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THE SARD PROBLEM IN STEP 2 AND IN FILIFORM CARNOT
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Abstract. We study the Sard problem for the endpoint map in some well-known classes of Carnot
groups. Our first main result deals with step 2 Carnot groups, where we provide lower bounds (depend-
ing only on the algebra of the group) on the codimension of the abnormal set; it turns out that our bound
is always at least 3, which improves the result proved in Le Donne et al. [Ann. Inst. H. Poincaré Anal.
Non Linéaire 33 (2016) 1639-1666] and settles a question emerged in Ottazzi and Vittone [ESAIM:
COCV 25 (2019) 18]. In our second main result we characterize the abnormal set in filiform groups
and show that it is either a horizontal line, or a 3-dimensional algebraic variety.
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1. INTRODUCTION

One of the main open questions in sub-Riemannian geometry is arguably the Sard problem for the endpoint
map, cf. [2] or Section 10.2 of [14]: in fact, the problem is ubiquitous in sub-Riemannian geometry, as it has
implications on the regularity of geodesics, the regularity of the distance and of its spheres, the heat diffusion,
the analytic-hypoellipticity of sub-Laplacians, etc. The Sard problem asks whether the abnormal set, i.e. the
set of critical values of the endpoint map, is negligible or not; we refer to Section 2 for precise definitions.
Despite such a simple formulation, only very partial results are known [1, 5, 6, 16, 18] even in settings with a
rich structure such as Carnot groups [3, 7, 9-12, 15]. The goal of this note is to provide a contribution in two
meaningful classes of Carnot groups: those with nilpotency step 2, and filiform ones.

The Sard problem in step 2 Carnot groups has already been answered affirmatively in [12]; however, the
question of getting finer estimates on the size of the abnormal set was left open. In fact, in [15] it was conjectured
that the abnormal set Abng in a Carnot group G of step 2 has codimension at least 3. The conjecture is true
in free Carnot groups of step 2, as proved in [12], and in some classes of step 2 Carnot groups [15] including all
groups of topological dimension up to 7. Our first main result, Theorem 1.1 below, is a full, positive answer to
this question: we prove in fact that Abng has codimension at least 3 in every step 2 Carnot group G. Actually,
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our proof also provides, for the codimension of Abng, a lower bound that is purely algebraic, depending only
on the algebraic structure of G, and which could possibly be greater than 3.

Recall that the stratified Lie algebra g = g1 @ g2 of G can always be seen as the quotient of a free stratified
Lie algebra f, of step 2 and rank r := dimg;. In turn, f, can be identified with V & /\2 V', where the vector
space V' is V := g; and /\2 V is the r(r — 1)/2-dimensional space of 2-vectors on V. The second layer go can be
identified with the quotient /\2 V /W by a vector subspace W of /\2 V; eventually, we identify G and g by the
exponential map. With this notation we can state our first main result.

Theorem 1.1. Let G be a Carnot group of step 2 given by

v NV
c-vel,

for some W < /\2 V. Let W2 be the orthogonal to W in /\2 V' with respect to an adequate scalar product and
let k := min { rank(w) | w e W2\ {0} }. Then Abng is contained in an algebraic variety of codimension 2k + 1.
In particular, the abnormal set Abng has codimension at least 3.

We refer to Proposition 3.1 for the definition of adequate scalar product. The bound 2k + 1 on the codimension
of Abng is not always optimal, see Examples 3.6 and 3.7; however, in some cases it provides the exact estimate,
as for instance in the well-known case of Heisenberg groups (see Ex. 3.5) where the abnormal set is the singleton
{0} and the optimal bound is indeed greater than 3.

The idea behind the proof of Theorem 1.1 can be described as follows. There is a natural projection map
7 : F, — G from the free Carnot group F, associated with f,. onto G. Each horizontal curve from the identity in
G can be uniquely lifted to a horizontal curve from the identity in F,.. Abnormal curves in G are projections of
abnormal curves in [F,., but the converse is not always true: in step 2 Carnot groups one is able to characterize
those abnormal curves in F,. that project to abnormal curves in G and this leads to the precise description of
Abng contained in formula (3.3) (see also [15], Prop. 2.5). In Proposition 3.4 we use this description to study
Abng and eventually prove Theorem 1.1.

Our second main result settles the Sard problem in another well-studied class of Carnot groups, the one of
filiform groups, where the question was left open. Filiform groups are Carnot groups whose stratified Lie algebra
g=01D - Dy, satisfies

djm91:2’ dimg2:...:dimgs:1.

In particular, dimG = s + 1. As proved in [17], filiform groups fall into two subclasses: type I filiform groups
and type I filiform groups. While type I filiform groups can be of any step s > 2, type II ones always have
an odd nilpotency step; since type I and type II filiform groups are isomorphic when s = 3 (both coinciding
with the well-known Engel groups), we adopt the convention that s > 5 for type II filiform groups. We refer to
Section 4.1 for precise definitions and we now pass to the statement of our second main result.

Theorem 1.2. Let G be a filiform group of step s = 3.

(i) If G is a type I filiform group, then Abng is a horizontal line.
(i) If G is a type II filiform group, then Abng is an algebraic variety of dimension 3.

Theorem 1.2 follows from Propositions 4.2 and 4.4 together with Remark 4.5; in these results the singular
controls and the associated abnormal curves are also characterized. The statement of Theorem 1.2 does not
include the non-interesting cases s = 1, when G = R? and Abng = ¢J, and s = 2, when G is the first Heisenberg
group.

