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ABSTRACT Two different approaches for the linear-time solution of three-dimensional magnetostatic field
problems encompassing large-scale linear systems with millions of degrees of freedom are presented. The
ϕ–method is formulated in terms of nodal variables, i.e., magnetic scalar potentials, and involves the solution
of a curl-curl linear system for pre-processing and of a div-grad linear system. The A–method is formulated
in terms of edge variables, i.e., line integrals of the magnetic vector potential, and involves the solution
of a curl-curl linear system only. It is shown that these linear systems can be solved by flexible conjugate
gradient in combination with the aggregation-based multigrid preconditioner (AGMG), tailored for div-grad
problems, and with the aggregation-based (auxiliary-space) multigrid preconditioner (AGMG_CC), tailored
for curl-curl problems. The robustness and efficiency of these solvers is illustrated using magnetostatic
problems of practical interest, with linear or nonlinear media and having parts with complex geometry.
Numerical results show that both AGMG and AGMG_CC are able to attain linear solution time in all
cases considered, while being both faster and more robust than state-of-the-art algebraic multigrid solvers
and preconditioned Krylov subspace solvers, typically adopted in commercial finite element software for
electromagnetic analysis.

INDEX TERMS Finite element method, cell method, computer-aided engineering, iterative solver, algebraic
multigrid, auxiliary space preconditioner, linear time, nonlinear, magnetostatics, large-scale linear system.

I. INTRODUCTION
The numerical discretization of real-life electromagnetic
field problems typically leads to large-scale sparse linear
systems encompassing millions of degrees of freedom
(DOFs). This is in particular the case when three-dimensional
(3D), non-linear, time-dependent problems are considered.
Since this often repetitive system solution is commonly
the most time-consuming step in electromagnetic (EM)
simulation, its efficiency and robustness are of crucial
importance.

In particular, finite element method (FEM) or cell method
(CM) discretizations of magnetostatic field problems lead to
large sparse, symmetric and positive or semipositive definite
linear systems [1], [2]. These systems are commonly solved
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by a Krylov solver such as the preconditioned conjugate
gradient (PCG) method [3], [4]. For optimal performance
the latter must be combined with an effective preconditioner,
whose choice depends on the type of associated linear
system.

For 3D magnetostatics, discretization approaches based on
the use of the magnetic scalar potential lead to a div-grad
linear system, for which it is desirable to use PCG with
a standard multigrid preconditioner [5], [6]. In fact, the
resulting iterative solver typically exhibits a linear time,
i.e., proportional to the number of DOFs. In particular,
this occurs when the number of iterations of the iterative
solver is more or less independent of the number of DOFs
and run time per iteration increases at most linearly with
the number of DOFs. Multigrid preconditioners (or solvers)
are subdivided into two different classes, namely geometric
and algebraic. Geometric multigrid requires a hierarchy of
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nested discretization grids, where the finest grid corresponds
to the linear system to be solved and the coarsest grid is
sufficiently small [7]. This can be a disadvantage if some
parts of the model have parts with complex shapes and/or
large aspect ratios. Unlike geometric multigrid, algebraic
multigrid (AMG) only requires information from the system
matrix itself and therefore has broader applicability [8],
[9]. In particular, aggregation-based algebraic multigrid
methods like the one implemented in the AGMG software
are known to be more efficient and robust than standard
AMG implementations [10], [11]. For example, numerical
tests conducted in [12] have shown that AGMG performs
better than state-of-the-art algebraic multigrid solvers such
as BoomerAMG [13].

Another approach for the numerical modeling of 3D
magnetostatics is based on the use of magnetic vector
potential, and leads to a curl-curl linear system, for which
standard AMG cannot be effectively used (see, e.g., [14],
[15]). The use of auxiliary space (AS) preconditioner has
been proposed in the literature to overcome the difficulties
of AMG [16], [17], [18]. One step of this preconditioner
amounts to an application of three approximate solutions
of auxiliary linear systems for which standard AMG can
be used. The state-of-the-art implementation of an AS
preconditioner is the Auxiliary-spaceMaxwell Solver (AMS)
preconditioner of the HYPRE library [13], which relies on
BoomerAMG. However, as mentioned above, solvers like
AGMG are more efficient than BoomerAMG, and therefore
would likely improve the performance of the auxiliary
space preconditioners. On the other hand, as illustrated with
numerical experiments in Section V, the AMS occasionally
suffers from a lack of robustness and exhibits superlinear
time when applied to linear systems arising from the
discretization of 3D magnetostatic problems of practical
interest. For these reasons, an auxiliary space preconditioner
implementation based on AGMG was considered here and
successfully tested onmagnetostatic problemswith linear and
nonlinear media and having parts with complex geometry.
This implementation is referred to as AGgregation-based
MultiGrid software for Curl-Curl problems (AGMG_CC).

It has to be noted that the efficient solution of nonlin-
ear magnetostatics is particularly important since most of
electrical devices have ferromagnetic parts with nonlinear
behavior. The assumption of linear media in these cases
would lead to unrealistic estimates of electrical parameters
of the device. For an accurate simulation, a more elaborated
solution strategy is needed: i) first, a set of nonlinear algebraic
equations is generated from partial differential equations
governing the field problem using a numerical discretization
technique, ii) these nonlinear equations are then solved using
an iterative technique such as the fixed-point (FP) iteration
method or the Newton-Raphson (NR) method which in turn
involve solving at each step of a large-scale sparse linear
system. Two FP algorithms are proposed here, to exploit both
AGMG and AGMG_CC also for the solution of nonlinear
magnetostatics.

The remainder of this paper is organized as follows.
The nonlinear magnetostatic field problem is described
in the continuous setting in Section II, where the classical
ϕ–formulation and A–formulation are presented. Their dis-
cretization with the cell method is discussed in Section III,
together with solution algorithms adopted for nonlinear
magnetostatics. It is shown that both ϕ–method and
A–method lead to the solution of div-grad and curl-curl linear
systems that can be treated in linear time by flexible conjugate
gradient solver with AGMG and AGMG_CC precondi-
tioners, respectively, described in Section IV. Numerical
results in Section V, which include the solution of realistic
magnetostatic problems with linear and nonlinear materials,
show the effectiveness and robustness of both AGMG and
AGMG_CC.

II. MAGNETOSTATIC PROBLEM
In a magnetostatic field problem the computational domain
� is typically partitioned into the following subdomains:
�m, that contains linear or nonlinear magnetic media, such
as ferromagnetic materials, and in which no currents are
present;�0, that contains magnetic field sources such as coils
carrying direct current; � \ (�m ∪ �0), which is the rest of
the domain, and is made up of non-magnetic materials such as
air, with magnetic permeability equal to µ0 (the permeability
of vacuum). � is assumed to be bounded, with boundary
0 = ∂�.

Maxwell’s equations for magnetostatics in � are [19]:

∇×H = J0, (1)

∇·B = 0. (2)

where∇× indicates the curl operator,∇· indicates the diver-
gence operator, and vectors H, J0, B are the magnetic field,
the source current density, and the magnetic flux density,
respectively. In a magnetostatic problem J0 is assigned within
coils and must fulfill the following constraints:

∇· J0 = 0, in �0, (3)

J0 · n = 0, on ∂�0, (4)

where the dot symbol in (4) indicates the inner product
and n is the exterior unit normal. Note that (3) is a direct
consequence of (1) and (4) is written for coils without
terminals.

