa%)) (4.22)

N AL (k"2 k2 gt
{5 (co+ et dneg +

+ | DSpn(€—n,eki)vgi(§)
o0

: (C(ﬁ) + a7 (k72RO () +

Cc

(log 6)5“ 9%)) doy,

18



2by,
+e k! [nn log € + 5, (log kz)]
™

W 6+ 20 4 o )}
1 1/ . .

G GORS)

= | DShale = neko)var(€) (') + O () do,

ont

ey | 2o+l )| Wy 51+ 0%, 26

we [ DSt~ vk (8 doy | =€) vE € 00,
—%90(33') + DSy n(x —en, ko)vae(x) (gi(n) + ciﬁﬁ(n)> dane"’2 (4.23)

onNt

+ DS, n(x — 1y, ko)vao(2)0°(y) doy = ¢°(x) Vo € 0Q2°.
o0e

onto the set of solutions (u’,u®) in C™*(eQi) x C™*(Qe)), which satisfy
problem (1.10). Here %Vﬂi7J denotes the partial differential of Vo ; with
respect to its second argument.

Proof. The maps from C™ 100!y x R to C™ 1%(9Q¢) defined by
the equalities in (4.12) are isomorphisms. Thus equation (4.2) in the un-
known (¢, 0%,6°) is equivalent to the following equation in the unknown
(C’ Ci, gi, , 90)

) 2b,,
Shn(& —n, €ko)s" (n) doy, + i [W’fn log € + vy, (log ko):| (4.24)
0Nt

x (Vai s[s", €k21(€) — Ve s 15", 0](9))
2b,, .
+€n—2k;r)1—2 |:7TI<,n log €+ Yn (log k’o):| VQi7J[gZ’ O] (5)
inf n—21n—2 2bn
+ Sh,n(f -, 6ko)c 0 (77) dUU +e€ ko THH IOg €+ %’L(log ko)
o0
x (Vs s[c'0%, R2)(E) — Ve 165, 0](€))

2by, ;
e |:ﬂ_lin log € + vy, (log ko)} VQi,J[cZHﬁ, 0](¢)
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+ / Syn(e€ — y, ko)0°(y) do,
one

= a/ Shn(§—n,eki)C(n) doy,
o0

[2b
+ae”_2ki"*2 7”/{” log € + vy, (log k;)

% (Vi 1€ 2K2)(€) — Vi /1€, 01(6))
vae 2k | 2 doge 3 (log k) | Vi /[C,0](6)

ta | Shn(€ = n,eki)c?0% () doy
o0t
n—21n—2 _2bn ]
+ae" " “k; —kp log e + v, (log k)
T

% (Ve s[e?6%, €22)(€) — Vi

+ae”_2kl’7*2

18, 0)(6))

2by,
—b kn log € + v, (log k;)
T

Viyi 5 [c6%,01(€) + b V€ € 9.
Equation (4.24) can actually be simplified. Indeed

Vai s10,0] = / JL_,0)0do =0 VO e ™00,
ot 2

(4.25)

and

Vo 110, k2)(€) — Ve 46, 0](€) (4.26)
= k2 01 %Vgiﬁ,[e,tﬁ](@ dt Ve,

for all (6,k) € O™ 1L2(00) x C. Next we want to introduce a further
unknown by replacing ¢ with the sum

C
(ogen 20

where ¢; is a real number such that the following equality is satisfied

c®=c +

- 2b
222 log €V 5|08, 0] = ae" k2 " gy, log €V s[e16, 0]
7-‘— ’ K

(4.28)
and where ¢ is a new unknown that replaces ¢® by means of the change of

variables (4.27). Such a choice is in order to replace the divergent logarithmic

20



terms in the left and right hand sides of (4.24) by a single term in the right
hand side containing the factor

n—2

(logeypon "%

that still contains log e precisely in case n > 2 is even, but with the advantage

that en—2 (log:)52 —kp log € does not diverge as € tends to zero. Since

Vi g [0%,0] = JESQ o/ 0" do = J?%Q(O) £0,

equality (4.28) is satisfied provided that we choose
e =a YK /ERT) (4.29)

Since the map from Y;,,_1 4 to itself that takes (¢, c’, <%, ¢,6°) to

C

)62,71 ’ O)

i 1 —1lrin—2/1.n—2\ i
k k;
(C,c,g,a ( ) / i )C +(10g€

(4.30)
is an isomorphism, the equation (4.24) in the unknown (,c?, <%, ¢, 6°) is
equivalent to the equation in the unknown (¢, ¢, %, ¢, 6°) that we obtain by
replaCing (C? Ci? giv Cov 90) by (C? Ci? gi7 ail (kZLiQ/k’?_Q)Ci + (log 60)52 n? 90)? i.@.,
the following equation (see also (4.25), (4.26))

[ Snal€ = neku)si ) do, (4.31)
one

2b,, Ly .
HenT2gn2 [ﬂnn loge—i—'yn(logk‘o)] k2 /0 o Ve, Jlst te2k2)(€) dt

+ Sh,n(& -, Eko)cieTj (TI) dan
o0t

2b,, [t
+en 22 [2% 1oge+%(1ogko)] k2 /0 %Vm J10%, t2k2) (€) dt

2b,, ;
L [wﬁn log e + v, (log ko)] VQZ-J[CZGﬁ, 0](&)
+/ Srn(€€ =y, ko)0°(y) doy,
one

