Analysis 22, 131 — 148 (2002) .
’ Analysis

€ Oldenbourg Verlag Miinchen 2002

A NEWTON-KANTOROVICH METHOD FOR A FUNCTIONAL EQUATION
RELATIVE TO THE CONFORMAL REPRESENTATION

Massimo Lanza de Cristoforis and Sergei V. Rogosin

Received: August 16, 2001; revised: January 15, 2002

ABSTRACT: In this paper we consider the problem of computing the Riemann Map g .,
of the plane unit disk D onto the Jordan domain bounded by the simple closed curve ¢
containing the point w in the interior, and normalized by conditions g¢,.(0) = w, g; ,,(0) > 0.

To solve such problem, we consider a suitable functional equation involving (, w, gé'"} Vo ¢,

and we show that one can obtain gé,_u}) o ¢ by applying a version of the Newton-Kantorovich

method.
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1. Introduction

In this paper we consider the Riemann map g; ., of the unit disk D of the complex plane
onto the plane domain I[{] enclosed by the simple Jordan curve ¢, and normalized by con-
ditions

g(,.,,(O) =w, gé,w(o) >0,

where w is a point of I[¢], and we show that g,,, can be computed by a.pplyiﬁg the Newton-
Kantorovich method in a suitable function space.

By [15], gé;,’) o ¢ depends real analytically on the pair ({,w) in a Schauder space setting
(see also [10]), while the dependence of g ., upon ({,w) has a lower degree of regularity (cf.
(10}, Lanza and Preciso [13, §3], Lanza and Preciso [14]). Thus, instead of trying to obtain

9¢.w as a limit of Newton iterates, we turn our attention to gé._wl) o(, and we consider a system

of functional equations involving ¢, w, gé;l) o( introduced and analyzed in [15] (see also [9]).
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As it is well known, the conformal representation g, relative to {,w can be determined
explicitly for certain pairs ((o, wo), as for example when (o is a circle, and wp is its center.
Then for a pair (¢, w) = ({;,w;) we consider a homotopy ({, w’\)z\E[O.l] of (o, wo) to ({1, w1),
and we show that there exists a finite set of numbers {0 = Ao < A; < ... < Ay =1} of [0,1],
such that gé::')mk o ¢y, can be computed by applying the Newton-Kantorovich method to
the functional equation mentioned above, provided that gg:_) o,

The importance and the influence of the Riemann map in the applications is well known,

0 (x,_, is known.

and for a historical account, we refer to Gray [4] and Ullrich [18]. Several papers have been
devoted to the boundary behaviour of the Riemann map, and more generally of univalent
functions. For a modern presentation, we refer to Pommerenke [16] and to Wen [19].

The problem of the Riemann map has also been studied extensively by means of inte-
gral equations (see Gaier [2]). Probably, the most known among these equations is that of
Theodorsen, which applies to star like domains. The Theodorsen equation has been success-
fully employed to compute numerically the Riemann map (cf. e.g., Gutknecht [5], Hiibner [6]
and references therein). In particular, in Hiibner [6] the Newton method has been applied to
the study of a nonlinear system which appears following a discretization of the Theodorsen
integral equation.

Among the contributions to the study of the Theodorsen equation we also mention that
of von Wolfersdorf [20], who has reduced the Theodorsen equation to a nonlinear Riemann-
Hilbert problem in order to prove uniqueness. The system of integral equations which we
examine is more complicated than the Theodorsen equation, but has the advantage of re-
quiring no restriction on the geometry of the domain, although it requires some regularity

of the boundary of the domain.

2. Technical Preliminaries and Notation

The inverse function of a function f is denoted f(-}) as opposed to the reciprocal of
a complex-valued function g, which is denoted g~!. Throughout the paper, we make no
formal distinction between complex numbers and pairs of real numbers, so for example if
f = (f1, f2) is a map of R? to R? and if f; + if; is holomorphic in the complex variable
z1 + iz, then f' denotes the complex derivative of fi +if.. We denote by D the open unit
disk in C (or in R?), by T the boundary of D, and by cID the closure of D. We denote
by Rz and by Sz the real and the imaginary part of a complex number 2. By f.r f(s)ds
we understand the line integral of the function f of T to C computed with respect to the
parametrization 8 — €, 6 € [0,2x], of T. By [ f(s)|ds| we understand the integral of f
with respect to the ordinary measure |ds| on T. Let N be the set of nonnegative integers
including 0. Let m € N. C*(T, C) denotes the space of m times continuously differentiable
functions from T to C, and C*(T,C) denotes the subspace of C™(T,C) of those functions
which have m-th order derivatives that are Holder continuous with exponent o €]0,1] (the

