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Abstract In this study, expressions for saturated zone storage change fluxes are derived directly from the
governing equation for flow in variably saturated porous media by treating the saturated zone as a subdomain
with a moving boundary and using a combination of Gauss' divergence theorem and the Leibnitz rule (Reynolds
transport theorem). This formulation is general and can be implemented in any Richards equation‐based
numerical solver, making it broadly applicable across hydrologic modeling platforms. The derived expressions
allow for unambiguous tracking of the various contributing factors to saturated storage dynamics and
accommodates both water table‐centric definitions of groundwater recharge and broader conceptualizations that
can include other sources, sinks, and boundaries. The derived equations are then implemented in a three‐
dimensional numerical model for integrated surface–subsurface flow, and their behavior is analyzed in three test
cases representing a wide diversity of flow conditions and scenarios. By developing these storage and flux
expressions directly from the continuous form of the governing flow equation, unlike previous approaches
based on the numerical discretization or a post‐processing analysis from a model simulation, important physical
principles such as mass conservation are ensured, and the methodology is independent of parameterizations that
are not present in the fundamental equation, such as occurs for instance when the capillary fringe rather than the
water table is used as the upper boundary of the saturated zone. This opens new possibilities for accurately
quantifying groundwater recharge and aquifer dynamics in diverse hydrological settings and at broader scales.

Plain Language Summary This study looks at how water moves in and out of and is stored in the
subsurface saturated zone (where the soil pores are completely filled with water). We develop new equations to
track water storage changes in this zone, considering different relevant factors, including groundwater recharge
and other sources and sinks of water. By developing these equations directly from the underlying model
governing the physics of how water moves in different soil conditions, we ensure that key principles, such as
conservation of mass, are respected. Moreover, the approach has broad validity as it does not rely on arbitrary
assumptions, such as designating the capillary fringe as the upper boundary of the saturated zone. Tests with a
3D computer model show that the new approach performs very well under a variety of conditions.

1. Introduction
Groundwater recharge in a broad theoretical sense represents those processes which act to increase the store of
water in an aquifer. When combined in a balance equation with groundwater discharge, that is, those processes
which act to decrease an aquifer's water storage, the dynamics of an aquifer (e.g., whether it is being replenished
or depleted) can be expressed. It should be noted that “recharge” and “discharge” processes in this balance
equation include not only incoming and outgoing fluxes of water, but also any terms that represent the storage
capacity of the formation (e.g., compressibility, dewatering). In practical terms (i.e., for estimation purposes via
field‐based methods or numerical modeling), conceptualizations of groundwater recharge (and discharge) that are
found in the literature vary widely. Groundwater recharge, for instance, is commonly regarded as a process that
occurs at, or across, a water table interface; that is, as an exchange between the vadose and saturated zones
whereby the saturated zone gains storage (in this representation, when an aquifer loses water across the phreatic
surface, groundwater recharge is considered to be nil). Similarly, groundwater discharge is often considered to be
the outflow from an aquifer to a surface‐water body—a convenient abstraction as this type of outflow can be
readily measured and modeled. These simpler or narrower conceptualizations correspond to an idealized balance
equation in which rainfall is the main (even if indirect) source of water to an aquifer, and discharge to a catchment
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outlet or to a river or sea boundary is its main sink. The true picture is of course much more complex. Rainfall–
runoff partitioning, lateral subsurface flow, evapotranspiration, anthropogenic factors (e.g., groundwater
pumping, irrigation), geologic heterogeneities, leakage (to underlying formations), flow across domain bound-
aries other than the land surface (e.g., mountain‐front recharge, deep percolation), and localized sources and sinks
(e.g., bedrock outcrops), to name a few, all conspire to make estimation of groundwater recharge (or, more
generally, aquifer storage dynamics) a challenging endeavor.

The variety and complexity of processes involved in aquifer storage dynamics is not the only challenge. As
alluded to above, there is also a lack of consensus on basic definitions. In two recent model‐based studies of
groundwater recharge estimation, Gong et al. (2023) state that “the fundamental challenge is that the definition of
[groundwater] recharge is anything but clear” and Waldowski et al. (2023) underscore the “potential mis-
conceptions and pitfalls” associated with estimation of this variable and the fact that groundwater recharge “lacks
a universal definition.” Further complicating factors involve the role of compressibility (of the fluid and of the
porous matrix) and its attendant storage coefficients, the differences in formulation and response for confined and
unconfined aquifers, and the frequently‐used assumption of steady state conditions (which automatically elim-
inates storage coefficients from the governing model equations, thus simplifying the analyses). The papers of
Gong et al. (2023) and Waldowski et al. (2023), as well as recent review papers (e.g., Doble & Crosbie, 2017; Xu
& Beekman, 2019), can be referred to for comprehensive surveys of the literature on groundwater recharge
estimation. This present study addresses exclusively model‐based methods.

The use of numerical groundwater models to estimate recharge goes back to the earliest days of computational
hydrology and hydrogeology. In Freeze (1969), one of the first model‐based recharge studies to consider
“transient flow through an integrated saturated–unsaturated” system, the one‐dimensional (1D, vertical) flow
domain assumes an incompressible fluid (and porous matrix), and thus the only storage coefficient present is the
specific soil moisture capacity, which is active (i.e., nonzero) only in the unsaturated zone. The decades since
these early studies have of course brought numerous advances in physics‐based hydrological modeling (Paniconi
& Putti, 2015). 2D and 3D simulations at hillslope, catchment, and river basin scales have become routine, a
generalized parameter that incorporates the dominant storage terms in both the unsaturated and saturated zones
(namely the specific soil moisture capacity and the specific storage coefficient, respectively) is now standard in
the governing equation for variably saturated flow, and the term “integrated” is today associated more with
coupled surface–subsurface hydrological modeling (Kollet et al., 2017; Maxwell et al., 2014) than with a unified
treatment of the saturated and unsaturated zones, since the latter has become quite commonplace. Notwith-
standing these advances, ambiguities and problematic assumptions in dealing with groundwater recharge esti-
mation persist, as documented in the 2023 studies cited earlier. Moreover, the added complexity of current models
introduces new issues, associated for instance with the greater diversity of processes and boundary conditions that
can be represented. At the same time, if it were possible to unambiguously and accurately track groundwater
recharge with integrated surface–subsurface hydrological models, this would greatly enhance the utility of model‐
based methods in the toolkit of techniques that are used to estimate this variable that is so critical to effective water
resources management.