=a |  Spnl§—n,¢eki)((n)doy
o0
n—2y3n—2 Zb” 2)2 1 0 *k;
+a€e" k] 7/€nlog€+%(10gki) ek 0 ani,J[C,te ki](€) dt
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ta / Snl(€ =y eki)a (kD72 /K264 () do,
+a/ Shn(§ — Uvﬁk)me (n) doy
n—21.n—2 an
+ae" k] —tip log e + v (log ki)
i
xa L (kD2 JkP2) 2k2/ VQZ 0%, te2 k2] (€) dt

2b
+ae”_2k?_2 [n/ﬁn log € + vy, (log kz)]

y ce?k?
(log €)%2.n

b, 1 (=2 =2y
tae" 2k [ " kin log € + v, (log ki)] o (ky 2 /K Vi [0, 0)(€)
7r b

/ mvgl J16%, te2k2)(€) dt

2by,
+ae" 22 [ﬂnn log € 4 7y (log k‘z)] ﬁvsﬁf}[‘gﬁa 0[(§) + b

(loge
for all £ € 99, which is equivalent to equation (4.21) of the statement.

Since the maps from C™~5*(90%) x R to C™~12(9Q) defined by the
equalities in (4.12) are isomorphisms and the map of (4.30) is an isomor-
phism in Y;,_1 4, equations (4.3), (4.4) in the unknown (¢, 6, 6°) are equiv-
alent to the equations (4.22), (4.23) in the unknown (¢, c%, <%, ¢,6°) of the
statement.

Thus we have proved that system (4.21), (4.22), (4.23) in the unknown
(¢, ¢t st e, 0°) is equivalent to system (4.2), (4.3), (4.4) in the unknown
(1,0%,6°). Then Theorem 4.1 implies that the map of the statement that
takes (¢, c?, <%, ¢,0°) to the pair of functions in (4.5) with w, p as in (4.6),
with 1, 6 as in (4.12) and ¢° as in (4.13), i.e. to the pair of functions in
(4.20) is a bijection.

On the other hand if (¢, ¢%, <%, ¢, 0°) € Y;,—1 4 solves system (4.21)-(4.23),
then by reading backwards the above computations we realize that the pair
of functions in (4.20) solves problem (1.10). Moreover, Theorem A.1 ensures
that the map of the statement is injective and the above argument shows
that such a map is also surjective. a

Hence, we are now reduced to analyze system (4.21)—(4.23). Our first
step is to note that by letting € tend to zero, we obtain system (4.33) below,
which we address to as the ‘limiting system’, and we now prove the following
theorem, which shows the unique solvability of the limiting system and its
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link with a boundary value problem which we address to as the ‘limiting
boundary value problem’.

Theorem 4.32 Let m € N\ {0}, n € N\ {0,1}, a €]0,1[. Let Q, Q° be as
in (1.1). Letm?, m°, a €]0,+oc[, b € R. Let g*, g° be as in (1.3), (1.9). Let
ki, ko be as in (1.2), (1.8). Assume that k2 is not a Neumann eigenvalue
for —A in Q°. Let 6% € C™1*(0Q) be as in (4.15). Then the following
statements hold

(i) The limiting system

Vai 5", 01(€) + ¢'Vigi 6%, 0]() (4.33)
+09,nky 2 (l0g ko) Vi 5[60%, 01(€) + 15 [0°, ko) (0) = aVigi 5[, 0](€)
+ (K3 72/K772) Vi 6%, 0)(€) + a1 — 62.0) Vo 1,67, 0)(€)
+02,0k0 Py (log ki) Vo 16, 0](€)
+a527nk:?_2%
™

_A{ _ %(C(g) + (a7 (2R el 52,n))9ﬁ(€)>

Vi g[0°,0](€) +b  VE €99,

W [CH+ (@ (kT2 € + (1 = d2,0) 6,0 <£>}

G GO

1
_790(35) + D‘S’r,n(x - Y, ko)yQo(x)eo(y)day
2 890

+02.0 DSy (0, koo ()t = g°() Vo € 0Q°

has one and only one solution ((,&,&,¢E 60°) in Yin-1,a. Moreover,
~i
¢t =0.
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(ii) The limiting boundary value problem

Aui’T =0 in QF,

AuP" =0 in Qi

Au® + k2u® =0 in Q°,

ui" (x) +u°(0) — aut"(z) = b YV € 00°, (4.34)
_ﬁafm ul" (z) %afm ul"(z) =0 Vz e o,

%u‘)(m) =g° on 09°,

1' o,r —

Jim iy (§) =0,

has one and only one solution (ﬂi’r,ﬂi’r,ﬂo) in

C™ () x O (Qi) x C™*(Q0),

which is delivered by the following formulas

@ =0h (GO HC QT =g, [3,0] in O

@ = v, [0°, k) in Q°
} . (4.35)
where (¢, ¢, ¢,0°) is the only solution in Yy, —1.4 of the limiting sys-
tem (4.33) and C = (6227" + (1 —624) Uﬁ) ¢ (see (4.16) for the constant
UI:i = VQi7h[0ﬁ, 0])
Proof. (i) We first assume that the limiting system (4.33) has a solution
(¢,¢,6"5e,6°)
and we show that ¢’ = 0. By integrating the second equality in (4.33), we
obtain

o [ (=t Wa ) o+ (@ (R S a30)

m;
1
+c (1 - (527,1) ) / <—IQz‘ + Wéz h['? 0]) [Hﬁ]do
o0t 2 ’