Maxwell’s equations are complemented by constitutive
relationships. For nonlinear isotropic media, the magnetic
permeability is defined as a nonlinear scalar function [20]:

µ(H ) =
B(H )
H

, (5)

which is the ratio between the field strengths of B and H.
This function is obtained by interpolating the B-H curve,
experimentally evaluated, and is bounded above and below
as µ0 ≤ µ ≤ µmax. The magnetic constitutive relationship
for nonlinear isotropic media thus becomes:

B = µ(H )H. (6)
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It has to be noted that the behavior of linear materials can
also be described by (6), assuming the magnetic permeability
to be piecewise constant and independent of the field
strength H .
To obtain a unique solution to the magnetostatic field

problem, it is necessary to impose appropriate boundary
conditions (BCs). For the sake of simplicity, the following
homogeneous boundary condition is considered in this work:

B · n = 0, on 0, (7)

which is suitable to model in practical applications either
symmetry conditions or magnetic wall BCs (e.g., tangent
field at the boundary of the computational domain).

Finally, at each interface 6 between subdomains with
different material properties, the continuity of the tangent
component of the magnetic field and the continuity of the
normal component of magnetic flux density must also be
satisfied:

[H]× n = 0, on 6, (8)

[B] · n = 0, on 6, (9)

where the cross symbol indicates the cross product and the
square brackets indicate the field jump across 6.
The solution of magnetostatics typically involves the

magnetic scalar potential ϕ or the magnetic vector potential
A, to reduce the number of unknowns and obtain a single
partial differential equation. This leads to two equivalent
formulations, briefly recalled below [21], [22].

A. ϕ–FORMULATION
Assuming a simply connected domain�, as usual in practical
magnetostatic problems, the magnetic scalar potential can be
introduced by means of the following decomposition:

H = H0 −∇ϕ, in �, (10)

which splits the magnetic field into a curl-free component∇ϕ

(i.e., the gradient of the magnetic scalar potential) and the so-
called source field H0 satisfying:

∇×H0 = J0, in �. (11)

The source field, defined in the whole domain �, does not
have to satisfy any BCs and can be obtained in several ways.
For instance, it can be the magnetic field generated by coils
in the absence of magnetic media in �m (i.e., calculated
from Biot-Savart’s law or from the numerical solution of a
magnetostatic problem), or it can be calculated (at the discrete
level) using numerical procedures based on graph theory or
functional analysis, without any physical interpretation (see,
e.g., [23] for a thorough discussion). The use of Biot-Savart’s
law is typically time-consuming because it requires the
evaluation of integrals with Gaussian quadrature. To ensure
a fast calculation of H0, a purely algebraic procedure, based
on AGMG_CC, is proposed in Section III-B.

By plugging (6) in (2) and using (10), the following div-
grad partial differential equation is obtained:

∇·µ(H )∇ϕ = ∇·µ(H )H0, in �. (12)

To get a unique potential, up to a constant, (12)must be solved
together with (7). The latter rewritten in terms of ϕ becomes:

µ(H )∇ϕ · n = µ(H )H0 · n, on 0. (13)

Once (12) has been solved in terms of magnetic scalar
potential, the magnetic field is obtained using (10).

B. A–FORMULATION
Assuming this time a contractible domain �, as usual
in practical magnetostatic problems, the magnetic vector
potential is introduced by means of an equivalent form of
Gauss’ law (2):

B = ∇×A, in �. (14)

By inverting the constitutive relationship (6), one obtains:

H = ν(H )B, (15)

where ν = µ−1 is the magnetic reluctivity.
By plugging (14) in (15) and using (1), the following curl-

curl partial differential equation is obtained:

∇× ν(H )∇×A = J0, in �. (16)

To complete the field problem formulation, (16) must be
solved with (7). As a consequence of Stokes’ theorem, the
latter can be expressed in terms of the vector potential as:

A× n = 0, on 0. (17)

Once (16) has been solved in terms of magnetic vector
potential, the magnetic flux density is obtained by (14); then,
the magnetic field is calculated from B using (15).

III. CELL METHOD DISCRETIZATION
Formulations described in Section II can be discretized
using the FEM (see, e.g., [22]), which however requires
Gaussian quadrature for the evaluation of the mass matrix
coefficients. In this work, an alternative approach is adopted,
namely the CM,which does not use Gaussian quadrature. The
numerical approaches resulting from the CM discretization
of the ϕ–formulation and the A–formulation, discussed
in Section II, will be called hereinafter ϕ–method and
A–method, respectively.
The discretization framework of the CM, which is detailed

in [24], is briefly summarized as follows. The computational
domain is first meshed into a tetrahedral mesh (the so-called
primal grid G�), made up of different geometric entities:
nodes, edges, faces and volumes. Then, the corresponding
dual grid G̃� is obtained by joining the centers of tetrahedrons
and those of its triangular faces. By using the approach
proposed in [25] to properly incorporate BCs in the CM,
an augmented dual grid is constructed from G� as the
union of G̃� and the dual grid G̃0 , the latter being obtained
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from the boundary mesh. In this way there is a one-
to-one correspondence between the geometric entities of
the primal and dual grids. Any physical field in the CM
can be interpolated by piecewise constant edge or face
functions, such as those defined in [26], so that vector
fields are represented on G� as arrays of DOFs. Differential
operators are transformed into incidence matrices using
Stokes’ theorem. Finally, by means of the so-called energy
approach, magnetic material properties are transformed into
positive-definite mass matrices [26]. In this way partial
differential equations governing the field problem can be
written directly in algebraic fashion. Discrete topological
and material laws are assembled together to form a system
of equations to be solved in terms of DOFs. In the post-
processing, locally approximated fields can be obtained from
the arrays of DOFs using piecewise constant functions.

A. SOURCE CURRENTS IN COILS
The calculation of source currents in coils is a pre-processing
step common to both ϕ–method and A–method. A novel
procedure for the calculation of the source current in
current-driven coils is here proposed, based on the use of very
efficient and robust AGMG and AGMG_CC solvers. This
procedure extends the one already proposed in [27], based
on less efficient iterative solvers for rectangular systems such
as Least Squares Minimal Residual (LSMR) or, equivalently,
Least Squares with QR-factorization (LSQR).

For the sake of simplicity, a single coil without terminals
is considered, but the procedure can easily be extended to the
case of multiple coils with terminals. According to [27], the
source current density J0 can be decomposed as:

J0 = ∇×T0 + I0K0, (18)

where I0 is the current of the coil, T0 is an electric vector
potential in�0 such that T0×n = 0 on ∂�0. The topological
field K0 in (18) is a div-free field that is not a curl of any
vector field, such that:∫

60

K0 · n d6 = 1, (19)

where 60 is an arbitrary cut surface of �0, on which I0 is
enforced. Integrating (18) over each primal face of G�0

and using Stokes’ theorem, the following decomposition of
source currents is obtained:

j0,�0 = C�0 t0,�0 + I0 k0,�0 , (20)

where j0,�0 = (j0,f )f ∈G�0
is the array of fluxes of J0 through

any primal face f of G�0 , i.e., jf =
∫
f J0 · ds, C�0 is the

discrete curl operator defined on G�0 (i.e., the faces-to-edges
incidence matrix with 0, ±1 coefficients), t�0 = (te)e∈G�0
is the array of line integrals of T0 along each primal edge
e of G�0 , i.e., te =

∫
e T0 · d l. Similarly to the array of

source currents, k0,�0 = (k0,f )f ∈G�0
is the array of fluxes

of K0 through any primal face f of G�0 , i.e., kf =
∫
f K0 · ds.

