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Abstract

In an age defined by explosive growth in information technology, data generation, storage
and transmission have increased dramatically. This data fuels the core of machine learning
and artificial intelligence. However, we are witnessing increasingly pressing questions
raised about data ownership and privacy, given the pivotal role of individuals as data
generators. In this context, research efforts in distributed machine learning, particularly
Federated Learning (FL), have recently gained momentum. FL enables multiple agents,
each with private datasets, to collaborate on machine learning tasks without sharing their
data. In recent years, the design of communication-efficient FL methods has garnered
significant attention, given the inherent need for frequent information exchange among
agents to train distributed machine learning algorithms. Given this premise, in this thesis
we explore the boundaries of FL, focusing on two aspects. First, we study second-order
methods with superlinear convergence rate that can effectively deal with ill-conditioned
problems while being communication efficient. Towards this direction, we introduce SHED
(Sharing Hessian Eigenvectors for Distributed learning), a novel Newton-type algorithm
for FL with state-of-the-art empirical performance that excels in terms of communication
efficiency and convergence guarantees. Second, we study the theoretical foundations
of Federated Reinforcement Learning (FRL) within the constraints of communication,
with special emphasis on wireless networks. In these settings, we provide finite-time
convergence rates for FRL, showing the beneficial effect of cooperation even under
communication constraints, establishing convergence speedups with the number of agents

in different configurations.
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Introduction

Thanks to the major information technology advancements of the last fifty years, human
civilization has been recently characterized by an extraordinary increase in the capacity
to produce, store and telecommunicate information data, usually in the form of digital
objects, i.e., streams of encoded bits. Together with the phenomena of massive data
production and massive connectivity, algorithmic advancements and a dramatic boost
in computational power of computing machineries have paved the way towards the
development of data-driven algorithms, which nowadays represent the core of the so-
called machine learning (ML) paradigm, which in turn is at the foundations of artificial
intelligence (AI). The main Al applications, at the time of the writing of this thesis, are
not only in prediction, classification and regression, but also in the emerging frameworks
of generative algorithms, i.e., algorithms that can generate new data based on past data.
In this context, given the high pace of development of Al algorithms, the crucial value of
data is becoming apparent together with the relevance of the concepts of data ownership
and data privacy. Indeed, in a modern civilization whose destiny seems to be unavoidably
intertwined with the development of Al, which relies on data-driven algorithms, data
itself becomes a "magic powder" without which the human civilization system does
not have the capacity to function and progress. In recent years, major multinational
technology companies, such as Google, Meta, Apple, Microsoft, and Amazon, have been
aggressively expanding their businesses by leveraging Al, largely built on the vast reserves
of human data they manage. However, it is not clear how individuals, private citizens
and institutions, should reap benefits from the AI algorithms that rely on the data they
generate daily. In this context, western civilization is finding itself in the presence of the
following key aspects: (i) the growing awareness of the value and power of the increasing
amount of data produced and collected by humans, (ii) the evidence of the benefit that
the use of as much data as possible has in obtaining extremely powerful Al data-driven

algorithms, and (iii) the growing awareness that the economic value of data, the identity
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of the people that should be benefiting from this value, and consequently the regulations
to use human data itself, should be seriously reconsidered.

One natural consequence of the above considerations is the increased interest, surged with
great momentum in recent years, within both the scientific and industrial communities,
for distributed machine learning algorithms in which, although participating in training
Al models based on the data they produce, individual entities keep their data private.
In addition to the privacy-preserving arguments and the data ownership considerations
provided above, there are several reasons why distributed ML solutions are of high
interest to the information and communication technology research community. Among
these, distributed computation and distributed algorithms are very appealing because
they allow a system to distribute the computational effort across multiple entities. In
the ML context, this implies the possibility of training Al models on datasets stored in
multiple machines, rather than in a single one. Training a global ML model without
the need to transfer all the data to a single machine, which, for large datasets, could be
undoable, was the original motivation provided by Google researchers when they first
proposed the leading distributed ML paradigm of the last years, i.e., Federated Learning
(FL) [92]. In addition to the practical storage convenience of ML distributed training, in a
general multi-agent setting in which data are stored across multiple machines in multiple
locations of a communication network, transferring the data of the individual entities to
a central server for ML training could be very expensive from a communication point of
view. This latter aspect is particularly crucial when data are generated continuously by
devices at the network edge, from which reaching central servers in the core network is
well known to be very expensive, from both an energy consumption point of view [116],
and a communication resources point of view, given the pace of growth of the network
traffic in the present and upcoming years [85]. Distributed computation is indeed also a
key design principle for Internet-of-Things and the Multi-access Edge Computing (MEC)
paradigms [117], where connected entities collect and produce data, execute algorithms
and communicate at the network edge (see Figure 1.1 for an illustration of this scheme!).
Based on these considerations, we see how distributed computing architectures are not
only a requirement for data privacy considerations in the deployment of Al, they are also

a key requirement in the modern Internet infrastructure.

In recent years, as mentioned above, the leading paradigm for distributed machine
learning has emerged under the name of Federated Learning (FL). In FL, multiple
agents, each owning a private dataset, cooperate to solve a common ML problem without

sharing their data with each others. FL involves cooperation through the exchange of

11
Flgure SOuUrce: https://www.wipro.com/infrastructure/edge-computing-understanding-the-user-experience/



Internet
Cloud Layer
” .. Edge Networking
Edge Layer [ Edge Node / Server ] [ Edge Node / Server ] [ Edge Node / Server ]
= % = = X
i -]
Device Layer D e Y lﬂd m
Mobility Automotive Robotics Factories Field Services

Figure 1.1: Edge Computing architecture.

optimization parameters, such as agents’ gradients or ML models, with a central entity
known as the Master, Server, or Aggregator. The collective of agents participating in
this framework constitutes a "federation" of entities. These entities seek to harness the
benefits of cooperation while maintaining the privacy of their data. In essence, solving
a machine learning problem often translates to solving a mathematical optimization
problem. Likewise, mostly for convergence analysis purposes, an FL problem is often
analysed as a particular instance of a distributed optimization (DO) challenge. The
realm of DO has garnered significant attention in recent decades, with an extensive body
of related literature. From an engineering perspective, one of the primary hurdles in
DO and FL lies in achieving communication efficiency. DO and FL algorithms, indeed,
necessitate frequent information exchange among agents, demanding coordination and
communication. Over the past few years, there has been a growing focus on studying the
FL framework under communication constraints, which is motivated also by the fact that
in many real-world scenarios, like MEC 5G networks, the bottleneck in time and cost is

represented by communicating rather than by performing local distributed computation.

In this thesis, we study some areas in FL that, although very promising, were not very
much explored yet during the PhD time span, at the "boundaries" of FL. Specifically, we
focus on two aspects: (i) communication-efficient second-order methods in FL, in which
local devices computational effort is pushed to the extreme to improve the communication
efficiency. In this context, we propose SHED (Sharing Hessian Eigenvectors for Distributed
learning) an original Newton-type algorithm for FL with state-of-the-art performance and
appealing features like, notably, global convergence guarantees with asymptotic super-
linear rate. As a second aspect, (ii) we provide novel theoretical foundation results for

the emerging paradigm of federated reinforcement learning (FRL) under communication
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Figure 1.2: Federated Learning framework. N agents communicate with a central entity to
cooperatively train an ML model without sharing their private datasets.

constraints, considering different communication models including wireless analog over-
the-air computation and settings in which the the Stochastic Approximation operator is
computed with delayed parameters and observations.

In the following sections, we will provide a broad overview of FL together with a
description of the topics that we investigate in our thesis. We then illustrate our specific
contributions and the organization of this manuscript, introducing the key novelties of

our findings, and the advancements that we provide with respect to the state-of-the-art.

1.1 Federated Learning

Federated Learning (FL) is a paradigm for distributed machine learning that has been
first introduced in [92], [93]. The framework consists of a group of agents aiming to
cooperate in training a machine learning (ML) algorithm by communicating with a
central entity. Each FL agent holds a private dataset, and is willing to cooperatively
training an ML algorithm but without sharing their private data with the other network
entities. See Figure 1.2 for an illustration of this scheme. In this thesis, we often refer to
the central entity as the Master. Together with the growing concerns for data privacy
and data ownership that were mentioned in the first part of the introduction, one of the
reasons why the FL framework has gathered a lot of attention lately is the large amount
of real-world settings in which multiple agents communicate with some central entity. A
relevant example is the client-server type of architecture which pervasively characterizes

the modern internet infrastructure and protocols. A further example are wireless cellular
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systems in which users are usually connected to a central entity (e.g., a base station),
which in turn is usually connected to some server in the core network. From the point
of view of distributed optimization (DO), FL represents a special case, being a network
configuration with a star topology, where the center of the star is the Master. Compared
to peer-to-peer types of frameworks, in which the main building block for DO is usually
computing an average, reaching the consensus, in most FL instances consensus is reached
in one step, thanks to the star topology type of configuration. In mathematical form, the
DO and FL problem in a setting with N agents can be written as a minimization of the

sum of N cost functions, as follows

N

minimize f(0) = %Zfi(e), 6 c R, (1.1)
=1

where f;(0) is the (expected) cost function of agent 7, which in turn depends on the
local dataset of agent i. The most common methods to train FL models are first-order
DO algorithms (e.g., gradient descent). Among the research endeavours on first-order
methods for FL, considerable effort has been devoted to reducing the communication
load, i.e., in developing communication efficient solutions. Indeed, first-order DO requires
frequent information exchange between agents and the master. To reach communication
efficiency, many techniques have been proposed, including communication compression
and related approaches [6], [76], [80], [98], local computation [74], [100], [136] and partial
participation [58], [60].

1.1.1 Second-Order Methods

Although very effective, first-order methods are usually very sensitive to the problem
structure, which is usually captured by the notion of condition number. As it is very well
known, first-order methods are all extremely sensitive to the condition number of the
cost function. In mathematical terms, an example of this dependency can be observed
simply inspecting the convergence rate of (centralized) gradient descent (GD). Let us

write the GD iterative update rule as follows:

011 = O — ag(6k), (1.2)

where 0y, is the parameter at iteration k, o > 0 is a step size/learning rate and g(0) =
V f(0) is the gradient of the learning surrogate cost function f computed at 6. In the

deterministic least squares case, the optimal rate of convergence achievable with a specific
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choice of step size is the following:

* 1 r *
jor— 67 < (1= 1) 607l (13)

where, denoting by A; the i-th eigenvalue (in decreasing order) of the Hessian matrix,
K = i‘—i is the condition number of the problem. It is well known that all first-order
methods have a similar form of dependency on the condition number. On the other
hand, it is well-known that Newton-type methods, which use the curvature information
provided by the Hessian matrix, can achieve a super-linear convergence rate independent

of the condition number [15]. The Newton method update rule has the following form

Or1 = O — a [H(6;)] " 2(61) (1.4)

where H(0) = V2£(0) is the Hessian matrix of the cost function f computed in 8. To
illustrate the aforementioned convergence properties, let us consider a p-strongly convex
cost function with L-Lipschitz continuous Hessian. The Newton method attains a local
convergence rate of the following form [24]:

4u? 1\
0, —-0*>< = (=) . 15
j. 61 < 5 (5) (1)

Note that (i) the convergence rate is equal to %, independent of the condition number

and (ii) the rate is superlinear, specifically quadratic.

The extremely appealing convergence properties of Newton-type methods have mo-
tivated the research community to use the curvature information, by means of the
Hessian matrix, in distributed optimization and federated learning to reduce the number
of iterations required to converge, and therefore to reduce the communication load
of distributed training. The use of agents second-order information implies, however,
an increased computational burden at the agents, as computing the Hessian matrix is
computationally intense. In other words, second-order methods have been advocated
to attain communication efficiency at the price of increasing the computational effort.
Indeed, in FL, agents are often assumed to have good computing capabilities, like, e.g., in
the case of smartphones and laptops in edge networks [85]. Therefore, wisely increasing
the computational effort at the agents is an appealing strategy to speedup the conver-
gence. For this reason, Newton-type approaches, characterized by robustness and fast
convergence rates, even if computationally demanding, have been recently advocated [63],
[125], [139]. In addition to the increased computational burden, it is very impractical

to directly apply the Newton method in the FL setting (and in general in DO). Indeed,
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given N agents, each computing their own local Hessian matrix, H;(8) = V2£;(6) and
gradient g;(0) = V f;(0) on their local cost functions f;(0), applying the Newton method
directly would require performing the following update rule (assuming for simplicity that

all agents have the same number of data samples):

-1

1Y 1Y
011 =60 —« (N > Hi(gk)> (N > gi(%)) : (1.6)
=1 =1

Note that while computing the global cost function gradient g(6y) = % Zi]L gi(0)
requires each agent to transmit their gradient vector of size O(n) to the master, which is
the standard for first-order methods in FL. and DO, the computation of the global Hessian
H(6;) = + SN | H;(0;) would require each agent to transmit their local Hessian matrix
of size O(n?). The transmission of O(n?) information at each iteration is prohibitive when
the size n of the parameter 8 € R™ increases, and this additional communication cost
would make pointless the use of second-order information, whose purpose would be to
improve the communication efficiency. Therefore, recent research efforts [39], [125], [128],
[144] have proposed techniques for DO and FL in which approximations of the Hessian
matrices are used in place of the actual Hessian, in order to obtain a communication
complexity of O(n) while enjoying faster convergence thanks to the use of second-order
information. The update rule of these types of approximate Newton methods, also

referred to as Newton-type methods, has usually the following form:
Or+1 = 0 — oL, 'g(0y), (1.7)

where Hj, is an approximation of the Hessian matrix used at iteration k. In chapter 2
of the thesis, we will illustrate SHED (Sharing Hessian Eigenvectors for Distributed
learning), a novel Newton-type method based on eigendecomposition of local agents’

Hessian matrices, whose update rule also has the form shown in (1.7).

1.1.2 Federated Reinforcement Learning

In the last years, the FL framework described above has attracted considerable research
interest. Major research efforts have been devoted to communication efficiency, i.e.,
to reap the benefit of cooperation while communicating as few bits as possible. Re-
cently, the need for distributed solutions who preserve data privacy while boosting the
training efficiency and effectiveness of ML algorithms has motivated also the study of
distributed reinforcement learning (RL) algorithms. Towards this direction, the paradigm
of federated reinforcement learning (FRL) has recently emerged [44], [77], [113]. While



8 Introduction

empirical studies have already shown the benefits of cooperation in RL training in specific
applications [106], there is a lack of theoretical understanding as to whether convergence
speedups similar to the ones we obtain in FL also hold for FRL. Furthermore, while the
effect of communication compression schemes and, more generally, of communication
constraints has been widely studied in FL, little to nothing is known about their effect
in FRL. In this regard, an improved theoretical understanding of FRL could pave the
way to novel algorithms and effective solutions to boost the performance of FRL in a
communication efficient way, which is of major practical relevance. Indeed, RL algorithms
are notoriously very data hungry and RL training requires a critical amount of time.
A large class of RL algorithms are just instances of Stochastic Approximation. As such,

many RL algorithms can be written as iterative update rules as follows:

Or+1 = 0 + g6y, 01), (1.8)

where oy is a "data sample", usually an observation process temporally correlated and
modelled as a Markov chain. While it is evident the similarity of this update rule with
the typical stochastic gradient descent update rule, the main difference in RL algorithms
such as temporal difference (TD) and Q-learning is that (i) the data samples oy are
temporally correlated and (ii) there is not a well-defined cost function associated with
the learning problem. Hence, the study of finite-time convergence properties of these
algorithms is much more challenging compared to optimization algorithms like stochastic
gradient descent. In the context of multi-agent and FRL, one very relevant research
question is related to the possibility to obtain a convergence speedup when the RL
training is performed in parallel by multiple agents. This question can be formulated
mathematically in the following way. Consider a setting in which an agent would achieve
1/T convergence precision in T iterations. In a setting in which N agents are training
an RL algorithm in parallel, each acting in a replica of the same environment and with
the same set of states and rewards, can cooperation - obtained via communication, in
FRL with a central aggregator - allow the agents to obtain an overall 1/NT' convergence
precision in T iterations? In addition, would this speedup still hold in the presence
of communication constraints such as communication compression, lossy links, noisy
wireless channels and asynchronous delayed transmissions? In this thesis, we investigate
these research questions, providing novel theoretical results which we believe contribute
to build the foundations for an improved understanding and algorithmic advancements

of multi-agent cooperative RL.
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Federated Learning

Communication-efficient Federated reinforcement
second-order methods learning
SHED: an original algorithm Theoretical foundations: the
based on Hessian eigenvectors benefits of cooperation under
sharing communication constraints

Figure 1.3: Summary of thesis contributions.

1.2 Contributions and Thesis Organization

In this section, we illustrate the main contributions of this thesis. First, we present the

two main research questions we have investigated:

o Is it possible to design superlinearly convergent algorithms in FL that effectively
combat ill-conditioning while having an O(n) communication complexity per itera-

tion, i.e., the same complexity of first-order methods?

e Is it possible to show that in FRL the cooperation of N agents provides an N-fold
linear convergence speedup despite the correlated nature of agents’ observation

processes and under communication constraints?

In this regard, the contributions of the thesis are mainly as follows: (i) the design and
analysis of a novel Newton-type algorithm for FL. with state-of-the-art performance,
which we briefly summarize in Section 1.2.1; (ii) the theoretical analysis of the finite-time
convergence behaviour of FRL under communication constraints, which we summarize

next in Section 1.2.2. See Figure 1.3 for a summary illustration of thesis contributions.
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1.2.1 SHED: A Novel Newton-Type Algorithm for Federated Learning
Based on Hessian Eigendecomposition

In chapter 2, we introduce SHED (Sharing Hessian Eigenvectors for Distributed learning)
a novel Newton-type algorithm for FL. The algorithm is based on building approximations
of the global Hessian using local Hessian eigenvalue-eigenvector pairs. SHED has several
appealing features and state-of-the-art performance. In the chapter, we describe the
algorithm in detail. First, we provide the main intuition in the case of linear regression
with quadratic cost (least squares). Then, we present the algorithm in the general case
of a convex cost function. We provide a rigorous convergence analysis that shows (i)
the superlinear convergence of SHED and (ii) how SHED is effective in combatting
ill-conditioning thanks to the distributed Hessian approximation technique. We then
illustrate an extensive empirical analysis of SHED’s performance comparing it against
several state-of-the-art approaches. In chapter 3, we present Q-SHED, an extension of
SHED based on a quantization scheme in which each agent allocates a bit budget to their
local Hessian eigenvectors. The bit allocation strategy is cast as an optimization problem
to minimize the difference between the resulting quantized Hessian approximation and
the actual Hessian. The empirical results show that Q-SHED can reduce to up to 60%

the number of communication rounds required for convergence.

1.2.2 Finite-Time Analysis of Federated Reinforcement Learning under

Communication Constraints

In chapter 4, we present a finite-time convergence analysis of FRL frameworks under
different communication constrained settings. Specifically, we consider a policy evaluation
problem in which N agents cooperate to evaluate a common policy via temporal difference
(TD) learning, by communicating with a central aggregator. See Fig. 1.4 for a pictorial
representation of the considered federated TD learning framework. We present novel
theoretical results for the following three communication settings: (i) a setting in which
uplink communications are subject to random dropouts and transmitted gradients are
quantized; (ii) a setting in which uplink transmission exploits over-the-air computation,
inducing an iterative update rule in which local updates are subject to distortion and
additive measurement noise at the receiver; (iii) an asynchronous setting in which local
TD update directions are subject to bounded asynchronous delays. For all of these
settings, we are able to provide a finite-time convergence analysis and to establish an
N-fold linear convergence speedup, i.e., we are able to show the beneficial effect of
cooperation even under the considered communication constrained settings. Notably, our

results are the first available theoretical groundings providing finite-time convergence
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Figure 1.4: Federated TD Learning framework. N agents communicate with a central entity
to cooperatively evaluate a common policy p. Agents compute local TD update directions
g,k (0k,0: 1) based on their observations o; , collected interacting with their environment.

results for FRL under communication constraints.

In chapter 5, we focus with greater attention on a Stochastic Approximation (SA)
setting with delayed updates, in the single agent case. Note that the SA setting under
Markovian sampling is a generalization of the TD learning framework considered in
chapter 4, and includes also Stochastic gradient descent under Markovian sampling and
more complex RL algorithms like Q-learning. Within the considered setting, we are able
to provide a finite-time convergence result that enjoys optimal dependencies on both
the mixing time of the Markov chain (consistently with the non-delayed case) and on
the delay sequence (consistently with the i.i.d. sampling case). Notably, our work is the
first to provide finite-time convergence guarantees for SA under Markovian sampling and

delayed updates.
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Introduction




SHED: A novel Newton-type algorithm for

federated learning

In Federated Learning (FL), much attention is being turned to scenarios where the
communication network is strongly heterogeneous in terms of communication resources
(e.g., bandwidth) and data distribution. In these cases, communication between local
machines (agents) and the central server (Master) is a main consideration. In this
chapter, we present SHED, an original communication-constrained Newton-type (NT)
algorithm designed to accelerate FL in such heterogeneous scenarios. SHED is by
design robust to non independent identically distributed (non i.i.d.) data distributions,
handles heterogeneity of agents’ communication resources (CRs), only requires sporadic
Hessian computations, effectively combats ill-conditioning, and achieves global asymptotic
super-linear convergence. This is possible thanks to an incremental strategy, based on
eigendecomposition of the local Hessian matrices, which exploits (possibly) outdated
second-order information. The proposed solution is thoroughly validated on real datasets
by assessing (i) the number of communication rounds required to achieve e-convergence, (ii)
the overall amount of data transmitted and (iii) the number of local Hessian computations.

For all these metrics, the proposed approach shows superior performance against state-
of-the art techniques like FedNL, GIANT and BFGS.

2.1 Introduction

With the growing computational power of edge devices and the booming increase of data
produced and collected by users worldwide, solving machine learning problems without
having to collect data at a central server is becoming very appealing [131]. One of the
main reasons for not transferring users’ data to cloud central servers is due to privacy

concerns. Indeed, users, such as individuals or companies, may not want to share their
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private data with other network entities, while training their machine learning algorithms.
In addition to privacy, distributed processes are by nature more resilient to node/link
failures and can be directly implemented on the servers at network edge, i.e., within
multi-access edge computing (MEC) scenarios [117].

In recent years, the leading distributed machine learning framework is federated learning
(FL) ([85], [94]), which has attracted much research interest in recent years. Direct
applications of FL can be found, for example, in the field of healthcare systems [69], [123]
or of smartphone utilities [68].

Among the open challenges of FL, a key research question is how to provide efficient
distributed optimization algorithms in scenarios with constrained heterogeneous commu-
nication links (different bandwidth) and non i.i.d. data distributions [71], [133], [152],
[155]. These aspects are found in a variety of applications, such as the so-called federated
edge learning framework, where learning is moved to the network edge, and which often
involves unstable and heterogeneous wireless connections [13], [28], [110], [131], [139].
In addition, the MEC and FL paradigms are of high interest to IoT scenarios such as
data retrieval and processing within smart cities, which naturally entail non i.i.d. data
distributions due to inherent statistical differences in the underlying spatial processes
(e.g., vehicular mobility, user density, etc.) [89]. Within this context, recent works have
also considered variants of the original FL framework, such as hierarchical and serverless
settings [150], [107], [61].

The bottleneck represented by communication overhead is one of the most critical aspects
of FL. In fact, in scenarios with massive number of devices involved, inter-agent commu-
nication can be much slower than the local computations performed by the FL agents
themselves (e.g., the edge devices), by many orders of magnitude [85]. The problem
of reducing the communication overhead of FL. becomes even more critical when the
system is characterized by non i.i.d. data distributions and heterogeneous communica-
tion resources (CRs) [86]. In this setting, where the most critical aspect is inter-node
communications, FL agents are often assumed to have good computing capabilities, like,
e.g., in the case of smartphones and laptops in edge networks [85]. Therefore, wisely
increasing the computational effort at the agents is an appealing strategy to speedup the
convergence. For this reason, Newton-type approaches, characterized by robustness and
fast convergence rates, even if computationally demanding, have been recently advocated
[63], [125], [139].
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2.1.1 Main contributions

In this chapter, we present SHED (Sharing Hessian Eigenvectors for Distributed learning),
a novel Newton-type algorithm for FL. The main features of SHED and our contributions

can be summarized as follows:

o SHED uses an incremental strategy exploiting (possibly) outdated second-order
information of the cost function. In particular, local machines (agents) provide the
central server (the Master) with Hessian approximations by means of transmitting
eigenvalue-eigenvector pairs (EEPs) of their local Hessian matrices together with
a carefully computed approximation parameter. We take inspiration from [53] to

build Hessian approximations from EEPs.

e« SHED is by design robust in dealing with non i.i.d. data distributions and in
effectively handling ill-conditioned problems. Furthermore, SHED handles agents’
heterogeneous communication resources (CRs) by allowing those with more per-
iteration CRs to share more EEPs per communication round. We analytically and
empirically show how this improves the convergence rate. Furthermore, in sharp
contrast with prior art, SHED, by design, requires agents to locally compute the

Hessian matrix only sporadically.

e In the chapter, we first analyse the convergence rate of SHED for least squares
problems, and then extend the analysis to the case of general FL. problems with
convex cost. In the convex case, we show that SHED enjoys global asymptotic
super-linear convergence, and we analyse the super-linear convergence rate by

studying the Lyapunov exponent of the estimation error dynamical system.

o Our results show that SHED is (i) competitive with state-of-the-art approaches in
scenarios with i.i.d. data distributions and (ii) robust to non i.i.d. data distributions

and ill-conditioned problems, for which it outperforms competing solutions.

2.1.2 Related work

Next, to put our contribution into context, we review related works on first and second
order methods for FL.

First-order methods. To improve the robustness and the convergence properties
of FedAvg [94], first-order methods like SCAFFOLD [72], FedProx [86], FedLin [101] and
the work in [148] deal with system’s heterogeneity, non i.i.d. datasets and communication
constraints, like finite-rate channels. Along these lines, the work in [31] leverages the

use of outdated first-order information by designing rules to detect slowly varying local
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gradients. With respect to the problem of heterogeneous time-varying CRs, [9] presented
techniques based on gradient quantization and on analog communication exploiting the
additive nature of the wireless channel, while [28] studied a framework to jointly optimize
learning and communication for FL in wireless networks.

Second-order methods. Newton-type (NT) methods exploit second-order informa-
tion of the cost function to provide accelerated optimization, and are therefore appealing
candidates to speed up FL. NT methods have been widely investigated for distributed
learning purposes: GIANT [144] is an NT approach exploiting the harmonic mean of
local Hessian matrices in distributed settings. Other related techniques are LocalNewton
[63], DANE [128], AIDE [120], DiSCO [151], DINGO [39] and DANLA [150]. DONE [139]
is another technique inspired by GIANT and specifically designed to tackle federated
edge learning scenarios. Communication efficient NT methods like GIANT and DONE
exploit an extra communication round to obtain estimates of the global Hessian from the
harmonic mean of local Hessian matrices. These algorithms, however, were all designed
assuming that data is i.i.d. distributed across agents and, as we empirically show in this
work, under-perform if such assumption does not hold. A recent study, FedNL [125],
proposed algorithms based on matrix compression which use theory developed in [70] to
perform distributed training, by iteratively learning the Hessian matrix at the optimum.
However, FedNL requires the computation of the local Hessians at each iteration, and does
not consider heterogeneity in the CRs. Furthermore, FedNL only offers local super-linear
convergence guarantees. Our work, instead, provides global (asymptotic) super-linear
convergence guarantees. Other related NT approaches have been proposed in FLECS
[2], FedNew [52] and Quantized Newton [5]. Quasi-Newton methods (i.e., second-order
methods that do not explicitly compute the Hessian matrix) have also been recently
investigated for FL [50], [90], [134], usually proposing variants of the popular BFGS [87]
algorithm. These methods, however, provide usually only local convergence analysis or
require the knowledge of problem specific constants, and their rate is heavily impacted by
the condition number. Although some preliminary N'T approaches have been proposed for
the FL framework, there is still large space for improvements especially in ill-conditioned

setups with heterogeneous CRs and non i.i.d. data distributions.

2.1.3 Organization of the Chapter

The rest of the chapter is organized as follows: in Section 2.2, we detail the problem
formulation and the general idea behind the design of SHED. In Section 2.3, we present
SHED, and the corresponding theoretical results, in the least squares (LS) case. Starting

with LS enables us to provide the core intuition on the working principle of SHED in the
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simpler case of constant Hessians. Section 2.4 is instrumental to extend the algorithm
to a general strongly convex problem, which is done later on in Section 2.5, and which
represents the main contribution of this chapter. At the end of Section 2.5, based on
the theoretical results, we propose some heuristic choices for tuning SHED parameters.
Finally, in Section 2.6, empirical performance of SHED is shown on real datasets. The
proofs of the theoretical results are reported in Appendix A.

Notation: Vectors and matrices are written as lower and upper case bold letters,
respectively (e.g., vector v and matrix V). The operator || - || denotes the 2-norm for
vectors and the spectral norm for matrices, diag(v) denotes a diagonal matrix with the

components of vector v as entries. We denote by I the identity matrix.

2.2 Problem Formulation

In Fig. 2.1 we illustrate the typical framework of an FL scenario. In the rest of the
chapter, we denote the n-dimensional optimization parameter by 8 € R™, and a generic
cost function by f:R"™ — R. We denote a dataset by D = {x;, yj}ff:l, where N is the
global number of m-dimensional data samples x; € R™ and response y; € R. In the case
of classification problems, y; would be an integer specifying the class to which sample x;

belongs. We consider the problem of regularized empirical risk minimization of the form
1 g2
meinf(e) = Nzlj(9)+§u‘9”2: (2.1)
j=1

where each [;(0) is a convex function related to the j-th element of D and p is the
regularization parameter. Examples of convex cost functions considered in this work, are
linear regression with quadratic cost (least squares): [;(0) = %(xfﬂ —y;)?, and logistic
regression: ;(0) = log(1+e™ % (XJ'TO)), in which n = m. In this chapter, we denote the data
matrix by X = [x1,...,xy] € R™*N and the label vector by Y = [y1,...,yn] € RV,
We refer to the dataset D as the tuple D = (X,Y). We denote by M the number
of agents involved in the optimization algorithm, and we can write X = [X4, ..., Xy/],
Y =[Yy,..., Y], where X; € R™*¥i and Y; € R1¥i| where N; is the number of data
samples of the i-th agent. We denote the local dataset of agent i by D; = (X;,Y;). In
this chapter we consider optimization problems in which the following assumptions on
the agents’ cost functions f()(8) = N% > (x;.0;)em; 1i(0) + 5110]3 hold:

Assumption 1. Let H®(0) := V2f()(0) be the local Hessian matrix of agent i. f()(0)
is twice continuously differentiable, K;-smooth, k;-strongly convex and H(i)(a) is L;-

Lipschitz continuous for all i =1, ..., M.
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Figure 2.1: Considered FL framework: agents Ai,..., Ay cooperate to solve a common
learning problem. After receiving the global parameter 8*, at the current iteration ¢, they
share their optimization sets Utm, R Ut(M) with the Master.

The above assumptions imply that
il < HO(0) < K1, VO

Y (6) —H(6")] < Lillo - 6'||, ¥6. ¢’

Note that K;-smoothness is also a consequence of the K-smoothness of any global cost
function f(@) for some constant K, while strong convexity of agents’ cost functions is
always guaranteed, if the functions /;(0) are convex, in the presence of a regularization
term p > 0. The results of the next sections all rely either on the existence of a positive
regularization term p > 0, or on the fact that at least one of the cost functions f(*)(6")

is k;-strongly convex with k; > 0.

2.2.1 An eigendecomposition-based Newton-type method

The Newton method to solve (2.1) works as follows:
0" = 6" —nH; gy,

where ¢ denotes the t-th iteration, g; = g(0;) = Vf(6") is the gradient at iteration ¢ and
n; is the step size at iteration t. H; = V2 f(0') denotes the Hessian matrix at iteration ¢.
Compared to gradient descent, the Newton method exploits the curvature information
provided by the Hessian matrix to improve the descent direction. We define p; := H, lg,.
In general, Newton-type (NT) methods try to get an approximation of p;. In an FL
scenario, assuming for simplicity that all M agents have the same amount of data, we

have that:
M

1 (i) 1 &
Ht:MZHt ; gt:M;gt ’ (22)
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where Hgi) = V2£)(0') and ggi) = V£ (8") denote local Hessian and gradient of the
local cost f() (6%) of agent i, respectively. To get a Newton update at the master, in an
FL setting one would need each agent to transfer the whole matrix Hgi) of size O(n?) to
the master at each iteration, that is considered a prohibitive communication complexity
in a federated learning setting, especially when the size of the feature data vectors, n,
increases. Hence, in this work we propose an algorithm in which the Newton-type update

takes the form:
0t+1 = Gt — Utﬂglgt, (23)

where Hj is an approximation of Hy. In some previous contributions, like [139], [144], H,
is the harmonic mean of local Hessians, obtained at the master through an intermediate
additional communication round to provide each agent with the global gradient, g;. In
the recent FedNL algorithm [125], each agent at each iteration sends a compressed version
of a Hessian-related matrix.

Our algorithm incrementally obtains at the master an average of full-rank approxima-
tions of local Hessians through the communication of the local Hessian most relevant
eigenvalue-eigenvector pairs (EEPs) together with a carefully computed local approx-
imation parameter. In particular, we approximate the Hessian matrix H; exploiting
eigendecomposition in the following way: the symmetric positive definite Hessian H;
can be diagonalized as H; = V;A; V!, with A; = diag(Ait, ..., Any), where A, is the

eigenvalue corresponding to the k-th eigenvector, v ;. H; can be approximated as

qt

H; = Hi(pr, 1) = ViA V] = Z()‘k,t - Pt)Vk,tvz,t + ped, (2.4)
k=1

with Ay := At(pt, qt) = diag(Aig, ..., Ag,, Pt, -, p). The scalar p, > 0 is the approximation
parameter (if p; = 0 this becomes a low-rank approximation). The integer ¢ = 1,...,n
denotes the number of EEPs {)\k,t,Vk,t}thl being used to approximate the Hessian
matrix. We always consider eigenvalues ordered so that Ai; > Aoy > ... > A, ;. The
approximation of Eqn. (2.4) was used in [53] for a sub-sampled centralized optimization
problem. Note that the EEPs up to the ¢-th can be efficiently computed via singular
value decomposition [53]. In the FL setting, we use the approximation shown in Eqn.
(2.4) to approximate the local Hessian matrices of the agents. In particular, letting I:IEZ)
be the approximated local Hessian of agent i, the approximated global Hessian is the

average of the local approximated Hessian matrices:

M
H; = ZPngl)a pi = Ni/N
=1
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where ﬂﬁ” = flt(pgi), qf)) is a function of the local approximation parameter pgi) and of

. . N0
the number of EEPs qt(l) shared by agent ¢, denoted by {)\,(;;, V](;zt thl.

