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Abstract

Likelihood based statistics and its standard asymptotic distribution results o�er a

general solution for hypothesis testing in parametric models. However, such approxi-

mate solutions are not reliable when the dimensionp of the parameter may increase

with the sample sizen. However, in such divergent dimensional regimes, higher-order

likelihood approximations, even though developed in the �xed p scenario, such as the

directional test (Davisonet al., 2014) and modi�cations of log-likelihood ratio test Skov-

gaard (2001), may still give substantial improvements overstandard �rst-order solutions.

Taking inspiration from a classi�cation of asymptotic regimes recently introduced

by Battey and Cox (2022), we focus on a moderate dimensional asymptotic setting, in

which p=n ! 0, for instance with p = O(n� ), with � 2 (0; 1), and a high dimensional

asymptotic setting, in which p=n ! � 2 (0; 1). On the other hand, we will not consider

ultra-high dimensional settings, in whichp=n converges to a constant greater than 1, or

even diverges.

Within several prominent frameworks, we propose then to provide reliable solutions

via higher-order approximations. In particular, the �rst part of the thesis examines

higher-order likelihood solutions for moderate and high dimensional multivariate nor-

mal models. In the high dimensional regimes, we prove that the directional p-value is

exactly uniformly distributed under the null hypothesis for seven prominent hypotheses

concerning means and/or covariance matrices of multivariate normal distributions.

We also consider a multivariate Behrens-Fisher problem, that is testing a hypothe-

sis of equality of mean vectors ink independent multivariate normal distribution with

di�erent covariance matrices. In this case, the parameter being tested is not a canon-

ical parameter of an exponential family and therefore we cannot expect the accuracy



of the methods to hold in high dimensional regimes. For this reason, we restrict our-

selves to moderate dimensional regimes. Simulation resultsshow that the higher-order

approximations outperform the standard �rst-order solutions.

Finally, we also study moderate dimensional logistic regression models. We consider

three types of hypotheses: where the whole parameter is of interest, (i.e. no nuisance

parameters problem), when a scalar component of the parameter is of interest, and

when a vector component of the parameter is of interest. We give a tentative proof that

the directional test gives reliable results provided thatp = o(n3=4) under a particular

Gaussian assumption on the design matrix. Extended simulation results show that

the higher-order approximations perform good when the dimension of the parameter

of interest is small or the dimension of the nuisance parameter is large. In this model

setting, Skovgaard's modi�ed likelihood ratio statistic is empirically found to provide

very accurate results. A more thorough theoretical study ofthese statistics in this

setting is certainly an interesting future development of this thesis.



Sommario

Le procedure statistiche basate sulla verosimiglianza e i risultati standard della di-

stribuzione asintotica o�rono una possibile soluzione peri test di ipotesi in modelli

parametrici. In generale, tali soluzioni approssimate nonsono a�dabili quando la di-

mensione del parametrop aumenta con la dimensione del campionen. Tuttavia, in tali

regimi dimensionali divergenti, le approssimazioni di verosimiglianza di ordine superiore,

anche se sviluppate nello scenario conp �ssato, come il test direzionale (Davisonet al.,

2014) e le modi�che del test del rapporto di verosimiglianza(Skovgaard, 2001), pos-

sono ancora fornire miglioramenti sostanziali rispetto alle soluzioni standard del primo

ordine.

Prendendo spunto da una classi�cazione dei regimi asintotici recentemente intro-

dotta da Battey and Cox (2022), ci concentriamo su un contesto asintotico moderato-

dimensionale, in cuip=n ! 0, ad esempio conp = O(n� ), con � 2 (0; 1), e un contesto

asintotico alto-dimensionale, in cuip=n ! � 2 (0; 1). D'altra parte, non considere-

remo contesti ultra-dimensionali, in cuip=n converge a una costante maggiore di 1, o

addirittura diverge.

Proponiamo quindi di fornire soluzioni a�dabili tramite ap prossimazioni di ordine

superiore in diversi contesti rilevanti. In particolare, la prima parte della tesi esamina

le soluzioni di verosimiglianza di ordine superiore per modelli normali multivariati di

dimensione elevata o moderata. Nei regimi ad alta dimensionalit�a, dimostriamo che

il p-value direzionale �e esattamente uniformemente distribuito sotto l'ipotesi nulla per

sette ipotesi riguardanti le medie e/o le matrici di covarianza di distribuzioni normali

multivariate.

Consideriamo anche un problema di Behrens-Fisher multivariato, ossia la veri�ca

dell'ipotesi di uguaglianza dei vettori dalle medie ink distribuzioni normali multivariate



indipendenti con matrici di covarianza diverse e ignote. Inquesto caso, il parametro da

testare non �e un parametro canonico di una famiglia esponenziale e quindi non possiamo

aspettarci che l'accuratezza dei metodi sia valida in regimi ad alta dimensionalit�a. Per

questo motivo, ci limitiamo a regimi con dimensionalit�a moderata. I risultati delle simu-

lazioni mostrano che le approssimazioni di ordine superiore migliorano signi�cativamente

l'accuratezza delle approssimazioni standard del primo ordine.

In�ne, studiamo anche modelli di regressione logistica di dimensione modereta. Con-

sideriamo tre tipi di ipotesi: quando l'intero parametro �edi interesse (cio�e senza parame-

tri di disturbo), quando �e di interesse una componente scalare del parametro, e quando

�e di interesse una componente vettoriale del parametro. Abbiamo dimostrato che il

test direzionale fornisce risultati a�dabili a condizione che p = o(n3=4) sotto una certa

ipotesi gaussiana sulla matrice del disegno. Risultati di simulazione hanno mostrato

che le approssimazioni di ordine superiore danno buoni risultati quando la dimensione

del parametro di interesse �e piccola o la dimensione del parametro di disturbo �e gran-

de. In questo modello, anche la statistica del rapporto di verosimiglianza modi�cata di

Skovgaard �e risultata empiricamente in grado di fornire risultati accurati.
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Introduction

Overview

Likelihood based statistics and its standard asymptotic distributional results o�er

a general solution for hypothesis testing in parametric models. Typically, such solu-

tions are accurate when the model dimensionp and the available sample sizen �t in

the standard asymptotic settings, in which the dimension ofthe parameter is consid-

ered �xed as the sample size increases. On the other hand, when the dimension of

the model is not negligible with respect to the sample size, the accuracy of standard

asymptotic results may not be trustworthy (Portnoy, 1988; Jiang and Yang, 2013; Sur

et al., 2019; Tang and Reid, 2020; Heet al., 2021a). In such divergent dimensional

setting, the log-likelihood ratio test has been proved to bevalid if p2=n ! 0 (Portnoy,

1988). More speci�cally, in the framework of multivariate normal distributions, Heet al.

(2021a) proved that the standard log-likelihood ratio testapproximates to a chi-square

distribution if and only if the dimension p of the observation vector satis�esp2=n ! 0,

while the analogous condition for its Bartlett correction is p3=2=n ! 0. On the other

hand, higher-order likelihood solutions based on saddlepoint approximations might give

substantial numerical improvements in more extreme settings. Popular higher-order

approaches for testing hypotheses are the directional tests (Davison et al., 2014) and

modi�cations of log-likelihood ratio test (Skovgaard, 2001), with smaller relative error

than log-likelihood ratio test under mild regularly conditions (Pace and Salvan, 1997).

Taking inspiration from a classi�cation of asymptotic regimes proposed by Battey and

Cox (2022), we distinguish between three asymptotic regimes wherep and n diverge,

namely moderate dimensional, high dimensional and ultra-high dimensional regimes.

We consider a moderate dimensional asymptotic regime, in which p=n ! 0, for in-

stancep = O(n� ), with � 2 (0; 1), and a high dimensional asymptotic regime, in which

p=n ! � 2 (0; 1). Instead, we do not deal with the ultra-high dimensional asymptotic

regime, in whichp=n diverges or tends to a limit greater than one. In all these settings,

generally standard asymptotic likelihood solutions are not guaranteed to apply. On the

3
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contrary, we show here that for many statistical hypothesesin high dimensional multi-

variate normal models, the directional test is in fact exact, due to the exactness of the

underlying saddlepoint approximation. This happens when the parameter of interest is

a canonical parameter of the model, when the latter is expressed in exponential family

form (Huang et al., 2022). On the other hand, for more general hypotheses, suchas in

heteroscedastic multivariate analysis of variance, a generalization of the Behrens-Fisher

problem, the directional test is reliable only in moderate dimensional regimes, although

strongly improving over the standard likelihood ratio solutions. The modi�ed likelihood

ratio statistics are only accurate in moderate dimensionalregimes for all the hypotheses

considered.

In many modern applications it is common to encounter situations with the dimen-

sion p non-negligible compared to the sample sizen, such as graphical model analysis

and exploratory factor analysis. For instance, a famous microarray dataset which char-

acterizes gene expression signatures in acute lymphocyticleukemia patients (Chiaretti

et al., 2004; Massaet al., 2010) considersp = 35 genes measured on 41 and 37 ob-

servations with and without BCR/ABL gene arrangment, respectively. This data has

been analyzed using the graphical models (Massaet al., 2010; Djordjilovi�c and Chiogna,

2022; Banzatoet al., 2023). The simulation results in the thesis and in Banzatoet al.

(2023) show that the standard approximations for the distribution of likelihood based

statistics, such as the log-likelihood ratio test, are not valid in this setting. See also

Di Caterina et al. (2021) for analogous results for high dimensional graphical Gaussian

models. Another interesting application is in exploratory factor analysis models. He

et al. (2021b) investigated the necessary and su�cient conditions for the validity of

standard approximations for these models in the high dimensional scenario.

Finally, it is well known that inferential problems arise in regression settings where

the number of covariates increases with the sample size, both in moderate and high

dimensional regimes. Analytical and numerical evidences indicate that the higher-order

approximations maintain good accuracy for testing hypotheses in moderate dimensional

logistic regression models. See, for instance, Fanet al. (2019), Sur and Cand�es (2019)

and Sur et al. (2019) for results on logistic regression, and Tang and Reid(2020) for

results on exponential family models.

A lot of emphasis in the thesis is given to directional tests.A directional test measures

how far the data are from a given hypothesis, conditioning onthe direction suggested

by the data. The advantage of this approach is that a saddlepoint approximation can

be used, which guarantees a fairly constant relative error.In standard asymptotics,

this test is �rst-order equivalent to the log-likelihood ratio test. Therefore, if the �rst
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order approximation has to be used for the latter, the directional test may be preferred

because of its higher accuracy (Skovgaard, 1988; Sartori, 2017). We will see that this

higher accuracy is in fact exactness in some prominent casesin Chapter 2.

Main contributions of the thesis

For providing a motivation of our work, the previous sectionfocuses on the prominent

role of likelihood-based inference in the moderate and highdimensional regimes. To

this aim, only few literature attempts to �gure out the shortcomings of the classical

asymptotic theory in moderate or/and high dimensional scenarios. In this thesis, we

focus on several hypotheses problems based on two importantmodels, i.e. multivariate

normal distribution and logistic regression models, for moderate and high dimensional

data.

On the one hand, we examine the higher-order approximation solutions for the high

dimensional multivariate normal model. We prove that the directional test is exactly dis-

tributed under the null hypothesis for seven hypothesis problems, which are (I) spheric-

ity of the covariance matrix; (II) block-independence; (III) complete-independence; (IV)

speci�ed values for the mean vector and the covariance matrices; (V) equality of mean

vectors in k independent groups with identical covariance matrices; (VI) equality of co-

variance matrices ink independent groups; (VII) equality of multivariate normal distri-

bution in k independent groups. Extensive simulation results show that the higher-order

approximation solutions are more accurate than the classical �rst-order chi-square ap-

proximations for the log-likelihood ratio test. Motivatedby the Behrens-Fisher problem,

we also consider a simulation study for the hypothesis of equality of mean vectors in

k independent groups with di�erent unknown covariance matrices of moderate dimen-

sional multivariate normal distributions. Extended simulation results show that the

higher-order approximations, especially the directionaltest, outperform the standard

�rst-order results.

Finally, we also examine the performance of higher-order likelihood solutions for

testing hypotheses in moderate dimensional logistic regression models. In this setting,

we consider one more asymptotic solution for the hypothesisproblem, i.e. the log-

likelihood ratio test based on a bias reduction penalized log-likelihood. There are three

types of situations that are of interest, i.e. (1) a no nuisance parameter case; (2) a scalar

parameter of interest case; (3) a vector parameter of interest case. We give a tentative

proof that the directional test is asymptotically valid provide that p = o(n3=4) under a

Gaussian design for the predictor variables. Simulation results show that higher-order
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solutions work better than standard �rst-order results forthe log-likelihood ratio test.

Moreover, among the di�erent types of hypotheses, the higher-order approximations

perform well when the dimension of the parameter of interestis small or the dimension

of the nuisance parameter is large. These result is due to theorder of the remainder

term in the saddlepoint approximation.

The rest of the thesis is organized as follows.

In Chapter 1, we set up some of notation which is used throughout the thesis. In

particular, we de�ne the natural exponential family of distributions, the log-likelihood

ratio test and several higher-order solutions: Bartlett correction, modi�cations of log-

likelihood ratio test proposed by Skovgaard (2001) and the directional test.

In Chapter 2, exactness of the directional test for hypotheses on the mean and/or co-

variance matrices of high dimensional multivariate normaldistribution is proved. More

in detail, seven null hypotheses in Sections 2.3{2.4 are studied theoretically and nu-

merically: (I) sphericity of the covariance matrix (2.8); (II) block-independence (2.9);

(III) complete-independence (2.10); (IV) speci�ed valuesfor the mean vector and the

covariance matrices (2.11); (V) equality of mean vectors ink independent groups with

identical covariance matrices (2.13); (VI) equality of covariance matrices ink indepen-

dent groups (2.16); (VII) equality of multivariate normal distribution in k independent

groups (2.20). In all cases, we prove the exact uniformity ofthe directional p-value

under the null hypothesis. Some numerical evaluation of local power is also considered.

In Chapter 3, motivated by the Behrens-Fisher problem, higher-order approxima-

tions are extended to testing the equality ofk means of independent groups of vectors

with di�erent unknown covariance matrices in moderate dimensional multivariate nor-

mal distributions, in which the exactness of the directional test does not hold. Extended

simulation studies show that the directional test has a higher accuracy than that of stan-

dard log-likelihood ratio and higher-order modi�cations proposed by Skovgaard (2001).

Finally, in Chapter 4, we focus on testing hypotheses in moderate dimensional lo-

gistic regression models. Section 4.2 introduces several tests for the logistic regression

model, including the standard log-likelihood ratio test and its bias reduction equiva-

lent, two modi�cations proposed by Skovgaard (2001), and the Bartlett correction of

the log-likelihood ratio test. In Section 4.3, an analytical study of directional test for

the moderate dimensional logistic regression model is considered. We attempt a proof

that the directional p-value is valid provided thatp = o(n3=4). Sections 4.4 and 4.5 con-

tain simulation studies to evaluate these six test statistics in the moderate dimensional

regime, with p = n� and � = j=12; j = 5; : : : ; 10 and give a short summary and some

future research directions.
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A proof of condition for the validity of standard chi-squared approximation for the

log-likelihood ratio test and its Bartlett correction for hypotheses (2.8), (2.11), (2.16)

and (2.20) is reported in the Appendix. This proof has been developed independently

of the analogous proofs of the results in Heet al. (2021a).





Chapter 1

Likelihood-based inference

1.1 Exponential family

Assume that the model for the datay = ( y1; : : : ; yn )T is an exponential family with

canonical parameter' = ' (� ) and canonical su�cient statistic u = u(y). The density of

y, where we use this term for both a density function (continuous case) or a probability

mass function (discrete case) can then be expressed as

f (y; � ) = exp
�
' (� )T u(y) � K f ' (� )g

�
h(y);

with corresponding log-likelihood functioǹ (� ; y) = log f (y; � ). When the dimensionq of

� is equal to the dimension of' and ' (� ) is one-to-one, the statisticu(y) has a full natural

exponential family distribution in the canonical parameterization. Hence, we can write

f (u; ' ) = exp
�

' T u � K (' )
	 ~h(u) with associated log-likelihood̀ (' ; u) = ' T u � K (' ).

However,~h(u) can rarely be derived explicitly.

For the development of the directionalp-value in Section 1.2.4, it is notationally

convenient to center the su�cient statistic at the observeddata point y0. Hence we let

s = u � u0, with u0 = u(y0), and write

`(' ; s) = ' T s + `0(' ) = ' T (u � u0) + `(' ; u0); (1.1)

where `0(' ) = `(' ; s = 0q) = `(' ; u = u0), with 0q denoting the q-dimensional vector

of zeroes. This centering ensures that the observed value ofs is s0 = 0q. The function

`(' ; s) is called the tilted log-likelihood function (Davisonet al., 2014).

9
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Suppose the parameter vector is partitioned as' = (  T ; � T )T , and thus (1.1) can be

written as

`(' ; s) =  T s1 + � T s2 + `0( ; � ); (1.2)

where  is a d-dimensional parameter of interest,� is a (q � d)-dimensional nuisance

parameter, and (sT
1 ; sT

2 )T is the corresponding partition ofs. Assume we are interested in

testing the hypothesisH  :  (' ) =  . In the next section we describe several statistics

that can be used to test the hypothesisH  .

1.2 Test statistics

1.2.1 The log-likelihood ratio statistic

To a �rst-order of approximation, a parameterization-invariant measure of departure

of s from H  is given by the log-likelihood ratio statistic

W = 2f `('̂ ) � `('̂  )g;

where ^' is the maximum likelihood estimate of' and ^'  = (  T ; �̂ T
 )T denotes the

constrained maximum likelihood estimate of' underH  . When q is �xed and n ! + 1 ,

the statistic W follows asymptotically a � 2
d distribution with relative error of order

O(n� 1) under H  .

1.2.2 Bartlett correction

Higher-order improvements of likelihood inference for a vector parameter of interest are

available. A �rst proposal is the Bartlett correction (Bart lett, 1937; Lawley, 1956), which

rescales the log-likelihood ratio statistic by its expectation under the null hypothesis,

i.e.

WBC =
d

E(W)
W;

and has a� 2
d asymptotic null distribution with relative error of order O(n� 2) (Davison,

2003, Section 7.3; McCullagh, 2018, Section 7.4). Since thecalculation of expectation

E(W) is generally not feasible, Lawley (1956) gave an asymptotic expansion for the

exact expectationE(W) under H  with error of order O(n� 1). However, the accuracy

of Bartlett correction can be diminished when the exact expectation is substituted with
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such asymptotic expansion (Skovgaard, 2001; Davisonet al., 2014). Increasing the com-

putational cost, it is possible to replace analytical expansions by parametric bootstrap

approximations (Cordeiro and Cribari-Neto, 2014, Section 2.7). In the multivariate nor-

mal framework, E(W) can be computed exactly and the condition for validity of the

� 2
d approximation for the distribution of the Bartlett correct ion of W is p = o(n2=3) or

p = o(n4=5), see Appendix or (Heet al., 2021a). The quantities needed for the Bartlett

correction can be found in Jiang and Yang (2013).

1.2.3 Modi�cations of log-likelihood ratio test

Starting from the extremely accurater � statistic for inference on a scalar (Barndor�-

Nielsen, 1986), for a vector parameter of interest Skovgaard(2001) proposed two modi-

�cations of W designed to maintain high accuracy in the tails of the distribution. These

are

W � = W
�

1 �
1

W
log


� 2

and W �� = W � 2 log
; (1.3)

where the general form of
 is given in Skovgaard (2001, formula (2)) and, for ex-

ponential families in (1.4) below. The statisticsW � and W �� are generally easier to

calculate than the Bartlett correction and, under standardregularity conditions (see,

e.g., Severini, 2001, Section 3.4), they are also approximately distributed as � 2
d when

the null hypothesis holds. Even though the relative error isof order O(n� 1), as for

W, they exhibit higher accuracy due to large-deviation properties of the saddlepoint

approximation involved in their derivation (Skovgaard, 2001). Among the two forms,

W � has the advantages of being always non-negative and of reducing to the square of

Barndor�-Nielsen's r � statistic when d = 1 (Skovgaard, 2001). The general expression

of the correction factor
 in exponential families (Skovgaard, 2001, (13)) simpli�esto


 =

�
(s � s )T J '' ('̂  )� 1(s � s )

	 d=2

W d=2� 1('̂ � '̂  )T (s � s )

�
jJ '' ('̂  )j
jJ '' ('̂ )j

� 1=2

; (1.4)

where s is the expected value of the su�cient statistic s under H  and J '' (' ) =

� @2`(' ; s)=@' @'T is the observed information matrix for' , which coincides with the

expected Fisher information matrix since' is the canonical parameter. In order to

calculate thep-value, the quantity (1.4) is evaluated ats = s0 = 0q, corresponding to

y = y0.
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1.2.4 Directional test

Directional tests for a vector parameter of interest in exponential family models were

considered in Cheahet al. (1994), Skovgaard (1988) and Davisonet al. (2014). In

particular, the latter proposed to compute the directionalp-value via one-dimensional

integration. Directional tests in linear exponential families are essentially developed in

two dimension-reduction steps, since the su�cient statistic has the same dimension of

the canonical parameter' . Speci�cally, the �rst step consists of reducing the parameter

dimension fromq to the dimension of the parameter of interestd; indeed, the conditional

distribution of the component relative to  of the su�cient statistic in (1.2), s1, given

the component relative to� , s2, can be accurately approximated using a saddlepoint

approximation. The second step further reduces thed-variate conditional distribution to

a one-dimensional conditional distribution given the direction indicated by the observed

data point. We review here the key methodological steps, already detailed in Davison

et al. (2014), to derive the directionalp-value in linear exponential families.

The simplicity of exponential families makes conditional inference a practicable strat-

egy. In particular, the theory guarantees that the conditional distribution of the com-

ponent of interest s1 of the canonical su�cient statistic, given s2, depends only on 

(see, e.g., Pace and Salvan, 1997, Theorem 5.6). Indeed, we have

f (s1js2;  ) = exp
�

 T s1 � K s2 ( )
	

hs2 (s1);

where the cumulant generating functionK s2 ( ) and the marginal density hs2 (s1) de-

pend on the conditioning values2 and can rarely be derived explicitly. However, as in

Davison et al. (2014), a saddlepoint approximation (see, e.g., Pace and Salvan, 1997,

Section 10.10) can be used instead. Under the null hypothesisH  , the saddlepoint

approximation to the density ofs1 given s2 is expressed as

h(s;  ) = cexp [̀ ('̂  ; s) � `f '̂ (s); sg] jJ '' f '̂ (s); sgj� 1=2; s 2 L0
 ; (1.5)

wherec is a normalizing constant andL0
 is a d-dimensional plane de�ned by settings2

to its observed value, i.e.s2 = 0q� d. All values of s in L0
 have the same constrained

maximum likelihood estimate�̂  = �̂ 0
 , while they have unconstrained maximum likeli-

hood estimate ^' (s).

We construct a directional test for H  by considering the one-dimensional model

based on the magnitude ofs, jjsjj , conditional on its direction. This is done by de�ning

a line L �
 in L0

 through the observed value ofs, s0 = 0q, and the expected value ofs
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under H  , s , which depends on the observed data pointy0, i.e.

s = � `0
'

�
'̂ 0

 

�
=

n
� `0

 

�
'̂ 0

 

� T
; 0T

q� d

oT
; (1.6)

where`0
' (' ) = @0̀(' )=@' and `0

 (' ) = @0̀(' )=@ .

We parameterize this line byt 2 R, namelys(t) = s + t(s0 � s ). In particular, t = 0

and t = 1 correspond, respectively, to the expected values and to the observed value

s0. The conditional distribution of jjsjj given the unit vector s=jjsjj is obtained from

(1.5) by a change of variable froms to (jjsjj ; s=jjsjj ). The Jacobian of the transformation

is proportional to td� 1. The directional p-value to measure the departure fromH  along

the line L �
 is de�ned as the probability that s(t) is as far or farther froms than is the

observed values0. In mathematical notation,

p( ) =

Rtsup

1 td� 1hf s(t);  gdt
Rtsup

0 td� 1hf s(t);  gdt
; (1.7)

where the denominator is a normalizing constant. See (Davison et al., 2014, Section 3.2)

for more details. The upper limit of the integrals in (1.7) isthe largest value oft for

which the maximum likelihood estimate ^' (t) corresponding tos(t) exists; depending on

the case, it can be found analytically or approximated numerically. The scalar integrals

in (1.7) can be accurately computed via numerical integration. The error in (1.7) is

therefore essentially given by the error from the saddelpoint approximation used in

(1.5). Some results on the order of such an error whenp increases withn are given in

Tang and Reid (2021). However, in all settings involving normal distributions described

in Section 2.2, (1.5) is shown to hold exactly, up to the normalizing constant c. Thus,

sincec simpli�es in the ratio (1.7), also the directionalp-value is exact. The results are

formally derived in Sections 2.3{2.4.





Chapter 2

Hypotheses testing in high

dimensional multivariate normal

distributions

2.1 Introduction

Hypothesis testing on the multivariate normal distributionis a subject of great interest

in multivariate statistical analysis (see, e.g., Anderson,2003; Muirhead, 2009). It is

widely applied in various �elds, such as social sciences, biomedical sciences and �nance.

