DE GRUYTER Adv. Calc. Var. 2023; 16(4): 791-821

Research Article

Fabio Paronetto*

Harnack inequality for parabolic equations
with coefficients depending on time

https://doi.org/10.1515/acv-2021-0055
Received July 6, 2021; accepted December 17, 2021

Abstract: We define a homogeneous De Giorgi class of order p = 2 that contains the solutions of evolution
equations of the types p(x, t)u; + Au = 0 and (p(x, t)u); + Au = 0, where p > 0 almost everywhere and A is
a suitable elliptic operator. For functions belonging to this class, we prove a Harnack inequality. As a byprod-
uct, one can obtain Holder continuity for solutions of a subclass of the first equation.
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1 Introduction

In this paper, we consider the two parabolic equations
p(x, t)% —div(A(x, t, u, Du)) + B(x, t,u, Du) + C(x, t,u) =0 inQx (0, T), (1.1)
%(p(x, tu) —div(A(x, t, u, Du)) + B(x, t,u, Du) + C(x, t,u) =0 inQx (0, T), (1.2)

where the coefficient p is in L* and p > 0 almost everywhere, and therefore it can degenerate to zero. The
functions

A:Qx (0, T)xRxR" - R",

B:Ox (0, T)xRxR" - R,

C:0x(0,T)xR—>R

are Carathéodory functions with A, B, C € L®(Q x (0, T) x R x R") satisfying

(A, t,u, &), &) = AE?,
|A(x, t, u, | < Al4],
IB(x, t, u, §)| < Mi4],
|C(x, t, u)| < Nlul,
for some given positive constants A, A, M, N and for every u € R, £ € R" and a.e. (x, t) € Q x (0, T).
We show that functions belonging to a suitable De Giorgi class containing the solutions of equations (1.1)

and (1.2) satisfy a Harnack inequality. In particular, we show the following result, but we refer to Theorem 5.1
and Theorem 5.2 for the precise statements.
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Theorem. There is a constant ¢ > O such that for every (x,, t,) € Q x (0, T) and r > 0 such that
Bsr(Xo) X (to = (51)*h.(Xo, to, 57), to + (51)*h*(Xo, to, 51)) € Q x (0, T)

and
By (xo) x (to, to + 5r2h*(X0a to, 1)) cQx(0,T),

ifu = 0is a solution of (1.1) or (1.2), then

sup u(x, to — r’h,(xo, to, 1)) < ¢ inf u(x, to + r*h*(xo, to, 1)),
B, (xo) B, (xo)

where

to+r?

1
h* - -
(Xos to, 1) 2B, (00| J [)p(x, t) dx dt,
1 i
h.(xo, to, 1) = m J J p(x, t)dxdt.

to—1% Br(Xo)

Moreover, adapting to the parabolic case the classical simple argument due to Moser (see [18], but also, e.g.,
[12, Section 7.9]), one can show that solutions of (1.1) with C = 0 are locally Holder continuous (see also
Remark 3.3).

Equations like (1.1) and (1.2) arise as natural generalizations of the case p = p(x) to the time dependent
case p = p(x, t). Applications can be found in some diffusion and in fluid flow problems (see [2, Chapter 3],
in particular [2, Example 5.14]). In particular, this occurs in hydrology when dealing with transport of con-
taminants in unsaturated or variably saturated media (see [7]) or in density dependent flow in porous media
(see, for instance, [17]).

There is a wide literature regarding the Harnack inequality for parabolic equations. Starting from the
very first results due to Hadamard and Pini (see [16, 25]), the next important step due to Moser (see [19])
was to consider linear parabolic equations in divergence form. Due to the nature of this parabolic operator
(in particular, its invariance with respect to the scaling x — hx, t — h?*t), the natural Harnack inequality for
a solution u is

sup u(x, to —r?) < C inf u(x, to + ). (1.3)
By(X,) Br(xo)

We also mention the papers [1, 26], where operators with linear growth, but possibly nonlinear, are consid-
ered and an inequality of the type (1.3) is derived.

Nevertheless, unlike in the elliptic case, for parabolic operators with different growth the problem is
more delicate. In 1986, DiBenedetto showed that a Harnack inequality analogous to (1.3), i.e. substituting 2
with p, cannot hold for solutions of the equation

u; — div(JDulP~2Du) =0, p> 2,

even if this equation is invariant with respect to the scaling x — hx, t — h”t (see [8]).