2.2.2 The algorithm in a nutshell

The idea of SHED is that agents share with the Master, together with the gradient,
some of their Hessian EEPs, according to the available CRs. They share the EEPs in a
decreasing order dictated by the value of the positive eigenvalues corresponding to the
eigenvectors. At each iteration, they incrementally add new EEPs to the information
they have sent to the Master. In a linear regression problem, in which the Hessian does
not depend on the current parameter, agents would share their EEPs incrementally up to
the n-th. When the n-th EEP is shared, the Master has the full Hessian available and no
further second order information needs to be transmitted. In a general convex problem,
in which the Hessian matrix changes at each iteration, being a function of the current
parameter, SHED is designed in a way in which agents perform a renewal operation at
certain iterations, i.e., they re-compute the Hessian matrix and re-start sharing the EEPs

from the most relevant ones of the new matrix.

2.3 Linear regression (least squares)

In this section we illustrate our algorithm and present the convergence analysis considering
the problem of solving (2.1) via Newton-type updates (2.3) in the least squares (LS)
case, i.e., in the case of linear regression with quadratic cost. We start by considering LS
because, in this case, the Hessian matrix is H(@) = Hyg, V0, i.e., it does not depend
on the parameter 8. This fact makes the analysis and the algorithm much simpler
than the general convex case. This, in turn, allows us to provide the main intuition
behind SHED and to illustrate the effect of the incremental EEPs sharing strategy on the
convergence rate when the eigenspectrum is constant. When considering LS, we write
the eigendecomposition as Hyg = VAVT, with A = diag()\1, ..., \,) without specifying
the iteration ¢ when not needed. Let 8* denote the solution to (2.1). In the following, we
use the fact that the gradient can be written as g; = HLS(Ot — 0*). In this setup, the

update rule of Eqn. (2.3) can be written as a time-varying linear discrete-time system:
0t — 0" = A (0 — 6%) (2.5)

where Ay := A(py,n,q1) =1 — ntI:I;1HLS. Indeed,
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0 — 0" =0 - 0" —yH; g
= (I—nH'H.s)(6" — 7).

Before moving to the FL case, we prove some results for the convergence rate of the

centralized iterative least squares problem.

2.3.1 Centralized iterative least squares

In this sub-section, we study the optimization problem in the centralized case, so when all
the data is kept in a single machine. We provide a range of choices for the approximation
parameter p; that are optimal in the convergence rate sense. We denote the convergence
factor of the descent algorithm described by Eqn. (2.3) by

Ty 1= T(pta U qt)7
making its dependence on the tuple (ps, mt, g¢) explicit.

Theorem 2.1. Consider solving problem (2.1) via Newton-type updates (2.3) in the least
squares case. At iteration t, let the Hessian matrix Hyg be approximated as in Eqn. (2.4)

(centralized case). The convergence rate is described by
10" — 6%[| < re[|6" — 7. (2.6)

For a given ¢, € {0,1,...,n} the best achievable convergence factor is

A

v =1 @) = min (o) = (1- 22, (2.7)
(peme) Pi
where
o= Ot + An)/2 (2.8)
rf is achievable if and only if (p, n:) € S, with
S = {(Ptﬂ?t) ‘pt € [)\m)\qﬁl]ﬂ?t = L}
)‘(It-f—l + An
Proof. See Appendix A.1. O

In the above Theorem, we have shown that the best convergence rate is achievable,
by tuning the step size, as long as p; € [An, Ag,+1]. In the following Corollary, we provide

an optimal choice for the tuple (p;,n;) with respect to the estimation error.

Corollary 2.1. Among the tuples (p¢,m:) € S*, the choice of the tuple (pf, 1), with pf

defined in (2.8), is optimal with respect to the estimation error [|@5F] — 6|, for any 6"
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Figure 2.2: In (a) we show the different performance obtained with SHED w.r.t. different

choices for the parameter p;: the best choice in terms of estimation error from Corollary 2.1 is

compared against the choice that was proposed in [53], that is p: = Ag;+1. In the experiment,

gt = qt—1 + 1. In (b), we show an example of the set S*, and outline two points: LSs is the

choice of the tuple in §* providing the optimal convergence factor in LS, while CVX, which
does not belong to §*, is the choice we do in the scenario of FL with convex cost.

and for any t, in the sense that

1057 — 671l < 116,55, — 6%[l, ¥(ne, pe) € S*

Proof. See Appendix A.2 O

See Fig. 2.2 for an illustration of the set S* and the impact of the optimal choice in
the performance. We remark that the bound in (2.6) is tight for r, = rf. If ¢; increases,
the convergence factor decreases until it becomes zero, when ¢, = n — 1, thus we can

have convergence in a finite number of steps.

2.3.2 Federated least squares

We now consider the FL scenario described in section 2.2, in which M agents keep their
local data and share optimization parameters to contribute to the learning algorithm.
For notation convenience, in the rest of the chapter we assume that each agent has the
same amount of data samples, N; = % This allows us to express global functions, such
as the gradient, as the arithmetic mean of local functions (e.g., g = (1/M) Zi]\il ggi)).
This assumption is made only for notation convenience. It is straightforward to show that
all the results are valid also when N; is different for each i. To show this, it is sufficient
to replace the arithmetic mean of local functions with the weighted average, weighting
each local function with p; = N;/N.

We now introduce the algorithm for the LS case (Algorithm 1), that is a special case
of Algorithm 5, described in Sec. 2.5, which is designed for a general convex cost. We

refer to Algorithm 1 as SHED-LS and it works as follows: at iteration ¢, each agent
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Algorithm 1 Least Squares, SHED-LS
Input: {D;}M, = {(Xi, Y:)IM,, f, 01, VF(0'), A= {agents}, T = {1}, e>0
Output: 6°

1. t+1

2: while ||[Vf(0")||2 > € do

3:  for agent i € A do

4: when Received 0' from the Master do
5: if t € 7 then
6: compute H(ng = V2f0 (et = X;XT
7: {(A§Z),v§-z))};-‘:1 — eigendecomp(H(L%)
8: qéi) 0
9: end if )
10 compute ggz) = V(e
11: set dﬁ” qt(” — qt(l_)l + d,gl) // According to CRs
(4) (4) (4)
. 0) (i) ()" (@) (i)
13: Up” < {{Vj s A }j;qii)ﬁrl’gt N
14: Send Ut(z) to the Master.
15:  end for
16:

17: At the Master: '
18:  when Received Ut(l) from all agents do

19: compute IA{,@, Vi. // see (2.10)
20: Compute H; (as in eq. (2.9)) and g;.

21: Perform Newton-type update (2.3) with n, = 1.

22: Broadcast @'t to all agents.

23: t+—t+1

24: end while

i1 =1,..., M shares with the Master some of its EEPs together with its approximation

parameter pgi). The eigenvectors are shared incrementally, where the order in which they

are shared is given by the corresponding eigenvalues. For example, at ¢ =1 agent ¢ will

. . (2)
start by sharing its first Hessian EEPs {vg-l), )\(‘1)};1‘1:1, according to its CRs, and then
will incrementally send up to the last EEP {)\sil, VS)_I} in the following iterations. To
enable the approximation of the local Hessian via a limited number of eigenvectors using
(2.4), the parameter pgl) is sent as well. The Master averages the received information to

obtain an estimate of the global Hessian as follows:

M
' A R (2.9)
M pt t
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where ﬂgl) is

(%)
q;

(i VRO i NROMOYA i

B0 = B0 40) = 500 VN T e
Jj=1

in which q,gi) is the number of the local Hessian EEPs that agent i has already sent
to the Master at iteration t. We denote by d,gi) the increment, meaning the number
of eigenvectors that agent i can send to the Master at iteration ¢t. Given the results
shown in Sec. 2.3.1, in this section we fix the local approximation parameter to be

pgi) = pii)* = ()\(i)i)+1 + /\ﬁf))/2 and the step size to be n; = 1. The following results
q;

related to the convergence rate allow the value qti) to be different for each agent i, so we
define
1 M j .
qr = [qt( ), ,q§ )]T, qt(z) S {0, ey = 1}, 1= 1, ,M

By construction, the matrix H; is positive definite, being the sum of positive definite

matrices, implying that —p; = —ﬂ; lg, is a descent direction.

Theorem 2.2. Consider the problem in (2.1) in the least squares case. Given H; defined
in (2.9), the update rule defined in (2.3) is such that, for pgz) > ()\(Z(),>+1 + )\,(f))/2, Vi,
q

7
t

and n; = 1:

161 — 0| < c.[|6° — 67, (2.11)
with ¢; = (1 — \,/p¢) and
1M - SRR
pr = plar) = M;Py)a An = M;)\S)- (2.12)

If Algorithm 1 is applied, ¢;+1 < ¢ Vt, and, if for all 4 it holds that qf,z )= — 1, at some

iteration t', ¢y = 0.
Proof. See Appendix A.3. O

This theorem shows that SHED-LS provides convergence in a finite number of

iterations, if qgi) keeps increasing through time for each agent i. Indeed, as in the

centralized case, if qt(i) increases for all ¢, the factor ¢; decreases until it becomes zero.
Furthermore, each agent is free to send at each iteration an arbitrary number of EEPs,
according to its CRs, and by doing so it can improve the convergence rate. See Fig.

2.2-(a) for an example of SHED-LS performance.
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2.4 From least squares to general convex cost

We want to extend the analysis and algorithm presented in the previous sections of the
chapter to a general convex cost f(68'). With respect to the proposed approach, the
general convex case requires special attention for two main reasons: (i) the update rule
defined in (2.3) requires tuning of the step-size n;, usually via backtracking line search,
and (ii) the Hessian matrix is in general a function of the parameter 8. In this section,
still focusing on the least squares case, we provide some results that are instrumental to

the analysis of the general convex case.

2.4.1 Backtracking line search for step size tuning

We recall the well-known Armijo-Goldstein condition for accepting a step size n; via

backtracking line search:

f(6" —mp) < f(6") — amp” g, (2.13)

where a € (0,1/2). The corresponding line search algorithm is the following;:

Algorithm 2 Backtracking line search algorithm
IHPUt: Q€ (07 1/2)7 /B € (07 1)) gt’ P:, 8t f
Output: 7
1,
k<+0
while f(6' —n;"'p) > f(6") — an;"'pTg; do
k+—k+1
) = gtV
= _ (k)
e =1
end while

Lemma 2.1. Consider the problem in (2.1) in the least squares case. Let p; = ﬂ; g, with
H, defined in (2.9). A sufficient condition for a step size 7; to satisfy Armijo-Goldstein
condition (2.13), for any « € (0,1/2), is

_ : Py
=, min 0 (2.14)
¢V +1

Proof. See Appendix A.4. O
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Corollary 2.2. In the least squares case (Algorithm 1), when choosing pgi) = pgi)*, Vi,

Armijo backtracking line search (Algorithm 2) would choose a step size 1, > % When

choosing pgi) =X Vi, Algorithm 2 would choose a step size n; = 1.

qti)+1,

Proof. The proof is straightforward from Eqn. (2.14) of Lemma 2.1. O

Remark 2.3. For the choice p® = p(d* the Armijo-backtracking might not choose a
step size n; = 1 even for arbitrarily small a < 0.5. Indeed, we can easily build a
counter-example in the centralized case considering H; = A; = diag(A, ... Ag, P55 ooy pF),
a gradient g; such that p; = }AIt_lgt =[0,...,0,1,0,...,0] " (e.g., g = [0,...0, p*,0,...,0] 7).

We see that with 1, = 1, Eq. (A.5) becomes f(8'"1) = f(0') — \,/2 and, in order to be

An
)\q+1 +)\n )

become arbitrarily small depending on the eigenspectrum.

satisfied, the Armijo condition would require a < where the right hand side can

The results of Lemma 2.1 and of Corollary 2.2 and the counter-example of the above
Remark are important for the design of the algorithm in the general convex case. Indeed,
as illustrated in the next Section (Section 2.5), a requirement for the theoretical results on
the convergence rate is that the step size becomes equal to one, which is not guaranteed
by the Armijo backtracking line search, even when considering the least squares case, if
p(i) < \®

t qu)_’_l

(@) _ @
Pt = )\qgi)_’_l

. For this reason, the algorithm in the general convex case is designed with

2.4.2 Algorithm with periodic renewals

Now, we introduce a variant of Algorithm 1 that is instrumental to study the convergence
rate of the proposed algorithm in the general convex case. The variant is Algorithm 3. The
definition of Z = {1, T, 2T, ...} implies that every T iterations the incremental strategy is
restarted from the first EEPs of Hyg, in what we call a periodic renewal. Differently

Algorithm 3 Variant of Algorithm 1, SHED-LS-periodic
In Algorithm 1, substitute Z = {1} with Z = {1, 7,27, ...}, for some input parameter
T <n.

from Algorithm 1, Algorithm 3 can not guarantee convergence in a finite number of
steps, because T' < n and thus it could be that ¢; > 0, V¢ (see Theorem 2.2). We study
the convergence rate of the algorithm by focusing on upper bounds on the Lyapunov
exponent [91] of the discrete-time dynamical system ruled by the descent algorithm. The
Lyapunov exponent characterizes the rate of exponential (linear) convergence and it is

defined as the positive constant a, > 0 such that, considering h(6?) := (6° — 6*)a™",



2.5 Federated learning with convex cost 27

if @ > a, then h(@!) vanishes with ¢, while if a < a., for some initial condition, h(6")
diverges. The usual definition of Lyapunov exponent for discrete-time linear systems [40]

is, considering the system defined in (2.5),

a, = limsup || @, [|'/*, @, = A;--- Ay (2.15)
t—o00

From (2.11), we have that, for each k, ||Ag|| < cx = (1 — \,/pg). This implies that,
defining

t
ap ;= (H ck)l/t,
k=1

a : = limsup ay,
t——+o0

(2.16)

it is a4 < a. The following Lemma formalizes this bound and provides an upper bound

on the Lyapunov exponent obtained by applying Algorithm 3.

Lemma 2.2. Let ¢ = (1 — A\ /pr) (see Eq. (2.12)). Applying Algorithm 3, the Lyapunov

exponent of system (2.5) is such that

t
a, <a= 1imsup(H )Yt
t——+o00 k=1

It ¢ = ¢\, + 1, Vi,t,
T
a, < ap = (H )T (2.17)
k=1

where ar is such that ary; < ar and a, = 0.

Proof. See Appendix A.5 O

2.5 Federated learning with convex cost

Given the previous analysis and theoretical results for linear regression with quadratic
cost, we are now ready to illustrate our Newton-type algorithm (Algorithm 5) for general
convex FL problems, of which Algorithm 1 is a special case. We refer to the this general
version of the algorithm simply as SHED. Since in a general convex problem the Hessian
depends on the current parameter, 8¢, we denote by H(6?) the global Hessian at the
current iterate, while we denote by H, the global approximation, defined similarly to

(2.9), with the difference that now eigenvalues and eigenvectors depend on the parameter
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for which the Hessian was computed.
We therefore write Hy in the following way:
- 1Y (i)
== aden), (2.18)

M i=1

where kt(i) <t denotes the iteration in which the local Hessian of agent ¢ was computed.
The parameter Hkiw is the parameter for which agent ¢ computed the local Hessian, that
in turn is being used for the update at iteration t.

The idea of the algorithm is to use previous versions of the Hessian rather than always
recomputing it. This is motivated by the fact that as we approach the solution of
the optimization problem, the second order approximation becomes more accurate and
the Hessian changes more slowly. Hence, recomputing the Hessian and restarting the
incremental approach provides fewer and fewer advantages as we proceed. From time to
time, however, we need to re-compute the Hessian corresponding to the current parameter
0!, because H(Bkii)) could have become too different from H® (0"). As in Sec. 2.4.2, we
call this operation a renewal. We denote by Z the set of iteration indices at which a
renewal takes place. In principle, each agent could have its own set of renewal indices,
and decide to recompute the Hessian matrix independently. In this work, we consider for
simplicity that the set Z is the same for all agents, meaning that all agents use the same
parameter for the local Hessian computation, i.e., k§i) =k, Vi. At the end of this section
we describe heuristic strategies to choose Z with respect to the theoretical analysis. We
remark that in the case of a quadratic cost, in which the Hessian is constant, one chooses
Z = {1}, and so Algorithm 1 is a special case of Algorithm 5.

The eigendecomposition can be applied to the local Hessian as before, we define

ol = vk, AT =20 (k). (2.19)
For notation convenience we also define
v = 051 =) g, (2.20)

Our theoretical results on the convergence rate hold if, for some ¢ > 0, the backtracking

strategy always chooses 1; = 1, Vt > t. To meet this requirement, the analysis requires

that H® (6%) > H® (@), V¢, i which in turn requires pgz)(Okt) > S\;Z() ; Accordingly,
t

i)+1’
we set:

PO = pt) =8 . (2.21)
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The local Hessian can be approximated as

A eM) =Y 9 + 01 (2.22)
Clearly, it still holds that H, > pil, Vt, where py = ﬁ Zf\il ﬁgi). Furthermore, it is easy
to see that H; < K I, with K the smoothness constant of f. Note that SHED uses the
Armijo backtracking strategy, that is recalled in Algorithm 2.

Theorem 2.4. For any initial condition, SHED (Algorithm 5) ensures convergence to the
optimum, i.e.,

lim ||@; — 6| = 0.
t—-+o0
Proof. See Appendix A.6. O

In the remainder of this section, we provide the convergence analysis of SHED for
the general strongly convex cost case. The results of Theorem 2.5 and 2.6 are the main
theoretical contribution of this chapter. In order to provide the convergence guarantees

of SHED, we need to impose some constraints on the renewal indices set Z. Specifically,

Assumption 2. Denoting Z = {I,},en, there exists a finite positive integer [ such that
I <Ij—q +1, Vj.

In words, the above assumption implies that writing k; = t — 7, the ‘delay’ 7 is
bounded. The next theorem provides a bound that relates the convergence rate and the

increments of outdated Hessians.

Theorem 2.5. Applying SHED (Algorithm 5), for any iteration ¢, it holds that:
10 — 0%l < c1,4[10" — 67| + 26" — 67 (2.23)

where, defining A, = M ng)t and p, = +; M ﬁgi) (see (2.19) and (2.21)),

Aty L H(#'
ene=(1— 2ty Lygr iy (11— TN
S P (2.24)
C2t = @
T 2p
Proof. See Appendix A.7T. O

The above theorem is a generalization of Lemma 3.1 in [53] (without sub-sampling). In

particular, the difference is that (i) the dataset is distributed and (ii) an outdated Hessian
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is used. The next theorem formally establishes linear and super-linear convergence of
SHED.

Theorem 2.6. Recall the definition of the average strong convexity constant k = (1/M) Zf\il K,
with k; the strong convexity constant of agent i. Let K be the smoothness constant of f.
The following results hold:

1. Applying SHED (Algorithm 5), as soon as

=2
BROM(1) + 6~ 0°]) + K6 — 6] < °-(1-20),  (229)

and 5
§LH9t —0*|| + LM(t) < k, (2.26)

with M(t) = max{||@! — 6%, ||@* — 6*||}, the algorithm enjoys at least linear

convergence.

2. Define X; := {k <t:pr = Ay x}. Let |X;| denote the cardinality of X;. If [X;| = 0
then SHED enjoys linear convergence and the Lyapunov exponent of the estimation

error can be upper bounded as

t Yo
a, < lim Sup(H 1- {\—Z)l/t (2.27)
b= Pe

where A2 and py are the average of the n-th eigenvalues and approximation param-

eters, respectively, computed at the optimum:

M M

1 . 1 ~
M= =300, o=l
M =1 M i=1

RO RN *
with p,”" = Aq%)ﬂ(e )
3. Let |X;| denote the cardinality of X;. Let T > 0 be finite. If |X;| > t'/2h(t) — T,
with A(t) any function such that h(t) — oo as t — oo, then the Lyapunov exponent

is ax = 0 and thus SHED enjoys super-linear convergence.

Sketch of proof. For 1), we first show that when condition (2.25) holds, the step size
is chosen equal to one by the Armijo backtracking line search. We then show that
when also (2.26) holds, then the cost converges at least linearly for any subsequent
iteration. For 2), we upper bound the Lyapunov exponent and exploit local Lipschitz

continuity to provide the result. For 3), we exploit at least linear convergence proved in
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1) together with the assumption on the cardinality of the set A;. For the complete proof,
see Appendix A.8. O

In the above theorem, we have shown that SHED enjoys at least linear convergence
and provided a sufficient condition on the choice of renewals indices set to guarantee
global super-linear convergence. In sharp contrast to existing works, global asymptotic
super-linear convergence is guaranteed (i) regardless of the initial condition, and (ii)
without requiring the knowledge of problem specific constants, as long as the requirement
on the set A; is satisfied. The sufficient condition can be easily guaranteed with a choice
of periodic renewals with a period such that the cardinality of X} is big enough. A simple
example is as follows. Let Z = {1,n,2n,...}, and let dgi) = 1 for each agent ¢ and for
each t, meaning that at each iteration, each agent transmits a single EEP together with
the gradient. In this case, at iterations k € {n —1,2n — 1,3n — 1, ...} we have p; = S\n’k,
and thus |X;| = [t/n]. Note that in this case |X;| > t/n — 1, and the condition for
super-linearity is satisfied with h(t) = # and T = 1. Note that if |X;| = 0, V¢, with

(

renewal period T and dti) =1 Vi, t, we can get

T 5\0
a. < ar = [[(1-=2)VT. (2.28)
k=1 P

2.5.1 Heuristics for the choice of 7

From the theoretical results provided above we can do a heuristic design for the renewal
indices set Z. In particular, we see from the bound (2.23) in Theorem 2.5 that when
we are at the first iterations of the optimization we would frequently do the renewal
operation, given that the Hessian matrix changes much faster and that the term ||@%t — ¢ ||
is big. As we converge, instead, we would like to reduce the number of renewal operations,
to improve the convergence rate, and this is strongly suggested by the result 2) related
to the Lyapunov exponent in Theorem 2.6. Furthermore, the super-linear convergence
that follows from 3) in the same Theorem suggests to keep performing renewals in order
to let the cardinality of &} to grow sufficiently fast with ¢.

To evaluate SHED, we obtain the results of the next section using two different renewal
strategies. In the first, we choose the distance between renewals to be determined by the
Fibonacci sequence, so Z = {I;}, where [; = Zi:l Fy, Fj being the Fibonacci sequence,
with Fy = 0, F1 = 1. When the sequence I; reaches n — 1, the next values of the sequence
are chosen so that Ij;1 = I; +n — 1. We call this method Fib-SHED. Note that this
strategy is compliant with the requirements for super-linearity of Theorem 2.6. The

second strategy is based on the inspection of the value of the gradient norm, ||g:||, which
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@ Renewal @ Increment

Figure 2.3: Illustration of possible choices of renewal indices set. The set Z = {I;} specifies

the iterations at which a renewal takes place. (a) illustrates the least squares case in which

renewal is performed only once, see Algorithm 1, (b) the periodic renewals case with T' = 5,

so Z ={1,5,10, ...}, see Algorithm 3, and (c) the set in which the distance between renewals
increases according to the Fibonacci sequence.

is directly related to ||@' — 6*||. In particular, we make a decision concerning renewals at
each iteration by evaluating the empirically observed decrease in the gradient norm. If
llge—1]l — |/l < b(||gt—2]] — ||gt—1ll) for some constant b, this strategy triggers a renewal.
To guarantee at least linear convergence, we impose a renewal after n iterations in which
no renewal has been triggered. In the rest of the chapter we call this strategy GN-SHED
(Gradient Norm-based SHED). We remark that, contrary to Fib-SHED, GN-SHED does
not guarantee super-linear convergence. See Fig. 2.3 for an illustration of some different

possible choices for the renewal indices sets.



2.5 Federated learning with convex cost 33
Algorithm 4 FL with convex cost - SHED
Input: {D;}M,, I, 6, f, Vf(0'), A= {agents}, ¢ >0
Output: 6°
1:t+1
2: while ||[Vf(0")||2 > € do
3:  for agent i € Ado
4: when Received ¢ from the Master do
5: if t € 7 then
6: ke <t )
7: compute ng) = V20 (gY) // renewal
8: {(3\512,\7?2 )1 eigendecomp(HiZ))
9: q,gi_)l ~—0
10: end if .
11: compute gg) = g®(g") = V()
12: set d%z) // according to CRs
13: qt(i) — qt(i)l + dgi) // increment
14: ﬁgi) — 5\((;()1.)“ . // approximation parameter
i+
15: U « {{05.2,&%2}? )qm +1,g§”,ﬁ§”} // see (2.20) and (2.22)
THt—-1
16: Send Ut(z) to the Master
17:  end for
18:

19: At the Master: A
20:  when Received Ut(z) from all agents do

21: compute I:I§Z), Vi.

22: Compute H; (as in eq. (2.18)) and g.

23: Get n; via federated backtracking line search.
24: Perform Newton-type update (2.3).

25: Broadcast 8**! to all agents.

26: t<+—t+1
27: end while

// see (2.22)
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2.6 Empirical Results

In this section we present our empirical results with real datasets. We experimented
with the Million Song (1M Songs) dataset [16] for LS, and FMNIST [146], EMNIST [37]
and ‘w8a’, available from 1ibSVM [26] for logistic regression. We compare SHED against
state-of-the-art approaches in both i.i.d. and non i.i.d. data distributions. We also show
the resilience and superiority of SHED under ill-conditioning. Here, we focus mainly on
illustrating the results obtained with FMNIST, and we defer the results obtained with
the other dasatets to Appendix 2.7 and to the technical report [54]. In Appendix 2.7,
we also include additional experiments that illustrate the working principle of SHED.
For FMNIST, we consider one-vs-all binary classification with M = 28 agents, with a
parameter size (after PCA [129]) of n = 300. For more details on the datasets setup and
on the partitions (i.i.d. and non i.i.d.), see Sec. 6.1 of the technical report [54].

In the convex case, we follow the heuristics discussed at the end of Sec. 2.5, showing
the results for both Fib-SHED and GN-SHED. If the value of dgi) is not specified, then
dgi) = 1 for each iteration t and agent ¢ = 1,..., M. to show that SHED is effective in
the case of heterogeneous (per-iteration) CRs. In this section, we show results with
regularizer ;1 = 107°,107%,1078, and we have obtained similar results with ¢ = 1074,
Note that 10741076, 1078 were the values considered in [144].

2.6.1 Federated backtracking

To tune the step size n; when there are no guarantees that n, = 1 decreases the cost,
we adopt the same strategy adopted in [144]: an additional communication round takes
place in which each agent shares with the master the loss obtained when the parameter
is updated via the new descent direction for different values of the step size. In this
way, we can apply a distributed version of the popular Armijo backtracking line search
(see Algorithm 2). When showing the results with respect to communication rounds, we

always include also the additional communication round due to backtracking.

2.6.2 Comparison against other algorithms

In the following, SHED+ means that the number of Hessian EEPs is chosen randomly
for each agent i, dgi) = d,, with an average increment equal to 4 (see Sec. 6.3 of the
technical report [54] for more details on the choice of the random variable). We compare
the performance of our algorithm with a state-of-the art first-order method, accelerated
gradient descent (AGD, with the same implementation of [144]). As benchmark second-
order methods we consider a distributed version of the Newton-type method proposed

in [53], to which we refer as Mont-Dec, which is the same as Algorithm 5 with the
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difference that the renewal occurs at each communication round, so the Hessian is always
recomputed and the second-order information is never outdated. We then compare SHED
against BFGS [87], GIANT [144] and the recently proposed FedNL [125]. For more

details on the implementations, see the technical report (Sec. 6.7 in [54]).

Communication complexity. In Fig. 2.4 we show the results obtained with
FMNIST. We show the performance of Fib-SHED, Fib-SHED+ and GN-SHED. For
GN-SHED, we fix the constant b = 0.95. To provide a complete comparison, in Fig.
2.4-(c)-(d) we show also the relative cost versus the overall amount of data transmitted,
in terms of number of vectors in R™ transmitted. From Fig. 2.4, we can see how the non
i.i.d. configuration causes a performance degradation for GIANT, while SHED, BFGS
and FedNL are not impacted.

In the i.i.d. case, we see that GN-SHED, Fib-SHED, Fib-SHED+ and GIANT require a
similar number of communication rounds to converge, and a similar amount of overall data
transmitted per agent. On the other hand, FedNL shows a much slower convergence speed
with respect to Fib-SHED and GN-SHED (requiring the same per-iteration communication
load). Notice, for FedNL, in Figure 2.4-(c)-(d), the impact that the transmission of
the full Hessian matrices at the first round has on the overall communication load. In
the considered non i.i.d. case, the large advantage that our approach can provide with
respect to the other considered algorithms is strongly evident in both data transmitted
and communication rounds. Comparing the SHED approaches against Mont-Dec we see
the key role that the incremental strategy exploiting outdated second order information
has on the convergence speed of our approach. Indeed, even though in the first iterations
the usage of the current Hessian information provides the same performance of the SHED
methods, the performance becomes largely inferior in the following rounds. From a
computational point of view, both the Mont-Dec and the FedNL approaches are much
more demanding relative to SHED as they require that each agent recomputes the Hessian
and SVD at each round. Fib-SHED, instead, requires the agents to compute the Hessian
matrix only 12 times out of the 450 rounds needed for convergence. For more details on
this, see Figure 2.6.

In Fig. 2.5, we show how SHED is much more resilient to ill-conditioning with respect to
competing algorithms, by comparing the convergence performance when the regularization
parameter is 4 = 107° and p = 10~%. With respect to FedNL, note how Fib-SHED
worsens its performance when 1 = 108 by being around 2.5 times slower compared to
the case = 107°, while FedNL worsens much more, being more than 8 times slower

when z = 1078 compared to the case u = 1075,

Computational complexity. In the technical report [54], we show the results
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Figure 2.4: Performance comparison of logistic regression on FMNIST when g = 107°.
Relative cost is f(0') — f(6*).

obtained with the EMNIST and w8a datasets. In the case of EMNIST, we obtain results
similar to FMNIST, except that, when p = 1075, GIANT is not much impacted by the
considered non i.i.d. configuration. Even if in that case GIANT seems to be the best
choice, all the other results show that GIANT and related approaches based on the
harmonic mean (like DONE) are strongly sensitive to non i.i.d. data distributions. With
image datasets (EMNIST and FMNIST), FedNL is largely outperformed by SHED, while,
with the ‘w8a’ dataset, FedNL is more competitive. However, the SHED approaches

have the very appealing feature that they require agents to compute the local Hessian
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Figure 2.6: In this plots, we show, for three datasets (FMNIST, EMNIST and w8a), the
number of times an agent is required to compute the local Hessian matrix in order for an
algorithm to converge, comparing the proposed Fib-SHED and the FedNL [125] algorithms.

matrices only sporadically. FedNL, instead, requires that the Hessian is recomputed by

the agents at each round, thus it is much more computationally demanding. To better

illustrate and quantify this advantage, we show, in Figure 2.6, the number of times that

an agent is required to compute the local Hessian matrix in order to obtain convergence,
comparing Fib-SHED and FedNL, in the cases of the three datasets. In the case of
EMNIST and FMNIST, we are showing the non i.i.d. configurations, but similar results
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Figure 2.7: Linear convergence with periodic renewals illustrated via the study of the upper

bound on the dominant Lyapunov exponent of the estimation error from equation (2.16) and

point 2) of Theorem 2.6. ar is as in egs. (2.16) and (2.28) for (a) and (b), respectively. Note
that the upper bound is on the slope of the decreasing cost.

can be obtained with the i.i.d. ones. The results show that, compared with Fib-SHED,
the number of times agents are required to compute the Hessian is always at least ten

times greater for FedNL to converge.

2.7 Additional Experiments

In this section, we provide some additional experiments that better illustrate the working
principles of SHED and corroborate our theoretical analysis. Lyapunov exponent
convergence bound. In Fig. 2.7, we illustrate how the Lyapunov exponent bounds
derived in Sec. 2.4.2 and 2) of Theorem 2.6 characterize the linear convergence rate of
the algorithms. In particular, we consider the cases of periodic renewals in both the LSs
and logistic regression case, letting qf) = qﬁ)l + 1, Vi, t and renewals are periodic with
period T' (see (2.28) for the convex case). The plots show how the linear convergence
rate is dominated by the Lyapunov exponent bound characterized by ar. For illustrative
purposes, we show the results for the choice of T' = 35 and of T = 25 for LSs on 1M
songs and logistic regression on FMNIST, respectively.

Communication complexity analysis. In Figure 2.8, we show the impact of the
number of EEPs transmitted per communication rounds when dgi) takes different values.
We consider the case when the number is the same and fixed (specifically we consider
dgi) € {1,3,6,30}) for all the agents and the case dgi) = d,. In this latter case each agent
is able to transmit a different random number of EEPs. This configuration is relevant as

our algorithm allows agents to contribute to the optimization according to their specific
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Figure 2.8: Performance comparison for different values of d; for (i) linear regression on 1M
Songs ((a) and (c)) and (ii) logistic regression on FMNIST ((b) and (d)). In (b), we emphasize
three points where the renewal operation (see Algorithm 5) takes place.

CRs. In Figures 2.8-(a)-(c) we show the results for LSs on 1M Songs, while in Figures
2.8-(b)-(d) we show the results in the convex case on FMNIST. We can see from Figures

2.8-(a)-(b) how the global number of communication rounds needed for convergence can

be significantly reduced by increasing the amount of information transmitted at each
round. In particular, at each round, the number of vectors in R” being transmitted is

d; + 1, since together with the d; scaled eigenvectors, {\7;22}

ey
:qt(l)l +1

(see Algorithm 5),

agents need to transmit also the gradient. In the LSs case, the number of iterations
needed for convergence is smaller than the number of EEPs sent: when the n — 1-th EEP

has been shared, convergence occurs. When the number of EEPs is random (d,), but
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equal to 4 in average, we see that we can still get a significant improvement

For the case of regularized convex cost (logistic regression), in Figures 2.8-(b)-(d) we
emphasize the role of the remewal operation, showing also how incrementally adding
EEPs of the outdated Hessian improves the convergence, as formalized and shown in
Theorems 2.5 and 2.6. In particular, from Figure 2.8-(b) it is possible to appreciate the
impact of increasing the interval between renewals.

In Figures 2.8-(c)-(d) we plot the error as a function of the amount of data transmitted
per agent, where the number of vectors in R” is the unit of measure. These plots show
that, for small values of d; (in particular, d; € {1,3,6}), the overall data transmitted does
not increase for the considered values of d;, meaning that we can significantly reduce the
number of global communication rounds by transmitting more data per round without
increasing the overall communication load. This is true in particular also for the case
dy = d., thus when the agents’ channels availability is heterogeneous at each round,
showing that our algorithm works even in this relevant scenario without increasing the
communication load. On the other hand, in the case of d; = 30, even if we get faster
convergence, we pay with a significant increase in the overall communication load that

the network has to take care of.

2.8 Conclusions

In this work, we have proposed SHED, an NT algorithm for FL that enjoys global
asymptotic super-linear convergence. SHED is versatile with respect to agents’ (per-
iteration) CRs and operates effectively in the presence of non i.i.d. data distributions,
outperforming state-of-the-art techniques. SHED achieves better performance with
respect to the competing FedNL approach, while involving sporadic Hessian computations.
In the case of i.i.d. data statistics, SHED is also competitive with GIANT, even though the
latter may perform better under certain conditions. We stress that the key advantage of
SHED lies in its robustness under ill-conditioning and non i.i.d. data, and its effectiveness
and versatility when CRs differ across nodes and links.

