TESTING FAMILIES OF ANALYTIC DISCS
IN THE UNIT BALL OF C?

By

LucA BARACCO AND STEFANO PINTON

Abstract. Leta, b, ¢ € C? be three non-collinear points such that their mutual
joining complex lines do not intersect the unit ball B and such that the line through
a and b is tangent to B2. Then the set of lines concurrent to @, b or ¢ is a testing
family for continuous functions on S3. This improves a result by the authors and
solves a case left open in the literature as described by Globevnik.

1 Introduction and main results

One of the most striking properties of holomorphic functions in several variables is
that the property of being holomorphic can be checked separately in each variable.
This fact is known as Hartog’s Theorem. Another remarkable property, which
originates from integral representation formulas, is that holomorphic functions
are uniquely determined by their value on smaller sets such as the boundary of a
domain or more generally, a generic manifold (see Section 3 for the definition).
It is natural to ask if these two properties can be combined: Given a continuous
function f defined on the boundary of a domain  C C” such that f is holomorphic
if restricted on a set of complex curves (like the coordinate lines), is then f the
boundary value of a holomorphic function F € Hol(€2) ? This last question needs
to be clarified because the function is defined on a set of dimension smaller than 2n
and so the restriction on complex curves or with respect to a group of variables
might not have sense. We shall denote by D = {z € C| |7|] < 1} the standard unit
disc in C, by D its closure, D its boundary. For a general disc of radius R and
center c we write D, g = {7 € C| |t — c| < R}.

Definition 1.1. An analytic disc in C" for n > 1 is a continuous, injective
map A : D — C” which is holomorphic on D. The set A(SD) is called the boundary
of A and is denoted by dA. We say that A is attached to a set M if 6A C M.
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2 L. BARACCO AND S. PINTON

Definition 1.2. Let M C C" andf : M — C be a continuous function. If A is
an analytic disc attached to M we say that f extends holomorphically on A if there
exists a continuous function F : D — C holomorphic on D such that f(A(7)) = F(7)
for 7 € oD.

We will use the term “disc” for both the map A and also the image A(D). We
will say that a disc is straight or a line if A(D) is contained in a complex line.
Given a smooth domain Q C C” and a function f : 6Q — C, by saying that f
extends holomorphically on a complex line /(7) = at + b, a, b € C" we mean that
if D := {7 € C| l(r) € Q} is a bounded simply connected domain andif¢ : D — D
is the Riemann’s map, then the function f o ¢ : D — C extends holomorphically.
If F is the holomorphic extension of f o ¢, we will refer to the extension of f on the
line [ as the function on the analytic disc A = o ¢ (i.e., on the image of the map A)
f(A(7)) := F(7). Let A C R™ be a set of parameters; a family of discs on A is a
continuous map A : DxA— C", A(z, 4) = A, (7) which is holomorphic in 7.

Definition 1.3. Let A;, 1 € A be a family of analytic discs attached to the
boundary of a domain Q c C". We say that A; is a testing family for C* functions
if the following holds: If f € C*(6Q) extends holomorphically on A, forall 2 € A,
then f is the boundary value of a holomorphic function F € Hol(2) N CX(Q).

It is difficult for general domains to prove that a given family of discs is testing
and it is harder to determine the optimal families (i.e. the smallest possible). A
model case which can help to understand the problem is when Q is the unit ball and
the testing discs are chosen among the linear ones. This particular case has been
widely studied. We mention here the work of [1, 2, 3, 6, 7, 10, 11] and the most
refined version of this case which is in [6]. In that paper Globevnik considered the
family of lines passing through three non-aligned points a, b, ¢ € C? where at least
one of the joining lines (say a with b) meets the interior of the ball. Such a family
of lines is a testing family for continuous functions if and only if a - b # 1 and
eithera-c # 1 or b-c # 1, where - is the Hermitian inner product. Some attempts
have been made by the authors to remove the condition on the joining line (see [5]
and [4]) at the price of requiring f to be real analytic. We note that while in [5] only
two points a, b are needed for real analytic functions if the joining line is tangent
to the ball, for lower regularities this is not true as the following counterexample
shows

Example 1.1. The functionf : S* — C

> _ —1
(1.1) f(z1,20) = (ZZ_I2 _fll)(z1tz+22 - 1)exp(\/1 _Zz)
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is smooth, extends holomorphically on all lines concurrent to (#;, 1) or (z;, 1).
Yet f is not the boundary value of a holomorphic function because it is not CR (see
Definition 3.4). Note that multiplying by extra factors of type (zi# + 22 — 1) we
have a function that extends on lines concurrent to a finite set of points (#, 1). So
the set of lines concurrent to a finite number of points on the same line tangent to
the sphere is not a testing family.

In this paper we want to treat the case when one of the joining lines, say a
with b, is tangent to the unit sphere. In this paper we prove

Theorem 1.4. Let a,b € C>\ B? be two distinct points such that the line
joining a and b is tangent to the unit sphere S® at a point p. Let f : 6B> — C be
a continuous function such that f extends holomorphically on every complex line
through a or b. Then f extends holomorphically on every complex line through p.

As a consequence, we have the following

Corollary 1.5. Leta, b, c € C*\ B? be three points not on the same complex
line and assume that the line joining a and b is tangent to the unit sphere S°. Let
f : @B?> — C be a continuous function such that f extends holomorphically on every
complex line through a, b or c. Then f is the boundary value of a holomorphic
function F € Hol(B?) N C°(BB2).

