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Abstract. Let a, b, c ∈ C2 be three non-collinear points such that their mutual
joining complex lines do not intersect the unit ballB2 and such that the line through
a and b is tangent to B2. Then the set of lines concurrent to a, b or c is a testing
family for continuous functions on S3. This improves a result by the authors and
solves a case left open in the literature as described by Globevnik.

1 Introduction and main results

One of the most striking properties of holomorphic functions in several variables is
that the property of being holomorphic can be checked separately in each variable.
This fact is known as Hartog’s Theorem. Another remarkable property, which
originates from integral representation formulas, is that holomorphic functions
are uniquely determined by their value on smaller sets such as the boundary of a
domain or more generally, a generic manifold (see Section 3 for the definition).
It is natural to ask if these two properties can be combined: Given a continuous
function f defined on the boundary of a domain � ⊂ Cn such that f is holomorphic
if restricted on a set of complex curves (like the coordinate lines), is then f the
boundary value of a holomorphic function F ∈ Hol(�) ? This last question needs
to be clarified because the function is defined on a set of dimension smaller than 2n

and so the restriction on complex curves or with respect to a group of variables
might not have sense. We shall denote by D = {τ ∈ C| |τ| < 1} the standard unit
disc in C, by D its closure, ∂D its boundary. For a general disc of radius R and
center c we write Dc,R = {τ ∈ C| |τ − c| < R}.

Definition 1.1. An analytic disc in Cn for n > 1 is a continuous, injective
map A : D → C

n which is holomorphic onD. The set A(∂D) is called the boundary
of A and is denoted by ∂A. We say that A is attached to a set M if ∂A ⊂ M.
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Definition 1.2. Let M ⊂ C
n and f : M → C be a continuous function. If A is

an analytic disc attached to M we say that f extends holomorphically on A if there
exists a continuous function F : D → C holomorphic onD such that f (A(τ)) = F(τ)
for τ ∈ ∂D.

We will use the term “disc” for both the map A and also the image A(D). We
will say that a disc is straight or a line if A(D) is contained in a complex line.
Given a smooth domain � ⊂ C

n and a function f : ∂� → C, by saying that f
extends holomorphically on a complex line l(τ) = aτ + b, a, b ∈ C

n we mean that
if D := {τ ∈ C| l(τ) ∈ �} is a bounded simply connected domain and if φ : D → D
is the Riemann’s map, then the function f ◦ φ : ∂D → C extends holomorphically.
If F is the holomorphic extension of f ◦φ, we will refer to the extension of f on the
line l as the function on the analytic disc A = l ◦φ (i.e., on the image of the map A)
f (A(τ)) := F(τ). Let � ⊂ R

m be a set of parameters; a family of discs on � is a
continuous map A : D̄ × � → Cn, A(τ, λ) = Aλ(τ) which is holomorphic in τ.

Definition 1.3. Let Aλ, λ ∈ � be a family of analytic discs attached to the
boundary of a domain � ⊂ C

n. We say that Aλ is a testing family for Ck functions
if the following holds: If f ∈ Ck(∂�) extends holomorphically on Aλ for all λ ∈ �,
then f is the boundary value of a holomorphic function F ∈ Hol(�) ∩ Ck(�).

It is difficult for general domains to prove that a given family of discs is testing
and it is harder to determine the optimal families (i.e. the smallest possible). A
model case which can help to understand the problem is when � is the unit ball and
the testing discs are chosen among the linear ones. This particular case has been
widely studied. We mention here the work of [1, 2, 3, 6, 7, 10, 11] and the most
refined version of this case which is in [6]. In that paper Globevnik considered the
family of lines passing through three non-aligned points a, b, c ∈ C

2 where at least
one of the joining lines (say a with b) meets the interior of the ball. Such a family
of lines is a testing family for continuous functions if and only if a · b �= 1 and
either a · c �= 1 or b · c �= 1, where · is the Hermitian inner product. Some attempts
have been made by the authors to remove the condition on the joining line (see [5]
and [4]) at the price of requiring f to be real analytic. We note that while in [5] only
two points a, b are needed for real analytic functions if the joining line is tangent
to the ball, for lower regularities this is not true as the following counterexample
shows

Example 1.1. The function f : S3 → C

(1.1) f (z1, z2) =
( z̄1 − t̄1

z̄2 − 1

)
(z1t̄2 + z2 − 1) exp

( −1√
1 − z2

)
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is smooth, extends holomorphically on all lines concurrent to (t1, 1) or (t2, 1).
Yet f is not the boundary value of a holomorphic function because it is not CR (see
Definition 3.4). Note that multiplying by extra factors of type (z1t̄k + z2 − 1) we
have a function that extends on lines concurrent to a finite set of points (tk, 1). So
the set of lines concurrent to a finite number of points on the same line tangent to
the sphere is not a testing family.

In this paper we want to treat the case when one of the joining lines, say a

with b, is tangent to the unit sphere. In this paper we prove

Theorem 1.4. Let a, b ∈ C2 \ B2 be two distinct points such that the line

joining a and b is tangent to the unit sphere S
3 at a point p. Let f : ∂B2 → C be

a continuous function such that f extends holomorphically on every complex line
through a or b. Then f extends holomorphically on every complex line through p.

As a consequence, we have the following

Corollary 1.5. Let a, b, c ∈ C2 \ B2 be three points not on the same complex

line and assume that the line joining a and b is tangent to the unit sphere S
3. Let

f : ∂B2 → C be a continuous function such that f extends holomorphically on every

complex line through a, b or c. Then f is the boundary value of a holomorphic

function F ∈ Hol(B2) ∩ C0(B2).

The proof is inspired by the one in [6]. The paper is divided in five sections:
In Section 2 we introduce a subgroup of automorphisms with which we perform
an averaging procedure on f that allows us to reduce our problem to one complex
dimension. In Section 3 we introduce the CR geometry techniques that we need
in Section 4 to prove that the “averaged” function is 0. With this in hand we will
prove Theorem 1.4 in Section 5 and from this and [6] we have Corollary 1.5.

