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The non-Darcian flow and solute transport in geometrically nonlinear porous media
are modeled with Riesz derivative solved via Simpson’s rule or treated through
the Grünwald–Letnikow definition and subsequently discretized via Finite Difference
schemes when considering anomalous diffusion, nonlinear diffusion, or anomalous solute
advection–dispersion, respectively. Particularly, the standard diffusion and advection–
dispersion equations are converted into fractional equations to take into account mem-
ory effects as well as non-Fickian dispersion processes. Hence, a 3D hydro-mechanical
model accounting for geometric nonlinearities is correspondingly developed including
the fractional diffusion–advection–dispersion equations (FRADEs) and a series of one-
dimensional analyses are performed with validation purposes.

Keywords: Fractional derivative; fractional diffusion equation; fractional advection–
dispersion equation; solute transport; porous media; finite strain.

1. Introduction

Solutes are materials that dissolve in liquids forming solutions, e.g., salt (not at
very large concentrations) in water (the solvent). The transport of a solute within
porous media depends on several factors, including solvent and solute properties,
fluid velocity field within the porous medium, and microgeometry, i.e., shape, size,
and location of the solid part of the medium and the void [Goldsztein, 2008].

∗Corresponding author.

This is an Open Access article published by World Scientific Publishing Company. It is distributed
under the terms of the Creative Commons Attribution 4.0 (CC BY) License which permits use,
distribution and reproduction in any medium, provided the original work is properly cited.

2250003-1

In
t. 

J.
 C

om
p.

 M
at

. S
ci

. E
ng

. 2
02

2.
11

. D
ow

nl
oa

de
d 

fr
om

 w
w

w
.w

or
ld

sc
ie

nt
if

ic
.c

om
by

 U
N

IV
E

R
SI

T
Y

 O
F 

PA
D

U
A

 o
n 

10
/1

4/
22

. R
e-

us
e 

an
d 

di
st

ri
bu

tio
n 

is
 s

tr
ic

tly
 n

ot
 p

er
m

itt
ed

, e
xc

ep
t f

or
 O

pe
n 

A
cc

es
s 

ar
tic

le
s.

https://dx.doi.org/10.1142/S2047684122500038


June 2, 2022 17:0 WSPC-277-IJCMSE S2047-6841 2250003

V. A. Salomoni & N. De Marchi

Solute transport in liquid-filled porous media plays a significant role in several
phenomena including the transport of contaminants in soils [e.g., Brusseau, 1994;
Elfeki et al., 1997; Zhang et al., 2013; Zou et al., 2017], transport of nutrients in
bones [Blair et al., 2007; Knothe Tate and Knothe, 2000; Wang, 2018], the intrusion
of radioactive wastes within cemented materials [Majorana and Salomoni, 2004],
secondary recovery techniques in oil reservoirs (where the injected fluid dissolves the
reservoir’s oil), the use of tracers in petroleum engineering and hydrology research
projects [Lewis and Schrefler, 1998; Schrefler et al., 1999], etc.

Modeling coupled moisture flows within deformable saturated/partially satu-
rated porous media is a widely investigated field since the pioneer works by Biot
[1941, 1956] for establishing complete theoretical frameworks able to represent
multi-component systems in isothermal and nonisothermal conditions [e.g., Lewis
and Schrefler, 1998; Borja, 2004; Coussy, 2004; de Boer, 2005; Zhang et al., 2013].

In any case, several field experiments for the solute transport in highly het-
erogeneous media [e.g., Schumer et al., 2003; Zhang et al., 2009; Fomin et al.,
2010] demonstrate that solute concentration profiles exhibit anomalous non-Fickian
growth rates and so-called “heavy tails”, the effects which cannot be predicted via
the standard mass transport equation [Fomin et al., 2011] but via fractional-order
differential equations that may be viewed as long-time and long-space limits of
continuous-time random walk (CTRW) [Neretnieks, 1980; Hilfer and Anton, 1995;
Barkai et al., 2000; Metzler and Compte, 2000; Meerschaert et al., 2002; Deng et al.,
2004, 2006]]; correspondingly, the Fickian advection–dispersion equation (ADE),
unable to reflect the long-tail dispersion process, is converted into a fractional
diffusion–advection–dispersion equation (FRADE). The FRADE approach appears
to have the potential for the prediction of non-Fickian dispersion processes, but
its wide application is hindered by the difficulty of obtaining analytical solutions,
especially when reaction terms are incorporated [Deng et al., 2004]. Alternatively,
nonlocal problems accounting for long-range interactions can be treated via non-
local integral models [Pinnola et al., 2021] and even combined time-fractional and
space-nonlocal strategies [Barretta et al., 2021].

Additionally, when considering water flow in low-permeability porous media, a
nonlinear relationship between water flux and hydraulic gradient should be consid-
ered, thereby indicating a non-Darcian flow; hence, for developing a more appropri-
ate description able to include a memory effect, the existing relationships can be
modified in a fractional fashion [Zhou et al., 2019].