Theorems 1.1 and 1.2 show that the codimension of the abnormal set is at least 3 both in step 2 and in
filiform Carnot groups; actually, to our best knowledge there is currently no example of a Carnot group (nor
of an equiregular sub-Riemannian manifold) where the abnormal set has codimension less than 3. This might
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lead to formulate the following “strong” Sard conjecture: is it true that, in Carnot groups and/or in equiregular
manifolds, the codimension of the abnormal set is at least 37 Observe that there are counterexamples when the
equiregularity assumption is not in force, the most noticeable being the Martinet structure in R? [13], where the
abnormal set is contained in a plane and has therefore codimension 1. At any rate, the answer to this question
seems for the moment out of reach.

2. PRELIMINARIES
A Carnot group G of rank r and step s is a connected, simply connected and nilpotent Lie group whose Lie
algebra g, here identified with the tangent at the group identity e, admits a stratification of the form:

g=01D- - Dys,

with g;11 = [g,9:] for 1 <i < s—1, [g,9s] = {0} and dim(g;) = r. The exponential map exp: g — G is a
diffeomorphism.
Denoting by L, the left-translation on G by an element g € G, we consider the endpoint map
F:L'Y([0,1],91) — G,
U= '7u(1)7

where we denoted by 7, : [0,1] — G the absolutely continuous curve issuing from e, whose derivative is given
by (dL,))eu(t) for a.e. t € [0,1]. Any such curve -, is called horizontal.

The following Proposition 2.1 was proved in Proposition 11 of [7]. Let us state some notation. We fix a basis
Xi,...,X, of g1, so that we can identify g1 = R" by R" 5 u 5 X,, € g1 where

Xy =X+ +u X,
As customary, for X,Y € g we write adx (Y') := [X, Y], while for p € G we denote by R, : G — G the associated
right-translation R,(¢) = ¢p. Eventually, given ¢ > 0 and an integer j > 1 we introduce the j-dimensional
simplex ¥;(t) of side ¢ by

Sit)i={(r,...,7;))eRI|O< 7 <+ <7y <t}

With this notation one has the following.
Proposition 2.1. Let u e L*([0,1],91) be a control; then

s—1
Im (d,F) = deR,, (1 ( span {Y + 3] J (adX s,y 0 0adXy(ry)) YV d7; ... dn}> : (2.1)
] i=19%i()

Yegi,tel0,1
In particular
deRy, (1y(91) € Im (d, F). (2.2)

Statement (2.2) follows from (2.1) by considering ¢ = 0, see also equation (2.11) of [7]. Proposition 2.1 is
crucial for the study of abnormal curves, that we now introduce.

Definition 2.2. Let G be a Carnot group; we say that u € L'([0,1],g1) is a singular control if the differential
d, F of the endpoint map at u is not surjective. A horizontal curve v, from the identity e is called singular (or
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abnormal) curve if the associated control u is singular. The abnormal set Abng c G is the set of critical values
of F, i.e.,

Abng := {v,(1) |uwe L*([0,1],91) is a singular control}.

In particular, a point g € G belongs to Abng if and only if there exists an abnormal curve joining e and g.

In the setting of Carnot groups of step 2, Proposition 2.1 allows to characterize abnormal curves in a par-
ticularly simple way. Let G be a fixed Carnot group of step 2 with Lie algebra g = g1 @ g and denote by
w1 g1 @ go — g1 the canonical projection onto the first layer. Given an horizontal curve v in G we define

Py, =span{m(y(t)) | te[0,1]} c g

(2.3)
I’Y = gl@[P’yagl]'
Starting from Proposition 2.1 it is not difficult to realize that Im (d, F") = d. R, (1)(I,); in particular,
vabnormal < I,#g < [P,,01]#0g2. (2.4)

For more details see Section 2 of [15].

The characterization (2.4) of abnormal curves, in turn, allows to find an explicit, purely algebraic formula
(see (3.3) below) for the abnormal set Abng: we however postpone its proof in order to fist settle some notation
and preliminary material about step 2 Carnot groups.

3. THE SARD PROBLEM IN STEP 2 CARNOT GROUPS

In this section we consider Carnot groups of step s = 2 and a fixed rank r > 2. Recall that a Carnot group
is free if the only relations imposed on its Lie algebra are those generated by the skew-symmetry and Jacobi’s
identity. Let us denote by F, the free Carnot group of step 2 and rank r and by V' = (f,.)1 the first layer of the
associated Lie algebra f,. Clearly, f, = V @ [V, V] can be identified with V @ A’ V.

The following proposition is standard and we omit its proof.

Proposition 3.1. Given a free Lie algebra §, =V (—D/\2 V' and a scalar product on V', there is a unique way to
extend it to a scalar product on §, such that for every orthonormal basis {e1,...,e.} of V, the basis

{ela-"aer}u{ei/\ej | Z<]}

is orthonormal. We will refer to such a scalar product as an adequate scalar product on f,.

Let now G be a fixed Carnot group of step 2 and rank r; then its Lie algebra g = g1 @ go can be seen as the
quotient of f, through a linear subspace W < /\2 V', so that

2
1%
o=V —and go= 7/\W : (3.1)

Identifying G and g through the exponential map, we have G = 7 (f,) where 7 is the quotient map.
The necessity of using the language of multi-vectors motivates the following subsection, where we fix some
terminology and state some preliminary facts. Most of them are well-known, see however Section I.1 of [8].
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3.1. Some tools from multi-linear algebra

Let V' be a real vector space of dimension r. We will refer to
Gr(k,V)={W <V | dmW =k}

as the rank k Grassmanian of V. It has a structure of real projective algebraic variety, with no singular points.
Let us consider the following open subset of V*:

I, = { (v1,...,0x) € VE | V1, ...,V are linearly independent } ,
then Gr(k, V) also has a structure of smooth manifold such that the map
span: I — Gr(k,V) (v1,...,0%) — span{ vy, ..., v }

is smooth. The topology of such manifold is equivalent to the topology of Gr(k, V') as an algebraic variety (with
the topology given by the inclusion).