subscript ‘*’ means that the derivatives are being taken with respect to the variable in T).
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Let B C C. We set C™*(T,B) = {f € C™(T,C) : f(T) C B}. If f € C¥¥T,C),
we set |f|loa = sup {IL(IE)_—T{}EH 1 5,t€T,s# t}. We endow C™*(T,C) with its usual norm
[fllma = 7o super [D7f(t)] + |D™ fla. It is well-known that (CI**(T,C), [|fl|m.e) is a
Banach space. Similarly, we define C™*(cID,R) to be the space of m-times continuously
differentiable real-valued functions in D such that all the partial derivatives up to order m
admit a continuous extension to clD, and such that the partial derivatives of order m are a-
Hélder continuous. By C™¢(clD, R?) we understand (C™(c1D, R))?, and we take as norm
of a pair of functions the sum of the norms of the components. It can be readily verified
that the trace operator is linear and continuous from C™%(clD, R?) to C™*(T,C) (cf. e.g.,
Lanza and Preciso [12, Lem. 2.8].) We endow a Cartesian product of normed spaces with
the norm given by the sum of the norms of the components. Let X, ), Z be normed spaces.
We denote by £L(X,Y) the space of linear continuous operators of X to ) endowed with its
usual norm of the uniform convergence on the unit sphere of X. We denote by B (X x Y, Z)
the space of bilinear and continuous maps of X X Y to Z endowed with its usual norm
of the uniform convergence on the product of the unit spheres of X and ). For standard
definitions of Calculus in normed spaces, we refer for example to Berger [1] and to Prodi and
Ambrosetti [17].

We collect in the following Lemma a few facts we need on the space C™*(T, (C) A proof

can be effected by elementary computations which we omit.

LEMMA 2.1. Letm € N a €]0,1]. Then the following statements hold.
(i) If f € CL(T,C), then

(22) 1F(0) = fe)] < SN ol —ta] - Vi t2 € T.
(i)

(2.3) lellmete <2707 |[w]/m Yu € CT(T,C).

(iii) There exists cimq > 0 such that

(2.4) lle- vllma < evmollullmellvlne — Yu,ve CH(T,C).

Furthermore, we can take ci00 =1, €11, = 2%,
(iv) There ezists cam,a > 0 such that

1 + C2m,a

(25) |[Elna < camalltlma, [Rulna < —

l[ellmar [IStllmea < l[elim,as

1+ C2,m,a
2

for all u € C*(T,C). If m =1, then we can take c;1,, = 1 + 227,

(v) If f € C2(T,C), then |f(t1) — f(t2) — f'(t2)(ts — t2)| < §If|alts — o'+ for all 1y,
t, € T.
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(vi) There egists a function Y1,mq of [0, +00[x]0, +o0[ to }0,+o0o[ such that

11/kllm,oc < 1,m,a [[lFllm a0 min [£],

for all k € C™*(T,C) which satisfy |k| > 0 on T, and such that i melz1,31] <
PrmalTe Y], when 0 < 21 < 24, 0 < y2 < y1. In particular, if m = 1 we can take
Priele,y] =y (1 +2(2/y) + 2c/y)*).

We note that the value of the constants of the previous lemma is not optimal. We now
give a formal definition of a curve. A regular curve is often defined as an equivalence class
of regular parametrizations. However, for our purposes, it is necessary to distinguish among
the different parametrizations. Thus we define a curve of class C! to be a map ¢ of class C!
from the boundary T of the unit disk D to C. By a simple curve of class C!, we understand
an injective map of class C} from T to C. Also, a curve ¢ should not be confused with {(T).

By a simple contradiction argument, it can be readily verified that the following holds
(cf. [8, p. 124], Lanza and Antman [11, p. 1201].)

LEMMA 2.6. The set
= {CGC}(T,C) : l[(]Einf{Lg(iZ——:til(m: s,teT, s;ét} >0}

coincides with the set of simple curves of class C! with everywhere nonvanishing tangent
vector. The nonlinear map l[-] of CHT,C) to ]0,+oo[ is continuous, and the set Z is open
in CYT,C).

If ¢ is a simple closed curve of class C}, we denote by I[(] the bounded open connected
component of C\ {(T). We now introduce the following notation. We denote by ind[{] the
Cauchy index (winding number) of the map 8 — ((¢*), 8 € [0,2n[, with respect to any of
the points z of I[¢]. Thus

ind[¢] = %/ CC ds  VzelI[(].

