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Abstract
The aim of the present paper is to establish a Bialy—Mironov type rigidity
for centrally symmetric symplectic billiards. For a centrally symmetric C?
strongly-convex domain D with boundary dD, assume that the symplectic bil-
liard map has a (simple) continuous invariant curve 6 C P of rotation number
1 /4 (winding once around 9D) and consisting only of 4-periodic orbits. If one
of the parts between ¢ and each boundary of the phase-space is entirely foli-
ated by continuous invariant closed (not null-homotopic) curves, then 0D is an
ellipse. The differences with Birkhoff billiards are essentially two: it is possible
to assume the existence of the foliation in one of the parts of the phase-space
detected by the curve §, and the result is obtained by tracing back the problem
directly to the totally integrable case.

Keywords: symplectic billiards, rigidity, integrable billiards
Mathematics Subject Classification numbers: 37J35, 37E40, 37J51
1. Introduction

Symplectic billiards were introduced by Albers and Tabachnikov [1] in 2017, as a natural vari-
ation of Birkhoff billiards with the inner area—instead of the length—as generating function.
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Figure 1. The symplectic billiard map.

Let D be a convex planar domain with boundary 0D. Among the convex n-gons inscribed in
D, let P be the one of greatest area. It is well-known (see e.g. [18, page 9]) that such a P has
the (necessarily) property that the tangent line at each vertex is parallel to the diagonal passing
through the neighboring vertices. As a consequence, the dynamical formulation of the sym-
plectic billiard map is the following: three points x,y,z on 0D are three consecutive points of
a symplectic billiard orbit if and only if the tangent at the second point y is parallel to the line
connecting x and z. We refer to figure 1.

As proved in [1, section 2], see also section 2 of the present paper, the symplectic billiard
map turns out to be a twist map, preserving an area form; moreover, it commutes with affine
transformations of the plane.

Crucial questions for any billiard dynamics comprehend integrability, which means the
existence of a regular (i.e. at least C°) foliation of the phase-space consisting of invariant, not
null-homotopic curves. There are different ways to define integrability, including local and/or
perturbative notions. We refer to [13] for an exhaustive discussion in the case of Birkhoff bil-
liards. In particular, a billiard is called fotally—or full globally—integrable if the foliation fill
the whole phase-space. The first celebrated result that totally integrable Birkhoff billiards are
circles was proved by Bialy [6] in 1993. It is based on a generalization of Hopf’s argument,
constructing a (discrete) Jacobi field without conjugated points, and uses the usual planar iso-
perimetric inequality. We refer to [19] for an alternative subsequent proof of this theorem
based on genuine dynamical arguments. Finally, we notice that an additional quicker proof
can also be performed by using different recent coordinates introduced in [10, section 3.1],
see also [7, formula (14)]. In 2023, Bialy [8] establishes—with the same integral-geometric
approach—the corresponding rigidity phenomenon for outer billiards: if an outer billiard is
totally integrable, then the boundary of the billiard table is an ellipse. It is worth noting that,
in such a case, a specific generating function as well as the use of suitable weights—in order
to overcome the non-compactness of the phase-space—play a fundamental role. Finally, the
result is reduced to the Blaschke—Santalo inequality. In the same year, the first two authors of
the present paper proved [4] that the only totally integrable symplectic billiards are ellipses
by using—beyond the well-consolidated integral approach coming from Hopf’s method—the
affine equivariance of the symplectic billiard map in order to take back the problem to the
isoperimetric inequality. We finally refer to [5] for other recent advances on symplectic (and
outer) billiards.