Given a basis eq, ..., e, of V, the second exterior power /\2 V of V is generated by {e; A e; | i <j }. The rank

ofwe /\2 V' is the smallest integer k such that one can find vy, ..., vo, for which w = vy Avg + -+ +vop_1 A Vo
in this case we write rank(w) = k and define the support (or span, see also [4], Sect. 5) of w

spt(w) := span{vy, ..., vag}.

As a matter of fact, spt(w) is the smallest subspace W < V such that w € /\2 W, hence it is independent of the
choice of vy, ..., V9.

Once a basis for V is fixed, the space A”V can be canonically identified with the space Skew(r,R) of
skew-symmetric r x r matrices by

A 2 wd) =) Aleine).

1<j

Observe that the rank of A (as a matrix) is twice the rank of w(A) (as a 2-vector). We define

(/\QV)k = {WE/\QV ‘ rank(w) = k }
(/\2V><k = {wE/\QV rank(w) < k }

Ay := { A e Skew(r,R) |
A<k = { A € Skew(r,R) | rank

and we write down the following identifications:

(/\2 V)k S Ag (/\2 V>gk S A<k (3.2)

We observe that Ay is an affine algebraic variety, as we impose every minor of order 2k + 1 to be zero, while
Ay is an affine semi-algebraic variety, as we impose every minor of order 2k + 1 to be zero and the sum of all
squared minors of order 2k to be positive, so that at least one is non-zero.

We will now prove that Ay, endowed with the topology induced by the inclusion in Skew(r, R), has a structure
of smooth manifold of dimension k(2r — 2k — 1). We will also provide a useful system of local coordinates. The
identification Skew(r,R) = R"("~1)/2 is understood.
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Lemma 3.2. Let w =e1 A ey + - -+ eap_1 A e be a 2-vector of rank k; let {eq,...,ear } be completed to a
basis {e1,...,e, } of V and consider the associated identifications (3.2). Then there exists an open cone U < Ay,
containing w and rational functions

Ay af, bi:U—->R,  1<t<k,2t+1<s<r

such that

k T T
w(A) = Z (At(A)th_l + Z af(A)es> A <62t + Z bf(A)es> .

s=2t+4+1 s=2t+4+1

In particular, the function p = (A, af, b )1<t<h2t+1<s<r - U — RF@r=2k-1) 45 gn homeomorphism into its
image and Ay has the structure of k(2r — 2k — 1)-dimensional smooth manifold.

Proof. Let A, be the matrix associated to w with respect to the basis {e1,..., e, }. For A € Ay we consider the
map

wo(A) = Z A”(el A ej) .

i<j
Let us consider U; = { A € A, A1 # 0}, it is an open cone and neighbourhood of w, for A € U; we can write

w(A) = Z Aij(el- AN ej)

i<j

Alj AjZAli - AiQAlj
= <ZZ] Ai26i> AN (62 + Z 14126]‘) + Z A12 (ei AN ej) + Z Aij(ei AN 6j)

jz3 3<i<j 3<i<j

Ay AjoAr; — Ain Ay
=<2Ai26i>/\<62+214i;€j)+ Z (Aij+ 2 1A12 : U)(ei/\@j).

j=3 3<i<j

We define the rational functions

Ay
A1 = Ajo, aj = Ago, b} := A—S, for every s = 3,...,7
12

and let
AjoAy; — Ay Ay
wl(A) = Z Aij + g20°L 27 (61' AN ej).
-y A1z
3<Ki<y
We now notice that spt(wi(A4)) € {es,..., e, }, moreover 3, Aipe; and ez + 3,5 %éej are jointly linear inde-
pendent from {es,...,e, }: therefore, wy(A) is the sum of wy(A4) and a simple (i.e., with rank 1) vector with

support in direct sum with spt(w;(A)), and this implies that rankw;(A4) = rankwy(A) — 1 = k — 1. We now
consider the open cone

Ay A1z — Az A
U2={AEU1‘A34+ 42413 32 147&0}7

Aqo

which is also a neighbourhood of w, and we recall that rational functions are closed under composition.
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Tterating this process k times, we obtain an open cone U := Uy  Aj, containing w and rational functions
Aty a3, bi: U > R, 1<t<k,2t+1<s<r

such that

k k T T
w(A) =Y wi(4) =) ()\t(A)th_l + ) af(A)es) A (m + ) bf(A)es> , AeUl.

s=2t+1

The vector function p := (A, af, b} )1<i<k 2t+1<s<r 18 clearly smooth on U, since its components are rational
functions. The function 5 : R¥27=2k=1) _ A, defined by

k T r
(Ae,af, b )1<t<h, s Z (Ategt_l + Z afes> A <62t + Z bfes) = Z nij(ei A €;)
t=1

2ttlsssr s=2t+1 s=2t+1 i<j

coincides with p~! on p(U), and its coefficients 7;; are evidently polynomial functions in (A;, af,b;). Thus p is
an homeomorphism onto its image and Ay is a topological manifold. Finally, transition maps are compositions
of rational function with a polynomial map, hence smooth. Therefore Ay, is also a smooth manifold. O

Remark 3.3. In the previous construction, A\; and af are homogeneous rational functions of degree one while
b7 are homogeneous rational functions of degree zero.