! Ly et i1 igt] go Lo
+7Tlo{/agzz <2 Qz‘i‘Wﬂz’h[;O]) |:§ +C€:|d0'}—0

By equality (B.4) of the Appendix, we have
1

1
Wi yl¢,0do =5 | (do, W 167, 0)do = 2/ 0*do
ot o0t o0t ot
(4.37)
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and

1 S o
/ | <21m +W5i7h[-,0]> [gwrcleﬂ do = / 4 cbldo. (4.38)
one o

By (4.36), (4.37) and (4.38), we obtain

/ (gi + C’Pﬁ) do = / Stdo + ¢ Oldo = 0.
0Nt 0Nt 0Nt

Then (4.15) implies that ‘
¢ =0. (4.39)

Since k2 is not a Neumann eigenvalue for —A in Q°, the Fredholm Alter-
native and classical Schauder regularity theory imply that the last equality
in (4.33) has a unique solution (cf. Colton and Kress [8, Thm. 3.17], [22,
Thm. B.1]). By a simple computation, the coefficient

Al = 527,1/?;—2%%“[9& 0] + (1 = 82,0) Vi [6%,0] = 52,% + (1= 6p) 0*

(4.40)
of ac in the right hand side of the first equation of (4.33) is not equal to 0.
Indeed, vf # 0 if n > 3 (see [10, Prop. 6.19]). Then by (4.15) and Theorem
B.1, the first two equations of (4.33) with ¢’ as in (4.39) have a unique
solution (¢,<%, c) in C™~52(9Q%)y x C™~ 1290y x R.

Hence, we have proved that the limiting system (4.33) has at most one
solution. On the other hand, if we set (¢,<?, ¢) equal to the only solution of
the first two equations of (4.33) with ¢ is as in (4.39) and if we set §° equal
to the only solution of the last equation of (4.33) with ¢! is as in (4.39), we
can verify that ((,c, <% c,6°) solves the limiting system (4.33) by reading
backward the above argument.

We now consider statement (ii) and we show that the limiting bound-
ary value problem (4.34) has a unique solution. From the third and sixth
equation of (4.34), we obtain that u® satisfies problem (1.4). Since k2 is not
a Neumann eigenvalue for —A in °, we have already pointed out that the
Neumann problem (1.4) has the unique solution @° € C™%(Q°). By system

(4.34) with u® = @°, we have

Auzi’r =0 in O,
Auf" =0 in Q'

= Vo € 091,
L0 b7 (z) 4 L aﬂ,u(f’r(:p) =0 Vzeo,
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that is a linear transmission problem in unknown (uil’r, uy"), which is known
to have at most one solution in C™*(Q¢) x C}"*(Q~) (cf. e.g., [10, Prop.

loc
6.54, Thm. 6.55 and following comment]). Finally, if (¢, ¢, ¢ 0°) is the
only solution of the limiting system (4.33), then the standard jump proper-
ties of the single layer potential imply that (@}", ", a°) as in (4.35) with
C = APé solves the first six equations of the limiting boundary value problem
(4.34). Also, condition [, <" do = 0 implies that

tim v, (6%, 0)(€) = 0

£—o0

both in dimension n = 2 and in dimension n > 3 (cf. e.g., [10, Thm. 4.23]).
a

We now introduce an abstract formulation of system (4.21), (4.22),
(4.23). We note that in case n even system (4.21), (4.22) contains loga-
rithmic terms, which are not analytic around ¢ = 0. Namely the terms

€"kploge, log~%n e, " 2log e, (4.41)
1 1
" log %% e, e"/in% , n_Qlfn% .
log®2?m € log®?™ e

Next we note that

)
kploge = € Hrpeloge), log ™" e = (1 — ba,) + 2n
’ log e
log € 1 d2.n
€" Kn ogh < = €' (kpeloge) | (1 —d2,) + oge| ’ (4.42)
_ log e _
o logi,n - = (A= dp)e” %+ G20 [(1 — b2,0) (W€ log €) + kpdzn]

and that (1—d2,)€" 3 = 0 if n = 2. Then all terms in (4.41) can be written
as sums and products of the following terms

62,n
loge

1, €, kneloge, (4.43)
Here the idea is to write system (4.21), (4.22), (4.23) by replacing the terms
that contain loge, i.e., the terms in (4.41) by the corresponding expressions
as sums of products of the terms of (4.43). Then we consider the resulting
system and introduce the new independent variables

_ 52,n
log e

€1 = Kpeloge, €9
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and we obtain a new system that depends on ¢, €1, €2 and that contains no
logarithmic terms and that displays no singularities in the variables €, €1, €2
around the degenerate points where € = €; = e = 0 and that is accordingly
easier to analyze. We do so by means of the following theorem. In order
to shorten our notation, we find convenient to introduce the polynomial
function p,, from R? to R defined by

onle €1) = [(1 = 02.)€" 2 + 02.4][(1 — San)er + kindan] V(e ,e1) € R?,

(4.44)
so that |
on(€, kpeloge) = € 2k, 05g6 Ve €]0,1]. (4.45)
log®?™ €
Then here and in what follows we find convenient to set
Zm—1,0 = W(aw’) X Cmfl’o‘(ﬁﬁi) X cmflya(am). (4.46)

We are now ready to introduce the following, that can be easily verified.