Integrating the charge conservation law (3) over the
primal volumes of G�0 and using the divergence theorem,

Kirchhoff’s current law is obtained. According to (4), source
currents on boundary faces j0,∂�0 must be null. Therefore:

D�0 j0,�0 = 0, (21)

j0,∂�0 = 0, (22)

where D�0 is the discrete divergence operator of G�0 (i.e.,
the volume-to-faces incidence matrix with 0, ±1 coeffi-
cients). Substituting (20) in (21) and exploiting the identity
D�0C�0 = 0, the following rectangular system is obtained:

D�0k0,�0 = 0. (23)

A non-trivial solution of (23) can be obtained by enforcing:
i) null fluxes through all the faces of G∂�0 , ii) a unit flux on
an arbitrary face of G60 , i.e., the discretized cut surface on
which the source current is imposed, and iii) null fluxes
on the remaining faces of G60 . Let k0,∂�0∪60 be the array
of constrained variables. The following splitting then results:

k0,�0 = k0,∂�0∪60 +QT
�0

k̂0,�0 , (24)

where Q�0 is a selection operator made of {0, 1} coefficients
that extracts free variables k̂0,�0 from k0,�0 and the operator
(·)T indicates the matrix transpose. Substituting (24) in (23),
the following reduced rectangular linear system is obtained:

D̂�0 k̂0,�0 = ĝ�0 , (25)

where D̂�0 = D�0Q
T
�0

and ĝ�0 = −D�0k0,∂�0∪60 .
By letting k̂0,�0 = D̂T

�0
ψ̂�0

, one admissible solution
of (25) can be found by solving the div-grad linear system:

D̂�0D̂
T
�0
ψ̂�0
= ĝ�0 , (26)

which can be regarded as a div-grad system due to
the following physical interpretation: it is related to an
optimal-flow problem (e.g., an electric circuit formed by
resistors with unit resistance) defined on the dual graph of the
mesh in �0, the latter being obtained by joining the centers
of cells.

The vector t0,�0 in (20) can be obtained by solving an
electrokinetic problem inside�0 under the BCs given in (22):

C̃�0̃e�0 = 0, (27)

ẽ�0 =Mρ,� j0,�0 , (28)

where the dual curl operator is defined as C̃�0 = CT
�0

and
ẽ�0 = (̃ẽe )̃e∈G̃�0

is the array of electromotive forces (emfs)

defined on dual edges ẽ of G̃�0 , i.e., ẽ̃e =
∫̃
e E · d l. The

coefficients of resistance matrixMρ,� = (mρ,ff ′ )f ,f ′∈G�0
are:

mρ,ff ′ =

∫
�

ρ(x)wf (x) · wf ′ (x) dx, (29)

where ρ is the resistivity of the coil (i.e., it can be set to 1)
andwf are the piecewise constant face basis functions defined
in [26]. By inserting (28) in (27) and using (20), the following
curl-curl linear system is obtained:

CT
�0
Mρ,�0C�0 t0,�0 = −I0C

T
�0
Mρ,�0k0,�0 . (30)

Once topological discrete fields k0,�0 and t0,�0 have been
found, div-free source currents can be obtained from (20).
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B. ϕ METHOD
Integrating (10) along each primal edge of G� and using
Stokes’ theorem gives the corresponding discrete field
decomposition:

h� = h0,� −G� ϕ�, (31)

where h� = (he)e∈G�
is the array of magnetomotive forces

(mmfs) he =
∫
eH · d l, i.e., line integrals of H along each

primal edge e of G�, h0,� is the array of mmfs related to the
source field andϕ� = (ϕn)n∈G�

is the array of nodal values of
the magnetic scalar potential. The matrix G� is the discrete
gradient operator of G� (i.e., the edges-to-nodes incidence
matrix with 0, ±1 coefficients).
Unlike traditional approaches for computing the source

magnetic field, based on the time-consuming calculation of
Biot-Savart’s integrals [19] or spanning tree techniques [20],
[21], the fully algebraic procedure proposed in [28] is adopted
here. The key advantage is that the final linear system for the
computation of source mmfs h0,� is amenable to linear time
solution using algebraic multigrid.

Integrating (11) over each primal face of G� and using
Stokes’ theorem yields:

C� h0,� = j0,�, (32)

where C� is the discrete curl operator of G� and j0,� =
(j0,f )f ∈G�

is the array of source currents defined onG�, where
j0,f = 0 for any f /∈ G�0 . As proven in [28], the rectangular
linear system (32) is equivalent to the curl-curl linear system:

CT
�C� h0,� = CT

� j0,�. (33)

The local constitutive relationship (6) is discretized using
the energy approach described in [26] and assembled into the
corresponding global relationship defined on G�, yielding:

b̃� =Mµ(H ),� h�, (34)

where b̃� = (b̃f )̃f ∈G̃�
is the array of magnetic fluxes b̃f =∫̃

f B · ds through any dual face f̃ of G̃�. In presence of
nonlinear media, the coefficients of the permeance matrix
Mµ,� = (mµ,ee′ )e,e′∈G�

depend on the magnetic field
strength and are defined as:

mµ,ee′ =

∫
�

µ(H (x))we(x) · we′ (x) dx, (35)

where we are the piecewise constant edge basis functions
defined in [26]. Note that Mµ,� is positive-definite since
µ(H ) > 0 and the matrix assembly does not require Gaussian
quadrature since µ is assumed to be piecewise constant.
Integrating (2) over each dual cell of G̃� (a polyhedron) and

using the divergence theorem gives the global Gauss’ law:

D̃� b̃� + D̃�0 b̃0 = 0, (36)

where D̃� = −GT
� is the dual divergence operator (or

dual volume-to-face incidence matrix), D̃�0 is the surface
divergence operator and b̃0 is the array of magnetic fluxes
through the dual faces of G̃0 . D̃�0 is constructed by noting

that its transpose is a selection matrix, which extracts the
primal nodes of G0 from those of G�. It has to be noted that,
by letting b̃0 = 0 in (36), i.e., null boundary fluxes, the
boundary condition (7) is automatically enforced.
The final system of nonlinear equations is obtained using

the same scheme adopted at the continuous level: (34) is
inserted in (36) and (31) is used to express mmfs in terms
of scalar potentials. The final div-grad system thus becomes:

GT
� Mµ(H ),� G� ϕ� = GT

� Mµ(H ),� h0,�, (37)

where the right-hand side (RHS) is found after solving (33).
The nonlinear system (37) is solved using the fixed-point

iteration method, which has some remarkable advantages:
it is proven to be more robust than the Newton-Raphson
method, i.e., less prone to convergence problems, and does
not require careful choice of the trial solution, which is
typically a very problem-dependent and time-consuming
operation [29].
Themain steps of the FPmethod to solve nonlinear magne-

tostatics with the ϕ–method are summarized in Algorithm 1.
At line 3, the initial magnetic permeability in any element

of the mesh is set to the maximum permeability value µmax,
which is given by the B-H curve of the magnetic material.

At line 5, the solution process continues if the error e(k) is
greater than a fixed threshold τ < 1 and less than a fixed
number of iterations kmax.

At line 6, the coefficients of the permeance matrix are
calculated with (35) for a given magnetic permeability value
µ(k), which is estimated for any cell at each iteration. Since
µ(k) > 0 the permeance matrix is positive definite and the
related linear system (37) is suitable for the AGMG solver.

At line 7, the coefficient matrix K(k)
� and the RHS f(k)�

of (37) are updated with the new permeance matrixMµ(k),�.
At line 8, the residual at k+1th step is calculated using the

Euclidean norm from the solution at kth step.
At line 10, the relative error e(k+1) is calculated as the ratio

of residuals at k+1th step and at the first one. When the error
is below the threshold, solution is assumed to have converged.