In this work, a coupled three-dimensional fractional hydro-mechanical model in
finite strains [Borja, 2013] based on the modified mixture theory [Borja and Alarcón,
1995; Pomaro et al., 2011; Sun, 2015] is developed from previous versions for sat-
urated porous media [Spiezia et al., 2016; Salomoni, 2018; De Marchi et al., 2019].
Particularly, the upgraded model includes solute transport, but more importantly,
the constitutive equation for pore fluid is converted first into a linear fractional one
to account for anomalous diffusion by computing the integral version of the half-
Laplacian via Simpson’s rule, then into a nonlinear fractional one (obtaining the
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porous medium equation) solved via a Finite Difference scheme in one-dimensional
domains. Correspondingly, also the advection–dispersion equation for solute flux
is transformed into a fractional one (FRADE) with the Riesz derivative treated
through the Grünwald definition which appears convenient for numerical solutions.
Particularly, a series of 1D Finite Difference analyses have been developed adopting
the fractional-centered derivative scheme [Owolabi and Atangana, 2019] combined
with the β-method, with the advective term treated via the Lax–Wendroff scheme.
In the most general case of advection–dispersion phenomena including overpressure
effects, the numerical algorithm has been enriched following the lines described by
Deng et al. [2004] based on the split-operator method; hence, the advection step
has been solved via an explicit second-order midpoint method, together with the
β-method for the fractional diffusion/dispersion step and the trapezoidal rule for
the fluid excess step.

2. Governing Equations

The main hydro-mechanical equations are briefly recalled in the following, concen-
trating on the upgrades from the model already described in Salomoni [2018].

2.1. Balance and constitutive equations for the solid skeleton

The balance of linear momentum for a saturated porous medium can be written as,
assuming incompressibility of the solid and liquid phases,

ρg + ∇ · σ = 0, (2.1)

where ρ = ρs (1−ϕ)+ ρwϕ is the saturated mass density of the solid–fluid mixture
(ϕ being the porosity) and σ the Cauchy total stress tensor, with

σ = σ′ − pI, (2.2)

where σ′ is the effective stress and p is pore pressure (with the drained bulk modulus
of the solid grain being much higher than that of the skeleton).

In the total Lagrangian formulation, Eq. (2.1) is rewritten in the reference con-
figuration (X) via the Piola transformation, i.e.,

JρG + ∇X · P = 0, (2.3)

where P is the total first Piola–Kirchhoff stress tensor obtained from pull-back of σ,

P = Jσ ·F−T , (2.4)

and J = det(F) > 0, with F(X, t) being the deformation gradient of the solid
skeleton [Simo and Hughes, 1998; Holzapfel, 2000; Majorana et al., 2010],

F =
∂ϕ(X, t)

∂X
, (2.5)

with ϕ(X, t) being the (local) motion.
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We assume to refer to the Hencky strain tensor h, typical for characterizing
finite isotropic hyperelasticity, as a measure of deformation [Karrech et al., 2011]

h =
1
2

lnb, (2.6)

in which b is the left Cauchy–Green strain tensor, b = F ·FT , and, developing the
spectral decomposition,

h =
1
2

3∑
A=1

ln λAnA⊗nA, (2.7)

with λA and nA being the eigenvalues and eigenvectors of b, respectively.
Correspondingly, the incremental stress–strain relationship can be written as

[Karrech et al., 2012]

dσ =
(

κ − 2
3
G

)
1 − ϑ

J
dϑI + 2G

1 − ϑ

J
dh − dpwI, dϑ = trdh, (2.8)

with G being the shear modulus of the porous material.

2.2. Balance and constitutive equations for pore fluid

The local fluid content continuity equation in isothermal conditions can be written
as

∇ · v − 1
ρw

∇ ·
(

ρw
k
μ
· (∇p − ρwg)

)
= 0. (2.9)

2.3. Balance equations for solute transport

By extending the one-dimensional approach of Zhang et al. [2013] to three-
dimensional domains, the mass conservation equation for the solute in the solid
phase can be written as

D

Dt
[(1 − ϕ)ρsmsJ ] = Ṁ a→s, (2.10)

where ms is the mass of solute sorbed on or within the solid phase per unit mass of
the solid phase and Ṁa→s denotes the rate of solute loss in the water phase by solid-
phase sorption; hence, considering the stationarity of the solid content, Eq. (2.10)
reduces to

(1 − ϕ)ρsJṁs = Ṁa→s. (2.11)

The mass conservation equation for solute in the fluid phase is

D

Dt
[ϕCJ ] = −∇ · qf − Ṁa→s, (2.12)
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where C is the concentration of the solute in the pore fluid and qf represents the
solute flux in the fluid phase, leading to