Future work includes the use and extension of the algorithm for more specific scenarios
and applications, like, for example, wireless networks, and also the study of new heuristics

for the renewal operation in the general convex case.

2.9 Related Publications and Conference Presentations

The content of this chapter is available in ArXiv [41] and has been accepted for publication

in Automatica. Part of the content has also been accepted as an extended abstract to
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the IFAC Conference on Networked Systems, 2022 (NecSys22), and presented in a poster

session at the conference in Zurich.
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(Q-SHED: Distributed Optimization at the Edge

via Hessian Eigenvectors Quantization

Edge networks call for communication efficient (low overhead) and robust distributed
optimization (DO) algorithms. These are, in fact, desirable qualities for DO frame-
works, such as federated edge learning techniques, in the presence of data and system
heterogeneity, and in scenarios where inter-node communication is the main bottleneck.
Although computationally demanding, Newton-type (NT) methods have been recently
advocated as enablers of robust convergence rates in challenging DO problems where
edge devices have sufficient computational power. Along these lines, in this chapter
we propose Q-SHED, an original NT algorithm for DO featuring a novel bit-allocation
scheme based on incremental Hessian eigenvectors quantization. The proposed technique
is integrated with the SHED algorithm, that we presented in Chapter 2, from which it
inherits appealing features like the small number of required Hessian computations, while
being bandwidth-versatile at a bit-resolution level. Our empirical evaluation against
competing approaches shows that Q-SHED can reduce by up to 60% the number of

communication rounds required for e-convergence.

3.1 Introduction

Solving distributed optimization problems in a communication-efficient fashion is one
of the main challenges of next generation edge networks [131]. In particular, much
attention is being turned to distributed machine learning (ML) settings and applications,
and to the distributed training of ML models via federated learning (FL) [85]. FL
is a distributed optimization (DO) framework motivated by the increasing concerns
for data privacy at the user end, and by the convenience of performing distributed

processing in multi-access edge computing (MEC) networks. However, DO is particularly
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challenging in federated edge learning (FEL) scenarios where communication occurs over
unpredictable and heterogeneous wireless links [75]. To tackle these challenges, major
research efforts have been conducted in recent years [14], [30], [132]. A common assumption
in FEL is that edge devices are equipped with sufficient computing capabilities. Hence,
Newton-type (NT) methods, although computationally demanding, have been recently
advocated to improve the convergence rate of distributed optimization, while significantly
reducing its communication overhead [82], [139]. Communication efficient distributed
NT (DNT) algorithms like GIANT [144], and DONE [139] have shown promising results
in configurations with i.i.d. data distributions among devices, but underperform when
applied to ill-conditioned problems and heterogeneous data configurations [42], which
are scenarios of major practical relevance. Some works, like FedNL [125] and SHED
(sharing Hessian eigenvectors for distributed learning) [42] have been recently proposed
to robustify FL in the presence of non i.i.d. data distributions, system heterogeneity
and ill-conditioning. A DNT method with over-the-air aggregation has been studied
in [82]. Quantized Newton (QN) [4] has investigated the convergence properties of the
distributed Newton method when the Hessian matrix is quantized. However, QN entails
a communication load proportional to O(n?), where n is the problem dimensionality,
while a linear per-iteration communication complexity of O(n) is desirable.

In this chapter, we present Q-SHED, a new algorithm that extends the recently
proposed SHED [42] via a novel bit-allocation scheme based on incremental Hessian

eigenvector quantization. In particular, our main contributions are:

e« We propose an original bit-allocation scheme for Hessian approximation based
on uniform scalar dithered quantization of Hessian eigenvectors, to improve the

efficiency of second-order information transmission in a DNT method.

e We integrate our bit-allocation scheme with the recently proposed SHED tech-
nique [42], obtaining a new approach, Q-SHED, based on incremental dithered
quantization of Hessian eigenvectors. Q-SHED has a communication complexity of
O(n) (inherited by SHED) and handles per-iteration heterogeneity of communica-
tion channels of the different edge computers involved in the optimization problem

at a bit-resolution (per vector coordinate) level.

e We evaluate Q-SHED on two datasets assessing its performance in a standard
distributed optimization setup, as well as in a scenario where the transmission
quality of communication links randomly fluctuates over time according to a
Rayleigh fading model (a popular model for wireless channels). With respect to

competing solutions, Q-SHED shows convergence speed improvements of at least
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30% in a non-fading scenario and of up to 60% in the Rayleigh fading case.

3.2 Distributed optimization framework

We consider the typical DO framework where M machines communicate with an aggre-

gator to cooperatively solve an empirical risk minimization problem of the form

i 0-—1MN @0 3.1
mgmf()-—ﬁdgl (), (3.1)

where 6 € R" is the optimization variable, Ny is the number of data samples of the d-th
machine and N = ZC]}/LI Ny. For the convergence analysis of the algorithm, we make the

following standard assumption on the cost function f:

Assumption 3. Let H(0) := V2 f(0) be the Hessian matrix of the cost f(8). f() is twice

continuously differentiable, smooth, strongly convex and H(@) is Lipschitz continuous.

3.2.1 Distributed Newton method

The Newton method to solve (3.1) is:
0 = 0" —nH; gy,

where t denotes the t-th iteration, g; = g(6;) = Vf(6%), n; and H; = V2f(6!) denote
the gradient, the step size and the Hessian matrix at iteration ¢, respectively. In the

considered DO scenario, we have that:

1 Y g 1y g
Ht:NZNng )7 gt:NZngg )7 (32)
d=1 d=1

where Hgd) = V2£@ (@) and ggd) = V@ (") denote local Hessian and gradient of the

local cost f <d>(9t) of machine d, respectively. To get a Newton update at the aggregator,
in a FL setting one would need each agent to transfer the matrix Hgi) of size O(n?) to
the aggregator at each iteration, whose communication cost is considered prohibitive
in many practical scenarios, especially when n is large. To deal with communication
constraints, while still exploiting second-order information, DNT methods use Hessian
approximations:

9t+1 = Ot — ntflt_lgt, (33)

where H; is an approximation of Hj.
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3.2.2 The SHED algorithm

In this chapter, we propose a DNT approach built upon SHED [42], a DNT algorithm for
FL designed to require few Hessian computations by FL workers, that efficiently shares
(low communication overhead) second-order information with the aggregator, see [42]
for a detailed description. SHED exploits a full-rank approximation of the workers’
Hessians by sending to the aggregator the most relevant eigenvalue-eigenvector pairs
(EEPs) of the local Hessian, along with a local approximation parameter. Approximations
are incrementally improved across iterations, as machines send additional EEPs to the
aggregator. By doing so, the Hessian is computed only sporadically and outdated versions
of it are used to incrementally improve the convergence rate. Under Lipschitz Hessians,

strong convexity and smoothness assumptions, SHED has super-linear convergence.

3.2.3 Q-SHED: Hessian eigenvectors quantization

Let H = VAV, be the eigendecomposition of a machine (edge computer) Hessian
matrix, with A = diag(\q, ..., \p), where Ay is the eigenvalue corresponding to the k-th
unitary eigenvector, vi. In general, the Hessian is a function of the parameter 8, but here
we omit this dependence for ease of notation. We always consider eigenvalues ordered so
that Ay > Ao > ... > A,. In SHED, a machine shares with the aggregator a parameter p,
together with ¢ EEPs, allowing for a full-rank (g, pq)-approximation of its Hessian, of the

form

q
Hyp, = > (A= pgvivi +pd=VA, VT, (3.4)
=1

where V := [vi,...,vy], A, = diag(A1, ..., A, pg, .., pg) € R™*™. In the original SHED
algorithm, eigenvectors are transmitted exactly (up to machine-precision). Differently,
we here design a quantization scheme for the eigenvectors, obtaining a quantized approxi-
mation of the Hessian of the form:
q
Hyp, (b1, bg) = D (A — pg)Vi(bi)¥i(bi) T + pgl, (3.5)
i=1
where we denote by v;(b;) the i-th eigenvector, quantized with b; bits per vector element.
As in [42], we fix p; = Ag4+1. We design the quantization scheme so that if an eigenvector
v; is quantized and transmitted, then at least one bit is assigned to each of its components.
The vectors to which no bit is assigned are all set equal to zero, i.e., ¥;(0) = 0. We
assume that, as in typical machine learning problems, n > 1. Hence, we design the
quantization scheme such that the approximation parameter p, and the eigenvalues {\;}

are not quantized and are transmitted exactly (up to machine precision).
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3.3 Optimal quantization of eigenvectors

We formulate the design of the quantization scheme as a bit allocation problem, exploiting
the specific structure of the Hessian. In particular, as, e.g., in [132], we consider dithered
quantization, so that we can model the quantization error as a uniformly distributed
(in the lattice) zero mean additive random noise. Let v; be a Hessian eigenvector and
let v; = ¥;(b;) be the same eigenvector quantized with b; bits per vector coordinate (to

improve readability, the dependence on b; is omitted in the following). We write:
Vi =v; + €, (3.6)

where €; is a uniformly distributed quantization noise, with E[e;] = 0. This is a general
and standard model for the quantization noise, widely adopted in the literature, see,
e.g., [132].

The aim of the bit allocation is to provide the best possible Hessian approximation
given a bit budget. Hence, the quantization scheme design is obtained as the solution of
the following problem:

. Inlgl E[HH_ﬂq,pq(bla'-'7bq)||.27:|{vi7)\i}g:1}
15--+,0¢,9

st. Y bi=B (3.7)
0 S bz‘ S bmamvju

where H, , (b1, ..., by) is defined in (3.5). The operator || - || denotes the Frobenius norm.
Note that ¢ is a variable determining the approximation parameter p,. The constant B
denotes the bit budget, normalized by n: denoting the total number of available bits
by Biot, it holds B = | Biot/n]. The integer byax is the maximum number of bits per
vector component. In the following, for ease of notation, we omit the conditioned values
from the expectation expression of the squared Frobenius norm introduced in (3.7). For
simplicity, we define IA{q’pq = I:Iq7pq(b1, ...;bq). Denoting by tr(-) the trace operator, we
have that

E[|H — H,, 1] = Efer((H - H,,,)(H - H,,,))], (3.8)

where we can write, denoting the unitary eigenvector matrix by V := [vy, ..., v,],

q
H - Hq,pq = V<A - qu)VT + Z()\z - Pq)dvi- (3.9)
i=1
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defining 6V; := (v;v; — ¥;¥;]). Plugging (3.9) into (3.8):

i

E[|H — Hy, 3] = tr(V(A = A,,)?VT)

+ 2tr ( zn: (Agi)vivi Zq:()\q,i)EWVd)
i=q+1 =1 (310)

q q
+ E |tr (Z )\2715V15V1> + tr Z 5\q715\q’j5V1’5Vj

i=1 i,j=1

1#]
where 5\(“- := \j — pg- The first term of the previous expression does not depend on the
quantization strategy, but only on the choice of ¢. The second and third terms, instead,

both depend on ¢q and on the quantization strategy through the matrices {dV;}7_;.

3.3.1 Scalar Uniform Quantization

In the next section, we consider the special case of scalar uniform quantization of the
eigenvectors’ coordinates. In the case of scalar uniform quantization, each component of
vector v; is uniformly quantized in the range [—1,1]. Applying dithering, the quantization
error vector has i.i.d. uniformly distributed components of known covariance [132]. We
can write

Eleie; | = 0?1, with o} = E[e}]] = A}/12, A; =27t (3.11)
with A; being the quantization interval length, and b; the number of bits assigned to

each coordinate of the i-th eigenvector. After some algebra, we can get
E[tr(6V;)(6V;)] = AZ(ay(n) + az(n)A?), (3.12)

using the fact that o} = A} /80 = E[e};], and defining a;(n) := H4+2, az(n) = &+

With similar calculations, one gets

E[tr(§ViaV,)] = notod = "TE = ag(n)A7A3
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with ag(n) := 122 The expectation of the Frobenius norm of the quantization error in

(3.10) can then be written as

q
[HH ququ Z >‘ +d Z)‘q,iA?
=1

i=q+1
a (3.14)
+Z)\2 A2 -I-CLQ( )A2)+ Z )\qﬂ')\q,]ag( )A A2
i=1
i#j

with dg = &( izq+1(pg — Ai)). Our objective is to pick the integer parameter ¢ and
the quantization intervals Ay, ..., A, so as to minimize (3.8), with the constraint that
>4, bi = B, with B = | Byot/n|, where B is the number of available bits. Given that
b; = —log A; + 1, we see that the constraint becomes Y7 ;logA; = ¢ — B, which is
equivalent to -7 ; log A? = 2(q — B). Defining z; := A? and x, = (21, ..., 7,), we define

the expectation of the quantization error as a cost function ¢:
A 2
((xq,q) = E[[H — Hg,p, [| 7], (3.15)

and we aim to minimize such cost function over the choice of ¢ and over the choice of x,.
We can rewrite (3.14) as

Xq, Z )\27 +27nq,1$1+02 )Z)\ xQ

i=q+1 =1
+ CL3 Z )\ 7]'.7}7;.7}j,
t,j=1
1#£]
where vy, 4 = dqj\(m + a1 (n)j\gz The optimization problem is thus turned into the

following equivalent form:

min - £(xg,q)

q
st — Zlog x; <2(B—q) (3.16)
i=1
0< <4, i=1,..,q

where the last constraint (z; < 4) amounts to requiring b; > 0,7 = 1, ..., q. At optimality,
the constraint — Y7 ; logz; < 2(B — ¢) will be satisfied with equality. The solution to

the optimization problem (3.16) needs to be converted in a vector of bits. This can be
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done by converting each x; back to b; using (3.11) and then rounding each b; to the
closest integer, being careful to meet the bit budget Y% , b; = B.

Lemma 3.1. For any ¢ = 1,...,n, the cost function ¢(xg, ¢q) is strictly convex in x, =

(.7)1, cee ,$q)T.

Proof. Let /_\q = (5\1,...,/_\q)T, Yng = ('yn’qvl,...,’qu’q)T, Aq = diag(j\%,...,j\g), and

Ac € R9%9 a matrix such that (Ac)i,j = B\ZS\J<1 — 5ij)a where 0;; = 1 and (51']' =0 for 7 75 7.
_ n(n—1)

Note that az(n) = g5 + —y5z—

the cost can be rewritten as

> 157 = az(n). Omitting terms that do not depend on x,

U(xq,q) = ’YTIqu + a2(n)X;rl_quq + ag(n)x;fxqu
= YngXq + X (a3(n)Ag + (az(n) — as(n))AgA; )% (3.17)

= ’y;:qxq + x;—Aqxq,
and because of the fact that as(n) > as(n), we have
A, =az(n)Ag + (az(n) — ag(n))S\quT > 0. (3.18)
O

Given the convexity of the constraints, and the strict convexity of the objective

function ¢(x,) for any ¢ = 1, ...,n the optimization problem can be solved by solving n

*
q

tuple {x;.,q"}, with ¢* = argmin,{¢(x}, q)}.

convex problems whose solution x* is unique. The optimal solution can be found as the

3.4 Q-SHED: algorithm design

SHED [42] is designed to make use of Hessian approximations obtained with few Hessian
EEPs. In [42], it has been shown that incrementally (per iteration) transmitting additional
EEPs improves the converges rate. In this section, we augment SHED with the optimal
bit allocation of the previous section, making it suitable to incrementally refine the
Hessian approximation at the aggregator. The full technique is illustrated in Algorithm 5,

and the details are provided in the following sections.

3.4.1 Uniform scalar quantization with incremental refinements

Let H(6%) be the Hessian computed for parameter 8¢ at round k;. At each round ¢ > ki,
a number of bits By is sent to represent second-order information. At each round, we use

newly available bits to incrementally refine the approximation of H(6**). From now on,
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eigenvectors are always denoted by v; = v;(0*), i.e., they are always the eigenvectors of
the most recently computed (and possibly outdated) Hessian. If ¢ = k;, the optimal bit
allocation for eigenvectors vy, ..., v, is provided by the scheme presented in Sec. 3.3.1.
Fix t > k;. Let b;_1(i) denote the bits allocated to each coordinate of eigenvector v; up
to round t — 1, and let b;+ be the number of bits to be used together with b, (7), at
round ¢, to refine the approximation of the coordinates of v;. We can write

2

T = 9 be-1(g—bie+1 (3.19)

bt(l) = btfl(’i) + bi,t, At,i =

with b;(7) the number of bits sent up to round ¢. The interval A;; is the quantization
interval resulting from adding b; ; bits for the refinement of the i-th eigenvector information,
for which bgtil) had been previously allocated. We can plug these intervals into (3.14),
and defining z;; := 2*2(1’“*1), Vn,qesi = 2*2bt—1(i)'yn,qt7i, Xt,qt,i = 2*21"5—1(1')5\%“ we get a

cost U(Xq,,qt), with x4, = (241, ..., T1,q,),

n qt
Uxg @) = Y Agpi+ D nauite

i=qr+1 i=1
qt 5 qt 5 _ (320)
+b(n) Y A i+ e(n) D AegriMg.iTrite;
i=1 ij=1
i#j

Following the same proof technique as for Lemma 3.1, it can be shown that the cost
0(xq,,q) is strictly convex in x4, for any ¢; = 1,...,n. Given that up to round ¢ — 1,
q:—1 eigenvectors were considered for bit allocation, it is easy to see that it needs to be

¢t > q—1. Similarly to Sec. 3.3.1, we formulate the optimal bit allocation of bits {b;;}¥ ,

as
min E(XQta Qt)
Xqp qt>qt—1
qt
s.t.  — Zlog 2t < 2(Bt — @) (3.21)
i=1

0< 25 <4, t=1,...,q.
The problem can be solved by finding the unique solution to the n — ¢;—1 + 1 strictly
convex problems corresponding to the different choices of ¢¢ = q1—1,q:-1 + 1,...,n.
As before, the solution to problem (3.21) needs to be converted to integer numbers,
for example by rounding the corresponding allocated number of bits to the closest
integer, being careful to retain > ;b;; = B;. Sorting the eigenvalues in a decreas-
ing order, we get a monotonically decreasing sequence of allocated bits to the corre-

sponding eigenvectors. To provide an example, with the FMNIST dataset (see Sec.
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2.6), at a certain iteration ¢ of the incremental algorithm, an agent allocates bits
by =[3,3,2,2,2,1,1,1,1,1,1] to the first 11 eigenvectors, whose corresponding (rounded)
eigenvalues are [0.21,0.11,0.06,0.03,0.03,0.02,0.02,0.01,0.01,0.01, 0.01].

3.4.2 Multi-agent setting: notation and definitions

To illustrate the integration of our incremental quantization scheme with SHED, we

introduce some definitions for the multi-agent setting. We denote by Bgd) the bit-budget
of device d at iteration t. Let p,(fd) = )\(C(lc)l)ﬂ
Qt )

of device d at iteration ¢, function of the qt(d)—th eigenvalue of the d-th device, where
the integer qu) is tuned by device d as part of the bit-allocation scheme at iteration t.
Let g, H{”

of device d. We denote by v

. be the Hessian approximation parameter

, ﬂ§d’ be the gradient, Hessian, and Hessian approximation, respectively,
(d) (d)

i i
quantized version, respectively. Note that eigenvectors always correspond to the last
computed Hessian H(6%), with k; < t. The integer bgd)(q) denotes the number of bits
allocated by device d to the ¢g-th eigenvector coordinates up to iteration ¢, while bg(? is the

per-iteration bits allocated to the ¢-th eigenvector, i.e., bgd)(q) = bl@l(q) + béflt) . We define

A to be the set of devices involved in the optimization, Z the set of iteration indices in

and v, the i-th eigenvector of the d-th device and its

which each device recomputes its local Hessian, f (@) the cost function of device d, and
€ > 0 the gradient norm threshold. Hessian approximations are built at the aggregator

in the following way:

(d)
R 1 M ~ ~ q; B
H = o> N, 1Y =YX 4 0 (3.22)
d=1 =1

where S\Ed) = )\Z(.d) — pgd). Incremental quantization allows devices to refine the previously
transmitted quantized version of their eigenvectors by adding information bits, see (3.19).
We denote the set of information bits of device d sent to quantize or refine previously

sent quantized eigenvectors by di).

3.4.3 Heuristic choice of qt(d)

To reduce the computational burden at the edge devices and to solve the bit-allocation

problem only once per round, we propose a heuristic strategy for each device to choose

qt(d): at each incremental round ¢, instead of inspecting all the options corresponding to

qt@l, - qu), which would provide the exact solution, but would require solving problem
(3.21) n — q§d_)1 4+ 1 times. We fix § = q@l + Bgd): With this choice of ¢, we solve

problem (3.21), and we subsequently convert the solution to bits obtaining {bgf? ;?:1 and
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{bgd) (i)}L,. We then fix the value

a” = @ ({0 (YL, = max{q: b (q) > 0} (3.23)

3.4.4 Convergence analysis

The choice of Hessian approximation is positive definite by design (see (3.22)). Hence,
the algorithm always provides a descent direction and, with a backtracking strategy
like in [144] and [42], convergence is guaranteed (see Theorem 4 of [42]). Empirical
results suggest that linear and superlinear convergence of the original SHED may still be
guaranteed under some careful quantization design choices. We leave the analysis of the
convergence rate as future work, but we provide an intuition on the convergence rate
in the least squares case. In the least squares case, for a given choice of ¢ and of the
allocated bits {b _, of each device d, an easy extension of Theorem 3 in [42] provides

the following bound
16! — 67| < rel6° — 67, (3.24)

with k; = (1 — (A, — €;)/pt), where
- | M M @
An N Z NP pr = Z Napy
d=1 N =

and

(@ d d
z Ndz —alevi?| (3.25)
=1
where (5V§d) (v( )v(d) VZ(-d)\Afl(-d)T). It can be noted how for a sufficiently small quan-
tization error, which can always be achieved by incremental refinements, the convergence
rate in the least squares case is at least linear. The extension to the general case is left

as a future work.
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Algorithm 5 Q-SHED
Input: {f(d) g/il, Z,0', VfO'), A >0
Output: 6°

1: t+ 1

2: while ||[V£(0")]|2 > € do

3:  for device d € A do

4: when received 6% from the aggregator do

5: if t € 7 then

6: kt —t

T compute H,(fd) = V2f(d (g // renewal
8: {(Ag?, vgd))}?zl — eigendecomp(Hgl))

9: qﬁ)l 0

10: end if

11: compute ggd) =gld(gt) = V(g

12: q 4 q,@l + Bf@

13: x; « solve (3.21) for ¢ = g with budget B,gd)

14: {bgi) 7« convert ToBits(x7) // back to bits

d ~(d d)/\1q
15 ar) i (B ) // see (3.23)
16: P Aqt(d)+1,t
(d) (d) (d)
17 QY+ quantize({v{”}L, (B}, (1D (D)}1L)) // quantize or refine
quantization, see (3.19)
d d )y d (d
18: Ut( ) — {Qg )7 {)‘g‘,t)}q.t_ () 7g§ )7p§ )}
J=q1 1

19: send Ut(d) to the aggregator
20: end for
21:

22:  at the aggregator:

23:  when received Ut(d) from all devices do

24: compute ﬂgd), vd // see (3.22)
25: compute H; (see (3.22)) and g

26: get 7, via distributed backtracking line search.

27: perform Newton-type update (3.3)

28: broadcast 8! to all devices.

29: t+—t+1
30: end while
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3.5 Empirical Results

In this section, we provide empirical results obtained with two datasets, FMNIST [146]
and w8a [26]. We simulate two configurations for the network: one where every device has
the same transmission rate at each communication round, and one where the rate changes
randomly for each device based on the widely adopted Rayleigh fading model [114],
[142]. For both FMNIST and w8a we build up a binary classification setting with logistic
regression (in FMNIST we learn to distinguish class ‘1’ from all the others), simulating
a scenario with M = 8 devices, each with 500 data samples. We use L2 regularization
with parameter p = 1075, For FMNIST, we apply PCA [129] to the data to reduce
the dimensionality to n = 90, while for w8a we keep the original data dimensionality,
n = 300. To simulate the fading channels, we adopt the following simple model. We
consider that all the devices allocate the same bandwidth 8 for the communication with

the aggregator and write the achievable transmission rate as (see, e.g., [114], [142])
R = Blogy(1 +~T@) (3.26)

where T'@ is a value related to transmission power and environmental attenuation for
user d. For simplicity, we fix T(¥ =" = 1 for all users (in [114], for instance, I' = 1 and
I' = 10 were considered). The only source of variability is then v ~ exp(v), modelling
the Rayleigh fading effect. We fix v = 1. Specifically, to simulate the different bit
budgets, we compute the individual bit budget of each device as Bﬁd) = Blogy(1+~T@),
setting B = 2bpax. We fix bpnax = 16. In the non-fading case, the bit budget for each
)

device is constant and set to Béd = 2bmax- We consider a scenario where the full-quality
gradient is always transmitted to the aggregator by the devices. We compare Q-SHED
against an ideal version of SHED, dubbed ideal-SHED, where the eigenvectors that
are quantized by Q-SHED are transmitted at full quality. We also compare Q-SHED
against a naively-quantized counterpart, NQ-SHED, for which all bits are allocated to the
first eigenvectors, and the state-of-the-art FedNL [125] with rank-1 compressors. With
the exception of ideal-SHED, the per-round bit budget of the considered algorithms is
the same. We have experimented with the possibility of quantizing the second-order
information of FedNL, but we observed a performance degradation. Hence, when the
bit budget of a device is not enough for communicating the rank-1 compression of the
Hessian drift at full quality, we only use the device’s local gradient. We do the same for
NQ-SHED. The results on FMNIST and w8a are shown in Figs. 3.1 and 3.2, respectively.
In both cases, it is possible to appreciate the robustness of Q-SHED in terms of iterations

required for convergence, while both NQ-SHED and FedNL performance is degraded in
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Figure 3.1: Comparison of Q-SHED against NQ-SHED and FedNL with the FMNIST dataset.
With the exception of ideal-SHED, for a fair comparison, in each communication round the
algorithms use the same number of bits. Relative cost is f(8") — 7(6").

the presence of fading channels. In terms of convergence speed, the results show that
Q-SHED provides performance improvements against the selected competing solutions
between 30% and 60%.
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Figure 3.2: Comparison of Q-SHED against NQ-SHED and FedNL with the w8a dataset.
With the exception of ideal-SHED, for a fair comparison, in each communication round the
algorithms use the same number of bits. Relative cost is f(8°) — f(6").

3.6 Conclusion and future work

We have empirically shown that Q-SHED outperforms its naively-quantized version as
well as state-of-the-art algorithms like FedNL. Future works include an in-depth analysis
of the convergence rate, and the adoption of more advanced quantization schemes, like

vector quantization techniques.

3.7 Related Publications and Conference Presentations

The content of this chapter is available in ArXiv [55] and has been accepted for presentation

at the IEEE International Conference on Communications, 2023 (presented in Rome in
May 2023).
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Federated Reinforcement Learning under

Communication Constraints: Finite-Time Rates

Federated learning (FL) has recently gained much attention due to its effectiveness in
speeding up supervised learning tasks under communication and privacy constraints.
However, whether similar speedups can be established for reinforcement learning remains
much less understood theoretically. Towards this direction, we study a federated policy
evaluation problem where agents communicate via a central aggregator to expedite the
evaluation of a common policy. To capture typical communication constraints in FL, in
this chapter we consider several communication models. In particular, we consider (i)
finite capacity up-link channels that can drop packets based on a Bernoulli erasure model,
(ii) over-the-air computation for bandwidth efficient wireless up-link transmission, and
(iii) an asynchronous configuration in which up-link transmissions are subject to time-
varying delays. We refer to these three schemes as QFedTD, 0ACFedTD and AsyncFedTD,

respectively. In the following, we present and analyze these algorithms.

4.1 Introduction

Is it possible to obtain statistical models of high accuracy for supervised learning problems
(e.g., regression, classification, etc.) by aggregating information from multiple devices
while keeping the raw data on these devices private? This is the central question of
interest in the popular machine learning paradigm of federated learning (FL) [22], [79],
[92]. When the data-generating distributions of the participating devices are identical
(or sufficiently similar), several works have shown that one can reap the benefits of
collaboration by exchanging locally trained models via a central aggregator (server) [1],
[38], [59], [66], [72]-[74], [99], [100], [136], [145]. In practice, these models are typically

high-dimensional and need to be exchanged over unreliable communication links of limited
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bandwidth. As such, a large body of work in FL has investigated the effects of the
communication constraints on the convergence properties of optimization algorithms.
Drawing inspiration from this literature, in this chapter, we ask: Can we establish
collaborative performance gains for federated reinforcement learning (FRL) problems
subject to communication challenges? As it turns out, little to nothing is known about
this question from a theoretical standpoint.

Towards this direction, we study one of the most basic problems in RL, namely
policy evaluation, in a federated setting. Specifically, in our problem, N agents, each
of whom interacts with the same Markov Decision Process (MDP), communicate via a
server to evaluate a fixed policy. While each agent can evaluate the policy on its own
using Monte-Carlo sampling or temporal difference (TD) learning algorithms [138], [141],
the reason for communicating is the same as in the standard FL setting: to achieve an
N-fold speedup in the sample-complexity of policy evaluation relative to when an agent
acts alone. In the recent survey paper on FRL [118], the authors mention that the goal of
the FRL framework is to achieve such speedups while respecting privacy constraints, i.e.,
without revealing the raw data (states, actions, and rewards) of the agents. Relative to
the FL setting, proving finite-time rates for FRL is significantly more challenging since
we need to deal with temporally correlated Markovian samples. Indeed, even for the
single-agent setting, finite-time rates under Markovian sampling have only recently been
established [19], [35], [115], [135]. Works prior to these developments either provided
a finite-time analysis under a restrictive i.i.d. sampling assumption [46], [83], or only
came with asymptotic guarantees [23], [141]. For the multi-agent setting, almost all
the prior works on TD learning make a restrictive i.i.d. sampling assumption [47], [88].
The only two exceptions to this are the very recent papers [77], [143] that establish
linear speedups under Markovian sampling; however, none of the above works consider
any communication constraints. As such, establishing linear speedups in FRL under
Markovian sampling and communication constraints remains largely unexplored. In this
regard, we consider three communication models which have many practical motivations
and that have been widely investigated in the literature of distributed optimization and

distributed machine learning, which we list here:

e QFedTD, in which agents upload quantized TD update directions over channels with
finite capacity and subject to random packet drops (lossy links). These models [65],
[121] have been extensively analyzed in the FL [65], [121], distributed optimization
[49], [97], [119], [122], and networked control literature [67], [126] for almost two

decades.

e 0ACFedTD, in which agents transmit their local TD update directions in up-link
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as analog wireless signals, and the server lets the wireless channel perform the
average in the setting of over-the-air computation, that has recently been advocated
to provide large-scale, bandwidth- and energy-efficient up-link communication in
FL [8], [81]. In particular, OAC exploits the waveform-superposition property
of the wireless multiple access channel (MAC) to enable the receiver (server) to
obtain the average of the analog signals transmitted by the agents over the same
time-frequency block [25]. Compared to standard digital transmission, OAC comes
with notable gains in up-link bandwidth efficiency. Furthermore, OAC has intrinsic
privacy-preserving features [7], [127]. However, analog signals transmitted over the
air are subject to fading channel distortion and additive noise at the receiver [127],
[147], [154].

e AyncFedTD we consider an asynchronous framework in which multiple agents trans-
mit their local TD update directions to a central server via up-link communication
channels subject to asynchronous bounded delays. Asynchronous settings of this
kind have been theoretically and empirically studied for FL. and distributed opti-
mization [51], [78], [108]. On the other hand, although asynchronous multi-agent RL
(MARL) implementations have shown promising empirical performance, like in the
case of parallel actor-learner frameworks [103], [106], little to nothing is known re-
garding their non-asymptotic convergence guarantees and multi-agent collaborative
gains. Indeed, the only existing study providing finite-sample convergence guar-
antees for asynchronous MARL [130] establishes collaborative performance gains
only under a simplifying i.i.d. sampling assumption on the agents’ observations,
i.e., considering observations that are not temporally correlated. However, even
in the non-delayed single-agent case, the major technical hurdle in the finite-time
analysis of RL algorithms (like TD learning) relative to optimization/supervised
learning, comes precisely from the fact that the agent’s observation sequence is
generated by a Markov chain, and, as such, exhibits temporal correlations. For
such settings, finite-time convergence bounds have only recently been provided in
[19], [135] via some fairly involved analysis. Thus, for the MARL setting we con-
sider with Markovian sampling and asynchronous delays, establishing collaborative
performance benefits turns out to be highly non-trivial. Nonetheless, we provide

such an analysis as a contribution of this chapter.

For each of the above schemes, our contribution is two-fold: we provide the first
non-asymptoptic convergence analysis for the presented communication constrained
multi-agent RL schemes while at the same time we establish a linear convergence speedup

with the number of agents, i.e., we analytically show the beneficial effect of cooperation
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even when agents’ trajectories are temporally correlated (Markovian sampling).

We now comment on some of the highlights of our analysis relative to [77] and [143].
Our work crucially departs from both these papers in that, in addition to correlated
Markovian samples, we add the constraints of communication. Unlike [143], our work
does not require any projection step to ensure the boundedness of iterates. Moreover,
compared to [143], and the analysis in [77] that relies on Generalized Moreau Envelopes,
our proof is significantly shorter and simpler. As a byproduct of this simpler analysis,
for QFedTD and DACFedTD, we derive bounds that have a tighter linear dependence on
the mixing time (consistent with the centralized setting) as opposed to the quadratic
dependence in [77], [143]. In this regard, we should point out that [77] and [143] look at
somewhat more general updating schemes than us by allowing for the agents to perform
multiple local updates in every communication round. Instead, we only consider one local
step in our analysis. While performing more than one local step leads to a “client-drift"
effect [27], [72], [100], it is not clear to us whether/why such a drift effect should lead to
sub-optimal dependencies on the mixing time. In fact, the dependence of O(7) in our
variance bounds (where 7 is the mixing time) is information-theoretically optimal [104].
The other natural advantage of our simple proof template is that one can potentially

build on it while trying to establish linear speedups for more involved RL settings.

4.2 System Model and Problem Formulation

We consider a setting involving N agents, where all agents interact with the same Markov
Decision Process (MDP). Let us denote the shared MDP by M = (S, A, P, R,7), where
S is a finite state space of size n, A is a finite action space, P is a set of action-dependent
Markov transition kernels, R is a reward function, and v € (0, 1) is the discount factor. We
are interested in a policy evaluation (PE) problem where the agents exchange information
via a central aggregator (server) to evaluate the value function associated with a policy
1. Here, the policy is a map from the states to the actions, ie., u : S — A. In
what follows, we first briefly review some key concepts relevant to PE with function
approximation. Then, we formally describe our communication model, objectives, and

technical challenges.