Theorem 4.47 Let m € N\ {0}, n € N\ {0,1}, a €]0,1[. Let QF, Q° be as
in (1.1). Letm!, m°, a €]0,+oc[, b € R. Let g*, g° be as in (1.3), (1.9). Let
ki, ko be as in (1.2), (1.8). Assume that k2 is not a Neumann eigenvalue
for =A in Q°. Let 6* € C™=52(9Q%) be as in (4.15). Let M = (M))=123
be the map from | — g, €o[xXR? X Yy_1.0 t0 Zim—1,a defined by

Ml [67 €1, €2, C7 Ci? gia c, 90] (E) = /89 Sh,n(g - €k0)§i(77) dU?? (448)

20, ! :
+er D [61 + evn(log ko):| / QVQi,J[glytfzkg](O dt
s 0 8)\

+ Sh,n(é -1, Ek:o)ciejj (7]) dUT]
a0l

2by, !
e gD [bel—ke'yn(logk:o)} c / ﬁvm J16% te2K2)(€) dt
s 0 3/\

22, (log ko) Vi 0, 0](€) + /a  Sralet = k)0 do,

—a . Shn(€ —n,€ki)C(n) doy,
Nt
1

2,, 0
—ae" kD [61 + evn(log ki)} o Vei a6, te’k7)(6) dt
™ 0 OA

— (kD72 /K 2)c! . Spn (€ — 1, ek;)0% (n) do,
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~ Jo Shan(€ = 1, €ki)el(1 = b2.0) + €2]6% () dor,
20, Lo
R el [el + evn(log ki)] Vo s[0%, t2k7) (€) dt
i 0 8)\ ’

2by,
_aen_lk? |:7T€1 + E’Yn(log kl):| c[(l - 52,n) T 62]

1
X

Vai s[0%,t€2K2)(€) dt — €2k 2c y, (log ki) Vi [0, 0](€)

0o OA
n—2 2bn n—2 #
—ak;] 7Qn(€, €1) + €7 [(1 — d2,n) + 2] yn(log ki) | Vey 5167, 0](E)
—-b VE € N’ ,
M2[67 617627C7Ci7§i767 90](5) (449)

_ —1‘{ 5 (€O +a R (1 — ) + FE(E))

+ [ DSpn(€§—mn,eki)vgi(§)
o0

x (Cn) + @ (k2 R0 ) + (1 = G2n) + e2]0P(n) ) do,y
—l—e”_lk? [275:61 + evn(log kz)}

W J[C+a (k22K + (1 - o) + ol P, e%?](f)}
1/ . .
—{ -5 (@ +d©)
— | DShal§ = n.eko)ai(€) (') + ¢V ()) dor,
o0
—" kY [2:1 + €7 (log koﬂ Wi gl6" + 6, R2)(E)
[ DSulet a0 day} _egle)  Veeon,

M3[6’ 61,62,C,Ci,§i,c, 90]($) (450)

1 ) .
=——0°(z) + DS, (z — €n, ko)vaoe(x) (gz(n) + CZGﬁ(n)) do, e 2
2 80

[ DSule —yko)voe(@)0°(y) doy — g°(x) Vo € 007,
one

for all (e,€1,€2,(, ¢, 6%, ¢,0°) €] — €0, €0[XR? X Yip_14. Then the following
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statements hold.

(i) If e = €1 = €2 = 0, then equation

MJ0,0,0,¢, ¢t e, 0° =0

is equivalent to the limiting system (4.33) and has one and only one
solution (¢, ¢",<",¢,0°) in Yi—1,o. Moreover, ¢ = 0.

(ii) If € €]0,€0], €1 = kneloge, € = 1%”6, then the equation
M[€,61,627€,Ci,§i,6,00] =0 (451)

is equivalent to the system (4.21)—-(4.23).

Proof. If (e,e1,€2,(, ¢t 6%, c,0°) belongs to the domain of M, then the
classical Schauder regularity properties of the acoustic potentials of Theo-
rems 3.21 and 3.22 ensure that M(e, €1, €2, (, ¢!, 6%, ¢, 0°] belongs to Zp—1.4 -
Statements (i) and (ii) hold true by the definition of M. 0

The main advantages of equation (4.51) with respect to system (4.21),
(4.22), (4.23), is that equation (4.51) displays no singularity in the variables
€, €1, €2, and that equation (4.51) makes also sense for € €] — €, 0], while
system (4.21), (4.22), (4.23) does not. So we now plan to analyze equation
(4.51) around the degenerate points where € = ¢; = e = 0. To do so, we
note that the definition (4.44) of g,, implies that

Qn(oa O) = 52,n"1n52,n = 62,n (452)

and we prove the following theorem.

Theorem 4.53 Let m € N\ {0}, n € N\ {0,1}, a €]0,1[. Let QF, Q° be as
in (1.1). Letm', m°, a €]0,+oc[, b € R. Let g*, g° be as in (1.3), (1.9). Let
ki, ko be as in (1.2), (1.8). Assume that k2 is not a Neumann eigenvalue
for —A in Q°. Let €, €]0,¢[ be as in Theorem 4.1. Let M = (M;)i=123
be the map from | — €, €0[XR% X V1.0 10 Zim—1.0 defined by (4.48)—(4.50).
Then the following statements hold.