The proof is inspired by the one in [6]. The paper is divided in five sections:
In Section 2 we introduce a subgroup of automorphisms with which we perform
an averaging procedure on f that allows us to reduce our problem to one complex
dimension. In Section 3 we introduce the CR geometry techniques that we need
in Section 4 to prove that the “averaged” function is 0. With this in hand we will
prove Theorem 1.4 in Section 5 and from this and [6] we have Corollary 1.5.

2 Reduction to a one-dimensional problem

2.1 The group G of preserving automorphisms. It is not restrictive to
assume that a = (¢, 1) and b = (t5, 1) with 7,1, € C\ {0}. In order to simplify
the problem, we exploit the symmetry of the ball and find the automorphisms that
preserve the concurrent lines to a and b. First we recall the general expression of
an automorphism of the unit ball:

Definition 2.1. For anonzero vectora = (a;, a;) € B> we define the projection
overaas P,(z) :=a <|ZC;|‘§> and the orthogonal projection Q,(z) := z — P,(z). We also

define s, = \/1 — |al?, and for a = 0, Py(z) = 0 and Qy(z) = z.
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From [12], if ¢ € Aut(BB?) then ¢ must be of the form

a— Pa(z) - SaQa(Z))

@1 o =u(" T

for some a € B? and some unitary matrix U. Clearly the automorphisms of the ball
are meromorphic maps of C? and they transform complex lines into complex lines.
Because of this we want to find the subgroup G of Aut(B?) of automorphisms that
fix the points of the line z; = 1. We have

Lemma 2.2. The group G is given by
G =, (2) = l-—a [ ‘a = lasemoero2m
az 1— Z252 Zzz__zlz 2 2 ) .

Moreover, the map ® : R - G

DG = »

L+iy
is a group homomorphism.

Proof. We begin by finding those a € B? and U such that ¢ € G. First we
must have by (2.1) that

B wn=o(THO) () e

which gives, by the linearity of P, and Q,, that the denominator of the left-hand
side does not depend on z;, thus a; = 0. We have

(2.3) H(2) = 1 <U11 U12> <—\/1 - |02|211>

1 —zoa, \Uzy Unx a) — 22

and again by (2.2) we have that U is a diagonal matrix hence U, = U, = 0.
Moreover, since U is unitary

—op VTP o1 and oy =1,
Upn®t = and |Uas| = 1.

l—az

We find after elementary computations that

Uz = ,112__5%,
Uy= ©71
2.4) 11 N2

|az|?> — Reas = 0.
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The last equation implies that a; is on a circle of radius
a, = é(l + ¢%). Finally, by (2.3) and (2.4) we have that

b= QﬁJEG'

; and center ; therefore

1 —za

The elements of the group G are in a one-to-one correspondence with the circle C
of equation |a; |?—Rear =0, a» # 1 and there is a bijection between € and R via the
following map: v: R — C,v(y) = l.;il . We check now that ®(y) = ¢,,) is a group
homomorphism, i.e., we verify that ®(y; + y;) = ®(y;) o ®(y;) or equivalently

Boi4v2) = Do) © Puiyy)- We start by considering the fact that, given ¢, € G, then

(1—a)(a—z2)
(1—za)(a—1)"

one zero and such zero coincides with a. If we consider two such maps ¢, and ¢,
in G, we have ¢, o ¢, € G and therefore there exists ¢ such that ¢, o ¢, = ¢.. To
determine ¢ we just have to find the unique zero of the second component of ¢ o ¢,

the second component, which is depends only on zp, it has precisely

which is done by solving

U -dDa-2) _
(a—1)(1 —za)
which yields
2.5) _bla—1)—a(l —a)

Taba-D-1-a
Since a € @ we have |a|?> = Rea and 1 — |a|> = (a — 1)(a — 1). With this identity
we rewrite (2.5) and we have

bla—1)—a+1+|a*>—1 _ b—a

2.6 = _ - = _ - .
(2.6) abla— 1) —1+|al*>+a—lal*> ab—2a+1

We choose a = ,”! =v(y;)and b= ?2 =v(y,) and, replacing these in (2.6), we

1+iy; L+iy,
have " )
1 +y2
= " =v(y1 +y2)
1+i(y; +y2)
and this gives the conclusion ¢,y © Guy,) = Puiyi+vs)- g

Remark 2.3. The group G acts on the sphere S* in the natural way
*:Gx S — S
Puy) * (21, 22) = P (215 22)
and this action has a unique fixed point which is (0, 1). If (z1,z2) € S* then the
orbit under the action x is the boundary of the straight disc passing through (0, 1)
and (z1, z2) except the point (0, 1). Note that lim,_, o v (21, 22) = (0, 1).
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The next step is to take the averages of f on the orbits of the action by taking
the following integral:

fz1,22) = /Rf(¢u(y)(21, 22)) dy.