The map ind[] is well-known to be constant on the open connected components of Z in
CXT,C). Clearly, ind[¢] € {-1,1} for all ¢ € Z.

Since we need to estimate the distance of an element of Z from the boundary of Z, we
introduce the following Lemma, whose validity can be readily verified by exploiting the

definition of {[-], Lemma 2.1, (i), and the triangle inequality.

LEMMA 2.7.  The following statements hold.
(i) If h € Z, then ([h] < minr ||
(i) If h € Z and h(T) = T, then I[h] > 2ming|h/|.
(iii) If h € 2, h € CX(T,C), || ~ F|lo < 2I[R), then I[k] > I[R] — Z||k' = K']lo > 0, and
ind[h] = ind[A].
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(iv) If¢€ 2, w € T[], ¢ € CYT,C), w e C, |I¢ = {'llo < 2L, C = Cllo + [w — 6] <
ming |{(-) — @], then ¢ € Z, and w € I[¢].

Then we have the following uniform estimate for the Cauchy integral, which we prove by
a standard argument developed in Gakhov (3, p. 38]. We first introduce some notation. We

set
(28) ]L(tl,tz) = {8 e€T: |8 — tll < 2|t1 - t;l},

for all ¢, t; € T, and we understand that a line integral on L(#;,%2) or on T \ L(#1,,) is
computed with respect to the parametrization 8 — ¢ defined on a suitable interval of the

real line of length less or equal to 2.

PROPOSITION 2.9. Letm € N\ {0}, a €]0,1[. Then there ezists a function @gmql, "]
of [0, +o0[%]0, 4+o0] to ]0, +00[ such that

P2,malT1,41] £ P2,malT2, 2]
if0 <z < 29, 0 <y2 < 11, and which satisfies the following inequality
(2.10) IClA, ulll e < P2emalllollmas H{R]] [2£lim a0

Jor allw e C*(T,C), h € C(T,C)() Z, where

_ 1 [ u(s)W(s)

=2—7|_—2 st Vvt e T.
T

(2.11) Clh, u)(t)

If m =1, then we can take

(212) P210l2,y) = 27" + 2ty (20ps + 4),

where the real number p, defined by equality
1 |d8| / |t1 d tz‘_a
=— su _ ——|ds|,
P = om tl,tzle)'r{ 118 = ' Jug I8 — 10 ds]

ty — 1o 1o ds
Lo i
T\L(tutz) 1S — T2l T\L(t1,t2) § — b2

PROOF. The finiteness of p, can be easily verified. We now estimate ||C[h,u]||o,s, for
u € C¥(T,C), h € C1*(T,C) N Z. Since

1 J€ {1,2}}

is finite.

1

h'(s) 1,
(213) %[rmds = Elnd[h],
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for each fixed ¢ € T, then inequality (2.5) and the definition of {[A] imply that

(2.14) ICTA, ulllo < lulallAllo(R]) ™ pa + 27 lfulo-

We now estimate the Holder quotient |C[h, u]|q. For all ¢, t; € T with ¢; # t2, we have
(2.15) Clh,u](ts) - Clh, u](ts) =

A weu) L[ us)-ult),
'2wi/w1.»,>h(s)—h(t1)"()" zn/wl.t,,h() Rty (S b+

1 () = ) (A ~h))
218 Iy () = B () —hiea)
L —( ) —u(ts) s =“1u(t;)in — 27 u(t,)in
2mi TA\L(t1,2) h'(s) (tZ) ()d 2 (tl) d[h] 2 (tz) d[h]
Furthermore
h'(s)ds
@10) 517 [, F) 0T

s +

n 1 / ds
211'1: T\]L(tl.tz) S — tg.

Since I[h] < ||Kllo, and %|s — 1| < |s — &)] < 2|s — &5, for all 5,2, € T and for all
s € T\ L(t1,t,), then Lemma 2.1 (i), (v), inequality (2.14), and equalities (2.15), (2.16),
imply that

- L/ (h'(s) — H'(t2))(s — ta) = (h(s) — h(ta) — M'(t2)(s — t2)) ,
218 J1\Lits 1) (h(s) — h(t2))(s — t2)

(2.17) G, ulllo.a < fulloa (9paCUR]) IR 1G4 + Pa +1)

for all u € C?*(T,Q), h € C*(T,C) N Z. We now assume that u € C™*(T,C) and that
h € C7™*(T,C) N 2. By standard computations, we have

(2.18) jt( [, ul(8)) = C [k, W/ /R ()R (D).