A modified Harnack inequality for this equation was proved by DiBenedetto, Gianazza and Vespri only
in 2008 (see [9]).

Arriving to parabolic equations with degenerate coefficients of the type

ou <« 0 ou
V(X)a - "21 0_)(i(aij(x’ t)a_x,-) =0
i,j=

with
wi(x, DIE? < (alx, HE, & <Lwa(x, DIE?, L>1,

and v, wq, w, > 0 almost everywhere, we recall the papers [4-6], where Chiarenza and Serapioni considered

v=1l, wi=w=w
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with w € Llloc, w > 0 a.e., satisfying a Muckenhoupt condition A, (a subclass of A, defined below in Defini-

tion 2.1) in the variable x uniformly with respect to time, i.e. there is C > 0 such that

1 1
B j w(x, t) dxﬁ j wl(x,t)dx < C for every ball B and every ¢,
B B

or equations with
v(x) = wi(x) = wa(x)

satisfying the A, condition. In [13, 14], a more general situation is considered:
v=v(x), wi=wi(x,t), wz=wx,i),

with w; possibly different from w,.

In the present paper, we focus our attention on the coefficient in front of u, taking for this reason
w1 =w; =1and v = p(x, t), p > 0, almost everywhere and bounded, so possibly degenerating only to zero
(and not to +00).

We conclude saying that we use a technique due to DiBenedetto, Gianazza and Vespri, which adapts in
some sense the technique of De Giorgi (to prove boundedness and regularity of the solutions) for the elliptic
case to the parabolic case. This is mainly contained in [11].

2 Preliminaries

From now on, we will consider an open set Q ¢ R", T > 0 and a function
pel®@x(0,T)), p>0almosteverywhere.
We define for each t € (0, T),

L*(Q,p(t) ={uelLl

loc

Q) [ up?(t) € L*(Q)}

and
L*(Qx(0,T),p) ={ueL]

loc

(Qx(0,T)) | up? € L>(Q x (0, T))}.
Moreover, we define for each t € (0, T),
HYQ, p(t) := {u € L*(Q, p(t)) | Du € L*(Q)}.

By Du we will always denote the vector of derivatives of a function u with respect to the variables x1, . . ., xp,
(X1, ...,Xxpn) € Q, even if u depends also on t. Then we define

Vi={ueL*Qx(0,T),p)| Du e L2(Q x (0, T))}
and denote by V' the dual space of V. We also define

Vioc := {u € L2

loc

(Qx(0,T),p) | DueLZ (Qx(0, ).

loc

In the following, we will sometimes write

p(E) instead of ” p(x, t) dx dt, EcQx(0,7),
E

p(t)(A) instead of jp(x, t)dx, AcQ.
A

In [20, 23], some existence results are proved (where p may also be zero and negative). As byproducts, we get
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the existence of solutions for the following equations (4, B and C introduced in the previous section):

p(x, t)% —div(A(x, t,u, Du)) + B(x, t,u, Du) + C(x, t,u) =0,

%(p(x, t)yu) — div(A(x, t, u, Du)) + B(x, t, u, Du) + C(x, t, u) = 0.
About p we will need some assumptions; before listing them, we recall some definitions.

Definition 2.1. Givena w € L°(R"), w > O a.e., K > 0 and g > 2, we say that
w € B} ,(K)
if B ~
1( w(BrOf)) )W( |Br()f)| )-1/2 <K
prw(Bp(X)) [Bp (%)
for every pair of concentric balls B, and B, with 0 < r < p.
We say that w is doubling if for every t > O there is a positive constant ¢, (t) such that

J w(x) dx < cy(t) J w(x) dx,
(B B

where B is a generic ball B,(x) and ¢B denotes the ball B¢, ().
We say that w belongs to the class A (K, ¢) if

w(S) IS]\¢s
@ < K(ﬁ)

for every ball B ¢ R" and every measurable set S ¢ B.
We will denote by A, (K) the set Uq>0 Ax(K, ¢), and Ao = Ugso Ao (K).
Remark 2.2. If w € A, then w is doubling (see [10]).

Remark 2.3. If w € Ay (K), then there is p > 1 such that

ISI\e . w(S)
(ﬁ) <Ko

for every measurable S ¢ B and every B ball of R" (see [10]).