To make sure that the integral converges we multiply f by a holomorphic func-

tion vanishing to a high order in (0, 1) and nonzero elsewhere. So instead of

considering f we take g(z1, 22)f(z1, 22) where g(z;, z2) = exp( ¢1_—1z2 ).
Proposition 2.4. Let f : S* — C be a continuous function and let f be the

following function:
2.7) fz1,22) 2=/Rg(¢u<y>(Z1,Zz))f(¢u<y>(Z1,Zz)) dy.
Then f is a continuous function on S* \ {(0, 1)} and G invariant:

fop=f Voped.
Moreover, if f extends holomorphically on the family of lines through a point
(t,1), t € C, t #0, then so does f.
Proof. First we note that the integral in (2.7) converges. To prove that, it is
enough to check the behavior of the integral for y — oo. Since
_ k4| y(z—D+z
o1, 22) = (iy(22 — D+ iy —D+1 )

we see that it tends to the point (0, 1) for y large with a ; rate, in fact:

21 iz —D+z2

+]z0 — 1 +1]z0 — 1
H( B )_(0’ 1)H < lal+lz =11zl + 2 — 1
Vzo—D+1 iy(zp—1+1

T+ =Dl T Iyl —x2)

Therefore the integrand function in (2.7) is dominated by exp(—lylé) and so the
integral converges and, moreover, £ is continuous in S* \ {(0, 1)}. If bvy) (21, 22) 1s
a point in the G-orbit of (z1, z2) then, because @,y 0pu(y,) = Pu(y+y,), ONE sees that

F(@vop(z1,22)) = /R 8Dy (@1 2 (Do) (215 22)) dy = f(z1, 22).

If A is a straight disc through a point (¢, 1), then ¢,(,)0 A is a straight disc through
(t, 1) (because ¢,y fixes (¢, 1) for all y). If f extends holomorphically on every
straight disc through (z, 1), for one of such discs A and for all n € N we have

/ P FA(D) dr = / / 2 (o (A() dyde
O0A oA JR

:// T"fg(¢u(y)(A(1:)))dey:0;
RJOA

the last equality holds because fg extends holomorphically on the disc ¢, (A) for
all y. So f extends holomorphically on A. (]
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Since, by Proposition 2.4, f is constant on the G-orbits we have that f in-
duces a function on S® /. Since each orbit can be identified with a complex line
through (0, 1) we can use the “complex slope” ¢ = z;il of this line as a coordinate
for S? /. Therefore, we define h(¢) := f(z1, z2). Note that ¢ = 0 corresponds to the
line z; = 0 and we associate to the line z; = 1 the symbol ¢ = co.

Proposition 2.5. Iff extends holomorphically on all lines concurrentto (t, 1),

then h extends holomorphically on the family of circles centered at _t—l

Proof. Since the map {(z1,22) = | is holomorphic, if f extends holomor-
phically on a disc A then /4 extends holomorphically on the image disc ¢(A). We
determine now the image under the map ((z1, z2) = _*! | of the discs through (7, 1).
Leto = (v1, vy) be a unitary complex vector and let 7o +(z, 1) be the complex line
through (¢, 1) and parallel to » . The intersection with the unit sphere yields the
circle in the 7-plane of equation |z|? + 2Re(7(v11+v2)) + |£|> = 0, which has center ¢

and squared radius R?*:
(2.8) c=—(ir+0), R = o t+0 2> — |1

we call this circle C. g. We see that to this disc there corresponds a circle in the
¢-plane by

(2.9 S(ro +(0, 1)) = =

t+1, vy t /1
*
T02 (%) 125

), T€E GC,R'

T

Since the inversion i transforms a circle of center ¢ and radius R to a circle of
c R
le|>— |R2—|c|?|’

—1 .
{-plane of center - and radius

center r and radius by (2.8) we have that (2.9) gives a circle in the

\/ 0212(1 — |1]2) + 2Re(0 102)

[vat|?

Clearly if v, is small the resulting radius tends to oo, therefore by continuity we
have all circles centered at _t—l . (]

2.2 Behavior of & at infinity. Clearly f is continuous on S* \ (0, 1)
and f(O, 1) = O because, when z; = 0, zp = 1, the integrand function in (2.7)
is identically zero. Since f is constant on the G-orbits it cannot be continuous
in (0, 1) unless it is constant. We can prove that the induced function # is continu-
ous and infinitesimal at co

Proposition 2.6. If f : S* — C is continuous, then for the corresponding
function h we have h(¢) = O (|¢]e™1) .
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Proof. Since ¢ = Z;ll we have to prove that h(zzzll) = f(z1, z2) is small
when |Z;11 | is large. We begin with

1—2

2.10)  |f(z1, )| < /ngf(qﬁu(ymdyﬁ C/R\exp(—\/iy(zz_ I)H)’dy

where C = max f. If we put z, = x, + iy, the last integral in (2.10) is equal to
1 —xy+iy .
- - d
/R‘GXP( \/(1—x2)2+)’% zy)‘ '

2.11) B 1—x
‘/R e"p<_ =np+s ”y>

_a(zz)
To estimate this last integral we consider the real part of the complex square root

dy.

inside the exponential (for short we write a instead of a(z)):

+
Re\/a+iy:(oc2+y2)}tc Sarg(a ly) \/a+\/a2+y

so the integral becomes, after another change of variable,

frew (=3 ()
o =/Raexp(—\/;\/l+\/l+y2)dy
< [aew(=\5visnl)ars [aexn (= A vim)a

< ae” Y /Rexp ( - \/ozzlyl) dy,

and if « is large then the integral is uniformly small. If (z;,z2) € S is such that
| Z'll > M we have

2 + 2 - 1,
013 {|zl| 22|

21> > M?|zo — 117

from (2.13) it follows that (M? + 1)|z5|> — 2M?x> + M?> — 1 < 0 and this implies

1 —x M +1

2.14 > :
@19 |22 — 1]? 2
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which is a(z) > M22+1. Therefore, for |¢] > M, let (z1, z2) be such that ¢ = %'

by (2.14) and (2.12) we have

(2.15) h(Q) = flz1, 22) = Ooo(Me™).