Recognizing the potential of coupled surface–subsurface models for groundwater recharge estimation, several
studies on this topic and using this class of models have been conducted over the past 15 years. Examples include
Frei et al. (2009) and Waldowski et al. (2023) using the ParFlow model (Kollet & Maxwell, 2006), Lemieux
et al. (2008) and Dai et al. (2021) using the HydroGeoSphere model (Therrien et al., 2012), and Gauthier
et al. (2009), Chemingui et al. (2015), and Gatto et al. (2023) using the CATHY model (Camporese et al., 2010).
With the exception of Waldowski et al. (2023), however, none of these studies has critically examined the
ambiguities and other issues associated with the tracking of groundwater recharge and aquifer storage dynamics.
In these works groundwater recharge is either handled as in older modeling studies or its estimation is based on
concepts borrowed from field techniques. Examples of these approaches include estimating recharge from water
table fluctuations and the aquifer specific yield; taking groundwater recharge to be the vertically downward flux
across the water table; inferring recharge from the difference between infiltrated water and vadose zone storage;
and attributing recharge as a source input or assigned boundary condition (using some fraction of rainfall, for
instance, as an estimate).

Waldowski et al. (2023) introduce a definition of groundwater recharge that seeks to address past ambiguities, and
they then present a procedure, centered around their definition, for calculating this variable. The procedure is
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performed as a post‐processing step that uses derived quantities that can be calculated from a model. It consists in
a time‐cumulative water balance calculation on a series of vertical columns (referred to as control volumes) that
are obtained from a subdiscretization of the problem domain. The flux calculations for the water balance are done
across the horizontal cross section at the top of each control volume (the bottom is considered impermeable) and
across the vertical sides, and the accounting for changes in groundwater storage is based on concepts from the
water table fluctuation method (e.g., Crosbie et al., 2005; Sophocleous, 1991), although they avoid introducing a
specific yield coefficient that is associated with this method but that otherwise does not appear as a parameter in
the governing model equation.

In this work, we introduce a mathematically rigorous and conceptually straightforward method for calculating
saturated zone storage changes and groundwater recharge in Richards equation‐based models. The method is
obtained directly from the continuous (i.e., prior to and hence independent of the numerical discretization) form of
the mass‐conservative governing equation for 3D flow in variably saturated porous media. The key to the method
is the derivation, directly at this continuous level, of expressions for the different terms that contribute to storage
changes within the saturated zone, which is treated as a subdomain of the formulated problem that is characterized
by a dynamic boundary (the water table). The method's rigorous basis also makes it versatile and unambiguous.
For instance the method applies equally to cases where the principal domain is just the subsurface or includes also
surface water; it can accommodate any type of boundary condition along segments of the subdomain (saturated
zone) boundary that are not the water table; it allows separate and detailed tracking of the different contributions
to groundwater (saturated domain) storage changes and fluxes, including groundwater recharge whether defined
in relation to just the water table or more broadly; and its strict pressure head‐based delineation of the moving
boundary makes it independent of parameterizations that are not present in the underlying governing equation,
such as for the capillary fringe.

After presenting the theoretical basis for the method and deriving the different storage and flux terms, the scheme
will be demonstrated in three test cases using the CATHY (Catchment Hydrology) model cited earlier. However,
because the method is formulated directly from the continuous form of the governing flow equation, it is
applicable to any Richards equation‐based numerical solver. The test cases include a 1D column configured for
two different soil types and storage properties and with different settings of the bottom boundary condition, a 2D
transect representing a case of managed aquifer recharge (injection of water from within the saturated zone) run
under homogeneous and layered scenarios, and a pair of hillslopes of concave and convex geometry where the
water table dynamics is driven by either rainfall or direct recharge from the bottom of the domain. In several of the
scenarios run for the three test cases, the effects of grid resolution on the proposed method for tracking saturated
storage and recharge dynamics are also investigated.

2. Methods
2.1. Theory

The Richards equation governing flow in variably saturated porous media can be expressed in mass‐conservative
form as (Celia et al., 1990):

SwSs
∂ψ
∂t
+ η

∂Sw
∂t

− ∇ · [KsKr∇(ψ + z)] − q = 0, (1)

where Sw= θ/θs is the water saturation, θ is the volumetric soil moisture content [L
3L− 3], θs is the moisture content

at saturation (generally taken to be equal to the porosity, η) [‐], Ss is the aquifer specific storage coefficient [L
− 1],

ψ is the pressure head [L], t is time [T],∇ is the gradient operator [L− 1] expressed as∇T = (∂/∂x ∂/∂y ∂/∂z)
with x, y, and z the Cartesian spatial coordinates (the vertical coordinate z is directed upward), Ks is the saturated
hydraulic conductivity tensor [LT− 1], Kr(ψ) is the relative hydraulic conductivity function [‐], and q represents
distributed source (positive) or sink (negative) terms [L3L− 3T− 1], which include also fluxes exchanged between
the land surface and the subsurface when Equation 1 is coupled to an equation for surface flow routing.

Equation 1 can be recast in its weak formulation by testing it with functions φ(x,y, z) ∈V, where V is the classical
Hilbert space of functions that are square‐integrable together with their first derivatives in the interior of the
spatial domain Ω and whose boundary trace satisfies the Dirichlet conditions. Applying integration by parts and
omitting for notational convenience the volume and area measures dV and dA, we obtain:
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∫
Ω
(SwSs

∂ψ
∂t
+ η

∂Sw
∂t

)φ +∫
Ω
KsKr∇(ψ + z) · ∇φ − ∫

∂Ω
KsKr∇(ψ + z) · νφ − ∫

Ω
qφ = 0, (2)

where ν is the outward‐pointing unit normal vector to the boundary surface, ΓN ∪ΓD = ∂Ω with ΓN and ΓD the
surfaces where Neumann and Dirichlet boundary conditions are imposed. The function ψ ∈ V that solves
Equation 2 ∀φ ∈ V is the weak solution of Equation 1. Note that the third integral of Equation 2 represents fluxes
exiting or entering the boundary ∂Ω. It is well known that the mass balance must be enforced in any subdomain of
Ω and thus Equation 2 must hold on these subdomains. Once Equation 2 is solved and the functions ψ and Sw are
known for all x, y, z, and t, we can evaluate the different terms contributing to Equation 2 separately. In particular,
for the purpose of studying groundwater recharge processes, we can consider the saturated zone as a subdomain
Ω*(t) ⊂ Ω with boundary surface ∂Ω*(t), defined as the time‐dependent subdomain where the pressure head is
everywhere positive, that is, Ω*(t)= {x ∈ Ω : ψ(x, t)≥ 0}. In this case, the dynamic portion of ∂Ω*(t) is generally
the water table surface. Since Sw and Kr are both equal to one in this subdomain, we can write:

∫
Ω∗(t)

(Ss
∂ψ
∂t
+ η

∂Sw
∂t

)φ = − ∫
Ω∗(t)

Ks∇(ψ + z) · ∇φ +∫
∂Ω∗(t)

Ks∇(ψ + z) · νφ +∫
Ω∗(t)

qφ (3)