We now observe that by Lemma 2.1 (iii) and by (2.18) the following holds

(2.19) IClA, ulllm,a < HClA, ulllo + c1im-1,0 1C [ &' /Nl oy 0 1 1.

Then by equality (2.13) and by the definition of {[A], we have

(2.20) ICTk, lllo < 4llma <—;~(z[h1)-*uhnm.a 4 %) .
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If m = 1, then Lemma 2.7 (i) and inequality |1/A'|a < [¥|o(min|A’)"%, and inequalities
(2.17), (2.19), (2.20) imply the validity of inequality (2.10) with @21 4[] as in (2.12). To
prove the statement for m > 1, we proceed by induction on m. Since ming |2’| > [[A], Lemma
2.1 (ii), (iii), (vi), inequalities {2.19) and (2.20), and the inductive assumption of existence

of ¥2,m—1,al", '] imply the existence of Y2.mq[', ] as in the statement. a

Then we have the following.

COROLLARY 2.21. Letm, n € N\ {0}, @ €)0,1[. Leth € C™*(T,C)NZ. Letr >0
be such that {h € C™(T, Q) : [|h — hllma < r} C Z, then infy, 5, . I[k] > 0, and the

following two inequalities hold.

(2.22) sup L / ol (M) ds
{recT*(T.Q: |IA=Hllmasr/2} 2’”T el h(t) = h(s) .
S [ S R T § (T
(n -1 1h=Hlm o < o

for all u,vy,... ,v, € C™*(T,C), and

1 T ((v3(t) = vy(s)
2.23 su — [ w(s 4 2 )ds
(229) {heC:""’(T.Q:||E—I'z||m,¢,5r/2} 2m r/ ( )]1;11 ( h(t) — h(s) > =

m,a

0y 1T

(n—1)!

LA e L PR ] R Ty § (S

—aflm,aST

=1
for all w € C™1*(T,C) such that [ w(s)ds =0, and for all vy,... ,v, € C™(T,C).
T

PROQF. Since the imbedding of the space C7*(T,C) into the space C*(T,C) is compact,
then the set {h € C™(T,Q) : ||h = Allma < 7'} is compact in C}(T,C). Then we point
out as in Lanza and Preciso {12, p. 389], that the continuous function {[-] of C}(T,C) to
10, +oo[ is strictly positive on {h € C7*(T,C) : ||h — hllma < r}, and that accordingly
infy,_gjmagr HHR] > 0.

We now turn to the proof of inequalities (2.22), (2.23). By Lanza and Preciso [12, Prop.
4.1), the nonlinear operator C[-,-} of (C™*(T,C) N Z) x C™*(T,C) defined by (2.11) is
complex-analytic. Thus by fixing u, and by exploiting the Cauchy inequalities for holomor-
phic operators (cf. e.g., Berger [1, p. 88] and Prodi and Ambrosetti [17, p. 85]), one can
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obtain that

lORClh, u)(vi, - - - 5 Va)llma

(2.24) sup sup <
h=Rllma<r/2 | v1se wn €CT(T.O loillma - lvallm.a
v1#0,... ,vaF#0

<277 sup HC[hau]”m,a‘
lh=Bllm,a<r

Then by Proposition 2.9 and by the formula for 07Clh,u] (cf. Lanza and Preciso [12,
Prop. 4.1]), one obtains (2.22). To obtain (2.23) by (2.22) it sufﬁcies to note that if

w € Cr1(T,C) and f s)ds = 0, then the equality U(e?) = f (e)ietd¢ defines
an element U € C’:"""(T,(C), such that U’ = w, and for which |U{|m,o < 7r||w||o+ fwllm=t,a <

(1 +7) - Jrwllm-1a- O

3. The Newton-Kantorovich approximation scheme

As we have anticipated in the Introduction, we plan to obtain g((:l)ul)ofl by a given ({;, w;)
in the set

5mc, = {(¢,w) € (C™(T, Q)N 2) x C: w e I[¢]}

by assuming that g« y © Go is known for some (¢o, wo) € Em,ay and by assuming that there
is a homotopy (¢, w,\)/\E[O’I], of (o, wo) and ({1, w), with A — ({x,wx) continuous from [0, 1]
to Ema-

