BOUNDEDNESS PROPERTIES OF THE MAXIMAL OPERATOR
IN A NONSYMMETRIC INVERSE GAUSSIAN SETTING

TOMMASO BRUNO, VALENTINA CASARINO, PAOLO CIATTI, AND PETER SJOGREN

ABSTRACT. We introduce a generalized inverse Gaussian setting and consider the maximal
operator associated with the natural analogue of a nonsymmetric Ornstein—Uhlenbeck semi-
group. We prove that it is bounded on LP when p € (1, 00] and that it is of weak type (1,1),
with respect to the relevant measure. For small values of the time parameter ¢, the proof
hinges on the “forbidden zones” method previously introduced in the Gaussian context. But
for large times the proof requires new tools.

1. INTRODUCTION

Alongside with the Gaussian framework, the Euclidean setting endowed with the abso-
lutely continuous measure whose density is the reciprocal of a Gaussian has acquired inde-
pendent interest in the last decade. It is nowadays known as the inverse Gaussian setting. Its
introduction in the realm of harmonic analysis dates back to F. Salogni [24], who introduced
the operator

A= % A+ <33', V>
as an (essentially) self-adjoint operator in L?*(R™,dy_,). Here dvy_; stands for the inverse
Gaussian measure
dy_1(z) = 72 e 4.

In her PhD thesis [24], Salogni proved the weak type (1, 1) of the maximal operator associated
to the semigroup generated by A. A few years later, T. Bruno and P. Sjogren [6}(7] (see
also [b]) studied Riesz transforms and Hardy spaces for A. Several other contributions to
harmonic analysis in this context appeared more recently, see [1-4}20].

While this development of the inverse Gaussian setting was going on, V. Casarino, P. Ciatti
and P. Sjogren started investigating several classical problems related to the semigroup
generated by the generalized Ornstein—Uhlenbeck operator

L = 1tr(QV?) + (B, V) (1.1)

2000 Mathematics Subject Classification. 42B25, 47D03.

Key words and phrases. maximal operator, nondoubling measure, inverse Gaussian measure, Ornstein—
Uhlenbeck semigroup, weak type (1,1).

The first three authors are members of the Gruppo Nazionale per I’Analisi Matematica, la Probabilita e
le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica (INdAAM) and were partially
supported by the INDAAM-GNAMPA Project “LP estimates for singular integrals in nondoubling settings”
(CUP E53C23001670001). This research was carried out while the fourth author was a visiting scientist at
the University of Padova, Italy, and he is grateful for its hospitality.

1



2 T. BRUNO, V. CASARINO, P. CIATTI, AND P. SJOGREN

in the Gaussian setting. Here V indicates the gradient, V? the Hessian, and @ and B are
two real n x nm matrices called covariance and drift, respectively, satisfying

(H1) @ is symmetric and positive definite;
(H2) all the eigenvalues of B have negative real parts.

We refer the reader to [8-13,|15] and the brief overview [14]. The semigroup generated by
L2 has the Gaussian probability measure

dyso(x) = (27) 7% (det Qoo)’% exp (—3(Qx x, z)) dx (1.2)
as invariant measure. Here (), is a certain symmetric and positive definite matrix whose
precise definition in terms of @ and B will be given in Section [2]

In some particular cases, for instance when ) and —B coincide with the identity matrix
I,,, the operator £L%F is essentially self-adjoint in L?(d7s), but in general it is not even
symmetric. Thus many classical problems, like the boundedness of singular integral operators
associated with £97, give rise to interesting and nontrivial questions. New techniques and
new ideas are required, strong enough to overcome the lack of symmetry.

In this article, we combine the two approaches by considering a generalized version of the
inverse Gaussian setting studied in [6}(7,24] via some of the techniques developed in [8H13}[15]
and others which are new. This may be seen as the starting-point of a program whose goal
is to develop an analogous theory in a nonsymmetric inverse Gaussian setting.

We shall replace the density of dv. by its reciprocal, i.e., R" will be equipped with the
inverse Gaussian measure

dY—oo() = (27) (det Quo)? exp (3(Ql, 2)) dar.
Like dv.., this measure is obviously locally doubling but not globally doubling, but in contrast
to the probability measure dv., it has superexponential growth at infinity.
In this setting, the role which was played by the Ornstein—Uhlenbeck operator in (R™, dvys)
is now played by the so-called inverse Ornstein—Uhlenbeck operator

AP =1 4(QV?) — (Bz, V).

Here B and @ are exactly the covariance and drift matrices inherited from the Ornstein—

Uhlenbeck setting and satisfying (H1) and (H2). Notice that dy_; and A, considered in [1-4,

6,(7,120,124], are a special case of dy_,, and A9®, corresponding to the choice Q = —B = I,,.
The semigroup generated by A9? is

Q,B
HUO = A% )

(here “UO” has the scope of emphasizing the contrast with respect to “OU” which will
be used for Ornstein—Uhlenbeck). While in the Gaussian context d7y.,, is invariant under
the action of the Ornstein—Uhlenbeck semigroup, and therefore chosen as the substitute for
Lebesgue measure, dy_o, is not invariant under the action of (HY?). In fact, there are no
invariant measures for (HY9); see, e.g., [21] or [19]. Nonetheless, dvy_., appears to be the
natural measure for (HY?), because whenever Q B* = BQ the operators H/© are symmetric
in L?(R", dvy_) (see Remark . As we shall see in Proposition 7 each operator of this
semigroup is an integral operator, with a kernel KV with respect to d7y_.
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In this paper we study the boundedness of the maximal operator associated to the semi-
group (HY9);~o, proving that it is of weak type (1,1) and of strong type (p,p) for all
1 < p < 00, with respect to dy_o. This extends a similar result in [24], proved under the
assumption () = —B = [,,. Let us note that our results appear to be the first of their kind
for nonsymmetric operators on manifolds with superexponential volume growth.