It is consequently quite natural trying to apply the previous successful framework to search
for other rigidity results, by relaxing the totally integrability assumption. In such a direction,
a fundamental contribution is due to Bialy and Mironov [11] in 2022, proving the so-called
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Birkhoff—Poritsky conjecture for centrally symmetric C? strongly-convex (i.e. with positive
curvature) domains D. Their main theorem can be stated as follows. Assume that the Birkhoff
billiard map of OD has a (simple) continuous invariant curve of rotation number 1 /4 (wind-
ing once around the phase-space cylinder) and consisting only of 4-periodic orbits. Moreover,
suppose that the domain between this invariant curve and the boundary of the phase-space
cylinder corresponding to the identity is entirely foliated by continuous invariant closed (not
null-homotopic) curves. Then OD is an ellipse. As clearly explained by the authors, the main
ingredients of the proof are the use of the non-standard generating function for convex Birkhoff
billiards introduced in [10], the accurate study of the properties of the above 4-periodic orbits
and—in order to conclude—the Hopf’s approach combined with Wirtinger’s inequality. We
also recall the contemporary paper [12] by M. Bialy and D. Tsodikovich where billiard tables
with rotational symmetries of order greater than 3 (therefore strengthening the centrally sym-
metric hypothesis) are considered. In this article, the geometric assumptions allow the authors
to weaken the total integrability to a region of the phase-space (in particular, to a neighborhood
of a specific invariant curve formed by periodic points whose rotation number is linked to the
order of symmetry of the billiard table). The results, essentially based on the remarkable struc-
ture of the invariant curves as well as the billiard tables, apply to Birkhoff, outer, symplectic
and Minkowski billiards.

The aim of the present paper is to establish a Bialy-Mironov type rigidity for centrally
symmetric symplectic billiards, as stated in the next theorem. In the sequel, we indicate T :
‘P — P the symplectic billiard map and we refer to the beginning of section 2 for details on
the precise definition of the phase-space P.

Theorem 1.1. Let D be a centrally symmetric C* strongly-convex domain with boundary OD.
Assume that the symplectic billiard map T : P — P of OD has a (simple) continuous invariant
curve 6 C P of rotation number 1/4 (winding once around 0D) and consisting only of 4-
periodic orbits. If one of the parts between § and each boundary of the phase-space P is
entirely foliated by continuous invariant closed (not null-homotopic) curves, then 0D is an
ellipse.

We stress that, differently from Birkhoff case, the symmetric properties of the generating
function for symplectic billiards in centrally symmetric tables allow to assume the existence of
the foliation of invariant curves in one of the parts of the phase-space detected by the curve 4.
Moreover, another difference from the ‘classical case’ is that the proof of the above theorem is
based on some technical lemmas (similar to lemmas of [4, section 4]) which allow us to trace
back the problem to the totally integrable case studied in [4]. On the contrary, the Birkhoff case
needs ad hoc arguments as explained right above. As a consequence, the techniques used to
prove theorem 1.1 do not fit if we consider smaller regions, e.g. by replacing ¢ with an invariant
curve of rotation number 1/2" with n > 3 or if we investigate on other billiard dynamics. We
refer for example to the outer billiard case, which is particular both for the non-compactness
of the phase-space and for the expression of the generating function.

Straightforward consequences of theorem 1.1 are the following corollaries (corresponding
respectively to corollaries 1.3 and 1.2 in [11]).

Corollary 1.2. If the symplectic billiard map T: P — P has a C" first integral with non van-
ishing gradient on one of the closed parts between & and each boundary of the phase-space
P, then OD is an ellipse.

In fact, a C' first integral with non vanishing gradient in a region of the phase-space induces
a foliation by continuous invariant closed (not null-homotopic) curves. Since a boundary of
this region is, by hypothesis, the curve §, theorem 1.1 immediately applies.

3



Nonlinearity 37 (2024) 125025 L Baracco et al

Corollary 1.3. Suppose that one of the next two hypotheses holds.

1. A neighborhood of OD is C'-foliated by convex caustics of rotation numbers (0,1/4];
2. A neighborhood of the center of symmetry of D is C'-foliated by convex caustics of rotation
numbers [1/4,1/2).

Then OD is an ellipse.