(i) The map M is real analytic and the differential

a(c7ci7§ivcvao)M[07 07 07 57 él? é:,i7 67 éo]
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(i)

of M at (0,0,0, ¢, é e, 50) with respect to the variable (¢, ¢, <, ¢, 6°)
is a linear homeomorphism from Y,,_1 o onto Zy_1.. Moreover, if
(fia gi7 fo) € Zm—l,a and (C? Ei? éia 67 90) € Ym—l,a Satisfy equalzty

a((,ci7§i,c,9°)M[07 07 07 67 Eia 5147 E? 50](57 Eiv éia c, 90) = (fla giv .fo) ’ (454)

then

& =m g'do . (4.55)
o0

There exists € €]0, €[, an open neighbourhood U of (0,0) in R? and an
open neighbourhood V of (C,&,&, ¢ 0°) in Yim—1,a0 and a real analytic
map

(z.C', 8", C,0°%

from ] — € ,€[xU to V such that

02 ~
(mneloge, 2 ) cU, Vee€]0,€],
log €

and such that the set of zeros of M in | — ¢, e [xU x V coincides with
the graph of the map (Z,C%,S*, C,0°). In particular,

(z]0,0,0],C%0,0,0],5%0,0,0],C[0,0,0],0°[0,0,0]) = ({,&,&, ¢ 6.

Proof. By Theorem 3.21, Vg ;, and Wi, ,, are real analytic. By Theorem

3.22, Vg y and Wt ; are real analytic. Since S, ,,(e§ —y, ko) is real analytic

in the variable (£,v,¢€) in an open neighbourhood of 92 x 9Q°x] — €, €o],
a result of paper [23, Prop. 4.1] with Musolino on the properties of the
integral operators with real analytic kernel implies that the function from
the set | — eg, eo[x L' (0Q) to C™*(9Q¢) which takes (e, f) to the function
Jaqo Srnl€ - =y, ko) f(y)doy is analytic.

Since J% , is holomorphic in C, then Proposition 4.1 (ii) of [23] on

2
integral operators with a real analytic kernel implies that the map from
C™= 190 x] — €9, 0] to C™(9N?) that takes (%, €) to the function

1
9 ) % 21.2
| sxveai i@ a

_ / T4, (te2k2)€ — )€ — nf*i (n) doy © dt
(89)x]0,1]

2
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of the variable £ € 0§ is real analytic. Then the second term of the first
component of M is analytic. Similarly, one can prove the analyticity of
the other terms of the first component of M that contain either %Vm, jor
%Vgoy 7 and thus the first component of M is analytic.
Next we consider the second and third components of M. Since %Snn(eﬁ —

Y, ko) for 7 =1,...,n is a real analytic function in (§,y, €) in an open neigh-
bourhood of Q¢ x 90°x] — g, €o[, then by a result of [23, Prop. 4.1] on the
properties of integral operators with real analytic kernel, the function from

] — €0, e0[x L1 (99°) to C™1:¥(9Q%) which takes (e, f) to the function

n

0 )
D (vai);(€) | 5, Srnl(€€ v ko) fy)doy € O
© J

J=1

is real analytic. Similarly, the map from | — €g, eg[x L' (9€2) to O™~ 1% (90°)
which takes (e, f) to the function

Z(ygo)j (x) 0 Srn(x —en, ko) f(n)do, — Vo € 0Q°

= o0k 6%']

is real analytic. Then by the same arguments above one proves that the
second and third components of M are analytic. In particular, szo[‘, ko) is
linear and continuous by Corollary 3.25 (iii). Thus, the operator M is real
analytic. Since the differential of a linear and continuous operator is the
operator itself, standard differentiation rules and equality d2 Ve, J10%,0] =
d2,, imply that the differential of M at (0, 0,0, ¢, é,& ¢, 0°) with respect to
the variable (¢, ¢, <%, ¢, 6°) is delivered by the following formula

a((,ci,Ci,c,Go)Ml [07 Oa O> ga 6i7 éli? éa éO] (g_a Eia g_ia c, éo)(f) = VQi,h[g_ia O] (5) (456)
+Voi n[0%, 01(€)E + G20kl 275 (log ko) & + v [0, ko) (0) — aViyi 1,[C, 0](€)
— (k572 /K 72) Ve 0%, 00(6)& — a(1 — b2.0) Vs 4 [6%,0](6)

) 2b,, )
—02 0k 2y, (log k)& — ak 26y, VE € 09,
T

(¢ i ci.0.60)M2[0,0,0,C, &, &7, 6,6°(C, @, ¢ 2, 6°)(€)
1 1 /- .
o 3 [CO @ o + 1 hae)e)

me

G (G (2R 6 (1= b0 (6
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1/ . . . 4 )
—{ — 5 (O +204(©) — Wi, [¢ + 6%, 0) (5)} v € 00,
(¢ i ci.c.00M3[0,0,0,¢, 8, &, ¢,6°(C, &, ¢ ¢, 0°) ()
1. . _
= —590(1:) + 62,0 DSy (2, koo (z)E + Wha[0°, ko) (2) Vo € 0§2°

for all (¢, &, &, ¢ 0% € Yin—1,o. We now prove that the linear and continuous
operator

8(Cvcia§izczoo)M[O7 07 07 57 Ei‘) 51'7 67 éo]

is a homeomorphism. By the Open Mapping Theorem it suffices to show that
(¢ i i,0,000M0,0,0,¢, ¢S, ¢,6° is a bijection from Yy, 10 onto Zm 1.a-
Let (f%, 5%, f°) € Zm-1,o. We must show that there exists a unique

such that equation (4.54) is satisfied. In particular, we note that the second
equation of (4.54) can be written as follows

1 (1. . 11 » RO i
W{QC_Wéz’h [C,O] }+T)’LO{2§ +W§t)i7h |:§ ,O] } =g — ﬁc eﬁ on 0f)