As is standard by now, the proof distinguishes between the local and global parts of the
kernel K9 of HUC. Here local and global mean that |z —u| < 1/(1 + |z|) and |z — u| >
1/(1+ |z|), respectively, x, u being the two arguments of the kernel. Beyond this distinction
that dates back to [17}23,25], the techniques in [24] rely on the spectral resolution of the
self-adjoint operator A = A’ ~I» and seem no longer applicable in a nonsymmetric context.
Fortunately, large parts of the machinery developed in [8H13}/15] to study Gaussian harmonic
analysis in a nonsymmetric setting can be transferred to the inverse setting, and are useful
to treat the local part of the maximal function and its global part for ¢ € (0,1]. The global
part for ¢ > 1 is more delicate and requires new tools.

Structure of the paper. In Section [2| we recall some basic facts concerning the Ornstein—
Uhlenbeck setting. We also compute an explicit expression for the inverse Mehler kernel
KU9 and discuss its relationship with the Gaussian Mehler kernel. In Section [3|the maximal
operator associated to (HVY9);s0 is introduced, and the main theorem concerning its weak
type (1,1) and strong type (p,p) is stated. We also give a theorem saying that for the
global part and ¢ > 1 the weak type (1,1) estimate can be enhanced by a logarithmic
factor. Section {4| contains some simplifications and reductions that prepare for the proof of
the theorems, and Section [5|is focused on the local part of the maximal function. Then in
Section [0] some relevant geometric aspects of the problem are considered; in particular, we
define a system of polar-like coordinates used already in [9]. Section [7| concerns the global
part of the maximal operator for 0 < ¢ < 1. In this case, the weak type (1, 1) is proved as a
nontrivial application of the “forbidden zones”, a recursive method introduced first by the
fourth author in [25]. The arguments for the global part with ¢ > 1 are given in Section .
Finally, in Section [9] we complete the proofs by putting together the various pieces. An
argument showing that the enhanced result mentioned above is sharp ends the paper.

Notation. We shall denote by C' < oo and ¢ > 0 constants that may vary from place to
place. They depend only on n, @) and B, unless otherwise explicitly stated. For two non-
negative quantities A and B, we write A < B, or equivalently B 2 A, if A < CB for some
C, and A ~ B means that A < B and B < A. By N we mean {0,1,...}. The symbol T*
will denote the adjoint of the operator T

2. THE INVERSE GAUSSIAN FRAMEWORK

In this section we provide explicit expressions for the integral kernel of HY© with respect
both to Lebesgue measure and to dy_., (see and Proposition , respectively).

In order to prove these formulae, we need some facts from the general Ornstein—Uhlenbeck
setting. Throughout the paper, B and () will be two real matrices satisfying the hypotheses
(H1) and (H2) introduced in Section [1]
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2.1. Preliminaries. We first recall the definition of the covariance matrices
t
Q, —/ e*BQesB ds, t € (0,+o0].
0

Each @, is well defined, symmetric and positive definite. Then we introduce the quadratic
form

1
R(z) = 5 (Qz, ), x € R™.
Sometimes, we shall use the norm
|z]g = QY2 x|, x € R

which satisfies R(x) = §|z[3 and |z[g ~ |z|.
We also set
Di=Que P Q, teR,
which is a one-parameter group of matrices. In [9, Lemma 3.1] it has been proved that
eNa| S |Dea| S e o] and e o] S |Doa| S e al, (2.1)

for t > 0 and all x € R™.
When z # 0 and 0 < t < 1, [10, Lemma 2.3| says that

|z — Dy x| >~ |t||z]. (2.2)

2.2. The inverse Mehler kernel. The Ornstein—Uhlenbeck operator £ given by (1.1))
is essentially selfadjoint in L?(7); the measure dv. is defined in ((1.2)). We will sometimes
write s (z) for its density. For each f € L'(74) and all ¢ > 0 one has

() = [ KO ) @) dva(), w R
where for z,u € R™ and ¢ > 0 the Mehler kernel K2V (with respect to dv.,) is given by

d o\ 2 1 - B
degt%t > eR(w) exp |:_§ <(Qt 1 _ Qool) (u — Dt lL‘) , U — Dt ;L‘> :

see |9, (2.6)]. This immediately yields

etLQ’Bf(:zt) = /MtOU(a:,u) flu) du, x € R",

K2V (e u)= (

where the kernel MPV (with respect to Lebesgue measure) fulfills

MY (w,u) = KV (0, u) Yoo (u) (2.3)
= (2m) 73 (det Q)2 MR expy {—%((QZI —Qx)(u— Dyx), u— Dy x)

From this we can deduce the corresponding kernel for the inverse Ornstein—Uhlenbeck setting.

Lemma 2.1. The kernel of e AYT with respect to Lebesque measure is
MtUO(xau) = e'th MtOU(U> ),

for any x,u € R™ and t > 0.
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Proof. We first compute the adjoint of L9 in L?(R", dz), where dx denotes Lebesgue mea-
sure. Let f and g be smooth functions with compact supports in R™. The second-order term
in £97 is symmetric, and for the first-order term we integrate by parts, getting

1.£9%9) = [ 1) (JuQvo) + (B Vg(o) ) ds

= [ (5@ 1)) ~ (B, V() 0B 1)) o) do = (A5~ weB ).

Thus
AQB — (£OBY 4 4,
and
etAQvB _ (ttB et(LQ’B)*7 £ 0.
Since e!£%")" is the adjoint of e““” it has kernel (MPY)*(z,u) = MPY (u, z), whence the
claim. O
From ([2.3) and Lemma [2.1] we have
MYO(z,u) (2.4)

= (2)F(det @) F 1B M) exp | (@ — Q1)@ — Dyw), @ — D)

This kernel is for integration against Lebesgue measure, but the relevant measure in the
inverse setting is dy_o.. Dividing MUY© by the density v_o(u), one obtains the kernel of
A% for integration against dvy_., as follows.