The above corollary follows from these facts. By a standard argument, a foliation of dif-
ferentiable convex caustics of given rotation numbers corresponds to a foliation of continuous
invariant closed (not null-homotopic) curves with the same rotation numbers (see e.g. [17,
Pages 44-45]). In order to conclude the existence of the curve 4, consisting only of periodic
orbits, we need the foliation to be C!. In fact, in such a case, the area form preserved by T
induces an absolute continuous invariant measure on each leaf of the foliation. The invariance
of such a measure assures that every invariant curve of rational rotation number is made up
only of periodic orbits (non periodic orbits of rational rotation number should be asymptotic
to periodic ones, [14, propositions 11.1.4. and 11.2.2.]). In particular, hypothesis 1. or 2. of
corollary 1.3 implies the ones of theorem 1.1.

The sequel is organized as follows. In section 2 we present symplectic billiards and their
main properties. In section 3 we discuss the consequences on the geometry of D given by
the existence of the curve ¢ and we recall the integral-geometric inequality to the base of the
proof of theorem 1.1. Section 4 —corresponding to [4, section 4]— is devoted to technical facts
on integrals involving the area form. Finally, section 5 concludes the proof of theorem 1.1.

2. The dynamical system

Let D be a C? strictly-convex planar domain with boundary dD. Fixed the positive counter-
clockwise orientation, let v:S' — 0D be a smooth parametrization of 0D where St:.=
R/27Z. Since D is strictly-convex, for every point ¥(¢) € OD, there exists a unique point
~(¢*) € 0D such that

w(y" 1),y (1)) :=det(v" (1) ,7" (")) =0,

where—in the above formula— +/(¢) and ~'(¢*) denote the tangent vectors at 9D in ~(f) and
~(#*) respectively.

Taking into account the orientation of 0D, we define the (open, positive) phase-space P
and the symplectic billiard dynamics 7T as follows.

Pi={(v(1),7(s)) €0Dx OD: (1) <(s) <v(r)}
and

T:P=P, (v(1),7(R)~ (y(2),7(5))
where (1) is the unique point satisfying

w(y'(22),7(13) = (1)) =0.

Here below we collect some properties of the symplectic billiard map (see [1, section 2.1] for
all details).
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1. T is continuous and can be continuosly extended to P so that

T(y(®),y(®)=(®),y() and T(y(),y()) = (),7().

In particular, the extension T(y(f),~v(*)) = (y(¢*),~(¢)) is characterized by 2-periodicity
(see [1, lemma 2.3]). In the sequel, we denote by

vi={( (0 (0): 1Sy and v = {(v(1),v(r)): 1S}

the two boundaries of the phase-space P.
2. As proved in [1, lemma 2.5], the area form

w:P =R, (t,) = w(y(t),v())

is a generating function for 7.
3. According to [1, lemma 2.7], the symplectic billiard map is a twist map preserving the
2-form

QIZW(’yl(l‘])(y/(l‘z))dll/\dtz, 2.1

thatis 7" = Q.
4. The symplectic billiard map commutes with affine transformations of the plane, since they
preserve the tangent directions.

3. Invariant curve of 4-periodic orbits

From now on, D is a centrally symmetric C? strongly-convex (i.e. with curvature > 0) domain
and we assume the center of symmetry of D to be the origin. In such a case, beyond general
properties 1.—4. recalled in section 2, we also have

5. w(y(ti +7),7(r2) = —w(y(t),7(2) and w(vy(t1),y(2 + 7)) = —w(v(t1),7(12))-

The fact that—in the centrally symmetric case—the generating function changes sign by
adding 7 (half period) to one of the variables is a special property of symplectic billiards. In
fact, in other billiards (e.g. Birkhoff, outer, fourth billiards, see [2] for details), the correspond-
ing generating function depends also on the shape of the boundary between two points.

The next proposition is essentially contained in [1, section 2.4.2.].