J̇C + J(ϕ − 1)Ċ = −∇ · qf − Ṁa→s, (2.13)

and, extending the expression of qf according to [Peters and Smith, 2002]

qf = ϕwC − ϕD
J

· ∇C, (2.14)

in which D is the hydrodynamic dispersion tensor, given by the sum of the effective
diffusion De and the mechanical dispersion tensor Dm. However, in case of fine-
grained soils where Darcy velocity is low (approximately around 10−6 m/s), the
mechanical dispersion values can be expected to be relatively small [Lewis et al.,
2009]. Hence, the combined solute transport within the matrix–fluid system can be
written as

(1 − ϕ)JĊ(ρsKd − 1) + JĊ∇ · v = −∇ ·
[
ϕρwC

(
k
μ
· (∇p − ρwg)

)]

+∇ ·
(

ϕD
J

· ∇C

)
. (2.15)

In Eq. (2.15), it has been considered to neglect the effect of sorption (being
medium in saturated conditions), so that the concentration of solute in the solid
phase can be assumed to be linearly dependent on the concentration of the solute in
the pore fluid via the contaminant partitioning coefficient Kd [Mathur and Jayawar-
dena, 2008].

2.3.1. Fractional dispersion approach to solute flux

It is to be noticed that the second term on the RHS of Eq. (2.14) assumes that
mass transport media are isotropic [Fischer et al., 1979; Deng et al., 2006], which is
rarely the case. Hence, the approach by Chaves [1998], Meerschaert et al. [1999], and
particularly Deng et al. [2006], proposing a general flux law of molecular diffusion
based on the revision of Fick’s diffusion law, has been followed.

According to this approach, the stated term of the solute flux is decomposed into
a solute flux produced by molecular diffusion, a solute flux produced by turbulent
diffusion, plus a solute flux produced by shear flow dispersion; in any case, it has
been found that the first two contributions, expressed as a linear combination of
the Riemann–Liouville operator and the Weyl fractional derivative [Benson et al.,
2000; Schumer et al., 2001], are much smaller than the third [McCutcheon, 1989].
By assuming that the dispersion contribution represented by the Riemann–Liouville
derivative prevails on the molecular diffusion one, the second RHS term of Eq. (2.14)
becomes

qα = −ϕD
J

· ∇α−1C, (2.16)
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where α is a fractional differential order [Deng et al., 2004] so that, choosing the
Grünwald definition for fractional derivative which appears convenient for numerical
solutions [Oldham and Spanier, 1974], the value of a fractional differential operator
acting on the generic 3D function Ψ(xi,t) becomes an infinite series, i.e.,

∂αΨ(xi, t)
∂xα

i

= lim
Ni→∞

1
hα

i Γ(−α)

Ni−1∑
j=0

Γ(j − α)
Γ(j + 1)

Ψ
(
xi +

α

2
hi − jhi, t

)
, (2.17)

in which i = (x, y, z), hi = Δxi = xi/Ni, where Ni is a positive integer, and Γ(·) is
the gamma function.

Equation (2.15) can be rewritten as

(1 − ϕ)JĊ(ρsKd − 1) + JC∇ · v = −∇ ·
[
ϕρwC

(
k
μ
· (∇p − ρwg)

)]
+ ∇ ·

(
ϕD
J

)

· ∇α−1C +
ϕD
J

· ∇αC. (2.18)

As extensively described by Deng et al. [2006], the fractor α physically reflects
the heterogeneity of the soil medium in which the solute is transported and for
isotropic media, α = 2; the more heterogeneous the medium is, the smaller the α is
than the integer constant of 2. Its decrease reproduces an increase in the resistance of
the medium to solute dispersion and transport, so leading to delay the phenomenon.

2.4. Balance equations accounting for anomalous water diffusion

and solute dispersion

It is to be underlined that even the Darcy’s law in itself can be treated in a frac-
tional fashion if an anomalous diffusive phenomenon is additionally associated to the
transport fluid to take into account the observed memory effects [Vazquez, 2017],
having been proved that assuming a temporal variation of permeability is equiva-
lent to considering a dependence of the flux on the fractional derivative of pressure;
particularly, the effect of fluid pressure at the boundary on the flow in the porous
medium is delayed and the flow occurs as if the medium had a memory [Caputo,
2000; El-Amin et al., 2017]. Some data on the flow of fluids in rocks and porous
media show in fact that some fluids can carry solid particles that may obstruct some
of the pores, or some may precipitate minerals in the pores diminishing their size
or even closing them in geothermal areas.

Hence, the complete system of fractional transport equations for pore fluid and
solute is given by

ρw∇ · v −∇ ·
(

ρw
k
μ
· (∇α−1p − ρwg)

)
= 0, (2.19)

together with Eq. (2.18).
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3. One-Dimensional Consolidation with Fractional-Space
Diffusion–Advection–Dispersion Equations

3.1. Solution of the fractional transport equation for pore fluid

(FRDE): Linear case

When considering 1D consolidation [Peters and Smith, 2002; Lewis et al., 2009;
Zhang et al., 2013; Zou et al., 2017], or a 1D fluid-injection source in a borehole
[Carcione and Gei, 2009] with negligible self-weight, no changes in vertical stress,
and permeability independent of deformation, the model can be simplified as follows.