Proposition 2.2. The kernel of AL with respect to dy_o 18
KO (x,u)
1
= (2m) " (det Qo det Q) 2 P e exp <(Qt — Q) (x — Dyu), © — Dy u)

forall z,u € R", and t > 0.

It follows that the Mehler kernel KPU and its counterpart K¢ in the inverse Gaussian
setting are related by

KUO(z,u) = (2r) ™ (det Qo) "L e Bl =B ottrB [cOU (4 o) (2.5)

Remark 2.3. Because of (2.5]), the semigroup e —tA" §s symmetric on L?(v_o) if and only
LT g symmetric on L?(74). Since the latter property holds if and only if Q B* = BQ

by [16, Theorem 2.4] (see also [22, Lemma 2.1]), we see that also e *4°” is symmetric on
L?(y_o) if and only if QB* = BQ.

if e~

Formula (2.5) allows us to transfer the upper and lower estimates of K°U in [9, formu-
lae (3.4) and (3.5)] to KU©, as follows.
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Proposition 2.4. If0 <t <1, one has

e~ R(x) D_,x—ul? e~ i) D_,x—ul?
{n/2 exp<—C| t t ‘ ) SKgO(l',U)S /2 eXP(—C%) (26)

for all (x,u) € R" x R". If instead t > 1, then

o~ [trBlt ,—R(z) exp (—C’|D_tx . u|2) 5 KtUO(x,u) 5 e~ ltrBlt ,—R(x) exp (—C|D_tx N u|2)
(2.7)
for all (z,u) € R™ x R".

2.3. A Kolmogorov-type formula. We conclude this section by deducing a Kolmogorov-
type formula in the inverse Gaussian setting. Recall that on the space Cy(R™) of bounded
continuous functions, the Ornstein-Uhlenbeck semigroup (HY)~ is explicitly given by the
Kolmogorov formula

HOY f(z) = (27) 72 (det Q) é/fe r—u)e” 2(Qq  wu) dy(u), xeR", (2.8)
see e.g. [18]. Here dv; denotes a normalized Gaussian measure in R" given by
dy(x) = (2m) 7% (det Qt)’%e’%@;lx’”dx, t € (0,400
Proposition 2.5. For all f € C,(R™) one has
HIO () = (2m) 72 (det Qy) é/f Blyu+x))e 2@ v gy, g eR".
Proof. From it follows that
HOU f(x) = (27) "2 (det Q) é/f e~ 2(@ (P, (Pa—uw)) gy, ) z e R",

which means that
MOY(z,u) = (2m) 7% (det Q,) "2 e 2(Q (" Po—u)(Pa—u) z,u€R".

This and Lemma imply that
MO (@) = [ ) MO () du
_ ettrB ( ) 2 det Qt % /f Q7' (eBu—z),(e!Bu—z)) du
= (27) 2 (det Qt)_% /f(e_tB(u + 1)) e~ 2@ w gy z eR",

where the last equality follows by a trivial change of variables. This proves the assertion. [J

Remark 2.6. Proposition immediately implies that (HV9);s, is conservative, that is,
each HUC maps the constant function 1 into itself.
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3. THE MAIN RESULT

The maximal operator associated to the semigroup (HtU O) 10 18 defined as

Hef (2) = sup [HO f ()] (3.1)

Notice that we omit indicating that H, refers to the inverse Ornstein—Uhlenbeck semigroup.
Our main result is the following.

Theorem 3.1. The inverse Ornstein—Uhlenbeck mazimal operator H, is bounded from L' (y_..)
to LY(y_o), and on LP(y_o) for all 1 < p < oco.

We first deal with the strong type (p,p). Remark implies that H, is bounded on
L>®(v_s). Given the weak type (1, 1), one can then interpolate to obtain the boundedness
on LP(y_o) for 1 < p < 0.

All we have to do is thus to prove the weak type (1, 1) of H,, that is, the estimate

C
Yooo{r € R": Hof(x) > a} < - 1l Et (v a >0, (3.2)

for all functions f € L'(y_o) and some C' = C(n,Q, B) < co. Let us emphasize that we do
not keep track of the precise dependence of the constants on the parameters n, () and B.

If we consider only the supremum over ¢ > 1, the estimate can be improved for small
a, as follows.

Theorem 3.2. Suppose f € L'(vy_.) has norm 1, and take o € (0,1/2). Then

Yoo {m e R™: St1>1113 11O f(2)] > a} < a\/ﬁ. (3.3)

This estimate is sharp in the following sense. If

1 1
n. Uvo < __ — 4
v_oo{xE]R stl>1:§)|7-[t f(x)‘>a}~®(a), 0<oz<2 (3.4)

where @ is a function defined in (0,1/2), then

O(a)=0 (a m) as a— 0. (3.5)

A similar improvement has been observed in the Ornstein-Uhlenbeck setting, see [9)].

4. PREPARATION FOR THE PROOF

We introduce some simplifications and reductions which will be useful in the proofs of the
theorems, and do away with some simple cases.
First of all, we may assume that f is nonnegative and normalized in L'(y_4).
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4.1. Splitting of the operator. We consider separately the supremum in (3.1]) for small
and large values of t. Further, we divide the operator into a local and a global part, by
means of a local region

1
L= ) ER" X R ¢ |z —u| <
() o=l < 1}
and a global region
1
G=<(r,u) e R" xR" : |z —u|>—— 7.
{0 ol > )

Clearly, H, is dominated by the sum of the following four operators

H " f(z) = sup /KtUO(a:,u) 1p(z,u) fu) dy—oo(u)

t<1

HC f(2) = sup / KY(z,u) 16(z, u) £ () dy—oolu)

t<1

HIE f(z) = sup / KV (2, u) 1) f(u) dy—o (1)

t>1

t>1

HC f(z) = sup / KYO(2,u) Lo, ) £ () dyoo(us)].

We will prove estimates like (3.2)) for each of these four operators and ({3.3|) for the latter

two.