) (4.57)
(cf. (4.15)). We first assume that (4.54) has a solution (¢,é,¢, ¢,0° and

we show that ¢ is uniquely determined. By integrating the second equation
of (4.54), i.e., equation (4.57), on 992 and by exploiting equality (4.37), we

obtain ) .
/ <ido:/ g — —btdo.
me Joqi o0 me

Since [, ¢'do =0 and [y, 0% do = 1, equality (4.55) holds true. By (4.16)
and (4.17), v* = Vg ,[6%,0] is constant on 9Q' and Vg s[6%,0] = JEL;Q(O)
2

on 9. Since k2 is not a Neumann eigenvalue for —A in Q°, the Fredholm
Alternative Theorem and classical Schauder regularity theory imply that
the last equation of (4.54) with ¢ as in (4.55) has a unique solution #° in
C™12(90°) (cf. Colton and Kress [8, Thm. 3.17], [22, Thm. B.1]). Since
the coefficient A* of —ac in the first equation of (4.54) is different from 0
(cf. (4.40) and following comment), Proposition B.1 implies that the first
two equations of (4.54) with ¢ as in (4.55) have a unique solution ((,¢, ¢)
in O™~ 1L2(90%) g x O™~ 12(90%) x R. By equality (4.55) we know that the
integral of right hand side of equation (4.57) on 9§ is equal to 0 and thus
Proposition B.1 ensures that f Py Stdo = 0.
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On the other hand, if we take & as in (4.55) and if we set ({,¢,¢)
equal to the only solution in C™~1%(9Q%)y x C™~1L(90?) x R of the first
two equations of (4.54) in which & is as in (4.55) and 6° equal to the only
solution of the last equation of (4.55) in which & is as in (4.55), we can
verify that ({,¢,¢%, ¢, 60°) solves (4.54) and satisfies equality [y, ' do = 0
by reading backwards the above argument.

Hence, we have proved that 9 ¢ i ¢ ¢ g0y M0, 0,0, ¢, e e, 90] is bijection
from Yy,,—1.4 to Zpy—1,, and statement (i) holds true.

Then the existence of ¢,U,V,(Z,C", S C,0°) as in (ii) and the last
equality of statement (ii) are a consequence of Theorem 4.47 (i), of state-
ment (i) and of the Implicit Function Theorem in Banach Spaces around
the point (0,0, 0, C~ L& EE 9~°) Possibly shrinking €/, we can assume that

fjgme) belongs to U for € in |0, ¢[. -

kneloge,

Remark 4.58 Under the assumptions of Theorem 4.53, the known formula
for the differential of an implicitly defined function implies that

d(z,C", 8, C,0°)[0,0,0( 6, &)
__ (a(gci,giycyeo)/w[o, 0,0,¢,é 3, ¢, §O]>
00(c 1 )M[0,0,0,(, 8,6 6,0°1E, 61, &) V(e €, 6) € RE.
Then Theorem 4.53 (i) implies that
dC'[0,0,0](¢, &, &)

(1)

= —m° Oee1,e2)M210,0,0, (,3,8,¢,0°E a,6)do
ont

— —m° DeM3[0,0,0,¢,8 .8, 6,0%doe V(e €,6) € R,
Nt

Indeed, 66]../\/12[0,0,0,5, & & e, 9~°] =0 for j € {1,2}. As a consequence,

oC" , oC! ,
—10,0,0] = dC"*[0,0,0](0,1,0) = 0, [0,0,0] = dC"[0,0,0](0,0,1) = 0.
661 862
(4.59)
In order to simplify our notation, we set
62 n
= = 1 : 1. 4.
nle] (nne og €, loge> , Ve €]0, 1] (4.60)

Then we can prove the following existence and uniqueness theorem for prob-
lem (1.10) for € €]0, €'[.
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Theorem 4.61 Let m € N\ {0}, n € N\ {0,1}, o €]0,1[. Let Q¢, Q° be
as in (1.1). Let m', m°, a €]0,+oo[, b € R. Let g, g° be as in (1.3),
(1.9). Let ks, ko be as in (1.2), (1.8). Assume that k2 is not a Neumann
eigenvalue for —A in Q°. Let € €]0,¢eo[ be as in Theorem 4.53 (ii). If
€ €]0, €[, then the transmission problem (1.10) has one and only one solution
(ui(e, ), u’(e, ) € C™*(eQi) x C™*(Q(€)) and the following formula holds

u'(e, -) | | | (4.62)
= u'le, Z[e, Enle]], C*[e, Znle]l, S°[e, Enle]], Cle, Znlell, ©°[€, Znle]]I(-)
u?(e, )

= u’[e, Z[e, Enle]], C'le, Enlel], S°[e, Enlel], Cle, Enlel], ©°[e, Enle]]](-)

for all € €]0,€'[ (cf. (4.20)).

Proof. Theorems 4.1, 4.18 and 4.53 ensure that the pair (u’(e,-),u(e, -))
of (4.62) belongs to C™(eQ?) x C"™*(Q(e)) and solves the transmission
problem (1.10). On the other hand (1.10) is a linear problem and thus if
€ €]0,€[ and (uf,u?) € C™*(eQi) x C"™*(Q(e)) is another solution of the
transmission problem (1.10), then Theorems 4.1, 4.18 and 4.53 ensure that
there exists a unique ((, ct, <!, ce, 0°) € V1,4 such that

ué = uz[€7 Ce, Ci, §27057 9?] ) U? = uo[ev Ce; Ciyia Ce, 0?]