Under these assumptions, the logarithmic strain can be written as

ϑ ≈ p − p0 + σ − σ0

κ + 4
3G

, (3.1)

with p0 and σ0 being the initial values of pore pressure and axial stress, respectively.
Correspondingly, the FRDE for pore fluid (2.19) becomes, by assuming space inde-
pendence of density, ρw = ρ0,

1
κ + 4

3G

(
∂p

∂t
+

∂σ

∂t

)
− k

μ
(−Δ)

α
2 p = 0. (3.2)

In case σ0 is instantaneously applied, Eq. (3.2) reduces to

1
κ + 4

3G

∂p

∂t
− k

μ
(−Δ)

α
2 p = 0. (3.3)

In the form of Eq. (3.3), the balance of fluid content does not include advection and
this situation is analogous to the one accounting for sub-critical drifts when diffusion
dominates, so that (3.3) is similar to the fractional parabolic heat equation [Vazquez,
2017; Greco and Iannizzotto, 2017; Delgadino and Smith, 2018] and (−Δ)β can be
seen as a fractional power of the Laplacian operator through Riesz potential [notice
that the expression is an alternative representation to Eq. (2.17)],

(−Δ)βu(x) = CN,βPV
∫
�N

u(x) − u(y)
|x − y|N+2β

dx, β ∈ (0, 1), N ≥ 1, (3.4)

where u : �N → �, PV stands for “principal value”, and CN,β > 0 is a suitable
normalizing constant [Greco and Iannizzotto, 2017]. The outstanding feature of
(−Δ)β is nonlocality, i.e., the quantity (−Δ)βu(x) depends not only on the values
of u in a neighborhood of x (as in the case of the standard Laplacian), but rather on
the values of u at any point y ∈ �N . In the limit β → 1 (i.e., α → 2), the standard
Laplace operator is recovered, but there is a big difference between the local operator
(−Δ) that appears in the classical heat equation and represents Brownian motion,
and the nonlocal family (−Δ)β , 0 < β < 1. The latter are generators of Levy
processes that include jumps and long-distance interactions, resulting in anomalous
diffusion [Vazquez, 2017].
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It is to be underlined that in Eq. (3.2) the fluid pressure is coupled with the
strain via Eq. (3.1), which makes the problem more difficult to solve, but there
are situations in which these field variables can be uncoupled, e.g., when the dis-
placement field is irrotational or when the fluid is very compressible [Detournay
and Cheng, 1993]. In any case, Carcione and Gei [2009] showed that it is possible
to use a less stringent approximation when considering the fluid-injection source
in a borehole, transverse isotropy of the elastic and transport properties, uniax-
ial strain conditions, and vertical deformation only, together with no changes in
the vertical stress. Under these conditions, they obtained the same expression as
of Eq. (3.2) (with β = 1, and the approach used there not being fractional), with
∂σ/∂t considered as a source term.

Hence, in compact form the FRDE becomes

∂p

∂t
= K0(−Δ)

α
2 p, (3.5)

where K0 = k
μ (κ + 4

3G) is the equivalent diffusion coefficient; for simplicity, K0 = 1
can be assumed in all calculations [Tasbozan et al., 2013].

The solution of the standard (nonfractional) diffusion equation (DE) for an
infinitely long straight line gives, via Fourier transform [Merryfield, 2009; Vazquez,
2017],

p(x, t) =
1√
4πt

∫
f(y)e−

(x−y)2

4t dy, p(x, 0) = f(x), (3.6)

and

G(x, t) =
1√
4πt

e−
|x|2
4t (3.7)

is the Gaussian function, working as a kernel.
Similarly, by applying Fourier transform to the FRDE (3.5) and subsequently

the inverse transform [Vazquez, 2018], the fractional diffusion equation can be solved
for all 0 < α/2 ≤ 1 by means of the fundamental solution, P (x, t; α),

p(x, t) =
∫

f(y)P (x − y, t; α)dy. (3.8)

The kernel

P (x, t; α) = CN,α
t

(t
2
α + |x|2) 1+α

2

, (3.9)

with CN,α = C1,α = Γ(2+α
2 )/π

2+α
2 being explicit only for α = 1; when α = 2,

the Gaussian kernel (3.7) for the standard heat equation holds; note the marked
difference with the Gaussian kernel: the behavior as x goes to infinity of the function
P (x, t; α) is power-like (with a so-called fat tail) while G(x, t) has an exponential
spatial decay. This difference is expected in a theory of long-distance interactions.
The graphical representations of the (normalized) kernels G(x, t) and P (x, t; 1) are
shown in Fig. 1 in the dimensionless time–space domain.
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(a) (b)

Fig. 1. Normalized kernels for standard DE: (a) half-space and (b) FRDE.