The core idea of our approach is that Equation 3 inherently contains all the information needed to keep track of the
storage change in the saturated zone and all attendant fluxes. The first term represents the change in storage within
the saturated zone due to expansion/contraction of the soil matrix and the pore water, plus any water added or
removed from Ω* as the extent of this domain increases or decreases in time (where Ω* is not locally changing in
time—for instance at points within the domain that are far from any moving boundary—Sw remains equal to one
and thus ∂Sw/∂twill be zero). Operationally, computing this integral accurately is challenging, as it contains time‐
derivatives of the unknowns and the support volume Ω* is time‐dependent. There are two ways to address this: a
straightforward approach is to use the spatial residual on the right‐hand side of Equation 3; alternatively, and with
a more revealing physical interpretation, we can invoke Leibnitz's rule (also called the Reynolds transport the-
orem) for dynamic boundaries (Aris, 1989), which, when applied to the left‐hand side of Equation 3, conveniently
decomposed into its two components, yields:

∫
Ω∗(t)

Ss
∂ψ
∂t

φ =
d
dt
∫
Ω∗(t)

Ssψφ − ∫
∂Ω∗(t)

Ssψφ(vb · ν), (4)

∫
Ω∗(t)

η
∂Sw
∂t

φ =
d
dt
∫
Ω∗(t)

ηSwφ − ∫
∂Ω∗(t)

ηSwφ(vb · ν), (5)

where vb [LT− 1] is the velocity of the water table surface. Note that vb is not a water flow velocity, and also that on
fixed boundary segments of ∂Ω*, vb = 0. Equations 4 and 5 can be simplified by taking into account that, in ∂Ω*,
ψ = 0 and Sw = 1, by definition. Recomposing Equations 4 and 5 and rearranging terms, we now get:

d
dt
∫
Ω∗(t)

(Ssψ + ηSw)φ =∫
Ω∗(t)

(Ss
∂ψ
∂t
+ η

∂Sw
∂t

)φ +∫
∂Ω∗(t)

ηφ(vb · ν). (6)

The left‐hand side of Equation 6 represents the rate of change, over a time interval dt, of the total storage in the
saturated zone. A negative value means that the groundwater storage has decreased over dt, while a positive value
corresponds to groundwater replenishment. Therefore, the total saturated storage, S(t) [L3], is given by:

S(t) =∫
Ω∗(t)

(Ssψ + η)φ. (7)

Wewould like to stress that, since Equation 7 is evaluated at a fixed time and we are integrating over the saturated
domain at this point in time, Sw will be equal to one throughout the saturated domain and thus this variable does
not appear in the above expression.
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The time‐derivative of S(t) is the sum of the two terms on the right‐hand side of Equation 6. The first of these
integrals is:

SST(t) =∫
Ω∗(t)

(Ss
∂ψ
∂t
+ η

∂Sw
∂t

)φ, (8)

and is precisely the first term in Equation 3 described earlier, with storage change contributions from the aquifer
specific storage coefficient and from variations in water saturation along the moving water table. We have labeled
this as SST [L3/T], short for Ss‐Sw‐term. The contribution of ∂Sw/∂t to SST is expected to be minimal because it
acts only over a small portion of the domain Ω* (i.e., the changing fraction of its boundary surface) and because,
depending on the soil or sediment properties (for e.g., the presence of a significant capillary fringe), the magnitude
of ∂Sw/∂t can be very small or even zero across a water table. The relative importance of this and other storage
change terms will be assessed in the test cases.

The second integral on the right‐hand side of Equation 6:

MWT(t) =∫
∂Ω∗(t)

ηφ(vb · ν), (9)

represents instead the exchange of water between the saturated and unsaturated zones due to the rate of movement
of the water table (MWT, [L3/T]) and related volume change of the saturated domain over time interval dt. In other
words, S(t) is the sum of two contributions related to changes of the saturated volume: the first term is volumetric
and considers the volume changes occurring below the phreatic surface; the second is a surficial term that takes
into consideration changes in the phreatic surface.

When all boundaries of Ω* except for the water table are impermeable, and there are no sources or sinks of water
inside Ω*, then a positive value of dS(t)/dt corresponds to what is perhaps the most classic notion of a groundwater
recharge rate, that is, the rate at which an aquifer is being replenished from rainfall (or other land surface or
atmospheric water source) percolating through the unsaturated zone and reaching the water table. When, on the
other hand, there are nonzero fluxes across boundaries of Ω* other than the water table, and/or internal sources/
sinks, and/or moving boundaries besides the water table (e.g., a perched aquifer, which would need special
treatment as in this case Ω* may no longer be a connected domain), Equations 6–9 still give a complete picture of
how an aquifer is being replenished or depleted over time, regardless of the working definition of groundwater
recharge that is being used. Moreover, since the solution ψ is known everywhere and at any time, any fluxes at the
boundaries of the domain, including those of Ω*, can be readily calculated, and this information can be used to
attribute the storage changes in Ω* to different regions of the domain. Contributions from more complex
boundary conditions such as seepage faces (e.g., Scudeler et al., 2017) can also be readily tracked. Finally, as
should be clear from the preceding remarks, when there are nonzero fluxes other than those originating above the
water table, there can still be significant saturated zone storage changes, groundwater recharge, and water table
dynamics. The test cases will explore some of these scenarios.

2.2. Implementation

As mentioned previously, the theoretical development presented above is general and can be applied to any
Richards equation‐based model. We describe here some of the details of its implementation in CATHY (Cam-
porese et al., 2010), an integrated surface–subsurface hydrological model based on a finite element solver of the
3D Richards equation and a diffusive wave approximation of the 1D de Saint‐Venant equation for surface water
flow. Further details about the model, the coupling between the surface and subsurface modules, and other
features can be found in Camporese et al. (2010, 2015).

In the Galerkin P1 (linear basis functions) method, one of many possible finite element method (FEM) formu-
lations and the one implemented in CATHY, the test functions introduced in Equation 2 are replaced by piecewise
linear FEM nodal basis functions, which have the characteristic of each being equal to one at its reference node
and zero at all other nodes. Assuming the governing equation coefficients to be constant in each element (tet-
rahedron) of the FEM mesh, Equations 7–9 can thus be evaluated at the kth time step using the trapezoidal rule to
yield:
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S(tk) = ∑

Nel,Ω∗(tk)

e=1

Ve

4
∑
4

i=1
(Ses ψ̂

ltgV(e,i)
k + ηe), (10)

SST(tk) = ∑

Nel,Ω∗(tk)

e=1

Ve

4
∑
4

i=1
(Ses

ψ̂ ltgV(e,i)
k − ψ̂ ltgV(e,i)

k− 1
Δtk

+ ηe
ŝ ltgV(e,i)w,k − ŝ ltgV(e,i)w,k− 1

Δtk
), (11)