To do so, we first introduce a functional equation of the form
Q[Cv w, h] =0,

and such that the set of solutions of such equation coincides with the set of triples ({, w, k),
where ({,w) is an arbitrary element of £, ,, and where h = A[{,w] = gé;:) o (. We do
so in Theorem 3.1, by taking Q equal to the operator II; o P introduced in Theorem 3.1
(see (3.2).) Then we show that for each ({x,wx) of the homotopy there exist o(¢,uwy,hy) > 0
and r¢,n, > 0, where hy = h[(),w)], such that if ({,w) € &, satisfies inequality || —
Ollma + [w — wal < 0(¢y wa,h,), then equation Q[¢,w,h] = 0 has exactly one solution h
such that ||A — Axl|m,a < T¢yhy, Which can be expressed as the limit of appropriate Newton
iterates (see Theorem 3.20.) To prove the convergence of the Newton iterates, we apply
a result of Kantorovich and Akilov {7], which requires estimates of first and second order
partial differentials of the operator Q. We obtain such estimates in Theorem 3.4, and in
Proposition 3.16. Finally, we show that there exists 0 < o < infyg[o,1]T(¢ywpihy)» @nd that
accordingly there exist finitely many numbers 0 = A < Ay < ... < Ay = 1 such that
suPg=y,.. o 1€0x = Crucy llmoa + s, — wa,_,| < 0, and such that k[(,,w,,] can be computed
by knowing ((x,_,> Wa,_;» A[Cn_y> wr,_,]), as limit of Newton iterates. Thus we can obtain

h[Cr,, wy,] in up to ¢ steps.
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We now introduce the functional equation for (¢,w,h[(,w]), by means of the following

Theorem, which summarizes a part of Propositions 3.5, 3.7, 3.12, 5.3 of [15].

THEOREM 83.1. Let e €]0,1], m € N\ {0}. Let A be the set defined by

A= {(C,w,h) € CM(T,0) x Cx CM*(T,C): { € Z,h € Z,

wergoen, » {5 [P 4} o},

Let P be the nonlinear operator of A to C™*(T,R) x C x R x C™(T,R) defined by
P[Cv w, h](t) = (PI[C, w, h](t))l=1,2,3,4 =
ind[h] C(s)R'(s) ind[h] [ {(s h’
(§R {C(t) Y /Th(s) — h(t) } b 2mi / d -

s{%}zﬂ Tg%%;—()s—)ds},h(t)m— 1).

If (C,w,h) € A, and if P[(,w,h] = 0, then h = gc Do¢ = h[¢,w], and in particular,
h is a bijection of T onto T. Conversely, if ((,w) € Emn.q, then ({,w,h[{,w]) € A and
P[¢,w,h[¢,w]] = 0. The domain A of P is open in the (real or complez) Banach space
Cr(T,C) x C x C*(T,C).

The nonlinear operator h[-,-] of Emqs to CT*(T,T)N Z, which takes ((,w) to h[(,w], is
real analytic.

Let ({,%,h) € A, R(T) = T. Let [I; be the map of C™=(T,R) x C x R x C™*(T,R) to
itself defined by

. _ (ind[A])~? R(s)
Hh[f,w,,@,blz (f— Dy /]I‘f(S)iL(S) ds7w7ﬁvb)a
for all (f,w,B,b) € C™*(T,R) x C x R x C™=(T,R). If (¢, w,h) € A, then equation
(3.2) II; o P[¢,w,h] = 0,

is satisfied if and only if P[(,w,h] = 0. The differential 0 {II; o P} (6,1, k)] is a linear
homeomorphism of CT*(T,C) onto the image

Vi:naz{(f,wﬂy b) € C*(T,R) x C x R x C**(T,R): 27rz/f (())d _0}

of the operator 1.
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In view of the previous Theorem, for a given ({,w), the corresponding h[(,w] is the only
zero of the map h — II; o P[(,w, h] in the set of h’s such that ({,w, k) is still in the domain
A of Tl; o P. Again, by Theorem 3.1, if (¢, w) is close enough to ({, %), then the solution
h[¢,w] is close to h[(,w]. We now show that there exists 7z > 0 depending only on (, iz),
and 0,7 > 0 depending only on ({,w@, A), such that if the distance of ({,%) and (¢, w) is
less than o ;7), then A[¢,w] lies in a ball centered at h and with radius r¢;, and A[(, w)
is a limit of the Newton iterates relative to the operator k£ — II; o P[(,w, k], and with
initial point . To do so, we will exploit the Newton-Kantorovich Theorem in the form of
Kantorovich and Akilov [7, Thm. 6, p. 708], which requires an estimate of the norm of the
inverse of the linearized operator 9;{II; o P}[{ ,w, k), and of the norm of first and second
order partial differentials of II; o P in a neighborhood of ((,, k). Thus as a first step, we
provide such estimates, and we start with that concerning the linearized 0, {II; o P}[{, @, A).
We observe that if h € Z, A(T) =T, then the following elementary inequality holds

L s () s
2mi /Tf( )h(s) d

for all f € C%(T,C). Then we have the following.