4.2. Simple upper bounds.
Lemma 4.1. If f > 0 is normalized in L'(vy_o.), then
HAf+ RO+ 1O S L

Proof. If t > 1, we see from (2.7) that KV°(z,u) < 1 for all (z,u). This implies the claimed
estimate for H}* and HFY. To deal with H_*“, we need another lemma.

Lemma 4.2. If (z,u) € G and 0 <t <1, then
KO (w,u) S e (14 [2])",
Proof. We apply the definition of G and then ([2.2)), to get

1
<|lu—z|<|lu—D_sx|+|D_yx — x| < |u— D_ x|+ Ctlz|. (4.1)
1+ |z
Thus |D_yz — u| > ﬁ — C't|z|, and
|D_; x — ul? 1 || 1
> >

t Ttz 1+ x| T+ |22
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From ([2.6)) we then see that

KUO < ,—R(z) 75—n/2 . ¢ < ,—R(z) 1 n
t (Jf7u> ~ € exp t(1+|$|>2 ~ € ( +|I|) )
and Lemma [£.2]is proved. O

To complete the proof of Lemma 4.1}, it is now enough to observe that Lemma 4.2 implies
KY9(x,u) <1 for (z,u) € Gand 0 <t <1, and thus H_9f < 1. O

The following consequence of Lemma will be useful.

Let ag = ayp(n, @, B) € (0,1/2]. To prove the estimates and for any of the three
operators in Lemma [4.1] it is enough to estimate the relevant level set for levels a < ap, with
f normalized in L'(y_,.). Indeed, Lemma says that the level set is empty for levels larger
than some C. For levels a € (agp, C], one can use the estimate corresponding to the level
ap/2, since then both sides of the inequalities and will be of order of magnitude 1.

4.3. Observations for small levels a. Assuming o < 1/2, we can estimate the set where
R(x) is not too large. Indeed,

3 1
Voo {xER”:R(m)<—log—}_/ @) dy |
4 a R(z)<3log L

and in the integral here we change variables to 2’ = Q= z so that R(x) = |2/|?/2. Then
one passes to polar coordinates and finds that

{ cR™ R )<31 1} 1 (1 1>(n—2)/2< 1 (4.2)
o : R(z) < =log— p ~ —— (log— < — .
E 1% a3\ %8 a+/log(1/a)

The last, simple estimate here is stated in view of Theorem As soon as a < 1/2; we can

thus neglect the set where R(z) < 2log(1/a) when we prove Theorems (3.1 and (3.2
Further, if (z,u) € G and R(z) > 2 log(1/a) with o < 1/2, then Lemma [4.2] implies for
t<1

n/2
1
KUO(z,u) < o4 (log E) < a.

Y

When ¢ > 1, this remains true, since (2.7) then shows that KU°(z,u) < e F®),
For the operators H“ we need thus only consider points z in the annulus

3 1 5 1
= R™: —log — < < —log — . 4.
&, {me 4oga_R(as)_4oga} (4.3)

5. THE LOCAL PART OF THE MAXIMAL FUNCTION

This section consists of the proof of the following result.

Proposition 5.1. The operators H Y and H,L are of weak type (1,1) with respect to the
measure dy_o.. Further, H}F satisfies also the sharpened estimate of Theorem .
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We start with H»F| which is of strong type (1,1) with respect to dvy_o. Indeed, (2.7)
shows that KYO(z,u) < e @ for t > 1. With 0 < f € L'(7_) we then have

HA fla) S e / (2, 4) £ (4) (1),

Hence,

[ b dt) £ [ $0) [ Lalei0) dedrsfo),

where we swapped the order of integration and passed to Lebesgue measure dz. Now (x,u) €
L implies 1 + || ~ 1 4 |u| and thus |z —u| < 1/(1 + |u|), so the inner integral here is no
larger than C'(1 + |u|)™™ < 1. The strong type (1,1) follows. To obtain also for
HL we take a € (0,1/2) and see from that we need only consider points x with
|z| 2 /log(1/a). When restricted to such x, the above inner integral is no larger than
C (log(1/a))"™?. Chebyshev’s inequality then implies that H-E satisfies [B-3).

When we now deal with H_ L, we can replace dy_., by Lebesgue measure. We briefly
describe the argument for this, which is based on a covering procedure to be found in |12}
Subsection 7.1] and for the standard Gaussian measure also in [24, Lemma 3.2.3]. Notice that
in [12] the localization is by means of balls, but the same method works with cubes instead
of balls. The idea is to cover R" by pairwise disjoint cubes (); with centers c¢; and of sides
roughly 1/(1+ |¢;]). Then f =3 flg,, and H,;*(f1g,) is supported in a concentrically
scaled cube C'Q);. These scaled cubes have bounded overlap, and in each C'); the measure
dy_o is essentially proportional to Lebesgue measure. It is therefore enough to verify the
weak type (1,1) of H ¥ with respect to Lebesgue measure in R”, and then apply this to
each flg, and sum in j.

Observe that (x,u) € L implies

IR() — R()| = 5 [[uf} — lef3| = 3 [Iula ~llo] (fula +lalo) (51)
1 ||
T al? T

Slu—zlg (Ju—x|g+2xlg) S

If (z,u) € L and 0 <t <1 we have because of ([2.2))
|D_tx—u|l=|Dyx—x+z—ul>|lu—z|—|Dyx—z| 2 |u—2x|— Ctzl.

Squaring and dividing by ¢, we get

2 2

Doz —ul* _ |u—z |u — x|
t ~ t

In view of ({2.6)), this implies that the relevant kernel is no larger than constant times

—Cz — ul|z| > - C.

2
e B /2 exp < —c [u t:c\ ) 17(z,u).

With f > 0 then

e fil@) r —ul?
Hot g @) § s S e (=2 ) 1) s dr )

0<t<1
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1

~sup—— [ exp| —c
t>g /2 p(

|z — uf?
t

> 1,(z,u) f(u)du,

where the second step relied on . The last supremum here defines a maximal operator
which is well known to be dominated by the Hardy—Littlewood maximal function and so of
weak type (1, 1) with respect to Lebesgue measure in R", see e.g. [26] p. 73].