(2.1)

(2.2)

About the function p, we will assume that there are some positive constants K, K», K35, ¢, 0 and L > 0 such

that the following conditions (H) hold:
[0, T >t~ J v(X)w(x)p(x, t) dx is absolutely continuous,
Q

lj v(x)w(x)p(x, t) dx| < LIVlgyollwla ) foreveryv,w e HY(Q),
Q

p(-,t) € B%’q(Kl) for almost every t € (0, T),

p(-,t) € Axn(Kz,¢) foralmostevery t € (0, T),

p € AOO(KBs 0)-

(H1)

(H2)
(H3)
(H4)

Comments on the assumptions. (H1) This assumption is needed in [20, 23] to obtain the results about

existence and uniqueness of the solutions of (1.1) and (1.2) with suitable boundary conditions.

Notice that this requirement is done for every v, w € H1(Q), which turns out to be a dense subset of

HY(Q, p(t)) foreach t € (0, T).
This assumption is clearly satisfied if

P
p,geL (Qx(0,1)

since in this case we get

d 0
| j VeOW()p(x, 0 dx| = |j VOOW() S8 (%, 0 4 < ol IVl Wlhaco-
Q Q
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But more interesting are the cases when ¢ — p(x, t) is not absolutely continuous; it may be only continuous
(see an example in [22]) and even discontinuous for every x € Q. The simplest example is the following:
consider (Q = (0,1), T =1)

2 forx<t,

p:(0,1)x(0,1) » R suchthat p(x,t):=
1 forx>t.

Then
1

t
% J vx)w(x)p(x, t) dx = %(2 J v(x)w(x) dx + J v(x)w(x) dx) = v(x)w(x).
Q 0 t
Since H(0, 1) c C°([0, 1]), one can estimate the left-hand side in the previous equality by the H!-norm of v
and w (in this example, H'(Q, p(t)) = HY(Q) for every ).
Analogous examples may be considered in higher dimensions, for which we refer to [20, 23].
Assumptions (H2) and (H3) are needed for Theorem 2.8 to hold. Notice moreover that in fact they hold
for every, and not for almost every, t € [0, T], thanks to assumption (H1).
Finally, assumption (H4) (more precisely, its consequence (C3) stated below) is needed in Lemma 4.6 and

consequently for the expansion of positivity (Theorem 4.8).

Some consequences of the assumptions.
(C1) From assumption (H1), one can derive that for every ball B c Q there exists a constant yg, depending
only on B, such that

sup J p(x,t)dx <yp inf j p(x, t)dx.
te[0,T] te[0,T]

B B
By that, one also derives that

-1

-1
,tydx| <yp inf j ,0d
s Jpwoad o g [ [oen ]

This is actually a consequence of Lemma 2.4 stated below, which can be proved starting from (H1).
(C2) By Remark (2.2) and since, by (H3), p(t) € A (K3) uniformly in ¢, we obtain that for every 6 > O there
is a constant ¢, () (depending on K, and 6) such that

J p(x, t) dx < cp(0) J p(x,t)dx foreveryte (0, T).
0B B

Similarly, by (H4) we also have that for every 8 > O there is a constant C,(6) such that

to+606 to+6
J J p(x, t)dx dt < Cp(0) J Jp(x, t) dx dt.
t,—06 6B to—6 B

We will simply write ¢, or Cp if 0 = 2.
(C3) Assumptions (H3) and (H4) imply that there is p > 1 such that

Sl p©S Bl v p®)
(&) %o (Bx1) <Fpaxp

for almost every t € (0, T), every ball B c R", every interval I ¢ R, every measurable set S ¢ B, and
every measurable set S ¢ B x I.

Lemma 2.4. If p satisfies (H1), then

[0, T]>t— jp(x, t)dx is continuous
B

for every ball B = B,(x,) c Q.
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Proof. Consider a function { such that

(=1 in B,(x,),
(=0 outside of Br(x,),
1
< .
|D] o7

Then, by the assumptions, the function

(0,T]5 ¢t J O0p(x, £) dx
Br

is continuous for every n € IN, n > 1. Consider now ¢, s € [0, T] and estimate as follows:

|p(t><Br)—p(s)<Br)|=|J("(x)p(x,t)dx— j ("(x)p(x,t)dx—j("(x)p(x,s)dx+ j £"00p(x, ) d