2 Reduction to a one-dimensional problem

2.1 The group G of preserving automorphisms. It is not restrictive to
assume that a = (t1, 1) and b = (t2, 1) with t1, t2 ∈ C \ {0}. In order to simplify
the problem, we exploit the symmetry of the ball and find the automorphisms that
preserve the concurrent lines to a and b. First we recall the general expression of
an automorphism of the unit ball:

Definition 2.1. For a nonzero vector a = (a1, a2) ∈ B
2 we define the projection

over a as Pa(z) := a 〈z,a〉
|a|2 and the orthogonal projection Qa(z) := z − Pa(z). We also

define sa =
√

1 − |a|2, and for a = 0, P0(z) = 0 and Q0(z) = z.
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From [12], if φ ∈ Aut(B2) then φ must be of the form

(2.1) φ(z) = U
(a − Pa(z) − saQa(z)

1 − 〈z, a〉
)

for some a ∈ B
2 and some unitary matrix U. Clearly the automorphisms of the ball

are meromorphic maps of C2 and they transform complex lines into complex lines.
Because of this we want to find the subgroup G of Aut(B2) of automorphisms that
fix the points of the line z2 = 1. We have

Lemma 2.2. The group G is given by

G =
{

φa2 (z) =
1 − ā2

1 − z2ā2

(
z1

a2−z2
a2−1

) ∣∣∣a2 =
1
2
(1 + eiθ) θ ∈ [0, 2π)

}
.

Moreover, the map 
 : R → G


(y) = φ iy
1+iy

is a group homomorphism.

Proof. We begin by finding those a ∈ B
2 and U such that φ ∈ G. First we

must have by (2.1) that

(2.2) φ(z1, 1) = U
(a − Pa(z) − saQa(z)

1 − 〈z, a〉
)

=

(
z1

1

)
∀z1 ∈ C

which gives, by the linearity of Pa and Qa, that the denominator of the left-hand
side does not depend on z1, thus a1 = 0. We have

(2.3) φ(z) =
1

1 − z2ā2

(
U11 U12

U21 U22

)(
−√

1 − |a2|2z1

a2 − z2

)

and again by (2.2) we have that U is a diagonal matrix hence U12 = U21 = 0.
Moreover, since U is unitary⎧⎨⎩−U11

√
1−|a2|2
1−ā2

= 1 and |U11| = 1,

U22
a2−1
1−ā2

= 1 and |U22| = 1.

We find after elementary computations that

(2.4)

⎧⎪⎪⎪⎨⎪⎪⎪⎩
U22 = 1−ā2

a2−1 ,

U11 = ā2−1√
1−|a2|2

,

|a2|2 − Rea2 = 0.
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The last equation implies that a2 is on a circle of radius 1
2 and center 1

2 therefore
a2 = 1

2 (1 + eiθ). Finally, by (2.3) and (2.4) we have that

φa2 (z) :=
1 − ā2

1 − z2ā2

(
z1

a2−z2
a2−1

)
∈ G.

The elements of the group G are in a one-to-one correspondence with the circle C

of equation |a2|2 −Rea2 = 0, a2 �= 1 and there is a bijection between C andR via the
following map: ν : R → C, ν(y) = iy

iy+1 . We check now that 
(y) = φν(y) is a group
homomorphism, i.e., we verify that 
(y1 + y2) = 
(y1) ◦ 
(y2) or equivalently
φν(y1+y2) = φν(y1) ◦ φν(y2). We start by considering the fact that, given φa ∈ G, then
the second component, which is (1−ā)(a−z2)

(1−z2ā)(a−1) , depends only on z2, it has precisely
one zero and such zero coincides with a. If we consider two such maps φa and φb

in G, we have φb ◦ φa ∈ G and therefore there exists c such that φb ◦ φa = φc. To
determine c we just have to find the unique zero of the second component of φb ◦φa

which is done by solving

b − (1 − ā)(a − z2)
(a − 1)(1 − z2ā)

= 0,

which yields

(2.5) c =
b(a − 1) − a(1 − ā)
āb(a − 1) − (1 − ā)

.

Since a ∈ C we have |a|2 = Rea and 1 − |a|2 = (a − 1)(ā − 1). With this identity
we rewrite (2.5) and we have

(2.6) c =
b(a − 1) − a + 1 + |a|2 − 1

āb(a − 1) − 1 + |a|2 + ā − |a|2 =
b − ā

āb − 2ā + 1
.

We choose a = iy1

1+iy1
= ν(y1) and b = iy2

1+iy2
= ν(y2) and, replacing these in (2.6), we

have

c =
i(y1 + y2)

1 + i(y1 + y2)
= ν(y1 + y2)

and this gives the conclusion φν(y1) ◦ φν(y2) = φν(y1+y2). �

Remark 2.3. The group G acts on the sphere S
3 in the natural way

� : G × S
3 → S

3:
φν(y) � (z1, z2) = φν(y)(z1, z2)

and this action has a unique fixed point which is (0, 1). If (z1, z2) ∈ S3 then the
orbit under the action � is the boundary of the straight disc passing through (0, 1)
and (z1, z2) except the point (0, 1). Note that limy→∞ φν(y)(z1, z2) = (0, 1).
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The next step is to take the averages of f on the orbits of the action by taking
the following integral:

f̃ (z1, z2) :=
∫
R

f (φν(y)(z1, z2)) dy.

To make sure that the integral converges we multiply f by a holomorphic func-
tion vanishing to a high order in (0, 1) and nonzero elsewhere. So instead of
considering f we take g(z1, z2)f (z1, z2) where g(z1, z2) = exp ( −1√

1−z2
).

Proposition 2.4. Let f : S3 → C be a continuous function and let f̃ be the
following function:

(2.7) f̃ (z1, z2) :=
∫
R

g(φν(y)(z1, z2))f (φν(y)(z1, z2)) dy.

Then f̃ is a continuous function on S3 \ {(0, 1)} and G invariant:

f̃ ◦ φ = f̃ ∀φ ∈ G.

Moreover, if f extends holomorphically on the family of lines through a point

(t, 1), t ∈ C, t �= 0, then so does f̃ .

Proof. First we note that the integral in (2.7) converges. To prove that, it is
enough to check the behavior of the integral for y → ∞. Since

φν(y)(z1, z2) =
( z1

iy(z2 − 1) + 1
,
iy(z2 − 1) + z2

iy(z2 − 1) + 1

)
we see that it tends to the point (0, 1) for y large with a 1

y rate, in fact:∥∥∥( z1

iy(z2 − 1) + 1
,
iy(z2 − 1) + z2

iy(z2 − 1) + 1

)
− (0, 1)

∥∥∥ ≤ |z1| + |z2 − 1|
|1 + iy(z2 − 1)| ≤ |z1| + |z2 − 1|

|y|(1 − x2)
.

