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Abstract. When pattern of fits are not designed following the boundary condition 

design criterion, the rejection rate due to failure in assemblability need to be con-

sidered. Since in a pattern of fits it is not possible to define an assembly equation 

it is not trivial to create a tolerance stack-up. The paper proposes a strategy to 

achieve a generalized rejection rate computation for 𝑛𝑥 patterns based on an in-

terpolation model derived from Monte Carlo simulations. The rejection rate as 

function of the number of element in the pattern is simulated for different size 

and location tolerances. An exponential convergent function is fitted to the data 

and a generalize regression model is used to estimate the function parameters. 

Validation of the proposed methodology is provided. Moreover, future develop-

ment are outlined.  
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Analysis, Rejection Rate. 

1 Introduction 

Shaft-hole patterns are commonly employed in mechanical assemblies, serving various 

purposes such as securing plates or flanges and achieving precise alignment with dowel 

pins. The Boundary Condition design criterion, outlined in appendix B “Formulas for 

positional tolerancing” of ASME Y14.5-2018, is a straightforward tool utilized during 

the design phase. It helps designate tolerance zones that meet the worst-case scenario, 

ensuring a 100% acceptability rate [1]. In this paper, the Boundary Condition is defined 

by the combined impact of the Feature of Size (FoS) at its Maximum Material Size 

(MMS) and the location tolerance. Its magnitude is utilized to establish the clearance 

between parts and/or to ascertain gage sizes [1]. 

If the Cp equals or exceeds one, the occurrence of the Worst Case is improbable. 

Consequently, tolerance allocation guided by the statistical approach may offer eco-

nomic advantages. Another rationale for deviating from the Boundary Condition design 
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criterion is that the Worst Case method often results in a certain degree of clearance. 

This may lead to wobbling and/or vibrations during operations, consequently diminish-

ing the perceived quality from the customer's perspective [2]. Hence, there might be a 

necessity to opt for a tighter nominal fit, irrespective of location and size tolerances. 

In such scenarios, the outcome is a fit that falls short of meeting the Boundary Con-

dition design criterion, resulting in a degree of scrap parts. Hence, the acceptability rate 

or other metrics must be statistically quantified.  

When employing the Maximum Material Requirement (MMR) or Least Material 

Requirement (LMR) [3–5] modifier in the geometric specification of the pattern, it in-

troduces the potential for establishing a connection between location and size tolerances 

for each FoS. While this adds complexity, it offers the advantage of reducing non-con-

forming, yet still functional, parts [6].  

When a pattern of fits is referenced to an External datum system, as defined in [7], 

ensuring the functional alignment of the mating parts, the assembly equation becomes 

straightforward. In such cases, a tolerance stack-up analysis can be conducted to com-

pute the statistical metrics for each fit within the pattern. Each fit operates inde-

pendently, allowing for a relatively simple assessment. Fischer [8] proposes a basic 

one-dimensional model for tolerance stack-up analysis. Commercial CAT (Computer 

Aided Tolerancing) software like CETOL 6σ™, 3DCS™, etc., may be utilized. 

However, when the pattern itself serves as the datum feature, meaning the pattern is 

the alignment geometry, each feature is positioned in relation to the best fit of the pat-

tern, often considered as the centroid of the actual pattern. Consequently, the actual 

contacts depend on the geometry of both mating parts, making it difficult to predict 

which specific fit will make contact. Multiple assembly configurations become possi-

ble, necessitating the examination of various assembly functions. Establishing a toler-

ance stack-up and quantifying statistical metrics becomes challenging as a single, ex-

plicit, or implicit assembly function cannot be defined definitively [7].  

Scholz [9] delves into the riveting issue involving the need for two holes to align 

precisely for a pin to simultaneously enter both holes (floating fastener). Assuming 

minimal variability in hole and pin sizes, along with “true position” part alignment, he 

demonstrates that the position mismatch increases on the order of √log(𝑛). It's worth 

noting that adopting “true alignment” essentially aligns with the adoption of an external 

datum system. Scholz emphasizes that considering the “best alignment” introduces ad-

ditional “dependency complications” stemming from the relative adjustment between 

the parts. 

In a previous work an analytical solution to the 2x problem was proposed [7]. This 

methodology allows for a real time computation of the rejection rate for a patter with 

two element. It is also postulated a possible generalization for a general “nx” pattern, 

however a clear research path is not provided. 