Proposition [5.1] is proved.

6. SOME GEOMETRIC BACKGROUND

6.1. Polar coordinates. For 8 > 0 we introduce the ellipsoid
Ez={x e R": R(x) = (}.
Then we recall [9, formula (4.3)] saying that

0 1 .
5 B(Dax) = 5 |Q2 QD x|’ =~ |Dyaf’ (6.1)

for all x in R" and s € R. If = # 0 the map s — R(Dsx) is thus strictly increasing, and x
can be written uniquely as

r=D,x

for some € Eg and s € R. We call s and & the polar coordinates of .
From [9, Proposition 4.2] we recall that the Lebesgue measure in R” is given in terms of
polar coordinates (s, ) by

e—strB |Q1/2 ngljp

d f—
! 2|Q7]

dS(z) ds, (6.2)

where dS denotes the area measure of Ep.

We shall use the estimates for the distance between two points expressed in terms of polar
coordinates given in [9, Lemma 4.3]. Let 2, 2() € R™\ {0} be given by

29 =D, © and 2 =D, W,
with sg, 51 € R and 3@, 7 € Es. If R(z(Y) > 3/2, then
|20 — 20| > [z — V)], (6.3)

We observe here that the assumption R(z(®)) > 3/2 may be weakened to R(z(?)) > ¢ 8 with
c¢=c(n,Q,B) >0, as can be seen from the proof in [9).
If R(x(®) > 3/2 and also s; > 0, the same lemma says that

‘I(o) _ I(l)‘ > /B so — s1]. (6.4)
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6.2. The inverse Gaussian measure of a tube. We fix a large 8 > 0. Define for y € Fj
and a > 0 the set

Q={re€Es |[x—y|<a}.
This is a spherical cap of the ellipsoid Ej, centered at y. The area of Q is S(Q2) ~ a"~' A
S=1/2 Then consider the tube

Z={D,i:s<0, %€} (6.5)

Lemma 6.1. There exists a constant C' such that for 5 > C the inverse Gaussian measure
of the tube Z fulfills

CLnfl

T-o(2) S VB e.
Proof. From we obtain, since |Z| ~ /B and R(%) = 3,
Veoo(Z) /000 esltr Bl /QeR(DS‘%) 7| dS(z)ds < \/Be’ /000 esltr Bl /Qe(R(@R(DS@) dS(z) ds.
By and we have
R(zZ) — R(D_, &) =~ / |D_y 7| ds’ > / e O F[2ds' ~ (1 — e %) [P ~ (s A 1) B,
which implies : O

0 1

Since S(2) < @' and both terms in the bracket are bounded by C/f, this proves the
lemma. g

V-oe(2) SVBEPS(Q) {/1 e P ds 4+ e P /OO esltr Bl ds] :

6.3. Decomposing the global region. In the following two sections, we will use a decom-

position of the global region into annuli. More precisely, for ¢ > 0 and m = 1,2,... one
sets
T = {(:U,u) €G: 2" (1AVE) <|u—D_yz| <2™(1 A \/2_5)} : (6.6)
But if m = 0, we have only the upper estimate, setting
TO = {<x,u)ea;\u_p_tx1g1m/¥}. (6.7)

Note that for any fixed ¢ > 0 these sets form a partition of G.

7. THE GLOBAL CASE FOR SMALL t

Proposition 7.1. The mazimal operator H;¢ is of weak type (1,1) with respect to the
measure dvy_se-

We will prove this result in a way that follows the proof of [9, Proposition 8.1], but several
adjustments are necessary to pass from the Ornstein—Uhlenbeck framework to the inverse
setting. Here 0 < t < 1, and as before, we let the function f be nonnegative and normalized
in L'(y_s). It is enough to consider the level sets {H“f > a} for a < ag with some small
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ap; see the end of Subsection 4.2 Further, we need only consider points x in the annulus &,
defined in (4.3]).
What we must prove is that for all 0 < a < ag

Yoo {x €&, sup /KtUO(:U,u) f(u) dy—oo(u)> a} S l (7.1)
0<t<1 «

The global region G is covered by the sets 7,, m &€ N, defined in and (6.7) and

now given by
T = {(az,u) €G: 2" Wt<|u—D_z| < 2m\/¥},

where the lower bound is to be suppressed for m = 0.
From ({2.6) we then see that for (z,u) € T,™

e_R(m)

KVO(x,u) < s OXP (—c2*™) .
Setting
o—F()
K, "™ (x,u) = ST 1rm(x,u), (7.2)
one has, for all (z,u) € G and 0 <t <1,
KUO(x,u) < Z exp (—c2°™) K, " (z,u). (7.3)
m=0

We define the operator

M hl(z) = 16, sup/K (v, u) [h(w)] d7- ()

0<t<1

for h € L'(7_«), and observe that (7.3)) implies

sup /K (x,u) f(u)dy_oo(u) < Zexp 2*™) M., ., f(x). (7.4)
0<t<1 —
Lemma 7.2. For 0 < a < ag with a suitably small ag > 0 and any m € N, the operator
M, maps L' (y_o) into LY>®(v_), with operator quasinorm at most C' 2°™.

m,o

Given this lemma, [27, Lemma 2.3] will imply that the L»*°(E,;v_ o) quasinorm of the
right-hand side of (7.4)) is bounded, uniformly in o € (0, ap). Then (7.1]) and Proposition [7.1]
will follow.

Proof of Lemma([7.3. Let h > 0 be normalized in L*(y_,). Fixing m € N, we must show
that for any o > 0

" { €&, sup / K () () dy—oo (u) > o/} <

20m

(7.5)

0<t<1 o

If (z,u) € T;™ for some t € (0, 1], then |u — D_; x| < 2™/t, and (4.1]) implies
2
LS 2V + faf) 4+ tlal (14 o) < 2"VE(U+ Jal) + (27VE(L+ [a)
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It follows that
2™V (14 |z|) 2 1, (7.6)

and thus ¢ > 272"(1 + |z])~2. If also z € &, so that |z| ~ \/log(1/a), we conclude that
t > 6 > 0 for some § = 6(a,m) > 0. Hence, (7.5)) can be replaced by

2Cm

Yoo (Ar(@) S (7.7)

where

Ai(e) = {m €&, sup / K™ (2, u) h(w) dyoo(u) > o/}.