Therefore the integrand function in (2.7) is dominated by exp(−|y| 1
2 ) and so the

integral converges and, moreover, f̃ is continuous in S
3 \ {(0, 1)}. If φν(y1)(z1, z2) is

a point in the G-orbit of (z1, z2) then, because φν(y)◦φν(y1) = φν(y+y1), one sees that

f̃ (φν(y1)(z1, z2)) =
∫
R

g(φν(y+y1)(z1, z2))f (φν(y+y1)(z1, z2)) dy = f̃ (z1, z2).

If A is a straight disc through a point (t, 1), then φν(y)◦ A is a straight disc through
(t, 1) (because φν(y) fixes (t, 1) for all y). If f extends holomorphically on every
straight disc through (t, 1), for one of such discs A and for all n ∈ N we have∫

∂

τnf̃ (A(τ)) dτ =

∫
∂


∫
R

τnfg(φν(y)(A(τ))) dydτ

=
∫
R

∫
∂


τnfg(φν(y)(A(τ))) dτdy = 0;

the last equality holds because fg extends holomorphically on the disc φν(y)(A) for
all y. So f̃ extends holomorphically on A. �
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Since, by Proposition 2.4, f̃ is constant on the G-orbits we have that f̃ in-
duces a function on S

3/�. Since each orbit can be identified with a complex line
through (0, 1) we can use the “complex slope” ζ = z1

z2−1 of this line as a coordinate
for S3/�. Therefore, we define h(ζ) := f̃ (z1, z2). Note that ζ = 0 corresponds to the
line z1 = 0 and we associate to the line z2 = 1 the symbol ζ = ∞.

Proposition 2.5. If f̃ extends holomorphically on all lines concurrent to (t, 1),
then h extends holomorphically on the family of circles centered at −1

t̄ .

Proof. Since the map ζ(z1, z2) = z1
z2−1 is holomorphic, if f̃ extends holomor-

phically on a disc A then h extends holomorphically on the image disc ζ(A). We
determine now the image under the map ζ(z1, z2) = z1

z2−1 of the discs through (t, 1).
Let v = (v1, v2) be a unitary complex vector and let τv + (t, 1) be the complex line
through (t, 1) and parallel to v . The intersection with the unit sphere yields the
circle in the τ-plane of equation |τ|2 + 2Re(τ(v1t̄+ v2)) + |t|2 = 0, which has center c
and squared radius R2:

(2.8) c = −(v̄1t + v̄2), R2 = |v 1t + v 2|2 − |t|2;
we call this circle Cc,R. We see that to this disc there corresponds a circle in the
ζ-plane by

(2.9) ζ(τv + (0, 1)) =
t + τv1

τv2
=

v1

v2
+

t
v2

(1
τ

)
, τ ∈ Cc,R.

Since the inversion 1
τ

transforms a circle of center c and radius R to a circle of
center c̄

|c|2−R2 and radius R
|R2−|c|2| , by (2.8) we have that (2.9) gives a circle in the

ζ-plane of center −1
t̄ and radius√

|v2|2(1 − |t|2) + 2Re(tv 1v2)
|v2t|2 .

Clearly if v2 is small the resulting radius tends to ∞, therefore by continuity we
have all circles centered at −1

t̄ . �

2.2 Behavior of h at infinity. Clearly f̃ is continuous on S
3 \ (0, 1)

and f̃ (0, 1) = 0 because, when z1 = 0, z2 = 1, the integrand function in (2.7)
is identically zero. Since f̃ is constant on the G-orbits it cannot be continuous
in (0, 1) unless it is constant. We can prove that the induced function h is continu-
ous and infinitesimal at ∞

Proposition 2.6. If f : S
3 → C is continuous, then for the corresponding

function h we have h(ζ) = O∞(|ζ|e−|ζ|) .
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Proof. Since ζ = z1
z2−1 we have to prove that h( z1

z2−1 ) = f̃ (z1, z2) is small
when | z1

z2−1 | is large. We begin with

(2.10) |f̃ (z1, z2)| ≤
∫
R

|gf (φν(y))| dy ≤ C
∫
R

∣∣∣ exp
(

−
√

iy(z2 − 1) + 1
1 − z2

)∣∣∣ dy

where C = max f . If we put z2 = x2 + iy2 the last integral in (2.10) is equal to

(2.11)

∫
R

∣∣∣ exp
(

−
√

1 − x2 + iy2

(1 − x2)2 + y2
2

− iy
)∣∣∣ dy

=
∫
R

∣∣∣∣∣ exp
(

−
√√√√√√ 1 − x2

(1 − x2)2 + y2
2︸ ︷︷ ︸

=α(z2)

+iy
)∣∣∣∣∣ dy.

To estimate this last integral we consider the real part of the complex square root
inside the exponential (for short we write α instead of α(z2)):

Re
√

α + iy = (α2 + y2)
1
4 cos

arg(α + iy)
2

=
1√
2

√
α +

√
α2 + y2

so the integral becomes, after another change of variable,

(2.12)

∫
R

α exp
(

−
√

α

2

√
1 +

√
1 +

( y
α

)2
)

d
( y
α

)
=
∫
R

α exp
(

−
√

α

2

√
1 +

√
1 + y2

)
dy

≤
∫
R

α exp
(

−
√

α

2

√
1 + |y|

)
dy ≤

∫
R

α exp
(

−
√

α

2
(1 +

√|y|)
)

dy

≤ αe−
√

α
2

∫
R

exp
(

−
√

α|y|
2

)
dy,

and if α is large then the integral is uniformly small. If (z1, z2) ∈ S
3 is such that

| z1
z2−1 | > M we have

(2.13)

⎧⎨⎩|z1|2 + |z2|2 = 1,

|z1|2 > M2|z2 − 1|2;

from (2.13) it follows that (M2 + 1)|z2|2 − 2M2x2 + M2 − 1 < 0 and this implies

(2.14)
1 − x2

|z2 − 1|2 >
M2 + 1

2
,
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which is α(z2) > M2+1
2 . Therefore, for |ζ| > M, let (z1, z2) be such that ζ = z1

z2−1 ;
by (2.14) and (2.12) we have

(2.15) h(ζ) = f̃ (z1, z2) = O∞(Me−M).
�

3 CR Geometry

We recall here some definitions about Cauchy–Riemann geometry (in short CR)
that we shall need. This language is important when describing the structure and
properties of real submanifolds in a complex space. First we recall the definition
of the complex structure J:

Definition 3.1. InC
n with coordinates z = (z1, . . . , zn) = (x1+iy1, . . . , xn+iyn)

the standard complex structure is the linear map J defined on the tangent bundle
J : TCn → TCn such that J(∂xh) = ∂yh and J(∂yh) = −∂xh for 1 ≤ h ≤ n.