1.1 Aim of the paper 

The present contribution, starting from the experience found in [7], focuses on exploit-

ing the possibility of defining a generalization for the rejection rate computation for 

“nx” pattern. 
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The generalization is based on an interpolation model built upon the data obtained 

from Montecarlo simulations. Material conditions are not considered for this model. 

The defined model is validated to assess its limits of application. Further required 

activity to formalize and finalize the analytical model will be outlined. 

2 Materials and methods 

The project comprises three main phases: the development of the Monte Carlo simula-

tion tool, the formulation of the interpolation model, the experimentation to define the 

dataset, and the derivation of the analytical model. 

2.1 Montecarlo simulation 

When conducting Monte Carlo simulations of patterns of fits, it's essential to consider 

the specifics outlined in [7] when generating samples based on the internal datum sys-

tem. Since the variability is known from the centroid of the pattern, a change in the 

reference system is necessary, and the variability seen from an external reference sys-

tem needs to be computed in order to create the sampling as previously demonstrated. 

To calculate the rejection rate of a pattern of fits, a set of holes and a set of shafts are 

randomly sampled based on a Gaussian distribution fitted to the tolerance zone. Contact 

is initiated on the left of the first element (see Fig. 1, Initial alignment). For each ele-

ment, the left and right gaps are computed, with the gap considered negative in case of 

interference. Considering the left gaps, for the first element it is zero by hypothesis (see 

Fig. 1, Initial alignment); on all the other elements, it is negative in case of interference 

and positive in case of clearance. Therefore, the minimum left gap can only be less than 

or equal to zero. If it is zero, it means that no interference on the left side is found. If it 

is negative, it represents the maximum interference on the left side. The shaft pattern is 

then translated to the right based on the minimum left gap (see Fig. 1, Second align-

ment). With this translation, we ensure that interference can occur only on the right 

side. Right gaps are then recomputed. If any of these gaps are negative, it indicates 

interference, and the pattern of fit cannot be assembled. This iterative procedure is re-

peated for 𝑚 combinations. The process was implemented in Excel, with 𝑚 = 50,000 

combinations tested to compute the rejection rate. 
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Fig. 1. Montecarlo simulation strategy. 

2.2 Analytical Model creation 

If the boundary condition design criterion is not respected, the rejection rate for a pat-

tern of 2𝑥 exceeds 0. As the number of elements in the pattern increases, the rejection 

rate also increases, as the probability of interference is higher [7]. By definition, the 

rejection rate cannot exceed 1. An infinite pattern has a rejection rate of 100%. There-

fore, the constraints in equation (1) can be defined for the rejection rate function: 

 {
0 ≤ 𝑅(𝑛) ≤ 1, ∀ 𝑛 ∈  ℕ 

lim
𝑛→+∞

𝑅(𝑛) = 1   (1) 

Since we have a limited function that converges to 1 for 𝑛 → ∞, an exponential-like 

function is assumed, as shown in equation (2). 

 R(n) = 1 − [1 − θ2] ⋅ e
−

1

θ1
(n−2)

  (2) 

This function has two degrees of freedom: θ2 which is the rejection rate of the 2𝑥 

pattern and θ1, which represent the time constant of the exponential function. 

2.3 DoE approach for experimentation 

A pattern of fits is fully defined by its multiplicity and the following dimensional qual-

ities: 𝐷 (hole nominal diameter), 𝑑 (shaft nominal diameter), 𝑇 (hole bilateral toler-

ance), 𝑡 (shaft bilateral tolerance), 𝑃 (hole location tolerance), and 𝑝 (shaft location 

tolerance). A possible set of non-dimensional parameters is: 𝑑 𝐷⁄ , 𝑇 𝐷⁄ , 𝑃 𝐷⁄ , 𝑝 𝑃⁄ , and 

𝑡 𝑇⁄ . Through Montecarlo simulation, it was establish that the rejection rate function 

𝑅(𝑛) is a function of these parameters: 𝑅(𝑛) = 𝑓(𝑑 𝐷⁄ , 𝑇 𝐷⁄ , 𝑃 𝐷⁄ , 𝑝 𝑃⁄ , 𝑡 𝑇⁄ ). As 

such, the coefficient θ1 and θ2 are also function of these. 