At line 15, the div-grad linear system (37) is iteratively
solved using AGMG, starting from ϕ

(k)
� (i.e., last computed

solution) as a trial solution to accelerate convergence.
At line 17, the magnetic field is calculated at the center

of each mesh cell from h(k+1)� using piecewise constant edge
functions, hence its strength H (k+1) is calculated with the
Euclidean norm. By using piecewise constant edge functions,
it can be proven that the interpolatedmagnetic field inside�m
(i.e., no source currents) is constant element-by-element since
C� h(k+1)� = j�, with j0,f = 0 for any f /∈ G�0 .
At line 18, for each cell, the magnetic flux density strength

B(k+1) is calculated from H (k+1) by means of the B-H curve.
Finally, at line 19, the magnetic permeability value µ(k+1)

is updated for each cell as the ratio of B(k+1) and H (k+1).

C. A METHOD
Integrating (14) over each primal face of G� and using
Stokes’ theorem magnetic fluxes can be expressed in terms
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Algorithm 1 Fixed-Point Iterations (ϕ–method)
1: k = 0
2: e(0) = 1
3: µ(0)

= µmax (for all mesh elements)
4: ϕ

(0)
� = 0

5: while e(k) > τ ∧ k < kmax do
6: Assembly of permeance matrixMµ(k),�

7: Compute matrix and RHS of (37): K(k)
� , f(k)�

8: r (k+1) = ∥K(k)
� ϕ

(k)
� − f(k)� ∥

9: if k > 1 then
10: e(k+1) = r (k+1)/r (1)

11: else
12: e(1) = 1
13: end if
14: Use ϕ(k)

� as a trial solution for AGMG
15: Find ϕ(k+1)

� by solving (37) with AGMG
16: h(k+1)� from ϕ

(k+1)
� using (31)

17: H (k+1) from h(k+1)� by interpolation
18: B(k+1) from H (k+1) with B-H curve
19: µ(k+1)

= B(k+1)/H (k+1)

20: ϕ
(k)
� ← ϕ

(k+1)
�

21: k ← k + 1
22: end while

of line integrals of the magnetic vector potential:

b� = C� a�, (38)

where b� = (bf )f ∈G�
is the array of fluxes of B through any

primal face f of G�, i.e., bf =
∫
f B · ds and a� = (ae)e∈G�

is the array of line integrals of the magnetic vector potential
along each primal edge e of G�, that is ae =

∫
e A · d l. Note

that magnetic fluxes in (38) are defined on the primal grid
instead of the dual grid as in the ϕ–method.

Using the energy approach the local magnetic constitutive
relationship (15) can be discretized into the corresponding
global relationship defined on G�:

h̃� =Mν(H ),� b�, (39)

where h̃� is the array of mmfs along the dual edges of G̃� and
the coefficients of the reluctance matrixMν(H ),� are:

mν,ff ′ =

∫
�

ν(H (x))wf (x) · wf ′ (x) dx. (40)

Note that Mν,� is positive-definite since ν(H ) > 0 and the
matrix assembly does not require Gaussian quadrature since
the reluctivity is assumed to be piecewise constant.

Integrating (1) over the dual faces of G̃� and using Stokes’
theorem yields the discrete Ampère’s law:

C̃� h̃� + C̃�0 h̃0 = j̃0,�, (41)

where C̃� = CT
� is the dual curl operator (or dual face-to-

edge incidence matrix) of G̃�, C̃�0 is the dual surface curl
operator of G̃0 , and h̃0 is the array of mmfs defined on the
dual edges of G̃�. C̃�0 is constructed noting that its transpose

is a selection matrix which extracts the primal edges of G0

from those of G�. Finally, j̃0,� = (j0,̃f )̃f ∈G̃�
is the array of

source currents j0,̃f =
∫̃
f J0 · ds through dual faces f̃ of G̃�,

where j0,̃f = 0 for any f̃ /∈ G̃�0 .
The RHS of (41) is obtained as follows. Source currents

must comply with Kirchhoff’s current law in the coil region:

D̃�0 j̃0,�0 + D̃�000 j̃0,00 = 0, (42)

which is obtained (similarly to (36)) by integrating (3) over
each dual cell of G̃�0 and using the divergence theorem. Note
that boundary currents j̃0,00 in (42) are null due to BCs (4).
Source currents through the dual faces f̃ of G̃�0 are obtained
from J0 using piecewise constant edge functions:

j0,̃f =
∫

�0

we · J0 d�. (43)

By expanding the source current density in terms of piecewise
constant face functions source currents become:

j0,̃f =
∑
f ∈G�0

j0,f

∫
�0

we · wf d�, (44)

where j0,f are currents thorough the primal faces of G�0 .
Equation (44) can be rewritten more compactly as:

j̃0,�0 = P�0 j0,�0 , (45)

where projection operator P�0 = (pef )e,f ∈G�0
is defined as:

pef =
∫

�0

we · wf d�. (46)

It has to be noted that if source currents on primal faces
fulfill (21), then the current density is constant element-
by-element and projected currents (44) fulfill (42). The
fulfillment of Kirchhoff’s current law is important in order to
ensure the convergence of Krylov solvers as discussed in [30].
Substituting (39) into (41) and using (38) gives the

following system of nonlinear curl-curl equations:

CT
� Mν(H ),� C� a� = j̃0,�, (47)

which is solved by imposing null DOFs on boundary edges,
a0 = 0, to comply with the boundary condition (17). It has
to be noted that the second term in (41) is dropped due to
the enforcement of BCs (i.e., rows and columns of the linear
system, corresponding to coefficients of a0 , are eliminated).
Standard FP method is proven to be unsuitable to

solve (47). A more robust variant, the secant method,
proposed by Bíró in [31], is here adopted. This approach
preserves the advantages of the FP method outlined above,
e.g., more robust than NR method, and has the remarkable
advantage of making use of the B-H curve, directly obtained
from the interpolation of measured field data, also in the case
of the A–formulation.
The main steps of the secant method to solve nonlinear

magnetostatics with the A–method are summarized in
Algorithm 2.
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At line 3, the initial magnetic reluctivity in any cell of
the mesh is set to the minimum reluctivity value, which is
obtained from the B-H curve as νmin = µ−1max.
At line 6, the coefficients of the reluctance matrix are

calculated with (40) for a given reluctivity value ν(k), which
is estimated for any cell at each iteration. Since ν(k) > 0 the
reluctance matrix is positive definite and the related linear
system (47) is suitable for the AGMG_CC solver.
From line 7 to 14 the steps are similar to Algorithm 1.

At line 15, the curl-curl linear system (47) is iteratively solved
using AGMG_CC, starting from a(k)� (i.e., last computed
solution) as a trial solution to accelerate convergence.

At line 17, the magnetic flux density is calculated at the
center of each cell from the array b(k+1)� , using face basis
functions, and then its strength B(k+1) is calculated by taking
the Euclidean norm. Note that, using piecewise constant face
functions, the interpolated magnetic flux density is constant
element-by-element due to Gauss’s law D� b(k+1)� = 0.
At line 18, for each cell, the magnetic field strength

H (k+1) is obtained from B(k+1) using the reluctivity value ν(k)

calculated at the last iteration step.
At line 19, a new value of B(k+1) is calculated from H (k+1)

using the B-H curve.
Finally, at line 20, the magnetic reluctivity value ν(k+1) is

calculated for each cell as the ratio of H (k+1) and B(k+1).