Under �xed dimension p of the observation vector and large sample sizen, standard

asymptotic results are available for testing hypotheses onthe mean vector and/or the

covariance matrix. For instance, for su�ciently largen, the classical log-likelihood ratio

statistic, its Bartlett correction (Bartlett, 1937), and t he large deviation modi�cation to

the log-likelihood ratio statistic proposed by Skovgaard (2001) have an approximate� 2
d

null distribution, with d equal to the number of constraints on the parameters imposed

under the null hypothesis. Yet in many modern applications the dimensionp, while

being lower than the sample size, is large and often comparable with n.

Even for the specialp-variate normal distribution case, the classical likelihood-based

testing procedures may be already invalid in moderate dimensional settings. Indeed,

He et al. (2021a) considered the case wherep = O(n� ), 0 < � � 1, and showed that

the log-likelihood ratio statistic's distribution approximates to a � 2
d if and only if p =

o(n1=2), while the analogous condition for the Bartlett correction is p = o(n2=3). On the

other hand, for the high dimensional setting Jiang and Yang (2013) derived a central

limit theorem that allows to construct reliable tests for hypotheses on the mean vector

15
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and/or the covariance matrix. Speci�cally, they proved that the distribution of the log-

likelihood ratio statistic, suitably standardized, converges to a standard normal when

both p and n tend to in�nity, provided that p=n ! � 2 (0; 1].

Under the same high dimensional setting of Jiang and Yang (2013), we propose the

use of a directional approach for testing general hypotheses on multivariate normal dis-

tributions. Directional inference on a vector parameter ofinterest was �rst introduced

by Fraser and Massam (1985) and later developed by Skovgaard(1988) and Cheahet al.

(1994) using saddlepoint approximations for the distribution and analytical approxima-

tions for the required tail probability integrals in regular asymptotic scenarios. More

recently, still assuming the classical scenario with �xed parameter dimension and in-

creasing sample size, Davisonet al. (2014) and Fraseret al. (2016) proposed to compute

the directional p-value by replacing the analytical approximations with one-dimensional

numerical integration. The numerical evidences show the excellent performance of the

proposed method in many examples of practical interest. In fact, later the directional

p-value was proven to coincide with that of an exactF -test in a few prominent modeling

frameworks, including normal linear regression (McCormack et al., 2019).

For multivariate normal distributions, a �rst example of th e directional approach was

given in (Davison et al., 2014, Example 5.3), who considered testing some conditional

independence among the components starting from the full dependence structure. Al-

though their simulations illustrated that the empirical extreme accuracy of directional

inference is not limited to simple low dimensional situations, those results were not for-

mally justi�ed within the asymptotic framework of the moderate or high dimensional

regimes.

We prove here that the directionalp-value is exact when testing a number of hy-

potheses on the multivariate normal distribution, even in the high dimensional scenario.

Precisely, it is only required thatn � p + 2, which is the condition for the existence of

the maximum likelihood estimate for the covariance matrix.Consequently, we shall not

deal here with the ultra-high dimensional regime in whichp > n . we note however that

the dimension of the parameterq might be much large thann, even whenp < n , since

typically q = O(p2). The exact uniform null distribution of the directional p-value fol-

lows from the exactness of the normalized saddlepoint approximation to the distribution

of the canonical su�cient statistic in the multivariate nor mal model.

Several simulation studies are conducted for comparing theproposed method with

the usual � 2
d approximations for the log-likelihood ratio statistic, the Bartlett correc-

tion, the modi�cations of the log-likelihood ratio statistic by Skovgaard (2001) and the
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central limit theorem method by Jiang and Yang (2013). The results con�rm the theo-

retical properties of the directional test under the null hypothesis. Indeed, the method

proves uniformly more accurate than the alternative approaches. Only the central limit

theorem test gives a comparable accuracy when the number of componentsp is large,

but it is less reliable for small to moderate values ofp. The various methods are as-

sessed also in terms of empirical power, after adjusting forType I error. The approach

leading to higher power depends on the speci�c alternative setting. In this respect the

directional test, which does not need any adjustment for Type I error, is competitive

with the central limit theorem test and outperforms the other candidates across various

alternative scenarios.

The rest of this chapter is organized as follows. Section 2.2details the necessary quan-

tities for the multivariate normal model. We consider the following seven null hypotheses

in Sections 2.3{2.4: sphericity of the covariance matrix (2.8); block-independence (2.9);

complete-independence (2.10); speci�ed values for the mean vector and the covariance

matrices (2.11); equality of mean vectors ink independent groups with identical covari-

ance matrices (2.13); equality of covariance matrices ink independent groups (2.16);

equality of multivariate normal distribution in k independent groups (2.20). In all cases,

we prove the exact uniformity of the directionalp-value under the null hypothesis. Sec-

tion 2.5 focuses on some computational aspects, before concluding with robustness to

misspeci�cation 2.6 and some �nal remarks in Section 2.7.

2.2 Multivariate normal distribution

Let y1; : : : ; yn be a sample of independent observations from a multivariatenormal dis-

tribution Np(�; � � 1), where both the mean vector� and the concentration matrix �,

symmetric and positive de�nite, are unknown. Lety = [ y1 � � � yn ]T denote the n � p

data matrix and tr( M ) denote the trace of a matrixM . De�ne by vec(M ) the operator

which transforms a matrixM into a vector by stacking its columns one underneath the

other. For a symmetric matrixM it is useful to consider also vech(M ), which is obtained

from vec(M ) by eliminating all supradiagonal elements ofM . The two operators satisfy

Dpvech(M ) = vec(M ), where Dp is the duplication matrix (Magnus and Neudecker,

1999, Section 3.8). The log-likelihood for the parameter� = f � T ; vech(� � 1)T gT is

`(� ; y) = � T � yT 1n �
1
2

tr(� yT y) +
n
2

logj� j �
n
2

� T � �:

The canonical parameter in this exponential family model isgiven by ' = f � T ;
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vech(�) T gT = f � T � ; vech(�) T gT with canonical su�cient statistic u = f n�yT ; � 1
2vech(yT y)T

D T
p DpgT , and the corresponding log-likelihood is

`(' ; y) = n� T �y �
1
2

tr(� yT y) +
n
2

logj� j �
n
2

� T � � 1�

= � T n�y � vech(�) T

�
1
2

D T
p Dpvech(yT y)

�
+

n
2

logj� j �
n
2

� T � � 1�;

where �y = yT 1n=n with 1n a n-dimensional vector of ones. The score function with

respect to the canonical parameter' is

` ' (' ) =
�

` � (' )T ; `vech(�) (' )T
	 T

=
n

n�yT � n� T � � 1;
n
2

vech
�
� � 1 � yT y=n+ � � 1�� T � � 1

� T
oT

:

The maximum likelihood estimates for� and � � 1 are ^� = �y and �̂ � 1 = yT y=n � �y�yT ,

respectively; thus,�̂ = �̂ �̂ . Moreover, the observed information matrix for components

� and vech(�) of ' can be written in block form as

J '' (' ) =

"
J�� (' ) J�� (' )

J�� (' ) J�� (' )

#

=

"
n� � 1 � n(� T � � 1 
 � � 1)Dp

� nD T
p (� � 1� 
 � � 1) n

2 D T
p f � � 1(I p + 2�� T � � 1) 
 � � 1gDp

#

;

where 
 denotes the Kronecker product (see, e.g., Lauritzen, 1996,Section 5.1). Fi-

nally, the determinant of the observed information matrix,appearing in (1.5), satis�es

jJ '' (' )j / j � � 1jp+2 .

In order to obtain the saddlepoint approximation to the conditional distribution of

the canonical su�cient statistic and the modi�cation term o f Skovgaard's statistics, we

compute the determinant ofJ '' (' ) as follows:

jJ '' (' )j =
�
�n� � 1

�
� � jC2j = np

�
� � � 1

�
� n

p( p+1)
2 2� p j� j � p� 1 = n

p( p+3)
2 2� p j� j � p� 2 ; (2.1)
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whereC2 can be found as

C2 =
n
2

D T
p f � � 1(I p + 2�� T � � 1) 
 � � 1gDp � nD T

p (� � 1� 
 � � 1)

�n� 1� � n(� T � � 1 
 � � 1)Dp

=
n
2

D T
p (� � 1 
 � � 1)Dp + nD T

p (� � 1�� T � � 1) 
 � � 1)Dp

� nD T
p (� � 1� 
 � � 1) � (1 
 �) � (� T � � 1 
 � � 1)Dp

=
n
2

D T
p (� � 1 
 � � 1)Dp:

According to Theorem 3.14 of Magnus and Neudecker (1999), we then have jC2j =

n
p( p+1)

2 2� p j� j � p� 1.

2.3 Exactness of directional test for one-sample hy-

potheses

We consider now testing four one-sample hypotheses on the parameters of the mul-

tivariate normal model presented in Section 2.2. In particular, we concentrate here on:

sphericity of the covariance matrix (2.8); block-independence (2.9); complete-independence

(2.10); speci�ed values for the mean vector and the covariance matrix (2.11). In all hy-

potheses, it is shown that the saddlepoint approximation (1.5) is exact, consequently

leading to an exact directionalp-value, up to the error from the scalar numerical inte-

grations in (1.7).

2.3.1 Testing conditional independence

As in (Davison et al., 2014, Section 5.3), we �rst focus on testing the conditional inde-

pendence of normal random components, meaning that some o�-diagonal elements of

the concentration matrix � are equal to zero. Indeed, a zero entry in the concentration

matrix � implies the conditional independence of the two corresponding variables, given

the others. The hypothesis can be formulated as

H  : � = � 0; (2.2)

where the matrix � 0 is unknown but with some o�-diagonal elements equal to zero.The

maximum likelihood estimates of parameters� and � � 1 are those given in Section 2.2.

The constrained maximum likelihood estimate of� coincides with the unconstrained

one, while that of � � 1 is denoted by�̂ � 1
0 , and is typically obtained numerically. For
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instance, the functionsfitConGraph and cmodin the R (R Core Team, 2020) packages

ggm(Marchetti et al., 2020) andgRim(H�jsgaard, 2020), respectively, can be used. The

log-likelihood ratio test statistic simpli�es to

W = � n logj�̂ � 1�̂ 0j; (2.3)

and follows approximately a� 2
d distribution, with d equal to the di�erence between the

number of free parameters under the alternative and null hypotheses. However, whenp

is large relative to the sample sizen, the chi-square approximation to the distribution of

W fails (Jiang and Yang, 2013; Jiang and Qi, 2015; Heet al., 2021a). In fact, assuming

that p depends onn, i.e. p = pn , in some particular cases, such as the hypotheses (2.8),

(2.9) and (2.10) below, the chi-square approximation to thelog-likelihood ratio statistic

works if and only if p = o(n1=2). The analogous condition for its Bartlett correction is

p = o(n2=3) (He et al., 2021a).

Skovgaard's modi�cations can be computed easily (Davisonet al., 2014, (22)), using


 =

h
n=2

n
tr( �̂ � 1�̂ 0�̂ � 1�̂ 0) � p

oi d=2
j �̂ � 1

0 �̂ j
p+2

2

n
n logj�̂ �̂ � 1

0 j
od=2� 1

n=2
n

tr( �̂ �̂ � 1
0 ) � p

o : (2.4)

Also W � and W �� have approximate� 2
d distributions, when p is �xed and n ! 1 .

In order to obtain the directional test in this setting, we derive the expected value

s under H  as

s = � ` ' ('̂  ) = �
�

0T
p ;

n
2

vech
�

�̂ � 1
0 � �̂ � 1

� T
� T

:

The tilted log likelihood for the canonical parameter' = f � T ; vech(�) T gT along the line

s(t) = (1 � t)s takes the form

`(' ; t) = n� T �y �
n
2

tr
�
�

�
yT y
n

+ (1 � t)
�

�̂ � 1
0 � �̂ � 1

� ��

+
n
2

logj� j �
n
2

� T � � 1�;

and its maximization yields ^' (t) =
h
�̂ (t)T ; vechf �̂( t)gT

i T
, with �̂ (t) = �̂( t)�̂ and

�̂ � 1(t) = (1 � t)�̂ � 1
0 + t�̂ � 1. Hence, the saddlepoint approximation (1.5) to the density
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of s along the lines(t) is

hf s(t);  g = cexp
�

n � p � 2
2

logj�̂ � 1(t)j
�

; (2.5)

wherec is a normalizing constant.

The valuetsup in (1.7) is the largestt for which �̂( t)� 1 is positive de�nite and is equal

to f 1 � � (1) g� 1 where � (1) is the smallest eigenvalue of̂� 0�̂ � 1 (see Lemma 1 in Section

2.5.1).

Since �y and �̂ � 1 in the multivariate normal distribution are independent, we have that

the saddlepoint approximation to the density ofs is exact, and therefore the directional

p-value follows exactly a uniform distribution, even in highdimensional settings withp

allowed to grow with n. The exact condition for the validity of this result is givenin

the following theorem.

Theorem 1. Assume thatp = pn such that n � p+ 2 for all n � 3. Then, under the null

hypothesisH  in (2.2), the directional p-value (1.7) is exactly uniformly distributed.

Proof. Supposey = [ y1 � � � yn ]T with yi � Np(�; � � 1), i 2 f 1; : : : ; ng. Let �y = n� 11T
n y

and A = yT y � n�y�yT . It is well known that A has a Wishart distribution, i.e. A �

Wp(n � 1; � � 1) with density function (Muirhead, 2009, Theorem 3.2.1)

f (A; � � 1) = 2 � p( n � 1)
2 � p

�
n � 1

2

� � 1

j� � 1j �
n � 1

2 etr
�

�
1
2

� A
�

jAj
n � p� 2

2 ;

where etr(�) = expf tr( �)g with tr( �) the trace operator and �p(�) is a multivariate gamma

function.

Moreover, the canonical parameter for the multivariate normal distribution is ' =

f � T ; vech(�) T gT = f � T � ; vech(�) T gT , with corresponding log-likelihood

l(' ; s) = �
n
2

logj� � 1j �
n
2

tr(� �̂ � 1) �
n
2

(�y � � � 1� )T �(� y � � � 1� );

where �̂ � 1 = n� 1A. The maximum likelihood estimate of' is ^' = f �̂ T ; vech(�̂) T gT

= f �yT �̂ ; vech(�̂) T gT and the constrained maximum likelihood estimate is ^'  = f �̂ T
 ;

vech(�̂ 0)T gT = f �yT �̂ 0; vech(�̂ 0)T gT . The corresponding log-likelihoods at ^' and ^'  

are `('̂ ; s) = � n=2 logj�̂ � 1j � (np)=2 and `('̂  ; s) = � n=2 logj�̂ � 1
0 j � n=2tr( �̂ 0�̂ � 1),

respectively. Then, under the null hypothesisH  , the main factor of the saddlepoint
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approximation of s takes the form

expf `('̂  ; s) � `('̂ ; s)g = exp

(

�
n
2

log
j�̂ � 1

0 j

j �̂ � 1j
�

n
2

tr
�

�̂ 0�̂ � 1 � Ip

�
)

= j�̂ � 1
0 j �

n
2 j �̂ � 1j

n
2 exp

n
�

n
2

tr( �̂ 0�̂ � 1)
o

exp
� np

2

�
:

As jJ '' ('̂ )j / j �̂ � 1jp+2 (see (2.1)), the saddlepoint approximation results

h(s;  ) = c j�̂ � 1
0 j �

n
2 exp

n
�

n
2

tr( �̂ 0�̂ � 1)
o

j�̂ � 1j
n � p� 2

2 : (2.6)

Using the normalizing constantc = ( n=2)p(n� 1)=2 � p f (n � 1)=2g� 1 j �̂ 0j, the saddlepoint

approximation (2.6) is the exact conditional distribution of �̂ � 1 given �̂ � 1
0 , which is

a Wishart random variable with parameters (n � 1; �̂ � 1
0 ) under H  . Here we used

the result tr( �̂ 0�̂ � 1) = p (Eriksen, 1996, page 278). The saddlepoint approximation

density along the lines(t) replaces�̂ � 1 with �̂ � 1(t), which maximizes`f ' ; s(t)g. Since

�̂ � 1(t) = (1 � t)�̂ � 1
0 + t�̂ � 1, the exact saddlepoint approximation for the distributionof

s(t) under H  is simply obtained from (2.6) as

hf s(t);  g = c j�̂ � 1
0 j �

n
2 exp

h
�

n
2

tr f �̂ 0�̂( t)� 1g
i

j�̂( t)� 1j
n � p� 2

2

/ exp
�

n � p � 2
2

logj�̂( t)� 1j
�

: (2.7)

In the last step we used trf �̂ 0�̂ � 1(t)g = tr
h
�̂ 0

n
(1 � t)�̂ � 1

0 + t�̂ � 1
oi

= (1 � t)p+ tp = p.

Since the saddlepoint approximationhf s(t);  g (2.7) is exact, apart from the normalizing

constant, the integral in the denominator of the directional p-value (1.7) is just the

normalizing constant of the conditional distribution of jjsjj given the direction s=jjsjj .

Therefore, the directional p-value is the exact probability of jjsjj > jjs0jj given the

direction s=jjsjj under the null hypothesis, and is thus exactly uniformly distributed.

Theorem 1 only requiresn � p+2 for ensuring that the maximum likelihood estimate

of the covariance matrix exists with probability one. This assumption is also weaker

than the condition p=n ! � 2 (0; 1] in Jiang and Yang (2013) for the validity of their

central limit theorem approximation with large p.

Following Jiang and Yang (2013), we now consider three speci�c hypotheses of the

form (2.2) of potential interest. In each case we give details on how to �nd the con-

strained maximum likelihood estimate under the null hypothesisH  . First, we focus on
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testing whether the covariance matrix of a multivariate normal distribution is propor-

tional to the identity matrix. The hypothesis of interest is then

H  : � � 1 = � 2Ip; (2.8)

where � 2 is unspeci�ed and Ip denotes thep � p identity matrix. This corresponds to

checking if the covariance matrix is diagonal with equal elements. In this particular case,

it is equivalent to testing that the concentration matrix � i s proportional to the identity

matrix, i.e. H  : � = � � 2Ip with unspeci�ed � � 2. The constrained maximum likelihood

estimate of � � 1 is �̂ � 1
0 = tr( yT y=n � �y�yT )=p Ip, and can be used in the formula for the

log-likelihood statistic (2.3), Skovgaard's modi�cationterm 
 (2.4) and the directional

p-value (1.7).

The second hypothesis concerns block-independence in the multivariate normal dis-

tribution. For k � 2, let p1; : : : ; pk be positive integers withp =
P k

j =1 pj . Then the

covariance matrix can be expressed as �� 1 =
�
� � 1

ij

�
p� p

, where � � 1
ij is api � pj sub-matrix

for all 1 � i; j � k. We are interested in testing the null hypothesis

H  : � � 1
ij = 0; 1 � i < j � k; (2.9)

which is equivalent to testing that the o�-diagonal matrix � ij = 0, 1 � i < j � k. The

constrained maximum likelihood estimate of �� 1 is then

�̂ � 1
0 =

0

B
B
B
B
B
@

�̂ � 1
11 0 � � � 0

0 �̂ � 1
22 � � � 0

...
...

0 0 � � � �̂ � 1
kk

1

C
C
C
C
C
A

;

where �̂ � 1
ii = [ �̂ � 1]pi pi ; i 2 f 1; : : : ; kg, with [ �̂ � 1]pi pi denoting the pi � pi diagonal sub-

matrix of �̂ � 1.

Lastly, we consider the complete-independence hypothesis. Let R = ( r ij )p� p be the

correlation matrix corresponding to � � 1. The hypothesis of interest here is

H  : R = I p; (2.10)

which implies the covariance (or concentration) matrix to be diagonal. The constrained

maximum likelihood estimate of � � 1 equals �̂ � 1
0 = diag( �̂ � 1) I p, where diag(̂� � 1) is

a p-vector with entries equal to the diagonal elements of the unconstrained maximum

likelihood estimate�̂ � 1. Simulation studies for the hypothesis (2.8) - (2.10) are reported
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in Section 2.3.3.

2.3.2 Testing a speci�c multivariate normal distribution

Under the same framework introduced in Section 2.3.1, let us consider the null hy-

pothesis

H  : � = � 0 and � = � 0;

where� 0 2 Rp and thep� p non-singular matrix � 0 are completely speci�ed. Considering

the standardized data ~yi = � 1=2
0 (yi � � 0), which has distribution Np(~�; ~� � 1) with ~� =

� 1=2
0 (� � � 0) and ~� � 1 = � 1=2

0 � � 1� 1=2
0 , where � 1=2

0 is a square root matrix of �0, the

above hypothesis is equivalent to

H  : ~� = 0p and ~� = I p: (2.11)

Under H  we also have~� � 1 = I p, since joint marginal independence is equivalent to joint

conditional independence. The log-likelihood statistic in the canonical parameterization

is

W = ( n � 1) logj�̂ j + tr( yT y) � np:

It can be shown thatW follows a� 2
d asymptotic null distribution with d = p(p+ 1) =2 +

p = p(p+3) =2 if and only if p = o(n1=2). The analogous condition for Bartlett correction

of W is p = o(n2=3) (He et al., 2021a).

The correction factor 
 (1.4) in the modi�ed log-likelihood ratio test is


 =

n
n=2tr

�
yT yyT y=n2

�
� ntr( �̂ � 1) + np=2

od=2
j �̂ j(p+2) =2

n
n logj�̂ j + tr( yT y) � np

od=2� 1
n=2tr

�
�̂� y�yT + �̂ + yT y=n � 2Ip

� :

Moreover, for the directional test, the expected value ofs under H  is

s = �

(

n�yT ;
n
2

vech
�

Ip �
yT y
n

� T
) T

:
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The tilted log-likelihood along the lines(t) = (1 � t)s can then be expressed as

`(' ; t) = n� T f �y � (1 � t)�yg �
n
2

tr
�
�

�
yT y
n

+ (1 � t)
�

Ip �
yT y
n

���

+
n
2

logj� j �
n
2

� T � � 1�;

with corresponding maximum likelihood estimate ^' (t) =
�
�̂ (t)T �̂( t); vech

n
�̂( t)

oT
� T

,

with �̂ (t) = t �y and �̂ � 1(t) = (1 � t)I p + t�̂ � 1 + t(1 � t)�y�yT . Finally, the saddlepoint

approximation (1.5) to the density ofs along the lines(t) is

hf s(t);  g = cexp
�

n � p � 2
2

logj�̂ � 1(t)j +
nt
2

tr
�

Ip �
yT y
n

��
;

wherec is a normalizing constant. The valuetsup in (1.7) is the largestt for which �̂( t)� 1

is positive de�nite and is found iteratively. The following theorem explains why the

directional p-value is exact, exploiting the exactness of the saddlepoint approximation

to the density of s.

Theorem 2. Assume thatp = pn such that n � p+ 2 for all n � 3. Then, under the null

hypothesisH  (2.11), the directionalp-value (1.7) is exactly uniformly distributed.

Proof. Since �y � Np(�; n � 1� � 1) and A � Wp(n � 1; � � 1) are independent (Muirhead,

2009, Theorem 3.1.2), the joint density of �y and A is

f (�y; A; �; � � 1) = (2 � )� p
2 j� � 1j �

1
2 exp

n
�

n
2

(�y � � )T �(� y � � )
o

� 2� p( n � 1)
2 � p

�
n � 1

2

� � 1

j� � 1j �
n � 1

2 etr
�

�
1
2

� A
�

jAj
n � p� 2

2 :

Similarly to the proof of Theorem 1, under the null hypothesis H  , and using the fact

that jJ '' ('̂ )j is proportional to j�̂ � 1jp+2 (2.1), the saddlepoint approximation is

h(s;  ) = c1 j� � 1
0 j �

1
2 exp

n
�

n
2

(�y � � 0)T � 0(�y � � 0)
o

� c2 j� � 1
0 j �

n � 1
2 exp

n
�

n
2

tr(� 0�̂ � 1)
o

j�̂ � 1j
n � p� 2

2 ; (2.12)

with c1 = (2 � )� p=2 and c2 = ( n=2)p(n� 1)=2 � p f (n � 1)=2g� 1. Expression (2.12) is the

exact joint distribution of �y and �̂ � 1. For obtaining the directional test, we just replace

�y and �̂ � 1 with the maximizers of `f ' ; s(t)g, namely ^� (t) = t �y and �̂ � 1(t) = (1 �

t)I p + t�̂ � 1 + t(1 � t)�y�yT , respectively. Then, the saddlepoint approximation for the
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Figure 2.1: Hypothesis (2.8). Empirical null distribution of p-values for various ratios
� = p=n of the directional test (DT), the central limit theorem test (CLT) , log-likelihood ratio
test (LRT), Bartlett correction (BC), and two Skovgaard's modi�cation s (Skovgaard, 2001)
(Sko1 and Sko2, respectively), compared with theU(0; 1) given by the gray diagonal.

distribution of s(t) under H  can be obtained from (2.12) as

hf s(t);  g = c1 j� � 1
0 j �

1
2 exp

h
�

n
2

f �̂ (t) � � 0gT � 0f �̂ (t) � � 0g
i

� c2 j� � 1
0 j �

n � 1
2 exp

h
�

n
2

tr f � 0�̂( t)� 1g
i

j�̂( t)� 1j
n � p� 2

2

/ exp
�

nt
2

tr
�

Ip �
yT y
n

�
+

n � p � 2
2

logj�̂( t)� 1j
�

;

where we use� 0 = 0p and � � 1
0 = I p. The directional p-value is then exactly uniformly

distributed, since the saddlepoint approximationhf s(t);  g is exact.