MWT(tk) = ∑

Nel,∂Ω∗(tk)

e=1

Ae

3
∑
3

i=1
(η̂e

ξ ltgA(e,i)
k − ξ ltgA(e,i)

k− 1
Δtk

), (12)

where Nel,Ω∗(tk) and Nel, ∂Ω∗(tk) are the number of elements (tetrahedra and triangles, respectively) forming Ω
∗ and

∂Ω∗. The functions ltgV(e, i) and ltgA(e, i) are the “local‐to‐global” node numbering functions for, respectively,
the subsurface tetrahedra and the surface triangles of CATHY's FEM mesh. A mesh tetrahedron is considered to
belong to Ω∗ if the pressure evaluated at its barycenter is positive. Since CATHY builds the 3D tetrahedral mesh
by vertically duplicating the 2D triangulation of the surface topography, once the water table surface ∂Ω∗ has been
identified, the horizontal projections of the triangles forming the linear interpolation of ∂Ω∗ at each time are well
identified and the calculations for MWT can be carried out. The water table surface is identified as follows. Along
each vertical node profile, the water table position ξ ltgA(e,i)

k will be linearly interpolated between the two vertically
adjacent nodes that span a pressure head transition from a positive (in the lower node) to a negative (in the upper
node) value. This choice is within the numerical accuracy attainable by the FEM method employed in CATHY.
Of the other variables appearing in Equations 10–12, Ve and Ae are, respectively, the volume and the area of the

tetrahedron in Ω∗ and of the triangle in ∂Ω∗, ψ̂ ltgV(e,i)
k , and Ŝ ltgV(e,i)

w,k are, respectively, the numerically computed
pressure head and water saturation at time tk and at node ltgV(e, i) calculated from the eth tetrahedron,
Δtk = tk − tk− 1, Ses , and ηe are, respectively, the values of the specific storage and porosity parameters for the eth
tetrahedron, and η̂e is the average porosity obtained from the tetrahedra cut by the eth triangle. Equation 12 has
been derived from Equation 9 through an important assumption: that the water table remains almost horizontal (in
other words, the slope of the water table is sufficiently small) at all times.

2.3. Closing the Balance in the Saturated Zone

Equations 10–12 allow us to compute all the terms of the saturated storage change during a simulation. In
particular, SST represents the first term in Equation 3, and it must therefore balance all the incoming and outgoing
fluxes across the boundary of the saturated zone, as well as any sink and source terms. The former fluxes include
any water flow across the water table, which we will label FWT(t) [L3/T]. FWT can be computed by spatially
integrating the vertical components of Darcy fluxes appropriately transferred to the nodes at or just below the
water table (as described also in relation to Equation 12 above). This procedure has been used in some studies
(e.g., Gatto et al., 2023; Gauthier et al., 2009) as an estimate of groundwater recharge, but it is affected by nu-
merical errors related to inaccuracies and non‐conservative flux calculations in the employed Galerkin FEM.
Moreover, it neglects possibly important contributions from processes represented in Equations 11 and 12, and, as
will be shown in the test cases, it is not relevant when there are complexities such as bottom leakage terms. An
alternative and more accurate calculation of FWT, from the methodology just presented, is to simply subtract the
known fluxes across the boundaries of the saturated zone (together with any sink/source terms, which are also
known) from SST. This is always possible in CATHY, as fluxes from Dirichlet boundaries are back‐calculated in
real time based on the numerical solution, and this includes also fluxes exchanged between the surface and
subsurface when the water table intersects the land surface. For more details on how the exchange fluxes between
surface and subsurface are computed, see Camporese et al. (2010, 2015).

In the test cases to follow we will present, in addition to S, SST, and MWT results, which as mentioned earlier
provide a complete picture of aquifer storage dynamics and a nuanced exposition of groundwater recharge
processes, also results for FWT computed via the two approaches described above. Note that the Darcy flux‐based
calculation also relies on the assumption that the slope of the water table is negligible. Thus the use of the two
methods for obtaining FWT will allow us to also examine, in a preliminary manner, the importance of the
horizontal slope assumption, which may impact also the calculation of MWT as described previously. Positive
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FWT values correspond to a net downward flux into the saturated zone, while negative values represent upward
fluxes out of the saturated zone.

3. Test Cases
We demonstrate the methodology developed in the previous section by applying it in CATHY to three test cases
of increasing complexity: a 1D column for two different soil types and three different treatments of the bottom
boundary; a 2D transect with subsurface injection of water and scenarios that include layered heterogeneity; and a
pair of hillslopes of concave and convex geometry with rainfall or bottom injection of water.

3.1. 1D Column

This test case is adapted from Gong et al. (2023) and consists of a 5 m soil column with a surface area of 1 m2.
Two types of soils are considered, sand and loam, with van Genuchten (1980) hydraulic parameters as reported in
Table 1 (plots of the retention curves for the two soils are provided in Figure S1 in Supporting Information S1). A
constant flux of 0.02 m d− 1 is applied at the top for all the model runs, combined with different drainage rates at
the bottom: 0 m d− 1 (scenario 1, i.e., no drainage), 0.01 m d− 1 (scenario 2, i.e., drainage is lower than infiltration),
and 0.025 m d− 1 (scenario 3, i.e., drainage is higher than infiltration). In all scenarios, initial conditions consist of
a hydrostatic pressure head profile, corresponding to a water table level of 1 m above the bottom for scenario 1 and
2 m above the bottom for scenarios 2 and 3. For scenario 1 we also test the sensitivity of the model to different
vertical grid resolutions: 20, 50, 100, 200, 500, and 1,000 uniform layers. Since the flow dynamics is purely
vertical in these scenarios, a coarse horizontal grid resolution is used, consisting of four square cells of 0.5 m
sides, each cell subdivided into two triangles.

3.2. 2D Transect

This test case consists of a 2D transect of length 6 m and depth 3.5 m (a width of 1 m is added since CATHY is a
3D model) representing a vertical cross‐section of an agricultural plot. We reproduce the presence of two hy-
pothetical subsurface irrigation pipes located on either side of the plot, at the bottom corners, which provide water
at a constant hydraulic head of 3.3 m from the bottom of the domain, represented by Dirichlet boundary con-
ditions. This would correspond, for instance, to subsurface irrigation pipes supplied by an open ditch with water
level at 0.2 m depth from the surface, but it could also be a representative example of managed aquifer recharge
with subsurface injection to avoid evaporation loss. No‐flow boundary conditions are assigned at all the other
boundaries (top, bottom, and lateral, except for the nodes in the location of the subsurface pipes). Initial conditions
are set by imposing a hydrostatic pressure head profile corresponding to a water table depth of 1.5 m from the
surface. The grid resolution, based partly on the sensitivity analysis performed for the 1D test case, is 0.25 m
horizontally and 0.007 m vertically, that is, 500 layers. We consider four simulation scenarios: a homogeneous
unconfined aquifer consisting of the same loam as in the 1D column runs (scenario 1); same as scenario 1 but with
a specific storage coefficient of 0.001 m− 1 instead of 0.01 m− 1 (scenario 2); a homogeneous unconfined aquifer
consisting of the same sand as in the 1D column runs (scenario 3); a heterogeneous subsurface formation with a
1.5 m shallow layer and a 1.0 m confined layer of sand, separated by a 1 m layer of loam (scenario 4).