Policy Evaluation with Linear Function Approximation. The policy p to
be evaluated induces a Markov Reward Process (MRP) with transition matrix P, and
reward function R, : S — R. The purpose of PE is to evaluate the value function V,(s)

for each s € S, where V),(s) is the discounted expected cumulative reward obtained by
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playing policy p starting from initial state s. Formally, we have

)
Vu(s) =E Z’YkRu(SkﬂSO =S| (4.1)
k=0
where sj, represents the state of the Markov chain at the discrete time-step k& under the
action of the policy u. Our particular interest is in the RL setting where the Markov
transition kernels and reward functions are unknown.

In several large-scale practical settings, the size n of the state space S is large, thereby
creating a major computational challenge. To work around this issue, we will resort to the
popular idea of linear function approximation where V), is approximated by vectors in a
linear subspace of R™ spanned by a set of m basis vectors { ¢y} teim) L+ importantly, m < n.
To be more precise, let us define the feature matrix ® = [¢1, ..., ] € R™*™. Given a
weight (model) vector 8 € R™, the parametric approximation Vg of V), is then given
by V(0) := Vo = ®6. If we denote the s-th row of ® as @', then the approximation of
V,.(s), in particular, is given by Vi(s) = (0, ¢'.). Throughout, we will make the standard
assumption [19] that the columns of ® are independent and that the rows are normalized,
ie, [|[@¢L)3 <1,Vse€S.

Given the above setup, the goal of the server-agent system is to collectively estimate
the model vector 8* corresponding to the best linear approximation of V), in the span
of ®. To achieve this goal, we now describe a multi-agent variant of the classical TD(0)
algorithm [138]. All agents start out from a common initial state sp € S with an initial
estimate 8y € R™. Subsequently, at each time-step & € N, a global model vector 0y
is broadcasted by the server to all agents. Fach agent ¢ € [N] then takes an action
a; = f1(si k), and observes the next state s; 41 ~ P,(:|s; %) and instantaneous reward
rik = Ru(sik); here, s; is the state of agent i at time-step k. Using the model vector
0, and the observation tuple 0; , = (sik, ik, Si k+1), agent ¢ computes the following local

TD update direction:

ik (O, 0ik) = (rig + (s, 12 O) — (DL, . Ok)) P, -

We will often use g; (0x) as a shorthand for g; 1,(0%,0; ), and we sometimes also use
g(0y, 0i 1;), omitting the agent-iteration subscript. Note that although all agents play the
same policy u, and interact with the same MDP, the realizations of the local observation
sequences {0; 1} can differ across agents. We assume that these observation sequences are

statistically independent across agents.”? Intuitively, based on this independence property,

!Given a positive integer m, we use the notation [m] =1, ...,m.
2Notice that for each agent i, the observations over time are, however, correlated since they are all
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one can expect that exchanging agents’ local TD update directions should help reduce
the variance in the estimate of 6*.

We now provide some technical preparation and machinery that is needed for each of
the provided non-asymptotic analysis that we provide for the considered RL schemes. As
is standard, we assume that the rewards are uniformly bounded, i.e., 37 > 0 such that
R,(s) <7,Vs € S. This ensures that the value function in (4.1) is well-defined. Next,
we make a standard assumption that plays a key role in the finite-time analysis of TD
learning algorithms [19], [135], [141].

Assumption 4. The Markov chain induced by the policy p is aperiodic and irreducible.

An immediate consequence of the above assumption is that the Markov chain induced
by u admits a unique stationary distribution 7 [84]. Let ¥ = ® D®, where D is a
diagonal matrix with entries given by the elements of the stationary distribution 7. Since
® is assumed to be full column rank, 3 is full rank with a strictly positive smallest
eigenvalue w < 1; w will later show up in our convergence bounds. Next, we define the
steady-state local TD update direction as follows:

g(e) = E ) [gi,k(07 Oi,k)] ’VO € R™. (42)

Si,k~T,86 ket 1~Pu(¢]si &

Essentially, the deterministic recursion 0.1 = 0 + ag(0y) captures the limiting
behavior of the TD(0) update rule. In [19], it was shown that the iterates generated by
this recursion converge exponentially fast to 8%, where 6* is the unique solution of the
projected Bellman equation IIp7,(®6*) = ®6*. Here, IIp(-) is the projection operator
onto the subspace spanned by {¢} e[, With respect to the inner product (-, )p, and
T, : R — R™ is the policy-specific Bellman operator [141]. We now define the notion of

mixing time 7. that will play a crucial role in our analysis.

Definition 4.2.1. Let 7. be the minimum time such that the following holds:
|E [g: (0, 0:k)|0i0] — &(O)|| < e(||0] +1),Vk > 7.,¥0 € R™,Vi € [N],Vo0;0.>

Assumption 6 implies that the Markov chain induced by p mixes at a geometric
rate [84], i.e., the total variation distance between IP (s; , = -|s;0 = s) and the stationary
distribution 7 decays exponentially fast Vk > 0,Vi € [N],Vs € S. This immediately
implies the existence of some K > 1 such that 7. in Definition 5.2.1 satisfies 7. <
Klog(1) [35]. Loosely speaking, this means that for a fixed 0, if we want the noisy TD
update direction to be e-close (relative to 8) to the steady-state TD direction (where

part of a single Markov chain.
3Unless otherwise specified, we use || - || to denote the Euclidean norm.
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both these directions are evaluated at @), then the amount of time we need to wait for
this to happen scales logarithmically in the precision €. For our purpose, the precision
we will require is € = a?, where ¢ is an integer satisfying ¢ > 2. Unlike the centralized
case where ¢ = 1 suffices [19], [135], to establish the linear speedup property, we will
require g > 2. Henceforth, we will drop the subscript of € = a? in 7. and simply refer
to 7 as the mixing time. Let us define by o £ max{1,7, ||6*|,5} the “variance" of the
observation model for our problem.

Communication Model and QFedTD Algorithm. For the QFedTD variant of the
multi-agent TD scheme, we model two key aspects of realistic communication channels in
large-scale FL settings: finite capacity (due to limited bandwidth) and erasures/packet
drops. To account for the first issue, we will employ a simple unbiased quantizer which is

a (potentially random) mapping Q : R™ — R™ satisfying the following constraints [18].

Definition 4.2.2. (Unbiased Quantizer) We say that a quantizer Q is unbiased if the
following hold for all x € R™: (i) E[Q(x)] = x, and (ii) there exists some constant ¢ > 0
such that E [||Q(x) — x||3] < ¢||x||3, where the expectation is w.r.t. the randomness of

the quantizer.

The constant ¢ captures the amount of distortion introduced by the quantizer. Using
any quantizer that satisfies Definition 4.2.2, each agent ¢ computes an encoded version
h; ,(0x) = Q(8:ix(0r)) of gi r(0k). Here, we assume that the randomness of the quantizer
is independent across agents and also independent of the Markovian observation tuples.

Next, to capture packet drops, we assume that the encoded TD directions are uploaded
to the server over Bernoulli erasure channels. Specifically, the transmission of information
from an agent i to the server is over a channel whose statistics are governed by an i.i.d.
random process {b;  }, where for each k, b; j, follows a Bernoulli fading distribution. To
be more precise, b; , = 0 with erasure probability (1 — p), and b; ;, = 1 with probability
p. The packet-dropping processes are assumed to be independent of all other sources of
randomness in our model.

We are now in a position to describe the global parameter update rule at the server

for this Quantized Federated TD learning algorithm, to which we refer to as QFedTD:

LN
Oki1 = 0p + vy v = N > bikhik(6), (4.3)
i=1

where « is a constant step-size/learning rate.
Objective and Challenges. We want to provide a finite-time analysis of QFedTD.
This is non-trivial for several reasons. Even in the single-agent setting, providing a non-

asymptotic analysis of TD(0) without any projection step is known to be quite challenging
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Figure 4.1: Illustration of the 0AC-FedTD scheme.

due to temporal correlations between the Markov samples. To analyze QFedTD, we need to
contend with three distinct sources of randomness: (i) randomness due to the temporally
correlated Markov samples {0;  }ic(n; (il) randomness due to the quantization step; and
(iii) randomness due to the Bernoulli packet dropping processes {b; 1. };c[n)- Each of these
sources of randomness influence the evolution of the parameter vector 8. Furthermore,
unlike a single-agent setting, our goal is to establish a “linear speedup" w.r.t. the number
of agents under the different sources of randomness above. This necessitates a very

careful analysis that we provide in Appendix B.1.

Remark 4.1. We note here that both the quantization mechanism and the channel model
studied for QFedTD are quite simple. We have chosen to stick to these models primarily
because the focus of our work is on establishing the linear speedup effect under Markovian
sampling. That said, we conjecture that the analysis in Section B.1 can potentially be
extended to cover more involved encoding schemes (e.g., the use of error-feedback [102]).

We reserve these questions for future work.

Over-the-air computation model for 0ACFedTD. We consider the typical OAC
channel model that has been adopted, for example, in [7], [25], [127], [154]. In this scheme,
N agents, coordinated by a central entity, synchronously transmit their local update
directions as analog wireless signals. The central entity then collects the superposition
of these signals; hence, the term ‘over-the-air. The analog signals are subject to fading
channel distortion and to additive white Gaussian noise at the receiver.

Under the assumptions of synchronization and phase compensation [25], [127], [147],

the server at iteration k obtains the following noisy and distorted global TD direction:
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N

Vi = % ; hi ki k(Ok) + Wi N, (4.4)
where wi, v ~ N(0,021;) and 02, = 52,/ N?, where 52, is the additive white noise variance
at the receiver. The distortion term h; j is the random channel gain experienced by agent
1 at iteration k, with mean mj and variance a,%. We make the standard assumption
that the random channel gain process is independent across agents and iterations. We
will also assume that the random processes {wy x} and {h;;} related to the channel
effects are independent of the Markovian data tuples {o; }. The model in (4.4) captures
different settings of OAC. For example, the model adopted in [25] considers transmitters
with adaptive power transmission. In that case, h;j = Cikn/Pik where c; i, is the actual
channel gain, and /p;x is the power scaling factor of device ¢ that can be adaptively
adjusted to reduce the impact of the channel gain. Due to channel estimation errors [62],
even in the case in which channel inversion is performed, h; j, is typically a random object.
In general, the model considered in this work captures any OAC framework with phase

compensation, as long as the distortion h;j in (4.4) admits first and second moments.

Once the server receives vy, it updates the estimate of the parameter 8 according to
the following update rule, to which we refer to as over-the-air TD learning algorithm, or
simply OAC-FedTD:

Ori1 = 0 + avy, (4.5)

where « is a constant step-size/learning rate, and vy, is as in (4.4).

Objective and Challenges. We aim to provide a finite-time analysis of 0AC-FedTD.
This is non-trivial for several reasons. To analyze 0AC-FedTD, we need to deal with a
multi-agent setting where two distinct sources of randomness are concurrently in place:
(i) the randomness due to the time-correlated agents’ trajectories, and (ii) the randomness
due to the wireless fading channel. Furthermore, the final objective of 0AC-FedTD is to
provide a linear convergence speedup w.r.t. the number of agents. This requires a careful

analysis that we provide in Appendix B.2.

Communication model for AsyncFedTD. We now describe the model for AsyncFedTD,
which is analogous to the models studied, for example, in FL [51], [108] and asynchronous
multi-agent RL [130]. At each time-step k, the server updates the model vector 6) using
the average of asynchronously delayed agents’ local TD update directions. Specifically,
for each agent 4, at iteration k, the corresponding available TD update direction is subject
to a bounded delay 7; . Define t;, 2 (k- Tivk)+, where, for z € R, (z)4+ = max{0,z}.

The server updates the model vector 8j according to the following rule, to which we refer
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Figure 4.2: System Model for AsyncFedTD. Agents 1,..., N cooperatively learn a common
policy interacting with replicas of the same MDP. At each iteration k, the server uses the
available delayed update directions with delays 71 k,..., 7N k-

to as AsyncFedTD:
Ort1 = O + avy, (4.6)

where « is a constant step-size/learning rate, and

1 N
Vi = N Z g(eti,k ) Oivti,k)' (4'7)
=1

In this work, we assume that the down-link communication from the server to the agents
is not subject to delays. Such an assumption is practically motivated by the fact that in
most client-server architectures (e.g., wireless networks [29]), the main communication
bottleneck comes from up-link transmissions, instead of down-link broadcasting. Note
that the update direction v used by the server features iterates 8y, , and observations
Oit; ) from potentially stale time-steps. Furthermore, the delays 7y, ..., 7y can differ
across agents.

We make the following assumption on the delay sequence, which is common in the

study of asynchronous distributed optimization and FL [78], [108].

Assumption 5. There exists a positive integer 7,4, > 0 such that 0 < 7 < Ty4z, for all
1 and for all k.

Objective and Challenges. We provide a finite-time analysis of AsyncFedTD. This
poses several challenges. In fact, even in the single-agent setting, providing a non-
asymptotic analysis of TD(0) without performing intermediate projection steps is known

to be challenging due to the temporal correlation between the Markov samples in the
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iterative learning process. Crucially, this challenge is absent in asynchronous stochastic
optimization where one assumes i.i.d. data, precluding the use of techniques used in this
line of work. For the analysis of AsyncFedTD, we encounter further obstacles: the update
1=1,...,N, at which the local
TD update directions are asynchronously computed. Indeed, note that, although the

rule involves the use of multiple correlated iterates 6y, ,,
observation sequences o; j, are statistically independent across agents, the iterates used
to compute the local TD update directions are all correlated. This aspect introduces
the need for a much finer analysis when we want to provide finite-time convergence
guarantees. Furthermore, unlike a single-agent setting, we aim to establish an N-fold
linear convergence speedup while jointly dealing with the challenges outlined above. This

necessitates a very careful study, which we detail extensively in Appendix B.3.

4.3 Convergence Results

In this section, we state and discuss our main results pertaining to the non-asymptotic
performance of QFedTD, 0ACFedTD and AyncFedTD. Recall 67 £ ||0* — ) |?. All the proofs

of the results of this section are provided in full details in Appendix B.

4.3.1 QFedTD: Convergence

We now state the convergence result for QFedTD. Let ¢/ = max{1,(}, where ( is as in
Definition 4.2.2.

Theorem 4.2. Consider the update rule of QFedTD in (4.3). There exist universal constants

Cy, Co,C3 > 1, such that with o < w(%;gf), the following holds for T' > 27:

T0° (C’gaC’

E {5%} < (1—aw(l—7y)p)"Cr+ w(l — ) N

+ Cga3) , (4.8)

where C = 462 + 2po?.

Discussion: There are several important takeaways from Theorem 4.2. From (4.12),
we first note that QFedTD guarantees linear convergence (in expectation) to a ball around
0* whose radius depends on the variance o2 of the noise model. While the linear
convergence rate gets slackened by the probability of successful transmission p, the
“variance term", namely the second term in (4.8), gets inflated by the quantization
parameter (. Both of these channel effects are consistent with what one typically observes
for analogous settings in FL [121]. Next, compared to the centralized setting [135,

Theorem 7], the variance term in (4.8) gets scaled down by a factor of N, up to a
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higher-order O(a?) term that can be dominated by the (a/N) term for small enough a.
Note that this o term is obtained thanks to mixing arguments relative to the biasedeness
of the TD direction g(.), and we do not see a way to avoid the presence of this term.
Before we make the point on the linear speedup effect explicit, it is instructive to note
that our variance bound exhibits a tighter dependence on the mixing time 7 relative to
[77] and [143], where similar bounds are established. In particular, while this dependence
is O(7) for us, it is O(72) in [77, Theorem 4.1] and in [143, Theorem 4]. Notably, the O(7)
dependence that we establish is consistent with results on centralized TD learning [19],
[135], and is in fact the optimal dependence on 7 under Markovian data [104]. We have

the following immediate corollary of Theorem 4.2.

Corollary 4.1. Consider the update rule of QFedTD in (4.3). Let the step-size a and the
number of iterations 1" be chosen to satisfy:
log NT

a=———— and T >
w(l—y)pT

2CoN7¢"log NT
wil—7)?p '

(4.9)

where Cp is as in Theorem 4.2. We then have the following bound:

"\ max{d2, 02} 1o
B R

To appreciate the above result, let us compare it to the result for the single agent
TD setting in [19]. Under Markovian sampling, part (c¢) of Theorem 3 in [19] establishes

that the mean-square error for single-agent TD decays at the following rate:
o ( G27log(T) )
w1 =7)°T )’

where G, as defined in [19], captures the effect of both the projection radius (in [19],
the authors consider a projected version of TD learning) and the noise variance.* The
term G2 can be viewed as the analog of max{d3, %} in our bound. Comparing the above
bound with that in Eq. (4.10), we make two immediate observations. (i) The term 7'
in the centralized bound gets replaced by NT in our bound. This is precisely what we
wanted since in our setting, each agent has access to T samples, yielding a total of NT
samples. Essentially, this goes on to show that our algorithm is sample-efficient in that it

makes use of all the samples from all the agents and achieves a linear speedup w.r.t. the

number of agents. Second, the effect of channel effects is succinctly captured by the term

“Part (c) of Theorem 3 in [19] provides a bound on the error in the value function, and not the iterates
(like we do). The bound on the iterates that we report above is derived from the bound on the value
functions in Appendix A.2 of [19], where the authors provide a proof of Theorem 3.
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in blue in Eq. (4.10). This term essentially inflates the variance max{d3, o2} of our noise
model. When the number of agents N = 1, the probability of successful transmission
p = 1, and there is no quantization effect (i.e., ¢’ = 1), our bound exactly recovers the
bound in the centralized setting (even up to log factors). As far as we are aware, our
work is the first to establish such a tight result in multi-agent/federated reinforcement

learning under Markovian sampling and communication constraints.

4.3.2 0ACFedTD: Convergence

We now present the first finite-time result in RL with OAC. Notably, we consider the
challenging case in which agents’ trajectories follow a Markov process, and show that
cooperation between agents provides a linear convergence speedup even under noisy

analog communication over wireless fading channels.

Theorem 4.3. Consider the update rule of 0AC-FedTD in (4.5). There exists a universal
constant Cy > 1, such that with o < w, the following holds for T' > 27:

CoTpp
C 2
E [5%} < (1 —mpow(l —y)TCy + _2PhATT
mpw(l —~)N (4.11)
Csppro’a’ 04047'6121](1

mpw(l —7)  mpw(l —v)N2’

52,d

where C1 = 458 + 202 + 23,

and C9, ('3, Cy are universal constants.

A detailed proof of Theorem 4.3 is provided in the Appendix, where we outline the
key technical challenges relative to the centralized analysis in [135].

Discussion: We now discuss the main takeaways from Theorem 4.3. From (4.11),
we first note that 0AC-FedTD guarantees linear convergence (in the mean-square sense) to
a ball around 8* whose radius depends on the second, third and fourth terms in (4.11).
The linear convergence rate gets slackened by both the mean distortion my, and by
the choice of the step size, which needs to scale inversely with pp7. The term pj, also
inflates the dominant “variance term", namely the second term in (4.11). So, given that
E {hfk} = m% + o,% and recalling that p, = max{1, m% + a,%}, our bound clearly reveals
the effect of fading distortion. This channel effect is consistent with what one observes
for analogous settings in FL with OAC [127]. Compared with the effect of noise in FL via
OAC, we note that the variance term related to the additive noise at the receiver, i.e., the
fourth term in (4.11), gets scaled by the mixing time 7. Next, compared to the centralized
setting [135, Theorem 7], observe that the second and fourth terms in (4.11) get scaled

down by a factor of N. Moreover, the third term is O(a?), i.e., it is a higher-order term
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that is dominated by the second term for small enough «. Thus, ours is the first work in
MARL/FRL over wireless fading channels to establish a variance-reduction effect w.r.t.
the number of agents. With o = O(log (NT')/T), we can explicitly show that each of the
four terms in (4.11) is O(1/NT), yielding the linear speedup effect we had hoped for.
Finally, note that, compared to the only other very recent paper [77] that establishes
linear speedup under Markovian sampling (albeit, without channel effects), the second,
third, and fourth terms in (4.11) have a tighter dependence on the mixing time 7. Indeed,
while we achieve a linear dependence of O(7), which is consistent with the centralized
setting [135], the dependence in [77, Theorem 4.1] is O(7?).

4.3.3 AsyncFedTD: Convergence

Let 67 £ ||6* — 6x||? and define by o £ max{1,7, ||0*||,d0} the “variance" of the observa-

tion model for our problem. We can now state our convergence result for AsyncFedTD.

Theorem 4.4. Consider the update rule of AsyncFedTD in (4.6). There exist universal
constants Cy, Cq,Cy, C3 > 1, such that, for a < (mb(uf(ii% and T > 27 4+ Tz,

1 —~y)wT
2] - _04< g ) 2
E {54 < exp ( 2 T o) Cio
(T + Timaz )02 <Cga
2w(l — ) N

(4.12)

+ Cgoz3> .

Discussion: We now remark on the main takeaways from Theorem 4.4. From the
bound in (4.12), we note that AsyncFedTD guarantees linear convergence (in mean-square
sense) to a ball around 8* whose radius depends on the variance o2 of the noise model.
We now comment on the effect of the asynchronous delays on the convergence bound,
and on the linear convergence speedup established by the theorem.

Effect of asynchronous delays. From (4.12), note how both the exponent of the
linear convergence term and the radius of the noise ball are impacted by the delay
sequence via the maximum delay 7,,4,. Indeed, compared to the centralized TD case [135,
Theorem 7|, and to the synchronous federated TD case [44, Theorem 1], we see that for
AsyncFedTD, the noise ball gets multiplied by the sum of mixing time and maximum
delay, i.e., T 4+ Tynaz- In essence, our analysis reveals that 7 4+ 7,42 plays the role of an
effective delay. Interestingly, an immediate implication is that if the underlying Markov
chain mixes slowly, i.e., has a larger mixing time 7, then the effect of the delay is less
pronounced. This appears to be a novel observation.

Linear convergence speedup. Compared to the centralized setting [135, Theorem 7],

the noise variance term in (4.12) gets scaled down by a factor of N up to a higher-order
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O(ca?) term that, for small enough «, is dominated by (a/N). To better illustrate the

linear speedup effect, consider the following choice of a and T (define 7 2 7 + Tpa0):

- =2
o — Tlog NT and T > 2C)NT logNT'

S w(l =T T wi(l-9)?

(4.13)

With the above choices, and simple manipulations of the bound in (4.12), it can be

explicitly shown that

o272 log(NT) ) . (4.14)

E[o7] <O (uﬂ(l—v)?NT

The above bound tells us that AsyncFedTD yields a convergence rate of O(1/(NT)),
which is a factor of N better than the O(1/T') rate in the centralized case [19]. Note
the quadratic dependence on both the delay sequence and on the mixing time of the
Markov chain, that we can see in the term 72. Note that in the convergence results for
QFedTD and OACFedTD this dependence was linear which is the optimal dependence from
an information theoretic point of view. We further study this aspect in the more general
framework of stochastic approximation under Markovian sampling and delayed updates
in Chapter 5, where we derive optimal dependencies on 7,4, and 7 for the single-agent
case of delayed SA.

We remark that this is the first analysis for asynchronous multi-agent and federated
RL that provides finite-time convergence guarantees, while jointly establishing an N -fold

linear convergence speedup under Markovian sampling.

4.4 Numerical Simulations

In this section, we provide simulation results to validate our theory. We consider an MDP
with |S| = 100 states and a feature space spanned by d = 10 orthonormal basis vectors;
we set the discount factor to v = 0.5 and the step size to a = 0.05. For AsyncFedTD,
to simulate the asynchronous delays in the TD update directions, we generate random
delays at each iteration k for each agent ¢, by generating a uniform random variable 7; j
in the range [1, Tymaz]. We set Tiqe = 100. For QFedTD, we generate the erasure channels
with Bernoulli random variables, and employ uniform scalar quantization of the TD
update directions, assigning a certain number of bits for the quantization of each vector
component of each agent, and set the probability of successful transmission to p = 0.6,
while we quantize the TD update directions assigning 4 bits to each vector component.
For DACFedTD, we generate the channel distortion h; j, (with mean mj, and variance 0,21)

as a Rayleigh random variable, which is a widely adopted model for fading channels
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Figure 4.3: Comparison between vanilla FedTD and AsyncFedTD in single-agent (N = 1) and
multi-agent (N = 20) settings. For AsyncFedTD, we set Tmaz = 100.

[127]. In the multi-agent seting, we experiment with different numbers of agents, like
N =15,20,40. For each configuration, we plot the average of 20 experiments. From the
results, it is apparent how the linear speedup property also holds for QFedTD (Figure 4.5),
OACFedTD (Figure 4.4) and AsyncFedTD (Fig 4.3).
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Figure 4.4: Performance of 0AC-FedTD for different values of the standard deviation of the
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Figure 4.5: Comparison between vanilla FedTD and QFedTD in single-agent (N = 1) and
multi-agent (N = 40) settings. The number of bits used to quantize the TD update direction

is 4 per vector component, and the erasure probability is p = 0.6.
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4.5 Related Publications and Conference Presentations

The content of this chapter has been published in the IEEE Control Systems Letters [55]
and accepted for presentation at the Machine Learning and Systems conference, 2023, in
the Workshop on Resource-Constrained Learning in Wireless Networks [43]. Content of
this chapter has also be accepted for presentation at the IEEE Conference on Decision

and Control in December 2023 and submitted to the American Control Conference, 2024.



Stochastic Approximation with Delayed Updates:
Finite-Time Rates under Markovian Sampling

with Optimal Dependencies

In Chapter 4, we studied a model of asynchronous federated reinforcement learning
(FRL). The convergence bound that we derived for the considered model, in which
TD update directions are computed at stale iterates and observations from the past,
showed a sub-optimal quadratic dependence on the delay sequence and on the mixing
time of the Markov chain (see Theorem 4.4 and related discussion). In this chapter,
we focus on this specific aspect of the dependency on mixing time and delay sequence,
studying a - single-agent - more general stochastic approximation (SA) setting under
Markovian sampling with delayed updates. In this setup , iterative updates of SA are
based on delayed versions of the SA operator evaluated at stale iterates and samples
from the past. We are interested in understanding the finite-time performance of this
updating scheme with a focus on characterizing the interplay between the properties of
the underlying Markov process and the delay sequence. Our first contribution is to show
that, under standard assumptions, the delayed SA update rule guarantees exponentially
fast convergence to a ball around the desired fixed point of the operator. We establish
that in a constant delay scenario, the optimal convergence rate achieved by the delayed SA
algorithm is scaled down by a (information-theoretically optimal) factor of max{7, Tiz},
where 7 denotes the constant delay, and 7,,;, represents the mixing time of the Markov
process. This result is proven using a technique inspired by previous works that utilizes
the weighted average of iterates. This technique that works for the constant delay case
cannot be directly generalized to time-varying delay cases. To address this issue, we
propose an approach that involves proving the boundedness of the SA iterates for a

suitable choice of step size. We then conduct a novel analysis to show that in the case of
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time-varying delays, the exponent of convergence for the last iterate is scaled down by
a (information-theoretically optimal) factor of max{7az, Tmiz}. Here, Timq. represents
the maximum delay. This is the first result to provide finite-time rates for SA under
time-varying delayed updates, while establishing a tight bound in both 7,4, and 7, on
the last iterate. Our theoretical findings apply to various algorithms where the finite-time
effects of delays were previously unknown, such as TD learning and Q-learning with

function approximation, and stochastic gradient descent under Markovian sampling.

5.1 Introduction

Stochastic Approximation (SA) is an iterative technique used to solve root-finding
problems in the presence of noisy information. This method finds its application in
various fields such as machine learning and reinforcement learning. In this section, we
will provide a brief summary of previous works and then highlight our contributions.

The Stochastic Approximation (SA) framework, was originally introduced in 1951 [124]
and it has been extensively studied in the literature, with a focus on understanding its
convergence behavior and applications in various domains. Several works have contributed
to the finite-time analysis of SA algorithms [20], [32], [33], [135], [149].

In this chapter, we make significant contributions to the field of stochastic approxi-
mation (SA) by studying the non-asymptotic convergence rates of SA under Markovian
sampling with delayed updates. Our investigation focuses on understanding the finite-time
performance of this updating scheme, considering the interplay between the properties
of the underlying Markov process and the delay sequence. Our contributions are the

following:

1. The first major contribution of this work is the exploration of finite-time analysis
for delayed Stochastic Approximation (SA) under Markovian sampling. We delve
into the analysis of the joint effect of delayed updates and the correlated Markov
observation process on the convergence behaviour of SA algorithms, which has not

been studied before.

2. Optimal dependencies. Starting from a setting with constant delay, we establish that
a carefully weighted average of iterates achieves a convergence rate with optimal
dependencies on the delay sequence and on the mixing time of the Markov chain,
with the exponent of convergence scaled down by a factor of max{7, 7.}, where
T represents the constant delay, and 7,,,;, denotes the mixing time of the Markov
chain. This result sheds light on the trade-off between the delay and mixing time,

providing valuable insights into the impact of the delay on convergence performance.
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3. Optimal dependencies. We then expand our analysis to more general time-varying
delays settings. The analysis with constant delay cannot be directly applied to the
time-varying delay case, and it also guarantees a bound only on a weighted average
of iterates. Therefore, we introduce a novel approach for the time-varying case,
proposing an analysis that involves proving the boundedness of SA iterates for a
suitable choice of step size. We then show that with this new analysis the exponent
of convergence for the last iterate is scaled down by a factor of max{Timaz, Tmiz}
where 7,4, represents the maximum delay. This is the first study to achieve a tight

bound on both 7,4 and Tyiz.

In summary, our work provides a comprehensive analysis of the finite-time convergence
behaviour of delayed Stochastic Approximation. The insights and results presented in
this work pave the way for the development of more efficient and adaptive algorithms

that can handle delays effectively in a wide range of applications.

Related Work in Optimization. The impact on the convergence bounds of optimiza-
tion algorithms under delays and asynchronous settings has been a topic of interest since
the seminal work [17], which investigates convergence rates of asynchronous iterative
algorithms in parallel or distributed computing systems. In this same area there have been
subsequently many efforts, usually focused on stochastic gradient descent and federated
learning, like, for example, [3], [36], [78], [137].

5.2 Stochastic Approximation with Delayed Updates

The objective of general SA is to solve a root finding problem of the following form:
Find 6™ € R™ such that g(6*) =0, (5.1)

where, for a given approximation parameter 8 € R, the deterministic function g(0) is
the expectation of a noisy operator g(0,0;), and {o;} denotes a stochastic observation
process. In this work, we consider SA under Markovian sampling, i.e., the observations
{0} are temporally correlated and form a Markov chain. For this SA scheme, we define
(see also [19], [135], [149])

g(6) = Eo,nr[g(8, 01)], (5.2)
where 7 is the stationary distribution of the Markov chain {o:}.

SA consists in finding an approximate solution to (5.1) while having access only to

noisy instances g(0,0;) of g(0). The typical iterative SA update rule with a constant
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step size « is as follows [34], [135],

011 = 01 + ag(Or,01). (5.3)

The asymptotic convergence of SA under Markov randomness method has been thoroughly
investigated in prior work [140]. Recently, there is an increased interest in finite-time
convergence guarantees for SA. Finite-time analysis of SA is relevant because it provides
insightful theoretical guarantees about the algorithm’s convergence rate.

Several recent works have investigated linear [19], [135] and non-linear [34] SA, and
provided finite-time convergence bounds under Markovian sampling. Notably, Finite-time
convergence analysis for SA under Markovian sampling are significantly more challenging
relative to i.i.d. sampling. Indeed, temporal correlation between samples of {o;}, which
is also inherited by the iterates {6y}, prevents the use of some techniques commonly
used for the finite-time rates study of SA under i.i.d. sampling, triggering the need for
a more elaborate analysis. In many real-world applications, like the FRL framework
considered in Chapter 4, the SA operator g(-) is only available when computed with
delayed iterates and/or observations. The main objective of this work is to provide a
unified framework to analyse the finite-time convergence of SA under delays. We proceed

by formally introducing the setting.

SA with delays. We consider the following stochastic recursion with delayed updates:
0k+1 - 01{: + ag(gkaa Ot—’Tt)7 Tt S ta (54)

where « is a constant step size and 7; is the delay with which the operator g(-) is
available to be used at iteration ¢. This specific update rule is motivated by many scenarios
of practical interest. For instance, in distributed machine learning and reinforcement
learning, it is often the case that the agents’ updates are performed in an asynchronous
manner, leading naturally to update rules of the form (5.4).

Update rules of the form (5.4) have been recently studied in the context of SA but
with i.i.d. observations (see e.g. [78], [109] for SGD updates with delays). However, to
the best of our knowledge, little to nothing is known about the finite-time convergence
behaviour of such update rules under Markovian observations. Compared with i.i.d.
setting, the Markovian setting introduces major technical challenges, including dealing
with the joint effect of (i) the use of a delayed operator g(6_,,0;—-,) and (ii) sequences
of correlated observation samples {o;}. The interplay of update rules based on delayed

SA operator instances and the presence of time correlation in the noise process requires a
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notably careful analysis, one which we provide as a main contribution of this work. The
key features and challenges of the analysis are provided with more details in section 5.4.

We proceed with describing a few assumptions needed for our analysis. First, we
make the following natural assumption on the underlying Markov chain {o;} [19], [34],
[135].

Assumption 6. The Markov chain {o;} is aperiodic and irreducible.

Next, we state two further assumptions that are common in the analysis of SA

algorithms.

Assumption 7. Problem (5.1) admits a solution 8*, and 3 1 > 0 such that for all 8 € R™,
we have

(0 —67,8(0) —g(6")) < —pllo — 07 (5.5)

Assumption 8. For every 61,02 and o € {0}, we have
1g(01,0) — g(02,0)|| < L[|61 — 62]|. (5.6)
Assumption 9. For any @ € R™ and o € {o:}, we have

18(8; o)l < L(|[0]| + o). (5.7)

Finally, we introduce an assumption on the time-varying delay sequence {7;}.
Assumption 10. There exists an integer Tyq, > 0 such that 7+ < T4, VE > 0.

Assumption 7 is a strong monotone property of the map —g(@) that guarantees
that the iterates generated by a “mean-path” version of Eq. (5.1), 011 = 0 + ag(6y),
converge exponentially fast to 8*. Assumption 8 states that g(@, o;) is globally uniformly
Lipschitz in the parameter 8. Without loss of generality, we have fixed the Lipschitz
constant to be L = 2, which is the Lipschitz constant value in the case of TD learning

with linear function approximation.

Remark 5.1. Assumption 7 holds for TD learning (Lemma 1 and Lemma 3 in [19]),
Q-learning [34], and SGD for strongly convex functions. Similarly, Assumption 8 holds for
TD learning [19], and for Q-learning and SGD analysis, it holds up to some constant L [34],
[48]. Our proof technique generalizes to this setting easily. Furthermore, Assumption 9

holds for TD learning [19], and for Q-learning, it holds up to some constant [34].

We now introduce the following notion of mizing time 7., that plays a crucial role in
our analysis, as in the analysis of all existing finite-time convergence studies on SA under

Markovian sampling.
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Table 5.1: Summary of results.