2.3.3 Simulation studies

This section investigates the performance of the hypotheses regarding the spheric-

ity of the covariance matrix, block-independence, complete-independence and speci�c

multivariate normal distribution. The limiting null distr ibution, empirical p-value, cor-

rected Type I error and power are evaluated based on 100; 000 replications. We set

n = 100 and p=n = 0:05; 0:1; 0:3; 0:5; 0:7; 0:9. Random samples of sizen are generated

from the standard normal distribution Np(0p; Ip). The various simulation setups are

detailed below.

Hypothesis (2.8): testing the sphericity of the covariance matrix, namely H  : � � 1 =
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Figure 2.2: Hypothesis (2.9). Empirical null distribution of p-values for various ratio� = p=n
of the directional test (DT), the central limit theorem test (CLT) , log-likelihood ratio test
(LRT), Bartlett correction (BC), and two Skovgaard's modi�cations (Sk ovgaard, 2001) (Sko1
and Sko2, respectively), compared with theU(0; 1) given by the gray diagonal.

� 2
0Ip, with unspeci�ed � 2

0. We set � 2
0 = 1 under the null hypothesis and focus on three

di�erent forms of � � 1 under the alternative: (1) � � 1 = diag(1:69; : : : ; 1:69; 1; : : : ; 1),

where the number of diagonal entries equal to 1:69 isdp=2e; (2) � � 1 = diag(1p+ �n � 1=2u)

with u = f (2=p)1=2; : : : ; (2=p)1=2; 0; : : : ; 0gT such that jjujj = 1, where the �rst dp=2e

diagonal elements are equal to (2=p)1=2; (3) � � 1 = diagf (1 + � ) 1T
p� 1; 1g, where� 2 R+ .

Hypothesis (2.9): testing the block-independence of the normal components as in

(2.9). Under the null hypothesis we setk = 3, so that the normal random vector

is divided into three sub-vectors with respective dimensions p1, p2 and p3 satisfying

p1 : p2 : p3 = 2 : 2 : 1. Di�erent alternative settings are considered: (1)compound

symmetric covariance structure: �� 1 = 0:151p1T
p + 0:85Ip; (2) � � 1 = � 1p1T

p + (1 � � )I p,

where� = � f p(p � 1)ng� 1=2 and � is chosen so that� 2 (0; 1); (3) � � 1 = ( � ij )p� p where

� ij = 1 for i = j , � 1(p1+1) = � (p1+1)1 = � with � 2 (0; 1), and � ij = 0, otherwise.

Hypothesis (2.10): testing complete-independence as in (2.10). (1) � � 1 = ( � ij )p� p

where � ij = 1 for i = j , � ij = 0:1 for 0 < ji � j j � 3, and � ij = 0 for ji � j j > 3;

(2) � � 1 = ( � ij )p� p where � ij = 1 for i = j , � ij = �n � 1=2u for 0 < ji � j j � 3 and

u = 1=
p

# f 0 < ji � j j � 3g where #f�g counts the number of occurrences, and� ij = 0

for ji � j j > 3; (3) � � 1 = ( � ij )p� p where� ij = 1 for i = j , � 12 = � 21 = � with � 2 (0; 1),

and � ij = 0 otherwise.

Hypothesis (2.11): testing speci�ed values for the mean vector and covariance matrix.



28 Section 2.3 -Exactness of directional test for one-sample hypotheses

Figure 2.3: Hypothesis (2.10). Empirical null distribution of p-values for various ratio
� = p=n of the directional test (DT), the central limit theorem test (CLT) , log-likelihood ratio
test (LRT), Bartlett correction (BC), and two Skovgaard's modi�cation s (Skovgaard, 2001)
(Sko1 and Sko2, respectively), compared with theU(0; 1) given by the gray diagonal.

Three alternative setups are: (1)� = (0 :1; : : : ; 0:1; 0; : : : ; 0)T , where the number of

entries equal to 0:1 is dp=2e; (2) � = f � (2=pn)1=2; : : : ; � (2=pn)1=2; 0; : : : ; 0gT where the

number of entries equal to� (2=pn)1=2 is dp=2e. The (1) and (2) alternative setups for

� � 1 are as in hypothesis (2.10); (3)� is the same as (1) and �� 1 = diag(1 � �; 1; : : : ; 1)

with � 2 (0; 1).

Figures 2.1{2.4 display the empirical null distribution of the p-values. Table 2.1

reports the corrected probability of Type I error at the nominal level � = 0:05, which

is the 5%-quantile of the empiricalp-values obtained under the null hypothesis. The

directional test performs very well across all di�erent values of p, while the central

limit theorem test is still less accurate whenp is small, in particular if p = 5. When

p = 5; 10, WBC proves accurate, with estimated and corrected Type I error very close to

the nominal level. However,W, WBC , W � and W �� break down whenp is large. Below,

we provide more comments on the simulation outcomes for the empirical probability of

Type I error.

i) Figure 2.1 and the �rst panel of Table 2.1. The directional test exhibits an

extremely precise empirical Type I error in all examined frameworks. When

p = 5; 10, the chi-square approximations toW, W � , W �� and, especially,WBC

are more accurate than the normal approximation to the central limit theorem

test. However, asp increases, the four chi-square approximations fail because of
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Figure 2.4: Hypothesis (2.11). Empirical null distribution of p-values for various ratio
� = p=n of the directional test (DT), the central limit theorem test (CLT) , log-likelihood ratio
test (LRT), Bartlett correction (BC), and two Skovgaard's modi�cation s (Skovgaard, 2001)
(Sko1 and Sko2, respectively), compared with theU(0; 1) given by the gray diagonal.

the large location and scale bias, whereas the central limittheorem test has good

properties. In particular, for the corrected Type I error at level 0:05, WBC is

particularly good at controlling the Type I error whenp = 5; 10.

ii) Figure 2.2 and the second panel of Table 2.1. The directional test performs very

well across the di�erent values ofp, while the central limit theorem test is still

less accurate whenp is small, in particular if p = 5. When p = 5; 10, WBC proves

accurate, with estimated and corrected Type I error very close to the nominal

level. However, the testsW, WBC , W � and W �� fail, when p is large.

iii) Figure 2.3 and the third panel of Table 2.1 indicate that the directional test has the

best performance in terms ofp-value and the limiting null distribution under the

null hypothesis. Moreover, the testsW, WBC , W � and W �� result in a reasonable

empirical Type I error only for small values ofp, such asp = 5; 10.

iv) Figure 2.4 and the last panel of Table 2.1. As in the previouscases, the directional

test and central limit theorem test perform similarly for general values ofp, but

the directional test is superior whenp is small. Indeed, the central limit theorem

test exhibits large bias for the corrected Type I error for small p, more evidently

than in the other cases. The testsW, WBC , W � and W �� behave similarly as

before, getting more and more inaccurate asp increases.
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Table 2.1: Hypotheses (2.8){(2.11). Empirical probability of Type I error of the
directional test (DT), central limit theorem test (CLT), log-like lihood ratio test (LRT),
Bartlett correction (BC) and two Skovgaard's modi�cations (Skovgaard, 2001) (Sko1
and Sko2, respectively) at nominal level� = 0 :05.

Hypothesis � = p=n DT CLT LRT BC Sko1 Sko2
(2.8) 0.05 0.050 0.057 0.060 0.050 0.048 0.048

0.1 0.049 0.056 0.084 0.050 0.037 0.036
0.3 0.050 0.054 0.613 0.063 0.001 0.001
0.5 0.051 0.053 1.000 0.154 0.000 0.000
0.7 0.050 0.053 1.000 0.697 0.000 0.000
0.9 0.050 0.054 1.000 1.000 0.000 0.000

(2.9) 0.05 0.050 0.068 0.061 0.050 0.049 0.049
0.1 0.051 0.062 0.087 0.051 0.048 0.048
0.3 0.051 0.056 0.657 0.059 0.026 0.020
0.5 0.051 0.053 1.000 0.112 0.009 0.001
0.7 0.050 0.054 1.000 0.481 0.006 0.000
0.9 0.050 0.055 1.000 1.000 0.214 0.000

(2.10) 0.05 0.050 0.052 0.061 0.050 0.049 0.049
0.1 0.050 0.053 0.087 0.050 0.041 0.041
0.3 0.050 0.052 0.629 0.061 0.002 0.002
0.5 0.050 0.053 1.000 0.147 0.000 0.000
0.7 0.049 0.053 1.000 0.677 0.000 0.000
0.9 0.050 0.055 1.000 1.000 0.000 0.000

(2.11) 0.05 0.050 0.052 0.061 0.050 0.049 0.049
0.1 0.050 0.053 0.087 0.050 0.041 0.041
0.3 0.050 0.052 0.629 0.061 0.002 0.002
0.5 0.050 0.053 1.000 0.147 0.000 0.000
0.7 0.049 0.053 1.000 0.677 0.000 0.000
0.9 0.050 0.055 1.000 1.000 0.000 0.000

The power and local power of the tests considered for the hypotheses (2.8){(2.11)

are here investigated empirically for some alternative hypotheses. In particular, three

possible choices for� i and � � 1
i under the alternative hypothesis are studied. The �rst

setting is taken from Jiang and Qi (2015), to enable comparison with the central limit

theorem test of Jiang and Yang (2013). The second local alternative setting deals

with situations where the Frobenius norm between the null and alternative parameters

converges to zero asni goes to in�nity. The last alternative setting is the most extreme,

as only one element of the parameters di�ers between the nulland alternative hypotheses

(Jensen, 2021). Due to space constraints, we report here results referred to the corrected

power only. Corrected power is based on the corrected Type I error, which is the 5%

quantile of the empirical p-values obtained under the null hypothesis. This allows a

fair comparison among the tests, since power is intended with a given signi�cance level.

However, it is important to remark that the directional p-value is the only one that does
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not need a correction for the Type I error, being exact under the null hypothesis. The

central limit theorem, log-likelihood ratio test and Bartlett correction have the same

corrected power as they use the same test statistic (W) and result in di�erent cuto�

values for the corrected Type I error.

The left column of Figure 2.5 summarizes simulation results for the hypotheses (2.8){

(2.11) andp=ni 2 f 0:05, 0:1, 0:3, 0:5, 0:7, 0:9g. The alternative setting for each hypoth-

esis is the same as in Jiang and Qi (2015), where the use of the central limit theorem

test was recommended. The power of the directional test is comparable to the central

limit theorem test when p is moderate in hypothesis (2.9).

We also investigate the local power, i.e. how large� in the alternative setting (2)

needs to be so that the power can tend to 1. The right column of Figure 2.5 shows

the empirical local corrected power of the tests for variousvalues of� and ratio p=n =

0:3. The power performance of the directional test is very close to that of the central

limit theorem test, which is better than that of W � and W �� . Finally, Figures 2.6-2.9

summarize the empirical corrected power of the tests for various ratios p=n as � varies

under the alternative setting (3) (Jensen, 2021) of hypotheses (2.8){(2.11), respectively.

The directional test has the best power performance, even inthe setting whenp=nequals

0.9.



32 Section 2.3 -Exactness of directional test for one-sample hypotheses

Figure 2.5: Empirical local powers of four tests. The solid, dashed, longdashed, and dot-
dashed curves are the empirical power functions of the central limit theorem test, directional
test and two Skovgaard's modi�cations, respectively. The �rst, second, third and fourth rows
correspond to hypotheses (2.8){(2.11), respectively; the left and right columns correspond to
the alternative hypothesis settings (1) and (2) in Section 2.3.3, respectively.
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Figure 2.6: Hypothesis (2.8). Empirical local power of four tests with di�erent v alues
of � and p=n. The solid, dashed, longdashed, and dotdashed curves are the empiricalpower
functions of the central limit theorem test, directional test and tw o Skovgaard's modi�cations,
respectively. The extreme alternative hypothesis setting (3) is given in Section 2.3.3. The six
plots correspond to p=n 2 f 0:05; 0:1; 0:3; 0:5; 0:7; 0:9g, starting from top left and proceeding
by row.

Figure 2.7: Hypothesis (2.9). Empirical local power of four tests with di�erent v alues of
� and p=n. The solid, dashed, longdashed, and dotdashed curves are the empiricalpower
functions of the central limit theorem test, directional test and tw o Skovgaard's modi�cations
Skovgaard (2001), respectively. The extreme alternative setting (3) is given in Section 2.3.3.
The six plots correspond to p=n 2 f 0:05; 0:1; 0:3; 0:5; 0:7; 0:9g, starting from top left and
proceeding by row.
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Figure 2.8: Hypothesis (2.10). Empirical local power of four tests with di�erent values of
� and p=n. The solid, dashed, longdashed, and dotdashed curves are the empiricalpower
functions of the central limit theorem test, directional test and tw o Skovgaard's modi�cations
Skovgaard (2001), respectively. The extreme alternative setting (3) is given in Section 2.3.3.
The six plots correspond to p=n 2 f 0:05; 0:1; 0:3; 0:5; 0:7; 0:9g, starting from top left and
proceeding by row.

Figure 2.9: Hypothesis (2.11). Empirical local power of four tests with di�erent values of
� and p=n. The solid, dashed, longdashed, and dotdashed curves are the empiricalpower
functions of the central limit theorem test, directional test and tw o Skovgaard's modi�cations
Skovgaard (2001), respectively. The extreme alternative setting (3) is given in Section 2.3.3.
The six plots correspond to p=n 2 f 0:05; 0:1; 0:3; 0:5; 0:7; 0:9g, starting from top left and
proceeding by row.
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2.4 Exactness of directional test for multiple-sample

hypotheses

We also obtained analogous theoretical results for three multiple-sample hypotheses

about: equality of mean vectors ink independent groups (2.13); equality of covariance

matrices in k independent groups (2.16); and equality of multivariate normal distribu-

tions in k independent groups (2.20).

2.4.1 Testing the equality of mean vectors in k independent

groups with identical covariance matrices

Suppose thatyij are independent random variables with distributionNp(� i ; � � 1), for

i = 1; : : : ; k and j = 1; : : : ; ni . We are interested in testing the hypothesis

H  : � 1 = � � � = � k : (2.13)

Since the covariance matrices for each group are the same, the hypothesis problem (2.13)

is equivalent to test

H  : � � 1 = � � � = � � k :

In this setting, the canonical parameters denoted by' = f � T
1 ; : : : ; � T

k ; vech(� T )gT =

f � T
1 � ; : : : ; � T

k � ; vech(� T )gT . The nuisance parameter in this case is� = f � T
1 ; vech(� T )gT .

We rewrite the data asyi = [ yi 1 � � � yin i ]
T which is a ni � p matrix and Dp the du-

plication matrix, then Dpvech(�) = vec(�). The log-likelihood for the parameter

� = f � T
1 ; : : : ; � T

k ; vech(� T )gT is

`(� ) =
kX

i =1

ni

2
logj� j �

1
2

tr(� yT
i yi ) +

ni

2
�yT

i � � i +
ni

2
� T

i �� yi �
ni

2
� T

i � � i

where �yi = yT
i 1n i =ni . Then the maximum likelihood estimate are ^� i = �yi and �̂ � 1 =

B=n with B =
P k

i =1 yT
i yi � ni �yi �yT

i and n =
P k

i =1 ni and the constrained maximum

likelihood estimate are ^� 0 = �y and �̂ � 1
0 =

� P k
i =1 yT

i yi � n�y�yT
�

=n = ( A + B)=n with

�y =
P k

i =1 ni �yi =n and A =
P k

i =1 ni �yT
i �yi � ni �y�yT . In order to compute the modi�cation

term of the statistics W � and W �� and the directional p-value, here we compute the

determinant of the observed information matrixjJ '' j. It is not hard to get the observed
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information matrix J ''

J '' =

0

B
B
B
B
B
@

n1� � 1 : : : � n1(� T
1 � � 1 
 � � 1)Dp

0 : : : � n2(� T
2 � � 1 
 � � 1)Dp

...
...

...

� n1D T
p (� � 1� 1) 
 � � 1 : : :

P k
i =1

n i
2 D T

p � � 1(I p + 2� i � T
i � � 1) 
 � � 1Dp

1

C
C
C
C
C
A

:

The determinant of J '' can be computed as

jJ '' j = jA11jjC2j =

 
kY

i =1

np
i

!

j� � 1jk � n
p( p+1)

2 2� pj� � 1jp+1 / j � � 1jp+1+ k

whereC2 = A22 � A21A � 1
11 A12 =

P k
i =1

n i
2 D T

p � � 1(I p+2� i � T
i � � 1) 
 � � 1Dp �

P k
i =1 ni D T

p � � 1

� i � T
i � � 1 
 � � 1Dp = n

2 D T
p (� � 1 
 � � 1) Dp.

The log-likelihood ratio test is

W = n(log j�̂ � 1
0 j � logj�̂ � 1j)

Under H  , the log-likelihood ratio statistic approximates to the chi-square distribution

with degree of freedomsd = p(k � 1) if and only if p = o(n2=3). The analogous condition

for Bartlett correction of W is p = o(n4=5) (He et al., 2021a).

The expression for Skovgaard's modi�cations (2001) can be found in Section 1.2.3.

Skovgaard's modi�ed likelihood ratio statistics W � and W �� (Skovgaard, 2001) for

hypothesis (2.13) can be computed explicitly based on the formula for the correc-

tion factor 
 de�ned in (1.4). The quantities required in the correction factor 
 are

('̂ � '̂  )T (s � s ) = tr( �̂ A), 0:5 log(j ~J '' j=jĴ '' j) = 0 :5(p+ 1 + k)(log j�̂ j � logj�̂ 0j) and

(s � s )T J '' ('̂  )� 1(s � s ) =

(
kX

i =1

ni (�yi � �y)T �̂ 0(�yi � �y)

)

+

(
kX

i =1

ni (�yi � �y)T

)
(�yT �̂ 0 �y)�̂ 0 + �̂ 0 �y�yT �̂ 0

n

(
kX

i =1

ni (�yi � �y)

)

:

In order to investigate the directional test, we de�ne the expected values = ( n1 �yT �

n1 �yT
1 ; : : : ; nk �yT � nk �yT

k ; 0). The tilted log-likelihood is

`(' ; t) =
kX

i =1

` i (' i ; t) =
kX

i =1

` i (' i ) + ' i si (t);
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where

` i (' i ; t) =
ni

2
logj� j �

ni

2
� T

i � � 1� i �
1
2

tr
�
� yT

i yi
�

+ ni f (1 � t)�y + t �yi g
T � i

The maximum likelihood estimate along the lines(t) = (1 � t)s is �̂ i (t) = t �yi +(1 � t)�y

and �̂ � 1(t) = �̂ � 1
0 � t2A=n. Therefore, the saddlepoint approximation along the line

s(t) is

hf s(t);  g = cexp
�

(n � p � 1 � k)
2

logj�̂( t)j
�

;

where c is a normalizing constant. The valuetsup in (1.7) is the largest t for which

�̂( t)� 1 is positive de�nite and is equal to 1=p � (p) , where� (p) is the maximum eigenvalue

of the matrix (B T
0 )� 1(A=n)B � 1

0 with �̂ 0 = B T
0 B0. In R, we can computeB0 with the

function chol() .

Theorem 3. Assume thatp = pn such that n � p+ k +1 with n =
P k

i =1 ni . Then, under

the null hypothesisH  (2.13), the directionalp-value is exactly uniformly distributed.

Proof. Supposeyi = [ yi 1 � � � yin i ]
T with yij � Np(� i ; � � 1), i = 1; : : : ; k and j = 1; : : : ; ni .

Then, the log-likelihood for the canonical parameter' is

`(' ; s) =
kX

i =1

�
ni

2
logj� � 1j �

1
2

tr(� B i ) �
ni

2
(�yi � � i )T �(� yi � � i ) (2.14)

whereB i = yT
i yi � ni �yi �yT

i . The maximum likelihood estimate ^' = f �̂ T
1 ; : : : ; �̂ T

k ; vech(�̂) T gT

= f �yT
1 �̂ ; : : : ; �yT

k �̂ ; vech(�̂) T gT and the constrained maximum likelihood estimate ^'  =

f �yT �̂ 0; : : : ; �yT �̂ 0; vech(�̂ 0)T gT . Evaluating (2.14) at the unconstrained and constrained

maximum likelihood estimates for' , the corresponding log-likelihood at ^' and ^'  are

`('̂ ; s) = � n=2 logj�̂ � 1j� np=2 and`('̂  ; s) = 2 � 1
P k

i =1 � ni logj�̂ � 1
0 j� ni p, respectively.

Then, under the null hypothesisH  , and using the fact that jJ '' ('̂ )j is proportional to

j�̂ � 1jp+1+ k , the saddlepoint approximation (1.5) is

h(s;  ) =

"
kY

i =1

ci 1( )j�̂ � 1
0 j �

1
2 exp

n
�

ni

2
(�yi � �̂ 0)T �̂ 0(�yi � �̂ 0)

o
#

� c2j �̂ � 1
0 j

n � 1
2 exp

n
�

n
2

tr( �̂ 0�̂ � 1)
o

j�̂ � 1j
n � p� 1� k

2 : (2.15)

Expression (2.15) equals the exact joint distribution of �y1; : : : ; �yk and �̂ � 1 with ci 1 =

(2� )� p=2, c2 =
�

n
2

� p(n� 1)=2
� p

�
n� k

2

� � 1
and with �xed �̂ 0 and �̂ � 1

0 . It is indeed correct

to consider ^� 0 and �̂ � 1
0 as �xed since the constrained maximum likelihood estimate is
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�xed and equal to the observed value when considering the saddlepoint approximation

along the lines(t) under H  . In such case we have ^� (t) = t �yi + (1 � t)�y and �̂ � 1(t) =

�̂ � 1
0 � t2A=n. Then, the saddlepoint approximation for the distribution of s(t) under

H  follows from (2.15), and is equal to

hf s(t);  g =
kY

i =1

ci 1( )j�̂ � 1
0 j �

1
2 exp

h
�

ni

2
f �̂ i (t) � �̂ 0gT �̂ 0f �̂ i (t) � �̂ 0g

i

� c2j �̂ � 1
0 j

n � 1
2 exp

h
�

n
2

tr f �̂ 0�̂( t)� 1g
i

j�̂( t)� 1j
n � p� 1� k

2

/
kY

i =1

exp
h
�

ni

2
f t �yi + (1 � t)�y � �ygT �̂ 0f t �yi + (1 � t)�y � �yg

i

� exp
h
�

n
2

tr f �̂ 0(�̂ � 1
0 � t2A=n)g

i
j�̂ � 1(t)j

n � p� 1� k
2

/ exp

(

�
1
2

t2
kX

i =1

(�yi � �y)T �̂ 0(�yi � �y)

)

exp
�

1
2

t2tr( �̂ 0A)
�

j�̂ � 1(t)j
n � p� 1� k

2

/ j �̂ � 1(t)j
n � p� 1� k

2 :

Since the saddlepoint approximationhf s(t);  g is exact, apart from the normalizing

constant, the integral in the denominator of the directional p-value (1.7) is just the

normalizing constant of the conditional distribution of jjsjj given the direction s=jjsjj .

Therefore, the directional p-value is the exact probability of jjsjj > jjs0jj given the

direction s=jjsjj under the null hypothesis, and is therefore exactly uniformly distributed.

When k = 2, there is also the famous HotellingT2 test. The Hotelling T2 test is an

exact F test under H  . Here, we also prove that the directional test coincides withthe

Hotelling T2 test.

Proposition 1. When k = 2, the directional test is equivalent to HotellingT2 test.

Proof. First, we simplify the estimate �̂ � 1(t) = �̂ � 1
0 � t2A=n, wheren = n1 + n2,

�̂ � 1(t) = �̂ � 1
0 � t2

2X

i =1

ni (�yi � �y)(�yi � �y)T =n
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where �y = ( n1 �y1 + n2 �y2)=n. Moreover,

2X

i =1

ni (�yi � �y)(�yi � �y)T = n1(�y1 � �y)(�y1 � �y)T + n2(�y2 � �y)(�y2 � �y)T

= n1 �y1 �yT
1 � n1 �y1 �yT � n1 �y�yT

1 + n1 �y�yT + n2 �y2 �yT
2 � n2 �y2 �yT

� n2 �y�yT
2 + n2 �y�yT

= n1 �y1 �yT
1 + n2 �y2 �yT

2 � n�y�yT

=
n1n2 �y1 �yT

1 + n1n2 �y2 �yT
2 � n1n2 �y1 �yT

2 � n1n2 �y2 �yT
1

n

=
n1n2(�y1 � �y2)(�y1 � �y2)T

n

since

n1 �y1 �yT
1 + n2 �y2 �yT

2 =
n2

1 �y1 �yT
1 + n1n2 �y1 �yT

1 + n1n2 �y2 �yT
2 + n2

2 �y2 �yT
2

n

n�y�yT =
n2

1 �y1 �yT
1 + n1n2 �y1 �yT

2 + n1n2 �y2 �yT
1 + n2

2 �y2 �yT
2

n
:

Then

�̂ � 1(t) = �̂ � 1
0 � t2 n1n2

n2
(�y1 � �y2)(�y1 � �y2)T

j �̂ � 1(t)j = j�̂ � 1
0 jf 1 � t2 n1n2

n2
(�y1 � �y2)T �̂ 0(�y1 � �y2)g

The integrand function of the directionalp-value along the lines(t) is

g(t) = td� 1j �̂ � 1(t)j
n � p� 3

2 / td� 1
n

1 � t2 n1n2

n2
(�y1 � �y2)T �̂ 0(�y1 � �y2)

o n � p� 3
2

and the directional p-value under the null hypothesis is de�ned as

p =

Rtsup

1 td� 1
n

1 � t2 n1n2
n2 (�y1 � �y2)T �̂ 0(�y1 � �y2)

o n � p� 3
2

dt

Rtsup

0 td� 1
n

1 � t2 n1n2
n2 (�y1 � �y2)T �̂ 0(�y1 � �y2)

o n � p� 3
2

dt

where tsup =
n

n1n2
n2 (�y1 � �y2)T �̂ 0(�y1 � �y2)

o � 1=2
. In order to simplify the notation, de-

noted C = n1n2
n2 (�y1 � �y2)T �̂ 0(�y1 � �y2), then tsup = C � 1=2. We rewrite the directional
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p-value as

p =

RC � 1=2

1 td� 1 f 1 � t2Cg
n � p� 3

2 dt
RC � 1=2

0 td� 1 f 1 � t2Cg
n � p� 3

2 dt

SinceT2 � T2(p; n � p � 1) with the degrees of freedomdf 1 = p and df 2 = n � p � 1,

we change variablet into
n

C
�

df 2
df 1

x + 1
�o � 1=2

. Below we consider the numerator of the

directional test.