3.3. Hillslopes

In this test case we simulate fully coupled surface–subsurface processes for the two idealized hillslopes of Liggett
et al. (2014) and Gatto et al. (2021), the first with a concave surface and the second with a convex surface
(Figure 1). The length of the domain is 20 m, the width is 1 m, and the height ranges from 8 m to approximately
10 m. As for the 1D column test case, we investigate the effects of grid resolution on the model results by
considering four different meshes (for the concave hillslope only): a coarse mesh with horizontal resolution of

Table 1
Hydraulic Parameters of the Sand and Loam Used in the 1D Soil Column Simulations

Soil type θs (m
3 m− 3) θr (m

3 m− 3) α (m− 1) n (− ) Ks (m d− 1) Ss (m
− 1)

Sand 0.43 0.045 14.5 2.68 7.13 0.001

Loam 0.43 0.078 3.6 1.56 0.25 0.01
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0.20 m and 40 vertical layers of increasing thickness from surface to bottom; a vertically refined mesh with the
same horizontal resolution but 200 vertical layers; a horizontally refined mesh with surface cell resolution of
0.10 m and 40 vertical layers; and a fine mesh with 0.10 m horizontal resolution and 200 vertical layers (Figure S2
in Supporting Information S1). For all grids, all the layers are parallel to the surface except for the lower boundary
of the bottom layer, which is flat. The soil is homogeneous and isotropic, with hydraulic properties as reported in
Table 2. To generate relatively wet initial conditions, the initial hydraulic head distributions are determined by
running each hillslope model to steady state under a constant precipitation rate of 6.0 × 10− 8 m s− 1 (about
5 mm d− 1). Then, two boundary condition scenarios are applied to both hillslopes. In the first scenario, no‐flow
boundary conditions are imposed at the bottom and sides of the domain, and the land surface is subjected to 4 hr of
rainfall at a rate of 20.8 mm hr− 1 followed by 8 hr with zero atmospheric forcing. In the second scenario, the sides
of the domain are again impermeable, but at the bottom we impose an incoming flux of 20.8 mm hr− 1 for 4 hr
followed by zero flux for 8 hr, and at the land surface zero atmospheric forcing is imposed for the entire 12 hr. In
essence the 4 hr rainfall event of scenario 1 is replaced with an equal injection, or direct recharge, of water from
the bottom of the domain in scenario 2. These 2 scenarios will allow us to explore the importance of the horizontal
water table assumption in the methodology, since scenario 2 complies more closely with this assumption. Note
that 4 hr of rainfall forcing at a rate of 20.8 mm hr− 1 (scenario 1) does not necessarily mean that all of this water
will enter the subsurface domain, as there can be surface runoff and overland flow generation that are handled by
the coupled CATHY model. Likewise, zero atmospheric forcing does not imply zero flux across the land surface,
as CATHY resolves potential fluxes (atmospheric forcing) into actual fluxes across the land surface through its
coupling scheme.

Animations showing the time evolution of the flow systems represented by the 2D transect and hillslope test cases
(one selected scenario for each case) are provided in Supporting Information S1 (Movies S1–S7).

4. Results
4.1. 1D Column

As a first simulation experiment, we wish to demonstrate the accuracy, con-
sistency, and robustness of the different components of the storage dynamics
presented in the methodology. To do so, we selected the sand column and
scenario 1 (no bottom drainage), and we performed a sensitivity analysis with
respect to vertical grid discretization using six uniform grids of 20, 50, 100,
200, 500, and 1,000 layers. Figure 2 shows the response of the model in terms
of the water table level, the FWT derived from the simulated Darcy velocity
field, the SST and MWT components of the rate of saturated zone storage
change (Equations 11 and 12, respectively), the total storage S in the saturated

Figure 1. (a) Concave and (b) convex hillslopes. The color bar indicates initial pressure heads (m), while the dark surface
represents the initial water table position.

Table 2
Model Parameters for the Concave and Convex Hillslopes

Parameter Value

Porosity 0.41

Saturated hydraulic conductivity 1.23 × 10− 5 m s− 1 (44.2 mm hr− 1)

van Genuchten α 7.5 m− 1

van Genuchten n 1.89

Residual water content 0.159

Specific storage 1.0 × 10− 3 m− 1

Manning roughness coefficient 0.05 s m− 1/3
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zone (Equation 10), and the relative percentage error between calculating S from Equation 10 and from the time‐
integral of the sum of SST and MWT, divided by the latter. It is evident that the coarsest mesh (20 layers) leads to
significant numerical oscillations for all the modeled variables, but these oscillations are significantly reduced as
themesh is refined. Thewater table tracking is the least sensitive to grid resolution, followed by the S(t) calculation,
while SST(t), MWT(t), and finally FWT(t) generally require a finer discretization to be accurately resolved. With
the 500‐layer mesh, the peak percentage error on S over the entire simulation is less than 1%. Similar results for all
these components were obtained for the loam soil (see Figure S3 in Supporting Information S1). Based on these
results, all the subsequent runs for this test case were performed using the 500‐layer mesh.

Figure 3 compares model results for sand (left panels) and loam (right panels) in scenario 1 (no bottom drainage).
Even though in this scenario the dynamics is relatively straightforward, with a delayed response of the water table,
corresponding to the arrival of the infiltration front at the phreatic surface, and a subsequent water table rise, some
notable differences between the two soils can be highlighted. In the sand, once the infiltration front has reached
the phreatic surface, the water table increase is linear, with a corresponding near‐constant rate of storage change
(MWT + SST) that is dominated by the near‐constant MWT term. The SST contribution on the other hand, albeit
small, increases steadily. The comparison between normalized water table level (i.e., water table level divided by
the total column height, 5 m) and normalized total saturated zone storage S (i.e., S divided by the column volume
times porosity, 5 × 1 × 0.43 = 2.15 m3) confirms that the contribution of SST for sand is small, as the two curves
coincide. In the loam, the arrival of the infiltration front is slower, due to the lower saturated hydraulic con-
ductivity. However, once the infiltration front has reached the water table, the gain in saturated storage proceeds at
a faster rate than in the sand, likely due to more water stored in the unsaturated zone for the loam, as can be
gleaned from the smoother retention curve and greater capillary fringe height for this soil (see Figure S1 in
Supporting Information S1). Also, both the MWT and SST contributions to saturated zone storage change are
markedly nonlinear, indicating that the interactions between water stored in the unsaturated and saturated zones
can be quite complex when storage coefficients (Ss is one order of magnitude higher for the loam) and capillary
fringes are significant. The normalized S is slightly higher than the normalized water table level from about
35 days into the simulation, highlighting the increased role of SST in the saturated storage dynamics. At the very
end of the loam simulation, the sudden increase in SST+MWT is caused by the full saturation of the soil column,
with S slightly exceeding 2.15 m3 due to the incipient pressurization of the subsurface. For both soils, the flux
across the water table computed indirectly through the water balance in the saturated zone corresponds perfectly
to the one computed directly from the simulated velocity field.