The solution of Eq. (3.6) can be obtained via Fourier series [Salomoni, 2018] or
numerical integration (e.g., by adopting Simpson’s rule), whereas Eq. (3.8), with
α = 1, requires numerical integration, so the latter strategy has been used here for
reaching both solutions

p(x, t) =
1√
4πt

Ā(x) pα(x, t) = CN,1B̄(x), (3.10)

where pα(x, t) refers to the anomalous diffusion solution and

Ā(x) ∼= Δy

ζ

Ā∑
ζ

(x) B̄(x) ∼= Δy

ζ

B̄∑
ζ

(x). (3.11)

When performing Simpson’s rule ζ = 3, so that

Ā∑
3

(x) =
Ā∑
3

(x − 2Δy) + [f(x − 2Δy)G′(x − 2Δy, t) + 4f(x − Δy)G′(x − Δy, t)

+ f(x)G′(x, t)],

B̄∑
ζ

(x) =
B̄∑
ζ

(x − 2Δy) + [f(x − 2Δy)P ′(x − 2Δy, t) + 4f(x − Δy)P ′(x − Δy, t)

+ f(x)P ′(x, t)],

(3.12)

with

G′(x, t) = e−
|x|2
4t , P ′(x, t) =

t

(t2 + |x|2) , (3.13)
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Fig. 2. Spatial pressure profiles from a standard diffusion problem.

Fig. 3. Spatial pressure profiles from a fractional diffusion problem.

and assuming

p(x, 0) = f(x) =

{
1 for −1 ≤ x ≤ 1

0 otherwise
. (3.14)

The dimensionless pressures versus the dimensionless half-space resulting from the
DE and the FRDE, respectively, are plotted in Figs. 2 and 3 at variables times.

By examining these figures, together with Fig. 4, it can be observed that the
nonlocality of the fractional Laplacian affects the solution, influencing both the
shape and the global diffusion velocity; in fact, the predicted fractional diffusion
gradients are lower than those for standard diffusion all along the bar (but mainly
at the bar’s edge) independently of time, with the diffusion process appearing to
be delayed (with lower velocities at the beginning of the process, approaching equal
values at higher times).
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A fractional approach to fluid flow and solute transport

Fig. 4. Space–time distribution of fractional/nonfractional solution ratio.

In fact, physically the fractional term is used to describe the long-tailed diffusion
problem caused by surface and volume heterogeneities of the solid media.

3.2. Solution of the fractional transport equation for pore fluid:
Nonlinear case

The previous solution is valid, as stated, particularly when a constant permeabil-
ity is assumed throughout the domain; hence, we can observe that, for variable
permeability, Eq. (2.9) becomes [after introducing Eq. (3.1)]

∂p

∂t
=

(
κ +

4
3
G

)
∇ ·

(
k

μ
· (∇p − ρwg)

)
, (3.15)

therefore resulting in the Porous Medium Equation (PME) [Nguyen and Vazquez,
2018], with a forcing term, representing a degenerate parabolic equation. Apart from
a constant, the diffusion coefficient takes the expression

D(p) =
k

μ
= |p|m−1, m > 1, (3.16)

in which the standard diffusion equation can be considered as the limit of the PME
when m → 1.
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With fractional diffusion, Eq. (3.15) takes the form [de Pablo et al., 2011] of

∂p

∂t
= (−Δ)1/2(|p|m−1p). (3.17)

Equations of the type of (3.17) can be considered as nonlinear variations of the
linear fractional diffusion equation previously studied (i.e., anomalous diffusion).
Equation (3.17), together with the initial conditions as of (3.14) and m > mc =
max{(N − 2s)/N , 0}, has been proved [Stan et al., 2019] to admit a unique funda-
mental solution [we recall that once the fundamental solution is found, the desired
solution of the original equation can be achieved by convolution, see, e.g., Eq. (2.10)]
with the self-similar (Barenblatt) form

p∗M (x, t) = t−χf(|x|t−δ), (3.18)

with

χ =
N

N(m − 1) + 2s
, δ =

1
N(m − 1) + 2s

. (3.19)

In our case N = 1 and s = 1/2, and the computed normalized Barenblatt profiles in
the dimensionless time–space domain, for m = 2 and m = 10, are reported in Fig. 5;
notice that, for m = 1 (linear case), the kernel coincides with that for anomalous
diffusion [Vazquez, 2014] and when m = 1 together with s = 1, the Gaussian heat
kernel is obtained.

In the case of nonlinear fractional diffusion, it is still an open question to find
explicit or semi-explicit solutions for the problem (3.17) [Stan et al., 2019], with
an integral representation of the evolution like (3.8) being not available [Vazquez,
2014], hence an approach via Finite Differences similar to the one in del Teso [2014]
must be followed.