Step 1: changing the integrand interval

1 � t � C � 1=2 , 1 �
�

C
�

df 2

df 1
x + 1

�� � 1=2

� C � 1=2

, C �
�

df 2

df 1
x + 1

� � 1

� 1 , 1 �
df 2

df 1
x + 1 � C � 1

, 0 �
df 2

df 1
x � C � 1 � 1 , 0 � x �

df 1

df 2

1 � C
C

hence the new integrand interval for the variablex is 0 � x � p
n� p� 1

1� C
C .

Step 2: changing variablet ! x:

Z C � 1=2

1
td� 1

�
1 � t2C

	 n � p� 3
2 dt

=
Z df 1

df 2
1� C

C

0

�
C

�
df 2

df 1
x + 1

�� � d� 1
2

(

1 � C � 1

�
df 2

df 1
x + 1

� � 1

C

) n � p� 3
2

d
�

C
�

df 2

df 1
x + 1

�� � 1
2

whered = p(k � 1) = p and

d
�

C
�

df 2

df 1
x + 1

�� � 1
2

= C � 1=2(�
1
2

)
�

df 2

df 1
x + 1

� � 3
2 df 2

df 1
dx
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and

Z C � 1=2

1
td� 1

�
1 � t2C

	 n � p� 3
2 dt

= c
Z df 1

df 2
1� C

C

0

�
df 2

df 1
x + 1

� � p� 1
2

(

1 �
�

df 2

df 1
x + 1

� � 1
) n � p� 3

2 �
df 2

df 1
x + 1

� � 3
2

dx

= c
Z df 1

df 2
1� C

C

0

�
df 2

df 1
x + 1

� � p� 1+3
2

(
df 2
df 1

x + 1 � 1
df 2
df 1

x + 1

) n � p� 3
2

dx

= c
Z df 1

df 2
1� C

C

0

�
df 2

df 1
x + 1

� � n � p� 1+ p
2

�
df 2

df 1
x

� n � p� 1
2 � 1

dx

= c
Z df 1

df 2
1� C

C

0

�
df 2

df 1
x + 1

� � df 2+ df 1
2

�
df 2

df 1
x

� df 2
2 � 1

dx

= c0Pr
�

X �
df 1

df 2

1 � C
C

�

= c0Pr
�

X � 1 �
df 2

df 1

C
1 � C

�

According to the Sherman-Morrison formula (see McCormacket al. (2019, Section 4.2)),

we can get

df 2

df 1

C
1 � C

=
n � p � 1

p
�

n1n2

n2
(�y1 � �y2)T �̂(� y1 � �y2)

=
n � p � 1

p
�

T2

n1 + n2 � 2
� F (p; n � p � 1):

2.4.2 Testing the equality of covariance matrices in k indepen-

dent groups

Supposeyi 1; : : : ; yin i , for i 2 f 1; : : : ; kg, k � 2, are independent realizations of

Np(� i ; � � 1
i ). We focus on testing the null hypothesis

H  : � 1 = � � � = � k : (2.16)

We then have �yi = yT
i 1n i =ni and A i = yT

i yi � ni �yi �yT
i . The unconstrained maximum

likelihood estimates for alli 2 f 1; : : : ; kg are ^� i = �yi and �̂ � 1
i = A i =ni ; the constrained

maximum likelihood estimates are instead ^� 0i = �yi and �̂ � 1
0 =

P k
i =1 A i =n, where n =

P k
i =1 ni . Bartlett (1937) suggested to use the modi�ed maximum likelihood estimator of
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� � 1, that is ~� � 1
i = A i =(ni � 1) and ~� � 1

0 =
P k

i =1 A i =(n � k). The modi�ed log-likelihood

ratio statistic is then equal to

~W =
kX

i =1

� (ni � 1) logj ~� � 1
i

~� 0j:

The null distribution of ~W is approximately � 2
d with d = kp(p + 1) =2 � p(p + 1) =2 =

p(p+ 1)( k � 1)=2 if and only if p = o(n1=2
i ), and the analogous condition for the Bartlett

correction isp = o(n2=3
i ), for all i 2 f 1; : : : ; kg with �nite k (He et al., 2021a).

The expression for Skovgaard's modi�cations (2001) can be found in Section 1.2.3.

The modi�ed likelihood ratio statistics W � and W �� for hypothesis (2.16) can be com-

puted explicitly based on the formula for the correction factor 
 de�ned in (1.4), i.e.


 =

hP k
i =1 ni =2

n
tr( �̂ � 1

i �̂ 0�̂ � 1
i �̂ 0) � p

oi d=2 Q k
i =1 j �̂ � 1

0 �̂ i j
p+2

2

nP k
i =1 ni logj�̂ i �̂ � 1

0 j
od=2� 1 P k

i =1 ni =2
n

tr( �̂ i �̂ � 1
0 ) � p

o :

For the directional p-value, underH  , the expectation ofs has components

�
�

0T
p ;

ni

2
vech

�
�̂ � 1

0 � �̂ � 1
i

� T
� T

; i 2 f 1; : : : ; kg;

and the tilted log-likelihood, by group independence, can be written as`(' ; t) =
P k

i =1 ` i (' i ; t)

with the i -th group's contribution

` i (' i ; t) = ni � T
i �yi �

ni

2
tr

�
� i

�
yT

i yi

ni
+ (1 � t)

�
�̂ � 1

0 � �̂ � 1
i

� ��

+
ni

2
logj� i j �

ni

2
� T

i � � 1
i � i :

Maximizing the tilted log-likelihood leads to the estimates �̂ i (t) = �yi and �̂ i (t)� 1 =

(1 � t)�̂ � 1
0 + t�̂ � 1

i , i 2 f 1; : : : ; kg. Hence, the saddlepoint approximation (1.5) takes the

form

hf s(t);  g = cexp

(
kX

i =1

ni � p � 2
2

logj�̂ � 1
i (t)j

)

;

wherec is a normalizing constant.

The value tsup in (1.7) is the largest t for which �̂ i (t)� 1 is positive de�nite and is

equal to f 1 � min
1� i � k

� i
(1) g

� 1 where� i
(1) is the smallest eigenvalue of̂� 0�̂ � 1

i (see Lemma 2

in Section 2.5.1).
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Thanks to the exactness of the saddlepoint approximation (1.5) to the density of s,

it is possible to prove the following theorem.

Theorem 4. Assume that p = pn such that ni � p + 2 for all ni � 3; i 2 f 1; : : : ; kg,

with k �xed. Then, under the null hypothesisH  (2.16), the directionalp-value (1.7) is

exactly uniformly distributed.

Proof. Supposeyij � Np(� i ; � � 1
i ), i 2 f 1; : : : ; kg, j 2 f 1; : : : ; ni g. For eachi -th group,

the random variablesyij are independent. Let �yi = n� 1
i yT

i 1n i , �̂ � 1
i = n� 1

i yT
i yi � �yi �yT

i .

In this case,�̂ � 1
i � Wp(ni � 1; n� 1

i � � 1
i ), for i 2 f 1; : : : ; kg. Due to the groups indepen-

dence, the joint distribution of �̂ i , i 2 f 1; : : : ; kg, is the product of Wishart densities
Q k

i =1 f (�̂ � 1
i ; � � 1

i ) with

f (�̂ � 1
i ; � � 1

i ) =
� ni

2

� p( n i � 1)
2

� p

�
ni � 1

2

� � 1

�j � � 1
i j �

n i � 1
2 etr

�
�

ni

2
� �̂ � 1

i

�
j �̂ � 1

i j
n i � p� 2

2 : (2.17)

The log-likelihood for the canonical parameter' under the multivariate normal distri-

bution is

`(' ; s) =
kX

i =1

ni

2
logj� i j �

1
2

tr(� i yT
i yi ) + n�yT

i � i �
ni

2
� T

i � � 1
i � i :

In order to assess the exactness of the saddlepoint approximation, it is convenient to

express the log-likelihood function for' as

`(' ; s) =
kX

i =1

�
ni

2
logj� � 1

i j �
ni

2
tr(� i �̂ � 1

i ) �
ni

2
(�yi � � � 1

i � i )T � i (�yi � � � 1
i � i ): (2.18)

The maximum likelihood estimate ^' has componentsf �̂ T
i ; vech(�̂ i )T gT = f �yT

i �̂ i ; vech(�̂ i )T gT

and the constrained maximum likelihood estimate ^'  has componentsf �yT
i �̂ 0; vech(�̂ 0)T gT ,

i 2 f 1; : : : ; kg. Evaluating (2.18) at the unconstrained and constrained maximum like-

lihood estimates for ' , the corresponding log-likelihood at ^' and ^'  are `('̂ ; s) =

2� 1
P k

i =1 � ni logj�̂ � 1
i j � ni p and `('̂  ; s) = 2 � 1

P k
i =1 � ni logj�̂ � 1

0 j � ni tr( �̂ 0�̂ � 1
i ), re-

spectively. Then, under the null hypothesisH  , and using the fact that jJ '' ('̂ )j is

proportional to
Q k

i =1 j �̂ � 1
i jp+2 in Section 2.2, the saddlepoint approximation (1.5) is

h(s;  ) =
kY

i =1

ci ( ) j�̂ � 1
0 j �

n i � 1
2 exp

n
�

ni

2
tr( �̂ 0�̂ � 1

i )
o

j�̂ � 1
i j

n i � p� 2
2 : (2.19)
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Formula (2.19) is the exact joint distribution of �̂ � 1
1 ; : : : ; �̂ � 1

k , i.e. a product of Wishart

densities with parameters (ni � 1; �̂ � 1
0 ) given in (2.17), if �̂ � 1

0 is considered as �xed. In

particular, we haveci ( ) = ci = ( ni =2)p(n i � 1)=2 � p f (ni � 1)=2g� 1. It is indeed correct

to consider�̂ � 1
0 �xed because when considering the saddlepoint approximation density

along the line s(t), by construction the constrained maximum likelihood estimates of

� � 1
i is �xed and equal to the observed valuê� � 1

0 .

When we consider the density ofs(t), we just need to replace�̂ � 1
i in (2.19) with

�̂ � 1
i (t), i.e. the value which maximizes̀ f ' ; s(t)g. Then, given that �̂ � 1

i (t) = (1 �

t)�̂ � 1
0 + t�̂ � 1

i and the groups are independent, underH  we have

hf s(t);  g =
kY

i =1

ci j �̂ � 1
0 j �

n i � 1
2 exp

h
�

ni

2
tr f �̂ 0�̂ i (t)� 1g

i
j�̂ i (t)� 1j

n i � p� 2
2

/ exp

(
kX

i =1

ni � p � 2
2

logj�̂ � 1
i (t)j

)

;

where we have used the equalityn� 1tr(
P k

i =1 ni �̂ 0�̂ � 1
i ) = p with n =

P k
i =1 ni . Since

the saddlepoint approximationhf s(t);  g is exact, apart from the normalizing constant,

the integral in the denominator of the directionalp-value (1.7) is just the normalizing

constant of the conditional distribution of jjsjj given the direction s=jjsjj . Therefore,

the directional p-value is the exact probability ofjjsjj > jjs0jj given the directions=jjsjj

under the null hypothesis, and is thus exactly uniformly distributed.

Theorem 4 only requiresni � p + 2, i 2 f 1; : : : ; kg, for ensuring that the maximum

likelihood estimate of the covariance matrix exists with probability one. This assumption

is weaker than the conditionp=ni ! � 2 (0; 1] in Jiang and Yang (2013) for the validity

of their central limit theorem approximation with large p. Moreover, although the

number of groupsk is considered here as �xed, simulation results in Section 2.4.4 show

that the accuracy of the directional test is not a�ected by the value ofk.

2.4.3 Testing the equality of several multivariate normal dis-

tributions

Under the same framework introduced in Section 2.4.2, we are interested in testing

whether the multivariate normal distributions in k independent groups are identical, i.e.

H  : � 1 = � � � = � k ; � 1 = � � � = � k : (2.20)
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The empirical within-groups varianceA=n and the empirical between-groups variance

B=n depend on the quantitiesA =
P k

i =1 yT
i yi � ni �yi �yT

i and B =
P k

i =1 ni �yi �yT
i � n�y�yT , such

that A + B =
P k

i =1 yT
i yi � n�y�yT , where �y =

P k
i =1 ni �yi =n. The unconstrained maximum

likelihood estimates for alli 2 f 1; : : : ; kg are the same as in hypothesis (2.16), while the

constrained maximum likelihood estimates are ^� 0 = �y; �̂ � 1
0 = ( A + B)=n. In this case,

the log-likelihood ratio statistic is

W = n logj�̂ � 1
0 j �

kX

i =1

ni logj�̂ � 1
i j

and asymptotically has a� 2
d null distribution with d = f p(p + 1) =2 + pg(k � 1) =

p(p + 3)( k � 1)=2, provided that p = o(n1=2
i ) for all i 2 f 1; : : : ; kg. The analogous

condition for the Bartlett correction is p = o(n2=3
i ) for all i 2 f 1; : : : ; kg (He et al.,

2021a).

The quantities required in the correction factor
 of the modi�cation of the likelihood

ratio statistic of Skovgaard (2001) for testing the hypothesis (2.20) are

('̂ � '̂  )T (s � s ) =
1
2

kX

i =1

ni (�yi � �y)T �̂ i (�yi � �y) +
1
2

kX

i =1

ni tr( �̂ i �̂ � 1
0 )

�
1
2

np;

(s � s )T J '' ('̂  )� 1(s � s ) =
kX

i =1

ni (1 + 2�y�̂ 0 �y)(�yi � �y)T �̂ 0(�yi � �y)

� 2
kX

i =1

ni (�yi � �y)T �̂ 0

�
yT

i yi

ni
� �̂ � 1

0 � �y�yT

�
�̂ 0 �y

+
1
2

kX

i =1

ni tr
��

yT
i yi

ni
� �y�yT

�
�̂ 0

�
yT

i yi

ni
� �y�yT

�
�̂ 0

�

�
1
2

np;
�

jJ '' ('̂  )j
jJ '' ('̂ )j

� 1=2

= j�̂ � 1
0 j

p+2
2

kY

i =1

j �̂ i j
p+2

2 :

In order to obtain the directional p-value, we �nd the components ofs 

�

(

ni (�yi � �y)T ;
ni

2
vech

�
�̂ � 1

0 �
yT

i yi

ni
+ �y�yT

� T
) T

; i 2 f 1; : : : ; kg;



46 Section 2.4 -Exactness of directional test for multiple-sample hypotheses

and the tilted log-likelihood function `(' ; t) =
P k

i =1 ` i (' i ; t), with

` i (' i ; t) = ni � T
i f t �yi + (1 � t)�yg �

ni

2
tr

�
� i

�
tyT

i yi

ni
+ (1 � t)

�
�̂ � 1

0 + �y�yT
� ��

+
ni

2
logj� i j �

ni

2
� T

i � � 1
i � i :

The resulting maximum likelihood estimates from`(' ; t) are �̂ i (t) = (1 � t)�y + t �yi

and �̂ i (t)� 1 = (1 � t)�̂ � 1
0 + t�̂ � 1

i + t(1 � t)(�yi � �y)(�yi � �y)T . Hence, the saddlepoint

approximation (1.5) along the lines(t) is

hf s(t);  g = cexp

(
kX

i =1

ni � p � 2
2

logj�̂ � 1
i (t)j

)

;

where c is a normalizing constant. The valuetsup in (1.7) is the largest t for which

�̂ i (t)� 1 is positive de�nite and has to be found iteratively. The following theorem gives

conditions for the exactness of the directionalp-value.

Theorem 5. Assume that p = pn such that ni � p + 2 for all ni � 3; i 2 f 1; : : : ; kg,

with k �xed. Then, under the null hypothesisH  (2.20), the directionalp-value (1.7) is

exactly uniformly distributed.

Proof. We know that �yi � Np(� i ; n� 1
i � � 1

i ) and �̂ � 1
i � Wp(ni � 1; n� 1

i � � 1
i ), i 2 f 1; : : : ; kg.

In addition, �yi and �̂ i are independent (Muirhead, 2009, Section 10.8), thus the joint

distribution of �yi and �̂ i takes the form
Q k

i =1 f (�yi ; � i ; � � 1
i )f (�̂ � 1

i ; � � 1
i ) with

f (�yi ; � i ; � � 1
i ) = (2 � )� p

2 j� � 1
i j �

1
2 exp

n
�

ni

2
(�yi � � i )T � i (�yi � � i )

o
;

f (�̂ � 1
i ; � � 1

i ) = ( ni =2)
p( n i � 1)

2 � p

�
ni � 1

2

� � 1

�j � � 1
i j �

n i � 1
2 etr

�
�

ni

2
� �̂ � 1

i

�
j �̂ � 1

i j
n i � p� 2

2 :

Similarly to the proof of Theorem 4, we can easily obtain the saddlepoint approximation

to the density of the su�cient statistic s as

h(s;  ) =
kY

i =1

ci 1 j �̂ � 1
0 j �

1
2 exp

n
�

ni

2
(�yi � �̂ 0)T �̂ 0(�yi � �̂ 0)

o

� ci 2 j �̂ � 1
0 j �

n i � 1
2 exp

n
�

ni

2
tr( �̂ 0�̂ � 1

i )
o

j�̂ � 1
i j

n i � p� 2
2 : (2.21)

Expression (2.21) equals the exact joint distribution of �y1; : : : ; �yk and �̂ � 1
1 ; : : : ; �̂ � 1

k with
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ci 1 = (2 � )� p=2, ci 2 =
�

n i
2

� p(n i � 1)=2
� p

�
n i � 1

2

� � 1
and with �xed �̂ 0 and �̂ � 1

0 . It is in-

deed correct to consider ^� 0 and �̂ � 1
0 as �xed since the constrained maximum likelihood

estimate is �xed and equal to the observed value when considering the saddlepoint ap-

proximation along the lines(t) under H  . In such case we have ^� i (t) = (1 � t)�̂ 0+ t �yi and

�̂ i (t)� 1 = (1 � t)�̂ � 1
0 + t�̂ � 1

i + t(1� t)(�y� �yi )(�y� �yi )T where ^� 0 = �y and �̂ � 1
0 = n� 1(A+ B).

Then, the saddlepoint approximation for the distribution of s(t) under H  follows from

(2.21), and is equal to

hf s(t);  g =
kY

i =1

c1i j �̂ � 1
0 j �

1
2 exp

h
�

ni

2
f �̂ i (t) � �̂ 0gT �̂ 0f �̂ i (t) � �̂ 0g

i

� ci 2 j �̂ � 1
0 j �

n i � 1
2 exp

h
�

ni

2
tr f �̂ 0�̂ i (t)� 1g

i
j�̂ i (t)� 1j

n i � p� 2
2

/ exp

(
kX

i =1

ni � p � 2
2

logj�̂ i (t)� 1j

)

:

The remaining part of the proof is similar to that for Theorem4 and is therefore omitted.

It follows then that the directional p-value is exactly uniformly distributed under the

null hypothesisH  .

2.4.4 Simulation studies

The performance of the directional test for the hypotheses of Sections 2.4.1 { 2.4.3 in

the high dimensional multivariate normal framework is hereassessed via Monte Carlo

simulations based on 100; 000 replications. The exact directional test is compared with

the � 2
d approximation for the log-likelihood ratio test, its Bartlett correction, two Skov-

gaard's modi�cations (Skovgaard, 2001), and with the normal approximation for the

test proposed by Jiang and Yang (2013). The six tests are evaluated in terms of em-

pirical distribution, empirical distribution of the correspondingp-values, estimated size

and power. For the hypothesis (2.13), we calculate the normal approximation referring

to Theorem A.3. of Heet al. (2021a).

Samples of sizeni ; i 2 f 1; : : : ; kg, are generated from thep-variate standard normal

distribution Np(0p; Ip) under the null hypothesis. For each simulation experiment, we

show results forni = 100 and p=ni = 0:05; 0:1; 0:3; 0:5; 0:7; 0:9. The various simulation

setups are detailed below, partly taken from Jiang and Yang (2013).

Hypothesis (2.13): testing the equality of mean vectors ink independent groups.

Under the null hypothesis, we choosek = 3 and sample sizesn1 = n2 = n3 = 100.

When evaluating power, three settings are considered for thealternative hypothesis:
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(1) � 1 = 0p, � 2 = � 3 = 0:1 � 1p; (2) � 1 = 0p, � 2 = � 3 = � (pn1)� 1=21p (3) � 1 = 0p,

� 2 = � 3 = f � (pn1)� 1=2; 0T
p� 1gT .

Hypothesis (2.16): testing the equality of covariance matrices in k independent

groups. Under the null hypothesis, we choosek = 3 and sample sizesn1 = n2 =

n3 = 100. When evaluating power, three settings are considered for the alternative

hypothesis: (1) � � 1
1 = I p, � � 1

2 = 1:21Ip and � � 1
3 = 0:81Ip; (2) � � 1

1 = I p, � � 1
2 = � � 1

3 =

� � 1
1 + � (pn1)� 1=2Ip; (3) � � 1

1 = I p, � � 1
2 = � � 1

3 = diag( �; 1T
p� 1) where � 2 R+ .

Hypothesis (2.20): testing the equality of several multivariate normal distributions.

The same values ofk and sample sizes are chosen as in hypothesis (2.16). When

evaluating power, three settings are considered for the alternative hypothesis: (1)

� 1 = 0p, � 2 = � 3 = 0:1 � 1p and � � 1
1 = 0:51p1T

p + 0:5Ip, � � 1
2 = 0:61p1T

p + 0:4Ip
and � � 1

3 = 0:51p1T
p + 0:31Ip; (2) � 1 = 0p, � 2 = � 3 = � (pn1)� 1=21p and � � 1

1 = I p,

� � 1
2 = � � 1

3 = � � 1
1 + � (pn1)� 1=2Ip; (3) � 1 = 0p, � 2 = � 3 = f 10(pn1)� 1=2; 0T

p� 1gT , and the

setup of covariance matrices as in hypothesis (2.16).

We also report the empirical results for hypotheses (2.13),(2.16) and (2.20) for large

group values ofk = 30, which shows that the accuracy of the directionalp-value does

not change.
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Table 2.2: Empirical probability of Type I error for the directional test (DT), c entral
limit theorem test (CLT), log-likelihood ratio test (LRT), Bartle tt correction (BC) and
two Skovgaard's modi�cations (Skovgaard, 2001) (Sko1 and Sko2, respectively) at the
nominal level � = 0 :05

Hypothesis p=ni DT CLT LRT BC Sko1 Sko2

(2.13) 0.05 0.051 0.068 0.364 0.051 0.050 0.050

0.1 0.050 0.064 0.597 0.050 0.049 0.049

0.3 0.049 0.058 0.970 0.050 0.048 0.047

0.5 0.051 0.058 0.999 0.053 0.050 0.048

0.7 0.051 0.057 1.000 0.057 0.054 0.050

0.9 0.051 0.56 1.000 0.064 0.061 0.051

(2.16) 0.05 0.050 0.078 0.062 0.050 0.048 0.048

0.1 0.049 0.064 0.102 0.049 0.041 0.040

0.3 0.051 0.057 0.950 0.067 0.010 0.006

0.5 0.050 0.054 1.000 0.183 0.000 0.000

0.7 0.050 0.054 1.000 0.865 0.000 0.000

0.9 0.049 0.054 1.000 1.000 0.065 0.000

(2.20) 0.05 0.049 0.061 0.068 0.049 0.045 0.045

0.1 0.048 0.055 0.115 0.049 0.037 0.036

0.3 0.051 0.055 0.967 0.068 0.007 0.003

0.5 0.050 0.053 1.000 0.192 0.000 0.000

0.7 0.050 0.053 1.000 0.880 0.000 0.000

0.9 0.049 0.053 1.000 1.000 0.032 0.000

The Monte Carlo simulations for the hypotheses (2.13), (2.16) and (2.20) described

in Section 2.4 are here illustrated. The Type I error at level� = 0:05 based on the

approximate null distribution of the various statistics isevaluated in Table 2.2. The

empirical distribution of p-values for the six tests is examined by comparison with the

Uniform(0; 1) distribution in Figures 2.10{2.12.