The same model outcomes are shown in Figure 4 for scenario 2, where a drainage rate lower than the infil-
tration rate is applied at the bottom of the soil column. For both soils, a first phase in which the saturated
storage decreases due to bottom leakage until the infiltration front reaches the water table is followed by a
phase of storage increase because the infiltration rate exceeds the drainage rate. As for scenario 1, the infil-
tration front travels faster in the sand than in the loam, but once it reaches the water table the rate of increase of
saturated storage is higher in the loam column. During the first phase, the higher (in magnitude) rate of
saturated zone storage loss and lower water table level for the loam column are likely due to its lower Ks value,
which (a) results in stronger hydraulic head gradients required to satisfy the imposed drainage flux and (b)
slows down the recharging flux from the unsaturated zone above. The decomposition of the storage change rate
into its MWT and SST components shows that the former is predominant in both phases (decreasing and
increasing saturated storage) and for both soils. Notably, while the rate of saturated storage change switches
from negative to positive in passing from the first to the second phase, the flux across the water table remains
always positive, as it is always in the downward direction in correspondence to the direction of the infiltration
and drainage fluxes. Its rate moreover is close to the value of the infiltration rate, especially for the sand. As in
scenario 1, the sand column shows almost linear changes in saturated storage, while the loam is characterized
by a more complex and nonlinear behavior, due to the more significant effects of the unsaturated zone. Also,
the mismatch between normalized S and normalized water table is slightly more evident for the loam, although
the difference between the two curves is even smaller than it was for scenario 1, likely due to the different
dynamics (decreasing phase followed by an increasing phase for S). Finally, as in scenario 1, there is a near‐
perfect match, for both soils, between FWT computed indirectly through the saturated zone water balance and
from the simulated velocity field.

Figure 5 shows the results for scenario 3, where a drainage rate higher than the infiltration rate is applied at the
bottom of the soil column. As a result, the water table (and hence the saturated storage) keeps decreasing
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throughout the simulation, at two different rates that can be seen in particular for the sand column (Figure 5a).
During the first phase, when the infiltration front has not reached the water table, the saturated storage decline is
faster. It subsequently slows down due to the water flux from the unsaturated zone partly replenishing the
saturated storage, albeit at a rate that is not large enough to allow the water table to recover (i.e., rise), as it did in
scenario 2. For the loam column, on the other hand, the higher rate of saturated zone storage loss during the first
phase, due to stronger hydraulic head gradients as mentioned for the previous scenario, causes the water table to
reach the bottom of the domain (and thus S also becomes zero), and there are no further dynamics beyond this

Figure 2. 1D column test case, sand soil, scenario 1 (no bottom drainage), different vertical grid resolutions: (a) water table
level; (b) Darcy velocity‐derived flux across the water table, FWT; (c) SST component of saturated storage change rate;
(d) MWT component of saturated storage change rate; (e) saturated storage, S; (f) relative percentage error between S
(calculated from Equation 10) and the time‐integral of the sum of SST and MWT.
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point (Figure 5b). In the loamy soil case, between 0 and 10 days, MWT (and MWT + SST as a consequence)
displays small oscillations, clearly visible in the close‐up view of the top‐right figure inset. This is likely due to
oscillations in the Picard corrections (the iterative scheme used in CATHY to linearize Richards' equation), whose
maxima are located alternately at two nodes above and below the water table. On the other hand, S exhibits a
staircase behavior, only detectable with a close‐up view (bottom‐right inset in Figure 5b), due to the piecewise
constant quadrature rule used in Equation 10.

As in scenarios 1 and 2, the moving water table term is significantly larger than the specific storage term, but in
this scenario both terms are never positive. Also, consistently with scenarios 1 and 2, the sand soil exhibits a more

Figure 3. 1D column test case, sand (panels on the left) and loam (panels on the right) soil, scenario 1 (no bottom drainage):
(a) and (b) rate of saturated storage change (MWT+ SST) and normalized water table level and saturated storage (S); (c) and
(d) MWT and SST; (e) and (f) flux across the water table (FWT) derived from the saturated zone water balance and from the
simulated velocity field.
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linear behavior than the loam soil, suggesting that the unsaturated zone plays a more important role in the loam,
due to the larger capillary fringe. Again, we obtain an excellent match between FWT computed indirectly through
the saturated zone water balance and from the simulated velocity field, except for the loam column after the water
table has dropped to zero. During this anomalous period, the velocity‐derived approach gives a value of zero
because it cannot detect the water table, whereas the storage‐derived approach gives a value that is equal to the
outgoing drainage flux.

Figure 4. 1D column test case, sand (panels on the left) and loam (panels on the right) soil, scenario 2 (bottom drainage rate
lower than infiltration rate): (a) and (b) rate of saturated storage change (MWT + SST) and normalized water table level and
saturated storage (S); (c) and (d) MWT and SST; (e) and (f) flux across the water table (FWT) derived from the saturated zone
water balance and from the simulated velocity field.
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4.2. 2D Transect

The results for scenarios 1 and 2 of the 2D transect test case are shown in Figure 6. Both scenarios are charac-
terized by the loam soil of the 1D column test case (see Table 1), except that in scenario 2 the specific storage
coefficient is one order of magnitude lower. We observe a nonlinear increase in saturated storage for both sce-
narios, with a very high (and positive) rate of storage change very early in the simulation, followed by a gradually
decreasing rate of change that approaches zero toward the end of the run. The impact of the specific storage
coefficient is to increase the SST component of storage change when Ss is higher, at the expense of a lower MWT

Figure 5. 1D column test case, sand (panels on the left) and loam (panels on the right) soil, scenario 3 (bottom drainage rate
higher than infiltration rate): (a) and (b) rate of saturated storage change (MWT+ SST) and normalized water table level and
saturated storage (S); (c) and (d) MWT and SST; (e) and (f) flux across the water table (FWT) derived from the saturated zone
water balance and from the simulated velocity field. In panel f, the velocity‐derived FWT is automatically set to zero when
the model does not detect any water table within the computational domain.
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component (compare Figures 6c and 6d). The amount of water in the saturated zone and its evolution are however
very similar for the two scenarios (Figures 6a and 6b), owing to the identical boundary and initial conditions, with
the small differences owing to the slightly higher storage capacity in the scenario with the higher Ss. As for the 1D
column test case scenarios, the match between FWT computed indirectly through the saturated zone water
balance and directly from the simulated velocity field is excellent (Figures 6e and 6f). Note that FWT is negative
(i.e., in the upward direction) throughout the simulation (except at very early time, before the water being injected
from the two bottom corners of the domain is able to propagate to the water table). This does not mean however
that the level of the water table is falling. On the contrary, it is continually rising due to the water being injected