(a) (b)

Fig. 5. Computed Barenblatt profiles for (a) m = 2 and (b) m = 10 with s = 1/2.
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Particularly, it has been chosen here to adopt the fractional-centered deriva-
tive scheme [Owolabi and Atangana, 2019] combined with the β-method. Differ-
ent choices of the β-parameter allow us to obtain three different time integration
schemes: with β = 0, the conditionally stable Forward Euler scheme is obtained,
and with β = 1, 1/2 the implicit Backward Euler and the Crank–Nicolson schemes,
respectively.

3.3. General 1D solution in case of anomalous solute diffusion

The system of FRADE (2.18)–(2.19) is partly uncoupled due to the independence of
the transport equation for pore fluid from solute concentration, so that the pressure
values can be treated as known data within Eq. (2.18). By introducing Eq. (2.19)
into Eq. (2.18) and neglecting spatial nonlinear effects for fluid properties, the 1D
saturated model in finite strains is governed by

(1 − ϕ)J(ρsKd − 1)Ċ +
(

ϕρw
k

μ

∂p

∂x

)
∂C

∂x
+ (J + ϕρw)

k

μ

∂2p

∂x2
C − ϕD

J
· (−Δ)

α
2 C

= 0. (3.20)

Similar observations can be done for the Jacobian, which introduces an addi-
tional coupling with the mechanical part; in fact, recalling that ϑ = lnJ , the Jaco-
bian appears to be directly related to pore pressure [see Eq. (3.1)], so that it also
can be treated as a known term.

For the sake of simplicity, the nonlocality feature of Eq. (3.20) is now attributed
to the solute only; in any case, with the pore fluid distribution being reachable
independently on (3.20), some nonlocality related to pore pressure can be regardless
introduced by taking the results of Sec. 3.1 or 3.2.

Equation (3.20) involves effectively three processes of solute transport: the sec-
ond term denotes advection caused by fluid flow, the third term reflects the transfer
of solute resulting from pore fluid excess, and the fractional-order derivative term
represents the contribution of dispersion in a heterogeneous medium.

To avoid the use of uncertain initial concentrations, the above equation can be
transformed into a transport rate equation; hence, replacing C by CQf/Qf , with
Qf being the flow discharge,

(1 − ϕ)J(ρsKd − 1)
∂C̄

∂t
+

(
ϕρw

k

μ

∂p

∂x

)
∂C̄

∂x
+ Qf

[
(1 − ϕ)J(ρsKd − 1)

∂(1/Qf)
∂t

+
(

ϕρw
k

μ

∂p

∂x

)
∂(1/Qf)

∂x
− ϕD

J
· (−Δ)

α
2 (1/Qf)

]
C̄ + (J + ϕρw)

k

μ

× ∂2p

∂x2
C̄ − ϕD

J
· (−Δ)

α
2 C̄ = 0, (3.21)
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with C̄ = CQf being termed as the transport rate of solute in the flow. With the
position

Q̄f = Qf

[
(1 − ϕ)J(ρsKd − 1)

∂(1/Qf)
∂t

+
(

ϕρw
k

μ

∂p

∂x

)
∂(1/Qf)

∂x
− ϕD

J

· (−Δ)
α
2 (1/Qf)

]
, (3.22)

Eq. (3.21) becomes

(1 − ϕ)J(ρsKd − 1)
∂C̄

∂t
+

(
ϕρw

k

μ

∂p

∂x

)
∂C̄

∂x
+

[
Q̄f + (J + ϕρw)

k

μ

∂2p

∂x2

]
C̄ − ϕD

J

· (−Δ)
α
2 C̄ = 0, (3.23)

which can be rewritten as

∂C̄

∂t
+ ū

∂C̄

∂x
+ Ȳ C̄ − K̄ · (−Δ)

α
2 C̄ = 0, (3.24)

with

ū =
ϕρwk

(1 − ϕ)J(ρsKd − 1)μ
∂p

∂x
, Ȳ =

Q̄f + (J + ϕρw) k
μ

∂2p
∂x2

(1 − ϕ)J(ρsKd − 1)
,

K̄ =
ϕD

J2(1 − ϕ)(ρsKd − 1)
.

(3.25)

3.3.1. Solution of FRDE

The dispersion process in Eq. (3.24) can be simulated by the sub-equation [having
clearly the same structure as of Eqs. (3.5) and (3.17)]

∂C

∂t
= K̄ · (−Δ)

α
2 C + f (3.26)

(where it has been assumed for simplicity C̄ = C), with f being the forcing function;
while the boundary and initial conditions are given by

C(x, 0) = Ci(x, 0), x ∈ [a, b].

C(a, t) = C(b, t) = 0, t > 0.
(3.27)

By treating the fractional operator via the Riesz approach and developing the β-
method, we have

Ċt+β = (1 − β)Ct + βCt+1 with Ċt =
Ct+1 − Ct

Δt
, (3.28)

obtaining the system

(I − βB)Ct+1 = [I + (1 − β)B]Ct + (Ft + βΔF)Δt, (3.29)
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with I being the identity and B the diffusivity matrix, respectively,

B = K̄
Δt

Δxα

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

p0 p1 p2 . . . 0

p1 p0 p1 . . . pN

p2 p1 p0 . . . pN−1

...
...