Since J is an anti-involution, J2 = −Id, we have that J has two complex
eigenvalues ±i. This induces a decomposition on C⊗ TzC

n � T1,0
z Cn ⊕ T0,1

z Cn of
holomorphic and anti-holomophic vector bundles.

Definition 3.2. We define

T1,0
z C

n =
{ n∑

i=1

ai∂zi

∣∣∣∣ ai ∈ C

}

and similarly

T0,1
z C

n =
{ n∑

i=1

ai∂z̄i

∣∣∣∣ ai ∈ C

}
.

Definition 3.3. Let M ⊂ C
n be a real submanifold. The complex tangent

space of M at a point z is

TC

z M := TzM ∩ JTzM

which is the largest complex space contained in TzM. We say that M is a CR
manifold if TC

z M has constant dimension for z ∈ M. In this case dimC TCM is
called the CR-dimension of M. If the CR-dimension of M is 0 then we say that M
is totally real.

We say that M is generic if TzM + JTzM = TCn
z , and we say that M is maximally

totally real if it is totally real and generic.
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We want to introduce the anti-holomorphic tangent bundle of a CR manifold:
this is the bundle of anti-holomorphic vectors that are tangent to M,

T0,1
z M := (C⊗ TM) ∩ T0,1

z C
n.

Example 3.1. We recall here that manifolds of co-dimension 1 are generic
CR manifolds and that Rn ↪→ Cn is a maximally totally real manifold.

Analogously, we define T1,0M := C ⊗ TM ∩ T1,0Cn. It is easy to check that
if M is a CR manifold, then T0,1M is a bundle whose complex dimension is equal
to the CR dimension of M and, moreover, we have C ⊗ TCM = T0,1M ⊕ T1,0M.
We define now the CR functions which are a natural generalization of holomorphic
functions:

Definition 3.4. A C1 function on a CR manifold M, f : M → C, is said to be
CR if for all vector fields X ∈ T0,1M we have Xf = 0.

The above definition can be easily extended in a weak sense, using distributions,
to continuous functions. All results on CR functions that we shall use hold for this
weaker notion. If M is a CR manifold with boundary, N, we say that f : M → C

is CR if it is continuous and CR in the interior of M. Restrictions and boundary
values of holomorphic functions are CR functions; in contrast, not all CR functions
are restrictions of holomorphic ones. Whether a CR function has this property has
been widely studied, and it has been proved that a crucial role is played by TCM

and by its integral manifolds. In general the bundle TCM is not integrable, so we
give the following

Definition 3.5. A CR manifold M is called Levi-flat if the bundle TCM is
integrable. The integral leaves of TCM, which are complex manifolds of dimension
equal to the CR dimension of M, are called Levi-leaves.

A continuous function on a Levi-flat manifold is CR if and only if its restric-
tions on the Levi-leaves are holomorphic. Levi-leaves play an important role in
propagation of regularity, but we will return later to this point when we need it.
We will need the following tools from CR geometry and for our considerations all
manifolds will be assumed smooth.

Definition 3.6. We say that a CR manifold M′ is attached to M at a point
z ∈ M in direction X ∈ TzC

n if, in a neighborhood of z, M′ is a manifold with
boundary M, X is tangent to M′ and X points inside M′. A CR function f on M

extends CR at z ∈ M in a direction X if there exists a CR manifold M′ attached
to M in direction X and a continuous CR function F on M′ such that F|M = f .
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When M is a hypersurface, a manifold M′ attached to M corresponds to one
of the two components in which the ambient space is divided by M. In this case,
the vector X points inside the component. Definition 3.6 can be extended to CR
manifolds with generic boundary.

Definition 3.7. Let M be a CR manifold with boundary N, z ∈ N a point,
X ∈ TzC

n \ TzM a tangent vector. We say that a manifold M′ is attached to M ∪ N
in direction X if M′ is a CR manifold that locally around z is a manifold with
boundary N such that X is tangent to M′ and points inside M′.

This definition has been introduced in [13] to describe the propagation of CR
extension on CR manifolds with boundary. It turns out that CR curves, i.e., curves
whose velocity is in TCM, are propagators of CR extension. If γ : [0, 1] → M is a
curve with end-points p0 = γ(0), p1 = γ(1), such that γ̇ ∈ TCM, and if f CR-extends
at p0 in direction X0, then f CR-extends at p1 to a direction X1 which is related
to X0. The relation between X0 and X1 is strong and evident on the components
complementary to a certain subspace. Namely, let S ⊂ M be the smallest manifold
which contains all the CR curves through p0, the so-called CR orbit of p0. We
have dimCR S = dimCR M; if p0 ∈ S then the entire curve γ ⊂ S. We introduce the
following bundle

Definition 3.8. Let M be a CR manifold with generic boundaryN, S⊂M a CR
manifold with boundary S0 ⊂ N such that dimCR M = dimCR S. If z ∈ M we define

(3.1) Ez :=
TzC

n

TzM + JTzS

and, for z ∈ N,

Ez :=
TzC

n

TzN + JTzS0
.

Note that since N is generic we have, on points of N, TN + JTS0 = TM + JTS so
we can keep (3.1) as a definition for E at boundary points. It turns out there exists
a partial connection and a parallel displacement � on this bundle which relates the
classes of X0 and X1 in E .

Theorem 3.9 (Tumanov). Let M be a CR manifold with generic boundary N
and let S ⊂ M be a CR submanifold of M with boundary S0 ⊂ N such that

dimCR M = dimCR S. Let p0 and p1 be two points in M ∪ N joined by a CR curve
γ : [0, 1]→M∪N. Suppose that f CR-extends at p0 in direction X0. Then there exists

for every ε>0 a manifold M′′ attached to M ∪ N at p1 in direction X1 such that

(3.2) ‖�γ([X0]) − [X1]‖Ep1
≤ ε

and f CR-extends to M′′.