Table 2.2 reports the empirical Type I error at the nominal level � = 0:05 under

the null hypothesis. The directionalp-value exhibits an excellent performance in terms

of the empirical Type I error, not needing essentially any correction over the di�erent

choices ofp as suggested by the theory in Section 2.4. In this respect, itis signi�cantly

better than that of the central limit theorem test of Jiang andYang (2013), which has

a slightly liberal empirical Type I error. In addition, the four statistics with chi-square

approximate distributions are not very accurate, and even remarkably unreliable with

increasingp. This behavior con�rms the results in Heet al. (2021a) stating that the
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Figure 2.10: Hypothesis (2.13). Empirical null distribution of p-values for various ratio
p=ni of the directional test (DT), the central limit theorem test (CLT) , log-likelihood ratio
test (LRT), Bartlett correction (BC), and two Skovgaard's modi�cation s (Skovgaard, 2001)
(Sko1 and Sko2, respectively), compared with theU(0; 1) given by the gray diagonal.

chi-square approximation to the log-likelihood ratio statistic distribution applies if and

only if p = o(n1=2
i ), and that to its Bartlett corrected version if and only if p = o(n2=3

i ),

i 2 f 1; : : : ; kg. There is no analogous theoretical result for Skovgaard's statistics (Skov-

gaard, 2001), yet the numerical evidence suggests an intermediate condition between

those of the log-likelihood ratio statistic and its Bartlett correction. The performance

of the directional test is stable over all scenarios, outperforming the other methods. Be-

low, we provide more details on the simulation outcomes for the empirical probability

of Type I error.

Table 2.2 from top to bottom displays the empirical Type I error of hypotheses

(2.13), (2.16) and (2.20), respectively. The directional test is exact up to simulation

error for all di�erent choices of p. Instead, the empirical Type I error of the central

limit theorem test is slightly larger than the nominal level, especially for hypothesis

(2.13). The chi-square approximation to the distributionsof the log-likelihood test,

Bartlett correction, and Skovgaard's modi�cations is accurate only for smallp, becoming

completely unreliable asp=ni increases. However, the empirical Type I error for one of

Skovgaard's modi�cations, quite surprisingly, improves for the largest valuep=ni = 0:9.

Figures 2.10{2.12 con�rm the theoretical �ndings on the directional p-value: it is exact,

to Monte Carlo accuracy, in every simulation setting. The chi-square approximations

for the distribution of W, WBC , W � and W �� are su�ciently reliable only when p is
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Figure 2.11: Hypothesis (2.16). Empirical null distribution of p-values for various ratio
p=ni of the directional test (DT), the central limit theorem test (CLT) , log-likelihood ratio
test (LRT), Bartlett correction (BC), and two Skovgaard's modi�cation s (Skovgaard, 2001)
(Sko1 and Sko2, respectively), compared with theU(0; 1) given by the gray diagonal.

small. At the same time, the slight location bias of the normal approximation to the

central limit theorem test distribution is apparent. On the other hand, the behavior

of W, WBC , W � and W �� become less accurate asp gets moderate or large relative

to n, while the central limit theorem test improves asp increases, as suggested by its

theoretical derivation.

We also investigate the empirical distribution ofp-values for larger values of the

number of groupsk = 30 in hypotheses (2.13), (2.16) and (2.20). The numerical results

are based on 10,000 replications. Figures 2.13{2.15 show that the directional p-value

maintains extreme accuracy, apart from simulation errors,while the main competitor

proposed by Jiang and Yang (2013) becomes slightly less accurate ask increases (see

Dette and D•ornemann, 2020; Guo and Qi, 2021). For hypothesis (2.13), the numerical

evidence shows thatWBC , W � and W �� also work well with largek.

We also examine the performance in terms of corrected power for hypotheses (2.13),

(2.16) and (2.20). Corrected power is obtained based on the corrected Type I error. Four

possible choices here for� i and � � 1
i under the alternative hypothesis are considered. The

central limit theorem test, W and WBC have the same corrected power since they use

the same test statisticW, and result in di�erent cuto� values for the corrected Type I

error. To save the limited space, below we only display the empirical power results for

the hypothesis (2.13) in the top of Figure 2.16 and Figure 2.17.But we do not comment



52 Section 2.4 -Exactness of directional test for multiple-sample hypotheses

Figure 2.12: Hypothesis (2.20). Empirical null distribution of p-values for various ratio
p=ni of the directional test (DT), the central limit theorem test (CLT) , log-likelihood ratio
test (LRT), Bartlett correction (BC), and two Skovgaard's modi�cation s (Skovgaard, 2001)
(Sko1 and Sko2, respectively), compared with theU(0; 1) given by the gray diagonal.

the corresponding results of hypothesis (2.13) since all tests share a similar performance

in terms of the power.

The left column of Figure 2.16 summarizes simulation resultsfor the hypotheses

(2.13), (2.16) and (2.20) andp=ni 2 f 0:05, 0:1, 0:3, 0:5, 0:7, 0:9g. The alternative

setting for each hypothesis is the same as in Jiang and Qi (2015), where the use of the

central limit theorem test was recommended. The power of thedirectional test across

the di�erent ratios p=ni is always greater than the nominal level 0:05; it is comparable

with the corrected power of the central limit theorem test, log-likelihood ratio test and

Bartlett correction when p is moderate, but it is lower otherwise. However, it must

be taken into account that the log-likelihood ratio test andBartlett correction do not

control the Type I error when p is large, therefore their power is meaningless in such

scenarios. Finally, Skovgaard's tests have uniformly the lowest corrected power.

We also investigate the local power, i.e. how large� in the alternative setting (2)

needs to be so that the power can tend to 1. The right column of Figure 2.16 displays the

empirical local corrected power of the tests for various values of� and ratio p=ni = 0:3.

Under the alternative setting (2), shown in the right column,the power of the directional

test is comparable or slightly superior to the corrected power of the central limit theorem

test, and clearly higher than the corrected power of Skovgaard's modi�cations.
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Figure 2.13: Hypothesis (2.13). Empirical null distribution of p-values for various ratio
p=ni of the directional test (DT), the central limit theorem test (CLT) , log-likelihood ratio
test (LRT), Bartlett correction (BC), and two Skovgaard's modi�cation s (Skovgaard, 2001)
(Sko1 and Sko2, respectively), withk = 30, compared with the U(0; 1) given by the gray
diagonal.

Finally, Figures 2.17{2.19 analyze the empirical corrected power of the tests for vari-

ous ratiosp=ni as� varies under the alternative setting (3) (Jensen, 2021) of hypotheses

(2.13), (2.16) and (2.20), respectively. The directional test enjoys the best properties,

proving to be particularly powerful with respect to its competitors when p=ni � 0:5.

Even in this case, the corrected power of the central limit theorem test is uniformly

lowest. On the other hand, the performance of the six methodsin terms of power is

comparable for hypothesis (2.13).

2.5 Computational aspect

2.5.1 Determination of tsup

The upper boundtsup of the integrals in formula (1.7) is the largest value oft such that

the maximum likelihood estimate�̂ � 1(t) or �̂ � 1
i (t); i 2 f 1; : : : ; kg, is positive de�nite.

Depending on the case,tsup can be found analytically or approximated numerically. For

instance, in the following we derive Lemma 1 and Lemma 2 to compute tsup analytically

for hypotheses (2.8){(2.10) and (2.16), respectively. In particular, for hypotheses (2.8){

(2.10), we have thattsup = f 1 � � (1) g� 1, where� (1) is the smallest eigenvalue of̂� 0�̂ � 1,

while for hypothesis (2.16),tsup = f 1� min
1� i � k

� i
(1) g

� 1, where� i
(1) is the smallest eigenvalue
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Figure 2.14: Hypothesis (2.16). Empirical null distribution of p-values for various ratiop=ni ,
i 2 f 1; : : : ; kg, of the directional test (DT), the central limit theorem test (CLT ), log-likelihood
ratio test (LRT), Bartlett correction (BC), and two Skovgaard's modi� cations (Skovgaard,
2001) (Sko1 and Sko2, respectively) withk = 30, compared with the U(0; 1) given by the gray
diagonal.

of �̂ 0�̂ � 1
i . On the contrary, there is no available closed form fortsup when testing

hypotheses (2.11) and (2.20). In such cases, we need to �ndtsup by searching iteratively

values oft > 1 until matrices �̂ � 1(t) for hypothesis (2.11) or�̂ � 1
i (t); i 2 f 1; : : : ; kg for

hypothesis (2.20) are no longer positive de�nite.

Lemma 1. The estimator �̂ � 1(t) is positive de�nite if and only if all elements 1� t+ t� l ; l 2

f 1; : : : ; pg, are positive, where� l are the eigenvalues of the matrix̂� 0�̂ � 1. Speci�cally,

�̂ � 1(t) is positive de�nite in t 2 [0; f 1 � � (1) g� 1], where� (1) is the smallest eigenvalue of

�̂ 0�̂ � 1.

Proof. If t 2 [0; 1] the result is straightforward, because a convex combination of positive

de�nite matrices is positive de�nite. Indeed, for all x 2 Rp, x 6= 0, xT �̂ � 1(t)x =

(1 � t)xT �̂ � 1
0 x + tx T �̂ � 1x > 0 since 1� t � 0 and t � 0. Let us focus on the case

t > 1. Consider a square rootB0 of �̂ � 1
0 such that �̂ � 1

0 = B0B T
0 = B T

0 B0, which always

exists if �̂ � 1
0 is positive de�nite. Hence, the estimator�̂ � 1(t) = (1 � t)�̂ � 1

0 + t�̂ � 1 can

be rewritten as

�̂ � 1(t) = B T
0

n
(1 � t)I p + t(B T

0 )� 1�̂ � 1B � 1
0

o
B0:

The matrix (B T
0 )� 1�̂ � 1B � 1

0 is symmetric sincê� � 1 is symmetric. Moreover, according to
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Figure 2.15: Hypothesis (2.20). Empirical null distribution of p-values for various ratiop=ni ,
i 2 f 1; : : : ; kg, of the directional test (DT), the central limit theorem test (CLT ), log-likelihood
ratio test (LRT), Bartlett correction (BC), and two Skovgaard's modi� cations (Skovgaard,
2001) (Sko1 and Sko2, respectively) withk = 30, compared with the U(0; 1) given by the gray
diagonal.

the eigen decomposition (Magnus and Neudecker, 1999, Theorem 1.13), there exists an

orthogonalp� p matrix P whose columns are eigenvectors of (B T
0 )� 1�̂ � 1B � 1

0 and a diag-

onal matrix Q whose diagonal elements are the eigenvalues of (B T
0 )� 1�̂ � 1B � 1

0 , such that

(B T
0 )� 1�̂ � 1B � 1

0 = PQPT . Therefore, we have�̂ � 1(t) = B T
0 P f (1 � t)I p + tQgPT B0.

Lemma 1 can then be proved through the following three steps.

Step 1: checking that �̂ � 1(t) is positive de�nite is equivalent to checking that (1�

t)I p + tQ is positive de�nite. Indeed, for all x 2 Rp, x 6= 0, then

xT �̂ � 1(t)x = xT B T
0 P f (1 � t)I p + tQgPT B0x

= ~xT f (1 � t)I p + tQg ~x > 0;

where ~x = PT B0x, with ~x 6= 0 if x 6= 0.

Step2: checking that (1� t)I p + tQ is positive de�nite is equivalent to checking that

all elements of the diagonal matrix (1� t)I p + tQ = diag(1 � t + t� l ) are positive, where

� l , l 2 f 1; : : : ; pg, are the eigenvalues of the matrix (B T
0 )� 1�̂ � 1B � 1

0 . We now need to

�nd out the largest t such that 1� t + t� l > 0; l 2 f 1; : : : ; pg:

ˆ if 1 � � (1) > 0, where� (1) is the smallest eigenvalue of (B T
0 )� 1�̂ � 1B � 1

0 , then t <
1

1� � l
� 1

1� � (1)
;
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Figure 2.16: Empirical local powers of four tests. The solid, dashed, longdashed, and dot-
dashed curves are the empirical power functions of the central limit theorem test, directional
test and two Skovgaard's modi�cations (Skovgaard, 2001), respectively. The top and bot-
tom rows correspond to hypotheses (2.13), (2.16) and (2.20), respectively;the left and right
columns correspond to alternative hypothesis settings (1) and (2), respectively.

ˆ if 1 � � (1) � 0, then t > 1
1� � l

as 1
1� � l

< 0, and this condition is true8 t 2 R+ .

Step 3: The last step consists of checking that the eigenvalues� 1; : : : ; � p of (B T
0 )� 1�̂ � 1

B � 1
0 are the same as those of̂� 0�̂ � 1, which is equivalent to show that the matrices

(B T
0 )� 1�̂ � 1B � 1

0 and �̂ 0�̂ � 1 are similar. In addition, �̂ � 1
0 = B T

0 B0, given the invertible

matrix B0 such that

B � 1
0 (B T

0 )� 1�̂ � 1B � 1
0 B0 = B � 1

0 (B T
0 )� 1�̂ � 1 = �̂ 0�̂ � 1:

According to matrix similarity, ( B T
0 )� 1�̂ � 1B � 1

0 and �̂ 0�̂ � 1 are similar and therefore have

the same eigenvalues.
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Figure 2.17: Empirical power of four tests for hypothesis (2.13) with di�erent valu es of� and
p=ni . The solid, dashed, longdashed, and dotdashed curves are the empiricalpower functions
of the log-likelihood ratio test, directional test and two Skovgaard'smodi�cations (Skovgaard,
2001), respectively. The extreme alternative setting is given in Section 2.4.4. The six plots
correspond top=ni 2 f 0:05; 0:1; 0:3; 0:5; 0:7; 0:9g, starting from top left and proceeding by row.

Finally, since �̂ 0�̂ � 1 is positive de�nite and tr( �̂ 0�̂ � 1) = p, the smallest eigenvalue

� (1) must be lower than 1. Therefore,̂� � 1(t) is positive de�nite in t 2 [0; f 1� � (1) g� 1].

Lemma 2. The estimator �̂ � 1
i (t); i 2 f 1; : : : ; kg, is positive de�nite if and only if all

elements 1� t + t� i
l ; l 2 f 1; : : : ; pg, are positive, where� i

l are the eigenvalues of the

matrix �̂ 0�̂ � 1
i . Speci�cally, �̂ � 1

i (t); i 2 f 1; : : : ; kg, are all positive de�nite in t 2�
0; f 1 � min

1� i � k
� i

(1) g
� 1

�
, where� i

(1) is the smallest eigenvalue of̂� 0�̂ � 1
i .

Proof. Based on the proof of Lemma 1, it is easy to show that̂� � 1
i (t) for all i 2

f 1; : : : ; kg, is positive de�nite if and only if all elements 1� t + t� i
l > 0, where� i

l ; l 2

f 1; : : : ; pg, are the eigenvalues of the matrix̂� 0�̂ � 1
i , i 2 f 1; : : : ; kg. Since �̂ 0�̂ � 1

i are

positive de�nite and tr( �̂ 0�̂ � 1
i ) = p for all i 2 f 1; : : : ; kg, there exists at least one of the

� i
(1) lower than 1, where� i

(1) denotes the smallest eigenvalue of̂� 0�̂ � 1
i . In this respect,

�̂ � 1
i (t), 8i 2 f 1; : : : ; kg, are positive de�nite in t 2

�
0; f 1 � min

1� i � k
� i

(1) g
� 1

�
.

2.5.2 Numerical integration for the directional p-value

Let g(t;  ) = td� 1hf s(t);  g = exp[(d� 1) logt + log hf s(t);  g] = expf �g(t;  )g be the

integrand function in formula (1.7). In order to account forsituations in which g(t;  )
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Figure 2.18: Empirical power of four tests for hypothesis (2.16) with di�erent valu es of
� and p=ni . The solid, dashed, longdashed, and dotdashed curves are the empiricalpower
functions of the central limit theorem test, directional test and tw o Skovgaard's modi�cations
(Skovgaard, 2001), respectively. The extreme alternative setting isgiven in Section 2.4.4.
The six plots correspond to p=ni 2 f 0:05; 0:1; 0:3; 0:5; 0:7; 0:9g, starting from top left and
proceeding by row.

is numerically too small or too large, we consider rescaling�g(t;  ) in the interval [0; tsup]

using �g(t̂;  ) = sup
t2 [0;t sup ]

�g(t;  ). The directional p-value can then be computed as

p( ) =

Rtsup

1 expf �g(t;  ) � �g(t̂;  )gdt
Rtsup

0 expf �g(t;  ) � �g(t̂;  )gdt
:

Moreover, when the dimensionp is large, the integrand function often concentrates

on a very small range, meaning that it is signi�cantly di�erent from zero in a very small

interval around t̂. Using the hypothesis problem (2.16) as an illustration, in the left

hand panel of Figure 2.20 the integrand function is plotted inthe interval [0; tsup]. We

can observe that only for very fewt values, the function is appreciably di�erent from

zero. For a more accurate and e�cient numerical integration, we can apply the Gauss-

Hermite quadrature (Liu and Pierce, 1994), and focus on a narrower integration interval

[tmin ; tmax ]. The integrand function curve in such an interval is displayed in the right

hand panel of Figure 2.20. Hence, the directionalp-value can be well approximated by

p( ) :=

Rtmax

1 expf �g(t;  ) � �g(t̂;  )gdt
Rtmax

tmin
expf �g(t;  ) � �g(t̂;  )gdt

: (2.22)
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Figure 2.19: Empirical power of four tests for hypothesis (2.20) with di�erent valu es of
� and p=ni . The solid, dashed, longdashed, and dotdashed curves are the empiricalpower
functions of the central limit theorem test, directional test and tw o Skovgaard's modi�cations
(Skovgaard, 2001), respectively. The extreme alternative setting isgiven in Section 2.4.4.
The six plots correspond to p=ni 2 f 0:05; 0:1; 0:3; 0:5; 0:7; 0:9g, starting from top left and
proceeding by row.

Figure 2.20: Integrand function expf �g(t;  ) � �g(t̂ ;  )g in the directional p-value to test the
hypothesis (2.16). Then = 100 observations are sampled from aNp(0p; Ip) distribution with
p = 70. The left panel refers to the interval [0; tsup ] = [0 ; 1:046135], the right panel to the
interval [ tmin ; tmax ] = [0 :985117; 1:025937].

Details on the implementation of the Gauss-Hermite quadrature (2.22) for the hypothe-

ses considered in Section 2.3 and Section 2.4 are described below.

The directional p-value in formula (1.7) is obtained via one-dimensional integration.

The integrand is a function of the determinantj�̂ � 1(t)j, and the computational cost

increases with the dimensionp of the square matrix �̂ � 1(t). Based on Lemma 1 and

Lemma 2, and according to the Jordan decomposition (Magnus and Neudecker, 1999,
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Theorem 1.14), the determinant of̂� � 1(t), de�ned in hypothesis of Sections 2.3.1 - 2.3.2,

is such that

j�̂ � 1(t)j = j�̂ � 1
0 j

pY

l=1

(1 � t + t� l );

where � l ; l 2 f 1; : : : ; pg, are the eigenvalues of the matrix̂� 0�̂ � 1. Since the matrix

�̂ 0�̂ � 1 is constant in t, the eigenvalues� l can be computed only once. Even the de-

terminant j�̂ � 1
0 j does not depend ont, so it can be neglected when calculating the two

one-dimensional integrals for the directionalp-value in formula (2.7). These expedients

enable to greatly speed up the computation of thep-value and increase the accuracy. It

is however convenient to include a multiplicative constantin the integrand function in

order to improve numerical stability, so that we use

g(t;  ) / exp

(

(d � 1) logt + 0:5(n � p � 2)
pX

l=1

log (1 � t + t� l )

)

:

Similarly, the determinant of �̂ � 1(t) de�ned in hypothesis (2.13) can be simpli�ed to

j�̂ � 1
0 j

Q p
l=1 (1 � t + t� l ), where � l are the eigenvalues of matrix̂� 0A=n. The integrand

function in this case can be rewritten as

g(t;  ) / exp

(

(d � 1) logt + 0:5(n � p � 1 � k)
pX

l=1

log
�
1 � t2� l

�
)

:

And the determinant of �̂ � 1
i (t); i 2 f 1; : : : ; kg, de�ned in hypothesis (2.16) can be

simpli�ed to j�̂ � 1
0 j

Q p
l=1 (1 � t + t� i

l ), where � i
l are the eigenvalues of the matrix̂� 0�̂ � 1

i ,

i 2 f 1; : : : ; kg. The integrand function in this case can be rewritten as

g(t;  ) / exp

(

(d � 1) logt +
kX

i =1

pX

l=1

0:5(ni � p � 2) log
�
1 � t + t� i

l

�
)

:

On the other hand, the determinant of the matrix �̂ � 1(t) in the hypotheses problems

(2.11) and (2.20) cannot be easily simpli�ed, since it is a quadratic function of t.

The 5-sigma narrower integration interval [tmin ; tmax ] can be computed withtmin =

maxf 0; t̂� 5j (t̂;  )� 1g and tmax = min f t̂+5 j (t̂;  )� 1; tsupg, wherej (t̂;  ) = � @2�g(t;  )=@t2j t= t̂ .

The second-order derivative of the integrand function for each of the hypotheses is:
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ˆ hypothesis (2.8){(2.10)

@2�g(t;  )
@t2

= � (d � 1)t � 2 � 0:5(n � p � 2)
pX

l=1

(1 � t + t� l )� 2(1 � � l )2;

where� l ; l 2 f 1; : : : ; pg, are the eigenvalues of the matrix̂� 0�̂ � 1;

ˆ hypothesis (2.11) the estimator of �� 1 is �̂ � 1(t) = (1 � t)I p + t�̂ � 1 + t(1 � t)�y�yT .

Then

@2�g(t;  )
@t2

= � (d � 1)t � 2

� 0:5(n � p � 2)tr

(

�̂( t)
@̂� � 1(t)

@t
�̂( t)

@̂� � 1(t)
@t

+ 2 �̂( t)�y�yT

)

;

where@̂� � 1(t)=@t= � Ip + �̂ � 1 + (1 � 2t)�y�yT .

ˆ hypothesis (2.13)

@2�g(t;  )
@t2

= � (d � 1)t � 2 � 0:5(n � p � 1 � k)
pX

l=1

�
2t2� 2

l + 2� l

(1 � t2� l )2

�
;

where� l are the eigenvalues of matrix̂� 0A=n.

ˆ hypothesis (2.16):

@2�g(t;  )
@t2

= � (d � 1)t � 2

�
kX

i =1

pX

l=1

0:5(ni � p � 2)(1 � t + t� i
l )

� 2(� 1 + � i
l )

2;

where� i
l ; l 2 f 1; : : : ; pg, are the eigenvalues of the matrix̂� 0�̂ � 1

i for the i -th group;

ˆ hypothesis (2.20): the estimator equalŝ� � 1
i (t) = (1 � t)�̂ � 1

0 + t�̂ � 1
i + t(1 � t)B i ,

whereB i = (�yi � �y)(�yi � �y)T . Then we �nd

@2�g(t;  )
@t2

= � (d � 1)t � 2

�
kX

i =1

0:5(ni � p � 2)tr

(

�̂ i (t)
@̂� � 1

i (t)
@t

�̂ i (t)
@̂� � 1

i (t)
@t

)

�
kX

i =1

0:5(ni � p � 2)tr
n

2�̂ i (t)B i

o
;
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where@̂� � 1
i (t)=@t= � �̂ � 1

0 + �̂ � 1
i + (1 � 2t)B i .

2.6 Robustness to misspeci�cation

In general, all the approximation solutions mentioned above rely on the assumed

models and are not expected to be robust under model misspeci�cation.

On the other hand, we can numerically check the robustness bysimulation studies.

In particular, we investigate the behavior of the various tests when the assumed model

was a multivariate normal, while the true generating process was either a multivariate

t or multivariate skew-normal distribution. More in detail, we consider a multivari-

ate t distribution with location 0 p, scale matrix I p, and degrees of freedom 5, and a

multivariate skew-normal distribution (Azzalini and Capitanio, 1999) with location 1p,

scale matrix I p, and shape parameter 0:5 � 1p. The simulation results are based on

R = 10; 000 replications, with the same setup ofp and ni as in Section 2.4.4.

The numerical results, not included here, show that for hypotheses related to covari-

ance matrices, such as hypothesis (2.16), all approximation solutions are not robust. Still

the directional test is preferable to the other tests, although all methods are unreliable

from a practical perspective.

In addition, for hypothesis (2.13) related to testing the equality of mean vectors in

k = 3 independent groups, if the underling distribution is misspeci�ed, we �nd that the

directional test still maintains good accuracy. See Figures2.21 and 2.22 which shows the

empirical null distribution of p-value of six approximations, compared with theU(0; 1)

given by the gray diagonal.

2.7 Discussion and further work

This work examines directional testing for several hypotheses on a vector parameter

of interest in high dimensional multivariate normal distributions. The construction of

the directional test is based on the saddlepoint approximation to the density of the

canonical su�cient statistic, which is found to be exact provided that n � p + 2 for

hypotheses (2.8){(2.11),
P k

i =1 ni � p + 1 + k for hypothesis (2.13) andni � p + 2 for

hypotheses (2.16) and (2.20). The numerical results support the theoretical �ndings on

the exact control of Type I error of the directional approachunder these conditions.

The simulation outcomes show that the directional test outperforms the omnibus tests

which look in all directions of the parameter space for alternatives, not only whenp is

large, but also when it is small relatively ton or ni .
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Figure 2.21: Hypothesis (2.13). Empirical null distribution of p-values for various ratio
p=ni of the directional test (DT), the central limit theorem test (CLT) , log-likelihood ratio
test (LRT), Bartlett correction (BC), and two Skovgaard's modi�cation s (Skovgaard, 2001)
(Sko1 and Sko2, respectively), compared with theU(0; 1) given by the gray diagonal, for
generating data from multivariate t distribution.