3.2. Estimate of the abnormal set in Carnot groups of step 2

Hereafter we will always consider a free Lie algebra f. =V & /\2 V of step 2 and rank r > 2 equipped with
an adequate scalar product, as in Proposition 3.1; the symbol | will indicate orthogonality with respect to such
scalar product. Recall that the Lie algebra g = g1 @ go of a Carnot group G of step 2 and rank r can always be
written as in (3.1) for some subspace W < /\2 V, that is fixed from now on. Let us introduce the notation: if
A<V and B< A?V (so that A, B are subspaces of f, t0o), then

A=AtV cv=g
B .= BLA A’V c A’V

Let us identify F,. = f, and G = g by the associated exponential maps and let 7 : F,. = f, — g = G the
quotient map. Given a horizontal curve 7g: [0,1] — G such that vy(0) = 0, there exists a unique horizontal
curve y: [0,1] — F, such that 7y = m o~y and v(0) = 0. The curves 7, and 7 are associated with the same control
u(t); recalling the notation in (2.3), one has w1 () = m1(y), thus P,, = P, and I,, = n(I,). In particular, an
abnormal curve v: [0,1] — F, is the lift of an abnormal curve on G if and only if 7(I,) # g, i.e., if and only if
L+W#V® /\2 V, that in turn is equivalent to

1 1
IrnW=#{0}.

We can compute I = (V @ [P, V)"t = [Py, V]'2 = [Py, P1] = N’ (P*), where we used the fact that the
subspaces [Py, V] and [Pj‘l,Pj-l] are orthogonal and complementary in A?V. Since v P, ®[P,,P,], we
deduce that

Abnsz(U{Qh@[QLl’Qh] ‘ QSV, N Qw2 2 {0}}) (3.3)
<

—U{r (@ oA’ e") | @<V, N@aw* = {0} }.
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This formula for Abng is equivalent to Proposition 2.5 of [15]. If g € Abng, then g € (Qll &) /\2 QJ-l) for some

Q <V such that A>Q n W2 = {0}, therefore there exists w = w(g) € A>Q n W2 % {0}. Thus spt(w) < Q
and Q' < spt(w)'*. We obtained that

Abng=U{ (spt )@ A spt(w 1) ‘wEW“\{O}}
:UU{ (spt )@ A% spt(w 1) ‘weW“\{O}Jank(w):k}.
k

The following estimate is the most important result of the present section.

Proposition 3.4. The set

Epw = U{ (spt )@ A spt(w 1) ‘ we W2\ {0}, rank(w) = k }

s contained in an algebraic variety of codimension 2k + 1.
Proof. We define
Apw ={weW\{0} | rank(w) =k } ,
Al'w = {w e W2\ {0} | rank(w) = k, dim (W AN spt(w)h) =m } )
B(w) = (spt )@ A sph(w ) )
Biw = J{Bw) | we Alw }.

We notice that Ay w and Aj'y, are cones and semi-algebraic subvarieties of Ay. Moreover B(Aw) = B(w) for
AeR\{0} and

-2 -2 1
dim B(w) = (r k:)(r2 Rt )—m for w e Ay

that is constant over w € A}y,. Therefore E};, is contained in an algebraic variety of dimension

(r—2k)(r—2k+1)
2

—m+ R(m,k,W) — 1 (3.5)

where R(m, k, W) is the smallest dimension of a smooth semi-algebraic variety containing AZLW. Indeed, let
wp € AZ’LW; AZ’LW can locally be parametrized by R(m, k, W) < dim .AZ?W parameters around wg. Let us consider
{B(w) | we Ay, }, that is a semi-algebraic variety (since it is image of a semi-algebraic variety through an alge-
braic map) whose dimension is not greater than dim Ai'w — 1 (since each non-empty fibre of { B(w) | we A’y }
contains a one-dimensional set as B(Aw) = B(w)). Fmally we recall that the described local parametrization
of AZ?W also provides an algebraic map AZf — V?F that maps w to a basis of spt(w), thus we can locally
find a basis to B(w) that depends algebraically on w, using this basis we can parametrize B(w) with dim B(w)
parameters. As a result, for every x € £}, there is a local algebraic submersion from a neighbourhood of
RE(mEW) o (possibly a superset of) a neighbourhood of z.

The final step of the proof is to estimate R(m, k, W): setting n := dim W, we will prove that

R(m,k,W) <dimAr, — (n—m)=k(2r—2k—-1)—n+m,
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where we used Lemma 3.2. Let wg € A}y, be fixed, then wg = e Aeg+ -+ +eap—1 A ey, for linearly independent
vectors eq,...,esr € V, non necessariliy orthogonal. Let us consider an orthonormal basis {eax+1,...,e,} of
spt(wp)** so that {ey,...,ean,€an41,...,6r} is a basis for V. Considering this basis, Lemma 3.2 provides the
local (around wy) parametrization of A, = (A” V), (which is a superset of Ai'w) given by

k r
w(&v a, b) = Wo + Z |:§t(62t—1 N €2t + Z (af(eﬂ A es) + bf(e%—l A 65)>:| + Z Qts(ga a, b)(et A 65)
t=1 s=2t+1 t<s

where Q5(&, a,b) are homogeneous polynomial of degree 2 in (£, a,b). In the previous parametrization we used
Lemma 3.2 making the useful substitution \; = 1 +&;, so that wp = w(0,0,0). Let us now consider the basis
v1,...,0, of V defined by

v; € (span {e; | j#i})" {ejvip=1 Vi=1,...,r,

so that
{vs, €5) = 0;5 forevery i,j =1,...,r
v = e for every j =2k +1,...,r
span{vy,...,vo, } =span{ey,..., e }