Proposition 3.1. Let D be a centrally symmetric billiard table. Assume that the symplectic
billiard map T: P — P of OD has a (simple) continuous invariant curve § C P of rotation
number 1/4 (winding once around OD) and consisting only of 4-periodic orbits. Then each
quadrilateral corresponding to the invariant curve 0 is a parallelogram. In particular, OD is
a Radon curve.

4
i=1"

Proof. Let consider a 4-periodic orbit in d, {~(#;)}
billiard dynamics, we have

w@' ()7 (1)) =0 and w(v'(12),7"(1a)) =0.

As a consequence of the symplectic

By the centrally symmetric hypothesis, it follows

Y(3)=y(t+7) and y(u)=7(2+m).
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This means that the (inscribed) quadrilateral with vertices in {7(#)}¢_, is a parallelogram
whose diagonals intersect in the origin (center of symmetry). Notice that the area of this par-
allelogram is half the action along {v(#;)}?_,, which is constant for the invariant curve §. As
a consequence, every 4-periodic orbit for the symplectic billiard dynamics corresponds to an
inscribed parallelogram having maximal area passing through a given vertex. In particular, 9D
is a Radon curve (according to [15, Beginning of section 3]). ]

The simplest example of Radon curve is the ellipse. However, there are recent construc-
tions of Radon curves based on methods both from Plane Minkowski Geometry [16] and from
Convex Geometry [3]. We observe that the relation between the existence of an invariant curve
of 4-periodic orbits and the Radon property was first explicitly mentioned for outer billiards
in [9]. Moreover, the same paper—see [9, example 4.11]- contains an analytic construction of
an infinite family of Radon curves.

Let ¢ : S' — S! be the function induced by 6 and ® the lift of ¢ to R. Then, as a consequence
of proposition 3.1:

() =t+m, P (N)=d()+n and P*(r)=r1+27. (3.1)
In particular, ® (¢ + 7) = ®(f) = ®(r) + 7. Moreover, let {24 be the region in [0,27]? corres-
ponding to the part of the phase-space between - and the curve §:

Qs :={(t,s): t€[0,2n]and 1 <s < P (1) }.
Similarly,

Qs :={(t,5): t€]0,2n]and @ () <s<t+7}.

From now on, L(t1,5) := w(y(t1),7(t2)) denotes the generating function for ® and L; (for
i,j = 1,2) are the usual partial derivatives:

Li(t,0)=w(®" (1),7(8)), Lo (ti,n) =w(y(t1),7" (12)) and
Lip(ti,) =w (' (1),7' (22)) -

Therefore,
|Li1], |L22|, L1z < K

where K is a constant depending on the C2-norm of .

The core of the next proposition is a nowadays well-consolidated argument by Bialy, based
on the construction of a (discrete) Jacobi field without conjugated points. In the inequality’s
proof, the twist condition as well as the invariance of {2 with respect to T play a crucial role.
We refer to [6, section 3] for a detailed proof, also sketched in [4, section 3].

Proposition 3.2. Let D be a C? strongly-convex billiard table. Suppose that the symplectic bil-
liardmap T : P — P of OD has two (simple) continuous invariant closed (not null-homotopic)
curves ccand 3, oo < 3. Let (2,5 be the region in [0,27]? corresponding to the part of the phase-
space between o and 3, which we assume to be foliated by continuous invariant closed (not
null-homotopic) curves. Then the following inequality holds:

// [Li1 (t1,12) +2L12 (t1,12) + Lz (11, 12)] A2 < 0. (3.2)
Qag

6
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The next section is devoted to study (3.2), in the special case where D is a centrally sym-
metric billiard table and (2,3 is {25 or {15+, that is (by (2.1)):

/ [Li1 (t1,12) +2L12 (t1,12) + Loy (t1,12) | Li2 (21, 12) dtydt, < O (3.3)
Qs
and
/ [L]] (t17t2)+2L|2(t1,t2)+L22 (l],tz)]le (tl,tz) dr;dr, <0. (3.4)
Qs

4. Three technical lemmas

In this section, we prove three properties of integrals (3.3) and (3.4), which will be useful in
the sequel.