The seven hypotheses testing problems in this chapter mainly come from Jiang and

Yang (2013) , Jiang and Qi (2015) and Heet al. (2021a). Jiang and Qi (2015) showed

that the central limit theorem test works well whenp is very close ton, assuming that

ni > p + a for some constant 1� a � 4. However, the central limit theorem test does

not perform accurately when the dimensionp is small, while the directional test is able

to control exactly the Type I error for every value ofp, provided that n � p + 2 or
P k

i =1 ni � p + 1 + k or ni � p + 2.

The six tests are compared empirically also in terms of powerfor some alternative

hypotheses. The central limit theorem approach, like the log-likelihood ratio test, is

an omnibus test, whereas the directional test measures the departure from the null

hypothesis along the direction determined by the observed data point. In this respect,

the latter is not constructed based on any kind of optimality(Skovgaard, 1988). In

particular, the marginal power of the directional test may change according to the

speci�c alternative setting, as also pointed out in Jensen (2021). Nevertheless, in our

empirical results we �nd that the marginal power of the directional test is comparable

to, and sometimes better than, that of its main competitor.
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Figure 2.22: Hypothesis (2.13). Empirical null distribution of p-values for various ratio
p=ni of the directional test (DT), the central limit theorem test (CLT) , log-likelihood ratio
test (LRT), Bartlett correction (BC), and two Skovgaard's modi�cation s (Skovgaard, 2001)
(Sko1 and Sko2, respectively), compared with theU(0; 1) given by the gray diagonal, for
generating data from multivariate skew-normal distribution.

The asymptotic theory for the directional test derived hereapplies to linear expo-

nential family models with hypotheses regarding linear functions of the canonical pa-

rameter, as in Davisonet al. (2014). Similar results for tests regarding the mean vector

and/or covariance matrix that cannot be expressed as hypotheses on linear function of

the canonical parameter could be obtained under the more general framework in Fraser

et al. (2016). Further research might focus on deriving the properties of directional in-

ference whenp increases withn under the models considered previously by Fraseret al.

(2016) and McCormacket al. (2019) for �xed p only.

For multivariate continuous distributions there are otherinstances of exactness of

the saddlepoint approximation (Pace and Salvan, 1997, Section 10.9) where we can ex-

pect accuracy comparable with the high dimensional normal case. On the other hand,

saddlepoint methods cannot be exact with discrete probability functions. In settings

where the hypotheses are not linear in the canonical parameter or the saddlepoint ap-

proximation is not exact, ongoing simulation results and previous works (Fraseret al.,

2016; Davisonet al., 2014, Section 4.2) suggest that a moderate dimensional asymptotic

regime wherep=n ! 0, typically with p = O(n� ), 0 � � < 1, might be required for
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observing an accuracy of the directionalp-value comparable to the one found here.

Our interest in this work lies exclusively in the high dimensional asymptotic regime

because maximum likelihood estimation is generally feasible in such situation, and so is

the computation of the directionalp-value. That being said, under particular sparsity

assumptions (Battey and Cox, 2022, Section 4.4) it is possible that the maximum like-

lihood estimator exists even ifp > n , thus also the directional approach can be adopted

in the ultra-high dimensional regime. As an example, consider hypothesis (2.8), testing

the sphericity of the concentration matrix. The maximum likelihood estimate exists

as long asn is larger than the maximal clique size of the corresponding graph (Buhl,

1993); hence, if the concentration matrix of the model is assumed sparse enough the

directional inference can still be applied (Di Caterinaet al., 2021).





Chapter 3

Hypotheses testing in moderate

dimensional multivariate normal

distributions

3.1 Introduction

McCormack et al. (2019) showed that when testing a speci�c value of the mean ofa

multivariate normal random variable the directional test (Fraser et al., 2016) coincides

with the exact Hotelling's T2. In the previous chapter we have shown that exactness

extends also when testing the equality ofk means of independent groups of vectors with

identical unknown covariance matrix, in the sense that the directional p-value is exactly

uniformly distributed provided that
P k

i =1 ni � p + 1 + k. Here we consider the more

general case in which thek groups may have di�erent unknown covariance matrices.

Directional inference on a vector parameter of interest wasdeveloped by Davisonet al.

(2014) and Fraseret al. (2016) using saddlepoint approximations and one-dimensional

numerical integration. Its accuracy is related to the accuracy of the saddlepoint approx-

imation. Empirical results of Davisonet al. (2014) and Fraseret al. (2016) showed that

the directional test is extremely accurate even in regimes wherep, however lower than

ni , increases withni .

In the previous chapter we have shown that the directional test is indeed exact in

some high dimensional normal hypothesis testing problems.Here instead we consider

a setting when exactness does not hold, since the null hypothesis does not involve a

linear function of the canonical parameter and no exact conditional likelihood exists

for the parameter of interest. Nevertheless, extended simulation studies show that the

directional test has a higher accuracy than that of standard�rst-order solutions and

67
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higher-order modi�cations proposed by Skovgaard (2001).

3.2 Testing the equality of mean vectors in k inde-

pendent groups with di�erent covariance matri-

ces

Suppose we have independentYij � Np(� i ; � � 1
i ), i = 1; : : : ; k (k � 2) and j =

1; : : : ; ni , with unknown means� i and unknown positive de�nite covariance matrices

� � 1
i . We are interested in testing the hypothesis

H0 : � 1 = � � � = � k : (3.1)

The log-likelihood for the parameter� = f � T
1 ; : : : ; � T

k ; vech(� 1)T ; : : : ; vech(� T
k )gT is

`(� ) =
kX

i =1

ni

2
logj� i j �

ni

2
� T

i � i � i �
1
2

tr(� i yT
i yi ) +

ni

2
�yT

i � i � i +
ni

2
� T

i � i �yi ;

whereyi = ( yi 1; : : : ; yin i )
T . The maximum likelihood estimates are ^� i = �yi = yT

i 1n i =ni

and �̂ � 1
i = yT

i yi =ni � �yi �yT
i , i = 1; : : : ; k, where 1n i is a ni -dimensional vector of ones.

The constrained maximum likelihood estimate underH0 are denoted by ~� i = ~� and
~� � 1

i , where ~� � 1
i = �̂ � 1

i + (�yi � ~� )(�yi � ~� )T . We compute the constrained maximum

likelihood estimate ~� numerically by maximization of the pro�le log-likelihood `P (� ) =

�
P k

i =1 (ni =2) logj�̂ � 1
i + (�yi � � )(�yi � � )T j:

To develop the directional test under the null hypothesis (3.1), following Fraser et al.

(2016) we consider the parameterization ( ; � ) with the parameter of interest = ( � T
2 �

� T
1 ; : : : ; � T

k � � T
1 )T and the nuisance parameter� = f � T

1 ; vech(� 1)T ; : : : ; vech(� k)T gT .

This parameterization places nonlinear constraints on canonical parameter' . The tilted

log-likelihood is `(' ; t) =
P k

i =1 ` i (' i ; t) with ' i = f � T
i � i ; vech(� i )T gT and the i -th

group's contribution

` i (' i ; t) =
ni

2
logj� i j �

ni

2
� T

i � i � i �
1
2

tr
�
� i

�
yT

i yi + (1 � t)
�

ni ~� (�yi � ~� )T

+ ni (�yi � ~� )~� T
	��

+ ni f t �yi + (1 � t)~� gT � i � i :

The maximum likelihood estimate along the lines(t) = (1 � t)s is �̂ i (t) = t �yi +

(1 � t)~� and �̂ � 1
i (t) = ~� � 1

i � t2(�yi � ~� )(�yi � ~� )T , where the expected values of the

corresponding su�cient statisticss underH0 has components [ni ~� T � ni �yT
i ; n i

2 vechf ~� (�yi �
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~� )T + (�yi � ~� )~� T gT ], i = 1; : : : ; k. The maximum likelihood estimate�̂ � 1
i (t) exists if

tsup = min
1� i � k

h
f (�yi � ~� )T ~� i (�yi � ~� )g� 1=2

�
with (�yi � ~� )T ~� i (�yi � ~� ) 6= 0. Therefore, the

saddlepoint approximation along the lines(t) is

hf s(t);  g =
kY

i =1

j �̂ � 1
i (t)j

n i � p� 2
2

�
�
�
�
�

kX

i =1

ni
~� i

h
I p � t2

n
(p + 1) I p � tr( �̂ � 1

i
~� i )I p � �̂ � 1

i
~� i

oi
�
�
�
�
�

1=2

:

In order to compute the more accurately the directionalp-value, we use Gauss-

Hermite quadrature, as in Section 2.5.2. The integrand function of the directional

p-value (1.7) is

g(t) = td� 1 exp

(
kX

i =1

0:5(ni � p � 2) logj�̂ � 1
i (t)j + 0:5 logj ~C1(t)j

)

;

where ~C1(t) =
P k

i =1 ni
~� i

h
I p � t2

n
(p + 1) I p � tr( �̂ � 1

i
~� i )I p � �̂ � 1

i
~� i

oi
. Let �g(t) = ( d �

1) log(t) +
P k

i =1 0:5(ni � p � 2) logj�̂ � 1
i (t)j + 0:5 logj ~C1(t)j where�̂ � 1(t) = �̂ � 1

0 � t2(~� �

�yi )(~� � �yi )T . The second derivative of �g(t) is

@�g(t;  )
@t2

= � (d � 1)t2 �
kX

i =1

0:5(ni � p � 2)tr
h
4t2�̂ i (t)A0

i �̂ i (t)A0
i + 2 �̂ i (t)A0

i

i

� 0:5tr

 

4t2 ~C1(t)� 1

"
kX

i =1

ni
~� i

n
tr( ~� i A0

i ) ~� � 1
i + A0

i

o
~� i

#

~C1(t)� 1

�

"
kX

i =1

ni
~� i

n
tr( ~� i A0

i ) ~� � 1
i + A0

i

o
~� i

#!

� tr

 

~C1(t)� 1

"
kX

i =1

ni
~� i

n
tr( ~� i A0

i ) ~� � i � 1 + A0
i

o
~� i

#!

;

whereA0
i = (~� � �yi )(~� � �yi )T .

In this case, the directionalp-value is not expected to be exactly uniformly dis-

tributed under H0, since there is no exact conditional density for that the saddlepoint

approximation can approximate.

For comparison, we consider also the log-likelihood ratio test and its modi�cations

proposed by Skovgaard (2001). The log-likelihood ratio test takes the form

W =
kX

i =1

ni

�
logj ~� � 1

i j � logj�̂ � 1
i j

�
:
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Under H0, the statistic W has approximate chi-square distribution with degrees of

freedomd = p(k � 1), whenp is �xed.

In this speci�c case, the expression of the correction factor 
 in the modi�cations of

the log-likelihood ratio statistics of Skovgaard (2001) simpli�es to


 =

nP k
i =1 ni (~� � �yi )T ~� i (~� � �yi )

od=2

W d=2� 1
P k

i =1 ni (~� � �yi )T �̂ i (~� � �yi )

(
kY

i =1

j �̂ i j

j ~� i j

) p+2
2

(
j ~Cj

j
P k

i =1 ni
~� i j

;

) 1=2

;

where ~C1 =
P k

i =1 ni
~� i

n
tr

�
�̂ � 1

i
~� i � I p

�
I p + �̂ � 1

i
~� i

o
.

When k = 2, this is a test for the multivariate Behrens-Fisher problem. Therefore,

we also compare the directional test with the procedure proposed by Nel and Merwe

(1986) since it was shown to have near optimal power while maintaining reasonable type

I error. The test by Nel and Merwe (1986) is computed using the formula

T � 2 = (�y1 � �y2)T

�
S1

n1
+

S2

n2

� � 1

(�y1 � �y2)

where Si = n i
n i � 1 �̂ � 1

i , i = 1; 2. The statistic � � p+1
p� T � 2 under H0 has approximateF -

distribution with degrees of freedom (p; � � p + 1), i.e. F (p; � � p + 1), where � in the

degrees of freedom is

� =
tr

n�
S1
n1

+ S2
n2

� �
S1
n1

+ S2
n2

�o
+

n
tr

�
S1
n1

+ S2
n2

�o 2

tr
n�

S1
n 1

��
S1
n 1

�o
+

n
tr

�
S1
n 1

�o 2

n1 � 1 +
tr

n�
S2
n 2

��
S2
n 2

�o
+

n
tr

�
S2
n 2

�o 2

n2 � 1

:

See Section 3.9 of Rencher (1998) for more details.

3.3 Simulation studies

The performance of the directional test for hypothesis (4.2) has been evaluated via

Monte Carlo simulations based on 10,000 replications. The directional test is compared

with the chi-square approximation for the log-likelihood ratio test and two modi�cations

of it proposed by Skovgaard (2001). Whenk = 2, we also considered the performance

of the approximation of the Behrens-Fisher testT � 2. The approaches are evaluated in

terms of type I error and power.

Suppose that the data matrixyi generated from a multivariate normal distribution

Np(0p; � i ); i = 1; : : : ; k. Under the null hypothesisH0, we set up� 1 = � � � = � k = 0p

and consider three structure of the covariance matrices, i.e. (I) � i = I p; (II) � i =
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Table 3.1: Empirical type I error for directional test (DT), log-likelihood rat io test
(LRT), two Skovgaard's modi�cations (Sko1 and Sko2, respectively), and/or Behrens-
Fisher test (BF) at the nominal level � = 0 :05, with ni = 100.

� i � k = 2 k = 30

DT BF LRT Sko1 Sko2 DT LRT Sko1 Sko2

(I) 5/12 0.051 0.051 0.058 0.051 0.051 0.048 0.118 0.049 0.048
6/12 0.050 0.050 0.059 0.050 0.050 0.048 0.188 0.050 0.048
7/12 0.050 0.050 0.069 0.050 0.050 0.048 0.382 0.051 0.048
8/12 0.048 0.048 0.079 0.049 0.048 0.049 0.754 0.060 0.052
9/12 0.053 0.052 0.110 0.054 0.053 0.050 0.993 0.087 0.061
10/12 0.046 0.045 0.180 0.050 0.047 0.054 1.000 0.223 0.099

(II) 5/12 0.051 0.053 0.059 0.051 0.051 0.049 0.117 0.049 0.048
6/12 0.050 0.053 0.064 0.051 0.050 0.049 0.187 0.050 0.049
7/12 0.050 0.058 0.074 0.051 0.051 0.048 0.382 0.051 0.049
8/12 0.049 0.066 0.093 0.051 0.051 0.048 0.754 0.059 0.050
9/12 0.052 0.081 0.144 0.057 0.054 0.050 0.993 0.086 0.059
10/12 0.050 0.107 0.262 0.063 0.059 0.052 1.000 0.225 0.099

(III) 5/12 0.050 0.054 0.059 0.050 0.050 0.049 0.118 0.049 0.048
6/12 0.053 0.058 0.065 0.053 0.053 0.048 0.187 0.049 0.048
7/12 0.048 0.062 0.076 0.050 0.049 0.049 0.383 0.052 0.050
8/12 0.049 0.075 0.104 0.051 0.049 0.049 0.755 0.060 0.051
9/12 0.050 0.104 0.171 0.057 0.054 0.050 0.993 0.085 0.059
10/12 0.049 0.154 0.345 0.071 0.062 0.053 1.000 0.225 0.099

(� jl )p� p = � j j � l j
i with � i is a sequence from 0.1 to 0.9 with lengthk and increment

(0:9 � 0:1)=(k � 1). In particular, when k = 2, � 1 = (0 :1)j j � l j and � 2 = (0 :9)j j � l j ; (III)

� i = (1 � � i )I p + � i 1p1T
p , with the same values of� i as in (II).

Under the local alternative hypothesisH1, we set up � 1 = 0p, � 2 = � � � = � k =

�=
p

ni p1p and � 1 = I p, � 2 = � � � = � k = � 1 + �=
p

ni pIp. We consider the sample size

ni = 100 and the dimensionp = dn� e with � = j=12; j = 5; : : : ; 10 Here we consider

two choices of the number of groupsk = 2; 30. Additional simulation studies with larger

sample sizes have also been considered.

Table 3.1 reports the empirical type I error at the nominal level � = 0:05 under

the null hypothesis. The directionalp-value is more accurate than its competitors in

terms of the empirical type I error in this small sample setting. At the same time, the

approximation of the Behrens-Fisher test is not stable in thesetting with increasing

correlation. In addition, W � and W �� perform well when � or k is small, while the

standard log-likelihood ratio test is not accurate even forsmall � and k.

With larger sample sizes the results in Table 3.2 fork = 2 indicate that when

increasing the sample size all tests will not be valid whenp is larger than n�
i , for some

values of� , although a larger� seems to apply for the directional test. The performance
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Table 3.2: Empirical type I error for directional test (DT), Behrens-Fisher test
(BF), log-likelihood ratio test (LRT), and two Skovgaard's modi�cati on (Sko1 and
Sko2, respectively) at the nominal level� = 0 :05, with � i = � j j � l j

i and ni = 1000.

� � 1 = 0:1 and � 2 = 0:2 � 1 = 0:1 and � 2 = 0:9

DT BF LRT Sko1 Sko2 DT BF LRT Sko1 Sko2

5/12 0.048 0.048 0.050 0.048 0.048 0.052 0.054 0.055 0.052 0.052
6/12 0.045 0.045 0.050 0.045 0.045 0.050 0.053 0.056 0.050 0.050
7/12 0.050 0.050 0.061 0.050 0.050 0.051 0.058 0.065 0.051 0.051
8/12 0.049 0.049 0.071 0.050 0.049 0.995 0.064 0.996 0.995 0.995
9/12 0.071 0.050 0.160 0.072 0.072 1.000 0.086 1.000 1.000 1.000
10/12 0.174 0.050 0.582 0.184 0.178 1.000 0.187 1.000 1.000 1.000

in terms of type I error also depends on the true underlying structure of covariance

matrices.

We also investigate the performance in terms of local power of the tests. We report

the results of corrected power which is based on the corrected type I error, i.e. the

5% quantile of empiricalp-value underH0. Figure 3.1 shows that all tests have similar

local power with the setting k = 2. However, when increasing the number of groups,

directional test and two Skovgaard's modi�cations are morepowerful than that of the

log-likelihood ratio test.

In order to examine the robustness under model misspeci�cation of the various test

statistics, we did some additional simulation studies, again assuming a multivariate

normal model but generating the data from either a multivariate t distribution or a

multivariate skew-normal distribution, as in Section 2.6. Figure 3.2 shows that the

results are similar to those obtained when we were simulating from the assumed multi-

variate normal model. In summary, in this case all solutionsare robust with respect to

misspeci�cation of the normal model, at least with respect to the two distribution that

we considered.

Simulation results seems to indicate thatp = o(n2=3) may be a condition for the

validity of directional test and higher-order modi�cations to the log-likelihood ratio test.

Recently general results on the accuracy of the saddlepointapproximation in moderate

dimensional regimes (Tang and Reid, 2021) may be applied in this context to establish

formal conditions for the validity of the various methods inthis problem. Formal work

in this direction is currently ongoing.
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Figure 3.1: Empirical power functions of tests for hypothesis (4.2) under local al-
ternative, for di�erent values of � and �xed � = 7=12. The left and right panels
correspond to the result with k = 2 and k = 30, respectively.

Figure 3.2: Empirical null distribution of p-values for various ratiop=ni of the direc-
tional test (DT), log-likelihood ratio test (LRT), and two Skovgaard's modi�cations
(Sko1 and Sko2, respectively), compared with theU(0; 1) given by the gray diagonal.
The left and right panels correspond to results that the data generatesfrom a multi-
variate t distribution and a multivariate skew-normal distribution, respec tively.





Chapter 4

Hypotheses testing for moderate

dimensional logistic regression

models

4.1 Introduction

Logistic regression models are widely applied to model binary responses in various �elds,

especially social sciences, �nance, and biomedical sciences. Logistic regression is usu-

ally �tted through maximum likelihood and likelihood-based statistics, such as the log-

likelihood ratio statistic, are used for inference. In particular, assuming a logistic re-

gression model, the standard log-likelihood ratio statistic asymptotically converges to a

chi-square distribution under the null hypothesis, with the degrees of freedom equal to

the number of parameters speci�ed under the hypothesis, when the sample sizen tends

to in�nity, while the number of covariates p is �xed.

The accuracy of likelihood-based �rst-order solutions canbe improved by the large

deviation correctionsW � and W �� (Skovgaard, 2001), by the standard log-likelihood

ratio test based on a modi�ed pro�le likelihood (Sartori, 2003), or by Bartlett correction

(Bartlett, 1937).

The standard log-likelihood ratio statistic and these adjusted versions are omnibus

measures of departure which all average potential directions away from the null hypoth-

esis. An alternative accurate approximation has been proposed by Davisonet al. (2014)

and Fraseret al. (2016) which constructs a measure of departure for a vector-valued

parameter, which conditions on the direction of departure from the null distribution.

All these solutions are asymptotically valid under the assumption that the number of

parametersp, which coincides with the number of explanatory variables,is �xed, while

75
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the number of observationsn diverges. However, in many modern applications it is not

uncommon that the number of covariatesp, although lower thann, may be not negligible

compared to the sample sizen. In moderate and high dimensional regimes, the classical

likelihood-based solutions, such as those based on a chi-squared approximation for the

distribution of the log-likelihood ratio statistic, might be invalid (Sur and Cand�es, 2019;

Sur et al., 2019; Fanet al., 2019; Tang and Reid, 2020). For this reason, it is of interest

to �nd the conditions for the validity of such solutions in these asymptotic settings.

It is well known that the estimation of the logistic regression models might be inaccu-

rate when the sample size is not substantial with respect to the number of regressors. For

instance, a standard benchmark is a ration=p greater than 5 or 10. This ratio is usually

called events per variable (EPV). See for instance (Peduzziet al., 1996; Vittingho� and

McCulloch, 2007). However, Courvoisieret al. (2011) contested that logistic regression

modeling may face estimation problems even if the number of EPV exceeds 10. It is

therefore of interest to consider asymptotic scenarios which explicitly take into account

the relation betweenn and p, as done for instance in Sur and Cand�es (2019) and Sur

et al. (2019). Here we will focus on moderate dimensional settings in which p grows as

n� , � 2 (0; 1).

There is some literature considering likelihood-based hypothesis testing for moder-

ate to high dimensional regimes, which includes, but is not limited to, the following

researches. For the likelihood ratio test in logistic regression, Fanet al. (2019) found

that �rst-order asymptotic techniques may fail unlessp = o(n1=2) under some mild

conditions. Sur and Cand�es (2019) and Suret al. (2019) developed a rescaled likeli-

hood ratio test, which follows asymptotically a chi-squared distribution, under the high

dimensional regime in whichp=n ! � for some bounded constant� < 1. Moreover,

Sur and Cand�es (2019) proved a phase transition for the existence of the maximum

likelihood estimate in high dimensional logistic regression; see also Tang and Ye (2020),

which demonstrated the existence of the maximum likelihoodestimate for binary models

with elliptically distributed covariates.

More generally, for likelihood-based statistic in the exponential families, a series of

papers by Portnoy (1984; 1985; 1988) found that classical likelihood-based inference

approximation results are available whenp is large relative to the sample sizen, but

still with p=n going to zero at a very slow rate.

Sartori (2003) considered inference based on a modi�ed pro�le likelihood in strati�ed

models for a vector parameters of interest. He showed that inference based on a modi�ed

pro�le likelihood still performs accurately provided that p = o(n3=4). More recently, for

a scalar parameter of interest, Tang and Reid (2020) evaluated the performance of a
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higher-order modi�cation of the likelihood ratio statistic (r � ) in a more general setting

with increasing number of nuisance parameters. Theoretical results showed that the

standard normal approximation of the modi�ed likelihood root r � performs well when

p = o(n1=2), although a weaker condition is suggested in their numerical results.

From this perspective, we speculate that the higher-order approximations using

asymptotic expansions will perform better than the standard log-likelihood ratio statis-

tic in the moderate dimensional setting, withp = O(n� ), � 2 (0; 1). In this chapter,

we restrict our attention to logistic regression and to three likelihood-based statistics

that can be used for hypotheses involving scalar or vector parameters of interest. These

are the Bartlett correction (Bartlett, 1937; Lawley, 1956;Cordeiro, 1993), the modi�ed

likelihood statistic W � proposed by Skovgaard (2001), and the directional test (Davison

et al., 2014). In addition, to achieve �rst-order bias correctionof the maximum like-

lihood estimator �̂ (Firth, 1993; Kosmidis et al., 2020), we also consider a mean bias

of reduction penalized to log-likelihood ratio statistic that should correct the bias of

the maximum likelihood estimator, which may be substantialin moderate and high di-

mensional regimes (Sur and Cand�es, 2019). More speci�cally, we aim at characterizing

analytically and numerically the breakdown point of directional p-values in the mod-

erate dimensional logistic regression model withp = O(n� ) with � 2 (0; 1), motivated

by the results in Sur and Cand�es (2019), Tang and Reid (2020), and Heet al. (2021b).

The analytical results show that the directional test givesreliable results, provided that

p = o(n3=4), under a Gaussian assumption on the design matrixX of the predictors.

Numerical results show that the performance of higher-orderapproximations are

more accurate than that of the log-likelihood ratio test andcon�rm that the directional

test is reliable if p = o(n3=4). Moreover, we also �nd that W � and W �� give accurate

results for this model, although no theoretical proof has been found yet.