A Design of Experiments (DoE) approach to define a regression model to compute 

these two coefficients was implemented. For each parameter, a domain was defined: 

𝑑 𝐷⁄ = [0.85,0.98], 𝑝 𝑃⁄ = 𝑡 𝑇⁄ [1,4.5], 𝑇 𝐷⁄ = 𝑃 𝐷⁄  was define based on the ISO 286 

[10], for each diameter value up to 50 mm, considering the tolerances IT9 to IT18. 
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Based on a full factorial design, the samples were defined, and the coefficients θ1 

and 𝜃2 were computed. 

Using Minitab, a generalized linear regression model was run, considering each pa-

rameter up to the second order and the mixed products. Unusual observations were then 

removed from the inputs, and the generalized linear regression model was run again to 

define the coefficients. 

For better representation, the coefficients were grouped to find the following vecto-

rial equations: 

 𝜃1 (
T

D
,
P

D
,
t

T
,
p

P
,
d

D
) = 𝜃1(𝑑) = 𝑘1 + 𝑞

1
⋅ 𝑑 + 𝑑

𝑇
⋅ [𝑅1] ⋅ 𝑑  (3) 

 θ2 (
T

D
,
P

D
,
t

T
,
p

P
,
d

D
) = 𝜃2(𝑑) = 𝑘2 + 𝑞

2
⋅ 𝑑 + 𝑑

𝑇
⋅ [𝑅2] ⋅ 𝑑  (4) 

Since 𝜃2 represents the rejection rate of a pattern of 2 elements, and it can be analyti-

cally computed in case the rejection rate of the single element is null, a reduced model 

can be defined by overwriting the 𝜃2 value with the actual rejection rate for a 2x pattern. 

It is noteworthy to point out that hereinafter it will be referred to as a reduced model, 

as a model with 𝜃2 = 𝑅(2) and 𝜃1 computed with equation (3) using the same coeffi-

cients defined for the full model. Further development will require the development of 

a reduced model running the statistical analysis with only one single degree of freedom 

(𝜃1). 

2.4 Validation 

To validate the procedure, the Monte Carlo model was programmed in MATLAB and 

run over 1500 samples spanning the domain over which the model was developed. The 

errors (differences between the Monte Carlo simulation and the model prediction) were 

recorded. Both the average error and the maximum error are considered. The average 

error is deemed acceptable if it is below 10 %, and the maximum error is considered 

acceptable if it is below 15 %. These errors are analyzed against 𝑅(2) value. 

3 Results 

The coefficient for the analytical model, defined by equations (3) and (4), were found 

to be as follows (equations (5), (6), (7), and (8)): 

 k1 = 175.1                             k2 = 7.96  (5) 

 
𝑞

1
= {−446,−691.6,−11.47,−8.27,−166.9}

𝑞
2

= {17.62,1.874,0.538,0.2884,−23.03}
  (6) 

 [𝑅1] =

[
 
 
 
 
190.8 242.65 0 0 198.7
242.65 396.3 5.715 0 283.05

0 5.715 0 0.057 5.305
0 0 0.057 0.222 3.185

198.7 283.05 5.305 3.185 0 ]
 
 
 
 

  (7) 
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 [𝑅2] =

[
 
 
 
 
−11.01 −5.07 0 0 −6.875
−5.07 0 0 0.288 0

0 0 0 0 −0.264
0 0.288 0 0 −0.155

−6.875 0 −0.264 −0.155 18.57 ]
 
 
 
 

  (8) 

Some results using this model can be seen in Fig. 2. Two distinct behaviors can be 

observed. In the first case (left), the model accurately represents the ground truth (Mon-

tecarlo simulation), with errors remaining below 10 % for all numbers of fits, except 

for 𝑛 = 2 with the full model. In the second case (right), however, the model fails to 

satisfactorily represent the ground truth, indicating limitations in the defined model. In 

this second case, the rejection rate for the 2𝑥 pattern is below 20 % and the trend is 

closer to a linear function compared to the assumed exponential convergent function. 

To identify the model's limitations, a validation test was conducted, and the results 

are summarized in Fig. 3. Both the full model and the reduced model were tested, and 

the mean error and maximum error were plotted against the rejection rate of the 2𝑥 

pattern, as it appeared to influence the trend of the rejection rate function in Fig. 2. 

 

Fig. 2. Result from the model compared to the ground truth given by Montecarlo simulation 

 

Fig. 3. Model estimation dispersion around the ground truth (Montecarlo simulation) 

It can be observed that for both models, the mean error converges towards zero for 

𝑅(𝑛) > 20 % and remains mainly below 10 %. However, when examining the maxi-

mum error, it is evident that the full model yields very large maximum errors. Typically, 
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the maximum error is found for 𝑛 = 2 (as depicted in Fig. 2). By employing the reduced 

model, which effectively nullifies the error for 𝑛 = 2, it is apparent that the maximum 

error decreases. For 𝑅(2) > 20 %, the majority of maximum errors are below 15 %. 