3 CR Geometry

We recall here some definitions about Cauchy—Riemann geometry (in short CR)
that we shall need. This language is important when describing the structure and
properties of real submanifolds in a complex space. First we recall the definition
of the complex structure J:

Definition 3.1. In C" with coordinates z = (zy, ..., Zn) = (X1 +iV1, . . ., Xp+iVy)
the standard complex structure is the linear map J defined on the tangent bundle
J : TC" = TC" such that J(0,,) = 8y, and J(0y,) = —0y, for 1 < h < n.

Since J is an anti-involution, J> = —Id, we have that J has two complex
eigenvalues =i. This induces a decomposition on C ® 7,C" =~ T}-°C" @ T>'C" of
holomorphic and anti-holomophic vector bundles.

a,-e(C}

n
TS’I(C” = {Za,@zl a; € (C}
i=1

Definition 3.3. Let M C C” be a real submanifold. The complex tangent
space of M at a point z is

Definition 3.2. We define

n
THC" = { S aid,

i=1

and similarly

TEM = T.M N JT,M

which is the largest complex space contained in 7M. We say that M is a CR
manifold if T;CM has constant dimension for z € M. In this case dimc 7€M is
called the CR-dimension of M. If the CR-dimension of M is O then we say that M
is totally real.

We say that M is generic if T_M +JT.M = TC!, and we say that M is maximally
totally real if it is totally real and generic.
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We want to introduce the anti-holomorphic tangent bundle of a CR manifold:
this is the bundle of anti-holomorphic vectors that are tangent to M,

T¢'M = (C® TM) N T>'C".

Example 3.1. We recall here that manifolds of co-dimension 1 are generic
CR manifolds and that R* — C” is a maximally totally real manifold.

Analogously, we define 7'M := C ® TM N T"-°C". It is easy to check that
if M is a CR manifold, then 7% M is a bundle whose complex dimension is equal
to the CR dimension of M and, moreover, we have C ® T°M = T%'M & T'°M.
We define now the CR functions which are a natural generalization of holomorphic
functions:

Definition 3.4. A C! function on a CR manifold M, f : M — C, is said to be
CR if for all vector fields X € T%!'M we have Xf = 0.

The above definition can be easily extended in a weak sense, using distributions,
to continuous functions. All results on CR functions that we shall use hold for this
weaker notion. If M is a CR manifold with boundary, N, we say thatf : M — C
is CR if it is continuous and CR in the interior of M. Restrictions and boundary
values of holomorphic functions are CR functions; in contrast, not all CR functions
are restrictions of holomorphic ones. Whether a CR function has this property has
been widely studied, and it has been proved that a crucial role is played by TCM
and by its integral manifolds. In general the bundle 7€M is not integrable, so we
give the following

Definition 3.5. A CR manifold M is called Levi-flat if the bundle T®M is
integrable. The integral leaves of TCM, which are complex manifolds of dimension
equal to the CR dimension of M, are called Levi-leaves.

A continuous function on a Levi-flat manifold is CR if and only if its restric-
tions on the Levi-leaves are holomorphic. Levi-leaves play an important role in
propagation of regularity, but we will return later to this point when we need it.
We will need the following tools from CR geometry and for our considerations all
manifolds will be assumed smooth.

Definition 3.6. We say that a CR manifold M’ is attached to M at a point
z € M in direction X € T,C" if, in a neighborhood of z, M’ is a manifold with
boundary M, X is tangent to M’ and X points inside M’. A CR function f on M
extends CR at z € M in a direction X if there exists a CR manifold M’ attached
to M in direction X and a continuous CR function ¥ on M’ such that F|y; = f.
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When M is a hypersurface, a manifold M’ attached to M corresponds to one
of the two components in which the ambient space is divided by M. In this case,
the vector X points inside the component. Definition 3.6 can be extended to CR
manifolds with generic boundary.

Definition 3.7. Let M be a CR manifold with boundary N, z € N a point,
X e T,C" \ T;M a tangent vector. We say that a manifold M’ is attached to M U N
in direction X if M’ is a CR manifold that locally around z is a manifold with
boundary N such that X is tangent to M’ and points inside M’.

This definition has been introduced in [13] to describe the propagation of CR
extension on CR manifolds with boundary. It turns out that CR curves, i.e., curves
whose velocity is in TCM, are propagators of CR extension. If y : [0, 1] = M is a
curve with end-points py = y(0), p; = y(1), such that € T®M, and if f CR-extends
at po in direction Xy, then f CR-extends at p; to a direction X; which is related
to Xo. The relation between X and X; is strong and evident on the components
complementary to a certain subspace. Namely, let S C M be the smallest manifold
which contains all the CR curves through py, the so-called CR orbit of pg. We
have dimeg S = dimeg M; if pg € S then the entire curve y C S. We introduce the
following bundle

Definition 3.8. Let M be a CR manifold with generic boundary N, SC M aCR
manifold with boundary Sy C N such that dimecg M = dimeg S. If z € M we define

T.C"
(3.1 &, = ¢
T.M +JT.S
and, forz € N,
T.C"

T TN 4TSy
Note that since N is generic we have, on points of N, TN + JTSy = TM + JTS so
we can keep (3.1) as a definition for & at boundary points. It turns out there exists
a partial connection and a parallel displacement IT on this bundle which relates the
classes of Xy and X; in &.