Let 0',...,0™ be a set of generators for W such that
span { 0" 0"} = W A A% spt(we)t = W A A% span { vags1, ..., ) (3.6)

Let 6% be the coordinates of " with respect to the basis {v; Av; | i <j}, i.e.,
1] J

9h=29$(vi/\vj), h=1,...,n.

i<j
By (3.6)
OZhj=O whenever n —m+ 1< h<n, i <2k andi < j. (3.7)
The orthogonality between w(€, a,b) and W can be expressed by the system
(w(§ a,b),0") = ={w(&a,b),0") =0

which, due to

<’Uz‘ A Vg, €p N €e> = <U¢, €h><vj, €e> - <”Ui, €e><’0j, €h>
= 0;n0j0 — 03¢0;n
= 0;in0je whenever i < j and h < /,

in local coordinates becomes

Pyi(€,a,b) = Zf:l [52'9%1‘—1,21' + Z;=2i+1 (agp%i,j + bgp%i—l,j)] + i< Qi€ a, b)gil,j =0

k n r i on I on n
P, (&, a,b) =20, [€i02i71,2i + X m2it1 (a£92i,j + ngQifl,j)] + i< Qij (& a,0)0; = 0.
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The latter system defines the algebraic variety Ay w that contains A}',,. We can estimate the dimension of

Ag,w (and therefore the dimension of Aj'y;,) computing the rank of dP(0,0,0) were P is the polynomial function

P1(€7a,b)
P&, a,b) = :
Pn(€7 a’ b)

We observe that d (Zi<j Qi€ a, b)@ﬁj) (0,0,0) = 0 since Q;; are homogeneous polynomial of degree 2 in £, a, b.

Now we finally compute

9%,2 9%}6717% (1 )j:2i+1wﬂ’ (%iq,j)j:ziﬂ’wr

26,5/ i=1,...,k i)i=1,....k
dP(0,0,0) = : ;
j=2i41,...,r j=2i+1,...,r
P Y 20 I (05i-1) iy 1
1
(eij)igzk,iq
(9?3')i<2k,i<j
so that by (3.7)
1 1
(aij)i<2k,z‘<j (eij)i<2k,i<j
rank(dP(0,0,0)) = rank ; = rank
n—m
(alnj)1<2k,i<j (9”- )i§2k,i<j
Moreover we know that
1 n—m+1
(eij)i<j (aij )2k+1<¢<j
rank : =n and rank ; =m,
(eznj)iq (9%)2k+1si<j

where we used the fact that {#1,... 6"} is a basis for W and (3.6). Then

(eilj)igzk,z‘q
: *®
n = rank ( Zﬁm)igzk’iq
(a?jim+1)2k+1<i<j ,

0

(9%)2k+1<i<]‘
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hence
1 —m+1
(eij)i<2k,i<j (‘9?3 " )2k+1<i<j
n = rank + rank
n—m
( j )1<2k,1'<j (GZ)2k+1§i<j
and
1 —m41
(eij)i<2k,i<j (eznj " )2k+1<i<j
rank (dP(0,0,0)) = rank : = n —rank =n—m.
n—m
(eij )iSQk,i<j (%)2k+1si<1‘

Thus we proved that at any point wo € A}y, the algebraic variety A"y, is locally contained in a smooth
manifold of dimension

dimAy —(n—m)=k(2r—2k—-1)—n+m.
Recalling (3.5), we can now estimate

(r—2k)(r—2k+1)

dim B, = 5 —m+ R(m, k, W) —1
< (r—2k)(r2—2k+1) —-m+k(2r—2k—1)—-n+m-—1
=w—k(2r+1)+2k2+2kr—2k2—k—1—n
:@_n_(zkﬂ)

=dimG — (2k+1).
Since Ej w is a finite union of sets L}y, we can conclude that also Ej w is contained in an algebraic variety
of codimension 2k + 1. O
We can now prove one of our main results.

Proof of Theorem 1.1. Recalling (3.4), we have Abng = | J,, Ex,w and, by Proposition 3.4, each Ej w has codi-
mension at least 2k + 1 in G. The statement follows by noticing that & = min { rank(w) | w € W2\ {0} } is the
smallest k such that Ej w is non-empty. O

One may ask whether the estimate on the dimension of the abnormal set provided by Theorem 1.1 is optimal.
Heisenberg groups provide a family of Carnot groups where this estimate is optimal.

Example 3.5. The k-th Heisenberg group is the stratified group H* whose Lie algebra stratification g = g, @ g
is given by

g1 =span{ Xy,..., Xp, Y1,..., Y }, g2 =span{T},
and the only non-zero Lie brackets between generators are

[X;,Y;]=T fori=1,... k.
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It can be easily checked that go = /\2 V/W for W := span(X; A Y1 + -+ Xj A Y:)*2, hence W+ is a one
dimensional subspace spanned by a 2-vector of rank k. This implies that k = k, and it is well known (see e.g. [15],
Ex. 2.4) that Abnyr = {0} has codimension 2k + 1.

On the other hand, this is not always the case. The estimate on dim Ej, yr we found in Proposition 3.4 may
be loose due to two possible issues:

e First issue: we may have spt(w;) = spt(ws) for two linearly independent 2-vectors wy,ws € W12\ {0}, as
in Example 3.6 below.
e Second issue: we computed the dimension of the algebraic variety defined by

P1(€7a'ab) == Pn_m(f,a,b) = Oa
while the variety defined by
Pl(gaaab) == Pn(gvavb) =0

may have a lower dimension, despite not being a smooth manifold around wy. Observe that this does not
constitute a problem when A%W is non-empty, while it is the reason behind the following Example 3.7.