Algorithm 2 Secant Method (A–method)
1: k = 0
2: e(0) = 1
3: ν(0) = νmin (for all mesh elements)
4: a(0)� = 0
5: while e(k) > τ ∧ k < kmax do
6: Assembly of reluctance matrixMν(k),�

7: Compute matrix and RHS of (47): K(k)
� , f(k)�

8: r (k+1) = ∥K(k)
� a(k)� − f(k)� ∥

9: if k > 1 then
10: e(k+1) = r (k+1)/r (1)

11: else
12: e(1) = 1
13: end if
14: Use a(k)� as a trial solution for AGMG_CC
15: Find a(k+1)� by solving (47) with AGMG_CC
16: b(k+1)� from a(k+1) using (38)
17: B(k+1) from b(k+1)� by interpolation
18: H (k+1)

= ν(k) B(k+1)

19: B(k+1) from H (k+1) with B-H curve
20: ν(k+1) = H (k+1)/B(k+1)

21: a(k)← a(k+1)

22: k ← k + 1
23: end while

IV. AGGREGATION-BASED MULTIGRID SOLVERS
The discretized formulations in the Section III are posed
in a form suitable for aggregation-based algebraic multigrid

solvers, with the remarkable feature of linear solution time.
In particular, the calculation of the current density during
the pre-processing requires the solution of the div-grad
system (26) or the curl-curl system (30). The ϕ–method
involves the preliminary calculation of the source field,
consisting in the solution of the curl-curl linear system (33),
and the calculation of nodal variables (i.e., magnetic scalar
potentials) by solving the div-grad linear system (37).
Finally, the A–method involves only the calculation of edge
variables (i.e., line integrals of the magnetic vector potential),
consisting in the solution of the curl-curl linear system (47).

A. AGMG PRECONDITIONER
Div-grad linear systems have the following abstract form:

GTMGu = f, (48)

where G is a discrete gradient operator (i.e., edges-to-nodes
incidence matrix), M is a positive definite mass matrix, u is
the unknown vector and f is any admissible RHS that lies
in the image of GT. Equation (48) is singular, with a kernel
dimension of G equal to one for a topologically-connected
graph. By putting G = D̂T

�0
and M equal to the identity

matrix with size the number of dual edges of G̃�0 , it can
be easily observed that (26) is a div-grad system. Likewise,
putting G = G� and M = Mµ(H ),�, it can be noted that the
linear system of the ϕ–method (37) reduces to (48).
It is well known in literature that the linear systems

of the form (48) can be solved in linear time using
algebraic multigrid methods. The AMG preconditioner (or
solver) automatically builds a hierarchy of progressively
smaller linear systems, and recursively uses the approximate
correction from the next coarse system in combination with
the smoothing for a current coarse system to produce an
approximate solution at the current level. A state-of-the-art
implementation of the AMG preconditioner is BoomerAMG
present in the HYPRE toolbox. However, this is not always
robust and efficient when singular systems such as (48) are to
be solved (see Section V).
To address this problem, a different AMG algorithm is

here considered: the aggregation-based algebraic multigrid,
implemented in the AGMG software [32]. Details of the
algorithm can be found in Notay’s work [10], and are not
discussed here for the sake of brevity. In summary, the
preconditioner from this software builds the next system in
the multigrid hierarchy from the preceding one by grouping
the equations/unknowns into aggregates. Like other AMG
preconditioners, the construction of the hierarchy is purely
algebraic (or black box), and AGMG only takes as input
the system to be solved. The AGMG preconditioner is used
here in combination with a Krylov solver such as the flexible
conjugate gradient proposed in [33]. As shown in Section V,
the choice of AGMG is motivated by the fact that the
corresponding preconditioner is more efficient than the state-
of-the-art BoomerAMG preconditioner, used here with PCG,
and always presents linear solution time in all numerical
benchmarks considered.
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There are several features that make AGMG particularly
computationally efficient. Building the multigrid hierarchy
by aggregation of equations/unknowns makes the setup stage
of AGMG simpler and faster than that of classical AMG such
as BoomerAMG, whereas the resulting multigrid hierarchy
is typically sparser and needs less memory. The simplicity
of the aggregation approach has its price: it requires a more
elaborated traversal of the hierarchy. However, if well chosen
(e.g., as K-cycle in AGMG [34]), such traversal has limited
impact on the solution time and can enhance the robustness of
AGMG. The latter is further strengthened by a rather unique
quality control mechanism for selected aggregates [35], [36].

B. AGMG_CC PRECONDITIONER
Curl-curl linear systems have the following abstract form:

CTMCu = f, (49)

where C is the discrete curl operator (i.e., faces-to-edges
incidence matrix), M is a positive definite mass matrix, u
is the unknown vector and f is any admissible RHS that lies
in the image of CT. It is known in the literature that linear
systems of the form (49) are more difficult to solve than (48)
due to the larger kernel size of C compared to G [37].
It can be noted that the linear system (30) for the source

current calculation reduces to (49) by putting C = C�0

and M = Mρ,�0 . The linear system for the source field
calculation (33) reduces to (49) by putting C = C� and
M equal to the identity matrix with dimension the number
of primal edges of G�. Similarly, with the A–method, (47)
reduces to (49) by putting C = C� andM =Mν(H ),�.
It is known in the literature that auxiliary space precon-

ditioners (or solvers) exhibit a linear solution time when
applied to the solution of curl-curl linear systems [18], [38].
These preconditioners perform successive applications of
smoothing and subspace correction steps, each requiring an
approximate solution of a linear system. In the subspace
correction step the linear systems are obtained by projecting
the associated curl-curl linear system onto the images of
interpolating linear operators 5x , 5y, 5z. For instance,
5x transforms the x components of the nodal values of a
continuous vector field, assumed linear in each tetrahedron,
onto the line integrals along the edges of the same vector field.
It is defined as:

5x =
1
2
Lx |G|, (50)

where Lx is a diagonal matrix whose diagonal coefficients
are the x-axis components of the edge vectors of the edges
of the mesh, and |G| is the matrix obtained from the discrete
gradient operator by taking the absolute value of each entry.
Similar definitions hold for5y and5z. The projected systems
arising in the correction step are known to be suitable for
approximation by an AMG preconditioner.

The state-of-the-art implementation of the auxiliary space
preconditioner is the AMS preconditioner from the HYPRE
toolbox, which uses BoomerAMG to approximately solve

the projected systems. However, as shown in Section V,
this preconditioner occasionally lacks of robustness. This
observation motivated one of the authors to develop a
variant of the AS preconditioner that is based on the
AGMG software; it is freely distributed with the AGMG_CC
software [39].

The AGMG_CC software takes as input the coefficient
matrix and the RHS of the linear system, the discrete
gradient operator, and the coordinates of the mesh nodes.
Once the auxiliary space preconditioner is formed, it can
be used in combination with the flexible PCG to solve the
curl-curl systems of the form (49). The application of the
AGMG_CC preconditioner to a vector r is described in
Algorithm 3. In this algorithm, BAGMG(M, v) represents a
single application to a vector v of the AGMG preconditioner
for a given matrix M, K indicates the system matrix in the
discrete curl-curl equation, and LK, UK are the lower and
the upper triangular parts of K, respectively. In particular,
the smoothing steps amount to one forward Gauss-Seidel
pre-smoothing step (lines 1-2) and one backward Gauss-
Seidel post-smoothing step (line 7). Regarding the subspace
corrections (lines 3-6), they are computed concurrently for
each projected system.

Algorithm 3 Steps of the AGMG_CC Preconditioner
Pre-smoothing

1: e1 = L−1K r
2: r = r−Ke1

Correction
3: e2 = 5x BAGMG

(
5T
xK5x , 5T

x r
)

4: e2 = e2 +5y BAGMG
(
5T
yK5y, 5T

y r
)

5: e2 = e2 +5z BAGMG
(
5T
zK5z, 5T

z r
)

6: r = r−Ke2
Post-smoothing

7: e3 = U−1K r
8: e = e1 + e2 + e3

It is shown in the next section that AGMG and AGMG_CC
can be exploited to solve magnetostatics in linear time.