Lemma 4.1. For L(t;,t,) = w(~(t1),7(22)) the next equalities hold:
//Q [Li1 (t1,82) +2L12 (t1,82) + Loz (t1,12) | L1z (11, 12) dtydtn
s
= //Q [Ly1 (t1,12) +2L15 (t1,12) + Lo (21, 82)] L12 (81, 12) dfydiy
_//[o_,rz[L”(t"t2)+2L]2(t“t2)+L22 (t1,02)] L1z (t1,12) dtydty.

Proof. From (3.1), we conclude that (i) the graph of ® in [®(0), 7] is precisely the inverse of
the graph of @ in [0, ®(0)], composed with the 7-translation in the (positive) vertical direction;
(if) the graph of ® in [, 2] is the 7-translation in the (positive) vertical direction of the graph
of @ in [0, 7]. Now, as in the proof of [4, lemma 4.1], let

Q5 = {(12,11) €[0,27) : (11,12) € D5}
so that—referring to figure 2— the same colored regions have equal area. Let
F(t1,t2) := [L11 (t1,12) + 2L12 (11, 12) + Loz (t1,12)| L12 (11, 12) .

Since Ly (t1,t2) = —Lap(t2,11) and Ly2(t1,1) = —Lia(2,11), we have that

// l‘],tz dlldlz—// l‘z,l‘] dl‘]dl‘z—// tl,l2 dtldl‘z

As a consequence, and by Property 5. recalled in section 3, we get

2// F(tl,tz) dl]dlzz// [1,l2 dtldt2+// t],tz dl]dlz
Q Qs
= 2/ F(l‘hl‘z) drdry
[0,7]?

and the statement immediately follows. 0

~6
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0 (I)(()) T &(0)+m 27

Figure 2. The same colored regions have equal area.

Lemma 4.2. For L(t1,t;) = w(y(t1),7(t2)) the next equality holds:

// i (L1 (t1,82) + Loa (t1,12)] L12 (11, 12) dtydty = —A (D)/ w("(1),7' (1) dz,
(0,7] 0
where A(D) denotes the area of the billiard table D.

Proof. The proof is similar to the one of [4, lemma 4.2]; however, in order to integrate in

[0, 7]? instead of in [0,27]?, the centrally symmetric hypothesis plays a crucial role.
Integrating by parts, we have

// Ly (t17t2>L12 (t17t2) drdr,
0,7
Z// W (0)y(R)w( (). (1)) dndry
[0,7]

= //[0 ; (M ()2 () =7 ()1 (2) (v (1) 72 (82) =72 (1) 1 (12)) drrdra,

where v and +y, are the components of the curve . The terms

I, A @ ) ande = ]

o Y (t) v (82) ] (1) 7 (12) drydt, = 0

since, by the centrally symmetric hypothesis, v/(0) =

= —v/(r). As a consequence, we get
// 2L11(t1,12)L12(f1,f2)dfldfz
[0,7]

//[0 ] Y (1) 7 (0) % () (82) =% (1) ¥ (1) 7 (2) 71 (12) drrdry

= [Cwtrwar o [ nwnoa=-22 [Tonrnawa

0
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Figure 3. The angle « and the support function p(«).

Since the same argument holds for f f[o 7T]2L22(t1,t2)L12(t1 ,1)dtidt,, we conclude the proof.
O

We now parametrize the boundary by the direction of its tangent line and denote by e, =
(—sina,cosa) the unitary vector forming an angle « € [0,27] with respect to the vertical
direction (0, 1). Notice that for every « there exists a unique point () such that v'(«) =
7/ ()| |eq- Let p: [0,27] — R be the corresponding support function, that is the distance
from the origin of the tangent line to v at (). We refer to figure 3.

It is easy to see that

v(a) =p'(a)ea —p(a)Jeq
where J is the rotation of 5 in the positive verse. Consequently,
7'(@)=(p" (a) +p(a))eqa and v () = (p"" () +p' () ea + (P (@) + p(a)) Jea.