The rest of this chapter is organized as follows. Section 4.2introduces likelihood

inference for the logistic regression model, including thestandard log-likelihood ratio

test and its bias reduction penalized version, the modi�cations proposed by Skovgaard

(2001), and the Bartlett correction form. In Section 4.3, a theoretical study of the

properties of the directional test for the moderate dimensional logistic regression model

is considered. We prove that the directionalp-value is valid provided that p = o(n3=4).

Section 4.4 reports the results of some simulation studies to evaluate these six tests in the

moderate dimensional regime, withp = n� , and � = j=12, j = 5; : : : ; 10. We conclude

the chapter with a short summary and some future research directions in Section 4.5.
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4.2 Logistic regression model

4.2.1 Notation

Suppose that we haven independent observations (yi ; xT
i ) where yi 2 f 0; 1g is the

response variable andx i 2 Rp is the vector of predictor variables. The logistic regression

model supposesyi is a realization of a Bernoulli random variableYi with probability,

conditional on the covariatesx i , given by

P(Yi = 1jx i ) = � i ; � i =
exp (� i )

1 + exp (� i )
;

where� i = xT
i � is the linear predictor and� 2 Rp is the vector of regression coe�cients.

The expectation ofYi is � i = E � (Yi ) = � i and the variance is Var� (Y i) = � i(1 � � i).

We rewrite � i = g� 1(� i ), where g� 1(�) is the inverse of the logit link function, g(� i ) =

logf � i =(1 � � i )g = � i . The corresponding log likelihood function is

`(� ; y) =
nX

i =1

yi xT
i � � logf 1 + exp(xT

i � )g

= � T X T y � 1T
n logf 1 + exp(X T � )g; (4.1)

where y = ( y1; : : : ; yn )T and X is a n � p matrix with rows vector xT
i . We consider

the case where the vector of parameter is partitioned as� = (  T ; � T )T , where  is

a d-dimensional parameter of interest and� is a (p � d)-dimensional nuisance param-

eter, and denote the maximum likelihood estimate of� by �̂ = (  ̂ T ; �̂ T )T and the

constrained maximum likelihood estimate of� for �xed  by �̂  = (  T ; �̂ T
 )T . Let

` � (� ) = @(̀� )=@� = X T (y � � ), with � = ( � 1; : : : ; � n )T , denote the score vector

with ` � (� ) = f `  (� )T ; ` � (� )T gT . Moreover, J (� ) = � @(̀� )=@�@�T = X T diagf � 1(1 �

� 1); � � � ; � n (1 � � n )gX is the observed information matrix which coincides with the

expected information matrix i (� ) = E � f J (� )g.

4.2.2 First- and higher-order statistics for inference on  

We are interested in testing the null hypothesis

H0 :  =  0; (4.2)

when d � 1. In the following, we assume thatX is a Gaussian design matrix, that is

its entries x ij are normal, i = 1; : : : ; n; j = 1; : : : ; p.
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A parameterization-invariant measure of departure of the data from H0 is given by

the log-likelihood ratio statistic

W = 2f `(�̂ ) � `(�̂  )g: (4.3)

When p is �xed and n goes to in�nity, W tends to a � 2
d distribution with degrees of

freedomd equal to the number of constrained parameters inH0. For �xed n, the � 2
d

approximation has relative error of orderO(n� 1).

In logistic regression, bias reduction (Firth, 1993) is achieved by means of Je�reys'

penalized log-likelihood function is

` � (� ) = `(� ) +
1
2

logji (� )j: (4.4)

The corresponding log-likelihood ratio statistic is de�ned as

WBR = 2f ` � (�̂ � ) � ` � (�̂ �
 )g;

where �̂ � denotes the bias corrected maximum likelihood estimate, maximizer of (4.4),

and �̂ �
 is the corresponding constrained maximum likelihood estimate for �xed � . When

p is �xed and n goes to in�nity, WBR ( ) has also an asymptotic� 2
d distribution.

Skovgaard (2001)'s modi�ed log-likelihood ratio statistics can also be used for infer-

ence on . The two asymptotically equivalent versions are

W � = W
�

1 �
1

W
log


� 2

and W �� = W � 2 log
; (4.5)

where the correction factor
 (1.4) has here the form


 =

n
(y � �̂  )T XJ (�̂  )� 1X T (y � �̂  )

oq=2

W q=2� 1(�̂ � �̂  )T X T (y � �̂  )

(
jJ (�̂  )j

jJ (�̂ )j

) 1=2

(4.6)

where ^�  = � ( ; �̂  ). When p is �xed and n goes to in�nity, the test statistics W � and

W �� are approximately distributed as� 2
d also with the same relative errorO(n� 1), but

typically with higher accuracy, given by the saddlepoint approximation involved in their

derivation.

Bartlett correction of the log-likelihood ratio statistic can also be used.

WBC = W
d

E � (W)
; (4.7)
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where E � (W) is the expected value ofW under ( ; � ). The statistic WBC has a � 2
d

distribution with relative error O(n� 2). SinceE � (W) is not usually explicitly available,

an asymptotic expansion in term of cumulants of log-likelihood derivatives may be used.

The detailed expression can be found in equation (4) of Lawley (1956). Under mild

regularity conditions, he computed the expectation ofW up to terms of orderO(n� 1),

that is, E � (W) = d + � p � � p� d + O(n� 2), where the correction terms� p amd � p� d are of

order O(n� 1). In particular, for the logistic regression case, the correction term can be

written as follows (Moulton et al., 1993)

� p =
1
4

tr( HZ 2
d) +

1
12

1T
n F (2Z (3) + 3ZdZZ d)F 1n (4.8)

whereH , F , and Zd are diagonal matrices of ordern given by F = Vf I n � 2diag(� )g,

H = V(6V � I n ), and Zd is a diagonal matrix composed of the diagonal elements ofZ

with Z = X (X T V X)� 1X T , and whereV = diagf � (1� � )g. The Z (3) matrix is obtained

by taking the cube of the elements ofZ . For � p� d, it is to replace X in Z with X p� d, a

n � (p � d) submatrix of X .

4.3 Directional test

We consider here also the directional test (Davisonet al., 2014). In particular,

Davisonet al. (2014) in Example 4.3 gave the directionalp-value for logistic regression.

Here we should keep in mind that although numerical examples in Davisonet al. (2014)

had cases withp comparable withn, the theory presented was in the standard asymptotic

settings with �xed p. Here we try to explicitly take into account the e�ect that p can

grow with n, i.e. p = O(n� ); � 2 (0; 1). In the following, we start by brie
y recalling

the setup of Example 4.3 in Davisonet al. (2014), and then we consider the accuracy of

the directional test in the moderate asymptotic scenario.

Suppose thatX = ( X T
1 ; X T

2 )T where X 1 is a n � d matrix and X 2 is a n � (p � d)

matrix, respectively corresponding to the partition of� in  and � . Thus, the log-

likelihood (4.1) can be written as

`(� ; u1; u2) =  T X T
1 y + � T X T

2 y � 1T
n logf 1 + exp(X 1 + X 2� )g

=  T u1(y) + � T u2(y) � 1T
n logf 1 + exp(X 1 + X 2� )g; (4.9)

whereu1(y) = X T
1 y and u2(y) = X T

2 y are the su�cient statistics corresponding to the

parameters and � , respectively. It is notationally convenient to center thesu�cient

statistic at the observed data pointy0. Let (s1; s2) = ( u1 � u0
1; u2 � u0

2), with u0
1 = X T

1 y0
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and u0
2 = X T

2 y0, and write

`(� ; s1; s2) =  T s1 + � T s2 + `0( ; � ) =  T s1 + � T s2 + `( ; � ; u0
1; u0

2); (4.10)

where`0( ; � ) = `(� ; s1 = 0d; s2 = 0p� d) = `(� ; u1 = u0
1; u2 = u0

2).

The simplicity of linear exponential families makes conditional inference a practicable

strategy. In particular, the theory guarantees that the conditional distribution of the

component of interests1 of the canonical su�cient statistic, given s2, depends only on

 (see, e.g. Pace and Salvan, 1997, Theorem 5.6). However, the cumulant generating

function and marginal density corresponding tos1 given s2 are rarely derived explicitly.

We use instead a double saddlepoint expansion to approximate the conditional density

of s1 given s2, which is obtained by taking the ratio of the saddlepoint approximations

of the joint density of (s1; s2) and of the marginal density ofs2, resulting in

ptt
s1 js2

(s1; s2) =
pt

s1 ;s2
(s1; s2)

pt
s2

(s2)
= (2 � )� d=2 expf `(�̂  ; s1; s2) � `(�̂ ; s1; s2)g

�
�
�
�J�� (�̂ ; s1; s2)

�
�
�
� 1=2 �

�
�J�� (�̂  ; s1; s2)

�
�
�
1=2

In order to judge the performance of the saddlepoint approximation in the moderate

dimensional asymptotic regime, it is necessary to considerthe remainder term in expres-

sion (4.11) below. Using results Pace and Salvan (1997, Section 10.10.2), the conditional

density of s1 given s2 is such that

ps1 js2 (s1; s2) = ptt
s1 js2

(s1; s2)f 1 + Rn + o(Rn )g; (4.11)

with

Rn =
1
24

ĝijkl ĝij ĝkl [3] �
1
72

ĝijk ĝlmn ĝij ĝkl ĝmn [15]�
1
24

~gabcd~g(1)
ab ~g(1)

cd [3]

+
1
72

~gabc~gdef ~g(1)
ab ~g(1)

cd ~g(1)
ef [15] (4.12)

and where, denoting byAh the set of indicesf a1; : : : ; ahg, we have

gA h =
@h

@�a1 : : : � ah
1T

n logf 1 + exp(X� )g and gA 2 =
�
gA 2

� � 1
:

In formula (4.12), the indices i; j; k; : : : refer to all the components of� and range

in f 1; : : : ; pg. The indices a; b; c; : : : instead refer to the components of� and range

in f (d + 1) ; : : : ; (p � d)g. The quantities ĝ and ~g in Rn are evaluated at �̂ and �̂  ,
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respectively. Moreover, in (4.12) Einstein's summation convention is adopted. This

says that when an index appears two or more times in a product of elements of arrays,

then summation over the values of that index is understood.

To derive the order of the remainder termRn , here we compute the second, third

and fourth derivatives of (4.9). The derivative with respect to � s of ` � r is

grs =
@

@�s

nX

i =1

(� i � Yi )x ir =
nX

i =1

� i (1 � � i )x ir x is :

Di�erentiating grs with respect to � t , we obtain

grst =
@

@�t

nX

i =1

� i (1 � � i )x ir x is =
nX

i =1

� i (1 � � i )(1 � 2� i )x it x is x ir :

Finally, taking another derivative with respect to � u, we have

grstu =
@

@�u

nX

i =1

� i (1 � � i )(1 � 2� i )x it x is x ir

=
nX

i =1

� i (1 � � i )(1 � 6� i + 6� 2)x iu x it x is x ir :

Under typical limiting conditions on the matrix X , such as with the column ofX

assumed to be i.i.d., the components of these arrays are of order O(n). Let � ri denote

the r th cumulant of Yi . Suppose that the rows ofX are independent and identically dis-

tributed random variables with zero mean, covariances� rs , and higher order cumulants

� rst ; : : :, then

grs =
nX

i =1

� 2i x ir x is = n
P n

i =1 � 2i x ir x is

n
p
�! n� 2� rs

grst =
nX

i =1

� 3i X ir x is x it = n
P n

i =1 � 3i x ir x is x it

n
p
�! n� 3Ef x ir x is x it g = n� 3� rst

grstu =
nX

i =1

� 4i x ir x is x it x iu = n
P n

i =1 � 4i x ir x is x it x iu

n
p
�! n� 4Ef x ir x is x it x iu g = n� 4(� rstu + � rs � tu [3])

Assume also thatx i � Np(0p; �), i = 1; : : : ; n. Without loss of generality, we consider

� = I p which can be achieved by linear transformation of the columns of X . In this

case,E(X ir ) = 0, � rs = 1 if r = s and 0 otherwise. Cumulants of order higher than two
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are all zero, i.e� rst = 0 and � rstu = 0. In this sense, we have

grs = O(n� 2) if r = s; otherwise O(
p

n);

grst = O(
p

n);

grstu = O(n� 4) if r = s 6= t = u; r = t 6= s = u; r = u 6= t = s; r = s = t = u;

otherwise O(
p

n);

(4.13)

then grstu grs gtu = O(n� 4) � O(n� 2� � 2
2 ) = O(n� 1� 4� � 2

2 ) if r = s 6= t = u; r = t 6= s =

u; r = u 6= t = s; and r = s = t = u. Otherwise these terms areo(n� 1). Thus, the

array [grstu grs gtu ] = [ grrtt grr gtt ] =
P p

r =1

P p
t=1 grrtt grr gtt = O(p2n� 1� 4� � 2

2 ) = O(p2n� 1).

The scalars [gijk grst gir gjs gkt ] and [gijk grst gij gkr gst ] are O(p3n� 2) since gijk = O(
p

n).

Therefore, the order ofRn in expression (4.12) isO(p2=n) + O(p3=n2) = O(p2=n) if

p = O(n� ); � 2 (0; 1), i.e. in moderate dimensional settings.

4.3.1 Renormalization of the saddlepoint approximation

To avoid messy notation, we consider the renormalization ofthe saddlepoint approx-

imation in the moderate dimensional asymptotic setting, inthe no nuisance parameter

case, i.e. by setting = � . Following Durbin (1980, Section 2.4), we can rewrite the

remainder term asRn = an (� )n� 1 + bn (� ), where an (� ) and its derivative a0
n (� ) are

O(p2) uniformly for jj � � � 0jj < � 2 and where the remaining termbn (� ) is O(pvn� 3=2)

uniformly for � in the some neighbourhood of� 0 for v � 2. By the mean value theorem

we havean (� ) = an (� 0)+( � � � 0)T a0
n (�̂ � ) with �̂ � = �� 0 +(1 � � )�̂ and 0< � < 1. Note

that in logistic regression the su�cient statistic s is equivalent to �̂ . Then, we have

p(s; � 0) = p̂(s; � 0)f 1 + an (� 0)n� 1 + ( �̂ � � 0)T a0
n (�̂ � )n� 1 + O(pvn� 3=2)g

= K n (� 0)p̂(s; � 0)
h
f 1 + an (� 0)n� 1gK � 1

n (� 0) + xT Bn (�̂ )n� 3=2 + O(pvn� 3=2)
i

;

where p̂(�) represents the saddlepoint approximation with respect tothe canonical

su�cient statistic s, K � 1
n (� 0) =

R
p̂(s; � 0)ds, x =

p
nf �̂ � E � (�̂ )g, and Bn (�̂ ) =

K � 1
n (� 0)a0

n (�̂ � )f 1 + O(n� 1=2)g = O(p2) if E � (�̂ ) = � 0 + O(p=n). Then, we have

Z

�
p(s; � 0)d� =

Z

�
K n (� 0)p̂(s; � 0)

�
f 1 + an (� 0)n� 1gK � 1

n (� 0) + Ox (p2n� 3=2)
�

d�

= K n (� 0)K � 1
n (� 0)

�
f 1 + an (� 0)n� 1gK � 1

n (� 0) + O(p2n� 3=2)
�

= f 1 + an (� 0)n� 1gK � 1
n (� 0) + O(p2n� 3=2):
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Since
R

� p(s; � 0)d� = 1, we have the resultf 1 + an (� 0)n� 1gK � 1
n (� 0) = 1 + O(p2n� 3=2).

Thus, we can obtain

p(s; � 0) = ~p(s; � 0)f 1 + xT Bn (�̂ )n� 3=2 + O(p2n� 3=2)g = ~p(s; � 0)f 1 + Ox (p2n� 3=2)g;

where ~p(s; � 0) = K n (� 0)p̂(s; � 0) is the normalized saddlepoint approximation and

Ox (p2n� 3=2) denotes a quantity which isO(p2n� 3=2) for each �xed x but which is not

O(p2n� 3=2) uniformly for all x. Therefore, the conditional density ofs1 givens2 for �xed

x can be similarly rewritten as

ps1 js2 (s1; s2) = ~ptt
s1 js2

(s1; s2)f 1 + O(p2n� 3=2)g;

where ~ptt
s1 js2

(s1; s2) is the normalized saddlepoint approximation. UnderH0, the double

saddlepoint approximation (4.11) to the conditional density is

~ptt
s1 js2

(s1; s2) = cexpf `(�̂  ; s1; s2) � `(�̂ ; s1; s2)g
�
�
�J�� (�̂ ; s1; s2)

�
�
�
� 1=2

;

wherec is a normalizing constant.

To develop the directionalp-value, here we consider the su�cient statistic. First, the

expected value ofs under H0 is

s = � ` ' (�̂  ) = � X T (y � �̂  )

since` � (�̂  ; y) = X T
2 (y � �̂  ) = 0 with �̂  = �̂ (�̂  ). We parametrizes by t 2 R,

s(t) = s + t(s0 � s ):

Then, the corresponding tilted log-likelihood function (4.10) is

`f � ; s(t)g = � T s(t) + � T X T y � logf 1 + exp(X� )g

= � T X T f �̂  + t(�̂ � �̂  )g � logf 1 + exp(X� )g

= � T X T �̂ (t) � logf 1 + exp(X� )g; (4.14)

where ^� (t) = �̂  + t(�̂ � �̂  ), with �̂ = � (�̂ ). Hence, the normalized saddlepoint

approximation to the conditional density ofs1 given s2 can be expressed as

h(t;  ) � exp
�
�̂ (t)T X f �̂  � �̂ (t)g + log

1 � �̂  

1 � �̂ (t)

�
�

�
�X T diag[�̂ (t)f 1 � �̂ (t)g]X

�
� � 1=2

;
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where the maximum likelihood estimate�̂ (t) is the maximizer of the log-likelihood

function (4.14). Davisonet al. (2014) computed thep-value using the saddlepoint ap-

proximation h(t;  ). In particular, the directional p-value is de�ned as

p( ) =

Rtsup

1 td� 1h(t;  )dt
Rtsup

0 td� 1h(t;  )dt
(4.15)

with error order O(p2n� 3=2) = op(1). The upper limit of the integral in (4.15) is the

largest value oft for which the maximum likelihood estimate�̂ (t) exists. In order to

have an error in (4.15) that goes to zero, we needO(p2n� 3=2) to be o(1). Hence, the

condition is p = o(n3=4).

4.4 Simulation studies

4.4.1 Setting

This section is devoted to assessing the �nite-sample numerical performance of the

higher-order likelihood approximations for testing the regression coe�cient in moderate

dimensional logistic regression models in the moderate dimensional asymptotic regime.

We conduct Monte Carlo simulations to compare directional test with log-likelihood ratio

test, its two modi�cations proposed by Skovgaard, Bartlettcorrection and penalized

bias reduction of log-likelihood ratio test. The test statistics are evaluated in terms

of empirical distribution of p-value based onR = 1000 replications. The number of

replications is limited due to computational costs of the various methods, in particular

of the directional test.

We consider moderate dimensional regimes withp = n� and � = j=12; j = 5; : : : ; 10.

In order to guarantee the existence of maximum likelihood estimate �̂ , the signal

strength xT
i � should satisfy Theorem 1 of Sur and Cand�es (2019), althoughsuch theo-

rem gives conditions in high dimensional regimes. Without loss of generality, we specify

� = 0p when investigating the limiting null distribution. In this case, we are interested

in testing H0 :  = 0d. Under H0, we �xed n = 500 and x i � Np(0p; n� 1I p).

We focus on three di�erent hypotheses problems: (1) no nuisance parameter case:

d = p; (2) scalar parameter of interest case:d = 1; (3) vector parameter of interest case:

d = 0:2p or d = 0:8p.
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In the hypothesis problem (3), we consider various sample sizes n = 1000; 4000

and also alternative covariance matrices ofX : compound-symmetry and autoregressive

structure.

4.4.2 Null distribution of p-values

Figure 4.1 displays the empirical null distribution ofp-values for cases (1) and (2),

while Figure 4.2 displays the same distribution for case (3).The results show that the

performance of higher-order solutions are more accurate than that of the log-likelihood

ratio test. The results seem to con�rm that directional testis reliable whenp = o(n3=4).

Also, Skovgaard's modi�cations perform very well in this setting, with W � better than

W �� . Thus, it will be interesting in the future to study the asymptotic properties of

Skovgaard's modi�cations for moderate dimensional regimes. Below, we provide more

comments on the simulation result for the empirical null distribution of p-values for

these six methods.

i) The left panel of Figure 4.1 shows the empirical null distribution of p-value for the

no nuisance parameter case, compared with the uniform distribution U(0; 1) given

by the gray diagonal line. The results show that the higher-order approximations,

especially Skovgaard's modi�cations, exhibit a more precise empirical null distri-

bution of p-value. The directional test and Bartlett correction are reliable when

� < 3=4, while the chi-square approximations toW and WBR break down when

� > 1=2. In particular, W � and W �� are more accurate in this setting.

ii) The right panel of Figure 4.1 shows the results for scalar parameter of interest case.

The higher-order solutions maintain higher accuracy across the di�erent values of

� . The directional test con�rms the validity condition p = o(n3=4). In this case,

WBR is more accurate thanW, which indicates that correcting the bias of the

maximum likelihood estimator is useful for this setting, probably because bias

correction implicitly gives also a correction for nuisanceparameters Lambardi di

San Miniato (2020).

iii) Figure 4.2 shows the results for the vector parameter of interest case. As in the

previous cases, the higher-order solutions perform well, and W � and W �� are still

superior as� increases. Again, the directional test is accurate whenp = o(n3=4).

Moreover, comparing left and right panels of Figure 4.2, we can see that the

breakdown value of� for the setting d = 0:2p is larger than that of the setting

d = 0:8p, especially forWBR , which con�rms that the error could be reduced by

the nuisance adjustment.
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In order to examine the sensitivity of the results for the hypothesis problem (3),

Figures 4.3 and 4.4 display the empirical null distribution of p-values for various sample

sizesn = 1000; 4000 and di�erent covariance matrices ofX , i.e. compound-symmetry

structure � = 0 :5J + 0:5I p and autoregressive structure � = f � 2
ij g = (0 :2)j i � j j , respec-

tively.

Figure 4.3 shows that higher-order approximations also maintain high accuracy with

larger sample sizes. Here we note that the simulation of directional test for the setting

n = 4000 is still running since the code takes more time in this model. Moreover, Figure

4.4 shows that the performance of the di�erent approaches does not depend much on

the di�erent structure of the covariance matrix of the matrix of predictors X .

Figure 4.1: Empirical distribution of p-value for directional test (DT), log-likelihood
ratio test (LRT), LRT with mean bias reduction (LRT.BR), Bartlett corr ection(BS)
and Skovgaard's modi�cations (Sko1 and Sko2, respectively), compared with the
U(0; 1) given by the gray diagonal. The left and right panel correspond to the results
of the case of no nuisance parameter and scalar parameter of interest, respectively,
with n = 500.
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Figure 4.2: Empirical distribution of p-value for directional test (DT), log-likelihood
ratio test (LRT), LRT with mean bias reduction (LRT.BR), Bartlett corr ection(BS)
and Skovgaard's modi�cations (Sko1 and Sko2, respectively), compared with the
U(0; 1) given by the gray diagonal. The left and right panel correspond to the results
of the case of vector parameter of interest withd = 0 :2p and d = 0 :8p, respectively,
with n = 500.

Figure 4.3: Empirical distribution of p-value for directional test (DT), log-likelihood
ratio test (LRT), LRT with mean bias reduction (LRT.BR), Bartlett corr ection(BS)
and Skovgaard's modi�cations (Sko1 and Sko2, respectively), compared with the
U(0; 1) given by the gray diagonal. The left and right panel correspond to the results
of the case of vector parameter of interest (d = 0 :2p) with n = 1000 and n = 4000,
respectively.
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Figure 4.4: Empirical distribution of p-value for directional test (DT), log-likelihood
ratio test (LRT), LRT with mean bias reduction (LRT.BR), Bartlett corr ection(BS)
and Skovgaard's modi�cations (Sko1 and Sko2, respectively), compared with the
U(0; 1) given by the gray diagonal. The left and right panel correspond to the results
of the case of vector parameter of interest (d = 0 :2p) with the compound-symmetry
structure � = 0 :5J + 0 :5I p and autoregressive structure � = f � 2

ij g = (0 :2)j i � j j , re-
spectively, with n = 500.

4.5 Discussion and further work

We compared six likelihood-based testing methods by means of simulation studies in

a moderate dimensional logistic regression model. The improved likelihood methods are

reliable for moderate dimensional regimes withp = n� ; � 2 (0; 1). Also a �rst tentative

theoretical evaluation of the directional test has been attempted showing that it gives

reliable results provided that p = o(n3=4). The simulation results seems to con�rm

this theoretical �nding and show that also other higher-order methods are accurate

under this condition. In particular, W � seems to be the best solution, being also more

stable in all scenarios and computationally less demandingthan the directional p-value.

Therefore, it will be of interest to investigate the formal theoretical properties ofW � in

this moderate dimensional asymptotic regime. Finally, someconcluding comments are

listed below.

Tang and Reid (2020) proved that, in linear exponential families, the modi�ed like-

lihood root r � is valid when p = o(n1=2). However, our simulation result shows that

its generalizationW � can perform accurately under weaker conditions. It seems that

W � is valid when p = o(n� ) for some values of� > 1=2, possibly with a breaking point
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close to� = 3=4. Therefore, it will be interesting to study the propertiesof Skovgaard's

modi�cations for moderate dimensional regimes.