...
. . .

...

0 pN pN−1 . . . p0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, p0 = − Γ(α − 1)
Γ(α/2 + 1)2

,

pN =
(

1 − α + 1
α/2 + N + 1

)
pN−1,

(3.30)

in which n = 1, 2, . . . , N is the index for the space discretization and N is the
total number of space increments. Stability and convergence of the Finite Difference
schemes are already verified elsewhere [Oldham and Spanier, 1974; Chaves, 1998;
Çelik and Duman, 2012; Owolabi and Atangana, 2019].

3.3.2. Solution of FRADE

Solving the FRADE (3.24) for the transport rate C [Chaves, 1998; Benson et al.,
2000], neglecting solute transport by the pore fluid excess Ȳ C, requires the adop-
tion of a proper numerical strategy; as stated previously, it is here assumed to
refer to the Grünwald definition of the fractional derivative, Eq. (2.17), particularly
referring to the shifted Grünwald–Letnikow formula [Oldham and Spanier, 1974].
Correspondingly, the final iterative system now becomes

(I + βA − βB)Ct+1 = [I − (1 − β)A + (1 − β)B]Ct + (Ft + βΔF)Δt, (3.31)

with

B =
K̄

2
Δt

Δxα
[(1 + γ)L + (1 − γ)LT ], L =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p1 p0 0 · · · 0

p2 p1 p0 · · · 0

p3 p2 p1 · · · 0
...

...
...

. . .
...

pN pN−1 pN−2 · · · p0

0 pN pN−1 · · · p1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

pN =
Γ(N − α)

Γ(−α)Γ(N + 1)
,

(3.32)

with γ being a parameter accounting for the distribution probability of the relative
weight of solute particle and A being a tridiagonal matrix related to the discretiza-
tion of the advective term via the Lax–Wendroff scheme [Owolabi and Atangana,
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2019],

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

v2 −v(v − 1)
2

0 . . . 0

−v(v + 1)
2

v2 −v(v − 1)
2

. . . 0

0 −v(v + 1)
2

v2 . . . 0

...
...

...
. . . −v(v − 1)

2

0 0 0 −v(v + 1)
2

v2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

v = V
Δt

Δx
,

(3.33)

where V is the average fluid velocity along the x-direction [substantially equivalent
to ū in Eq. (3.24)].

When accounting for pore fluid excess, the scheme proposed by Deng et al. [2006]
has been followed, based on the split-operator method; particularly, it has been here
assumed to solve the advection step via an explicit second-order midpoint method,
the fractional diffusion/dispersion step via the aforementioned β-method, and the
fluid excess step via the trapezoidal rule.

4. Numerical Examples

4.1. Nonlinear FRDE

In order to validate the fractional model, the numerical example of Çelik and Duman
[2012] has been taken as the benchmark; correspondingly, the problem (3.26) has
been subjected to the following homogeneous Dirichlet boundary conditions and
initial conditions (for simplicity [Tasbozan et al., 2013], a unit K̄ has been assumed):

C(0, t) = 0, 0 < t ≤ T,

C(1, t) = 0, 0 < t ≤ T,

C(x, 0) = x2(1 − x)2, 0 < x < 1,

(4.1)

and to the following forcing term:

f(x, t) = (1 + t)−1+α(−1 + x)2x2 +
1

Γ(5 − α)
x−α +

{(
1 + t

1 − x

)α

(−1 + x)2xα

× [12x2 − 6xα + (−1 + α)α] + (1 + t)αx2[12(−1 + x)2 + (−1 + x)2

+ (−7 + 6x)α + α2]
}

sec
(πα

2

)
. (4.2)
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Fig. 6. Concentration profiles for the nonlinear 1D FRDE at t = 1 s.

Fig. 7. Time evolution of concentration for the nonlinear 1D FRDE at x = 0.5m.

The exact solution is given by

C(x, t) = (t + 1)αx2(1 − x)2. (4.3)

By adopting an explicit scheme (β = 0), a space increment Δx = 0.01mm, and a
time increment Δt = 5 · 10−5 s (to respect the Courant–Friedrichs–Lewy stability
condition), the results considering different values of the fractor α are plotted in
Fig. 6 for t = 1 s (final step), whereas at x = 0.5m in Fig. 7, with Figs. 8 and 9
reporting the comparisons with the analytical solution: particularly, a maximum
error of 4.5% is evidenced at the model edges and of 0.03% in the middle, increasing
and then stabilizing during the analysis due to the explicit structure of the temporal
algorithm.

When approaching the classical dispersion (α = 2), similarly to what was experi-
enced in the case of linear FRDE, the concentration (alternatively, pressure) gradi-
ents change in space and time, so evidencing the effect of the fractional order; hence,
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Fig. 8. Numerical–analytical percentage error for the nonlinear 1D FRDE at t = 1 s.