Algorithm ‘ Variance Bound Bias Bound
2 i S
Constant Delay (5.8) O(o?) 0 (exp (L2 max{T,Tmix}))

L2 maX{Tmiz sTmazx }

Time-Varying Delays (5.26) O(0?) O (exp ( T ))

Definition 5.2.1. Let 7, be such that
IE [g(8,0t)|oo] — g(O)|| < a([[0]] +1),Vt > 74.,Y0 € R™, Voo.

In the rest of the Chapter, we refer to 7, simply as Timiz-

Remark 5.2. Note that Assumption 6 implies that the Markov chain {o;} mixes at a
geometric rate. This, in turn, implies the existence of some K > 1 such that 7, in
Definition 5.2.1 satisfies 7, < K log( é) In words, this means that for a fixed 0, if we
want the noisy operator g(6,0;) to be a-close (relative to 8) to the expected operator
g(0), then the amount of time we need to wait for this to happen scales logarithmically

in the precision a.

5.3 Warm Up: Stochastic Approximation with Constant
Delays

In this section, we present the first finite-time convergence analysis of SA with constant
delay under Markovian sampling. With respect to the SA with delayed updates introduced
in (5.4), we fix 7+ = 7, with 7 the constant delay. Similarly to [137], we define the SA

update rule accordingly:

6y if 0<t<r
SA with Constant Delay: 6;.1 = (5.8)

0; + ag(et—7'7 Ot—T) if t>7

The following Theorem provides a finite-time convergence bound for the update rule
n (5.8). The form and analysis of the Theorem is inspired by [137] and it is the first

contribution of this work.
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Theorem 5.3. Let wy := (1 — 0.504/1)*(”1) and Wr = ZtT ows. Let Bout be a randomly
chosen iterate from {0;}]_,. Specifically, 8,,; = 6; with probability (7. Define rpy 1=
|0ou:—07|| and 7 := maX{T Tmiz }- For T' > 0, there exist universal constants C1,Cs,C3 >

2, such that, for a < applying the update rule in (5.8), the following holds,

oy

L2— 2

E [r2,] < Caexp (—0.50uT) 3 + 2", (5.9)
7
where C,, is inversely proportional to «. Setting a = CTLLLT%’ we get

2 C 2

2 20
E[r2,] < Cs exp< 0501L2 T) R (5.10)

with C{- ==

=[N

(26’1L i 43) with B = C302.

Main Takeaways: We now outline the key takeaways of the above Theorem. First,
we showed exponential convergence of E [r2,,] to a ball around the fixed point 8*. This
latter result represents the first finite-time convergence bound for SA with delayed updates
under Markovian sampling. Second, the obtained convergence exponent scales inversely
with 7 = max{7, Tz }. Hence, if 7 > 75,,i, we get a dependency on the constant delay 7
which is consistent with what is known for SA with delayed updates in the i.i.d. sampling
case, specifically in the case of SGD with constant delay [137]. Note that this dependency
has been shown to be tight for SGD [10], and, consequently, our rate is optimal in terms of
the obtained dependency on the delay 7. If 7,,,;; > 7, the obtained convergence exponent
scales inversely with 7, which is consistent with the non-delayed case of SA under
Markovian sampling [19], [135], and has been shown to be in fact minimax optimal [105].
In summary, in the above Theorem we provide the first finite-time convergence bound
for SA with updates subject to constant delays under Markovian sampling, getting a
convergence rate that has optimal dependencies on both the delay 7 and the mixing time
Trmiz-

Outline of the Analysis and Challenges. We now provide the main steps of the
analysis and underline the key challenges that make each step necessary. First of all,
similarly to [137], we define a sequence of virtual iterates, 6,, which, at each iteration ¢,

are updated with the actual SA update direction g(@y,o0;):

9t+1 Ot + ag(Bt,ot) (511)

Accordingly, we define an error term d; which is the gap between 6, and 6, at each

iteration t, i.e., ; = 05 + d;. A key step in the analysis that, as it was the case for [137],
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relies on the fact that the delay T is constant, is that, for any t > 0, we can write the

error term as follows,
t—1

di=a Y g(6,0). (5.12)

l=t—71
In the first part of the proof of Theorem 5.3, we provide a convergence bound for the
virtual iterates sequence @y, studying E [f7] = E [Hét — 0*”2] and providing a bound
that is a function of ||d;||? and 72, ||d;||?, with | =¢ — 7,...,t — 1. To get this bound, we

analyze the following recursion

Ok, 0t),0; — 6%) + || (O, 0) ||
ét), 0, — 0*) 4 2ah; + 2amy + o2||g (0, of) ||* (5.13)
<(1- 204;1)7*,52 + 2ahy + 2amy + o’ny,

o =+ 20l

—~

=77 + 2a(g

where the last inequality follows from Assumption 7, and where we have

ng = [|g(6y, o),
he := (g(01, 0) — (6:), 0, — 67), (5.14)

The term h; is an error term related to Markovian sampling. Indeed, if the process oy
were sampled in an i.i.d. fashion, it would be E [h;] = 0. However, due to the correlated
nature of o4, this does not hold true, and, consequently, h; requires careful care in the
analysis. On the other hand, the term m; is an error term related to the delayed nature
of the SA algorithm under consideration. In absence of delays, it would be m; = 0. To
obtain the convergence bound for E [7?], we provide bounds on E [h], my and ||g(6y, o) ||*.
Obtaining bounds for these terms require some work, that we present as auxiliary Lemmas
in the last part of this section. Providing the bound on E [h] is the most challenging
part of the analysis, which also requires mixing time arguments. We provide such a
bound in Lemma 5.3 - (iii). In order to provide a bound that is a function of ||d;||? and
F?, |ld;||?, with I =t — 7,....,t — 1, we need to provide a novel analysis compared to the
one used for the non-delayed SA under Markovian sampling in [135]. Specifically, we
[

need to introduce a new way to bound the terms |0y — 0:_,, , || and ||6; — 0;—_,.|* and

use the corresponding bounds accordingly when bounding E [h;]. The bound obtained
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thanks to the auxiliary Lemmas has the following form:

i [ftzﬂ} < (1 —2ap + 48%L*7)E {Fﬂ + 12802 %702

t—1 _ (5.15)
+402L7E [||dy[[?] + 200222 3" E[|ldi[]? + 27| + 20y,
I=t—7
with
_ 11162 if 0 <t < Tmiz
= . (5.16)
0 otherwise

Starting from this bound, we analyze the weighted average > 7_o w;E [#7]. Applying the
weighted average to both sides of the bounds, applying some manipulations and with
the proper choice of upper bound on the step size a, we are able to get the following

inequality

T T
S w7 | < (1-050p) 3wk |77| + 150Wra?L* 7o
t=0 t=0 (5.17)

+2W,,, 10 (11107).

This last inequality is obtained thanks to Lemma 5.1, which we state in the next paragraph
and which establishes a bound on 327 w;E [[|d¢]|?]. With some further manipulations
and using the fact that E [r?] < 2E [77] + 2E [||d;||?], we can derive the final result.

Auxiliary Lemmas. Here, we present the main Lemmas needed to prove Theo-
rem 5.3. We start with three bounds on ||d;||, [|d¢/|? and 37— w¢||d¢]|?, as follows

Lemma 5.1. The three following inequalities hold:

t—1

(4) ld:|l  <arLo+aL ) |6i], (5.18)
l=t—1
t—1
(i) Ide]]* < 20°7°L%0% 4+ 20°7L% > 16,7, (5.19)
l=t—7
T T
(i) > wel|de|* < AWra?T?L20? + 160777 L% Y w|64]?, (5.20)
t=0 t=0

where (i) holds for a < ;1.

Part (iii) of this Lemma is key to obtain the bound in (5.17). In the next Lemma,

we provide bounds on the terms ||@; — 0;_, . || and ||@; — 0;_, . |]°.
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Lemma 5.2. For any t > Tp,4,, we have

t—1
(i) 10t—rie — Okl < LaoTmiz +La > |6 (5.21)
I=t—Tmizx
B B t—1
(i4) 10—rie — Okll” < 2L°0° 70,07 + 2020 Tmie Y (|64 (5.22)

I=t—Tmiz

Note that this Lemma is a variation of Lemma 3 in [135], which is key to invoke
mixing time arguments to get finite-time convergence bounds in existing non-delayed SA
analysis. To obtain a bound in the form (5.15), we need to bound E [h;] properly, for
which, in turn, we need Lemma 5.2. Furthermore, note that, in contrast to [135], the
bound is obtained for the sequence of virtual iterates. In the next Lemma, we provide
bounds for the three key terms of the bound in (5.13), i.e., ||g(8x, 0;)|?, m: and E [hy].

Lemma 5.3. For all t > 0, we have

(i) ny < 4L?|d¢||* 4+ SL*2 +10L%02, (5.23)
t—1

(i) mu <6arlo®+3arL?F+2aL? Y ([dif? +27F), (5.24)
I=t—1

11162L?, for 0 <t < Tmix
40Tmin L2 (802 4 3E [77]) + 8aL2 LiZ) R [||di|* +277], for t > Ty

(iii) E[hi] < {
l=t—Tmix
(5.25)

1
where (i) holds for o < gg75—.

The proof of this last Lemma relies on the bound on ||d¢|| established in Lemma 5.1.
The proof of (iii) relies on the mixing properties of the Markov chain {o;} and on the
bounds on ||@; — 0;_,_. || and ||@; — 0;_,, . ||* established in Lemma 5.2. Part (i44) is the
key and most challenging part of the proof, which allows us to get to the bound in (5.15).
Using this last Lemma, in combination with Lemma 5.1, we are able to get the bound
in (5.17). The conclusion of the proof is enabled by using E [r?] < 2E [7?] + 2E [||d.|?]
and some further manipulations. The proofs of all the Lemmas in this section and the

complete proof of Theorem 5.3 are available in Appendix C.1.

5.4 Stochastic Approximation with Time-Varying Delays

In this section, we present the first finite-time convergence analysis of the delayed SA

update rule that was introduced in (5.4), with time-varying delays. Note that, by
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Assumption 10, we can re-write (5.4) as:
Delayed SA: 011 =0;+ag(0—r,,00—7,), 7 < min{t, Tz} (5.26)

The following theorem provides a convergence bound for the update rule in (5.26)

and it is a major contribution of this work.

Theorem 5.4. Let 1y := |0, — 0%, 7" := 2Tynaz + Tmiz and T := max{Timiz, Tmaz }- There
exist absolute constants C,C’, C” > 2 such that the iterates generated by the update

rule (5.26), for T'> 7" and o < &f4=, satisfy

,L2 mix max B
E [r%] < exp(—2auT) 2B + @G L7(r . + Tmaa) , (5.27)

with B = C"¢?. Setting a = ora=, we get

27>

20T 2C'B
o >23 . (5.28)

E [r%} < exp ( I

Main Takeaways: There are many relevant takeaways from this Theorem. We
focus on the convergence bound in (5.28), i.e., the case in which the step size matches
its upper bound. We note that, (i) with a choice of step size inversely proportional to
Tmiz + Tmaz, the Delayed SA update rule (5.26) converges exponentially fast in mean
square to a ball around 8* whose radius is proportional to the "variance" term B = 902,
which is consistent with the non-delayed case; (ii) the exponent of convergence gets
scaled down by a factor 7 = max{Tmaz, Tmiz }- Remarkably, the dependence on both
Tmaz and T is optimal. With respect to the dependence on the delay sequence, early
works on SA with delayed updates and i.i.d. sampling - specifically, gradient descent
on a strongly convex smooth cost function - and with time-varying delays [12], [57],
[64] showed an exponential convergence with a convergence exponent that gets scaled

down by a factor proportional to 72,

(see, e.g., [64, Theorem 3.3]). Recent works
considering a constant delay 7 have shown that the same iterative algorithm can achieve
a better convergence rate with a convergence exponent that gets scaled down by a factor
proportional to 7 [137]. This type of dependence has also been shown to be tight for
the same configuration [10]. The works in [10], [137] claim that their analysis can be
extended to time-varying delay sequences, with the dependence on 7 being replaced
by a dependence on T,4,.. However, they do not provide an explicit derivation of this
extension. In Section 5.3, we have shown that, in the constant delay case, an analysis

similar to [137] provides the same dependence on 7 also for SA under Markovian sampling.
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In the analysis, we outlined the critical points that make the extension of the same type of
analysis in [137] to the time-varying delays case difficult. In Theorem 5.4, with a different
type of analysis, we provide the first convergence guarantee for SA under delayed updates
and time-varying delays with an explicit derivation of optimal dependency on the delay
sequence. Remarkably, compared to [10], [137], our analysis is done on the much more
challenging case of SA under Markovian sampling. Notably, in this configuration, our
analysis jointly provides also an optimal dependency on the mixing time 7,,;,. Indeed,
note that this dependence on 7,,;, of the convergence exponent of the rate of exponential
convergence of SA under Markovian sampling has been shown to be minimax optimal in
the case without delays [105].

Outline of the Analysis. We now provide insights on the key steps in the analysis.
To analyze the convergence of the update rule in (5.26), we consider the delay as a

perturbation to the original update. We define the error at iteration ¢ as follows,

e 2 g0k, 0) — (07,00 7,), (5.29)
which we use to rewrite the update rule in (5.26) as

011 = 0 + ag(0, 01) — aey. (5.30)

We examine |01 — 0% using (5.30), which leads us to

[0k1 — 01> = Jp1 + a® Ty o — 200y 3. (5.31)
with

Ji1:=[|0x — 0 + ag(O, 00)||%,

ez = e, (5.32)

Ji3 = (e, 0 — 07) + afer, (0, 0r)).

Note that the presence of J;2 and J3 in (5.31) is a consequence of the delay and it
would not occur in the case of non-delayed updates. The convergence analysis is built up

providing bounds on the expectation of the three terms defined in (5.32).

Main challenges. We now comment on some of the main challenges of the analysis.
First, the term J;; cannot be bounded with the methods used in [135] for non-delayed
SA under Markovian sampling. Indeed, Lemma 3 in [135], which is key to prove the
finite-time linear convergence rate invoking properties of the geometric mixing of the
Markov chain, is not valid when using the delayed operator g(0x_,,0;—r,). To see why

this is the case, note that Lemma 3 in [135] establishes a bound on |0 — 6;—.||, for any
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0 < 7 < t, of the following form
10k — 0| < O(ar)(||6k]| + o), (5.33)

which, however, does not hold true when using the delayed operator g(0x_, 0;—r, ). Indeed,
the first key step in proving (5.33) is using the fact that ||@x41 — O] < O(a)(||0k]| + o),
which is not true for the delayed case, where we can only get ||0x11— 0| < O()(]|Ok—-|+
o) by using the bound ||g(0x—r, 0t—7,)|| < O(a)(||@k—+||+0) on the delayed operator. This
fact, that prevents us from applying the analysis of Lemma 3 in [135], forces us to develop
a different strategy and to prove a more general result, the statement of which we provide
in Lemma 5.4. This new Lemma enables us to deal with ||@; — 6;—-| in an functional
way with respect to the proof of finite-time rates for the considered delayed SA algorithm.
Second, note that bounding the term (e;, 8 — 68*) is much more challenging compared
to the i.i.d. sampling setting considered in the optimization literature with delays [11],
[36], [78], [153]. This difficulty arises due to the statistical correlation among the terms
in g(Ok,01) — g(Or—r,,01—r,) and Oy — 0%, which calls for a more careful analysis. Indeed,
the fact that in general, for correlated Markovian samples, E [g(0k, 0;)] # g(6}), forces us
to invoke mixing time arguments to bound this cross term and get the desired finite-time
rate, as it is typically done for SA under Markovian sampling. However, the presence of
the delay in the operator g(0x—_,0:—r,) introduces further statistically correlated iterates
0;_- and observations o;_,, in the analysis, whose interplay needs to be carefully taken
care of. To do so, we provide a novel analysis, whose results are stated in Lemma 5.5. This
analysis is enabled also thanks to the new bound stated in Lemma 5.4 which generalizes
Lemma 3 in [135] and which we present next. Another challenge is presented by the
presence of time-varying delays. As noted in Section 5.3, with time-varying delays some
of the steps of the analysis for the constant delay configuration are not easy to extend to
the time-varying delays case. To deal with this challenge, we provide a novel analysis,
which is based on the uniform boundedness of the iterates generated by the iterative
update rule (5.26), when the constant step-size « is small enough. Specifically, as for the
b

statement of Theorem 5.4, we require o < =r5=, where C' is some absolute constant. The

key result establishing the uniform boundedness of the iterates is provided in Lemma 5.6.

Auxiliary Lemmas. We now introduce three Lemmas that are fundamental to prove
Theorem 5.4. We start with a result that provides bounds in expectation on quantities
of the form ||6; — 6;_.||?>. This result, as mentioned above, represents a generalization

of Lemma 3 in [135], being suitable to be applied for the analysis of the delayed case.
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Recalling that 7/ = 27,40 + Tinie, define

o 2
T2 = t—g}%}l(gtE [7”1 } (5.34)

Lemma 5.4. For any t > Ty,,, we have

mimLz(Qrt,g + 30’2).

(D) E[I0k = 0ir,.. |?] < 2077
Similarly, for any ¢ > 0 and 7 < ¢,

(id) E [[|6) — ;] < 2077

max

L*(2ry 9 + 307).

The above Lemma plays a critical role in providing the finite-time rate established in
Theorem 5.4. Specifically, the Lemma establishes a bound that enables us to relate 6,
0, -, and 0;_, . , which is key to establish the finite-time linear rate for (5.26), which is
the main result of this section and one of the major contributions of this work. Exploiting
these bounds, we can provide bounds on E [J;1], E[J; 2], and E[J; 3] in terms of 72,

which we do next, in Lemma 5.5.

Lemma 5.5. Let t > 7' = 27,00 + Tmiz, then

(1) E[Ji1] <(1—-2ap)E {rﬂ + 280427'mixL27"t72 + 34a% 1 L0,
(i1) E[Ji2] < 8L*(2ri2 + 30?),

(t3i) E[Jp3] < 28aL2(Tmix + Trmaz) (T2 + 02).

The bounds provided in the above Lemma play a central role in the convergence
analysis of (5.26). The most challenging part of the proof is part (ii¢), in which mixing
time arguments need to be carefully applied to deal with the joint appearance of the
statistically correlated terms 6y_,, 0;—r, and 6;_, ., . Using the bounds established in

the above Lemma, we can rewrite equation (5.31) as

E[rf| = E[0k1 — 07|]
=E[Ji1] + &K [Ji2] — 20K [J; 3] (5.35)
< (1= 20p)E [1}] + 9802 L3 (Tyniz + Tima) (112 + 02).

The above bound is key to get the finite-time convergence rate of Theorem 5.4. The
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crucial step to get the optimal dependence on the delay sequence is to use this bound
to prove that, for « sufficiently small, the iterates generated by (5.26) are uniformly
bounded by B = 902. The statement of this key result is provided in the next Lemma,

and its proof is obtained by induction.

Lemma 5.6. For all ¢t > 0, there exists an absolute constant C such that for o < ﬁ,
E M < B, with B = 902, (5.36)
By applying this Lemma to the recursion illustrated in (5.35), the result stated in

Theorem 5.4 follows in few simple steps. The complete proofs of all Lemmas and of

Theorem 5.4 is provided in Appendix C.2.

5.5 Related Publications and Presentation at Conferences

Part of the work presented in this chapter has been submitted to the 27th International
Conference on Artificial Intelligence and Statistics (AISTATS, 2024).
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Conclusions and Future Work

In this thesis, we have presented algorithmic and theoretical advancements in FL. The
focus, in particular, has been on (i) the design and analysis of super-linearly conver-
gent algorithms, and (ii) the finite-time convergence analysis of federated reinforcement
learning algorithms. With respect to super-linear convergence in FL, we have designed
and analysed SHED, a Newton-type algorithm for FL based on agents’ Hessians eigen-
decomposition, extensively described in Chapter 2. We extended this algorithm to a
version exploiting quantization, Q-SHED, described in Chapter 3, in which the agents
carefully allocate the available bits to quantize the eigenvectors used to perform ap-
proximate Newton-type updates. SHED provides state-of-the-art theoretical guarantees
and empirical performance, while Q-SHED, at the cost of an additional computational
burden, can boost the empirical performance of SHED. With respect to (ii), i.e., federated
reinforcement learning (FRL), we have provided finite-time explicit convergence bounds
for instances of RL under communication constraints, while establishing the beneficial
effects of multi-agent cooperation by means of proving N-fold linear convergence speedups
(with N the number of agents) under different communication settings and models.

Future work include the following;:

o For second-order methods in FL, in particular for the proposed algorithms (SHED
and Q-SHED), future efforts include the extension to non-convex cost functions,
e.g., via cubic regularization; efforts to reduce the computational burden at the
agents, for example by means of analysing sub-sampled Newton methods in the FL
setting (see [53] for examples of sub-sampled Newton methods) or by means of using
approximated versions of singular value decomposition. Similar efforts to reduce
the computational burden of second-order algorithms in FL. while maintaining the
improved convergence features have been considered, e.g., in [2]. Other potential

future works include an improved understanding of the convergence properties of
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Q-SHED and the potential application, in practice, of second-order methods in
deep learning: similar research works have been recently proposed, for example,
see [111], [112]

For Federated Reinforcement Learning (FRL), the main focus of thesis has been on
analysing the convergence of vanilla algorithms under communication constraints
common in many applications. Future works include the design and analysis of novel
distributed algorithms for FRL, and the evaluation of these algorithms on real-world
RL tasks. The focus of future works should be on validating and engineering the
beneficial effects of cooperation-via-communication in FRL. Theoretical questions
to be addressed also include the possibility of obtaining tight convergence bounds
(relative to the dependence on the mixing time) for FRL even when agents perform
multiple local steps, updating their local parameter communicating with the central
servers/other nodes only at intermittent iterations. Indeed, existing studies (see [77],
[143]) only provide suboptimal dependencies on the mixing time. Other research
directions include integrating the design of communication schemes with adaptive
algorithms relative to the number of local steps performed by the agents, and

relative to asynchronous configurations with partial participation.
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and additional experiments

A.1 Proof of Theorem 2.1

From (2.4), writing Hr.s = VAV and H;, = VA, VT with A; = diag(A1, ..., Mgy, Pty -+ 1)

define Of)t}]t =0 — ntI:I,flgt. Recalling that gy = Hyg(68" — 6*), we have:

0Ll — 0" = A(0' — 07) = (I -1, "Hyg) (6" - 07) A1
= V(I - AP A)VTI(0F - 0%). '

For some given ¢; € {1,...,n}, ry is a function of two tunable parameters, i.e., the
tuple (1, p1). We now prove that r; can be achieved if and only if p; € [\, Ag,+1]. The
convergence rate is determined by the eigenvalue of (I — ntA; 1A) with the greatest
absolute value. First, we show that p; ¢ [\, Ag,+1] implies r, > 7}, then we show that,
if pr € [An, Ag,+1], there exists an optimal n; for which r} is achieved. If p; < A, the
choice of 7; minimizing the maximum absolute value of (I — A7 'A) is the solution of
|1 —n¢| = |1 —n¢Ageyy /P2, which is nf = 2p;/(ps + Ag,41). The corresponding convergence
factor is 1 —n; > rf. Similarly, if py > A, 41, one gets 7 = 2p¢/(pt + An) and convergence
factor equal to 1 — 2\, /(pt + An) > rf. If pr € [y, Ag41], the best n is such that
11— neAn/pi| = |1 — meNg,.i /pt|, whose solution is

2p
e — . — A2
un Aot1 + An ( )

and the achieved factor is 7y = 1 —nf A\, /pr = 1 — A\n/p; = rf. We see that the definition

of the set §* immediately follows.
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A.2 Proof of Corollary 2.1

Define Bf := (I—(As(pf, q¢)) ' A) = diag(0, ..., 0, 1= Ay, 11/p5, s 1=/ p}). For py # pf,
with p; € [An, Ag11], define By := (I — nf(As(ps, qr)) ' A) = diag(1 — 0, ..., 1 —nf, 1 —
Agi+1/P%s s L= A /pi) = B+ 0By, with 6B, = diag(l ny,...,1—n;,0,...,0), where n} is
defined in (A.2) and p} in (2.8). Now define z! := VI (0! —0*) and zL = VT (6LFl —0%),

PtsMt PNt
where (657 — 6*) is defined in (A.1). We have

071 — 67117 = Iz, LlI* = B2,
t

10,1 — 07117 = [Bez' | = [1Byz"|* + [|0B,2"||,

because the cross term is 2(Bjz!)? (6B;z') = 0. We see that, for any ¢ and for any 6",

0,51 — 0%l < 116y, — &7l

A.3 Proof of Theorem 2.2

Fix g = 1 in (2.5),
0 — 0" = A (0" —0") = (1—H,'H.5)(6" — 67).
We have that
10" — 6%l < T - H; 'Hys] 6" — 67|
< HH‘lHHHt —Hps|6" - 67|

(p An) .
A
Pt

The last inequality follows from two inequalities: (i) |H; || < 1/p; and (i) |H; —Hpg| <
ﬁt - ;\n

(i) holds because |[H; || = (Amin(Hy)) ™, and Apin(H;) > p¢, thus implying ||[H; || <
1/ps.

(ii) follows recalling that Hypg = M M Ll?g, with H(L% the local Hessian at agent 1.
We have
: LS ) _ ) L0
|H; — Hps|| = HH S H —H)I < — Z HH Hj gl

=1 i=1



A.4 Proof of Lemma 2.1 97

Being ﬂgl) — Hg)g symmetric, it holds that

n

A — B | = mae 3, (B — HY)| = o = A0,

where the last equality holds because

A

HY - HY), = VAP - A)yvOT (A.3)
where L) GGG
AV = diag(\y ,...,)\qz(i),ptl e 1),
t
4 4 o . (A.4)
A = diag\D, . A8 NGO\,
q q.

and because pgi) = (/\(i()i) + )\gzi))/Q-
q; +1

t

A.4 Proof of Lemma 2.1

The quadratic cost in 8% can be written as
f(6") = f(6") + f(6").

with f(0%) = (6" — 6*)TH5(0" — 6*). Given that f(6*) does not depend on 8¢, we can
focus on f(6%).
We have that

f_(gt — mPt) = (Gt — Pt — 9*)THLS(9t — nepe — 07)

—~
~—

- 1
= f(0") + in?p?HLSpt — Py 8t

_ . H
D F(0') — mpl (1 — e QLS

)Pt (A-5)

where we have used identity Hys(6; — 6*) = g; and the fact that p} g; = ptT}AItIA{; lg, =
p!l H;p; to get equality (1) and (2), respectively. We see that if

I:It_ntHLS/Q ZfIt/2, (AG)
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then Armijo-Goldstein condition (2.13) is satisfied. Indeed, in that case,

H;s
2

_ 1 N
)p: < f(0") — 577tptTHtpt

< f(0") — amp/ gt

£(8") — mpf (F; —

So, we need to find a sufficient condition on 7; for (A.6) to be true. We see that (A.6) is
equivalent to H; — ntHpg > 0. We have H, — mHrgs = ﬁ Zf\il V(i)(Agi) — ntAgi))V(i)T,
and, V7, all the elements of the diagonal matrix Ai’) —ntAgi) are positive if n; < pgi) / )\(?”H
(see Eq. (A.4)), and we see that the choice (2.14) provides a sufficient condition to sgttisfy

(A.6), from which we can conclude.

A.5 Proof of Lemma 2.2

We see that a, < a from definition (2.15), because for each k, ||Ag|| < cx = (1 — A\n/pr)-
Now, we show that, if q,gl) = q§2_)1 + 1, Vi, t, then a = ap. To show this latter inequality,
let us consider the logarithm of the considered values, so we prove loga = log ap. Indeed,

if qt(i) = gl_)l + 1 and applying Algorithm 3, ¢; is a periodic sequence of the index k

(Crer = )

1L
loga = li - 1
oga 1mtsup " Z og Ck,

k=1
1 T T’
=i —_— A.
hm}sup R+ T,(R;log ck + kz::llog k) (A.7)

1

T
T Z log ¢, = log ar

k=1
where R = |t/T| and T' =t — RT.

A.6 Proof of Theorem 2.4

First, we need to prove the following Lemma:

Lemma A.1. If ||g;|| > w > 0, for H; defined in (2.18), p; = H; 'g; there are 7 > 0
such that

£(8" —mpy) < £(68") — i, (A.8)

in particular, for a backtracking line search with parameters o € (0,0.5), 8 € (0,1), it
holds:
v = aBLk? (A.9)
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Proof. The proof is the same as the one provided in [24] for the damped Newton phase
(page 489-490), with the difference that the "Newton decrement", that we denote by oy,
here is 07 := gl p; = gtTI:It_lgt = ptTI:Itpt. Furthermore, the property H, > oI, Vit is

used in place of strong convexity. O

Note that, because of Assumption 3, it always holds that pgi) >0, Vi,Vt, and this
implies p; > 0,Vt. When p; > 0,Vt, Lemma A.1 implies ||g;|]| — 0. Indeed, if not, there
would be some € > 0 such that ||g:|| > €, V¢. But then (A.8) immediately implies that

f(6%) — —oo, that contradicts the strong convexity hypothesis. By strong convexity and
differentiability of f, g(0) = Vf(0) =0 — 6 = 6*.

A.7 Proof of Theorem 2.5

The beginning of the proof follows from the proof of Lemma 3.1 in [53], (see page 18).
In particular, we can get the same inequality as (A.1) in [53] (the Q' here is H;) with
the difference that since we are not sub-sampling, we have (using the notation of [53])

S = [n]. The following inequality holds:

16" — 67| < [|6" — 6%|[||1 — 1 H; H(6")]

A

H,! \
s lygr g2

Note that, as we have shown in the proof of Theorem 2.2, it holds ||H; || < 1/p;. We
now focus on the first part of the right hand side of the inequality:

17— neHL TH(O")]] < [[H (| — H(6Y)]
+ (1 — ) [H(8)]))

1 - 1—n
< Ly, men) - B2 e
Pt Pt

and focusing now on the first term of the right hand side of the last inequality
1

t

(I1F, — H(6")| + |[H(6") — H(6")])

>

1,1 & ;
<— (57 2 IH (0F) — HO©O") | + L]6* —6'])
Pt i1

A L
=1 =24 ot -0,
t Pt
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where the last equality holds being Hﬂi”(@k’f) —HO (k)| = ﬁii) - Z)t, which in turn is

true given that o9 = 3@
rue given that p; Oy

A.8 Proof of Theorem 2.6

1) We first need the following Lemma:

Lemma A.2. Let k = Zf\il ki, with k; the strong convexity constant of the cost f(®) of
agent i, let K be the smoothness constant of f and M(t) = max{||@" — 6%, ||0* — 6*||}.
Applying Algorithm 5, if

=2
3e(M(t) + ||0" — 0*|) + K||0" — 6% < 3%(1 —20), (A.10)

then, for any o € (0,1/2), the backtracking algorithm (2) chooses n; = 1.

Proof. The following proof is similar to the proof for the beginning of the quadratically
convergent phase in centralized Newton method by [24], page 490-491. We start with
some definitions: at iteration ¢, let f(6'),g = V f(6"),H; = V?f(6") be the cost, the
gradient and the Hessian, respectively, computed at 6. Let Hy, = V2£(0%) be the
Hessian at 8%, and H; the global Hessian approximation of Algorithm 5. Let the NT
descent direction be p; = }AI; lg,. Define

o =plg =gl H 'g,
o} :=p{ V*f(6")p: = p{ Hipy,
f(n) = f(ot - npt)a fN(O) = f(at)v

o 0f) (4.11)
()= Tn = —Vf(&t - UPt)TPta
~ 2 £
F'(n) = 86]:7(277) =p; V*f(6" — npi)pt.
Note that ~
f'(0) = —g/pe = =07, (A1

£7(0) = p/ Hip; = o7

Note that H; > &, V¢. Thanks to L-Lipschitz continuity, it holds that ||V2 (0" — np;) —
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V2£(0Y)| < nL||p¢|| and we have that

[F"(n) = F"(0)] = i (V2 f(8" —1ps) — V2£(8"))p:

A.13)
7*(0") <
< nLlp|* < 0L
where the last inequality holds because &||p¢||> < p/ Hp; = 62. From (A.13) it follows
that

~ - 5—3 t 5.3 t
7y < 770 4 o) = 07 4 qp TE) (A.14)

Similarly to [24], page 490-491, we can now integrate both sides of the inequality getting

B &3 &3

') < F(0) +no? + 2 L_3/2— —57 + ot + 1 L_3/2

By integrating again both sides of the inequality, we get, recalling that f(0) = f(6%),
2 3 =3

f(n) = f(6" —nps) < f(0") —na? + 772 o + ”—L% (A.15)

A

Now, recalling H(6%) < H;, we get that
of = pi Hype = p{ (Hy, + H, — Hy,)p
= p/ Hi,pe + pi (H; — Hy, )pe (A.16)

Lo}
< p! Hip; + Liipi|*[6" — 0% < oF + =-C 16" — 6|

where we have used Lipschitz continuity, and the fact that p? Hyp; = 67 and &||p||? < 72.
Next, setting 7 = 1 and plugging (A.16) in (A.15), we get

f(6" — py) éf(et)_at2+‘723+fé/§2
<10 - %+ oo g £ 0
1 e (A.17)
=IO <5—*H 0~ 6 - 5 o)
= f(6") - PtTgt(é - ﬁ”et — 0% — %%)'

In order for (A.17) to satisfy the Armijo-Goldstein condition (2.13) for any parameter
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a € (0,1/2) we see that

1 L 5
i—ﬁuot—aktn_fﬂi > a (A.18)

provides a sufficient condition. The above inequality can be written as
—npt _ ok 12 _ 3R
3k[|0" — 0" ||+ k0 < T(l —2a). (A.19)

We have that 67 = g/ H 'g; < ||g:||?/#, which implies £"/2||o¢|| < ||g|. Furthermore,
by triangular inequality, we have ||@* — 8| < ||@" — 6*| + ||@*t — 6*||. Therefore, we see
that if
= t * k * 3/?52

3k(/|6° — 67|l + 116" — 67]) + llgell < —-(1 - 2a), (A.20)
then the Armijo-Goldstein condition is satisfied and 1 = 1 is chosen by the backtracking
algorithm, proving the Lemma. Indeed, by K-smoothness of the cost function (see
Assumption 3) we have ||g;|| < K||6® — 6*|| and so the condition of the Lemma implies
(A.20). O

Let condition (A.10) be satisfied. Then, if
(3/2)L||6" — 6*|| + LM (t) < &, (A.21)

the convergence of SHED is at least linear. Indeed, if (A.10) is satisfied, then, from
Lemma A.2, the step size is 7; = 1 and the convergence bound (see Theorem 2.5) becomes
|01 — 6*|| < ¢80 — 6%|, with

A L L .
c=(1-"24 200 - 0% + —| 6" — 67
PP 2P (A.22)
My L .. 3L .
< (-5 —6f =07+ [l - 07])
pt Pt 2pt

and it is easy to see that condition (A.21) implies that ¢; < 1 and thus we get a contraction
in ||@* — 6*||. Furthermore, when conditions (A.10) and (A.21) are both satisfied at some
iteration ¢, they are then satisfied for all ¢ > ¢t and thus ¢; < 1 for all ¢t > ¢. Indeed, ¢; < 1
implies that ||@'T! — 6*|| < ||6" — 6*|| and M (t + 1) < M (t) because either ki1 = k¢ or
kiy1 =t + 1. Note that Assumption 2 is needed to guarantee that (A.10) and (A.21) are
eventually satisfied.