As already stressed in [4, section 4], as a consequence of the strongly-convexity assumption
of OD, it holds that

(P (a) +p () > 0.
Therefore, the twist condition is also satisfied for L(cvy, ) = w(y(a),v(an)):

Lz (o1,02) = (p" (1) +p (1)) (p" (a2) +p (a2)) sin (a2 — o) > 0
onP={(a,a2): 0<ar—a; <7}

From the centrally symmetric assumption, it immediately follows that the functions p, p’
and p'’ are m-periodic. Moreover, with such a parametrization, the result of lemma 4.2 reads:

// [Lll (041,042) + Ly (041,042)}1412 (041,052) dajda, = —A (D) /ﬂ- (p” (a) —|—p(a))2 do.
[0,7]* 0
“.1)
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Lemma 4.3. For L(ay,00) = w(y(ay),y(aa)) the next equality holds:

2 ]| thtonon)dondes = ([ @) +pt0)) )

([ 0@ +pt@reosza) da>2

T 2
— (/ (p" () +p (@)’ sin (2a) da) . 4.2)
0
Proof. Same proof of [4, lemma 4.3]. We first observe that

L3, (an,2) = (p"' (1) +p (1))’ (9" (02) +p(a2))?sin’ (a1 — az).

Since
1
sin® (o — ) = 3 (1 —cos(2aq)cos (2az) — sin (2ay) sin (2az)),
we take the double integral and conclude. O

5. Proof of theorem 1.1

Under the hypotheses of theorem 1.1, and by proposition 3.2, one of the next integral inequal-
ities necessarily holds:

// [Liy (a1,02) 4+ 2L15 (o1, 00) 4+ Los (a1, )| Ly (o1, ) dajda, <0
Q’Y5
or

// [Li1 (a1,a2) + 2L (o, 00) + Lop (a1, 02)| Lia (o1, 2) deyda, < 0.
Qs

From lemma 4.1, equalities (4.1) and (4.2) and the 7-periodicity of p and p’’, the above inequal-
ities read

4// [Lii(on,a2) + 2L (o, 00) + Los (e, )| Lia (v, 02) dados
ng

_4//QSW* [L”(O”’O‘Z)+2L12(O‘1’0‘2)+L22(a17042)]L12(041,a2)da1da2
21 o 2

_ 11 o « 2 a 77 o o 2 o

=240) [ ") +ple)a +</ (") + ))d)

2 2
A (P"(a)+P(a))25in(2a)doe> <O0.

2 2
( 0 <p“<a>+p<a>>2cos<2a>da> (

This is the same inequality of [4, Beginning of section 5]. We sketch the final argument for
reader’s convenience, see [4, section 5] for all details.

10



Nonlinearity 37 (2024) 125025 L Baracco et al

First, by the affine equivariance of the symplectic billiard map, we can apply an affine
transformation ¢, , defined as the composition of the unitary, diagonal, linear transformation

o) = (a5

with a > 0, after the rotation of angle o € [0,27]. Let D, , := ¢, (D) and denote by p, (1))
its corresponding support function. By [4, proposition 5.1], there exists a couple (a,0) € Ry x
[0, Z] such that

27 27
/ Pao () cos (2¢) dyp = / Pa,o (¢)sin(2¢) dyp = 0.
0 0

Secondly, we use the usual arc length as parameter to describe D, , see [4, remark 5.3].
With these specific choices of (i) affine transformation and (ii) parametrization, the above
necessary integral inequality simply reads:

2
27
( / P!y + Paor) da> <A4TA(Dyy) < (1(8Dyy)) <47A (Do),
0

where (0D, ) is the perimeter length of 0D, . By the planar isoperimetric inequality, this
means that the domain D, . is necessarily a circle and—from the very construction of ¢, ,—
that the initial domain D is an ellipse. g
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