V. NUMERICAL RESULTS
Both ϕ–method and A–method presented in Section III,
together with the fixed-point iteration method (Algorithm 1)
and the secant method (Algorithm 2), were implemented in
vectorized MATLAB® codes. Algebraic multigrid solvers
were implemented in C and FORTRAN programming lan-
guages and compiled using GCC and GFORTRAN compilers
with optimization options.

Both ϕ–method and A–method were validated by means
of the same benchmarks: 1) an axisymmetric model (the
clapper solenoid actuator) for which an accurate reference
third-order 2D FEM solution could be computed, 2) a
fully 3D model (the toroidal inductor) with highly complex
geometry. These benchmarks were chosen to test the
robustness of algebraic multigrid when solving linear systems
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stemming from the discretization of magnetostatic problems
of practical interest, encompassing a large number of DOFs,
inhomogeneous media, nonlinearity, and parts with complex
geometry. To the authors’ knowledge, such magnetostatic
problems are not commonly considered in the literature on
algebraic multigrid. It is shown below that both AGMG and
AGMG_CC outperform state-of-the-art algebraic multigrid
solvers such as Boomer AMG and AMS from the HYPRE
library [13]. In particular, AGMG_CC shows to be more
robust than AMS.

All numerical tests used for validation of the CM codes
implementing the ϕ–method and the A–method were run
on a laptop equipped with an Intel Core i7-6920HQ
processor (2.9 GHz clock frequency) and 16 GB random
access memory (RAM). Convergence tests for assessing the
performance of multigrid solvers were carried out using a
desktop with an Intel Xeon E5-2620 processor at 2.10 GHz
and 128 GB RAM.

A. CLAPPER SOLENOID ACTUATOR
Fig. 1 shows a sketch of the clapper solenoid actuator with
axial symmetry (it is the cross-section on the plane θ =

0 in a cylindrical coordinate system r, θ, z). This model
(derived from the clapper solenoid actuator described in [40],
p. 101) was analyzed either with the CM or the FEM used
for comparisons. The clapper solenoid model (computational
domain �) consists of a magnetic core (stator �1 and
armature�2), excited by a DC current-driven coil�0, and the
air domain �3, delimited by a bounding box (48 × 63 mm)
to which magnetic wall BCs are applied. The stator (30 mm
radius, 23 mm height) and the armature (same radius, 8 mm
height) are made of nonlinear and isotropic magnetic material
(i.e., the soft-iron of the COMSOL Multiphysics® material
library).

The magnetization curve in Fig. 2 of the soft-iron shows
a strong nonlinearity and enters the saturation region with
a magnetic field strength of 0.5 A/m. In the CM codes
scattered field data of the curve were interpolated using
a piecewise cubic hermite polynomial (PCHIP function in
MATLAB®). This provided a smooth representation of the
constitutive law (6) that has proven critical to the convergence
of nonlinear solvers. The coil of N = 2000 turns (S =
10 × 15 mm cross-section area) carries a current of I0 = 1
A per turn and is modeled by a constant source density
J0 = N I0/S eθ , where eθ is the azimuthal unit vector.
The clapper solenoid model in Fig. 1 was first simulated in

the COMSOL Multiphysics® software using axisymmetric
(third-order) FEM. The triangle mesh with 5046 elements,
discretizing �, was refined up to convergence in order to
obtain highly accurate field values, taken as a reference
solution. The nonlinear system (with 22 978 DOFs) was
solved using the default nonlinear solver of COMSOL—
based on the NR method—, with a relative tolerance of
10−12. A PCG solver with successive over-relaxation (SOR)
preconditioner was used for inner iterations, as default option
in COMSOL.

FIGURE 1. Axisymmetric model of the clapper solenoid: coil �0, stator
�1, armature �2, air domain �3. The magnetic flux density is calculated
along the line A–B (blue).

FIGURE 2. B-H curve of soft iron used in simulations: measured data are
taken from the COMSOL Multiphysics® material library; scattered data
are interpolated in MATLAB® using a piecewise cubic hermite
polynomial.

Due to symmetry only one six of the geometry was
considered in either 3D CM or 3D (first-order) FEM
models. Fig. 3 shows the computational domain meshed
by the coarsest tetrahedral mesh used in the numerical
tests. For 3D CM and 3D FEM the same tetrahedral mesh
with 430 248 nodes, 2 976 044 edges, 506 9470 faces, and
2 523 673 volumes was used. With the 3D model, together
with magnetic wall BCs, symmetry BCs were applied to the
vertical parts of the boundary (planes θ = 0 and θ = 60◦ in
cylindrical coordinates).
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FIGURE 3. 3D model of the clapper solenoid (only 1/6 due to symmetry)
discretized with the coarsest mesh used in simulations. Field
computation line A–B is on the plane y = 0, corresponding to θ = 0 in
cylindrical coordinates.

The default nonlinear solver of COMSOL—based on the
NR method—was used also for 3D FEM, with a relative
tolerance of τ = 10−3. This value was chosen in order
to get the model convergence to the reference solution
obtained with axisymmetric FEM. In COMSOL, for each
NR iteration, the FEM linear system—with a number of
unknowns equal to the number of edges—was solved using
PCG with geometric multigrid preconditioner, with 10−4

stopping tolerance for the relative residual (i.e., lower than
nonlinear solver tolerance). As a general criterion, relative
tolerances for the linear system solvers were typically chosen
an order of magnitude smaller than the tolerance for the
nonlinear solver. This ensures that the number of iterations of
the nonlinear solver is essentially independent of the linear
solver being used. On the other hand, by choosing larger
tolerance for linear solvers the number of iterations of the
nonlinear solver can increase, and the nonlinear solver can
even fail to converge. Note that geometric multigrid could be
efficiently used in this case due to the rather simple geometry
of the clapper solenoid model. The NR solver converged to
the set tolerance in 8 iterations, with central processing unit
(CPU) time of 1261 s.

The pre-processing stage in the ϕ–method also included
the construction of the source field. The linear system (33)—
with a number of unknowns equal to the number of
edges—was solved by AGMG_CC. The latter converged in
6 iterations to a stopping tolerance for the relative residual of
10−5, with a CPU time of 31.24 s. To obtain the convergence
of fixed-point iterations (Algorithm 1) to the reference
solution, a lower relative tolerance than that of the NRmethod
was adopted (τ = 10−4). The FP method converged in

20 iterations, with a CPU time of 40.15 s. For each FP
iteration the final system of the ϕ–method (37)—with a
number of unknowns equal to the number of nodes—was
solved by AGMG, with a stopping tolerance for the relative
residual of 10−5 (i.e., this value for the linear solver one was
chosen order of magnitude lower than the nonlinear solver
tolerance using the above criterion).

The A–method, unlike the ϕ–method, did not require the
source field computation. The secant method (Algorithm 2)
converged to the reference solution in 30 iterations, with
a CPU time of 840.63 s. To get the convergence to the
reference solution a relative tolerance of 10−3 was chosen.
For each secant method iteration the linear system (47)—with
a number of unknowns equal to the number of edges—was
solved using AGMG_CC, with a stopping tolerance for the
relative residual of 10−4. Also in this case, the tolerance was
chosen an order of magnitude lower with the usual criterion.