2) From 1), we can write |6 —0*|| < Ca' for some a € (0, 1) and some C' > 0. Considering
t > t, with ¢ the first iteration for which both conditions (A.10) and (A.21) are satisfied,
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we consider ¢; as in (A.22), and let T =1t — k;

A L 3L
o <1— 04 0% — 67| + ——[|6" — 67|

Pt Pt 2p
A L 3L

<1- 711’t + TclatiT + 7,02@)& (A‘23)
Pt Pt 2p
A

=1 Bad!,
Pt

where B = %C’la_T + %02, and C, Cy are some bounded positive constants. Note that
T is bounded by Assumption 2. For any iteration ¢, we can write |01 —0*|| < &,||0" —60* |
for some ¢; that could also be greater than one, if t < t, but it is easy to see that ¢ is

always bounded. Now, we consider a := limsup, ([T5_; )/t

. It is straightforward to
see that, as in the least squares case, the Lyapunov exponent of ||@! — 6*|| is a. < a. We

can write loga = lim sup, %(ZZ:EH log c). We get

1 < A
loga < limsup~ 3 log (1 — 2% 4 Bak)
ot G Pk

1< A Ba*
= lim sup — Z log(l—,L’k)—Hog(l—Fia).
ot S Pk 1— ==

We see that the last term is

Ba* Ba* -
log (1 + 2 ) < ¢ < Bd
>\n k )\n k
1 — == 1 — 2=
Pk Pk
that comes from the identity log (1 +x) < z, and where B = max), — = bounded
12k
_ Pk
because |X;| =0, Vt, and thus py > A, k, Vk. Now, we see that
1 to 1. 1—qgtt?
limtsup n kz::l Ba* = limtsup zB(ﬁ —1)=0.
Hence, we get, using also the finiteness of ¢,
_ . 1 ! 5\11 k
loga = limsup — Z log (1 — —=). (A.24)
t ot Pk

Now we use local Lipschitz continuity (Assumption 3) to conclude the proof. Lipschitz
continuity of £ (@) implies that, for L = maxy, Ly, and for any k € {1,...,n}, \)\g) (0) —
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AY(6%)] < L||6 — 67|, which in turn implies A\ () > A\ (8*) — L||6 — %] and A" (9) <
)\,(;)(0*) + L||@ — 6*||. For a proof of this result, see also [21], page 116, Theorem 4.25. Tt
follows that

_ 1 — L||6* — 0]
loga < limsup — log (1 — —
B =y ptkzl B e o — e
W X0
lim su lo =
Dy kzl gl ‘g+L||9kt—0*H)

. pp — o + L||6% — 6%
= limsup — lo =
‘ ptz s T o

/\0 L||6% — 6~
< limsup — Z log (1 M)
t ot Pi Pi
AO
2 lim sup — Zlog (1-=5)
totio Pk

where equalities (1) and (2) follow from calculations equivalent to the ones used to obtain
(A.24).

3) Consider ¢; as it was defined and bounded in (A.23), C5 > 0 a constant such that
log ¢, < C3, VE, and such that log B < C3. Let a be defined as before. Let a € (0,1).
We have

1t
loga =1i — 1
oga 1mtsup r Z og g,

k=1
S\n k k
< limsup - Zlog + Ba")
t k 1 Pk
= hmsup Z log ¢y, + Z log Ba
e kEX,
1 A.25
<2Cg+hmsupflogaz k ( )
t
keX:

1
< 2C5 + lim sup ZC4|Xt’ log a
<2C3+ hmsup C4(t1/2h( t) —T)*loga
< 203 4 limsup Cyh(t)* loga = —o0
t

where Cy > 0 is some positive constant and the last equality follows because loga < 0
and lim; A(t) = co. We see that 0 < a, < a < 0, which implies a, = 0.
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A.9 Additional Experiments: Results on EMNIST and w8a

In this appendix, we include the results on the EMNIST digits and ‘w8a’ datasets when
comparing the different algorithms. We show results for two values of the regularization
parameter j, specifically 1 = 1075 and p = 1076, in Figure A.1 and A.2, respectively. The
results obtained on the EMNIST digits dataset confirm the results that were obtained
with FMNIST, with the difference that in the case 4 = 107°, GIANT is not much
impacted by the considered non i.i.d. configuration. The results obtained with the ‘w8a’
dataset show that, while GIANT performance is largely degraded because of the non
i.i.d. configuration, also in this case Fib-SHED and Fib-SHED+ significantly outperform

FedNL in both communication rounds and communication load required for convergence.

u=10">
(a) EMNIST i.i.d. (b) EMNIST non i.i.d.
BV e v 107!
1073 1073
+ 1073 = 107°
o o
(%] 1)
.“2-’ 1077 .g 1077
-t -
o e
9 -9
g 10 g 10
g™ 10-11
10—13 10—13
\
\
0 200 400 600 800 0 200 400 600 800
Communication round Communication round
(c) EMNIST i.i.d. (d) EMNIST non i.i.d.
107 e 107 e~
1073 103!
£ 1073 + 1073
o o
(%) 1%}
.“2-’ 107 .g 1077
-t -
o o
-9 -9
g 10 g 10
o 10-11
10—13 10—13
0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200
Vectors in R" transmitted Vectors in R" transmitted
—-— AGD -=-- GIANT = —— Mont-Dec —e— FedNL  —»— Fib-SHED  —*— Fib-SHED+

Figure A.1: Performance comparison of logistic regression on EMNIST when p = 1075,
Relative cost is f(0") — f(0%).
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Figure A.2: Performance comparison of logistic regression on EMNIST when p = 107°.
Relative cost is f(0") — f(6*).
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w8a
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Figure A.3: Performance comparison of logistic regression on w8a when px = 107° and
= 1075. Relative cost is f(0%) — f(6%).
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Appendix: Proofs of Chapter 4

B.1 Proof of Theorem 4.2

In this section, we will prove Theorem 4.2. We start by introducing some definitions to

lighten the notation, and by recalling some basic results from prior work. Let us define:

0 (8) £ ||E [gix(0, 0,1 |01—r] — BO)]l, k=7,

) (B.1)
Okr =0k — Ok, k> 7.

For our analysis, we will need the following result from [19].

Lemma B.1. The following holds VO € R™:
(0" —6,8(0)) > w(l—7)]0" - 6|

We will also use the fact that the random TD update directions and their steady-state
versions are 2-Lipschitz [19], i.e., Vi € [N],Vk € N, and V0,0’ € R™, we have:

max{]|gi.x(0) — gix(0)] I8(6) — g(8")} < 2(|6 — 6. (B.2)

Finally, we will use the following bound from [135]:

|gik(0,0i%)| < 2|0 +2r,Vi € [N],Vk € N, VO € R™. (B.3)

Equipped with the above basic results, we now provide an outline of our proof before

delving into the technical details.



110 Appendix: Proofs of Chapter 4

Outline of the proof. We start by defining:

_ 1
gn(6k) szi,kg(ek)7 and
i=1

(B.4)
(o

(Vi — &N (6k),0r — 07).

Since for all i € [N], b; 1, is independent of 6, we have E [(gn(0%), 0r — 0)] = pE [(g(0), 0, — 67)].
Thus, recalling that 67 = ||6* — 0%||?, and using (4.3), we obtain

E (0] =B [52] - 20E[(0" — 05, vi)] + o’E [ v
= E [6}] — 20pE (60" - 6,8(6)))] (B.5)
+ 2aE [yy] + o?E [ |[vi|?]

The main technical burden in proving Theorem 4.2 is in bounding E [||v¢||?] and E [¢%] in
the above recursion. Following the centralized analysis in [19], [135], one can easily bound
E [||[v/|?] using (C.4). However, this approach will fall short of yielding the desired linear
speedup property. Hence, to bound E [Hkaz], we need a much finer analysis, one that
we provide in Lemma B.2. Leveraging Lemma B.2, we then establish an intermediate
result in Lemma B.3 that bounds E [||@; — 0;_-||]. This result, in turn, helps us bound
E [¢k] in Lemma B.4. We now proceed to flesh out these steps. In what follows, 7 = 7,
with e = a4, ¢ > 2.

Lemma B.2. (Key Technical Result) For k > 7, we have

!/
E [||ve|?] < 60¢'pE [67] +120%p <1oN + oz2q> . (B.6)
Proof. Note that |v]|? < %(Tl + Ty + T3), with
N
Ty =) birgir(0)°,
=1
N
Ty =Y bis(gik(Or) — k(6] and (B.7)

=1

N
T3 = 1> bis(gik(Or) — hin(61))]*.

=1
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We now proceed to bound 77 — T3. To that end, we first write 17 as
Ty = T11 + T12, with

N
Ty =Y b7rllgik(0%)]°, and
i=1 (B.8)
N

Tio = bibji(gik(0%),81(6%)).

ij=1

i#]
Now using (C.4), we obtain Ty; < 8(||6*|2+72) 2N, b?k Recalling that o = max{1,7, ||0*[|},
we then have E[T};] < 160°E [Zfil bfk} = 1602Np. Next, to bound the cross-terms
in T79, we will exploit the mixing property in Definition 5.2.1. To that end, we note
that since (i) g(6*) = 0 [19], (ii) the packet-dropping processes are independent of the
Markovian tuples, and (iii) g; »(6*) and g;(6*) are independent for i # j,

N
E[Tio) = > E[b;ibjx] (E[E (g k(0%)]0is—r] — 8(0%)],E [E[g)k(6%)|0jk—r] — &(67)]).
ij=1
i#]
Using the Cauchy-Schwarz inequality followed by Jensen’s inequality, we can further
bound the above inner-product via E [77,(;1(0*)} x E [77,93(0*)} < 402021, For the last
inequality, we used the mixing property by noting that k > 7. Specifically, appealing to

Definition 5.2.1, and recalling that o £ max{1,7, ||@*||}, we have

nr(6%) < a(||6"] +1) < 2007,
Clearly, the same bound also applies to 77,(3 2(0*) via an identical reasoning. Combining
this analysis with the fact that E [b; xb; ] = E [b; x] E [b x] = p®, we obtain that E [T32] <
4N?p25%a?1. Combining the bounds for E [T11] and E [T}2] thus yields:

E[T1] < 166*°Np + 4N?p*c?a®. (B.9)

Now, using (C.3), we see that

N
E[1)) < N> E[07,]2in(0x) — 2is(67)]?]
I, (B.10)

<ANE (67| Y B [82,] = 4pN?E 7] .
=1
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Defining A; 1(6%) e h; 1(61) — i x(0x), we now turn to bounding 75 by writing it as
T3 = T3 + 139, with

N
Ts1 = > b7l Aik(0k)]°, and
=1 (B.11)
N
Tso = > bikbjk(Nik(6k), Ajk(6))-
1,J
i

We now proceed to bound E [T31] and E [T32] as follows:

T31 ZE [b ] {E [||)\Z-7k(0k)H2\oi,k, Bk”

—

a

< ZPCE [ngk (0n)l }
i=1

~

(b)
< 8NpC(E [[|64]?] + 0?)
< 16NpCE [0 — (2] + 24N pCo?,

where (a) follows from the variance bound of the quantizer map Q(-), and (b) follows
from (C.4). Next, observe that:

N
E (T3] = p* ) E[E[(Xis(0k): Xj(00)) |0k, 01, Ok]] -
ij=1
i#]
Using the fact that the randomness of the quantization map is independent across agents,
and the unbiasedness of Q(-), we conclude that E [T53] = 0. Combining the bounds on
E [T1], E[T3], and E [T3] above yields the desired result. O

Remark B.1. As the rest of our analysis will reveal, Lemma B.2 is really the key technical
result that will help us establish the desired linear speedup effect under Markovian
sampling. One important takeaway from the proof of this result is that we do not need to
exploit the fact that the TD update direction is an affine function of the parameter 6. As
such, Lemma B.2 should essentially be applicable (with potentially minor modifications)
to more general stochastic approximation schemes where the operator under consideration

satisfies basic smoothness properties.

Later in the analysis, we will once again need to invoke a mixing time argument by

conditioning on 0_.. This will give rise to the d; » = |0 — Ox_|| term that we proceed
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to bound below by leveraging Lemma B.2.

Lemma B.3. Let a < ﬁﬂ, and k > 27. Then, we have

E |67 ,] < 480a2r*p(E |67] + a?72po? (
Proof. We start with a bound on 5,3+1:

Spiq = 0p — 20(vy, 0% — ;) + || vy ||?
(a)
< ;4 2al[vi||6k + o] v]?

b (B.12)

< (14 a)d; + (a+ o) || vel?

—~
=

—~

C

< (1+a)d; + 2alve]*.

~

In the above steps, (a) follows from the Cauchy-Schwarz inequality. For (b), we note that
given any two positive numbers = and y, it holds that
Ly

a:y§§w +

Y2

N =

For (c), we simply used the fact that since a € (0,1), it holds that a? < a. Hence,
a + a? < 2a. Using Lemma B.2 and the fact that p < 1, we obtain

!
E [5,%“] < (1+ 121a¢’)E [5,3] + 24apo> (1?\? + a2q> .

B
Iterating this inequality, we get for any k — 7 < k/ < k,
7—1
E[0}] < (1+121a0)E[62_, | + B (1+121a)". (B.13)
(=0

Now using (1 + z) < e®,Vz € R, observe that (1 + 121a¢’)! < (1 +121a¢’)™ < 02 < 2,
for o < 1/(4847¢"). Thus, ;-5 (1 + 121a¢’)? < 27. Plugging this bound in (B.13), we
obtain

E|[0%] <2E[07_,| +27B. (B.14)
Next, observe that

k—1

k-1
Gor ST Y a1 — O]]> =70® D v
l=k—T1 l{=k—T1



114 Appendix: Proofs of Chapter 4

Since k > 27, we have ¢ > 7. Hence, we can invoke Lemma B.2 to bound E [||v¢||?]. This

yields
k—1

E[67,] <a?r > 60CpE [57] + 050728, (B.15)
l=k—T

Using (B.14) to bound E [§2] above, we further obtain
2 2 & 2 L
/
E[6},| <o T€:§k_;7120§ p(E[67_,]+7B) + samB.

Simplifying using o < 1/484¢'7, p < 1, and ¢ > 2 yields

180¢’
E [512,7] < 120a*7*p¢'E [5,%_4 +a?7%0%p (NC + 2aq) )

Using 62 < 262 + 251%,7 and 240a272¢’ < 1/2 to simplify the above inequality, we arrive
at the desired result. O

Our next result is the final ingredient needed to prove Theorem 4.2.

Lemma B.4. Define N
1
g (0r) = N > b x8ik(6k),
i=1

and let o < 1/(484¢'T) and k > 27. We have

E [4i] < atp (3191g’1€ [5,3} + 02 (24]6\]10 + 30aq)> .

Proof. We can write ¢, =11 + 1o + 15 + Ty + 15, with

Ty = (0 — Or—r, 8N (0k) — 8N (Ok)),

(Or—r — 0", gN(Ok—r) — BN (Ok—7)),

T5 = (Og—r — 0", 8N (0k) — 8N (Ok—7)), (B.16)
(
(
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To bound T7, observe the following inequalities:

Ty = (0r — Or—7,8N(0k) — 8N (O1))

(a)

< 16k — 0r—r || lgn (0k) — &N (Or) ||
(b) 1 B
< 5110k = O] + ngN(Bk) an (0] (B.17)

(c)

< 5[0k = Ok |* + atllgn (B0 + arllgn (6) — gn (67)]1%-

Sa SS

L
20

St

In the above steps, (a) follows from the Cauchy-Schwarz inequality. For (b), we used the
fact that given any two positive numbers z and y, the following holds for any 1 > 0:

n 2
oY

L o
zy < —x° +
2n
We used the above inequality with 7 = a7 to arrive at (b). Finally, for (c), we used the
fact that g(@*) = 0; hence, gn(0*) = 0. We now proceed to bound the expectations of
each of the terms S; — S3, starting with S3. Note that using (C.3), i.e., the Lipschitz
property of the TD update directions, we get:

lgn (k) — gN(G*)H2<H*szk N (6k) — N (67))]

=1
1 N
<N > billen(Or) —en (6]
i=1
4 N
< — 0, — 6*|)?
< 5 S tlon o)

.
Il
—

Taking expectations on each side of the above inequality then yields:

E |a7llgn (6x) — gv(67)]°] < 4aTpE [|6x — 67 . (B.18)

In arriving at the above inequality, we used the following facts: (i) the randomness in
0, depends on all the sources of randomness in our model up to time k—1; (ii) the Bernoulli
packet-drop random variables {b; \ },c[n] are independent of all the sources of randomness
up to time k£ — 1. Hence, for each i € [N], E [b?kHBk - O*HQ] =E [b?k} E [0, — 0*|%] =
E (165 - 6°]12].

Next, to bound E [S;], note that E [MT 10k — Ok,THQ} can be directly bounded using
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Lemma B.3 in the following way:

1 2 / *)2 2 (180¢ q
5—E 105 — 04 |1?] < 240a7pC'E [[|6x — 67|12] + a7po N t2a). (B19)

Finally, the only term that remains to be bounded is E [||gn (6x)||?]. Note that we

can write:
g (6)|” < %(T{ +T}) with
N
= Zbi,kgi,k(a*)”Q, and (B.20)

=1
N
Ty = > bik(gie(Or) — gik(6%))].

i=1
Observe that T} and T3 above correspond exactly to the terms 7} and T in the proof of

Lemma B.2. Thus, they can be bounded as follows:

E[T]] < 166%Np + 4N?*p?c*a®.

(B.21)
E T3] < 4pN?E [[|6; — 6"|] .

So, plugging (B.18), (B.19), (B.20), and the above bound into (B.17), we get the final
bound on E [T7] as follows:

00¢’
N

E[T1] < 304ar('pE [5,%} + arpo? (3 + 3aq> .

Next we bound E [T3] and E [Ty]. Observe that:

N
B (T3] = - Y B bi(0 s — 0", (804(00) — £i4(01 1))
i=1

1 N
< pE (5]@,7-N Z ng,k(ak) - gz,k(akT)H]
=1

(C.3)
< ok 5461
< ?E 02| + %E (02,

Using 51%—7 < 26,% + 25,%; and Lemma B.3, we then obtain:

180¢

B[y < 141arpC'E [5] + 6arpo? (2 + 20 ).



B.1 Proof of Theorem 4.2 117

Using the same process, we can derive the exact same bound for E [T;]. We now bound
E [T3]. For ease of notation, let us define F, ; = ({Oi7k_7—}£\;1, 05_.). Observe:

E[T3] = E [E [T2| Fr.-]]
N

=E[(0r—, — 67, % > (B gk (Or—r, 0i )| Frir] — 8(0k—r)))]

=1
p AN
<E 5k_TN Z 77](;)7(016—7')]
i=1
< pa?E (6 (1 + ||0k—+]])] ,

where in the last step, we made use of the mixing property. Since a < 1, we have
2

1 2 62 .
Op—r(Ok—r + 20) < E2 4 206 + a0? = (51“/’57 + \/aa) <2 < k=t 0402). Using
q > 2, we obtain:

«

1
E T3] < 2pa’E [(5,%_7 + 0402}
o

(B.22)
< 2paE [52_7} + 2pa?lo?.
Using 62 < 262 + 2(5,%?7 and Lemma B.3, and then simplifying yields:
C/
E (T3] < 5arpl’E [52] + arpo? <N + 3aq> . (B.23)
Finally, to bound T5, let Fj, = {{Oi,k}ﬁ\il’ 0;}. We have
E [T5] =K <9k — 9*,E [Vk - gN(Bk)\]-"kD . (B.24)

Ts51

Note that T5; = & Zf\ilE [h; 1 (0r) — i x(0k)|Fi] = 0, based on the unbiasedness of
Q(-). Thus, E[T5] = 0. Collecting the bounds on T — T5 concludes the proof. O

With the help of the auxiliary lemmas provided above, we are now ready to prove

our main result, i.e., Theorem 4.2.

Proof of Theorem 4.2. Setting a < m, we can apply the bounds in Lemmas

C.1, B.2, and B.4 to (B.5). This yields:
2, 201
a“Tpo=( 4 610D rpe?.
(B.25)

E [07.1] <E[6] — ap(2(1 — 7)w — 6446a7¢)E [67] + 5162
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For a < “U=1) with Oy = 6446, we then obtain:

Cot¢’
2 2 a’1po’( 2 2
E [5,€+1} < (1 - aw(l—~)p)E M 151625275 1 6102+ rpe2, (B.26)
Iterating the last inequality, we have Vk > 27:
2 !
2 k—27 2 o Craq 3
E{‘Sk]ﬁp E{52T]+w(1_7)( N +C'304>,

where p = (1 — aw(1 —v)p), Co = 5162, C3 = 61, and we set ¢ = 2. It only remains to
show that with our choice of a, E [03,] = O(63 + 02). This follows from some simple

algebra and steps similar to those in the proof of Lemma B.3. We provide these steps

below for completeness. Note that, defining 77 = || SN ; b; 1.gi x(0%)||%, and using (C.4),

E [T'] < SN?E |26} + 30°] < N*(16pE [6}] + 24po?).
Letting T3 be as defined in (B.7), note that
2
E |[vel] < 3B [T+ T3] < 64pC'E [87] + 96p¢'o™

Plugging this inequality into (B.53) and iterating,

k—1
E [67] < (14 129a¢)"63 +192apo? >~ (1 +129aC')’.
§=0

Using the same arguments used to arrive at (B.14), we have

2 N2T 2 ! 2
E [524 < (14 129a¢)¥ 62 + 768arpl’o 527
< 253 —|—p02,

where we used the fact that ar < %Ellzlgg,) < 10312(" Given that ar < C%) < %, from

Bernoulli’s inequality, we have that (1 — a)?" > 1 — 2ar > % Thus, observe that

(1 —aw(l —~)p)~?" < (1 — a)~?7 < 2. This concludes the proof. O

We now provide the proof of Corollary 4.1.

Proof of Corollary 4.1. We first recall the main result of Theorem 4.2, i.e., the
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following bound:

Coal'to?  Csaro?
wl=7)N  wl—7)"

P T35

E [5%} < (1-aw(l-)p)TCL+
T

(B.28)

Let us also recall the choice of step-size @ and number of iterations 7" from Corollary 4.1:

!
o — log NT and T > 2CoN7(" log NT

w1l =)pT’ T wi(l-9)%p

(B.29)

To simplify the first term in Eq. (B.28), we use the fact that for all z € (0, 1), it holds
that (1 —z) < e~ *. Using this in conjunction with the choice of « in (B.29) yields the
following bound on 77 in Eq. (B.28):

B max{d3, 0%}
ﬂ—0<zwv'

To bound T3, we simply substitute the choice of o in Eq. (B.29). For T3, we first

substitute the choice of o to obtain:

T — Cy7ro?(log NT)?
B A= )T

From our choice of T in Eq. (B.29), the following hold:

Tlog(NT) <1, Nlog(NT) <1
pw?(l—y)*T ~ Tp  ~

Using these two inequalities, we immediately note that:

o?log(NT)
Th=0 (pw2(1 —7)?NT )

Combining the individual bounds on 71,75, and T3 leads to Eq. (4.14). Let us
complete our derivation with a couple of other points. First, straightforward calculations
suffice to check that the choice of a and T" in Eq. (B.29) meet the requirement on « in the
statement of Theorem 4.2. Finally, recall from the discussion following Definition 5.2.1

that the mixing time 7. satisfies:
Te < KIOg(1/6)7

for some constant K > 1. Throughout our analysis, we set € = o, and then dropped



120 Appendix: Proofs of Chapter 4

the dependence of T on € for notational convenience. Plugging in the choice of a from
Eq. (B.29), we obtain:

w(l —v)pT

7 < 2K log ( log(N'T)

) < 2K log (w(1 —~)pT),

for NT > e. The point of the above calculation is to explicitly demonstrate that one can

indeed meet the requirement on 7" in Eq. (B.29) for large enough T.

B.2 Proof of Theorem 4.3

In this appendix, we will provide the detailed proof of Theorem 4.3. We start by
introducing some definitions and preliminary results. To lighten the notation, let us
define

) (8) £ ||E (g4 (0, 0,1 014—r] — B(O)II, Vk > 7,¥60 € R, Vi € [N],

(B.30)
51@,7’ = ||9k - 0k—T||7\v/k 2T

Next, we summarize in one lemma a result from [19] that we will use in our analysis.
Lemma B.5. The following holds V8 € R%:
(6" —6,8(0)) > w(1—7)]6" - 6]
We will also use the fact that the random TD update directions and their steady-state
versions are 2-Lipschitz [19], i.e., Vi € [N],Vk € N, and V0,80’ € R?, we have:

I2(6) — (6")]| < 2[6 — 6, and

(B.31)
Igik(0) — gir(0)] <2[6 6.

From [135], we further have
lgix(8)] < 2||0]| + 27,Vi € [N],Vk € N,V6 € RY. (B.32)

Given that (z +y)? < 2(2%2 4+ 9?),Vz,y € R, and the definition of o, we will often use the

following inequality:
lg:x(0)]17 < 4(ll6]] +7)* < 8(/|6]* +7%) < 8([|0]|* + o). (B.33)

In what follows, 7 = 7. with € = a®. We now provide an intuitive outline of the proof,
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highlighting the challenges and the key technical steps in establishing Theorem 4.3.

Outline of the Proof

The proof relies on analyzing the following recursion, which, in turn, follows directly
from the update rule of 0AC-FedTD:

01 = 0 — 20(vy, 0% — Oy) + || vie||*. (B.34)

Let gn(0k) £ & X hik8(0k) and gnx(0r) £ % S higik(Ox). Taking expectation
on both sides of (B.34),

E [5,%“] =E {5;3} — 20K [(gn(0k), 0" — 64)]
— 20 [(gn1(0r) — N (0), 0" — O1)] (B.35)
— 2aE [(wg, 0F — 0;)] + o2 vi|*.

Now note that E [(wy, 0 — 0%)] = (E[wy],E [0 — 6*]) = 0, using the fact that the
measurement noise at iteration k and the iterate 8 are independent, and E [wy] = 0.
Moreover, using the fact that the distortion h; ;. of agent ¢ at iteration k and the parameter

0;. are independent, we obtain

N
E[{gn(6).6" 0] = 1 Y Elhis] E[(@(60), 6° — 6] = miE [(E(6,), 6" — 64)].
=1
(B.36)

Based on the above discussion, we can write

E [513“} =E {51%} — 2amy,(g(0y), 0% — 1) + 2aE [(gh1(0k) — En(O1), O — 6%)] + 2| v ||*.

(B.37)
Now define
Uk = (nk(Ok) — BN (1), 01, — 07). (B.38)
Using Lemma C.1, we then obtain
E[07,,] <E[6}] - 20ma(1 — 1wk [6}] + 20E [] + o°E [[|v?] . (B.39)

The most challenging part of the analysis is in bounding E [||vk||?] and E [¢,] while
guaranteeing a convergence speedup w.r.t. the number of agents. In fact, even without
the channel effects, this is highly non-trivial. Let us elaborate on this point. First, in

standard stochastic optimization analyses, E [1);] would vanish under the unbiasedness
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assumption of the stochastic gradient oracle. However, in our case, since the Markovian
observations are temporally coupled, E [¢x] does not vanish. To work around this
difficulty, the bounding techniques in the centralized setting, like the ones in [19] and
[135], use mixing-time arguments in conjunction with equation (C.5). Unfortunately,
directly appealing to such techniques will fail to provide the desired convergence speedup
that we seek in our multi-agent setting. The key technical step of our proof is providing

a bound for E [||vg||?] of the following form:

E [|lvel?] <O (@) E[6}] + 0 <Uj\2;h> +0 (a*miat) +0 <;§l> : (B.40)

We derive this bound by appealing to the Lipschitz properties of g; (0) and performing
some careful manipulations that allow us to exploit the mixing property of the Markov
chain. Leveraging this key result, our next main step is to obtain a bound on E {(5,3’4 of

the following form:

E[52,] < 0 (a2 E[57] + 0 ( 22 ) +0 (0% +0 ( y) .

This result, derived in Lemma B.7, turns out to play an essential role in bounding E [¢y].

In particular, using Lemma B.7, we show that

2 ~2
E 4] < O (arpn) E {5,3} +0 (O‘Tf\?a> L0 (Tph02a3) L0 <Oé7'0wd> .

N2

This final ingredient is established in Lemma B.8. Combining these bounds leads to

Theorem 4.3. In what follows, we flesh out the above argument.

Auxiliary Lemmas

We state and prove three lemmas that are instrumental to the proof of Theorem 4.3. In
particular, these three results allow us to bound the terms E [||vk[|?] and E [¢,] in (B.39).
We start by providing a bound on E [||v,]|?] of the form illustrated in (B.40). To that

end, we state and prove the following lemma.

Lemma B.6. For k > 7, we have

..Qd

E {HVkHQ] < 8ppE {(54 4327 Ph N h 4 852 miat 4+ 22 R

(B.42)

Proof. Let us start by noting that the randomness in 8, is induced by {h; ¢ }ic[n],ec k-1, 1046 }ic[N] te[k—1]5
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and {w} ¢ck—1)- Based on our assumptions on the noise process, wy, is independent of each
of these random variables and also independent of {h; 1. };c(n] and {0; & }ic[n)- Using these
observations with the fact that E [wy] = 0, we immediately obtain E [(gp, 1(0), Wi)] =
(E [ghk(0r)], E[wg]) = 0. This yields:

E [Ivl?] = E [llgn(@)1%] +E [Iwel?] . (B.43)

Now, note that in the centralized /single-agent TD analysis, ||gs (0)||? could be bounded
using (C.4), and this would provide a term of the form O(82) + O(c0?). This approach
would, however, fail to provide a linear convergence speedup with the number of agents,
N. We will show how through a finer analysis, we can establish a tighter bound. We
start by writing

181,k (01) 1> = 118,k (Ok) — 8r,k(0%) + grk(6%)]?
5 (B.44)
< N2 (Tl + T2) s

where T7 and 15 are as follows:
N N
Ty = 1> hirgin(09)°, o= hir(gir(0r) — gir(6))]. (B.45)
i=1 i=1

We proceed to bound T} first. We express 17 = 111 + T2, with
N
T =) hijleix(@)]? and

i=1

N (B.46)
Tio = hikhji(gik(0),8,k(0%)).
ij=1
i#]
Using (C.5) and the fact that ||0*|| < o, we obtain
g1 (8%)]? < 1602, (B.47)

and hence, T1; < 1602 Zf\il h? - Taking expectations, we thus obtain

N
E[Ty1] < 160°E [Z hi,ﬁ] = 160°N(mj + o;) < 16No?p,.

i=1

Next, to bound the cross-terms in T2, we will exploit the mixing property in Defini-
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tion 5.2.1. To that end, we write

E[Ti2] = Z E [hikhjn(8ik(07), 8k (67))]

1,j=1
i#j

N
(a) " %
= > Ehighix E[(gix(0%), 81(6%))]
ig—1
i

N
D3 Bl Bl (B leia(67)] E (@)
Q=1
i

(é) mh Z gz k |Oz k— 7’] - g(a*)] E [E [gj,k(a*)|0j7k—7] o g(a*)D
i,j=1
’i#j

< mj E |E [E [g:,£(07)|0ik—r] — 8(0°)] [[|E [E [g;,1(07)]0jk—r] — ()] |l
4,j=1
i#j

N
<mj Y E||E[gir(0)|oix—] — &0 | E | |E [gx(0%)|0jx—] — &(6%)]
1,7=1 ]
i# ) (6%) ) (6%)

where (a) follows from the independence between the channel distortion gains and the
Markovian tuples; (b) follows from the independence between h; , and hjy, for i # j, and
between o, and o, for i # j; (c) follows from the fact that g(6*) = 0 [19]; (d) is a
consequence of the Cauchy-Schwarz inequality; and (e) follows from Jensen’s inequality.

Now observe that:

E[n(0")] x E [12(6%)] < (1 + 6°]))” < 40%a". (B.48)

In the step above, we used the mixing property by noting that & > 7. We therefore
obtain that E[Ti3] < 4N?m3?o2a*. Combining the bounds for E [T1;] and E [T}2] thus
yields:

E[T1] < 1662Npy, + 4N?mjio?a’. (B.49)
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Now, using (C.3), we see that

N
E[1] < N Y E [, ]lgin(0x) — gix(0%)I?]
=1

N (B.50)
<ANE (6] YO [2,] = 4puN?E [67] .
i=1
Combining all the bounds above, we conclude that
E [Jlgn(0)[7] < 8puE [37] + 327" +80°mia. (B.51)
T2he claim of the lemma then follows from the above bound and by noting that E [||w||?] =

Our next key result is the following.

Lemma B.7. Let k£ > 27 and o < . We then have

68Tp

220(1

p
E [0}, < 64a%7%p,E [37] + 960?72 };V +4a'T0” + 40’ N

(B.52)

Proof. We start by writing

6,%“ = 5,% —2a(vg, 0" — 6;) + a2|]ka2 < (1+ a)é,% + (a+ a2)|]vk\|2

; , (B.53)
< (14 )87 + 20 v %

Now using Lemma B.6, we have

E[5f1] < (14 a)E [6F] + 20 <8ph]E [62] + 3QT +80%miat + ;g)
52d (B.54)

< (14 17app)E {54 +64O¢T + 160%m3a® + 20 7% N2 :

B

Iterating this inequality, we can obtain for any k — 7 < k' <k,

T—1
E[0%] < (1+17ap)E [0}, ] + B> (1 +17apy)". (B.55)

£=0
Now using the fact that (1 + 2) < €% Vx € R, observe that (1 + 17aps)’ < (1 +
17app)™ < €%2° < 2, for a < 1/(68p,7). Using the same argument, we also have
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S -4 (14 17apy)! < 27. This yields:
E[6%] <2E[07_,| +2Br.

Next, note that
k—1

k—1
Gor ST Y 10041 — 00> =710 D lvel*.
l=k—T1 l=k—1

(B.56)

(B.57)

Taking expectations on both sides of the above equation and applying Lemma B.6 and

(B.56), we get

E |:5]%,7-j| < 0427— Z;iiq— <8phE |:(5£:| + 32 N —|— 80’ mha + 0]v2d>
k—1 1
= 8ppa’r Z E [5?} + 50472B
b=k—T1
< 8por*r kf (2E [67_.] +2B7) + %OJTQB
b=k—T1

1
= 16a°7%p,E {5,3_4 + 160273 Bpy, + §a7'ZB.