12 L. BARACCO AND S. PINTON

Remark 3.10. If M in Theorem 3.9 is a Levi-flat hypersurface we have that S

is a Levi-leaf, therefore TS = TCM = JTS which in turn implies Ez = TzC
n

TzM
= Nz(M),

the normal bundle which has real dimension 1. Moreover, since S is complex every
curve γ in S is CR. The description of � in [13] is possible, and easier, by means of
its dual �∗ which is realized in the following way: Since E ∗

z = N ∗
z (M) this space

can be identified with the holomorphic 1-forms whose real part vanishes on TzM.
This bundle is generated by ∂r where r is an equation of M. Since M is Levi-flat it
can be shown that E ∗ is itself a CR manifold in T∗

C
n and that for any CR curve γ

there exists a lift γ∗(t) = (γ(t), λ(t)∂r(γ(t))) which is a CR curve in E ∗. Thanks to
this, we can express a duality relation between X0 and �([X0]),

(3.3) 〈γ∗(1),�γ([X0])〉 = c(γ)〈γ∗(0),X0〉,

where c(γ) is a positive constant (for details see [13] and the references therein).

Remark 3.11. If M is a Levi-flat CR hypersurface in C
2 whose equation is

r = Re(g(z1, z2)) = 0 where g is a holomorphic function, then the Levi-leaves are the
complex curves g(z1, z2)= iC for C∈R. Every leaf has a holomorphic lift to N ∗(M)
which is given by (z1, z2; ∂r(z1, z2)) because ∂Reg(z1, z2) = ∂z1gdz1 + ∂z2gdz2 is
holomorphic. Therefore, N ∗(M) is foliated by complex curves. Let γ be a CR
curve in M; this will be contained in a Levi-leaf, the lift γ∗ can be easily computed:

γ∗(t) = (γ(t), ∂g(γ(t))).

4 Proof of main theorem

In this section we consider the following complexification of C:

Definition 4.1. Let C be the complex plane with coordinate ζ. We define the
map

ι :C → C
2

ζ → (ζ, ζ̄)

which embeds the complex plane C into the maximal totally real set
� := {(ζ, ζ̄), ζ ∈ C} .

In the complex plane for every circle Cc,R of equation |ζ − c|2 = R2 we consider
its complexification in C2 which is obtained by replacing ζ̄ with η in the equation
(ζ − c)(η− c̄) = R2. The intersection of this quadric with � is ι(Cc,R). We identify
the disc Dc,R, whose boundary is Cc,R, with the part of the quadric that projects
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over it, which means that for 0 < |ζ − c| ≤ R we take η = c̄+ R2

ζ−c . Note that in this
procedure the center of the disc is sent to ∞ and the boundary circle Cc,R is sent
to ι(Cc,R). We denote

D
C

c,R :=
{(

ζ, c̄ +
R2

ζ − c

)
: 0 < |ζ − c| ≤ R

}
.

If h : C → C extends holomorphically from the circle Cc,R, then we define the
extension on D

C
c,R in the following way:

h̃(ζ, η) =
1

2πi

∫
∂Dc,R

h(w)
w − ζ

dw for (ζ, η) ∈ D
C

c,R.

Note that h̃(ζ, ζ̄) = h(ζ) for ζ ∈ Cc,R. Since the function h that we are consider-
ing extends holomorphically on families of concentric circles, we introduce the
following set:

Definition 4.2. Let c ∈ C. We define

(4.1) Mc :=
⋃
R≥0

D
C

c,R.

Remark 4.3. If R1 �= R2 then it is easy to check that D
C

c,R1
∩ D

C

c,R2
= ∅.

Therefore if h extends holomorphically on the family of circles centered in c,
then the extension h̃ is well defined on Mc. We note that two circles with dif-
ferent centers may have non-trivial intersection. Let Cc1,R1 ,Cc2,R2 be two circles.
Then D

C

c1,R1
∩ D

C

c2,R2
contains at most 2 points; in fact taking the intersection of the

quadrics

(4.2)

⎧⎨⎩(ζ − c1)(η − c̄1) = R2
1

(ζ − c2)(η − c̄2) = R2
2

we have that ζ has to satisfy the following equation

(4.3) (c̄1 − c̄2)ζ
2 +(R2

1 −R2
2 − (c̄1 − c̄2)(c1+c2))ζ+(c̄1− c̄2)c1c2 +R2

2c1 −R2
1c2 = 0,

which has only two solutions (if c1 �= c2). If the circles Cc1,R1 ,Cc2,R2 intersect at
ζ1, ζ2 then the solutions of (4.2) will be (ζi, ζ̄i), i = 1, 2. In order for D

C

c1,R1
,D

C

c2,R2

to have non-empty intersection outside �, the corresponding solutions of (4.3)
must lay inside the circles bounded by Cc1,R1,Cc2,R2 and this happens if and only if
one of the two circles surrounds the other (see [15, 6]).

Proposition 4.4. The set Mc \ {(c, c̄)} is a Levi-flat hypersurface with bound-
ary � \ {(c, c̄)}.
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Proof. We first note that Mc is contained in the subset of (ζ, η) ∈ C
2 such that

(ζ − c)(η − c̄) = R2 for some R. This in turn yields

(4.4) Mc ⊂ {(ζ, η) ∈ C
2|Im((ζ − c)(η − c̄)) = 0}

and the right-hand side is a Levi-flat hypersurface in C
2 except at the singular

point (c, c̄). Therefore, where Mc is a manifold it is Levi-flat. A point (ζ, η) is
in Mc if and only if

(4.5)

⎧⎨⎩(ζ − c)(η − c̄) is real and non-negative,

|ζ − c|2 ≤ (ζ − c)(η − c̄).

Where the second inequality is strict, we have that Mc is charted by the following
map

(ζ,R) �→
(
ζ, c̄ +

R2

ζ − c

)
which has rank 3, therefore at those points Mc is a manifold. The boundary of Mc

is given when equality holds in the second equation of (4.5); this happens only at
points where η = ζ̄ which is � \ (c, c̄). �

In the sequel, we will adopt the following convention: for c ∈ C we set
rc = Im((ζ − c)(η− c̄)) and gc(ζ, η) = (ζ − c)(η− c̄) so that at regular points a local
equation for Mc is rc = 0. In the next proposition we want to study the intersection
of two of such manifolds. It is not restrictive to consider the intersection of M0

and M1 because the general case can be easily reduced to this one.