Figure 6. 2D transect test case, scenario 1 (same loam soil as the 1D column test case; panels on the left) and scenario 2 (loam
soil but with lower Ss: 0.001 m

− 1 instead of 0.01 m− 1; panels on the right): (a) and (b) rate of saturated storage change
(MWT + SST) and level of saturated storage (S); (c) and (d) MWT and SST; (e) and (f) flux across the water table (FWT)
derived from the saturated zone water balance and from the simulated velocity field.
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from below (see Movie S1). Combined with the continual increase in saturated zone storage already noted, we
have in effect groundwater recharge at all times, even without any direct source of water from the land surface
(e.g., rainfall) that percolates through the unsaturated zone.

The results for scenarios 3 and 4 of the 2D transect test case are shown in Figure 7. Scenario 3 features the sand
soil of the 1D column test case (see Table 1), while scenario 4 presents a case of layered heterogeneity, with a 1 m
thick loam layer between sand layers of 1.5 m thickness (above) and 1 m thickness (below). As with scenarios 1
and 2, the rate of increase in saturated storage is very high for scenario 3, whereas in scenario 4 the lower‐
conductivity loam layer delays the transmission of water from the bottom irrigation pipes to the water table,

Figure 7. 2D transect test case, scenario 3 (same sand soil as the 1D column test case; panels on the left) and scenario 4
(heterogeneous soil with a loam layer between two sand layers; panels on the right): (a) and (b) rate of saturated storage
change (MWT + SST) and level of saturated storage (S); (c) and (d) MWT and SST; (e) and (f) flux across the water table
(FWT) derived from the saturated zone water balance and from the simulated velocity field.
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and consequently also increases the contribution of SST relative to MWT compared to scenario 3 (and also
compared to scenario 1). The SST contribution in scenario 4 is also enhanced by the higher Ss of the confining
loam layer. Compared to the homogeneous loam case (scenario 1), the saturated storage for the homogeneous
sand soil (scenario 3) reaches steady state well before the end of the simulation. The low‐permeability loam layer
in scenario 4 also acts as a regularization layer for the water table, which remains essentially horizontal for the
entire simulation, as compared to the homogeneous scenario (compare Movies S2 and S3). As in scenarios 1 and
2, the flux across the water table calculated via the saturated storage water balance and from the Darcy velocity
field match very well. FWT is again predominantly negative (it reaches zero in scenario 3 when steady state is
attained, and it is positive at very early time in scenario 4 due to gravity drainage before the bottom water source
can propagate across the loam layer). Compared to the loam cases of scenarios 1 and 2, the magnitude of FWT is
also significantly greater for the sand soil of scenario 3, consistent with its faster dynamics.

4.3. Hillslopes

The hillslope test case is characterized by a more complex geometry of the domain (a concave and a convex land
surface) and by interactions between the surface water module and the subsurface compartment. A sensitivity
analysis carried out on the concave hillslope with rainfall‐driven recharge (scenario 1) reveals that outlet
discharge is robust with respect to the discretization grid (Figure 8b) while the other response variables display
significant variability as a function of the grid refinement level. The water table at the hillslope divide (Figure 8a),
for instance, shows marked fluctuations that only disappear if a fine vertical discretization is used and, even then,
the horizontal resolution still affects the results. The saturated storage S is not overly sensitive to the mesh
discretization, as attested by its low relative percentage error with respect to the sum of the SST and MWT in-
tegrals (Figure 8c) in all cases. The flux across the water table computed through the Darcy velocity field
(Figure 8d) and the two components of the saturated storage change rate (Figures 8e and 8f) are more sensitive to
the grid discretization, with fluctuations that diminish, but do not disappear, as the discretization is refined. We
attribute these numerical oscillations to an analogous behavior to the one observed in scenario 3 of the 1D loam
column. Although an even finer discretization would be needed for a more accurate evaluation of (especially) the
moving water table term, all subsequent simulations are carried out with the “fine mesh” described in Section 3.3
(0.10 m horizontal resolution and 200 vertical layers), in order to keep the computational time reasonable.

The results of the rainfall‐driven recharge simulations (scenario 1) are shown in Figure 9, where the responses for
the concave and convex hillslopes are compared. The streamflow hydrographs (Figures 9a and 9b) highlight the
impact of the topography on runoff generation: the concave hillslope produces more surface runoff than the
convex one, due to a larger fraction of saturated area for the same water table level (compare the intersection of the
water table with the hillslope surface in Movies S4 and S5). Correspondingly, the rising limb of the hydrograph
exhibits a superlinear behavior for the concave hillslope, due to its soil surface profile inducing consistently larger
fractions of saturated surface per unit increase of water table, compared to a sublinear rising limb for the convex
hillslope. Figures 9c and 9d reveal that during the rainfall period the saturated storage increases more rapidly for
the concave hillslope, due to the smaller thickness of the unsaturated zone with respect to the convex hillslope.
Following a brief drop when the rain stops, the saturated storage continues to increase for both hillslopes.
However, the maximum saturated storage is achieved after approximately 8 days for the concave hillslope,
whereas it keeps increasing for the convex one. This scenario thus illustrates that, even after rainfall has ceased,
the saturated zone continues to be recharged by water redistribution from the unsaturated zone, and that this
process is of a longer duration for the convex hillslope, due to the larger fraction of unsaturated soil for this
configuration. The slower recharge in convex hillslopes relative to concave ones suggests potentially important
implications for catchment‐scale groundwater dynamics.

As already seen in the previous test cases, the dominant component of the saturated storage change rate is the
moving water table term, for both hillslopes (Figures 9e and 9f). This is evident despite the numerical oscillations
affecting both SST and MWT, as previously discussed. Interestingly, these rainfall‐driven recharge simulations
exhibit a significant mismatch between FWT computed via the saturated zone water balance and from the Darcy
velocity field (Figures 9g and 9h). As can be observed inMovies S4 and S5, and as will be deduced by comparison
with the following scenario (bottom‐driven recharge), this is likely due to the violation of the assumption of a
near‐horizontal water table made in deriving Equation 12.
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Qualitatively, the hydrological response of the concave and convex hillslopes for scenario 2 is similar to its
counterparts in scenario 1, but with some notable differences. First, a slight delay can be observed at the beginning
of the rising limb in the hydrographs (Figures 10a and 10b), due to surface runoff being generated not by rainfall
over saturated areas, but by pure exfiltration, which is driven by the water table dynamics. Compared to scenario
1, the saturated storage level starts to decrease—and SST + MWT falls abruptly to a negative rate (Figures 10c
and 10d)—as soon as water injection from the bottom boundary ceases, as there is now a smaller influence of the

Figure 8. Hillslope test case, concave land surface, rainfall‐driven recharge, different grid resolutions: (a) water table level at
the hillslope divide; (b) streamflow at the outlet; (c) saturated zone water storage S (left axis, solid lines) and relative error
with respect to the sum of the SST and MWT integrals (right axis, dashed lines); (d) flux across the water table computed
from the Darcy velocity field; (e) SST component of the saturated storage change rate; (f) MWT component of the saturated
storage change rate.
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unsaturated zone. This is also reflected in Figures 10e and 10f, where, although MWT is still dominant, the
contribution of SST is of the same order of magnitude, in contrast to scenario 1.