(B.58)

In the above steps, we used the fact that ¢ > 7 since k > 27. We now proceed to simplify

the resulting inequality above as follows:
E|[67,| < 16a*r*p,E [57_, ]

2 ~2 d
+ 16027%p), (64ozN + 1602 mha + 20 7% N2 )

1 g ph ~2 d
—+ 5 <64 T —+ 16U thé + 20[ N2 >
= 16027 pE [(5,%_7}

d
+ 160373, (64 A 1607 miat + 2(;\[2 )

1 G2,d
+§ 64N + 160%*mia* —I—2N2

(a) 2 2
< 1607?p,E [6%_7} + 48a27'207]\1;h +2atr%0% + 2077

22wd
‘N2

(B.59)

where for (a), we used the fact that a7 < g, and that Zh <1, implying mia < < &r
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Now noting that 67 __ < 262 + 267 > we obtain

2

2 d
E [67,] (1 - 320%7%py) < 320°7°p4E [0F] + 480427207“ + 2047202 4 202722 .

(B.60)
Since aT < g p , we have that 1 — 32a27%p;, < %, and hence
2 2,2 2 2 202Ph 252d
E[07,] < 64027%pyE [0} + 9607 T Tdatr’e’ £ et (B.61)
O

Using the above lemma, we are now able to provide a bound for E [¢y], which is the

last ingredient we need to prove Theorem 4.3.

Lemma B.8. Let k£ > 27 and o < . We then have

68Tp

52

&d
+ 307ppoiad + 270[TW (B.62)

2
E [¢x] < 435a1pLE [52} + 657a7p};\(;

Proof. Recall the definition of gy (6y) = N Z Y1 hikg(6k) and gp, 1 (0r) = ~ Zz 11 ki k(O).
We write ¢ as ¥, = 11 + 1> + 15 + T}y, where

= (0r — Or—r, 211 (0r) — 8N (1)),
<0k T 0* 7gh,k(6k77') - gN(0k77)>7 (B63)
= (Or—r — 0", 211 (0k) — 8nk(Or—r)),
= (

Op—r — 0", 8N(0r—r) — N (OL)).

We now bound each of the terms E [T1] — E [T4] individually. We start by observing that

E[T1] = (Or — Or—7,8h1(0k) — EN(Ok))

< 5a=B[52] + 507E [lne(6) — 2v(60) ] (B.64)
< 5B [12,] + a7 [lens(00)7] +rE [lex(0) — (@]

Now note that E [||gn x(0k)||?] can be bounded using the same procedure we used in
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(B.44), while for E [5,%74 we can invoke Lemma B.7. We also have

= * N al *
E [|gn(6r) — gn(0")]?] < v LB [n2,]1(6) — &(67)?]
=1 N (B.65)
<ig E |7] Y E [h})] = 4puE |57 .
N i=1 "
Now, combining the bounds on these three terms and simplifying, we can obtain
a’pp, 52.d
E[71] < 44a7p,E [67] +80ar =2 + 370%0" + 207 2% e (B.66)

We now proceed to bound E [T3]. We will again use the fact that §7__ < 267 + 25,%77

E[T5] = E[(0x—r — 0", 8nx(0k) — 8h1k(Ok—r))]

N
=F [(Gk_T - 0%, % > hig(gik(6k) — gi,k(ek—r)»]

=1

| N
=E lN > hig(Op—r — 0%, 8i 1 (0r) — gi,k(9k7)>]
i1

1 Y B.67
<myE [51@—7]\[ > llgik(k) — gi,k(ak—7)||] (B.67)
=1

< GmiE [+ E[L]
< armiE [54 +armiE [%,7} + %E {5,%37}
< armiE [5,%] + %E {5,%;} )

where we have used that ar < ﬁ and < 1, which imply mhaT < 1. Applying

Lemma B.7, we can then get

3 i d
E T3] < arppE [613} + v (64&272phE [5,%] + 96a272}% +4a?r202%0? + 4272 7Y

N2
(B.68)
Simplifying the above bound yields:
ph0'2 ~2 d
E (T3] < 193a7pyE |37 + 28807 - 12m0ta’ + 12O‘TW (B.69)

With analogous calculations, we can derive exactly the same bound for E [Ty].
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We now proceed to bound E[T5]. For ease of notation, let us define Fj, =
({05 k—r 14, Ok—r). Observe:

N

E T3] = E [E [T|Fy ;)] = E[(0x—r — 67, % > (E g5k (Or—r, 0i k)| Fioir) — 8(Ok—1)))]
=1

N
m )
51@—7’# E 77](@7:2—(0]6—7')

=1

<E < mhozzE [5k—7(1 + ||0k’—7'||)] :

52 2
Since a < 1, we have 0p_,(0p—r + 20) < =T 4 206, + ac? = (61"/5 + \/aa> <

52
2 (’Caf + a02>. Based on this observation, Lemma B.7, and the fact that m; < pj, we

obtain ,
J
E[Ty] < 2mpa? (IH + ozo2>
a

= 2mpads_ + 2mpado? (B.70)
< 4mhoz<5,% + 4mh045,%77 + 2mpa’o?

~2
oad

N2~

Combining all the terms, we can conclude the proof. ]

2 a°ph 2. 3
< SppaTE [54 + ar— + 310 pra’ 4+ ar

We are now in position to prove Theorem 4.3.
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Proof of Theorem 4.3

Consider the inequality that we derived in (B.34). For k > 27, plugging in the inequality

the bounds derived in Lemma B.6 and in Lemma B.8, we get

E [5,%“} <E {(5,%} — 2amp(1 — y)wE [(5,%} + 20E [1hx] + o*E [HkaQ}
<E {5,%} —2amp(1 — v)wE {6,%}

2 ~2 d
+ 2« (435a7phE {5,%} + 657at l]lv + 30rppoial + 27ar T N2 )

52.d
<8phIE [54 327 L N "t 852 mia’ +Z N2 ) (B.71)

) [5,3} = 2amy(1 — y)wE [513}

~2
9 _DPhro

1 878a2rp,E [54 1 134607

-k {5]%} — (th(l —y)w — 878arpn) E {5,%}
52,

N2

2ph

1346
+ o N

Hence, for a < %ﬁ”, with Cy = 878, we get

~2 d
E [5,@1} < (1—amy(1—7)w)E M 1346027207 N —l—617’ph0 4 4 5502 TT (B.72)
Unrolling this inequality, we obtain

2

Els2]l < (1 - 1— T-21g | 52 aTppo
9] = (1= ama(1 =) %]+ mp(1 = 7)wN (B.73)
Cngh02a3 C4()47'5"2Nd ’

mp(1—v)w  mp(l —y)wN?’

with Cy = 1346, C3 = 61 and Cy = 55. To conclude, we proceed to bound E [63.]. Note
that, for any k£ > 0,

E [631] < (1+ )R [67] + 20 [|[vel|?]. (B.74)
Observe as before (see (B.43)):

E [Ivl?] = E [llgn(@)1?] + E [Iwel?]. (B.75)
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Note that E [||wy|?] = % and that we can bound E [||g x(0)||?] as follows:

E [lgns(0x)]%] = [rrzmgm 0,

< *Zh 11180k (01|

< <8<||0k12 4o SR [h?,@) < (s +30))pn P70

= 16pxE {5,3} + 24ppo’.

Hence,
52,
E [[|vi[?] < 16pE [67] + 24pno® + 25 o (B.77)
We thus have
2 2 Tad
E [5k+1} <(1+a)E {(54 + 2« (16phE [(54 + 24ppo® + A2 )
52 (B.78)
oty
< (1+ 33ppa)E [54 + 48appo? + 207> NT
Iterating this inequality, we obtain
..2 d 27—1 )
E [33,] < (1+ 33apn)?"a3 + (48apha + 20208 ¥ ) S (14 33apy). (B.79)
j=0

Now with the same procedure used to obtain (B.56), we see that if 66appT < %, then

[527} <2E [6 } +4r <4Sapha +2aZ & d)

N2
2 2 8adgg,dr (B.80)
<2E {60} +192atopy, + Nz
2.d

S 2 [(5 } + U + W,
where we have used that ar < 878 . With the choice of step size in the statement of the

theorem, we have aw(1—v)my, < 1 This then yields (1—aw(1—v)my) 2" < (1—amy,) 72",

1
Coph = dpy
the fact that % < 1. Based on this discussion and using Bernoulh s inequality, we

obtain (1 — amy)?™ > 1 — 2army, > ;, hence, (1 — amy)™?" < 2. We thus have
(1 — aw(1 — v)my) =% < 2. Plugging this bound back in (B.73) completes the proof.

Finally note that since ar <

, we have atmy, < mh < 4 7> Where we used
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B.3 Proof of Theorem 4.4

In this section, we prove Theorem 4.4. We start by introducing the following definitions

to lighten the notation:

n(8) £ |IE [g:(0, 05)|0is—r] — E(O)], k> T,

Sn = 0k — Onll, k> h >0, (B.81)
dy,

[I>

max E {5]2} , k> T4 2Thaz-
k—2Tmaz—T<j<k

For our analysis, we will need the following result from [19].

Lemma B.9. The following holds VO € R™:

(6" —6,8(0)) > w(1—7)ll6" - 0|

We will also use the fact that the random TD update directions and their steady-state
versions are 2-Lipschitz [19], i.e., Vi € [N],Vk € N, and V0,0’ € R™, we have:

max{||g(0) — g(6")], &(6) — g(0")[|} < 2(6 — || (B.82)
From [135], we also have that Vi € [N],Vk € N,VO € R™:
18(6, 0i) [l < 2(16] + 27, (B.83)
which, squared, using 7 < o, yields
g8, 0i)II* < 8(|0]* + o). (B.84)

We will often use the fact that, from the definition of the mixing time in Definition 5.2.1,

we have, for a given iteration k > 7, defining ©; 1 = {0x_, 0 x—r},
IE [8(0k—7,0i1)1Oi ] — 8(0k—r)|| < a? (||~ || + 1) (B.85)

The proof also relies on the following result from [56]:

Lemma B.10. Let Vj, be non-negative real numbers that satisfy

Vir1 < pVj 1%
b SpVetaq,  max ¢+ B,

for B,p,q > 0. Here, k > 0 and 0 < d(k) < dpyax for some dpax > 0. If p+ ¢ < 1, then
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we have

Vi < p"Vo + e,

where p = (p 4 ¢)!/(Fdmw) and € = .

We will also use the fact that, for any a,b € R, ¢ > 0,

2
< % <0a2 n b) , (B.86)

C

ab = a\/c

e

C

and also the fact that, for a; € R,i =1,..., N,

2

N N
(Z ai> < N> ai. (B.87)
i=1 i=1

Equipped with the above basic results, we now provide an outline of our proof before

illustrating the technical details.
Outline of the proof. Recall t;; £ (k — Tik),- We write the update rule (??) as
Op1 = O + vy, = 0, + ag(6y) — aey, (B.88)

with ey, = g(@k) — vg. Thus,
1N
er =~ > (8(0k) — 8(0,4,0i1,)) - (B.89)
N =
We analyze the following recursion:
671 =T1 + a’Ty — 2aTs, with
Ty = |6, — 0" + ag(8y)|
(B.90)

T, = ek

T3 = (0 — 0" + ag(0x), ex).

The most important part of the proof consists of obtaining a bound of the following form:

E [0741] < pE [7] + O(0*(7 + Timar) ) + Baon, (B.91)
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where dj, was defined in (B.81), p < 1 is a contraction factor and
2 o 4y 2
Ban = O(a*(T + rmax))ﬁ + 0(a*)o?, (B.92)

which guarantees the linear speedup effect with N. The bound in (B.91) allows us to
obtain the desired result, by picking a step size small enough and applying Lemma B.10.
Given this outline, in the following we provide bounds for E [T1], E [T3] and E [T3].

Bounding E [T1]. Note that

Ty = ||0x — 6" + ag(8)|>

2 * 2|5 2 (B.93)
= 0p + 2a(0), — 0%,8(0x)) + o”[|g(6k)||”.
Note that, using Lemma C.1, we get
(0 — 0%,8(0r)) < —(1 — 7)wé}, (B.94)
and using (C.3) we get
I8(81)1* = ll8(8x) — 8(67)[* < 447 (B.95)
Combining the two bounds above and taking the expectation,
E[T1] < (1 - 2a(1 — 7)w)E [67] + 40%E [57] . (B.96)
Bounding E [T>]. We need the following result.
Lemma B.11. For k > 7 + Tipas, We have
E 2l <8 E[52] 1+ 327 + 8020 (B.97)
[||ka } <8  max {]} + N—i— o a .
Proof. We write
2 .
vl < ﬁ(vl + V2), with
N
Wi = H Zg(eti,k70i7ti,k) - g(e*v Oiati,k)HQ? (B.98)

i=1

N
Vo = H Zg(e*voi,ti,k)HZ'

i=1
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We now bound V;.

N
Vi < NZ Hg(eti,k70i7ti,k) - g(0*7 Oi,ti,k)HZ
=1
(C.3) N )
< 4N > 67 .. Thus, (B.99)

=1

E[Vi] < 4N§:E 67, <4N?  max _E[o?]

i—1 kamazngk
We now proceed to bound V5.
Vo = Vo1 + Ve, with

N
Vo1 = Z Hg(e*’oiati,k)‘|2
i=1

(B.100)
N
‘/22 = Z <g(0*a Oi,ti,k)a g(e*a Oj,tj,k)>~
ij=1
i#]
We see that, using (B.84), we get
N
Vor <8 (16*]]* +0%) < 16No>. (B.101)
i=1

Now, using the fact that the observations o; ) and o,/ are independent for i # j and for

any k, k' >0,
N

E [Vao] = Z E [E {g(e*, Oi,ti,k)loi,ti,k*TH )

ij=1
I (B.102)

E [E [g(9*7 Oj,tj,k)’oj’tj,ww'

Using the fact that g(6*) = 0, and Cauchy-Schwarz inequality followed by Jensen’s

inequality, we can write

N . .
E[Vao] < Y E [ni)), (67| x E[n?) -(67)]

< N2029(||0%|| + 0)? < 4N?*a?102,

Plugging the above bounds on E [V;] and E [V3] in (B.98), we can conclude the proof of

the lemma. O
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We are now in the position to proceed bounding E [T5].

E[T:] = E [lec]?] = E [Ig(6x) — vl

(B.104)
< 28 [|g(00) 1 + Il

Note that [|g(0%)||? = ||g(0x) — g(0%)[|? < 452, and so using Lemma B.11 we get
< 2] | a2 2021 B.105
BB <24 max  E 37] + 645 + 160%™, (B.105)

Bounding E [T3]. We now bound E [T3], which represents the major technical burden
of the proof. We need the following result.

Lemma B.12. Let k > 7Ty00 + h. Then,

2
E [67,] < 8a?h? (dk + 4% + a2a2q> (B.106)

Proof. Note that, using Lemma B.11,

E[5?2,] = E [10: — 01-1]P]

k—1
<h > E[61 -6
l=k—h
k—1
<a’h Y E[vilP]
l=k—h
o (B.107)
< o? 2
<a’h ) (8177323%31151 [64}
l=k—h
+320—2+8 a)
N g
02
< 8a’h? [ dy +4— + 0% | .
N
O

Now, we can write
T3 = K + T35, with

K = <0k — 0*, ek>, (B.108)
T3o = o (g(0k), ex)-
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Note that, using Cauchy-Schwarz and (C.7),

« _
Ty < 5 (Il&(0n) > + llex )

(B.109)
< 2067 + 2 [lex*.
Taking the expectation and using the bound on E [T3],
o2
E (T3] < a(14dg + 32 + 8o2a*). (B.110)

Now we bound K. Define gy £ % >N g(0x—r,,). Adding and subtracting gy x, we

write
K = K|+ Ky, with

K1 = (0p — 0°,8(0k) — BN k), (B.111)
Ky = (0y — 0",8N 1 — Vi)

Now note that, taking the sum of the second term outside of the inner product in Kj,

1 N
K = N;KLi, with

(B.112)
Ki;=(0r — 0",8(0r) —g(0y,,))-
We now bound E [K] ;]. Using (C.7) and (C.3),
Kl,i < OéTmaac(sl% + Aot ”g(ok) - g(etzk)”2
maz (B.113)
< o7 L 5
< OTmaz0f + ﬂ kyTig:

Note that, using Lemma B.12, which requires ¢;, = k — 7;, > 7, which holds for
k> Tmae + T,

2
E {5Z,k,7} < 8077700 (dk + 4% + 02a2q> : (B.114)

Taking the expectation and applying (B.114), we get

2
E[K1i] < 0Tmas <9dk + 32% + 802a2q> : (B.115)
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and note that E [K]] is bounded by the same quantity. We now proceed to bound E [K3].

1 N
KQ = NZKW’ with

1=1
KQ,i = <9k - 0*7 g(eti,k> - g(eti,w Oiﬂfi,k))
= A+ Ag; + Az, where (B.116)
Ay = (0, —0",8(0y,,) — 80 ,—1)),
AQ,@' = <9k - 0*7 g(oti,k_T) - g(ati,k—’ﬁ Oiati,k)>
A3,i = <0k -0, g(oti,k_7'7 0i7ti,k) - g(oti,k7 0i7ti,k)>'

Note that, using Cauchy-Schwarz inequality and (C.3),

Al,i < 5ng(eti,k) - g(oti,k_T)H
S Qék‘éti’k,’r

) (B.117)
(C.7) 0;
< (aréi + t“k’T> .
aTt
For k > 7 + Tpmaz, we can apply Lemma B.12 and get
o2
E|57,.| <a’r?(8dy+ 325 +80%a | (B.118)
Thus, taking the expectation, we can get
o2
E[A1] <9ard, + 32@TN + 8arc?a?, (B.119)

Note that, using the Lipschitz property (see (C.3)), we get the exact same bound for
As ;. Now note that

(A1 + Asy) + A, with

=]~
NE

Il
a

Ky =

(]

(B.120)

A= As .

)

2=
™=

Il
—

(2
To bound A, we want to use the geometric mixing property of the Markov chain, that

follows from Assumption 6. However, due to the correlations existing between the iterates

6, ., this needs to be done with special care. Defining kK £k — Tpaw — T, We start by
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adding and subtracting 6y from the first term in the inner product of Ay ;, getting

A= Al + Ag, with

A1 (Or — O/, — Zg Otl k— 7)) = g(ati,k*ﬂ Oi:ti,k)>?

A2 = ek’ - Zg Otzk T - g(gti,k*ﬂoi,ti,k»-

Note that we can write, using (C.7) and (B.87),

1
ANL—— 52
1= 200 (Tmax + 7—) k,T+Tmax

& (Tmaz + 7) N 2
+ H Zg(oti,k_T) - g(eti,k_77 Oi7ti,k)H

2
2N i=1

G

For k > 7 + 27,42, we can apply Lemma B.12 and get

E |:6zaT+7—max:| < 8a’ (7- + Tmax) (dk + 4N + o’a 2q)

Now note that

N N
G<2 H Z g(eti,k*7)||2 +2 H Z g(eti,k*ﬂ Oi,ti,k)HQ?

=1 =1
G1 G2

with E[G1] < 4N’E |57,

tik—T

} < 4N2dk. Also note that

Gy < 2G91 + 2G9o, with

N
Gao1 = ” Z g(gti,k_T’ 0i7ti,k) - g(O*v Oi,k*n,k) sz
=1

N
Gao = |1>_g(6*,0i,,)II%.

=1

(B.121)

(B.122)

(B.123)

(B.124)

(B.125)

Note that E[G21] and E [G22] can be bounded in the same way as E [Vi] and E [V3] in

the proof of Lemma B.11. We get

E[Gs] < 8 (N%dy +4No? + N%o%a®) .

(B.126)
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Hence, we get

_ 2
E [A1] < 160 (tmas +7) <dk + 3% + a%ﬂ) . (B.127)
Deﬁning Agﬂ; = <9k’ — 0*, g(Bti,k_T) - g(@ti’k_T, Oivt’i,k>>7
_ 1 XN _
E [Aﬂ - ; E {AM} . (B.128)
Now, defining éi,k 2 {0, O, 1 —70t; 7}

E |[Aoi| =E[(O — 0", 8(01,,—r) — 861,17 01:,))]

=E[(0r — 6",

8(61,,—) ~ E |&(8r, 7. 0i1,,) 1)) (B.129)
<E[0p

N&(On ) — B [&(Br, s 051,) k] [

MNk,i

Now, recall ©;3, = {0y, ,—r,0it,,—r}- Note that, for the memoryless property of the

Markov chain {o; 1}, we have
E (01, 0i,,)|Oik] = E[&(01,—r,0i1,,)|Ok] - (B.130)

Indeed, by inspecting the update rule (4.6) we see that the parameter 6 is a function of
agent 7 observations only up to time step k&’ — 1, so up to observation o; r_1. Hence, all
the statistical information contained in 6y has no influence on the random variable Oty i
once we condition on Oty =7 because t;y —T=k—Tip—T>K —1=k—Tpee —7— 1.
Therefore,
i = |61, —r) —E [8(01, ,—r,0i1,,)Oik] |

(B.85) (B.131)

< a? (|01, +0).
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Hence, we get
E[Ag;] <E [sva? (|61, +0)]

<E [5k/aq (6ti,k_7— + 20)}
SE[gﬁr+a%—1@;v¢+4aﬂ} (B.132)

< ady + 4ac?a®@=Y

< ady, + dac?al

where we used the fact that o < % and the fact that 2(¢ — 1) > ¢ for ¢ > 2. Putting all

the above bounds together, and also the fact that o < we get

1
16(Tmaz—+7)

2
E[T3] < a (Tmaz + 7) (44dk + 144;’\[) + Tao?al, (B.133)

Concluding the proof. Using the bounds on E[T1],E[T3] and E [T3], we obtain, for

A
k> T £ 2Tmaz + T,

E {5,%“} <(1-2a(1 —vw)E [5,%} + 15020201

o2 (B.134)
+ 2 (T + Trmaz) (112dk + 352N> )

We can now write the above bound in the following way:

Vg1 = Vi + qk7§}§§§<k‘/j + /3, with
Ve =E |67,

p=(1-2a(1—-7w), (B.135)
q = 11202 (Traz + 7) ,
o’

= 2 2 mazx
B = 352a° (T, +7')<N

) + 150202,

Imposing a < 112%%%, we get p+ ¢ <1 —a(l —7)w, and we can apply Lemma B.10
getting
E || <p""E[62] +e, (B.136)
1 /
with p= (1 — a(1 — y)w) ™+ and € = %. Note that we can easily show that p=7 < 2

for o < 5 L . Furthermore, we can show that E [6%] < 302, as we do next. Note

Tmazx +T)
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that, using (B.84),

1 N
[vil? < ~ > 8(267,, +307)
=1

(B.137)
<16 max 47 .t 240°.
i=1,..,N &
Using this bound, note that, for any k£ > 0
Ori1 = 0p +20(0; — 0%, vi) + | vi|?
(C.7)
< O + adi + al|vil* + o® [ ve]® (B.138)

< (1+ @) + 2a]lvi|*
< (14 )2 +32a max 62 + 48ac?,
i=1,...,N "k

where recall that ¢; , < k. Now define p L214+a,d2320and v 2 p+ G and 3 £ 48a02.
We now prove by induction that, for all £ > 0,

02 < VR824 ¢, (B.139)

where €, = vep_1 + B for kK > 1 and ¢y = 0. The base case is trivially satisfied, because
62 < 62. As an inductive step, suppose that (C.137) is true for 0 < s < k, for some k > 0,
SO

<R te, 0<s<k. (B.140)

Now, we check the property for k + 1, using (C.136), and noting that € is an increasing
sequence:
82, < pér+q 62 3
k1 S PO+ G max oy, o+ B,

< ﬁ(ukég +ex)+q ( max 1/“»’“58 + et“g) +

i=1,...,

P63 + e) + qWF3 + ex) + B
P+ avFes + (b + Qe +

— LR 4.

. (B.141)
<

From which we can conclude the proof of (C.137). Now, note that €, = 3 Z?;& v, and
that for 0 < k < 7/,

V< < (1433a)7 <e¥er <0 <9 (B.142)
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imposing o < ﬁ Hence, for 0 < k < 7/,
77-/_1 . —_
S <VFSS +en <205+ 8> v <263 + 287
=0 (B.143)

= 253 + 2(48@02)7’ < 25(2) + 0% < 302,

where we used the fact that o < - and that 53 < 02. We can therefore conclude,

1007
writing the bound in (B.136) as

a(l — 7)wT> 602
2(T + Tmaz)
(T + Tmaz) o2 a’o

(1-v)wN (1 =w

E [6%} < exp (—
(B.144)
+ 3522
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Appendix: Proofs of Chapter 5

In this Appendix, we provide the proofs for the theoretical results stated in Chapter 5.
In particular, we provide the proofs for all the Theorems and Lemmas. We start by

recalling some implications of the Assumptions of Section 5.2 in the following.

Preliminaries

First, recall that from Assumption 7 we have, VO € R%:
6" — 0,8(6)) > ull6" — 0] (1)

Throughout the proof, we will often invoke the mixing property (see Definition 5.2.1),

which implies that, for a fixed 6,
IE [g(6, 00)[0t—r,,,.] — &(O)]| < (]|6] + ) (C.2)

We will also use the fact that the SA update directions and their steady-state versions
are L-Lipschitz (Assumption 8), i.e., Vo € {0;}ten, and V0,8’ € R?, we have:

I2(6) — g(6') < L6 — 6’|, and
g(6, 0:) — g(6',01)| < L6 — 6.

We further have
(8, 0)|l < L(||8]| + o), Yo € {or}ren, VO € RY. (C.4)
Given that (z +y)? < 2(2% + y?),Vz,y € R, we will often use the following inequality:

(8. 00)1* < L*(|0]] + 0)* < 2L2(||6]|* + o*). (C.5)
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Without loss of generality, we assume that

L>1, o >max{|6],|O]}, n<I. (C.6)
We will often use the fact that, for any =,y € R, we have

1
zy < 5(3:2 + y2). (C.7)

In addition, we will often use the fact that, for t > 2, a; € R,i =0, ...,¢t — 1, it holds

t—1 \ 2 t—1
(Z al-) <ty af (C.8)
i=0 i=0

C.1 Proof of Theorem 5.3

First, we recall the definition of the SA recursion with constant delay:

g if 0<t<r
9t+1 == (Cg)
et + ag(@t_T, Ot_7—> if t >T

For analysis purposes, we define a virtual iterate, ;. This virtual iterate is updated

with the SA update direction without delays, and it is defined as follows:
ét—i—l = ét + ag(Gt, 0t), éo = 6. (C.10)

We also introduce the related error term d;, which is the gap between the virtual iterate

and the actual iterate.
0; = 0; +d;, withdy=0. (C.11)
From the definition of ét, we can write the following recursions for d;, for ¢ > 0:
dit1 =dy + a(g(Or,01) — g(Or—7,00—7)). (C.12)

We define g(0;,0;) = 6, = d; = 0 for [ < 0. We also define 7 = |§; — 6*||. For

convenience, we define 7 = 0 for ¢t < 0, which is equivalent to setting 0, = 0* for t < 0.
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C.1.1 Proofs of Auxiliary Lemmas

We first state and prove the following Lemma, which we will use in the proof of Theo-

rem 5.3.

Lemma C.1. For w; := (1 — 0.5pa)~ ) with o < &=, C > 2, the following inequality
holds for 0 < i < 27, and for any ¢,

wy < 2wy (C.13)

Proof.
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(b) 2 -

< wip— (1 - 207__>

(2 . <1 - 1)7‘- (C.14)
- 47

Qs (1 + 1)T

- 27

2 wrsexp 1)

- 2

< 2wy,

in (a), we used the bound on «, in (b), we used the bound on 4, in (¢), we used p < 1
and C > 2, in (d), we used

1

(l—gv)_1 <(142z)for 0<z< 2 (C.15)

and for (e) we used (1 + x)* < exp(zk) for k > 0. O

We defined g(6;,0;) =0 for i <0, 8, =0 for t <0, and d; = 0 for ¢ < 0. First, note
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that, starting from the definition of d; in (C.12),

dt+1 = dt+ a (g(eka Ot) - g(gt—ﬂ') Ot—T)
=di 1 +a(g(0i—1,00-1) —8(Or—1-7,0t—1-1))
+« (g(ek‘a Ot) - g(etha Oth))

t (C.16)
=dy +a)_ (g6,0)— g0 0-7))
1=0
) d
=0 + a Z g(0[,ol),
I=t—7+1

where (x) follows because the overlapping terms in the sum cancel out. So, we obtain,
for all £t > 0,

di=a Y g6,0). (C.17)

We can now prove Lemma 5.1, which is key to prove Theorem 5.3.

Proof of Lemma 5.1 - (i), (ii). From (C.17), using the triangle inequality and
the bound on the update direction (C.4), we get, recalling that o > |6y,

t—1
Idell = llae > g(61,0)
l=t—T1
(C.4) t—1
< oL Y (0] + ) (C.18)
I=t—7
t—1
<arLo+ aL Z IZAA

l=t—7

which proves (i). We now prove (ii). Using the triangle inequality and (C.8),

t—1
el = lloe D g(6r,00)]

I=t—T

(C.8) t—1
< ot Y g6, o)

l=t—r

(C.19)
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Now, using the upper bound on the squared gradient norm (C.5),

t—1
Idel* < @*7 > llg(Or, o)
l=t—7
t—1
<2a°7L* > (|6 + o?) (C.20)
I=t—71
t—1
< 20°T°L%0% 4+ 20°7L% > 16,
I=t—1

which concludes the proof. O

Using the above inequalities, we can now prove part (¢i7) of Lemma 5.1.

Proof of Lemma 5.1 - (iii). First, recall that, from Lemma 5.1, we have

t—1
|de||* < 20%72L20% 4 2a°7L? Z 16,2 (C.21)
I=t—71

Based on Lemma C.1, for 0 < ¢ < 27, we have w; < 2w;_; (see (C.14)). Using (C.21),

l=t—7

T T t—1
Zwt||dt“2 < Zwt (2&272L202 + 2027 L2 Z ||9l||2)
t=0 =0

T t—1
< 2Wram? L0 4 2%7L? Z wy Z 16,
t=0 I=t—71
(%) T t-1
< 2WrpaPT?LP0® + 40270 0 > wil|6)])?
t=0l=t—7 (0'22)

() )
< 2WraPT LP0? + 40T’ L7 ) w64
t=0

T
< 2Wra®r’LP0® + 80’7 L) wy <||‘9~t||2 + ||dtH2)
t=0
T B 1 T
< 2WpaPT?LP0® + 80”12 L? > wy|6y* + 3 > willde]f?,
t=0 t=0
where for (x) we used the fact that wy < 2w for t — 27 <1<t — 1, and for (**) we used
the fact that each element w||6;||? appears at most 7 times in the sum, for [l = 0,...,7 — 1

(note that, by definition, 8; = 0 for [ < 0). In the last inequality, we used a < ﬁ. We



150 Appendix: Proofs of Chapter 5

can conclude getting

T T
> wil|del]? < AWraT?L20? + 160772 L% Y " wy| 64| (C.23)
t=0 t=0

We now prove Lemma 5.2, that provides a bound on the norm of the gap Hét_'rmix — 6y

and its squared version [|0;_, . — 6|

Proof of Lemma 5.2. Inequality (i) of the Lemma can be easily proved by applying
the definition of the recursion (C.10),

t—1

10—rie =Rl < > 11001 - 61

I=t—Tmix

t—1
<a Y g0l

I=t—Tmiz
t—1
<La Y (6l +o)

I=t—Tmiz

(C.24)

-1
= LaoTmiz + Lo Z 116:]|-

I=t—Tmix
Similarly, for inequality (ii), note that, squaring equation (C.24),
t—1

10—rse — Okll” < 2L%0°72,0% + 202 Tnie Y 1|64 (C.25)

I=t—Tmiz

We now prove Lemma 5.3, which provide bounds for ||g(0x,0:)|?, m: and E [hy],

respectively.

Proof of Lemma 5.3 - (i). From (C.5), we have ||g(6;,0:)||* < 2L%(]|60:]|* + 02),
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and so
ny = ||g(6r, 00)|1> < 2L7(||6c])* + ?)

< 2L?||6; — 6; + 6;||* + 21?5

< AL?||dg||® + 4L2)6|* + 2L%0?

< AL?||d|)? + 4L%||0; — 6" + 6%||> + 2L°%5°
< AL?||d¢||* + SL?72 + 8L?(|0*|* 4 2L%0?
< 4L?||d¢||* + 8L?*72 + 10L?0?

(C.26)

where we used [|0*|| < ¢ and from which we can conclude. O

Proof of Lemma 5.3 - (ii). By Cauchy-Schwarz inequality, Lipschitz continuity of
g(0,0;) in 0 (see (C.3)), and from the definition of d;, we get

m; = (g(0:,00) — g(6:,01), 0; — 6%)
< ||g(6:, 01) — &(61, 01|16 — 6|
< L[|6; — 61/(16; — 6|
= L||d||7¢.

(C.27)

Applying Lemma 5.1 to bound ||d;||, we get

t—1
my < L (aTLJ + alL Z HGZH) Tt

l=t—T

t—1
= arL?o7 + aL? Z 10u]|7¢
l=t—71
€ 2 2 252 2 - 2, 52
< 207L%0” 4+ 2077} + al? ) (HOzH +7“t)
tjjt—T (C.28)
= 2a7L%0? + 3ar L% + aL? Z 16,
I=t—1
(€8 2 2 22 2 S 2 0,112
< 2a7L%” 4 3a7L*F; 4+ 2aL” (||dzH + 1164l )
l=t—r
t—1 =1
< 6arL?c? + 3ar L% + 20> Z Idi|? + 4aL? Z i
l=t—1 I=t—7

g

Next, we provide the proof of Lemma 5.3, which provides a bound for E [h;], which is
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the term related to the Markovian sampling and whose analysis requires special care and

mixing time arguments.

Proof of Lemma 5.3 - (iii). We start with the case 0 < t < 7, Note that,
using (C.5),
hy = (0 — 6%,8(0,01) — g(6:))
<16 — 6*|1g(6:,00) — &(61)|

©n1, 1, - -
< 57}2 + §||g(0t70t) —g(6y)|

€81 ) o

< 57}2 + |lg(6r, 00)|1* + [|18(6:)|1? (C.29)
(©5) 72

<

T ~ ~

é + 2L2||0;||* + 2L%0?% + 2L?(|6,|* + 2L o>
f2

< ?t + 8L%2 4 120207

< 9L + 12L%0°.