Theorem 3.9 (Tumanov). Let M be a CR manifold with generic boundary N
and let S C M be a CR submanifold of M with boundary So C N such that
dimcg M = dimcg S. Let py and py be two points in M U N joined by a CR curve
y:10, 11— MUN. Suppose that f CR-extends at py in direction Xo. Then there exists
for every € > 0 a manifold M" attached to M U N at py in direction X such that

(3.2) ITL, ([XoD) — [Xillls, <€

P —

and f CR-extends to M".
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Remark 3.10. If M in Theorem 3.9 is a Levi-flat hypersurface we have that S
is a Levi-leaf, therefore TS = T°M = JTS which in turn implies &, = TT(A:/IH = N(M),
the normal bundle which has real dimension 1. Moreover, since S is cc;mplex every
curve y in S is CR. The description of I in [13] is possible, and easier, by means of
its dual IT* which is realized in the following way: Since & = .4.*(M) this space
can be identified with the holomorphic 1-forms whose real part vanishes on 7,M.
This bundle is generated by or where r is an equation of M. Since M is Levi-flat it
can be shown that & is itself a CR manifold in 7*C" and that for any CR curve y
there exists a lift y*(¢) = (y(2), A(#)or(y(¢))) which is a CR curve in &*. Thanks to
this, we can express a duality relation between X, and TT1([Xj]),

(3.3) (ry*(1), I, ([XoD)) = c(»)(y"(0), Xo),
where c(y) is a positive constant (for details see [13] and the references therein).

Remark 3.11. If M is a Levi-flat CR hypersurface in C?> whose equation is
r = Re(g(z1, z2)) = 0 where g is a holomorphic function, then the Levi-leaves are the
complex curves g(z, z2) =iC for C € R. Every leaf has a holomorphic lift to .4 (M)
which is given by (zi, z2; 0r(z1, 22)) because dReg(z1, z2) = 0,,8dz + 0,8d7> is
holomorphic. Therefore, .4*(M) is foliated by complex curves. Let y be a CR
curve in M; this will be contained in a Levi-leaf, the lift y* can be easily computed:

Y (D) = (@), 9g(y (D).

4 Proof of main theorem

In this section we consider the following complexification of C:

Definition 4.1. Let C be the complex plane with coordinate ;. We define the
map

1:C — C?
=GO

which embeds the complex plane C into the maximal totally real set

A={ 0, eCh.

In the complex plane for every circle €. g of equation | — c|? = R* we consider
its complexification in C? which is obtained by replacing E with # in the equation
(—c)(n—oc)= R?. The intersection of this quadric with A is 1(C. r). We identity
the disc D, r, whose boundary is C. g, with the part of the quadric that projects
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over it, which means that for 0 < | —c| < R we take 7 = c+ (R_z .- Note that in this
procedure the center of the disc is sent to co and the boundary circle C, z is sent
to 1(C. g). We denote

2

D, & :={(5,E+CR_C) L0 <|0—cl SR}.

If h : C —» C extends holomorphically from the circle C. g, then we define the
extension on ]D)E g in the following way:

- 1 h(w) C
h = dw f D z.
<& i /m_ﬁ w—¢ w for({n) € Dog
Note that 71((, E) = h(¢) for ¢ € C.g. Since the function & that we are consider-
ing extends holomorphically on families of concentric circles, we introduce the
following set:

Definition 4.2. Let ¢ € C. We define

C
4.1) M. = | D
R>0

Remark 4.3. If R; # R, then it is easy to check that DERI N DSRZ = 0.
Therefore if h extends holomorphically on the family of circles centered in c,
then the extension % is well defined on M,.. We note that two circles with dif-
ferent centers may have non-trivial intersection. Let C., g,, C., g, be two circles.
Then ]D)fl R’ N Di, r, contains at most 2 points; in fact taking the intersection of the
quadrics

¢ —c)(n—c)=R}

4.2) _
(C—c)—c2)=R3

we have that ¢ has to satisfy the following equation
(4.3) (€1 — ) +RT —R3 — (€1 — ca)(c1+¢) +(c1 — Ea)ercr +Rey — Ry = 0,

which has only two solutions (if ¢; # ¢3). If the circles C., g,, Cc,.z, intersect at
{1, &> then the solutions of (4.2) will be (¢7, Ei), i=1,2. In order for DE,RI , DE,RZ
to have non-empty intersection outside A, the corresponding solutions of (4.3)
must lay inside the circles bounded by C, r,, Cc,.z, and this happens if and only if

one of the two circles surrounds the other (see [15, 6]).

Proposition 4.4. The set M.\ {(c, ¢)} is a Levi-flat hypersurface with bound-
ary A\ {(c, o)}
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Proof. We first note that M, is contained in the subset of (¢, #) € C? such that
C—o)n—c)= R? for some R. This in turn yields

(4.4) M. C {(,n) € CPlIm((¢ — e)(n — ) = 0}

and the right-hand side is a Levi-flat hypersurface in C? except at the singular
point (c, ¢). Therefore, where M, is a manifold it is Levi-flat. A point (¢, ) is
in M, if and only if

(¢ — ¢)(n — c) is real and non-negative,

(4.5) _
Ic =l < (=)= o).