M[ﬁ,Z[E,Sn[e]] +1(C = Zle, Enlel]), C'[e, Enle]] + t(ce — C'[e, Enlel)),
S'le, Bnlel] + (s = S'[e Znlel]), Cle Bnle]] + t(ce — Cle, Enlel]),
O'[e, Enle]] + t(6¢ — ©'[¢, Zn[e]])]

for all ¢ € R\ {0}. On the other hand, if we choose ¢ sufficiently small, we
have



Hence,
ui = ui(e, ), ud = u(e, )

and the proof is complete. a

Remark 4.63 The above Theorem 4.61 provides an existence and unique-
ness theorem for problem (1.10) for e €]0, ¢p[ small enough. By following
the arguments of the proof of the existence and uniqueness theorem for the
transmission problem of Kress and Roach [17] one could prove existence
and uniqueness for problem (1.10) for all € €]0, €[ under some additional
assumptions on m’, m?, k; and k,.

5 A representation formula for {u’(e, ")}

We now turn to prove the following theorem, that clarifies the behavior of
the solution u°(e, ) as € tends to 0.

Theorem 5.1 Let the assumptions of Theorem 4.53 hold. Let Qpr be a
bounded open subset of Q°\{0} such that 0 ¢ Qur. Then there exist ey €]0, €|
and a real analytic map Upy from | — epr, enr[xU to C"™(Qyy) such that

Qur C Qfe) Ve €] — enr, enmr| (5.2)
u® (e, ')IW =Up[e, Ene]] Ve €]0, ens] (5.3)

Moreover,
Ur[0,0,0](x) = a°(x) Vz € Qur, (5.4)

where (ﬂi’r, al",u°) is the only solution of the limiting boundary value prob-
lem (4.34) (see Theorem 4.32 (ii)).

Proof. By the second formulas of (4.20) and (4.62), we have

u®(€, x)

= u’le, Z[e, Ep€]], Ci[e, =nlel], Si[e, Enlel]l, Cle, Znlel], ©°[e, Enle]](z)

_.I_
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for all x € Q(e) and € €]0, €[. Then Corollary 3.25 (ii) implies that

u’(e, ) (5.5)
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= vgo [0 )+ n(l0g ko) kg vy, 5107, Enle]], K5]()

& Zaldl), kol (@
e ( Syl — e, ko) S'le, Enlel) (n)dory
ot

+Ce, 2y €] Spn(z — en, ko)eﬁ(n)do—n> vz € Q(e)
o0t

for all € €]0, €/[. Since 0 ¢ Q) and Qy; is compact, 0 has a positive distance

from Qp; and thus there exists ey €]0, €[ such that

Qunr C Qe) Ve € [—en, en].

By equality (5.5), we find natural to define a map Uy from | — eps, epr[xU
to C™*(Qyr) by setting

Unrle, e1,€9](x) = vgo n [O°[€, €1, €2], ko () (5.6)
+7n(log ko) K2~ QUQOJ[@ [e, €1, €], k2] ()

=2 (/ Sy — €1, ko) S'[e, 61,62](77)d0n>
o0
o0

for all (e, e1,€) €] — enr, ear[xU (see Theorem 4.53 (ii)). It clearly suffices
to show that the right-hand side of (5.6) defines a real analytic map from
] — ears enmr[xU to C™(Qyr). By Theorem 3.21 (i), vgh, L] defines a real
analytic map from C™~5%(9Q°) x C to C™%(Q°). Then Theorem 4.53 im-
plies that the map from | — ey, eM[xU to C™<(Q°) which takes (e, €1, €2) to
vgo’h [O°[€, €1, €2], ko] is real analytic. By Theorem 3.22 (ii), 7);2_07][', .| defines
a real analytic map from C™~1%(9Q°) x C to C"™*(Q°). Then Theorem 4.53
implies that the map from | — epy, ea7[xU to C™*(Q°) which takes (e, €1, €2)
to vggoJ [O°[€, €1, €2], ko] is real analytic.

Since Qy; C QO , the first and second summand in the right side of (5.6)
define real analytic maps from | — eyr, exs[xU to C™(Qy).

Since Sy n(x — €n, ko) is real analytic in the variable (z,7,€) in an open
neighbourhood of Qy; x 0Qix] — ey, enr], then by a result of paper [23,
Prop. 4.1 (i)] with Musolino on the properties of integral operators with
real analytic kernel, the map from | — epr, epr[x L1 (9Q%) to C™(Qyy) which
takes (e, f) to the map [y, Sr.n(- — €n) f(n)do(n) is real analytic. Since S'
is real analytic and C™~1%(9Q%) is continuously imbedded into L!(9£2%),
we conclude that the map from | — ey, ex[xU to C™*(Qpr) which takes
(€, €1, €2) to the third summand of the right-hand side of (5.6) is real analytic.
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Similarly, the map from |—eps, exr[x U to C™(€2a) which takes (e, €1, €3)
to faﬂi Srn(-—en, ko)Gﬁ(n)dan is real analytic. Finally, C? is real analytic by
Theorem 4.53. Hence Uy, is real analytic. Moreover, Theorems 4.32, 4.47,
4.53 imply that

Un[0,0,0](x) = v, [6°[0,0,0], ko]
+m(10g ko )y *vgho 5 [©°10,0,0], k7]

+52,nSr,n (-777 ko) ( Sz [07 0’ 0](77)d0n>
ot

+02.1,Srn (2, k,)C'[0,0,0] 911(77)da77 = fugo [670, ko} =4° Vz € Q.
o0t
O

We note that Theorem 5.1 shows that if € Q°\ {0} then for € > 0 small
enough we can expand u°(e, x) into a convergent power series expansion of
powers of € when n > 3 is odd, of powers of €, elog e when n > 3 is even and
of powers of ¢, eloge, log™! € for n = 2.