We now provide two examples of Carnot groups whose abnormal sets has even codimension: therefore, in
both cases the estimate provided by Theorem 1.1 is not optimal.

Example 3.6. Let G be the 6-dimensional Carnot group of step 2 whose stratified algebra g = g1 @ g2 is such
that

g1 = span { X1, Xo, X3, X4 }, g2 =span {711,712 }
and the only non-vanishing commutation relations between the generators are given by
[X1, Xo] = [X3, X4] =T1, [X1, Xu] = [X2, X3] = T>.

We can see g as the quotient fu/W of the free algebra f4 = V @ A>V (where V := gy ) by the subspace
W < /\2 V defined by

W2 .= span{wi,wy }, where
w1 =X1AXo+ X3 A Xy and wg :=X1 A Xs+ Xo A X3,

The adequate scalar product on f4 we consider is the one such that Xi, X5, X3, Xy is orthonormal. We claim
that W2 does not contain simple 2-vectors. Indeed, the determinant of the skew-symmetric matrix At +sws
associated with the linear combination tw; + sws is

S

0

det(Atwl-‘rSUJz) = 0 —5 0 t = (t2 + 52)2a
0

which is not null as long as t and s are not both zero. It follows that every non trivial linear combination w of
wy and we has rank 2 and, in particular, spt w = V. Recalling (3.4)

Abng = U { 7r (spt(cu)J‘1 dN° spt(w)“) ‘ we WL\ {0}, rank(w) = 2 } ={0},
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hence Abng = {0} has codimension 6.

In the previous example, the codimension is less than 5 (as estimated by Thm. 1.1) because of the first issue,
as w; and wy are two linearly independent 2-vectors in W2 with the same support. In order to construct an
example where the codimension is 4, we will instead build on the second issue. Namely, we will provide an
example where Ay y # &, but A?’W = ¢, taking advantage of the geometry of simple 2-vectors.

Example 3.7. Let G be the 6-dimensional Carnot group of step 2 whose stratified algebra g = g1 ® g» is such
that

g1 = span { X1, Xy, X3, X4 }, g2 = span {11, T }
and the only non-vanishing commutation relations between the generators are given by
[X1, X32] =T1, [X1, Xy] = [Xo, X3] = T5.

We can see g as the quotient f4/W of the free algebra f4 = V & /\2 V (where V := g; ) by the subspace
W < A’V defined by

W2 := span{wi,ws }, where
w1 = X1 /\X2 and Wy = X1 /\X4+X2 /\X3.

The adequate scalar product on f4; we consider is the one such that X;, X5, X3, Xy is orthonormal. The
determinant of the skew-symmetric matrix Ay, 450, associated with the linear combination tw; + swy is

o
~

det(Atw1 +sw2) = 0

which is zero if and only if s = 0; in particular, a linear combination w = tw; + sws = tw; ha rank 1 if and only
if it is a (non-zero) multiple of X7 A X5. Recalling (3.4)

Abng =7 (Spt(Xl A X)) @ A% spt(Xy A Xg)ll)

U U{TF (spt(w)J‘1 dN° spt(w)l‘l) ‘ we W\ {0}, rank(w) = 2 }
=span{ X3, X4} ®{0} u {0},

where we used the fact that A”span{ X3, X4 } € W. Eventually, Abng = span { X3, X4 } has codimension 4.

4. THE SARD PROBLEM IN FILIFORM GROUPS

4.1. Filiform groups
A filiform group is a Carnot group associated with a stratified Lie algebra g = g1 @ - - - @ gs such that

dimg; =2 and dimge = -+ =dimg, = 1.
We fix a basis X, ..., X541 of g such that

g1 = span{Xl,Xg} and g; = span{Xj_H} V] = 2, oy S
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There are two non-isomorphic classes of filiform groups only (see [17]), which we list according to their non-trivial
bracket relations:

e Type I filiform groups, where the only non-trivial relations are given by

X3 = [X1, X2],
Xy = [X1, X3] = [Xy, [ X1, X2]],

X1 = [X1, X] = [X0, [ [X1, Xo] 1)

(s — 1)-times
e Type II filiform groups, where s is odd and the only non-trivial relations are given by

X3 = [X1, Xo],
X4 = [X15X3] = [X17[X17X2]]7

X =[X1, Xs1] = [X1, [ .-, [ X1, X2] .- ],
—
(s — 2)-times

Xsi1 = (—1)i[XZ-,XS+2,Z-], for every i = 2,...,s.

Remark 4.1. We observe that the filiform groups of type I and II with nilpotency step s = 3 are isomorphic
(Engel group); we can therefore adopt the convention that the step of a type-II filiform is an odd integer s > 5.

We will denote by X{,...,X¥ | the basis of g* dual to Xi,...,X,; accordingly, each A € g* is written in
these coordinates as A = A X{ + -+ + A\g;1 XF | for suitable Ay, ..., Asp1.

4.2. Type 1 filiform groups

Let us characterize singular curves in type I filiform groups of step s > 3. For the well-known case s = 2 (i.e
the first Heisenberg group) see Remark 4.3.

°)

Proposition 4.2. Let G be a type [ filiform group of step s = 3 with generators X1, ..., X511, as in Section 4.1.
Then singular controls u € L*([0,1],g1) are exactly those for which u; = 0 a.e. on [0,1]. In particular, abnormal
curves are the absolutely continuous curves contained in the line t — exp(tX2) and Abng = {exp(tX2) |t € R}
has codimension s.