Where the second inequality is strict, we have that M, is charted by the following

map
R2

&R — (C,c+ C—C)

which has rank 3, therefore at those points M, is a manifold. The boundary of M,
is given when equality holds in the second equation of (4.5); this happens only at
points where 7 = ¢ which is A\ (c, ©). O

In the sequel, we will adopt the following convention: for ¢ € C we set
re =Im((¢ — ¢)(n —¢)) and g.(¢, ) = (¢ — ¢)(5 — ¢) so that at regular points a local
equation for M. is r. = 0. In the next proposition we want to study the intersection
of two of such manifolds. It is not restrictive to consider the intersection of M,
and M, because the general case can be easily reduced to this one.

Proposition 4.5. The intersection My N\ My = AU T where
T={CmMeR| (<0, n<or (=1, 1=}

The two manifolds are transverse at /\ except along the points (t,t) fort € R.

Proof. We begin by computing the intersection of M, and M;. Every point of
the intersection can be found as the intersection of two of the quadrics that form M
and M;:

¢n=Ri,

-1 —1)=R?
4.6) (¢C—Dn—1)=Rs,

¢l < Ry,

I —1] < Ro;

after replacing ¢# by R? in the second equation we have that —¢ —n = R3 — R3 — 1
which implies that ¢ = 7+iu and 5 = s—iu have opposite imaginary parts. Replacing
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these in the first equation, since ¢# has to be real, we have (¢ — s)u = 0. We have

either

“4.7) t—s=0 whichimplies = ¢
or

4.8) u =0 which forces ¢, # € R.

If (4.7) holds, then we get the points of A that we know belong to the boundary
of My and M,. If ¢, n € R, we have by (4.6) that ¢? + (R3 — R} — 1)¢ + R2 = 0.
From this equation we see that for only one of its roots || < R;. To have real
solutions, it must be that (R3 — R — 1) > 4R3. If RZ — R} — 1 > 0, we find
R3 — R? — 1 — 2Ry > 0 from which follows

4.9) Ry > R+ 1.

If instead R3 — R? — 1 < 0, it must be that (R; — 1)?> > R3 from which follows
(4.10) Ri—1>R, or Ri+R, <1

If (4.9) holds, then we find that

Ry +1—R+\/(R+ 1R} — 4R}

(_ s

4.11) 2
R +1—R3— /(R +1 — R} — 4R}
n= ;

2

and this solution also satisfies the last inequality in (4.6). Collecting all solutions
obtained in this way by varying R, R, we get the region ¢ > 5, ¢ < 0. If (4.10)
holds, the solution to (4.6) is

R +1—R — /(R +1— R3? —4R]

C_ 2 s
4.12)
R +1— R+ (R} + 1 — R3)? — 4R}
7= :
2

while for R; + R, < 1 there are no solutions. Collecting all points of this kind, we

have the region ¢ > 1, ¢ < 7. The interior of M has equation rg : <"7*" = 0 whose
complex differential is oro = 7 d¢ + ‘; dn, and similarly for M; we have
— D= == Dn—1 —1 —1
rl:(C ) —1) .(C (1 )=0 and or =" d(+C dn.

i i i
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At points of type (¢, ) € A the tangent space of My is T-5Mo = T-50 @ (X)
where X is a complex tangential vector to My at (&, E) We have that Reor( vanishes
on TM, and 0Ory vanishes on X. Similarly, for M; we have T 3M, = T(- 5 A & (Y)
where Y is a complex tangent vector to M| at (¢, ¢), so if drg and or; are independent
at (¢, E) we have that TM, and TM, are transverse. This happens if

n ¢
n—1 ¢—1

At points (¢, ¢) where Im¢ # 0, M and M, are transverse. If ¢y € R, we have that,
in (o, o), Mo and M, have the same tangent space. In this case, we consider the

=—n+¢#0.

two circles Co |, and Cy,;,—1. The complex quadric Ggl «| has the equation

_ &
(4.13) 1="0 1< lal

and we see that the complex tangent direction to My is given by (—¢o, o). Similarly,
by the same computations on the circle G‘EI co—1)» We see that a complex tangent
direction to M is given by (—¢o + 1, &o — 1). We notice that for (p < O or & > 1
the two manifolds lay on the same side of the edge. If instead 0 < ¢y < 1, then M
and M, lie on opposite sides of the edge. ([l

We have this proposition on /:

Proposition 4.6. Let c;,c; € C with ¢y # ¢, h : C — C be a continuous
Sfunction such that: h extends holomorphically on every circle centered at c| or c3,
and h({) = OOO(Ig“le_|C|). Then h is an entire function and hence h() = 0 for all ¢.

Proof. The proof of this proposition is divided in 3 steps which aim to prove
that 2 is holomorphic and hence O by Liouville. It is not restrictive to assume
that c; =0 and ¢, = 1.