(3.3)

< sup|ff,
T

THEOREM 3.4. Let a €]0,1], m € N\ {0}. Let (,,k) € A be a zero of P. Then the
following inequality holds.

<a [Ca ﬁ"a h]a
E(v;"““,cl""'(T.C))

(3.5) H (0u{11; 0 PY, 0, ) -

where
(3:6) @l k] = cima{4r(UE) (1 + T coma + Drme [Ihllma +71[R],271[R]) x
X cg,m—l,acl,m.a‘ral,m,a [”E”m,m 1] ”B”;,Q‘PI,M—I,G [”g”maal[a] + 3(1[6])_1”%'”171,01 +

3 . N el -
+ 5 20U N nma [1Fllma + 7L 2R (Rl } Bl

PROOF. If (f,w,B,b) € V;"°, then by [15, Thm. 2.1, Proofs of Prop. 4.3 and 5.3] we have
L. (~1)
that p = ((9;1{1'15l o P}[(, @, h](f,w,,@,b)) is delivered by the formula

) s ind [iz] B,(f)
(t) 2m ) g ((s)) (

T

=

(3.7)

o

ind [R] £ Sa(5)/g, o (DIHG) nd 1] et
o T/ i " g T/ Mo o
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ind [h] R(s)(b(s) = b(t)) i indm h'(s)f(s)
T om / h(s) — h(?) ds-g’-.(O) =3\ Toni T/ h2(s) “rp

A &

where

ﬂd_['_‘lf_(.i)i(ﬁlds_f()

27t h(s)

h(t)

y(#) =

By Lemma 2.7, by Corollary 2.21 with r» = 71"11[71], by observing that f ,—h((,%ﬁ ds =0, and

by equality g; ; o h = {, we have

NS
(3.8) 2N{ 5 /g2 s ))~(s)—l~z(t)d$ maS27r(l[h]) (14m)x
X(eama + Deama [IRllma + 7 1R 271R] [|BY@E)7| Il
and
ind [A] ¢ 7o) (b(s) — b(t)
(3.9) — T/ o T el S

20(U0R]) " rme [ Vollm + 7 L], 27 IR (Bl Bl

By applying the Maximum Principle to the function

1 .
————|, we obtain
g(',ﬂ:(z) ‘ ?

_
9%.5(0)

i(s)
)|

(3.10) =s
€T

< sup
aeT

< U Al e

1
D)

By inequality (3.3), and by equality A(T) = T, and by the obvious equality ||c|[m.« = ||, for
all ¢ € C, we have

ind |A s k '
-~ 7.[] /w )14, s SUONOM
T S) m,ax
W (s) | _ |ro)ks) ;
Ssop| i@ =R e | S D e+ 2,
and
ind [k| 5
(312) Nﬂ—%{ “%U [Hn ds} <181+ 1l
T ma
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and

(3.13) 7l < 1m0

B (ol + 20 )

Then by Lemma 2.1, and by equality (3.7) and inequalities (3.8)-(3.13), we deduce the
validity of inequality (3.5). [

We now turn to estimate the partial differentials of II; o P on a closed ball centered at
(C,%,h) € A, and contained in A. The following elementary Lemma provides an explicit

upper bound for a possible radius of such ball.

LEMMA 3.14. Let a €]0,1], m € N\ {0}. Let ({,%,k) € A be a zero of P. Letr;; =
2-1 inf{l,w‘ll[ﬁ]ﬂu}, Scam = 27 1inf {2,27r‘1l[§], minger () — 11)|,V}, with

v =307 (1Ello + 1) (1Rl + 1) ‘m{"‘"[”] & )’;‘”ds}.

2me Jp )

Let

Bgan = {(C,w, h) € C™*(T,C) x C x C™*(T,C) :

”( - C“m,a + |w B ﬁ)| S 5(6'11/"-1)’ Hh - h“m,a S T‘(-'il} ’

Then B(; 54y € A, and

i g o A1 2 271 IR),

inf“h‘i‘”maﬁ’”f_i. ming |h| > 271,

inf e gl b alcsg gz PIBeTIC(8) —w] 2 27 minger ‘f(i) - ﬁ)‘ ,

i) g tumaiag g 161 2 27HCT

PROOF. Clearly, A(T) = T. If ming || > 271, ||A - Al <271, |I¢ = C[lo < 1, then we have