In this paper, we do not provide the algorithms to compute the coeffi-
cients of the power series expansion of u°(e,x). For this type of computa-
tions, we mention the work of Dalla Riva, Musolino and Rogosin [13] for the
Laplace operator.

A Appendix A: A representation formula for the
solutions of the Helmholtz equation.

Theorem A.1 Letn € N\{0,1}, m € N\{0}, o €]0,1[. Let Q be a bounded
open subset of R™ of class C"™. Let {(27); : 7 €{0,...,k™}} denote the
(finite) set of connected components of Q. Let (27 ) be the only unbounded
one. Letk € C\]—00,0], Sk > 0. If for each j € N\{0} such that j < x~, k?
is not a Dirichlet eigenvalue for —A on (7);, and if k* is not a Neumann
eigenvalue for —A in Q, then the map from C™1%(9Q) to the subspace

Ve =Ly e C™*Q) : Au+ k*u=0 in Q} (A.2)
of C™2(Q), which takes ¢ to vl [$, k] is a linear homeomorphism.
Proof. By the regularity properties of the single layer potential of Theorems

3.21 (i), 3.22 (ii), vg [, k] is linear and continuous. By the Open Mapping
Theorem it suffices to show that v([-, k] is a bijection. If u € V™9, then
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the solvability condition for the Neumann problem under our assumptions
on k and the Fredholm Alternative Theorem imply the existence of ¢ in
C™=1a(99Q) such that —1¢ + Wh[e, k] = % on 0 (cf. e.g., Colton and
Kress [8, Thms. 3.17, 3.20], and the regularity Theorem B.1 (i) in [22]). Then

+
05 [0.k] _ du Since both v;g[gi), k| and u solve

the jump formula implies that —%~ -

the same Neumann problem for the Helmholtz equation our assumption on &
implies that u = v} [¢, k] and thus the map of the statement is surjective. To
prove the injectivity, we observe that if ¢ € C™~1*(9Q) and vi[¢, k] = 0,
then our assumptions on k& and the uniqueness for the exterior Dirichlet
problem with the radiation condition in (£27)¢ imply that vg[¢, k] = 0 in

- +
)~ and that accordingly ¢ = 8v%£?’k] — (%Qa[j’k] =0. O

In case k = 0 (the case of the Laplace equation), the following well known
result holds (cf. e.g., [15, Lem. 3.6]).

Theorem A.3 Let n € N\ {0,1}, m € N\ {0}, a €]0,1[. Let Q be a
bounded open connected subset of R™ of class C"™“. Then the map from
C™12(90)g x R to C™*(Q) which takes (¢, p) to vgy , [#,0] + p is a linear
homeomorphism (cf. (4.11)). ’

B Appendix B: existence and uniqueness theorem
for a linear system of integral equations

We now prove a technical statement that we need in the paper.

Theorem B.1 Letn € N\{0,1}, m € N\ {0}, o €]0,1[. Let Q be a bounded
open connected subset of R™ of class C"™% such that Q0= is connected. Let
a,A, B €]0,+oco[. Let (f,g) belong to C™(9N) x C™ 1¥(9R). Then the
system of integral equations

Va,n[0,0] — CL(VQ,h[”l/J, 0] + Cl) =f on 0N

A(%e + Wb, 0}) + B(%¢ — W L, 0]) =9 on 09 (B-2)

has one and only one solution (6,1, c1) € C™~L(9Q) x C™~12(9Q)y x R.
If faggda =0, then we also have faQ fdo = 0.
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Proof. We first observe that system (B.2) has a unique solution (0,1, c1)
in C™~52(90Q) x C™12(9Q)o x R if and only if the system

Vonl6.0] = (aA/B) (Vaulve, 0 + ) = f on 90

B.3

(%9 + sz,h[evo]) + (%1/’2 - Wstz,h[lliz,o]) =g/A  on o 3
has a unique solution (6,1, c2) € C™12(9Q) x C™~12(90Q)¢ x R. Indeed,
it suffices to set 2 = By/A, ca = Bci/A. Now system (B.3) does have a
unique solution (6,2, c2) in C%*(9Q) x C%*(9Q)o x R by [10, Thm. 11.15].
By exploiting the very same proof of [10, Thm. 11.15] and by replacing
the use of Theorem 6.47 of [10] that concerns case m = 1 with the above
Theorem A.3 that covers case m > 1, the use of Lemma 11.14 of [10] that
concerns case m = 1 with (4.15), (4.16) that cover case m > 1 and Theorem
6.51 of [10] that concerns case m = 1 with [10, Thm. 6.51], [20, Thm. 5.1]
that cover case m > 1 we can prove that system (B.3) has a unique solution
(0,2, c2) in C™~1(9Q) x C™~1:2(9Q)o x R. The last part of the statement
is an immediate consequence of the second equation of system (B.2) and of
equality

/ (;IQ + Wl 0]) [¢ldo = | ¢do  VoeCm¥a0) (B.4)
onN o0

(cf. e.g., [10, Lem. 6.11]). O
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