5<t<1
A benefit with this is that the supremum is now a continuous function of = € &,, and the
set Ay (o) is compact.
Using the method from [9, Proposition 8.1], we shall prove (7.7) by building a finite

sequence of pairwise disjoint balls (B(z))iil in R™ and at the same time a finite sequence of

tubes (Z (e))ﬁozl covering A; (') and called forbidden zones.
We will then verify the following three items:

(1) the BY are pairwise disjoint;
(2)
Lo
Al(a’) C U Z(Z);
=1

(3) for each ¢

2Cm
(20 < / h(u) dy—oo (1),
(67 B

This would imply (7.7) and Lemma[7.2] as follows:

o 2Cm
Yoo (Ar(0')) < 7ooe (U 20 )

(=1

20m

w) dvy— < .
m Yeoolw) S ~

To construct the sets BY and Z®, we define by recursion a sequence of points z(®),
(=1,...,4. Let zM be a maximum point for the quadratic form R(z) in the compact set
Aj(c/). Notice that if this set is empty, (7.7) is immediate. Then by continuity we choose

€ [0, 1] such that

[ ) ) ) = o
Using this t;, we associate with (! the tube
={D_yneR":s>0, R(n) =RY), n—2W] <A’}

The positive constant A here will depend only on n, @) and B and will be determined later.
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Recursively, suppose ), ty and Z¢) have been defined for all ¢ < ¢, where ¢ > 1. We
choose "1 as a maximizing point of R(z) in the set

Apii(a) = {:1: €&\ O 2. sup /Kt’m(x,u) h(u) dy_oo(u) > o/}, (7.8)

) §<t<1

which is compact as shown later, provided this set is nonempty. But if A, 1(a/) is empty,
the process stops with ¢y = ¢ and item (2) follows. We will see that this actually occurs for
some finite /.

Assume now that Agy1(a’) # (. By continuity, we can select a t,,1 € [0, 1] such that

/KM+1 2 u) h(u) dy—oo(u) > o (7.9)
Then we define the tube
ZD) — {D,Sn eER":s>0, Rln)=R (x(”l)) , ‘7] — I(Z+1)‘ < A23™ \/t€+1} )

It must be proved that Ay i(a’) is closed and thus compact, even though the ZW) are
not open. This will guarantee the existence of a maximizing point. We use induction, and
observe that A;(a’) is closed. Assume that Ap (') is closed for 1 < ¢ < ¢. For these ¢, the
maximizing property of z(*) shows that there is no point z in Ay (/) with R(z) > R(z()).
Hence,

Arpi (@) C Ap(a!) © {x:R( ) < R(x w)}, 1< <t

and so
i <) o
1<0<t
— ﬂ {:c €& N\ ZY: R(zx) < ), sup /K (x,u) h(u) dy_oo(u) > o/}.
1<t 5<t<1
For each ¢/ =1,...,¢ one has

{re &\ Z2¥ : R(zx) < R(z")}
= {D,sn €&:5>0, R(n) =R\, |n—2| > A2%m \/t—g/},

and this set is closed. Now ([7.10) shows that A, ;(’) is closed, a maximizing point z(‘+!
can be chosen, and the recursion is well defined.
By applying (7.6) to t, and z(¥), one obtains, since |29 is large,

2O 22 1y > 1. (7.11)
Then set
={ueR": [u—D_, 2| <2™"Vt }, 1<V </,
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Combining (7.2) and (7.9)), with ¢ + 1 replaced by ¢, we see that
exp (—R(z"))

t?/Q /8(2) h(uw) dy_oo(u). (7.12)

We will verify (1), (2), (3) and start with (1).
The balls B and BY), with ¢ < ¢, will be disjoint if

|D_y, ) — D_y, 29| > 2™ (Vi + Vv ) . (7.13)
By means of our polar coordinates with § = R(z“)), we write
20 = p 7

for some 79 with R(z\) = R(2“)) and some s € R. Note that s < 0, since R(z() <
R(x*)). The point 2 cannot belong to the forbidden zone Z), so

120 — 2| > A2’™ Vi, (7.14)

Since ty < 1, (2.1)) implies R(D_, ) > ¢B. This allows us to apply (6.3) and the
observation following it, to obtain

|D_y, 2“) —D_,, 2“] > A2 /1, (7.15)
If VA22™\/t, > \/t; , we will have
1 1
A2ty > §A23m\/ﬁ+ 5\/227%\/5,

and ([7.13)) follows from ([7.15]), provided A is large enough.
It remains to make the contrary assumption /%, > v/ A 22™/%,, which implies in particular
that t, > t». Observe that

’D—tzl :E(gl) — D_té ZU(Z)‘ = }D—tg (Dtk_tzl ZB(E,) — .T(ﬁ))| ~ |Dtg—t£/ ZE(EI) — Ds j(ﬁ)’ (716)

/

Both z® and z(*) are in &,, so they satisfy

3 1 _3/4 ’ 1 / 1
R(z®) > log— > 2 R(z)) > = R(z) = = 3.
Since also ty — tp > 0, we can apply ((6.4]) to the last expression in (|7.16)) and get
|D_y, 2 — Dy, 29| 2 [ty — to — s[|2| 2t 2], (7.17)

the second step because our assumption implies t;, — t ~ t;, and s < 0. By means again of
this assumption and then ([7.11]), we find

e o] 2 VB o) VAL Iy 2 VAN = VA (Vi V).