Table 1 presents the percentage of samples estimated to be within tolerance (average 

error below 10 % and maximum error below 15 %). 

Table 1. Percentage of estimation within tolerance, 10% for the average error and 15% for the 

maximum error. 

 Full model  Reduced model 

 Average error Maximum Error  Average error Maximum Error 
 [< 10%] [< 15%]  [< 10%] [< 15%] 

0 < 𝑅(2) < 1 34.27% 4.38%  44.19% 36.66% 

0.2 < 𝑅(2) < 1 60.55% 8.79%  78.10% 68.12% 

 

Comparing the two proposed models, the full model and the reduced model, it can 

be observed that both are inaccurate when 𝑅(2) < 20, even though the reduced model 

significantly reduces the maximum error. This highlights that regardless of the model 

used, a different model needs to be developed for low rejection rates of the 2𝑥 pattern. 

When looking at the results for 𝑅(2) > 20, it can be observed that the performance of 

both models increases to an acceptable level for the mean error. The reduced model is 

30 % more accurate than the full model in terms of mean error. The most significant 

difference can be seen in the maximum error, which is unsatisfactory for the full model 

but acceptable for the reduced model. 

4 Outlook 

The model presented in this paper is far from being final and optimized. The coeffi-

cients found in equations (5), (6), (7), and (8) need to be derived with more samples to 

increase accuracy. The aim of the paper was to demonstrate the feasibility of creating 

a generalized analytical model based on statistical interpolation of data obtained from 

Montecarlo simulation. 

The results from the validation test, as seen in Fig. 3 and Table 1, have highlighted 

that the presented model is limited to cases in which the rejection rate of the 2𝑥 pattern 

is higher than 20 % for satisfactory accuracy. In particular, the reduced model allows 

for 78.10 % of the tests to have an error below 10 %, and 68.12 % of cases have a 

maximum error below 15 %. This suggests that the rejection rate of the 2𝑥 pattern 

might be used as a variable for the model. 

Therefore, further refinement should consider the development of specific models 

based on 𝑅(2), for example, a linear model for 𝑅(2) < 20% and an exponential model 

for 𝑅(2) > 20%. Further subdivision might also be explored to define a more accurate 

model.  

Since the reduced model has shown better results compared to the full model, it is 

expected that the development of a model based on only one parameter (θ1) might in-

crease the accuracy even more. 
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It is also anticipated that complete automation of the model generation will allow for 

the generation of the model based on a large sample of input data, which will produce 

stable and reliable coefficients for the model. It will also be important to compute the 

statistical assembly shift between the patterns to be used in tolerance stack-up. 

With this updated model, the interaction between other variables shall be explored 

to fully define the limits of application of the model and validate its usage. Finally, the 

model is based on the assumption that the pattern is aligned and that the contact between 

the items of the pattern occurs along one line. To overcome this issue, the authors are 

currently working on a numerical Montecarlo simulation strategy able to consider the 

actual point of contact in the x-y plane. 

Therefore, the research agenda will include the following steps: 

• Automation of the “model creation” routine. 

• Development of a proper reduced model. 

• Definition of specific model as function of 𝑅(2). 

• Definition of a numerical procedure to compute rejection rate with actual point of 

contact in the x-y plane. 

• Generation of an analytical model based on actual point of contact. 

• Definition of the statistical assembly shift between the patterns. 

5 Conclusions 

The aim of this study was to explore the feasibility of formulating a general analytical 

expression for computing the rejection rate of "nx" patterns. 

The study outlines a methodology for establishing a generalized linear regression 

model. By employing Monte Carlo simulation, the ground truth can be determined. An 

analytical function for the rejection rate 𝑅(𝑛) is proposed in equation (2). Additionally, 

an analytical preliminary model to estimate the coefficients θ1 and θ2 for use in equa-

tion (2) is developed using a Design of Experiments (DoE) approach. A reduced model, 

which does not require the θ2 coefficient, is also proposed. The model performs best 

for 𝑅(2) > 20%, particularly the reduced model. 

Based on the insights gained, a detailed research agenda is outlined for the further 

development and optimization of the tool presented in this study. 
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