Sur et al. (2019) also studied the asymptotic theory ofW for the high dimensional

probit regression model with zero signal strength. They found that W asymptotically

converges to the rescaled chi-square distribution whenp=n ! � for some bounded con-

stant � . Moreover, Tang and Ye (2020) extended the work of Sur and Cand�es (2019),

considering three types of the binary probability distribution for the generalized linear

models, including logit, probit, and complementary log-log, indicating the conditions

for the existence of maximum likelihood estimate. Theses results seem to suggest that

analogous results as those found in this chapter for logistic regression may be valid also

for other link functions, which should be a further direction for the study of the perfor-

mance of higher-order solutions in moderate dimensional regimes for binary regression

models.
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Appendix

A.1 Necessary and su�cient conditions for the va-

lidity of log-likelihood ratio test and its Bartlett

correction for hypotheses in Chapter 2

This section investigates the asymptotic theory of log-likelihood ratio test and Bartlett

correction in moderate dimensional multivariate normal distribution. Recently, several

authors (Jiang and Yang, 2013; Jiang and Qi, 2015; Tang and Reid, 2020; Sur and

Cand�es, 2019; Suret al., 2019) revealed that log-likelihood ratio test cannot maintain

its accuracy when the dimensionp of the parameter is large relative to the sample

size n. To address this problem, we investigate four particular hypotheses, i.e. these

in Sections 2.3.1, 2.3.2, 2.4.2 and 2.4.3. We derive the necessary and su�cient con-

ditions to ensure the feasibility of log-likelihood ratio test and its Bartlett correction.

We prove that the chi-squared approximation of log-likelihood ratio test holds if and

only if p = o(n1=2), while the analogous necessary and su�cient conditions for Bartlett

correction is p = o(n2=3). The same results, although with di�erent proofs, have been

independently found by Heet al. (2021a).

A.1.1 Testing covariance matrix of normal distributions pro-

portional to identity matrix

Following the hypothesis (2.8) in Section 2.3.1, we �nd the validity condition of log-

likelihood ratio test and its Bartlett correction. In order to study the properties of

log-likelihood ratio test and its Bartlett correction, we here give the formulae of log-

likelihood ratio statistic and its Bartlett correction under H  (Jiang and Yang, 2013)

W = � n logj�̂ � 1�̂ 0j (A.1)
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and

WBC = � (n � 1)=nW; where� = 1 �
2p2 + p + 2
6(n � 1)p

; (A.2)

respectively.

Motivated by Theorem 1 of Heet al. (2021b), we can get following theorem.

Theorem A.1. Supposen > p + 1. Let � 2
d(� ) denote the upper level� quantile of the

� 2
d distribution with the degrees of freedomd = 0:5(p + 2)( p � 1). Under H  as n ! 1

(i) sup� 2 (0;1) jP rf W > � 2
d(� )g � � j ! 0 if and only if limn!1 p = o(n1=2);

(ii) sup� 2 (0;1) jP rf WBC > � 2
d(� )g � � j ! 0 if and only if limn!1 p = o(n2=3).

Proof. If the chi-square approximation for classicalW holds, according to the central

limit theorem, we have

E
�

exp
�

h
W � d
p

2d

��
! exp

�
h2

2

�
; (A.3)

for h 2 (� � 0; � 0). Notice that W = � n logVn with Vn = j�̂ � 1�̂ 0j. According to

the Theorem 1 in Jiang and Yang (2013), we know that in high dimensional setting

p=n ! � 2 (0; 1], log(Vn ) _� N (� n ; � 2
n ). Hence, to prove formula (A.3) is equivalent to

prove that

p
2d

n� n
! 1; (A.4)

d + n� n

n� n
! 0: (A.5)

We next examine formulae (A.4) and (A.5) by discussing the casep = o(n). According

to Taylor's expansion log(1� x) = � x � x2=2 � x3=3 � x4=4 + O(x5), we have

� 2
n = � 2

n p
n

+ log
�

1 �
p
n

�o

= 2
�

p
n

�
p
n

�
1
2

p2

n2
+ O

�
p3

n3

��

=
p2

n2
+ O(

p3

n3
) =

p2

n2

n
1 + O

� p
n

�o
;

n� n = O(p) when p = o(n):

Moreover, we know that 2d = p2 + p � 2 = O(p2). Then we have
p

2d=n� n = O(1).
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Next we prove that formula (A.5) holds, if and only ifp = o(n1=2). Similarly by Taylor's

expansion andp = o(n), we have

� n = � p � (n � p �
1
2

) log
�

1 �
p
n

�

= � p � (n � p �
1
2

)
�

�
p
n

�
p2

2n2
�

p3

3n3
�

p4

4n4
+ O

�
p5

n5

��

= � p + p +
p2

2n
+

p3

3n2
+

p4

4n3
+ O

�
p5

n4

�

�
p2

n
�

p3

2n2
�

p4

3n3
+ O

�
p5

n4

�

�
p

2n
�

p2

4n2
�

p3

6n3
�

p4

8n4
+ O

�
p5

n5

�

= �
p2

2n
�

p3

6n2
�

p4

12n3
�

p
2n

+ O
�

p5

n4

�
;

and the degrees of freedomd = 0:5p(p + 1) � 1, then

d + n� n =
p2

2
+

p
2

�
p2

2
�

p3

6n
�

p4

12n2
�

p
2

+ o(
p
n

) + O(
p5

n4
)

= �
p3

6n
�

p4

12n2
+ o

� p
n

�
+ O

�
p5

n4

�
;

d + n� n

n� n
= �

p2

6n
�

p3

12n2
+ O

�
p4

n4

�
:

Hence, (d + n� n )=(n� n ) converges to zero if and only ifp = o(n1=2).

For Bartlett correction modi�cation, similarly, we have to show that

p
2d

n�� n
! 1 and

d + n�� n

n�� n
! 0:

We know that � = 1 � 2p2+ p+2
6(n� 1)p = 1 � p

3n + o(1) when n ! 1 . According to the Taylor's

expansion 1
1� x = 1 + x + x2 + O(x3), we have

p
2d

n�� n
=

p
2d

n� n

1
�

= O(1)
n

1 + O
� p

n

�o
:
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When p = o(n) the formula above holds. Moreover,

d + n�� n = d + n� n �
p
3

� n

= �
p3

6n
�

p4

12n2
+ o

� p
n

�
+ O

�
p5

n4

�
+

p3

6n
+

p4

18n2
�

p5

36n3
�

p2

6n
+ o(1) + O

�
p6

n4

�

= �
p4

36n2
�

p5

36n3
�

p2

6n
+ o(1) + O

�
p6

n4

�
;

d + n�� n

n�� n
= O

�
p3

n2

�
+ O

� p
n

�
+ O

�
p4

n3

�
+ O

�
p5

n4

�
+ o(1):

Hence, (d + n�� n )=(n�� n ) = o(1) if and only if p3 = o(n2).

A.1.2 Testing speci�ed values for mean vector and covariance

matrix

Following the hypothesis (2.11) in Section 2.3.2, we here give the formulae of log-

likelihood ratio statistic and its Bartlett correction under H  (Jiang and Yang, 2013)

W = ( n � 1) logj�̂ j + tr( yT y) � np;

and

WBC = �W; where� = 1 �
2p2 + 9p + 11

6n(p + 3)
;

respectively.

We are able to obtain following theorem to explain the performance of log-likelihood

ratio test and its Bartlett correction in moderate dimensional setting.

Theorem A.2. Supposen > 1 + p for all n � 3. Let � 2
d(� ) denote the upper level

� -quantile of the� 2
d distribution with degrees of freedomd = 0:5p(p+ 3) . Under H  as

n ! 1

(i) sup� 2 (0;1) jP rf W > � 2
d(� )g � � j ! 0 if and only if limn!1 p = o(n1=2);

(ii) sup� 2 (0;1) jP rf WBC > � 2
d(� )g � � j ! 0 if and only if limn!1 p = o(n2=3).

Proof. If the chi-square approximation forW holds, according to the central limit the-

orem, we have

E
�

exp
�

h
W � d
p

2d

��
! exp

�
h2

2

�
; (A.6)
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for h 2 (� � 0; � 0). The LRT is W = � 2 log � n in which � n = j�̂ (n� 1)=2j expf� tr( yT y)=2+

np=2g is the likelihood ratio. According to Theorem 5 in Jiang and Yang (2013), we

know that in high dimensional settingp=n ! c 2 (0; 1], log � n _� N (� n ; n2� 2
n ). Hence, to

prove formula (A.6) is equivalent to prove that

p
2d

2n� n
! 1; (A.7)

d + 2� n

2n� n
! 0: (A.8)

We next examine formulae (A.7) and (A.8) by discussing the casep = o(n). According

to Taylor's expansion log(1� x) = � x � x2=2� x3=3� x4=4 + O(x5). Similarly, we have

� 2
n = p2

n2

�
1 + O( p

n )
	

, and then 2n� = O(p) when p = o(n). The degrees of freedom

are 2d = p2 + 3p = O(p2), hence we have

p
2d

2n� n
=

O(p)
O(p)

= O(1):

Next we prove formula (A.8) holds, if and only ifp = o(n1=2). Similarly by Taylor's

expansion andp = o(n), we have

d + 2� n =
1
2

p(p + 3) �
1
2

�
n(2n � 2p � 3) log

�
1 �

p
n � 1

�
+ 2( n + 1) p

�

=
p2

2
+

3p
2

�
�

n(n � 1 � p �
1
2

) log
�

1 �
p

n � 1

�
+ ( n + 1) p

�

=
p2

2
+

3p
2

+ np +
np2

2(n � 1)
+

np3

3(n � 1)2
+ O

�
p4

n2

�

�
np2

(n � 1)
�

np3

2(n � 1)2
�

np4

3(n � 1)3
+ O

�
p5

n3

�

�
np

2(n � 1)
�

np2

4(n � 1)2
�

np3

6(n � 1)3
+ O

�
p4

n3

�

� np � p

= �
p2

2(n � 1)
�

p
2(n � 1)

�
np3

6(n � 1)2
+ O

�
p2

n

�
+ O

�
p4

n2

�
:

and

d + 2� n

2n� n
= O

� p
n

�
+ O

�
1
n

�
+ O

�
p2

n

�
+ O

�
p3

n2

�
:

Hence, (d + 2� n )=(2n� n ) ! 0 if and only if p = o(n1=2).
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For Bartlett correction form, similarly, we have to show

p
2d

2n�� n
! 1 and

d + 2�� n

2n�� n
! 0:

The �rst-order modi�cation term of Bartlett correction is � = 1 � 2p2+9 p+11
6n(p+3) = 1 �

p2

3n(p+3) + o(1) when n ! 1 . Hence,

p
2d

2n�� n
=

p
2d

2n� n

1
�

= O(1)
n

1 + O
� p

n

�o
:

When p = o(n) the formula above holds. Moreover,

d + 2�� n = d + 2� n �
2p2

3n(p + 3)
� n + o(1)

= �
p2

2(n � 1)
�

p
2(n � 1)

�
np3

6(n � 1)2
+ O

�
p2

n

�
+ O

�
p4

n2

�

+
p2

3n(p + 3)

�
np2

2(n � 1)
+

3np � 2p
2(n � 1)

+
np3

6(n � 1)2
+ O

�
p4

n2

��

= �
p2

2(n � 1)
�

p
2(n � 1)

�
p4 � 3np3

6(n � 1)2(p + 3)

+ O
�

p2

n

�
+ O

�
p3

n2

�
+ O

�
p4

n2

�
+ O

�
p5

n3

�
;

d + 2�� n

2n�� n
= O

� p
n

�
+ O

�
1
n

�
+ O

� p
n

�
+ O

�
p2

n2

�
+ O

�
p3

n2

�
+ O

�
p4

n3

�
:

Hence, (d + 2�� n )=(2n�� n ) = o(1) if and only if p3 = o(n2).

A.1.3 Testing equality of several covariance matrices

Following the hypothesis (2.16) in Section 2.4.2, we here give the formulae of log-

likelihood ratio statistic and its Bartlett correction under H  (Jiang and Yang, 2013)

W =
kX

i =1

� (ni � 1) logj�̂ � 1
i �̂ 0j; (A.9)

and

WBC = �W ; where� = 1 �
2p2 + 3p � 1

6(p + 1)( k � 1)(n � k)

 
kX

i =1

n � k
ni � 1

� 1

!

;

respectively.
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Similarly to what done in the previous sections we can derivenecessary and su�cient

condition for the validity of chi-squared approximation for W and its Bartlett corrected

version.

Theorem A.3. Supposeni > p + 1 for all i = 1; : : : ; k. Let � 2
d(� ) denote the upper

level � quantile of the� 2
d distribution with the degrees of freedomd = 0:5p(p+ 1)( k � 1)

. Under H  as ni ! 1

(i) sup� 2 (0;1) jP rf W > � 2
d(� )g � � j ! 0 if and only if limn i !1 p = o(n1=2

i );

(ii) sup� 2 (0;1) jP rf WBC > � 2
d(� )g � � j ! 0 if and only if limn i !1 p = o(n2=3

i ).

Proof. If the chi-squared approximation for the modi�edW (A.9) holds, according to

the central limit theorem, we have

E
�

exp
�

h
W � d
p

2d

��
! exp

�
h2

2

�
; (A.10)

for h 2 (� � 0; � 0). Note that W = � 2 log � �
n with � �

n =
Q k

i =1 j �̂ � 1
i �̂ 0j(n i � 1)=2 is the

modi�ed likelihood ratio. According to Theorem 4 in Jiang and Yang (2013), we know

that in high dimensional settingp=ni ! c 2 (0; 1] for all i = 1; : : : ; k. log � n _� N (� n ; (n�

k)2� 2
n ) where n =

P k
i =1 ni . Hence, to prove formula (A.10) is equivalent to prove that

p
2d

2(n � k)� n
! 1; (A.11)

d + 2� n

2(n � k)� n
! 0: (A.12)

We examine formulae (A.11) and (A.12) by discussing the casep = o(n). According to

Taylor's expansion log(1� x) = � x � x2=2 � x3=3 � x4=4 + O(x5), we have

� 2
n =

1
2

"

log
�

1 �
p

n � k

�
�

kX

i =1

�
ni � 1
n � k

� 2

log
�

1 �
p

ni � 1

� #

=
1
2

�
�

p
n � k

�
p2

2(n � k)2
+ O

�
p3

n3

�

�
kX

i =1

�
ni � 1
n � k

� 2 �
�

p
ni � 1

�
p2

2(ni � 1)2
+ O

�
p3

n3
i

�� #

=
(k � 1)p2

4(n � k)2
+ O

�
p3

n3

�
;
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then 2(n � k)� n = O(p
p

k � 1) when p = o(n) with �nite k groups. Notice that

2d = p(p + 1)( k � 1) = Of p2(k � 1)g, thus it is straightforward to get

p
2d

2(n � k)� n
=

O(p
p

k � 1)

O(p
p

k � 1)
= O(1):

Next we prove that formula (A.12) holds, if and only ifp = o(n1=2
i ). Again, by Taylor's

expansion andp = o(ni ) for all i = 1; : : : ; k, we have

2� n =
1
2

�
(n � k)(2n � 2p � 2k � 1) log

�
1 �

p
n � k

�

�
kX

i =1

(ni � 1)(2ni � 2p � 3) log
�

1 �
p

ni � 1

� )

= ( n � p � k �
1
2

)
�

� p �
p2

2(n � k)
�

p3

3(n � k)2
�

p4

4(n � k)3
+ O

�
p5

n4

��

�
kX

i =1

�
(ni � p �

3
2

)
�

� p �
p2

2(ni � 1)
�

p3

3(ni � 1)2
�

p4

4(ni � 1)3
+ O

�
p5

n4
i

���
;

and the degrees of freedom ared = 0:5p(p + 1)( k � 1). Then, we can get

d + 2� n =
p2(k � 1)

2
+

p(k � 1)
2

+
p2(1 � k)

2
+

p(1 � k)
2

+
p3

6(n � k)
+

p4

12(n � k)2
+

p2

4(n � k)
+

p3

6(n � k)2
+

p5

4(n � k)3
+

p4

8(n � k)3

�
kX

i =1

p3

6(ni � 1)
+

p4

12(ni � 1)2
+

p2

4(ni � 1)
+

p3

6(ni � 1)2
+

p5

4(ni � 1)3
+

p4

8(ni � 1)3

+ O
�

p5

n3

�
+ O

�
p6

n4

�
+

kX

i =1

O
�

p5

n3
i

�
+ O

�
p6

n4
i

�
:

Thanks to the result 2(n � k)� n = O(p), assuming thatk is �nite, and

d + 2� n

2(n � k)� n
= O

�
p2

n

�
+ O

� p
n

�
+ O

�
p3

n2

�

�
kX

i =1

O
�

p2

ni

�
+ O

�
p
ni

�
+ O

�
p3

n2
i

�
:

Hence, (d + 2� n )=(2(n � k)� n ) ! 0 if and only if p = o(n1=2
i ) for all i = 1; : : : ; k with

�nite k.
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For Bartlett correction form, similarly, we have to show that

p
2d

2(n � k)�� n
! 1;

d + 2�� n

2(n � k)�� n
! 0:

We know the �rst-order modi�cation term is � = 1 � 2p2+3 p+1
6(p+1)( k� 1)(n� 1)

� P k
i =1

n� k
n i � 1 � 1

�
=

1 � p2

3(p+1)( k� 1)(n� k)

� P k
i =1

n� k
n i � 1 � 1

�
+ o(1) when ni ! 1 . Hence,

p
2d

2(n � k)�� n
=

p
2d

2(n � k)� n

1
�

= O(1)
�

1 + O
�

p
ni

��
; (A.13)

when p = o(ni ). Moreover,

d + 2�� n = d + 2� n �
p2

3(p + 1)( k � 1)(n � k)

 
kX

i =1

n � k
ni � 1

� 1

!

� 2� n + o(1)

=
p3

6(n � k)
+

p4

12(n � k)2
�

kX

i =1

p3

6(ni � 1)
+

p4

12(ni � 1)2

+
p2

4(n � k)
+

p3

6(n � k)2
+

p5

4(n � k)3
+

p4

8(n � k)3

+
p4(k � 1)

6(p + 1)( k � 1)(n � k)

 
kX

i =1

n � k
ni � 1

� 1

!

+
p3(k � 1)

6(p + 1)( k � 1)(n � k)

 
kX

i =1

n � k
ni � 1

� 1

!

�
p5

18(n � k)2(p + 1)( k � 1)

 
kX

i =1

n � k
ni � 1

� 1

!

=
p3

6(p + 1)( n � k)
�

kX

i =1

p3

6(p + 1)( ni � 1)
+ O

�
p4

n2

�
+

kX

i =1

O
�

p4

n2
i

�
;

d + 2�� n

2(n � k)�� n
= O

� p
n

�
+ O

�
p3

n2

�
+

kX

i =1

O
�

p
ni

�
+ O

�
p3

n2
i

�
:

Hence, (d + 2�� n )=f 2(n � k)�� ng = o(1) if and only if p3 = o(n2
i ) for all i .
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A.1.4 Testing that multiple normal distributions are identical

Following the hypothesis (2.20) in Section 2.4.3, we here give the formulae of log-

likelihood ratio statistic and its Bartlett correction under H  (Jiang and Yang, 2013)

W =
kX

i =1

ni logj�̂ i j � n logj�̂ 0j;

and

WBC = �W ; where� = 1 �
2p2 + 9p + 11

6(k � 1)n(p + 3)

 
kX

i =1

n
ni

� 1

!

;

respectively.

The necessary and su�cient conditions to ensure the validity of the chi-square ap-

proximation of W and WBC are described below.

Theorem A.4. Supposeni > p + 1 for all i = 1; : : : ; k. Let � 2
d(� ) denote the upper

level � quantile of the� 2
d distribution with the degrees of freedomd = 0:5p(p+ 3)( k � 1)

. Under H  as ni ! 1

(i) sup� 2 (0;1) jP rf W > � 2
d(� )g � � j ! 0 if and only if limn i !1 p = o(n1=2

i );

(ii) sup� 2 (0;1) jP rf WBC > � 2
d(� )g � � j ! 0 if and only if limn i !1 p = o(n2=3

i ).

Proof. If the chi-square approximation forW holds, according to the central limit the-

orem, we have

E
�

exp
�

h
W � d
p

2d

��
! exp

�
h2

2

�
; (A.14)

for h 2 (� � 0; � 0). Note that W = � 2 log � n in which � n =
Q k

i =1 j �̂ � 1
i jn1=2j �̂ 0jn=2 is

the likelihood ratio. According to Theorem 3 in Jiang and Yang (2013), we know that

in high dimensional settingp=ni ! c 2 (0; 1] for all i = 1; : : : ; k, log � n _� N (� n ; n2� 2
n ).

Hence, to prove formula (A.14) is equivalent to prove that

p
2d

2n� n
! 1; (A.15)

d + 2� n

2n� n
! 0: (A.16)
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We next examine formulae (A.15) and (A.16) by discussing the casep = o(ni ). Accord-

ing to Taylor's expansion log(1� x) = � x � x2=2 � x3=3 � x4=4 + O(x5), without loss

of generality, assumen1 = � � � = nk , then n = kn1

� 2
n =

1
2

(

log
�

1 �
p
n

�
�

kX

i =1

n2
i

n2
log

�
1 �

p
ni � 1

� )

=
1
2

�
log

�
1 �

p
kn1

�
�

1
k

log
�

1 �
p

n1 � 1

��

=
kn2

1p2 � (n1 � 1)2p2

4k2n2
1(n1 � 1)2

+ o(1);

then, 2n� n = O(p) whenp = o(n), with �nite k groups. Note that 2d = p(p+3)( k � 1) =

O(p2), thus it is easy to get

p
2d

2n� n
=

O(p)
O(p)

= O(1):

Next we prove formula (A.16) holds, if and only ifp = o(n1=2
1 ). Similarly by Taylor's

expansion andp = o(n1), we have

2� n =
1
2

�
� 2kp � k

p
n1

� kn1(2p � 2kn1 + 3) log
�

1 �
p

kn1

�

+ kn1(2p � 2n1 + 3) log
�

1 �
p

n1 � 1

��

= � kp �
kp
2n1

+ ( p � kn1 + 3=2)
�

p +
p2

2kn1
+

p3

3k2n2
1

+
p4

4k3n3
1

+ O
�

p5

n4
1

��

+ k(n1 � 1 � p � 1=2)
�

n1p
n1 � 1

+
n1p2

2(n1 � 1)2
+

n1p3

3(n1 � 1)3
+

n1p4

4(n1 � 1)4
+ O

�
p5

n4
1

��
;

and we know that the degrees of freedom ared = 0:5p(p + 3)( k � 1)

d + 2� n = �
kp2

2(n1 � 1)
�

kp
2(n1 � 1)

�
kp
2n1

+
p3

6kn1
+

p4

12k2n2
1

+
3p2

4kn1
+

3p3

6k2n2
1

+
3p4

8k3n3
1

�
kn1p3

6(n1 � 1)2
�

kn1p4

12(n1 � 1)3

�
kn1p2

4(n1 � 1)2
�

kn1p3

6(n1 � 1)3
�

kn1p4

8(n1 � 1)4
+ O

�
p5

n3
1

�
+ O

�
p5

n4
1

�
:

And then, with �nite k, we have

d + 2� n

2n� n
= O

�
p
n1

�
+ O

�
1
n1

�
+ O

�
p2

n1

�
+ O

�
p3

n2
1

�
:
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Hence, (d + 2� n )=(2n� n ) converges to zero if and only ifp = o(n1=2
1 ). In general, it is

clear that the necessary and su�cient condition isp = o(n1=2
i ) for all i = 1; : : : ; k with

�nite k.

For WBC , similarly, we have to show that

p
2d

2n�� n
! 1;

d + 2�� n

2n�� n
! 0:

Jiang and Yang (2013) give the �rst-order correction term� = 1� 2p2+9 p+11
6(p+3)( k� 1)n

� P k
i =1

n
n i

� 1
�

.

Similarly, assume that allk groups have same sample sizeni for all i = 1; : : : ; k, in the

sense that we can treat� = 1 � p2

3k(k� 1)(p+3) n1
(k2 � 1) + o(1) when n1 ! 1 . Hence,

p
2d

2n�� n
=

p
2d

2n� n

1
�

= O(1)
�

1 + O(
p
n1

)
�

;

when p = o(n1) the formula above holds. Moreover, assuming thatp = o(n1), we are

able to get

d + 2�� n = d + 2� n �
p2

3k(k � 1)(p + 3) n1

�
k2 � 1

�
� 2� n + o(1)

= d + 2� n �
(1 � k)n1p2 � p2

2(n1 � 1)
�

p2

3k(k � 1)(p + 3) n1

�
k2 � 1

�
+ o(1)

=
3n1p3 � p4 � 3p3

6k(p + 3) n1(n1 � 1)
�

kp4 + 3kn1p3

6(n1 � 1)2(p + 3)
+ O

�
p4

n2
1

�
;

d + 2�� n

2n�� n
= O

�
p
n1

�
+ O

�
p2

n2
1

�
+ O

�
p
n2

1

�
+ O

�
p3

n2
1

�
:

Hence, (d + 2�� n )=(2n�� n ) ! o(1) if and only if p3 = o(n2
1). In general, it is not di�cult

to see that condition (A.17) holds if and only ifp3 = o(n2
i ) for all i = 1; : : : ; k, with

�nite k, i.e. if p = o(n2=3
i ) for all i = 1; : : : ; k, for some �nite k.
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