Ch' ¢
| S
(3.15) <4 {Ilf — Clloll R lloll 2 llo + li¢Holl B = ' llollA? o + ¢ llollA"lloll A2 — ’32”0}

< 10(]I¢No + 1)(IAllo + 1)(IE = ¢llo + 1B — Ally)-

Thus the statement follows by Lemma 2.7, by inequality (3.15), and by the triangular in-
equality. O

Then we have the following.
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PROPOSITION 3.16. Let a €]0,1[, m € N\ {0}. Let ({,w,k) € A be a zero of P. Let
the constants g ;, 6((-,@',-‘), and the ball B .ok be defined as in Lemma 3.14. Then

(3.17) sup || On{MT; 0 PYHC, w,hlll5, < aa [¢,R]
(Gwh)eB g 1y
where
B, = B((C*(T,0) x C) x C"(T,C),C»*(T,R) x C x R x C[**(T,R)),
az [C,5,h] = 217 (coma + Dpnma [[hllma +2res 27 1] +6.
Furthermore,
(3.18) sup [|63{I1; 0 PHC, w, |, < as [,5,]
(Cwh)EB ¢ 4 1y
where

B, = B((C*(T,0)),C*(T,R) x C x R x C™*(T,R)),

an [6:0.] = {8rZ3 cama + Va1l + 274,270 +

+20}(”Z”m,a + 6((',,;“;1)) + 2C1,m.ac‘2.m,m

and
R T i Sl
where

L=L(CH*(T,0 x C,C™*(T,R)x C x R x C["*(T,R)),

as (6,0, B] = 27} (coma + Donma [IFllma +2rgz, 27 01R]] Bllma +2

PROOF. Since By; ;3 is connected, ind[A] is constant for (¢, w,h) € By 5, and thus we
can assume that it is identically equal to one. Then by Lanza and Preciso [12, Prop. 4.1], by
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[15, Lemma 4.1], and by elementary Calculus (see also [15, Prop.'3.7], where 4,P has been
computed), we have

O¢,w)0n{Il; o P}, w, k) (&, m, 1) =
(-o{& ecmizga) s & n{s reeuind o) i,
—'#‘{%ﬂds,—g{#f-,%%ﬂds} )

for all (¢,n,p) € CI**(T,C) x C x C**(T,C), and for all ({,w,k) € B g4, and thus by
Lemma 2.1, by Corollary 2.21 with r = 2r;;, by inequality (3.3), and by Lemma 3.14, we

have
”8(( w)a,,{n o P}(, w, h]”B < 2r (C2mcx + Dez2ma [thlma + 215 ll[iz]] + 6.

Thus, we can deduce the validity of (3.17). Again by Lanza and Preciso [12, Prop. 4.1], and

by elementary Calculus, we have

I, o PG 0, b, ) = (-8 { 3 [ ()0l o |4

L fgn{  ¢1(s) Ot g } R0 g
T 1

2mi (h(s)=h(2)) h(t)
o J o) ds 2“{#1{ ¢'(s) i35 ds} ()#2(‘)‘*‘#2(‘)#_1(_')),

for all (u1,u2) € (C™(T,C))?, and for all ({,w,h) € B3 Then by Lemma 2.1, by
Corollary 2.21 with r = 2r; z, by inequality (3.3), and by Lemma 3.14, we have
520113 0 PYC 0, Kl < 872 cama + Dipama [1Blme + 2027 4A]] [€lmt
+20“C“m.a + 261,7rl.<:m'02.m,c( s

and thus we have (3.18). Finally, we consider (3.19). By elementary Calculus, we have

L [ ds
{5() vr/ ﬁ(s)—iz(-)}

(3.19)
a((vw){nl'z o P}[(aw7il](§v 77) = (éR
1 1 [E(s)ds | )
_2”1- %{ﬁ(t) m.T/E( )—E(t)} B(t)dt,
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for all (¢,7) € C™*(T,C) x C, and for all ||{ — 4w — @] < 8¢k Then by equality
(2.13), by Lemma 2.1, by Corollary 2.21 with r = 2r; ;, by inequality (3.3), and by Lemma
3.14, we have

[0 {115 0 PYHE, w0, < 207 (Coma + Dipame [[Bllma + 2ress 27 0R] [Rllma +2.
Then (3.19) follows. O
We are now ready to prove the following.