Proposition 4.5. The intersection M0 ∩ M1 = � ∪ T where

T = {(ζ, η) ∈ R
2 | (ζ ≤ 0, η ≤ ζ) or (ζ ≥ 1, η ≥ ζ)}.

The two manifolds are transverse at � except along the points (t, t) for t ∈ R.

Proof. We begin by computing the intersection of M0 and M1. Every point of
the intersection can be found as the intersection of two of the quadrics that form M0

and M1:

(4.6)

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

ζη = R2
1,

(ζ − 1)(η − 1) = R2
2,

|ζ| ≤ R1,

|ζ − 1| ≤ R2;

after replacing ζη by R2
1 in the second equation we have that −ζ − η = R2

2 −R2
1 − 1

which implies that ζ = t+iu andη = s−iu have opposite imaginary parts. Replacing
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these in the first equation, since ζη has to be real, we have (t − s)u = 0. We have
either

t − s = 0 which implies η = ζ̄(4.7)

or

u = 0 which forces ζ, η ∈ R.(4.8)

If (4.7) holds, then we get the points of � that we know belong to the boundary
of M0 and M1. If ζ, η ∈ R, we have by (4.6) that ζ2 + (R2

2 − R2
1 − 1)ζ + R2

1 = 0.
From this equation we see that for only one of its roots |ζ| ≤ R1. To have real
solutions, it must be that (R2

2 − R2
1 − 1)2 ≥ 4R2

1. If R2
2 − R2

1 − 1 ≥ 0, we find
R2

2 − R2
1 − 1 − 2R1 ≥ 0 from which follows

(4.9) R2 ≥ R1 + 1.

If instead R2
2 − R2

1 − 1 < 0, it must be that (R1 − 1)2 > R2
2 from which follows

(4.10) R1 − 1 > R2 or R1 + R2 < 1.

If (4.9) holds, then we find that

(4.11)
ζ =

R2
1 + 1 − R2

2 +
√

(R2
1 + 1 − R2

2)
2 − 4R2

1

2
,

η =
R2

1 + 1 − R2
2 −

√
(R2

1 + 1 − R2
2)

2 − 4R2
1

2
;

and this solution also satisfies the last inequality in (4.6). Collecting all solutions
obtained in this way by varying R1,R2 we get the region ζ > η, ζ < 0. If (4.10)
holds, the solution to (4.6) is

(4.12)
ζ =

R2
1 + 1 − R2

2 −
√

(R2
1 + 1 − R2

2)
2 − 4R2

1

2
,

η =
R2

1 + 1 − R2
2 +

√
(R2

1 + 1 − R2
2)

2 − 4R2
1

2
,

while for R1 + R2 < 1 there are no solutions. Collecting all points of this kind, we
have the region ζ > 1, ζ < η. The interior of M0 has equation r0 : ζη−ζη

i = 0 whose
complex differential is ∂r0 = η

i dζ + ζ
i dη, and similarly for M1 we have

r1 :
(ζ − 1)(η − 1) − (ζ − 1)(η − 1)

i
= 0 and ∂r1 =

η − 1
i

dζ +
ζ − 1

i
dη.
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At points of type (ζ, ζ̄) ∈ � the tangent space of M0 is T(ζ,ζ̄)M0 = T(ζ,ζ̄)� ⊕ 〈X〉
where X is a complex tangential vector to M0 at (ζ, ζ̄). We have that Re∂r0 vanishes
on TM0 and ∂r0 vanishes on X. Similarly, for M1 we have T(ζ,ζ̄)M1 = T(ζ,ζ̄)� ⊕ 〈Y〉
whereY is a complex tangent vector to M1 at (ζ, ζ̄), so if ∂r0 and ∂r1 are independent
at (ζ, ζ̄) we have that TM0 and TM1 are transverse. This happens if∣∣∣∣∣ η ζ

η − 1 ζ − 1

∣∣∣∣∣ = −η + ζ �= 0.

At points (ζ, ζ̄) where Imζ �= 0, M0 and M1 are transverse. If ζ0 ∈ R, we have that,
in (ζ0, ζ0), M0 and M1 have the same tangent space. In this case, we consider the
two circles C0,|ζ0| and C1,|ζ0−1|. The complex quadric CC

0,|ζ0| has the equation

(4.13) η =
ζ2
0

ζ
, |ζ| ≤ |ζ0|

andwe see that the complex tangent direction to M0 is given by (−ζ0, ζ0). Similarly,
by the same computations on the circle CC

1,|ζ0−1|, we see that a complex tangent
direction to M1 is given by (−ζ0 + 1, ζ0 − 1). We notice that for ζ0 < 0 or ζ0 > 1
the two manifolds lay on the same side of the edge. If instead 0 < ζ0 < 1, then M0

and M1 lie on opposite sides of the edge. �
We have this proposition on h:

Proposition 4.6. Let c1, c2 ∈ C with c1 �= c2, h : C → C be a continuous
function such that: h extends holomorphically on every circle centered at c1 or c2,

and h(ζ) = O∞(|ζ|e−|ζ|). Then h is an entire function and hence h(ζ) = 0 for all ζ.

Proof. The proof of this proposition is divided in 3 steps which aim to prove
that h is holomorphic and hence 0 by Liouville. It is not restrictive to assume
that c1 = 0 and c2 = 1.