The z-axis component of the magnetic flux density Bz was
calculated at 1001 equally spaced points along the line A-B,
shown in Fig. 3 (r = [0, 40] mm, θ = 0, z = 39 mm) using
both ϕ–method and A–method. These field distributions were
compared with those of 3D FEM and axisymmetric FEM,
the latter taken as the reference solution. Fig. 4 shows the
Bz profile calculated with the ϕ–method, with a maximum
discrepancy from the reference solution of 5.29%. A similar
discrepancy (4,17%) was obtained by comparison with 3D
FEM. Fig. 5 shows the Bz profile calculated by the A–method,
with a maximum discrepancy from the reference solution of
3.76%. TheA–method solution also agrees verywell with that
of the 3D FEM (0.45% maximum discrepancy).

FIGURE 4. Vertical component of the magnetic flux density Bz calculated
along the line A-B with 3D CM (ϕ–method), 3D FEM (1st ord.) and
axisymmetric FEM (3rd ord).

To evaluate the computational performance and robustness
of both AGMG and AGMG_CC, the 3D model of the
clapper solenoid was solved with the ϕ–method (based on
both AGMG and AGMG_CC solvers) or the A–method
(based onAGMG_CC solver only) by considering tetrahedral
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FIGURE 5. Vertical component of the magnetic flux density Bz calculated
along the line A-B with 3D CM (A–method), 3D FEM (1st ord.) and
axisymmetric FEM (3rd ord).

meshes of decreasing mesh size. The DOFs required by
the ϕ–method—when solving the curl-curl system (33) and
the div–grad system (37)—and by the A–method—when
solving the curl-curl system (47)—are reported in Table 1,
for each mesh size h. These tests were useful to verify
whether linear solution time is achieved by both AGMG and
AGMG_CC when dealing with magnetostatic problems of
practical interest.

TABLE 1. Number of DOFs of ϕ–method and A–method for different
discretizations of the clapper solenoid model.

The solution time of AGMG was compared to that of
PCG+AMG (i.e., conjugate gradient solver with Boomer-
AMG preconditioner). For completeness, PCG+SOR, usu-
ally adopted in FEM software for EM analysis, was also
considered. Similarly, the solution time of AGMG_CC
was compared to that of PCG+AMS (i.e., conjugate
gradient solver with AMS preconditioner). Also in this
case, PCG+SOR was considered as the reference resolution
strategy.

In these complexity analyses the same stopping tolerance
for the relative residual of 10−4 was adopted for all solvers
to have a fair comparison. The above value of the stopping

tolerance also ensured that the number of nonlinear solver
iterations was practically independent of the type of linear
system solver: they changed by at most one iteration when
changing the linear system solver.

Fig. 6 shows the CPU time required by AGMG_CC,
PCG+AMS, and PCG+SOR solvers when solving (33) to
calculate the source field for different discretization of the
clapper solenoid model (Table 1, ϕ–method). It can be
observed that the solution time profiles of both multigrid
solvers are O(N ), i.e., essentially linear, with respect to the
number of unknowns N (dashed line in Fig. 6), whereas
PCG+SOR has slightly superlinear solution time, since
its number of iterations increases with N . Furthermore,
AGMG_CC needs half the CPU time of PCG+AMS,
illustrating its efficiency.

A more precise check of the O(N ) complexity can be
realized by comparing the number of iterations for different
solvers when calculating the source field. In Table 2 it can be
noted that the number of iterations is almost independent of
the number of DOFs only in the case of AGMG_CC solver.
In addition, PCG+SOR exhibits superlinear behavior.

FIGURE 6. CPU time (s) vs. number of DOFs for different discretizations of
the clapper solenoid model (solution of curl-curl system (33) to calculate
the source field).

TABLE 2. Number of iterations to calculate the source field for different
discretizations of the clapper solenoid model.

Fig. 7 shows the overall CPU time required to solve the
final system of the ϕ–method (37) by fixed point iterations
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(Algorithm 1) when using different Krylov solvers for the
solution of the linear system (line 15, Algorithm 1), namely
AGMG, BoomerAMG or PCG+SOR. It can be clearly
observed that AGMG attains O(N ) time and outperforms
both BoomerAMG and PCG+SOR solvers. This confirms
the observations made in Section IV on the performance
of AGMG. Also note that since linear system (37) is
singular, a regularized version was used for BoomerAMG
solution.

This behavior can be verified more precisely by checking
the total number of iterations (i.e., the sum of the number
of Krylov solver iterations over all fixed-point iterations)
required for the solution of (37). The number of FP iterations
is constant (equal to 20), as expected, because the same
tolerance (small enough) was chosen for all solvers. Table 3
shows that bothAGMGandBoomerAMGmaintain an almost
constant number of iterations when reducing the mesh size,
whereas it increases for PCG+SOR.

FIGURE 7. CPU time (s) vs. number of DOFs for different discretizations of
the clapper solenoid model (ϕ –method).

TABLE 3. Number of iterations to solve (37) by the ϕ-method for different
discretizations of the clapper solenoid model.

Similar considerations apply to a greater extent to the
solution of the curl-curl system (47) arising in the A–method.
The CPU time for the cases listed in Table 1 (A–method)
is shown in Fig. 8, where AGMG_CC attains O(N ) time,

whereas computational performance of both PCG+AMS and
PCG+SOR downgrades as the problem size increases up
to almost seven million DOFs. In particular, the number
of PCG+AMS iterations increases with N . This different
behavior compared to results in Fig. 6 may be due to a
non-identity mass matrix in the curl-curl system.

Table 4 shows the total number of iterations for the
above solvers when calculating (47). It can be clearly
observed that the number of iterations for AGMG_CC is
almost independent of the number of DOFs, therefore O(N )
time is achieved, whereas it is more than doubled for
both PCG+AMS and PCG+SOR when reducing the mesh
size.

FIGURE 8. CPU time (s) vs. number of DOFs for different discretizations of
the clapper solenoid model (A–method).

TABLE 4. Number of iterations to solve (47) by the A-method for different
discretizations of the clapper solenoid model.

B. TOROIDAL INDUCTOR
To test the robustness of the proposed solution approaches,
based on both AGMG and AGMG_CC, a fully 3D magneto-
static problem with complex geometry was considered. The
toroidal inductor model in Fig. 9 consists of a spiral–shaped
coil (1 mm wire radius, 40 mm knot major radius, 12.5 mm
knot minor radius) wrapped around a toroidal core (40 mm
major radius, 10.5 mm minor radius), which is made of a
linear magnetic material with µr = 10 relative permeability.
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These data, which are close to those of a real inductor core
(Micrometals T400-2 core), are taken from [41]. The core
is centered at the origin of the Cartesian coordinate system
x, y, z. The coil is excited by a current density of 1 MA/m2,
which is assumed to be constant over the wire cross-section.
The whole model is embedded into a cube of 200 mm
side length, which is centered at the origin and delimits
the air domain. Magnetic wall BCs are applied to the cube
boundary.

FIGURE 9. 3D model of the toroidal inductor with the coarsest
discretization. Field computation line A–B is on the plane x = 0 at
z = 20 mm.

The toroidal inductor model was first simulated in
COMSOL using 3D FEM with first-order elements. The
tetrahedral mesh was refined until convergence of the field
profile calculated along the horizontal line A–B shown in
Fig. 9, from point A (0,−100, 20) to point B (0, 100, 20).
This mesh, also used for the CM codes, consisted of 113 691
nodes, 786 822 edges, 1 343 031 faces, and 669 899 cells.

The FEM final system with 786 823 unknowns was solved
in COMSOL by the PCG+AMS. This solver converged in
14 iterations to the stopping tolerance for the relative residual
of 10−6, with a CPU time of 26 s. This tolerance value was
chosen by observing that with smaller values the field profile
along the A–B line did not vary significantly. It should be
noted that, unlike the clapper solenoid benchmark, in this case
it was not possible to use in COMSOL the PCG solver with
geometric multigrid preconditioner due to the highly complex
geometry of the toroidal inductor model.