Proof. Let u € L*([0,1],g1) be a singular control. Using (2.1) with ¥ = X5 and taking the bracket relations
into account, Proposition 2.1 implies that the subspace

¢
span { X, + J’ uy(m)dm X3 + ff w1 (m2)ur(m)dredr Xy
t€[0,1] 0 A

f f 1(To—1) - cur(m)dTs—1 . AT Xsga
<

0T 1< <711 <t
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is contained in (deR., (1)) '(Imd,F). Since u is singular, there exists A € g* such that A\ # 0 and X L
(deRy, (1)) '(Imd, F). By (2.2) we have

A=Ay = 0. (4.2)

Since A is orthogonal to all the elements in (4.1) we deduce that for every ¢ € [0, 1]

A}N(t) :=Xs ful(n)dn + M\ H wy (72)uy (11 )dTodTy

0 0o <t (43)
+"'+)\s+1 J‘f Ul(Tsfl)...ul(Tl)defl...dT1 = 0.
0T 1< <11 <t
Fori=2,...,5s—1 we introduce 4; : [0,1] — R by
¢
A;\(t) = )\i+1+)\i+gj ul(Ti)dTi-‘r"'-i-)\erl JJ ul(TS,l)...ul(Ti)de,l...dTi,
0 0T 1S <t
Ai\(t) = )\5+1
so that foreachi=1,...,s — 1
i Ay A
T ARNt) = ur(t) Az, (1) for a.e. t € [0, 1]. (4.4)

Assume that Cy := {t € [0,1] | u1(t) # 0} is such that £*(Cp) > 0; then
Cy := {t € Cy | t is a Lebesgue point of u;}

satisfies Z1(C1) > 0. Observe that C; does not contain any isolated point. Differentiating (4.3) and using (4.4)
we find uy(t)A3(¢) = 0 for a.e. t € [0, 1], therefore

Ay(t) =0 for a.e. t € Cy.
We claim that also

A(t) =0 for a.e. t € Cy.
In fact, by (4.4) one has that at every differentiability point ¢ € Cy of A2

At +h) = h-uy(t)A3(t) + o(h) # 0
for all h sufficiently small, implying that ¢ + h ¢ C; for all sufficiently small values of h, i.e. that t is isolated in
(1. This would be a contradiction.
Inductively, suppose that we have proved that A}(t) is zero for a.e. t € C; and let us then show that

A} (t) = 0 for a.e. t € Cy. If, by contradiction, this were not true, then at differentiability points of A} we

would have

AMt+h) =h- ul(t)A?H(t) +o(h)#0
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FIGURE 1. Example of an abnormal curve in type II filiform groups.

for all h sufficiently small, implying that ¢ + h ¢ C for all such values of h, contradicting the fact that Cy does
not contain any isolated point.

We have thus proved the following: almost every ¢t € C; is a common zero for the functions Aq,..., As. But
this readily implies that A¢11 = --- = A3 = 0, which is impossible since the covector A has to be nonzero.

We conclude that a singular control u satisfies u1(t) = 0 a.e. on [0, 1]. Conversely, every control u such that
w1 = 0 is indeed singular: in fact, in this case Proposition 2.1 gives

Im (d, F) = deR,,(1)(g1 @ g2)

unless up = 0 on [0, 1] as well, in which case Im (d, F') = d.R.,, (1)(g1). In both cases, we deduce that u is singular
because s > 3, and this concludes the proof. O

Remark 4.3. When s = 2 the filiform group G is the 3-dimensional Heisenberg group H'. In this setting one
can follow the previous proof to find that the only singular control is the null one. In particular, Abny: = {e}.

4.3. Type 11 filiform groups

We now study singular curve in type II filiform groups; recall that the nilpotency step of such groups is an
odd integer not smaller than 5, see Remark 4.1.

Proposition 4.4. If G is a type II filiform group of step s =5, then u € L*([0,1],¢1) is a singular control if
and only if there exists a € R such that both the following statements

(i) either uy(t) =0 or us(t) =0
(i) if ui(t) # 0, then Sé uz(t)dr =a

hold for a.e. t € [0, 1].

Before proving Proposition 4.4, let us discuss its implications about the geometry of abnormal curves in type
1T filiform groups.

Remark 4.5. Let us briefly discuss the geometry of the abnormal curves associated with the singular controls
described in Proposition 4.4. Let w € L1([0,1],g1) be a control as in Proposition 4.4 and let X : [0,1] — g1 be
a primitive of w. Condition (i) implies that X is a concatenation of segments parallel to the coordinate axis in
g1 = R?, while condition (ii) requires that the segments that are parallel to the first axis are all contained in
the line X5 = a. See Figure 1. The abnormal curve 7, is uniquely determined by X (t).

It is a standard task to deduce that

Abng = {exp(aXs) exp(bX1) exp(cX2) | a,b,c € R}
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and, in particular, Abng is an algebraic variety of dimension 3. In particular, Abng has codimension s — 2 > 3.

We now prove Proposition 4.4.