With A large enough, (7.13) now follows from this and (7.17)). Item (1) is verified.
Next, we will prove item (2). For ¢/ < ¢, we can apply (6.3) and then (7.14), to get

2 — 20| 2 |2 — 50| > A2/ |

Since ty > 0, the distances ‘x(m — ZE(Z)‘ are thus bounded below by a positive constant. This
implies that the sequence (z¥)) is finite, since all the 29 are contained in the bounded set
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Es. Thus the set Ay () defined in ([7.8) will be empty for some ¢, say { = {;, and the
recursion stops. This implies item (2).

We are left with the proof of item (3). The forbidden zone Z*) is a tube as defined in (6.5)),
with a = A2°™\/f, and 8 = R(z¥). This value of 8 will be large since () € &, and a <
for some small «. Thus we can apply Lemma [6.1] to obtain

m n—1
(f)) < (A23 \/ﬁ)

—o(ZY) S exp (R ().
- )
We bound the exponential here by means of (7.12)) and observe that R(z(?) ~ |2(9|?, getting
1
o (BY) § ———— (A2%™ ”1/ h(w) dy—oo (1) .
Y ( )N a’|x(f)|\/ﬂ( ) 0 (u) dy—oo(u)
As a consequence of this and (7.11]), we obtain
gm 1 Cm
—eo(Z20) < = (A28m)” /h dy-oo(u) S /h dV-oo
12 S () [ bt S 55 [ b i),

which proves item (3). This completes the proof of Lemma and that of Proposition .
O

8. THE GLOBAL CASE FOR LARGE t
This section consists of the proof of the following result.

Proposition 8.1. For all functions f € L'(y-c) with || f|lp1¢y_0) = 1,

s {a [HEOf ()| > ) € —

a+/log(1/a)’

In particular, the mazimal operator H}% maps L*(v_oo) into LM (y_o).

a e (0,1/2).

Observe first that the second statement follows from the first together with the observation
at the end of Subsection [£.2] The same observation allows us to reduce the range of « in the
first statement to o < €72, in the proof that follows.

The proof of the first statement runs at first like that of Proposition [7.1} although now
t > 1. In particular, f > 0 is normalized in L'(7_,), and from Subsection [4.3| we know that
it is enough to consider the values of H*“ f in the set &, defined in (4.3). The annuli 7,™
are NOow

7" ={(z,u) €G: 2" " <|lu—D_;z| <2™}, mEeN,

without the lower bound when m = 0.
We must show that for 0 < o < e™2

Voo {x €&y S;g}la/Kf]O(x,u) fu) dy—oo(u) > a} S Wﬁ. (8.1)

Setting T' = [trB| > 0, we obtain from (2.7 that for any (z,u) € T,

KPO(z,u) SeTle M@ exp (—c2?™) .
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Observing that (z,u) € 7, implies u € B(D_; z, 2™), we set
+, ~Tt —R
KP™(@u) =e e @ 1pp 0 omy(u),

and conclude that for any (x,u) € G and t > 1

Almost as in the preceding section, we introduce the operators

M h(z) = ¢, (z) sup / K™ (2, u) |h(u)] dy—se(u)

t>1
so that

1g, (x sup/KUo x,u) f(u) dy_ oo ZeXp —c2*™) M S ().

t>1

Lemma 8.2. For 0 < a < e 2 and m € N, the operator M . maps L'(vy_o) into

LY (y_s), with operator quasinorm at most C 26™/+/log(1/a).
In analogy with Lemma this lemma implies (8.1) and thus also Proposition

Proof. With m and « fixed, we will estimate M}, , h for a function > 0 which is normalized
in L'(7_o). But we prefer to work with the function g(u) = (27)% (det Quo)2 R h(u),
which is normalized in L'(R", du), and nonnegative. Then

My h(a) = 1e, (a) sup e ) [ () Ao ()
’ B(D_;z,2m)

m,x

t>1

=1¢, (x) sup e " eR("”)/ g(u) du.
t>1 B(D_;x,2m)

With r > 0 we write g, = g * 1p(,), which is for each r > 0 a continuous function in
LN L'(R™, du). Then
M h(z) =1g, () sup e e B@ gon(D_y ),
t>1
and as a supremum of continuous functions, M,/ , h is lower semicontinuous when restricted
to &,.

Let o > 0. Clearly, /\/lm o h(z) > o ifand only if x € &, and there exists at > 1 such that
e B@) =Tt go (D_y ) > . We use polar coordinates, writing points z € &, as r = D,z,
where o € R and 7 is on the ellipsoid F; = {y : R(y) = 1}. Notice that actually ¢ > 0 here,
since a < e~ 2 implies that R(z) > 1 for z € &,.

Let A, be the set of points & € E; for which there exists a ¢ > 0 such that D,z € &,
and M}, , f(D,%) > o'. The lower semicontinuity of M} , f shows that A, is a relatively
open subset of E;. For € A, we define

o(Z)=sup{o>0: M}  h(D, ) >a'}
—sup{o>0:3t>1 with 1g (D,%)e e Bl g (D_y D, i) > '}
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For notational convenience, we do not indicate that o(Z) also depends on «'.

We claim that o(Z) is a lower semicontinuous function on A, , and thus measurable.
Indeed, if o(Z) > oo for some Z € A, and some gy > 0, then there exists a ¢’ > gy such that
MY h(Dy %) > o'. By the lower semicontinuity of M, | h, the same inequality holds at
Dy @' for points ' € A, in a small neighborhood of Z. The claim follows.

For each Z € A, we can choose a sequence g; / (%) and another sequence (¢;) in (1, 00)
satisfying
Tt o= RDei®) g (D_y, D, 7) > . (8.2)
R(Dy, &

e

This inequality implies that e ) < lgllz=/a’ and €Tt < ||g|p~/a’, from which we
conclude that o(Z) < oo and that the ¢; stay bounded. A suitable subsequence of (t;) will
then converge, say to t(Z) > 1.