Step 1. Extension of h. Since h extends holomorphically on all discs
centered at 0 and 1, we have that h defines an extension h̃0 on M0 and another
one h̃1 on M1. Since M0 and M1 have non-trivial intersections, further analysis is
needed for these points. Inside M0 ∩ M1 there is � \ {(0, 0), (1, 1)} and at these
points the two extensions match because for both h̃(ζ, ζ̄) = h(ζ). The other points
outside the diagonal will be treated in Step 3 of the proof. Outside the intersection,
a continuous function h̃ : ((M0 ∪ M1) \ (M0 ∩ M1)) ∪ � → C is well-defined, and
moreover is CR. We note that at points (ζ0, ζ̄0) with Imζ0 �= 0 the function h̃|�
extends to be CR on the two transverse manifolds M0 and M1 by Proposition 4.5.
Consider the complex curveD

C

0,|ζ0| ⊂ M0 which is the CR orbit of (ζ0, ζ̄0) inside M0.
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We have that h̃ is a CR function on M0 and we have that h̃ CR-extends at (ζ0, ζ̄0) in
direction Y(ζ0) = (−ζ0 +1, ζ̄0 −1). By [13] this extension propagates on the points
of D

C

0,|ζ0| in M0. This means that since M0 is a hypersurface in C
2, for all points

(ζ, η) ∈ D
C

0,|ζ0| there exists a neighborhood U(ζ,η) and a holomorphic function H̃

defined on one of the two components of U(ζ,η) \M0, continuous up to the boundary
and such that H̃|U(ζ,η)∩M0 = h̃. The side of extension depends continuously on the

initial direction Y(ζ0) at (ζ0, ζ̄0). Let γ be a real curve inside D
C

0,|ζ0
connecting

(ζ0, ζ̄0) to (ζ, η). By Remark 3.11 and by (3.3) if ∂r0 is a non-vanishing conormal
of M0, the sign of Re〈∂r0(ζ, η),�[Yζ0]〉 is the same as Re〈∂r0(ζ0),Y(ζ0)〉. We can

repeat the same procedure by choosing a different initial point on D
C

0,|ζ0| ∩ �; in
this case we choose (ζ0eiθ, ζ̄0e−iθ), and we have

Y(ζ0e
iθ) = (−ζ0e

iθ + 1, ζ̄0e
−iθ − 1) and ∂r0(ζ0e

iθ, ζ̄0e
−iθ) =

1
i
(ζ̄0e

−iθ, ζ0e
iθ).

If we then take Re〈∂r0,Y〉 = ζ̄0e−iθ−ζ0eiθ

i we see that for different θ it assumes values

of both signs which means that at every point (ζ, η) ∈ D
C

0,|ζ0| the function h̃ extends
to both sides of M0, thus h̃ extends holomorphically to a neighborhood of (ζ, η).
Since we can repeat the same argument for all circles of the family, we get that h̃
extends holomorphically to a neighborhood of (M0 ∪ M1) \ (M0 ∩ M1).

Step 2. Analytic continuation to M0 ∩ M1. We notice that h̃0 extends
holomorphically in a neighborhood of M0 \ (M0 ∩ M1). Using again propagation
we have that h̃0 extends holomorphically to a neighborhood of M0 \ �. We note
that near a point of � \ {(0, 0)} the set M0 is bi-holomorphically equivalent to a
half hyperplane in C

2. By a change of coordinates⎧⎨⎩w1 = ζη

w2 = i log( η
ζ
)

we have that M0 is equivalent to Im(w1) = 0, Im(w2) ≥ 0. By the classical “local
Bochner’s tube” (see [8], [13]) we have that h̃0 extends holomorphically to a
wedgeW0 with edge �\ (0, 0). Note that M0 \� is contained in the interior ofW0.
Similarly, the same holds for h̃1 which extends holomorphically to a neighborhood
of M1 \ � and near the boundary to a wedge W1 with edge � \ {(1, 1)}. By
Proposition 4.5 M0 ∩ M1 = � ∪ T is a connected set, and h̃0 = h̃1 on �. The other
points of the intersection (ζ, η) ∈ T ⊂ R2 are in the interior of M0 and M1, and
on these points we have to prove that these two extensions match. Let (ζ, η) ∈ T
which means that either ζ > 1 and η > ζ or ζ < 0 and η < ζ. Let us take a point of
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the first kind, and consider the curve γ(ζ,η)(t) = (η, (1− t)ζ+ tη) for 0 ≤ t ≤ 1 which
joins the point (ζ, η) to the edge �. We note that in a neighborhood of the point
(η, η) ∈ � the function h̃ extends to a holomorphic function in two wedges W0

and W1. Since γ(ζ,η)(t) ∈ W0 ∩ W1 for t close to 1 this shows that there is a
wedge V with edge a small neighborhood of (η, η) in � and contained in W0 ∩W1.
It follows that on V the functions h̃0 and h̃1 are holomorphic and have the same
value at the edge, hence they must coincide on V. By analytic continuation h̃0 = h̃1

on the whole connected component of T that contains (ζ, η). This proves that h̃0

and h̃1 coincide on T . We call again h̃ the so defined function on M0 ∪ M1.

Step 3. Extension of h̃ outside M0 ∪ M1. In this part of the proof we aim
to prove that h̃ really depends only on ζ and hence that h is holomorphic. To this
end, we follow the idea of [15] and exploit Hans Lewy’s technique: For every ζ

and j = 0, 1 let

Eζ
j = {η ∈ C|(ζ, η) ∈ Mj}

and Eζ := Eζ
0 ∪Eζ

1. It is easy to see that Eζ is made of two half-lines issued from ζ̄.
We have

(4.14) (ζ, η) ∈ M0 if and only if η = λζ̄ for some λ ≥ 1

and similarly

(4.15) (ζ, η) ∈ M1 if and only if η = 1 + λ(ζ̄ − 1) for some λ ≥ 1.

Now Eζ divides the plane in two regions, and we put the orientation on Eζ as the
boundary of the region containing the real line. With this choice of orientation we
define for (ζ, η) /∈ M0 ∪ M1

(4.16) F(ζ, η) :=
1

2πi

∫
Eζ

h̃(ζ,w)
w − η

dw.

We note that the integral converges in spite of the fact that Eζ is not bounded; in
fact, for instance, we have that on Eζ

0

h̃(ζ, λζ̄) =
1

2πi

∫
|τ|=√λ|ζ|

h(τ)
τ − ζ

dτ = O(e−√
λ)

and the last equality follows from (2.15). This is enough to ensure that the integral
converges. Clearly F is holomorphic in η; it remains to prove that it is holomorphic
in ζ. To this end, we adopt the technique of Hans Lewy to prove the holomorphic
regularity of F by the Morera theorem. For (ζ0, η0) /∈ M0 ∪ M1, keeping η fixed,
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let γ(t) = c + εeit be a small circle in the ζ-plane in a neighborhood of ζ0 and let �

be the disc with boundary γ. We consider

(4.17)
∫

γ
F(ζ, η0) dζ =

∫
γ
dζ

∫
Eζ

h̃(ζ,w)
w − η0

dw

and prove that this integral is 0. We decompose Eζ = Eζ
0 ∪ Eζ

1 and treat each part
separately. Let

Vc,ε
0 :=

⋃
0≤t≤2π

Eγ(t)
0

be the set parametrized by

ϕ0 : [0, 2π] × [1,+∞) → Vc,ε
0 , ϕ0(t, s) = (c + εeit, s(c̄ + εe−it))

and we put on Vc,ε
0 the orientation induced by ϕ0. Let ι(�) be the disc in � charted

by (ζ, ζ̄), ζ ∈ �. We have that Vc,ε
0 ∪ ι(�) is a boundary in M0 which means that

there is W0 ⊂ M0 such that ∂W0 = ι(�) ∪ Vc,ε
0 . This set W0 is foliated by complex

leaves in the following way: for every R let ζη = R2 be the equation of one of the
complex leaves forming M0. We study the intersection of this leaf with ι(�)∪Vc,ε