Proof of Proposition 4.4. Step 1. Let u € L'([0,1],g1) be a singular control. Using (2.1) with Y = X5 and taking
the bracket relations into account, Proposition 2.1 implies that the subspace

¢
span { X» +J wy(m)dm X3+ Jf w1 (m2)ur (11)drodr Xy

t€[0,1] 0
OsmasTI<t

(4.5)
. ff s (Te1 Jur (To—s) - o ua (11)dTg1 . . d71 Xssn

0<7s 1< st

is contained in (deR., (1)) '(Imd,F). Since u is singular, there exists A € g* such that A\ # 0 and X L
(deRy, (1)) '(Imd, F). By (2.2) we have

A=Ay = 0. (4.6)

Since A is orthogonal to all the elements in (4.5) we deduce that for every ¢ € [0, 1]

t
Ai\(t) Z;)\gj ul(Tl)dT1 + A4 J’J ul(Tg)ul(Tl)dTQdTl
0
0ot (47)
+"'+)\s+1 ff UQ(T5_1)U1(TS_2)...ul(Tl)de_l...dT1 = 0.

0T 1<-ST1 <t

For i =2,...,s — 2 we introduce A2 : [0,1] — R by

t

AME) == i1 + Ai+QJ

ul(Ti)dTi+"'+/\s+1 J’J‘ UQ(TS_l)...U,l(Ti)dTS_l...dTi,
0

t | (4.8)

A2 (1) = A+ Aeqr J’ uz(T)dT
0

Ai\(t) = )\S+la

so that foreachi=1,...,s —1

d up () AN (1), i=1,...,5—2,
—ANt) = v for a.e. t € [0,1]. 4.9
& ® {uxt)Aé(t):uz(t)m, =51 orae e (0 1] 49)

We first prove statement (i), i.e., that ujus = 0 a.e. on [0,1]. Assume by contradiction that Cjy :=
{t € [0,1] | u1(t)uz(t) # 0} is such that £1(Cp) > 0; then also

Cy :={t € Cy | t is a Lebesgue point of u}
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satisfies .Z1(Cy) > 0. Again, C; does not contain any isolated point and, arguing as in the proof of
Proposition 4.2, we deduce that A3} (t) = --- = AX(t) = 0 for almost every ¢ € Cy. This gives

)\s+1:)\s:"':)\3:o7

contradicting the fact that A is non-zero.

Next, we prove that, if Ag41 = 0, then necessarily u; = 0 a.e. on [0,1], so that also statement (ii) holds.
Assume on the contrary that the set Do := {t € [0,1] | u1(¢) # 0} has positive measure; then also the set
D, c Dy of Lebesgue points of u has positive measure and (using in a crucial way the assumption A;11 = 0)
one can reason as before to deduce that A = 0, contradiction.

Eventually, we consider the case A\s11 # 0; we can also assume that the sets Dy and D; introduced in the
previous paragraph have positive measure, otherwise we have again u; = 0 a.e. on [0, 1]. Differentiating (4.7)
and using (4.9) we deduce that there exists Dy © D; such that £1(D;\D2) = £1(Dg\D2) = 0 and

AYt) = Ay(t) =+ = A (t)=0  Vte D, (4.10)

Therefore
t

0 =A?_1(t) =As +>\s+1f ug(T)dT Vite Do,
0

and we get that necessarily

Since £ (Do\D2) = 0, statement (ii) is proved for a.e. t.
Step 2. Conversely, let a € R and a control u € L*([0,1],g1) be fixed so that statements (i) and (ii) hold for
a.e. t € [0,1]. Let A € g* be defined by

M==Aa =0, A=—a, izl (4.11)

we consider the functions A3,..., A2 : [0,1] — R defined by % in (4.7) and by (4.8), and we introduce B} :
[0,1] — R defined by

BMt) :=) ff w1 (Ts—2) ... ur(mo)ug (11 )d7s_o ... dmy

0<Ts2< STt

+)\3+1 J‘J‘ Ul(Ts_l)...Ul(Tg)UQ(Tl)dTS_l...dTl.

Let Y = 21X; +22X5 € g1 and t € [0,1] be fixed. Taking also (4.11) into account, we see that that pairing of
A with the vector

s—1
Y-I-ZJ, (aqu(Tj)O---oaqu(Tl))Yde...dﬁ
j=17%5(t)
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is equal to z1 A7 (t) + 2 B7(t). We claim that
A} =B} =0 on[0,1]; (4.12)
thanks to Proposition 2.1, this implies that A is orthogonal to (deRvu(l))_l(Im d, F'), which is therefore a proper
subspace of g ensuring that u is a singular control.

Let us prove (4.12). We observe that (4.9) still hold, while (4.11) together with statement (ii) implies that
for a.e. t € [0, 1]

¢
either ui(t) =0 or A (t) = —a+ ,[ ug(7)dr = 0.
0

By (4.9) this gives £ A% , =0, hence A} , is constant and A} , = A2 ,(0) = A,_; = 0. This argument can

be repeated to prove that A} ,,..., A} are constant, and actually identically zero due to (4.11). Eventually,
we observe that B{(0) = 0 and 4B = usA3 = 0 a.e. on [0,1], so also B} is identically zero in [0,1]. Our
claim (4.12) is proved and the proof is concluded. O

Remark 4.6. It is worth noticing that, as soon as the singular control w is not such that u; = 0 a.e. on [0, 1],
then the covector A associated with u (as in Step 1 of the proof of Prop. 4.4) satisfies

AM=Xd=--=X_1=0.

Indeed the set Do introduced in the proof of Proposition 4.4 has positive measure and (4.10) holds; we can
fix a sequence of points (tx)reny © D2 converging to g := inf Dy. Since the functions A;\ are continuous, the
equalities (4.10) hold for t = ty as well and, using the fact that u; =0 a.e. in [0,¢y) we obtain

0=A ,(to) = As_1.
Inductively, this argument can be used to show that
Mecr ==X =0,

which is enough to conclude thanks to (4.6).
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