Step 1. Extension of 4. Since & extends holomorphically on all discs
centered at 0 and 1, we have that & defines an extension &y on M, and another
one h; on M. Since My and M, have non-trivial intersections, further analysis is
needed for these points. Inside My N M; there is A \ {(0, 0), (1, 1)} and at these
points the two extensions match because for both 71((, E) = h(¢). The other points
outside the diagonal will be treated in Step 3 of the proof. Outside the intersection,
a continuous function 7 : (Mo U M) \ (My N\ M;)) U A — C is well-defined, and
moreover is CR. We note that at points (o, Eo) with Im¢y # O the function h|a
extends to be CR on the two transverse manifolds M, and M by Proposition 4.5.
Consider the complex curve }D)é)c’l o) € Mo which is the CR orbit of (¢, C_o) inside M.
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We have that / is a CR function on M, and we have that 7 CR-extends at (%o, 4:0) in
direction Y ({p) = (—¢o+1, EO —1). By [13] this extension propagates on the points
of Dy, in Mo. This means that since M is a hypersurface in C2, for all points
& n e ]D)i():, o) there exists a neighborhood Uy, and a holomorphic function H
defined on one of the two components of U,y \ My, continuous up to the boundary
and such that A UMy = h. The side of extension depends continuously on the
initial direction Y(¢o) at (¢o, (o). Let y be a real curve inside }D)gJ s connecting
(¢0, ¢o) to (&, ). By Remark 3.11 and by (3.3) if orp is a non-vanishing conormal
of My, the sign of Re(dry(¢, i), II[Y,]) is the same as Re(6ro(o), Y (o). We can
repeat the same procedure by choosing a different initial point on ]D)S 1ol A In
this case we choose ((pe”, foe™), and we have

) . _ . o 1 - . )
Y(0e) = (—coe? + 1, 0™ — 1) and  oro(oe”, coe™) = i(goe—"’, Zoe').

—i6

If we then take Re(0rg, Y) = Coe

of both signs which means that at every point (¢, ) € Dg, o) the function h extends
to both sides of My, thus & extends holomorphically to a neighborhood of (¢, ).

0 . .
; <" we see that for different 8 it assumes values

Since we can repeat the same argument for all circles of the family, we get that &
extends holomorphically to a neighborhood of (Mo U My) \ (Mo N M)).

Step 2. Analytic continuation to M, N M,. We notice that &, extends
holomorphically in a neighborhood of My \ (Mo N M;). Using again propagation
we have that & extends holomorphically to a neighborhood of My \ A. We note
that near a point of A \ {(0, 0)} the set Mj is bi-holomorphically equivalent to a
half hyperplane in C2. By a change of coordinates

wy ={n
w» =i10g(g)

we have that M, is equivalent to Im(w;) = 0, Im(w;) > 0. By the classical “local
Bochner’s tube” (see [8], [13]) we have that ho extends holomorphically to a
wedge Wy with edge A\ (0, 0). Note that My \ A is contained in the interior of Wj.
Similarly, the same holds for /2; which extends holomorphically to a neighborhood
of M, \ A and near the boundary to a wedge W; with edge A \ {(1, 1)}. By
Proposition 4.5 My N M| = AU T is a connected set, and o = hy on A. The other
points of the intersection (¢, ) € T C R? are in the interior of My and M, and
on these points we have to prove that these two extensions match. Let (7, #) € T
which means that either ¢ > 1and # > ¢ or ¢ < Oand n < ¢. Let us take a point of
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the first kind, and consider the curve y (1) = (57, (1 =) +tn) for 0 < ¢ < 1 which
joins the point (¢, #) to the edge A. We note that in a neighborhood of the point
(7, n) € A the function & extends to a holomorphic function in two wedges Wy
and Wy. Since y () € Wo N W, for 7 close to 1 this shows that there is a
wedge V with edge a small neighborhood of (7, #) in A and contained in Wy N'W;.
It follows that on V the functions A and 7; are holomorphic and have the same
value at the edge, hence they must coincide on V. By analytic continuation g = /1
on the whole connected component of 7 that contains (¢, #). This proves that 7
and 71, coincide on T. We call again 7 the so defined function on My U M.

Step 3. Extension of / outside M, U M;. In this part of the proof we aim
to prove that / really depends only on ¢ and hence that 4 is holomorphic. To this
end, we follow the idea of [15] and exploit Hans Lewy’s technique: For every ¢
andj=0,1 let

E; ={n e C|( n) € M}

and E¢ := Eg U Ef It is easy to see that E, is made of two half-lines issued from c.
We have

(4.14) (¢, ) € My if and only if = A¢ for some A > 1

and similarly

(4.15) (¢&,m)eM;ifandonlyifn=1+ A(E— 1) for some 4 > 1.

Now E¢ divides the plane in two regions, and we put the orientation on E¢ as the
boundary of the region containing the real line. With this choice of orientation we
define for (¢, n) € Mo U M,

1 h(,
(4.16) Fem=_ . / & ©) 4y,
27l Jpe w—7
We note that the integral converges in spite of the fact that E¢ is not bounded; in
fact, for instance, we have that on Eg

- - 1 h(t) i

W=, [ de = 0™
278 Jyg=vaie) T = ¢

and the last equality follows from (2.15). This is enough to ensure that the integral

converges. Clearly F is holomorphic in #; it remains to prove that it is holomorphic

in ¢. To this end, we adopt the technique of Hans Lewy to prove the holomorphic

regularity of F by the Morera theorem. For (¢o, 70) ¢ Mo U M1, keeping # fixed,
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let y(¢) = ¢ + ge" be a small circle in the ¢-plane in a neighborhood of ¢ and let I’
be the disc with boundary y. We consider