In the CM code implementing the ϕ–method the
pre-processing stage encompassed the calculation of the
source field, not required by the A–method. The curl-
curl system (33)—with a number of unknowns equal to
the number of edges—was solved by AGMG_CC, which
converged in 7 iterations to the stopping tolerance for the
relative residual of 10−6, with a CPU time of 4.47 s. After
pre-processing, the final system of the ϕ–method (37) with
113 691 unknowns, was solved byAGMG in 0.57 s. The latter

FIGURE 10. Vertical component of the magnetic flux density Bz
calculated along the line A-B with 3D CM (ϕ–method) and 3D FEM (1st

ord.) taken as a reference.

FIGURE 11. Vertical component of the magnetic flux density Bz
calculated along the line A-B with 3D CM (A–method) and 3D FEM (1st

ord.) taken as a reference.

converged to the stopping tolerance for the relative residual
of 10−6 in 9 iterations.

With the A–method, not requiring the source field calcu-
lation, the final system (47) with 777 123 unknowns was
solved by AGMG_CC in 7.50 s, converging in 10 iterations
to the same tolerance as above. It is interesting to observe that
the overall processing time for the ϕ–method (encompassing
both pre-processing and solution time) was 5.04 s, compara-
ble to that of the A–method.
The z-axis component of the magnetic flux density

distributionBz was calculated either using 3DCMor 3DFEM
(reference solution) along the line A–B, above the toroidal
inductor. Fig. 10 shows the field distribution calculated using
the ϕ–method, for which the maximum discrepancy from
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the FEM solution is 3.98%. Fig. 11 shows that the A–
method provides almost the same solution as 3D FEM (0.01%
discrepancy).

To benchmark the computational performance and robust-
ness of both AGMG and AGMG_CC, the toroidal inductor
model was solved for different CMdiscretizations. Numerical
tests similar to the clapper solenoid model were performed.
Table 5 shows the DOFs required by the ϕ–method, to solve
the curl-curl system (33) and the div-grad system (37), and
by the A–method, to solve the curl-curl system (47).

TABLE 5. Number of DOFs of ϕ–method and A–method for different
discretizations of the toroidal inductor model.

The solution time of AGMG_CC for the source field
calculation was compared to that of AMS of the HYPRE
library and to PCG+SOR, for the CMdiscretizations reported
in Table 5. For all solvers the same stopping tolerance for the
relative residual of 10−6 was used to have a fair comparison.

Fig. 12 shows that AGMG_CC exhibits O(N ) time also in
this benchmark. For the largest problem,AGMG_CC requires
roughly one half of the CPU time of PCG+AMS, and roughly
one third of the CPU time of PCG+SOR. Table 6 shows that
the number of iterations for AGMG_CC is constant when
reducing the mesh size, so O(N ) time is achieved, whereas
it increases for both PCG+AMS and PCG+SOR.

As in the clapper solenoid benchmark, two different
solution strategies to solve magnetostatics were compared.
For the ϕ–method, the solution time of AGMGwas compared
to that of BoomerAMGand PCG+SOR, suitable for div–grad
systems such as (37). For the A–method, the solution time of
AGMG_CC was compared to that of AMS and PCG+SOR,
suitable for curl-curl systems such as (47). As in the pre-
processing stage, the same stopping tolerance for the relative
residual of 10−6 was used for all solvers.
Fig. 13 shows the CPU time of AGMG, BoomerAMG,

and PCG+SOR solvers for each discretization in Table 5
(ϕ–method). It can be noted that AGMG, as expected from
Section IV, outperforms both BoomerAMG and PCG+SOR.
In particular, AGMG is about twice as fast, although both
AGMG and BoomerAMG show a linear solution time.
A more detailed analysis, based on the number of iterations,
confirms the latter result: in Table 7 it can be noted that both
AGMG and BoomerAMG have an almost constant number
of iterations, resulting thus in a linear solution time.

FIGURE 12. CPU time (s) vs. number of DOFs for different discretizations
of the toroidal inductor model (solution of curl-curl system (33) to
compute the source field).

TABLE 6. Number of iterations to calculate the source field for different
discretizations of the toroidal inductor model.

FIGURE 13. CPU time (s) vs. number of DOFs for different discretizations
of the toroidal inductor model (ϕ–method).

Fig. 14 shows the peak memory usage (PMU) required by
AGMG for each discretization in Table 5. PMU estimates
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TABLE 7. Number of iterations to solve (37) by the ϕ-method for different
discretizations of the toroidal inductor model.

consider the memory consumed by the solver during the
different stages (setup/solve) and, as a reference, the memory
needed to store the input data. It should be noted that both
setup and solve memories include the memory for input
data. During the solution stage the memory consumption
encompassed both the construction of the multigrid precon-
ditioner and the Krylov acceleration of flexible PCG. For
all solver steps the PMU has a linear increase with N and
is approximately three times the PMU required by the input
data.

FIGURE 14. PMU (MB) vs. number of DOFs for different discretizations of
the toroidal inductor model (ϕ–method).

The numerical results for the A–method, obtained with the
same meshes as the ϕ–method, are given in Fig. 15. It can be
observed that AGMG_CC here as well attains O(N ) time to
reach the stopping tolerance for the relative residual of 10−6,
whereas convergence deteriorates rapidly for PCG+AMS.
In particular, PCG+AMS does not converge for the largest
linear system, encompassing six million unknowns, and the
CPU time of PCG+SOR is more than four times that of
AGMG_CC. As noted for the clapper solenoid benchmark,
this different behavior compared to results in Fig. 12 may be
due to a non-identity mass matrix in the curl-curl system.

FIGURE 15. CPU time (s) vs. number of DOFs for different discretizations
of the toroidal inductor model (A–method).

TABLE 8. Number of iterations to solve (47) by the A-method for different
discretizations of the toroidal inductor model.

FIGURE 16. PMU (MB) vs. number of DOFs for different discretizations of
the toroidal inductor model (A–method).

Table 8 shows the iteration count to solve the above
problems with the A-method. It can be noted that AGMG_CC
perfectly maintains a constant number of iterations for
different discretizations, thereforeO(N ) time is achieved also
for a model with highly complex geometry.
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Fig. 16 shows that the memory needed to solve the
toroidal inductor model by the A–method is roughly five
times that of the ϕ–method. This depends on the larger
number of unknowns required by the first method. Also in
this benchmark, the PMU has a linear increase with N for all
solver stages, and is approximately three times the PMU for
input data.

VI. CONCLUSION
Two linear-time approaches (i.e., ϕ–method and A–method)
for the solution of 3D magnetostatic field problems
encompassing large-scale linear systems with millions of
DOFs have been proposed. The key elements behind
these approaches are computationally efficient and robust
linear-time algebraic multigrid solvers for the solution of
div-grad and curl-curl linear systems. Here, AGMGwas used
for div-grad systems, as this solver is known to be both
robust and often faster than the state-of-the art alternatives.
For curl-curl systems, AGMG_CC solver was considered; it
corresponds to a variant of the auxiliary space preconditioner
relying on AGMG for the approximate solution of the tree
auxiliary systems. Numerical experiments on benchmarks
of practical interest have shown that both AGMG and
AGMG_CC reach linear time in all cases considered, while
at the same time being faster and more robust than state-of-
the-art algebraic multigrid and SOR-preconditioned Krylov
solvers. For these reasons they constitute a valid alternative
to the latter, typically adopted in commercial FEM software
for EM analysis.
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