Fig. 9. Time evolution of percentage error for the nonlinear 1D FRDE at x = 0.5m.

a non-Fickian mass transport shows an effect of retardation of the contaminant flow
accounting for the medium heterogeneities.

4.2. Nonlinear FRADE

Problem (3.24), with negligible Ȳ C, has been subjected to the following initial and
Dirichlet boundary conditions:

C(x, 0) =

{
1 x ≤ 0

0 x > 0
,

C(a, t) = 1.0,

C(b, t) = 0.0.

(4.4)
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Table 1. Material parameters for FRADE analysis.

Parameter Value Unit

a −4 m
b 4 m
K̄ 0.2 m/s
v 0.5 m/s
N 160 —
T 200 —
tend 1 s

Fig. 10. Analytical solution for the standard AD problem [Sousa, 2009].

The adopted parameters are listed in Table 1, in which tend is the final analysis
time and T the total number of time steps; no forcing functions have been assumed,
together with a zero probability term γ.

The analytical solution [Sousa, 2009] considering the classical Laplacian operator
is given by (see Fig. 10)

C(x, t) =
C(x, 0)

2

[
1 − erf

(
x − V t

2
√

K̄t

)]
. (4.5)

By adopting an explicit scheme, the results of Figs. 11 and 12 have been obtained,
confirming [Fomin et al., 2011] that the contaminant transport in the case of non-
Fickian diffusion (correspondent to a fractal structure of the porous medium) in the
direction of mainstream flow is predominantly determined by an advection mecha-
nism, i.e., the second term in Eq. (3.26) drives the process and emphasizes the effect
of the non-Gaussian tail [Deng et al., 2004]; such an effect is particularly evident in
zones with high concentration gradients.

When including Ȳ C, the following initial and Dirichlet boundary conditions have
been used:

C(x, 0) =
1

cosh(ρx)
, x ∈ [a, b],

C(a, t) = C(b, t) = 0, t > 0,

(4.6)
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Fig. 11. Concentration profiles for the nonlinear 1D FRADE at t = tend.

Fig. 12. Time evolution of concentration for the nonlinear 1D FRADE at x = 0 m.

Table 2. Material parameters for the FRADE anal-
ysis with pore excess.

Parameter Value Unit

a −10 m
b 10 m
ρ 0.5 m−1

K̄ 0.2 m/s
N 200 —
T 2,000 —
tend 10 s

with the parameters being listed in Table 2 (with γ and the forcing function being
zero); the main results are depicted in Figs. 13 and 14, again evidencing the contri-
bution of the non-Gaussian tail even if reduced by the nonfractional overpressure
term.
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Fig. 13. Concentration profiles for the nonlinear 1D FRADE with pore excess at t = tend.

Fig. 14. Time evolution of concentration for the nonlinear 1D FRADE with pore excess at
x = 0m.

5. Conclusions

A coupled three-dimensional fractional hydro-mechanical model in finite strains
has been developed including solute transport and nonlinear fractional diffusion.
A FRADE including overpressure effects has been particularly derived by extend-
ing the Fick’s first law from isotropic media to heterogeneous media, so including
heavy-tailed diffusion phenomena. By adopting the structure of the Riesz fractional
derivative and choosing linear or nonlinear contribution of diffusion, the FRADE
has been solved in 1D domains via Simpson’s rule or a Finite Difference scheme
based on the β-method. Particularly, a series of 1D Finite Difference analyses have
been developed adopting the fractional-centered derivative scheme combined with
the β-method, with the advective term treated via the Lax–Wendroff scheme. In
the most general case of advection–dispersion phenomena including overpressure
effects, the numerical algorithm has been enriched, so that the advection step has
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been solved via an explicit second-order midpoint method, together with the β-
method for the fractional diffusion/dispersion step and the trapezoidal rule for the
fluid excess step. The algorithm, developed in MATLAB environment, has been
validated against literature results, so confirming the correctness of the approach
as well as allowing for appreciating the contribution from the tail part, increasing
with high concentration/pressure gradients and with time. Particularly, it has been
evidenced that the nonlocality of the fractional Laplacian affects the solution of
water diffusion, influencing both the shape and the global diffusion velocity: the
predicted fractional diffusion gradients appear lower than those for the standard
diffusion independently of time, with the diffusion process appearing to be delayed.
When considering anomalous solute diffusion, a non-Fickian mass transport shows
the effect of retardation of the contaminant flow accounting for the medium hetero-
geneities; if advection is included, the effect of the non-Gaussian tail appears to be
emphasized, apart from when the overpressure term is accounted for. The proposed
fractional approach has been demonstrated to efficiently describe deviations from
Darcy’s law behavior together with, when contaminants are included, a positive
reactivity disturbance phenomenon inducing longer simulation times.
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