As alluded to in discussing Figure 9, the sensitivity of the MWT and FWT calculations to the assumption of a
horizontal water table is evident in comparing the results of the rainfall‐driven recharge scenario (Figure 9 and
Movies S4 and S5) with those of the bottom‐driven recharge scenario (Figure 10 and Movies S6 and S7), which
was specifically designed to maintain a nearly horizontal water table during the simulation. The numerical

Figure 9. Hillslope test case, rainfall‐driven recharge scenario, concave (panels on the left) and convex (panels on the right)
land surface: (a) and (b) streamflow at the outlet; (c) and (d) rate of saturated storage change (MWT + SST) and level of
saturated storage (S); (e) and (f) MWT and SST; (g) and (h) flux across the water table (FWT) derived from the saturated zone
water balance and from the simulated velocity field.
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oscillations observed in the previous case are now greatly reduced for MWT and essentially eliminated for S and
SST. Moreover, the two methods of calculating the flux across the water table are now perfectly congruent.

5. Discussion and Conclusions
We have introduced a novel procedure for quantifying storage changes and fluxes across both fixed and moving
boundaries (i.e., the water table) of the subsurface saturated zone, based on a rigorous mathematical formulation
and strict adherence to mass balance and conservation principles. By explicitly calculating all the fluxes across the
saturated zone boundaries, not only the water table, the proposed approach goes beyond the concept of

Figure 10. Hillslope test case, bottom‐driven recharge scenario, concave (panels on the left) and convex (panels on the right)
land surface: (a) and (b) streamflow at the outlet; (c) and (d) rate of saturated storage change (MWT + SST) and level of
saturated storage (S); (e) and (f) MWT and SST; (g) and (h) f flux across the water table (FWT) derived from the saturated
zone water balance and from the simulated velocity field.
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groundwater recharge, which is one of many possible contributions to the saturated zone water balance. Because
the procedure is developed directly from the continuous form of the governing Richards equation, its quantifi-
cation of fluxes, including the one across the water table, does not rely on empirical assumptions commonly
adapted from field‐based techniques, such as the water table fluctuation method, for the calculation of ground-
water recharge in a numerical model. Moreover the procedure does not rely on parameterizations, such as occurs
when for instance the capillary fringe is used as the upper boundary of the saturated zone (e.g., Gemitzi
et al., 2017; Gong et al., 2023; Xu & Beekman, 2019) rather than the water table. In such cases, the calculated
values for groundwater recharge will be influenced by the specific functions and parameters chosen to represent
the soil hydraulic characteristics, thereby weakening the procedure's physical basis.

The procedure presented provides a direct calculation of saturated zone storage changes and associated fluxes
with no need for post‐processing analysis, it is applicable across the entire saturated domain without any as-
sumptions regarding boundary conditions, and it is not restricted to horizontal domain boundaries. The procedure
can thus account for fluxes in all directions and across various types of boundaries (Dirichlet or Neumann, fixed or
dynamic). In contrast to approaches that assume predominantly vertical flow in the vadose zone and lateral flow in
the saturated zone, such as 1D, 2D, and quasi‐3D schemes, the method developed here imposes no such re-
strictions. The procedure is moreover applicable to both event‐based scenarios and larger time scales and does not
impose any steady state assumptions (e.g., negligible storage changes in groundwater at an annual scale) that can
be tenuous (for instance for aquifers susceptible to climate change impacts and other stresses). A further
advantage of the proposed procedure is that treating the water table as a dynamic boundary accommodates also
cases where this boundary intersects the land surface. The procedure is thus also applicable to integrated surface–
subsurface models.

The primary limitation identified in this work arises not from the mathematical formulation itself but from its
numerical implementation in CATHY. In fact, it is worth distinguishing the mathematical model presented in
Section 2, which is exact and physically rigorous (mass‐conservative, etc.), from any numerical implementation
of this model. Numerical solutions introduce approximations, and in addition to the usual temporal and spatial
discretization errors that need to be carefully managed in any numerical model, an important additional
approximation in the present study arises from the assumption of negligible water table slope. The error here is
linked to both the moving boundary velocity (vb) and the overall velocity field (ν), which affect the computation
of the moving water table (MWT) term and the flux across the water table (FWT) term, respectively. This
approximation is linked to the grid structure and interpolation strategy of the specific solver, not to the underlying
mathematics, and will be further investigated in future work. A potential avenue for overcoming this limitation is
to use specialized numerical techniques for accurate velocity calculations (e.g., Scudeler et al., 2016) and intrinsic
formulations of the finite element method that can directly consider complex water table geometries (e.g., Bachini
et al., 2021). Another topic for future work is to extend the procedure, applicable as developed here to the
saturated subdomain in its entirety, to estimation of storage changes and fluxes across a specific section of an
aquifer, for instance a vertical cross‐section. Finally, in the test cases presented in this study the water table was
the only moving boundary of the saturated domain. Extending the method to handle multiple moving boundaries,
as can occur for instance in perched aquifers and layered media, is another topic worthy of further study.

A second limitation concerns computational demand: fine vertical discretization is required to achieve percent‐
level accuracy in storage terms. For reference, the most demanding hillslope simulation (approximately 2.4
million elements) required about six hours on a workstation with an Intel® Xeon® w5‐3425 CPU and 128 GB
RAM. Importantly, the overhead from the new storage‐tracking routines was negligible compared to the standard
Richards equation solver, meaning that computational cost is dominated by the solution of the nonlinear partial
differential equation, as in conventional applications.

Beyond the examples shown here, the methodology can be readily implemented in other Richards‐based models
to enhance their recharge and storage analysis capabilities. Application at larger scales, including catchments and
basins, will require careful consideration of mesh resolution and parallel computing strategies, but the negligible
overhead of the method itself makes it well‐suited for such scaling.
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Data Availability Statement
The CATHY model is open source and available at: https://doi.org/10.5281/zenodo.17136531 (Camporese,
2025b). All input and output files are available through the University of Padova research data archive (https://
researchdata.cab.unipd.it/1641/) (Camporese, 2025a).
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