Recall that

0y if 0<t<r
0,41 = : (C.30)
0,5 + ozg(@t_T, Ot—T) if ¢ >T

from which we can write, for ¢ > 7,

rt2+1 = 7’3 +2a(0; — 0%, 8(0;—7,00 1)) + az”g(atﬂ'a Ot*T>”2

(C.7)
< Tt2 + CW? + g0, 0t77)||2 + O‘2||g(0t777 0t77)||2 (C'Sl)

a<l

< (1+a)rf +2a)/g(0r—r, 00—) 1%,

and note that, for t < 7, r?,; = r#, and hence (C.31) holds true for all ¢ > 0. Now note
that
I8(80rs 00| < 2L2(8, |2 + 0%) < 4L, + 6L%>, (€.32)

Therefore, we can write
ri < (L4 a)rf +8aL?rf_ + 12aL%0”. (C.33)
Now, we show that, for k£ < Tz,
rie < prg + e, (C.34)

with €, = pex_1 + 3, €g = 0, where p = 1 + a4+ 8aL? > 1, and 8 = 12aL?0?. We show it
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by induction. The base case k = 0 is trivially true. Now suppose that inequality (C.34)

is true up to some k£ > 0, thus
r2 < p°rg +es, Vs <k. (C.35)
We can get, noting that, for all k, 0 < ¢ < €xy1,

ric < (14 a)rg + 8aLl’rp_, + 12aL%c?
< (14 a)(pr2 + ) + 8aL?(p*r2 + e1) + 12aL20?
= (14 a+8aL?)pfri + (1 + a+ 8aL?)e, + 12aL?0> C.36
0

pk“rg + per + B
k“r%

=p + €k,

which concludes the induction proof of (C.34). Now note that, given that L > 1,

2 1
p <1+4+9alL ,and,foragm

mix

P < (1+9aL?)F < (14 9aL?)T,, < 2F mmiz < 025 < 9, (C.37)

Also note that, for all £ < Tz,

k—1 Tmia—1
€x = [ Z(l +9aL?) < Z (14 9aL?)],;0 < 26Tmia, (C.38)
7=0 J=0

and we can get, for all k < 7y, noting that r3 < 402,
12 < 202 + 2BTmie = 2rf + 240 L’ 0% Tynip < 902 (C.39)
Now note that, similarly to the calculations performed above, for t < Tz,

T =71 +20(0, — 6%, (0, 01)) + o*|[g (8, 01) |°
< (L4 a)if + 2a]g(8, 1)

(C.5) (C.40)
< (1+ )2 4 4aL*(||6:]* + 0?)
< (14 )72 + 4aL?(2r? + 307).
Using the bound established in (C.39), we can get
it < (L+ )i} +8aLl’r} + 12aL?0? C.41)

< (14 )72 + 84aL’c?.
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From this, we can proceed as follows:

720 < (1+a)f? + 84aL?c”
< (1+a)*7, + (1 +a)84al?s? + 84al’c?

- ) (C.42)
< (14 )7 + 84aL’0? Y (14 ).
j=0
So, for 0 <t < Tz,
Tmix .
i < (L4 o)™ ig + 84al?0” Y (1+a)l. (C.43)
7=0

Now, given that L > 1, note that, for arm,;, < 36% and 7 = 0,..., iz — 1, we have

1+a) <(14a), <emic <02 <2 Thus, we get

miz

72 < 272 + 84a L0 Tyin < 110°. (C.44)
Finally,
hy < 9L*7? 4+ 12L%0*
< 9L*(110%) + 12L%0> (C.45)
< 111L%0>.

We now analyze the case in which ¢ > 7. Adding and subtracting ét—rmm in the

left hand side of the inner product, we have

ht = <0~t - 0*7 g(éta Ot) - g(ét)>
= (05— 01_r,,.,,8(0k,01) — 8(0K)) + (i r,,.. — 0",8(0k,00) —g(6),  (C46)
T1 T2
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where, using (C.4), Cauchy-Schwarz inequality and Lemma 5.2,

Ty < |0k — O1-r,,.. || (l&(Ok, 00)l| + 8(6K))

cqy - -
< 16k = 07, [2L([|Ok]| + 0)

t—1
< 20L? (awﬁ > Hé’zH> 16kl + o)

l:t_'rmiac
3 t—1 _
< 2aL%0Tmic |0k + 0) +2aL% > [104(/16k] + o)
l:t*‘rmiz
€ 2 2 2 ).
< 2aL?0°Timig + 20L* Timipo || Ok || (C.47)
= /1 1, -
+2012 3 (G007 + 50100 + o))
l:t*Tmiz
(C.8) 2 2 2 2 2 10,112
< 2aL0°Tmir + AL Timizo° + ol me”akH
t—1 1 ~
+2022 S (G007 + 1612 +0?)
l:t*Tm'Lz

t—1
< 1aL?0 iz + 6aL2Tmixft2 + aL? Z HOZHQ-

I=t—Tmiz
So, taking the expectation,

t—1
E[11] < 11aL20 Tniz + 6aLrmin B 7] +aL? > E[lj6/]?]. (C.48)

l:t_T'miz

Now, we focus on T5. Note that, adding and subtracting g(ét,%m, o¢) and g(ét,wz) to

the right hand side of the inner product, we can write

T2 - <0~t—Tmiz - 0*)g(0~k7 Ot) - g(ék)> (C 49)
= Tl + TQ + Tg

with - ~ ~ ~
Tl = <0t_Tmiz - 0*7 g(et_Tmiz7 Ot) - g(et_Tmiz)>

TQ = <0~t*Tmiz - 0*7 g(étv Ot) - g(ét*ﬂm‘z’ Ot)> (0'50)
T3 = <ét*‘rmiz - 0*7 g(ét*‘rmiz) - g(ét)>

We first bound T, and T3. Note that, using the Lipschitz property of the TD update
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direction (C.3) and Lemma 5.2,

T2 S ||0~t—7—miz - H*H ||g(0~k’ Ot) - g(ét_Tmicv7 Ot)H
t—1 t—1
< L2a OTmiz + Z ”91” Tt + L 2L20é27'3“~x0'2 + 2L2a27'mm Z ||0lH2

l=t—Tmiz l=t—Tmix

t—1

1 - 1 -
= L2a7'mix§ <0'2 -+ Tt2> + §L2al:t_z7— . (HolHQ + TL?)
t—1
+2L3a%72,,0% + 203 P e Z 161
l:t_T'miw
t—1
< ATminL20? 4 aTpip L7 + aL? Z 16;/%,
l:t_Tmiz
(C.51)
where in the last inequality we used a < STmlm 7. Taking the expectation,
B t—1
E [TQ} < ATimizL20% + o LK [rﬂ +al’ Y E [HGzHQ] . (C.52)
l:t—Tmiz
With the same calculations, we can get
B t—1
E |T] < amminL20% + amnin LR [77] + aL? > E[||6/]7]. (C.53)

l:thmiz
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We now proceed to bound Tj.

E[T] =E[(6ir,., — 0".8(61—r,...0) — 8(6i-r,,.,))]
=E [<0~t—7'mm - 9*7 E [g(ét—ﬂm‘w Ot)’Ot_Tmiz ) ét_Tmia::| - g(ét_‘rmiz)>:|
<E [0t = O NIE [£(01r,niss 0010ty O] — &(Orr)]
2B (1611, — 01100, + )]
< AE |[0-r,.., — 07| (161-+,,, — 67| +20)]

1, P .
: (C.54)

L2 ~
< QB |561-r. = 01+ [Brr, — 67 +20°]
< 2E [[|6;-r,,,, — "|* + o]
< 20E [2]|6; — 0|2 +2(|6; — 0, |* + 07

t—1

< 20E |27} + 2(2L%0%72,,0° + 20202 T Y [|61])%) + 0

l:t_Tmiz

|

t—1
<40E || + 3002 +a Y E6]?],
I=t—Tmiz
where for () we used Definition 5.2.1 of mixing time and the fact that o > 1, and in the

last inequality we used a < ﬁ. So, we get

mizT

E(T3] =E[Ti| + E[T,] + E[T]

=1 (C.55)
. T2 ~2 o122 2 2
— maix mix .
< 607in LB [77] + 507 L20? +30L? " E|[6)]?]

l=t—Tmix
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Finally, we get

E[h] = E[T}] + E[T3]

t—1
< 1607 i L20? + 12070, LB [72] + 4aL? Y E[|67]
I=t—Tmiz
< 1607mi L20? + 12071, L°E |77
- C.56
L ) (C.56)
+8a? 3 (E[d?] +E [|6.?])
I=t—Tmix
t—1
< 3207 L20% + 1207, LB [77] 4+ 8aL? Y E[|ldi|]? + 277
l:t_Tmia;
O
C.1.2 Proof of Theorem 5.3
First, we have
771 =77 + 2a(g(0k, 01), 0, — 0%) + a*||g(Ok, o) ? (C.57)

Then, using (C.1), i.e., (8(0;),0; — 0*) < —ui?,

i1 =77 + 20(g(0k, 01), 0, — 0%) + o [|g(Ok, 01) ||
= ft2 + 2a<g(ét), 0, — 0*) + 2ahy + 2amy + a2||g(0k, ot)H2 (C.58)
<(1- 2au)f,52 + 20hy + 2amy + ony.

We now apply the inequalities obtained in Lemma 5.3 to bound E [h], m; and n;. Recall

that 7 = max{7, Tz }. Note that, from Lemma 5.3 - (iii), we can write E [h] < hy,

defining
_ B if 0<t< 7
hy = - " (C.59)
qt if t> Tz
with B = 11102, and
t—1
@ = ammip L? (3202 + 12E [77]) + 8aL? " E[[ld? + 277 (C.60)

I=t—Tmix
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As a consequence, we can write, for every t > 0,
E[h] < g+ By (C.61)

where, in turn,

(C.62)

_ B if 0<1t< Tz
B; = .
0 otherwise

Also, recall that, from Lemma 5.3, we have

ny < 4L2||dy||? + 8L*} + 10L%0?,

2 2 22 2 — 2 92 (C.63)
m¢ < 6arLc” + 3ar LT} + 2aL Z (||dl|] +2rl)

l=t—7

Combining these inequalities together, we have, for ¢ > 0,

E 1] < (1 - 200)E [] +20E [b] + 20E [m] + 0’E [ (6 01) ]
< (1= 20p)E [7}] + 20270 L2 (3202 + 12E |77 )

t—1
+160%L% > E[|d|? + 277

I=t—Tmiz

(C.64)

t—1
+120%7L%0% + 60*7L°E 77| + 40212 > E|[|ldi|]* + 277
I=t—1

+ 402 L%E || di]|? + 277 | + 100*L20 + 20.B;.
Combining terms, we can get

E |72] < (1 - 200+ 4802L*7)E 7] + 1280?70
-1 i (C.65)
+402L7E [||d[[?] + 200222 3" E[|ldi[]? + 27| + 20y,
I=t—7
where we have used 7 + T < 27. Now, using the fact that r? < 272 + 2||d,||?, which

implies —72 < —% + [|dy |2, we h
plies =7y < —= + ||d¢[|*, we have

(1 —20p +480°L*P)E [77] = (1 — ap + 480> L*F)E [77] — auE |7

E 2
< (1 - ap+ 48a2L2*7)E [rﬂ - auﬂ +oF [Ildtllﬂ :

2
(C.66)



160 Appendix: Proofs of Chapter 5

and, using p < 1, we can re-write (C.65) as

E 2
E [rm} < (1— ap+ 4802 L*7)E [ ﬂ - aﬂgJ + 12802 L% 70>

t—1 (C.67)
+a(1+4aL?)E [[d|?] +2002L2 Y7 E [||dy| + 27F] + 20,
I=t—7
Multiplying both sides by w;, we have
=2 272= ) wi [r7] 272-_2
wE {THJ < (1 —ap+48a”L*T)wE [rt} —ap——p— + 128w L°To

t—1
a1+ 4aL)wE [[di]|?] + 2002 L2w, - B [[|di]| + 277] + 20w, By,

I=t—7
(C.68)
by summing over ¢t = 0,...,T, we get, with Wp = ZtT:o W,
z =2 272= z ) ap d 2
Zth [rtﬂ} <(1—oap+48a°L T)Zth {rt} —5 wE {rt}
t=0 t=0
+ 128Wra?L?702 + a1 + 4aL?) Z [y|dt||2}
=0 (C.69)
p1
T t—1
+200°L2 Y wy > B|ldi]]? + 27| +2Wr,, 1B
t=0  I=t—7
p2
Note that, from Lemma 5.1 - (iii), we have, picking a < WILQ,
T T )
P = ZthE {Hdt”ﬂ < AWra?r?L20? + 160°T2L? Zth [HOtH?}
= t=0
T
< 36Wra’r?L20” + 3202 LY wiE |77 (C.70)
t=0

< aTWTU ﬂ Zth { }
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Furthermore, using the fact that wy < 2w; for l =t —7,...,t — 1, we can bound po as

follows, using also the above bound on p1, and picking a <

72TL2’
T t—1
o= w Y E[ldif?+ 2]
t=0 I=t—7
(a) T t—1 ) I
<2} 3 wE|[l|d? + 277
t=0[]=t—7
v &
<27 Y wilE [[di? + 277 .
t=0 (C.71)
T T
*Zth (lde[1?] + 47 3" wiE [7]
t=0
atWro? aT r
( — Zwtﬂi [rtD + 47_'2th [ff]
t=0 t=0
T
Z E[’Fﬂ +WT0277',
0

where for (a) we used Lemma C.1, for (b) we used the fact that each element w;||6;]|?
appears at most 7 times in the sum, for [ = 0, ..., 7—1 (note that, by definition, d; = 7, = 0
for [ < 0) and for (¢) we used the bound on p;. In the last inequality we simply used
a7 < 1. Plugging the two bounds on p; and py in (C.69), we get

zf:wtla 7] < (1= ap+15002L27) 2 wE [7F] - 5 Z wiE [ (C.72)

+ 150Wpa?L?70? + 2W, . _1aB.

mix

Now, note that for o < 1=, which is such that (1 — 2au + 1500’ L*7) < (1 — 0.5apu),

we can re-write (C.72) as

T
> ik [721] < (1050 Zth 72] - o Z wik []

t=0 (C.73)
+ 150WpaL?7o? + 2W,

mix

_10[B.

Now, dividing by Wy both sides of (C.73), bringing 37— w:E [#2,,] to the right hand
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side of the inequality and —% S>> wyE [r?] to the left side, we get

T T
% tg(:) %E [rf} < W t:ZO (wt (1 —0.5au)E {'Fz} — w B [ffﬂ]) -

MW.  _iaB
115002 L27g2 4 2 Tmin—1OD

Wr

Now, recalling that w; = (1 — 0.5a) =+ note that w;(1 — 0.5a) = w;_1, and we can
get, noting that w_; =1,

5 (1 — 050 [72] — ik [12,]) = 3 (s [17] — wike [72,])

t=0 —0 (C.75)

E 3} —wrk [TT+1:| < 7.

IN

Hence, we can write (C.74) as

T ~2
Oé/,L Wy 2 212 2V[/Tm,“c_ICkB
— Y —E —— 4+ 150a“°L —me C.76
2;)WT [r} WT+ a 0% + Wy ( )
Now note that
Tmiz—1 Tmiz—1 Tmiz—1
Wrpm1 = > wp=y_ (1=05ap)" ) < (1+ap) ! < 27 (CT7)
=0 =0 t=0
and that . .
— < — =(1-0.5au)"! C.78
< o = (1= 05ap) (C.79)
from which we can obtain, re-arranging the different terms in (C.76),
1 & 2, 47B L?70?
7 S wiE 2] < (1= 0507173 ( u ) 13002777
T =0 ok (C.79)
al?7o?

= Co(1 = 0.50) T 172 4 Cy PR

where we define C, = (O?—M + %) and Cy = 300. By plugging the maximum value for

we can get, defining Cz =~ (201L + 4B>

the step size a = i

Y
150L27°

Zth [rm} < Cy(1 — 0.5ap) T2 + 202, (C.80)
WT
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Indeed, for oo = 1—50%, it holds 02%2% = 2. Finally, by definition of 6,,; in Theorem 5.3,
note that we have .
1
_p*N2 — 2
E [[|6ou: — 0°|12] = i tzzothE 7 (C.81)
and we can conclude the proof of Theorem 5.3. O

C.2 Proof of Theorem 5.4

Let r¢ := ||0r — 0*||. Define 7" = 27,00 + Timiz, and recall
reo:= max [E {rﬂ (C.82)
’ t—7'<I<t ’

C.2.1 Proofs of Auxliary Lemmas

We start by proving Lemma 5.4, i.e., the bounds on terms of the form [|@; — 6, . |?, for
some 0 < 7 <t.

Proof of Lemma 5.4. To prove (i), note that we can get

2
t—1
16 — O1—r,,...II* < ( > 16 - 6’zH)

l:t—Tmix
(C.8) i—1
< Tz Z HOH_l —01”2
I=t—Tmiz
t—1
= Tmic@® D |8(01-m, 00| (C.83)

I=t—Tmiz
(0.5) 2 2 = 2 2
< 20Tz L Z (Hel—’le to )
I=t—Tmiz
t—1
<2077 LY (2], + 307).

l=t—Tmix
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Taking the expectation on both sides of the inequality, we get

t—1
E [0 — 07 |P] <20%7mil? Y (E[r7,] +30%)

l=t—Tmix
t—1
< 202 TninL? Z (2 max E [Tﬂ + 302) (C.84)

t—Tmiz—Tmaz <J<t
I=t—Tmiz

< 4772,”-950421127}72 + 60’72, %02

mix
= 2a%72,. L*(2r1 2 + 302).

With analogous computations, we can get part (ii) of the Lemma, i.e.

E [[|6; — 0;r,|2] < 20272, L3 (2re + 307). (C.85)

Recall the definition of e,

€ 1= g(oka Ot) - g(at*na Ot*Tt)' (086)

As illustrated in the outline of the analysis in Section 5.4, for the purpose of the analysis,

we write the update rule as follows,
0r11 = O + ag(O, 0,) — ey, (C.87)
from which we can write
10511 — 0*||? = Ji1 + i — 2ad; 3, (C.88)
with
Jia = |10k — 0 + ag(Oy, 1)

Jio = |le]? (C.89)
Jt73 = <et, ek — 0* + ag(@k, Ot)>.
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Proof of Lemma 5.5 - (i). Note that

Jig = |0k — 0" + ag(Ok, o) ||* = r} + 2 (6), — 6%, (6k, 01))
Jt,11
+a® ||g(Bk, 00)|7.
—_———

Ji,12

(C.90)

Note that
E[Ji12] = E [ |86k, 01)]’]
<E 207 (|6x]* + 0?)] con
<212 (2B [}] + 30%) '
< 2I2 (2rt,2 + 302>

Now note that, using (C.1),

Je1 = (0 — 0,8(0,0)) = —(0" — 0),,8(01))
+ (O — 0%, 2(0k, 0) — g(61))
< _,u’rtQ + <0/€ - 0*7 g(0k70t) - g(gk»v

T

(C.92)

where we now omit the dependence on the iterate ¢ in the terms we bound, for notation

convenience. Now, note that

= <0k’ - Ot—Tmma g(eka Ot) - g(ak» + <9t—’rmiz - 0*7 g(6k7 Ot) - g(ek»a

(C.93)
T i,
where, using the Cauchy-Schwarz inequality and the triangle inequality,
Ty < 10 — 01—, 1| (Ok, 00) | + [I8(6k)]])
(C.4)
< 2L([[0k — Ot—r,,,., || [0k + 0))
(C.94)

(10— Oy P+ ami (6] + 07
QT mzz‘

(C.8) 1
= L ( Hek Ot—Tm,imHZ + QOszmL(HngQ n 02)> ’

mw:

where for () we used the fact that, from (C.7), we have

cb?

ab (7a)(\fb) < 20@ + 5 (C.95)
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specifically with ¢ = a7, L. Taking the expectation on both sides and applying (ii) of

Lemma 5.4, we get

B (71)) < L (57 (166 — O1ryir ] + atmis L2E[1?] + 30%) )
mixr
20272 2
< [ 22 Tmia (2112 + 30°) + ATymiz L(2r 2 + 30%) (C.96)
QQTmimL

= 4aTmiz L*re 2 + 60T, L2 0°.
Now, we proceed to bound E [T7,]. Note that

T o = (0, . —0%,g(01,0:) — g(0
12 <7t miz Y g(0x,01) — g(0k)) (C.97)
=T +15+ T3

with ~
Tl = <0t77-miz - 0*7 g(ethmiz’ Ot) - g(0t77)>

TQ = <9t*7'mm - 0*7 g(at’ Ot) - g(at*ﬂm‘m’ Ot)) (0'98)
TS = <0t77'mm - 6*7g(0t77'mm) - g(et)>
We first bound T and T3. Note that, using Lipschitz property of the TD update

direction (C.3), and calculations similar to the ones used to bound E [T7}], we get

Ty < 6¢—r,,,, — 0*[|||g(Ok, 0r) — 8(O1—r,.., 00) |

< L)01—r,, — O°l|6r—r,,.. — Ok (C.99)
P LaTmia 10 Oy

Taking the expectation and applying (ii) of Lemma 5.4, we can get

2
= Tz L Tt2
} < —2= 4+ QOéTmizLQT‘tQ + 3OéTmZ'xL20'2

2
< SOszixLQ(ﬁ,g + 02)

(C.100)

With the same calculations, we can get

E |:T3] < 3a7—mimL2(7‘15272 + 0'2)- (0101)
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We now proceed to bound Tj.
E|T] =E[(6rpi — 0,80 5 00) — B(01-r,..,))]
= E [<0t77—miz - 0*’ E [g(atf‘rmzz ) Ot)‘oth’ ethm'La:] - g(ethmzz)H
(%)
< aE[|60;—r,,., — O7[|(|101—r,...[| + )] (C.102)

< ok [|6;—,,,, — O7[|([0t—r,,., — 07|l +20)]
t—Tmiz

<o B ('r2 + 27“,52_7””_36 + 402)]

< 2a(re g + 0?),

where for (x) we used Definition 5.2.1 of mixing time and the fact that o > 1. So, putting

the above bounds together, we get

E[T},] =E {Tl} +E {Tg} +E [Tg} < 80Tynin L2 (r2y + o).

So, we get

E[T7] = E [T1,] + E [T{,]
< 4aTmie L2 + 60T L20? + 8aTimin L2 (112 + 0%)

< 120(7},“':5[/27‘,572 + ldatmis L2 0?

S0,

E[Jin] < —pE [Tﬂ +E (7] .

Hence,

E [Jt,l] =K [T?} + 2aE [Jt,ll] + a2E [Jtylg]

< (1= 20p)E [1?] + 2807 Tynia L1 + 34077010 L2 0%,

which concludes the proof of the Lemma.

(C.103)

(C.104)

(C.105)

(C.106)
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Proof of Lemma 5.5 - (ii). Note that

Ji2 = |lec]|? = |g(6t, 01) — 8(r—r,, 00—, ||

(C.8)
< 2(Ilg(0, 00)|I? + lg(Or—r, 011

(C.107)
(C5) 2 2 2 2 2 2
< 2(2L2(|61]* + 0%) + 2L3(|0r—r,|* + 02))
< 4L2(2r? + 302 + 2ry_,, 4 302).
Taking the expectation, we conclude getting
E[Jio] = E [[lei]|?] < 8L*(2ry5 + 30?) (C.108)

Proof of Lemma 5.5 - (iii). In the following, we drop the dependence on the iteration

t in the terms we bound. We write

Ji3 = (e, 0 — 0" + ag(6y, o))
= (e, 0, — 0") + e, g(0k, 01)) . (C.109)

A A

Note that ~
A = afet, g(0k, 0t)) < aflet|l|lg(Ok, ot

[0
<5 (lledl” + llg(@1.0017) -

Using (C.108) and (C.5) to bound E [||e;||?] and E [||g(6¢, o)||*], respectively, we get

(C.110)

E {A} < % (8L2 (27“t,2 + 302) +2L2 (2rt,2 + 302))

(C.111)
= 10aL’ry s + 15aL%0>.
We now proceed to bound A.
A = <et7 Hk - 0*> = <g(0ka Ot) - g(@t,n, Otht)a ak - 0*>
= <g(0ka Ot) - g(ak‘, Otht)v ek‘ - 0*>
Ay (C.112)
+ <g(0k)7 Ot—Tt) - g(et—Tta Ot—Tt)v ek - 9*>
Ao

Note that, thanks to the Lipschitz property of the TD direction and with calculations
analogous to the ones performed to obtain the bound on E [Tg} (see (C.99) and (C.100)),
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we get
E[Ag] < E[L||6) — 01—r, 1] < 3aTminL?(re2 + 02). (C.113)

We now bound A;.

Al == <g(0k7 0t> - g(et—Tmma Ot)y Oka _0*>
Aql

+ <g(0t_7'miac7 Ot) - g(0k7 Ot—Tt)a 0]6 - 0*> .
AND

(C.114)

With calculations analogous to the ones performed to obtain the bound on E [Tg}
(see (C.99) and (C.100)), we get

E[An] <E[L|6k — 0;r, 7] < 3aTminLl?(rea + 02). (C.115)

We now proceed to bound Ajs.

A12 = (g(atf'rmiz’ Ot) - g(ethmiz)7 ek - 0*>

A
! (C.116)
+ <g(0t—7'mim) - g(ek, Ot—Tt)7 ek - 9*>
A
We have
All = <g(0t_7'mi:c7 Ot) - g(et_'rmix)7 et_'rmi:c - 0*>
A
" (C.117)
+ <g(9t*7'miz7 Ot) - g(etfﬂmiz)’ Ok - 0t*Tm7lz>
Aly
Note that
/12 S ||g(0t_7—miz? 0t> - g(et_Tmzz)H Hgt - et_Tmiz H
< (lg(Ot—rpin o) | + 118(0t—7,,.)1) |6 — Or—r,,,.. ]
(C.4)

< 2L (rf_Tmm + 20) 160t — 61—, |l
1

QOJTmix

< 2aLTmin(r2 . +20%) + 16 — 0y, |I>-

Tt_'rmi:c
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Taking expectation on both sides and applying Lemma 5.4, we get

E [Aly] < 20mmipl? (E[rf,, | +207) + E (16— 00 . |I?]

< 20Tpip L? (Tt,Q + 202) + OTpmiz L2 (27},2 + 302) (C.119)

ATmix

= 4aTmiIL2rt,2 + 70(7’mixL20'2.
Now note that A, can be bounded using the same calculations used for Ty in (C.102),
E[A}] < 2a(ri2 + 0?). (C.120)
Now note that

AIQ = <g(0t77'miz) - g(eka Ot*Tt)a Ok‘ - 0*>

= <g(0t*7'miz) - g(etf‘rmma Otht)a ek - 0*>
AL (C.121)

+ <g(0t—Tmix70t—Tt) - g(0k7 Ot—Tt)7 ek‘ - 0*>
Ay

To bound E [Af,], we can proceed with calculations analogous to the ones performed to
obtain the bound on E {Tg} (see (C.99) and (C.100)), getting

E [Aby] < 30Tmin L (re2 + 0°). (C.122)

Now, we write

/21 = <g(0t77mzz) - g(ethmiszt)7 ak? - 0*>

Ay
+ <g(0t_7—miz_7—t) - g(et_Tmiz70t_Tt)7 ek - 9*> .

Az

(C.123)

We see that, as before, we can bound E [Al} with the same procedure we used to bound
E [Ag]: B
E|A1] < 307l (re2 + 0?). (C.124)
We write ~
Ay = <g(0t—’rmix—ﬁ) - g(ot—Tmm—Tw Ot—’rt)? 0 — 0*>
AQI
+ <g(0t*7'miz*7'tv Ot*Tt) - g(et*ﬂm‘z’ Ot*ﬂ)? 0 — 0*> :
A22

(C.125)
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Now note that E [AQQ} can be bounded with calculations analogous to the ones performed
to obtain the bound on Ay,

E[Ag] < E(L(I00ryr, — 01 16— 67])]

(C.126)
< 3aTmiz L (re2 + 0?)
Now note that
Aot = (8(01—rp—7) — 8(Ot—ryss—ris Ot—1,): Ot—rpsy—r, — 0°)
Ao (C.127)

+ <g(0t_7_miz_7—t) - g(at_Tmia:_Tt’ Ot—Tt)v ek - Ot_Tmiz_Tt> :
Agia

With calculations analogous to the ones performed to obtain the bound on E[A),]
(see (C.119)), we get

E [As15] <E[0k = 1 sy 1L (18O rsa )| + 18001 —rir 01— ) )]

(C.128)
< 4a(Tmix + Tmaa:)Lth,Q + 704(7_mix + Tmaw)L202-

Now note that AQll can be bounded using the same calculations used for T, in (C.102),
getting
E {Azn} < 2a(ry o + o?). (C.129)

So, E [T3] can be upper bounded by a sum of terms that are upper bounded by either
O(a)(rf3 +0%), O(aTmaz) (172 +0%), O(aTiiz) (175 +02) or O(Q)(Tmiz + Tmaz) (172 + 07).

Putting all the terms together, we can get
E [‘]t73] < 28@1/2 (Tmm‘ + Tmax)(rt,Q + 02), (0.130)

which concludes the proof. O

Now, recall the definition of the update rule for delayed SA with time-varying delay

under Assumption 10:
Delayed SA: Or11 =0k +ag(Or—r,,0i—7,), T <min{t, Tz} (C.131)

Consider the mean squared error term E [r?] = E [||@; — 6*||%], and its expression derived
in (C.88). The bounds on E [J; 1], E[J;2] and E[J; 3] provided in the previous section,
defining 7 = 2740 + Tiniz, for t > 7/ are such that the update rule (C.131) satisfies the



172 Appendix: Proofs of Chapter 5

following;:

E[r?] =E |6k — 677
=E[Ji1] + &K [Ji2] — 20E [J; 3] (C.132)
< (1-2ap)E {Tﬂ + 98a2L2(Tmix + Tonaz) (11,2 + 02),

with

rgo = max [E {rﬂ
t—7'<I<t

As mentioned in the outline of the analysis in Section 5.4, the final part of the proof
of Theorem 5.4 is based on a crucial argument that shows that, for a sufficiently small
step size, the iterates generated by (C.131) are uniformly bounded, which is shown in
Lemma 5.6. To prove the result, we first provide the following Lemma, which proves the

base case of the induction proof on which the proof of Lemma 5.6 relies on.

Lemma C.2. Consider the update rule in (C.131) and let B = 902. For 0 <t < 7/ and

(6 S ﬁ, we have

Elrf|<B, 0<t<7 (C.133)

Proof. Note that

Tt2+1 = Tt2 + 2a<0t - 0*’ g(gt—ﬂ’ Ot—Tt)> + a2||g(0t—‘rt7 Ot—Tt)H2

)
< th + O”z% + O‘Hg(at—Tt’Ot—Tt)”Q + a2”g(0t—7't’0t—7't)||2

< (1 + OZ)’I”? + 2a||g(0t—7t7 Ot—Tt)||2
5

C.5)
< (1+a)r? +4aL?(||0;—.|* + 0?)

< (14 a)rf + 4aLl?(2r_. + 30?)

(C.134)

—~

= (14 a)rf +8al’r}_, +12aL0>.
Taking the expectation on both sides, we get
E|rf.] < (1+ Q)R [r?] + 8aL?E [r?,, | + 12012, (C.135)
Hence, we get an inequality of the following form:
Vig1 < pVi+ qVier, + B, 0 <7 < min{t, Tinas }» (C.136)

with V; = E[r?], p = 1+ a, ¢ = 8aL?*Tpaz, and 8 = 12aL?0?. We define p = p + ¢,
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noting that p > 1. We now prove by induction that, for all ¢t > 0,
Vi < p'Vo + e, (C.137)

where

(C.138)

pe—1+ P fort>1
€t —
Ofort=0

The base case is trivially satisfied, because Vj < Vj. As an inductive step, suppose
that (C.137) is true for 0 < s < k, for some k > 0, so

Ve<p*Vo+e, 0<s<k. (C.139)

Now, we check the property for k + 1, using (C.136), and noting that € is an increasing

sequence
Vi1 <oV + qVi—r, + B,

< p(p"Vo + ex) + a(p" Vg + €4—ry) + B
< p(p*Vo + ex) + q(p" Vo + &) + B (C.140)
<(+9p"Vo+ (p+q)er + 8

= p" Vo + €n1.

From which we can conclude the proof of (C.137). Now, note that
-1
@e=BY ¢, (C.141)
j=0

and so we can write, for 0 <t < 7/,
ph<pT <(14a)” <eoT <t <2, (C.142)

using the fact that a < 4%,. Hence, we can get, for 0 <t < 7/, using the above results,

T'—1
E {7}2} < ptrg te< 27,(2) + 8 Z o< 27% + 287 = 27"(2) =+ 2(12aL202)T’ (C.143)
=0 '

< 21"8 + 02 < 902,

where we used the fact that a < 55— and that r§ = [|6o—6*[|? < 2(|6||*+2(|6*||? < 402
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We have just shown that, for 0 < ¢ < 7/, it holds

E [rf] < 90? (C.144)

Now, we provide the proof of Lemma 5.6, which relies on Lemma C.2.

Proof of Lemma 5.6. We know from Lemma C.2 that for ¢t = 0,...,7/, with 7/ =

2Tmaz + Tmiz, and a < we have

24L2 19

E[rf] <B. (C.145)

We now proceed by induction to show that the bound holds true also for any ¢ > 7/, thus
for all t > 0. We use (C.145) as the base case for the induction proof. As an induction

step, assume that the property is true for some ¢t > 7/ and for 7/ < s <*t, so
E [7‘?} <B V' <s<t. (C.146)
Now, from (C.132) we can write
E [rt H] < (1—20p)E [r?] + 9802 L2 (Tmiz + Tmaz) (r1.2 + 02). (C.147)
Now note that by the inductive step and induction base case, it holds

T2 = rgfng [rl} < B. (C.148)

Hence, we can write, recalling that B = 952 > o2,

[TH_I] < (1 -2ap)E [Tﬂ + 9802 L2 (Tniz + Tinaz) (T2 + 02)
< (1 —20) B + 9802 L (Tymiz + Tmaz)(B + 02) (C.149)
< (1 = 2ap)B + 2B9802 L (Tmiz + Tmaz)
< (1 = 2ap + 19602 L (Timiz + Tmaz)) B,
and so for o < 5z < gefry < grrep oy We get 1— 200+ 19602 L2 (Timiz +Timaz ) <
1 and thus
E [rm} < B, (C.150)

implying that the absolute constant is C' = 196, from which we can conclude the proof.
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g

Using this last Lemma in conjunction with (C.132), we can get the following proof of
Theorem 5.4.

C.2.2 Conclusion of the Proof

Note that, from (C.132), we can write, for T > 7" = 2740 + Tz,

E[r?] < (1= 20)E [r}] + 9802 L3 (Tymiz + Tmaa) (re2 + 02)

*

(C.151)
< (1 — QQM)E [7’?] + 2398042[/2(7—7711':(: + Tmax)v

—
N

where for (%) we used the fact that, for a < it holds r;2 < B = 90, as established

1
196L27
by Lemma 5.6. Iterating the inequality, we get

o0
E {TH_J <(1- 2a,u)t+1 ™ 2 , + 298L°% ¢ 2(Tmm + Tmaz) Z (1-— 2a,u

98L2a(7'mm + Trmaz)B

< (1=2ap)* 72 +

7
2
< (1 = 2ap)+17 p 4 B mia ¥ Tmar) B (€.152)
ol
< (1 20p)"12B + 98L*(Timiz + Tmaz) B
7
98 L2 (Tmiz + Tmaz) B

S e—20¢u(t+1)23+

i

I

where for the last inequality we used the fact that

(1 —2ap) " <e?h < 02 <9 (C.153)
where the inequality follows because au < a < 155 L2T < 87 Hence, for a < ﬁ, with
C = 196, we get the result. Setting o = CLQT, with C' > 196 and C’ = 98, we can also
get

2u?T C'B
E[r}] <exp <_C'MLQ%> 2B+ 5 (C.154)

g
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