THEOREM 3.20. Leta €]0,1{, m € N\{0}. Let ({, 4, k) € A be a zero of P. Let oz 45
be equal to the minimum of the following four numbers:

ez o=y~
6((-,114,}-1)a (2‘11[(7 w, h]a2[Ca w, h]) ’

(3.21) »
req (4aall, o Rladll, o), (160alC, 0, APPasC, , Blald, , 7))

-1

If (¢, w) € C™*(T,C) x C, and if ||¢ — {|lma + |w ~ B < 0(¢,a,k)s then equation
(3.22) O; oP[(,w,h] =0

in the unknown h has one and only one solution h[(,w] € C7*(T,C), such that ||h—}~;|[m'a <
TE ke Furthermore, the Newton iterates

Ho = il,
(3.23)

3\ (1)
Ho = Hy = ({0 PYC,w, B]) 0Tl o PIC,w, Hy), forj 20,

converge to h{(,w] in C™*(T,C) and satisfy the inequality

j+1
s (ve—1Y .
(324) ”HJ - h[c,w]”m,a < (2a1[<,w)h]a3[C1wv h]) ( \/i ) vieN
PROOF. As we have announced, our result will follow by applying the Newton-Kantorovich
‘modified’ method in the formulation of Kantorovich and Akilov [7, Thm. 6, p. 708]. We
first note that if |¢ — (||m,a + [w — ] < 0(¢,a,i) then by the Mean Value Inequality, and by
Theorem 3.4, and by inequality (3.17), and by definition of o¢ ; 3), we have

<

| (ostati o PG )™

L(vpe,c(1,9)

< {a7 16, 8, k] — aald, 6, RIIC — Cllma + o — )} < 206,18, )
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Similarly,

(3.25) |5 0 PLG w,Bl|| < aald b, Blog -
By Proposition 3.16, we havé
(3.26) [62{11; 0 P}, w,h]|| 5, < asll,@,h] V(¢ w,h) € Bgap

Thus we have

” (ah{nZ o P}[C,w,ﬁ])(_l) oll; o P, w,h]|  x

myo

<8<
s((cT(T.0))* e (T.L))

e

(00130 PGy H) ™ 081013 0 PG, 0,

for all ¢, w, h such that [|¢ — {||me + |w — @] < OGany Ih = Bllma < 725, and where the
constant B is defined by § = (2a1[f,tb,/~z]a3[§,ﬁ), iz]) (2a1[f,11;, 71]&,[6,11}, i’]”(f.u':,ﬁ))' Fur-
thermore, we have 1 — /1T — 28 < 23, and thus

1-v1-28

B

Then we can invoke Kantorovich and Akilov [7, Thm. 6, p. 708] to deduce that the New-
ton iterates of (3.23) converge to a solution of equation II; o P[{,w,kh] = 0 in the ball
{h € Cm(T,Q) : |h—A| < T(’,E} and that (3.24) holds. By Lemma 3.14, the triple ({, w, k)
belongs to .A. Thus, by Therorem 3.1 such solution coincides with k[¢,w], and the proof is

(3.27) 2“1[5, w, 71104[6717’7 il]"(g',m,ﬁ) STER-

complete. O

Then we have the following.

THEOREM 3.28. Let m € N\ {0}, o €]0,1[. Let A be a continuous map of [0,1] to
Ema- Let A(X) = ((r,wy), for all A € [0,1]. Then there exist ¢ € N and 0 = Ag <
M < oor <X =1, with dk — Moy = g8, k= 1,---,q, such that h{(y,,ws,] can be
obtained by (Ca,_, Wre_ys h [Ornys Wait]), as @ limit of the Newton iterates of (3.23), with
(67'&7’}1[5’ w]) = (C)\k_l,w/\k_lvh [C’\k—l7w/\k-l])'

PROOF. It suffices to note that the continuity of &[] on &, inferred by Theorem 3.1,
the continuity of || - {|m,e on C™*(T,C), the .continuity and positivity of {[] on Z, of

{—U";j: Jr —U—(—l;,’(’ )" ds} on A, and of miner|{(t) — w| on Em q, imply that minyep){[(] >
0, mlﬂ,\e[o,l]l[h [Gowa]l > 0, maXye[o,1] allme < +o0, maXye[o,1] 12 [¢xs wa] [fme < 400,

minygpp,1y Minger [(x(2) — wa| > 0,

ind [A[(x, wa]] CA (s)R[Cr, wa]'(s)
{ 2ms h[Cx, wa)*(s) ds} >0

min
2efo,1]
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Then by the definition of a; [(y,wa, h[(r, wa]], with j € {1,...,4}, (see Theorem 3.4 and
Proposition 3.16), and by the definition of o(¢, u, 4,) (see Theorem 3.20), and by Lemma 2.7
(i), we deduce that infiejo,1] (¢y,wphy) > 0, and the proof is complete. a
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