7
4.17) / F(& no)de = / de [ "™ g
b Vs

EC W — 1o

and prove that this integral is 0. We decompose E¢ = Eg U Ef and treat each part
separately. Let
. (1)
vet= |J E)
0<t<2m

be the set parametrized by
@0 : [0,27] x [1,+00) = V5, go(t, s) = (c + ge”, s(c + ee™™))

and we put on V** the orientation induced by ¢¢. Let 1(I") be the disc in A charted
by (&, 0), ¢ € T. We have that V5 U «(T) is a boundary in M, which means that
there is Wy C M, such that oW, = 1(I') U V. This set W is foliated by complex
leaves in the following way: for every R let {7 = R? be the equation of one of the
complex leaves forming M. We study the intersection of this leaf with :(I") U Vg’g;
we have (¢, ) € Vi© if and only if

R*  Ri(c+ee™™)

= ‘ with |c + g€ |* < R?.
c+¢ell lc + eel|?

C=c+ee, n=
We see thatif R?> > |c|*+&? we get a curve which bounds the disc |¢—c| < &, n = IZ“
the disc is contained in M. If |c|?> — &% < R? < |c|* + &2 the intersection of the
complex curve (7 = R* with V{* is an open curve whose end-points are in A. We
close this curve with an arc of the circle (7 = R?, = (_ which is inside (I"). By
Stokes formula we have

(4.18) /d(/" hlg, w) dw—// hlg, w) dgdw:/ a_(h(g’ w))d[du)=0
y E; W — 1o u1) W — 1o Wo ~W—7Ho

where the last equality follows because H is CR on M,. For the same reason we
have a similar formula for Ef and since the term of integration on 1(I") appears on
both terms, we have

(4.19) / / ) iy / EW) gy — / WEW) oy =0
E W — 770 Vo W — 1o v W — 1o

which proves that F' is holomorphic in ¢ and #. We note that in (4.16), when ¢
tends to the real axis, for ¢ > 1 or ¢ < 0, we have that the two lines Eg and Ef
overlap, hence F tends to 0. Since F tends to O on a generic subset, we have that
is identically 0. By the Plemelij—Schotty formula, we have that  is 0 on My U M,
and hence h(¢) = h(¢, ) =0 V¢ . (]
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Remark 4.7. We note that in the proof of Proposition 4.6 the condition
h = Ox(|¢]e™1 is used to prove that & is holomorphic. Namely, in the integral
that defines the auxiliary function F in formula (4.16), the vanishing of % is required
in order for this integral to converge. The authors do not know if this condition
can be removed.

S End of the proof of Theorem 1.4

We need the following

Lemma 5.1 (Phragmen—Lindelof on a sector). Let U be the half plane
Re(w) >0. Let h be a continuous function on the closure of U and holomorphic
on U. Assume there exists two constants C > 0 and o. < 1 such that

|h(w)| < Ce™”  forall w e U.
If |h| < 1 on the imaginary axis then |h| < 1 on U.

For a proof we refer to [9].

Proof of Theorem 1.4. By Proposition 4.6 we have that for all (z1, zp) € S?

a (22— 1) B
G- /Rgf(iym—1>+1’1+iy<zZ—1>+1)dy‘0'

. . . . . . 1
We can rewrite this integral using the following change of variable t = a1t

= ((Zz_ll)r — 1) and di = —TZ(Z;_I)dr. The imaginary line in the

(-variable is mapped to a circle € through O in the r-variable, and we have

from which ¢

/egf(leal'f'(Zz—l)T)( )dr:O.

(2 —1)

If we apply the same reasoning to (zo — 1)*f(z1, z2) we have that
(5.2) / gf(tz1, 1+ (2 — Do)z — D2 dr =0,
e

and since (5.2) holds for all k, we have that gf extends holomorphically on the
disc through (z1, z») and (0, 1) for all (z;,22) € S*. To prove that f extends
holomorphically we have to divide by g. Let A, : D — B? be the straight analytic
disc through (0, 1) and z = (z1, z2) such that A,(1) = (0, 1) (we assume that A (7)
is linear in 7). Let gf(A.(1)) = F(z) for ¢ € & where F € Hol(D) N C%(D). We
consider the function on D defined by f(7) := g(ii?r)). We have that f is continuous
on D\ {1} and thatf(7) = f(A,(7)) for € D\ { 1}. It remains to prove that f extends
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w—1
w+1

which interchanges the unit disc D with the half-plane Re(w) > 0 and sends 7 = 1

1
1 AL
e Ao = Cie , it follows that

continuously at 1. To this end, we consider the change of variable 7 = ¢(w) =

to 0o. We note that since

1
[f(p(w))| < Cze“2I*

where C;, C; and C3 are constants. Since fis bounded on D\ { 1} by the supremum
of f we have by Lemma 5.1 that f(¢(-)) is uniformly bounded on the closed half-
plane, hence f is uniformly bounded on D. It follows that f has a boundary value
on JD which coincides with the continuous function f(A,(r)) and we have the
conclusion. O

Thanks to Theorem 1.4 we are now in position to apply [6] and prove Corol-
lary 1.5.

Proof of Corollary 1.5.  After a rotation, assume that p = (0, 1). By
Theorem 1.4 we have that f extends holomorphically on the lines concurrent to p.
The line joining p and c intersects the ball B, so we can apply Corollary 1.3 of [6]
and so f is the boundary value of a holomorphic function F € Hol(B?). (|
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