0 ;
we have (ζ, η) ∈ Vc,ε

0 if and only if

ζ = c + εeit, η =
R2

c + εeit
=

R2(c̄ + εe−it)
|c + εeit|2 with |c + εeit|2 ≤ R2.

We see that if R2 ≥ |c|2+ε2 we get a curvewhich bounds the disc |ζ−c| ≤ ε, η = R2

ζ
;

the disc is contained in M0. If |c|2 − ε2 ≤ R2 ≤ |c|2 + ε2 the intersection of the
complex curve ζη = R2 with Vc,ε

0 is an open curve whose end-points are in �. We
close this curve with an arc of the circle ζη = R2, η = ζ̄ which is inside ι(�). By
Stokes formula we have

(4.18)
∫

γ
dζ

∫
Eζ

0

h̃(ζ,w)
w − η0

dw −
∫∫

ι(�)

h̃(ζ,w)
w − η0

dζdw =
∫

W0

∂̄
( h̃(ζ,w)
w − η0

)
dζdw = 0

where the last equality follows because H̃ is CR on M0. For the same reason we
have a similar formula for Eζ

1 and since the term of integration on ι(�) appears on
both terms, we have

(4.19)
∫

γ

∫
Eζ

h̃(ζ,w)
w − η0

dζdw =
∫

V0

h̃(ζ,w)
w − η0

dζdw −
∫

V1

h̃(ζ,w)
w − η0

dζdw = 0

which proves that F is holomorphic in ζ and η. We note that in (4.16), when ζ

tends to the real axis, for ζ > 1 or ζ < 0, we have that the two lines Eζ
0 and Eζ

1

overlap, hence F tends to 0. Since F tends to 0 on a generic subset, we have that F

is identically 0. By the Plemelij–Schotty formula, we have that h̃ is 0 on M0 ∪ M1

and hence h(ζ) = h̃(ζ, ζ̄) = 0 ∀ζ . �
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Remark 4.7. We note that in the proof of Proposition 4.6 the condition
h = O∞(|ζ|e−|ζ|) is used to prove that h is holomorphic. Namely, in the integral
that defines the auxiliary function F in formula (4.16), the vanishing of h is required
in order for this integral to converge. The authors do not know if this condition
can be removed.

5 End of the proof of Theorem 1.4

We need the following

Lemma 5.1 (Phragmen–Lindelöf on a sector). Let U be the half plane

Re(w)>0. Let h be a continuous function on the closure of U and holomorphic
on U. Assume there exists two constants C > 0 and α < 1 such that

|h(w)| ≤ Ce|w|α for all w ∈ U.

If |h| ≤ 1 on the imaginary axis then |h| ≤ 1 on U.

For a proof we refer to [9].

Proof of Theorem 1.4. By Proposition 4.6 we have that for all (z1, z2) ∈ S
3

(5.1)
∫
R

gf
( z1

iy(z2 − 1) + 1
, 1 +

(z2 − 1)
iy(z2 − 1) + 1

)
dy = 0.

We can rewrite this integral using the following change of variable τ = 1
ζ(z2−1)+1

from which ζ = ( 1
(z2−1)τ − 1) and dζ = − 1

τ2(z2−1)dτ. The imaginary line in the
ζ-variable is mapped to a circle C through 0 in the τ-variable, and we have∫

C

gf (τz1, 1 + (z2 − 1)τ)
( 1
τ2(z2 − 1)

)
dτ = 0.

If we apply the same reasoning to (z2 − 1)kf (z1, z2) we have that

(5.2)
∫
C

gf (τz1, 1 + (z2 − 1)τ)(z2 − 1)k−1τk−2 dτ = 0,

and since (5.2) holds for all k, we have that gf extends holomorphically on the
disc through (z1, z2) and (0, 1) for all (z1, z2) ∈ S

3. To prove that f extends
holomorphically we have to divide by g. Let Az : D → B2 be the straight analytic
disc through (0, 1) and z = (z1, z2) such that Az(1) = (0, 1) (we assume that Az(τ)
is linear in τ). Let gf (Az(τ)) = F(τ) for τ ∈ ∂D where F ∈ Hol(D) ∩ C0(D). We
consider the function on D defined by f(τ) := F(τ)

g(Az(τ))
. We have that f is continuous

onD\{1} and that f(τ) = f (Az(τ)) for τ ∈ ∂D\{1}. It remains to prove that f extends
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continuously at 1. To this end, we consider the change of variable τ = ϕ(w) = w−1
w+1

which interchanges the unit disc D with the half-plane Re(w) > 0 and sends τ = 1

to ∞. We note that since 1
|g(Az(ϕ(w)))| ≤ C1eC2|w| 1

2 , it follows that

|f(ϕ(w))| ≤ C3e
C2|w| 1

2

where C1, C2 and C3 are constants. Since f is bounded on ∂D\{1} by the supremum
of f we have by Lemma 5.1 that f(ϕ(·)) is uniformly bounded on the closed half-
plane, hence f is uniformly bounded on D. It follows that f has a boundary value
on ∂D which coincides with the continuous function f (Az(τ)) and we have the
conclusion. �

Thanks to Theorem 1.4 we are now in position to apply [6] and prove Corol-
lary 1.5.

Proof of Corollary 1.5. After a rotation, assume that p = (0, 1). By
Theorem 1.4 we have that f extends holomorphically on the lines concurrent to p.
The line joining p and c intersects the ball B, so we can apply Corollary 1.3 of [6]
and so f is the boundary value of a holomorphic function F ∈ Hol(B2). �
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