From in the limit we get

e RDe@ 2) o=THE) g, (D, Dy T) > o (8.3)
The level set {z : M}, , h(z) > o'} is contained in the set
Fo={D,%: € Aw, 0<0< 0(3)}.

To estimate the measure of this set, we switch to polar coordinates with 5 = 1 and use (6.2));
thus

o(%) .
Veoo(For) = / e dg < / / eTe efiPe®) o dS(7) . (8.4)
For o Y0
Here dS(Z) is the area measure on E;. We now estimate the inner integral above.
Lemma 8.3. One has for T € Ay
o(2)
/ ¢7e RDa) 4y < (1o D0 D) 372
0
Proof. When proving this, we can delete the factors e”? and e7¢®).
If 0 < 0 < o(Z) — A for some A > 0, (2.1)) implies
R(Dy ) = R(Dy () Doy 7) S € @07 R(Dyzy 7) < e " R(Dys) ) -

Choosing A = A(n, @, B) large enough, we conclude that

1

R(D,%) < - R(Dy) 7), o<o(z)—A,

and thus

o(Z)—A RD. 3 1 3 R
/ oF(D, 7) do < exp (5 R(Dyz) :B)) o(Z)
0

= exp (R(Dy(a) 7)) {GXP (_%1 R(D) 37))} 2 o(#).

Here one of the factors exp (—R(D,(z) &)/4) takes care of o(Z) in view of (2.1]), and the other
is no larger than C|Dy;) #|~2. Hence, this part of the integral in the lemma satisfies the
desired estimate.
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For o(Z) — A < o < o(Z) we use (6.1), the fact that the quantity |Ds Z| is increasing in s
and finally (2.1)), to get

o(z)
R(Dys) &) — R(D, #) =~ / 1D, &)*ds > (o(&) — 0) | D, Z|* = (0(Z) = 0) |Dg-o(z) Do) Z|?
o

> (0(%) — 0) e Dy 7 = (0(Z) — 0) | Dotz |-

Thus we can write

o(%) ) 3 o(%) B s
/ eR(DeE) g < FDu) ) / ¢~c(e@-0) 1Dy 3 g,
o(Z)—A o(Z)-A

A
_ _R(Dyz) % —co | Dz %2 i -2
_@(9())/6 |9()‘dg§e Do) @ ’Dg(zx‘ .
0

The proof of Lemma is complete. U

To continue the proof of Lemma|8.2] we now insert in (8.4) the expression from Lemma/3.3]
and obtain

Voo Far) S / 7@ RDu@ ) | D,y 7|72 dS(7) . (8.5)
Then we apply the upper estimate of ef'Pe@ ) that follows from (8.3)), to conclude that
i o @ ~1— L.
GTQ( )eR(DQ(’“’) ) |DQ(;%) {E| 2 5 J w(l‘) (86)

where
(&) = "D eI D ) 7|7 gon (D—4(5) Dya) T) -
Let o] < 1A |D_ya) Dy &)™t Then (2.2) leads to
Do D—t(@) Dot@) & — D) Do(a) T < |0 [D-1(2) Dotz T < 1,
and the inclusion B(D (@) DQ(E) z, 2m) - B(DU D_t(:g) DQ(E) z,2™ + C) yields
92 (D—s() Do(a) T) < gom+0(Do D—4(3) Do(a) T)-
Thus we can write for £ € A,
Y(Z) < |Dyiay 7|27 MDD gy 0(Dom i@y o) T)-

Here we replace e=7° by C and then take the mean of both sides with respect to ¢ in the
indicated interval, to get

Y(2) STV D yz) Do) T

X |Dg(£) :i,|72 eT(Uft(EHFQ(:E))
lo|<IAID 4z D

- g2m+C(Da—t(i)+g(i) T)do
o(z) T

S | Doy 2|7 / T OTD) 6o o(Dy—s(a)40(2) T) do,
|O"<1/\‘D (&) :l“
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where we used the fact that o(Z) > 0 and & € & so that 1V|D_yz) Dy Z| < |Dy) . Since

Do) @ € Ea, we have |Dyz) 2|71 < 1/4/log(1/a). By replacing o by s = o — (&) + o(&) and
extending the integral to all of R, we obtain

T)ds.

~, 1 Ts
P(T) S \/W /Re Gomyo(Ds T

Inserting this in (8.5) combined with (8.6)), we find that

1
ryioo<f 5 E 927”+C _D I) dS dS( )

7 Ju

Now we use ([6.2)) to go back to Lebesgue measure dzr with = D;Z. Since |Z| ~ 1, this
yields

1 1
T-(Far) S = == / gomio(z) d

o \/log(1/a) Jiz=D. & seR, 34} '

<t 1 / 2)d
— m T

= log(l/a n92 vol(x
1 1 1 2mm

S 5 ="+ )" gl = e
@ Vgt T Wl = G e

This ends the proof of Lemma 8.2 and that of Proposition [8.1] O

9. COMPLETION OF PROOFS

Theorem is an immediate consequence of Propositions and 8.1 Further,
Propositions and together imply the positive part of Theorem [3.2] It remains for us
to prove the sharpness assertion in Theorem [3.2]

To this end, we take a point z with R(z) large. Let B; denote the ball B(z,1) and set
By = B(D_5z,1). If z € By and u € By, we will have

|ID sx—u|<|Dosx—D sz|+|Dgz—ul=|D_g(x—2)|+|Dgz—ul <2

so that yields KYO(x,u) ~ e B With f = 1p,/7_o(Bsy) it follows that HYC f(z) ~
e R@) for x € By.

Then HYOf(z) 2 e 3 if x is in the set B* = {x € By : R(x) < R(z)}. For any
small @ > 0 we can choose z satisfying R(z) = log(1/a) — A for a suitable, large constant
A = A(n,Q, B), and conclude that HYC f(x) > « for x € B*. With our polar coordinates,

one can verify that
R(z)

1
V—o0 2
\/ a/log(1/a)
if v is small enough. This means that ( 1mphes (13.5))-
Theorem [3.2] is completely proved.
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