Br Bg\By Br Bgr\By
< lJ "(X)p(x, t) dx - J "(X)p(x, s) dx| + | J "(X)p(x, t) dx - j "(X)p(x, s)dx|.
Br Br BR\By Br\B,

Now fix € > 0. There is § > 0 such that if |t — s| < §, then
H "(X)p(x, t) dx - J ("(x)p(x,s)dx| < %
Br Bg

Moreover, we can also chose n € IN great enough in such a way that

J {")px, t) dx < % and J {"(0)p(x, s)dx < ;
Br\B; BRr\B,

Then we conclude that
Ip(6)(Br) — p(s)(Br)l < €
for |t —s| < 6. O

For the following result, see, e.g., [21, Lemma 2.14]. This lemma is needed to prove the main result (see in
particular the fourth step).

Lemma 2.5. Consider x, € Q and r > 0 such that B>,(x,) c Q,0 € (0,1), w € Biq(K)forsome q>2,weAy,
and a, 8 > 0. Consider an open and non-empty subset B of B,(x,) such that B° = {x € Q | dist(x, B) < g} is
a subset of B;(x,). Then, foreverya > Oand e, § € (0, 1), there exists 17 € (0, 1) such that for every u € H'(Q, w)
satisfying

| By (x0)I
2

J|Du|2dx< a—

Ba
and
w({u > a} N B) = Bw(B,(Xo)),

there exists x* € B with By,(x*) C B such that
w({u > ea} N By (x*)) > (1 - 8)w(By (x*)).
For the following result, see [3].

Theorem 2.6. Consider q > 2,r >0, x, € R", and w € L°(R"), w > 0 a.e., w € B%’q(K) and doubling, i.e. sat-
isfying (2.1) and (2.2). Then there is a constant T depending (only) on n, q, K, ¢, such that

Jlu(x)lqw(x) dx]l/q < Fr[ﬁ JIDu(X)IZ dx]l/z

B, r

[ w(By)

for every Lipschitz continuous function u defined in B, = B.(xo), with either support contained in B,(x) or with
null mean value.
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By Theorem 2.6 and one of its direct consequences (a result contained in [14, 15], but see also [21, Theo-
rem 2.9]), one gets the following result.

Remark 2.7. The assumptions required in the result in [15] involve the ratio between two weights. In our case
(in Theorem 2.8) this assumption is simply

(P))™! € Aw(p(t)), where Ay (p(t))is the Ay, class with respect to the measure p(t) dx). (2.3)

If p satisfies (H3), this request is satisfied.
Instead of (H3), since we suppose p € L, another condition which implies (2.3) is that there is a constant
C > O such that
1
| Bl

p(H)(B)
B

Jp(x, tydx=C
B

lp(O)llzeB) < C

for every ball B and for a.e. t € (0, T).

Theorem 2.8. Consider q > 2 and p € L®(R"*'), p > 0 a.e., satisfying (H2) and (H3) for some K1, K» > 0. Then
thereisk € (1, %) and T depending (only) on n, q, K1, K>, ¢ such that

S2

1 2K
j n(t)(By) I'”' (x, n(x, t) dx dt

S1 B,

2.2 1 2 11 f 2
<Ir ( max m J u“(x, H)p(x, t) dx) m J IIDuI (x, t)dx dt

S1<t<S;,
B, S1 B,

for every B,(x,) c R", every (s1,S2) € (0, T), every Lipschitz continuous function u defined in B, x (s1, S2),
u(-, t) with either support contained in B,(x,) or with null mean value, and where the inequality holds both
withn =pandn = 1.

Proof. Here we do not present the proof, since it can be derived adapting easily that of [21, Theorem 2.9]. We
only stress that (2.3) is needed, but this is a consequence of (H3) as observed in Remark 2.7. O

Remark 2.9. About the proof of the previous theorem, we want to consider the following question: whether
n = p requiring p to be doubling (together to p(t) € B%, q(K 1) uniformly in ¢) is in fact sufficient to get the thesis
of Theorem 2.8. The assumption p(t) € Ay, (K>) is needed just to get the thesis with n = 1 (and, more general,
with n # p).

In this regard, see [21, Remark 2.3 and Theorem 2.9].

Other results useful in the sequel are the following two lemmas, for which we refer to [21].

Lemma 2.10. Consider w as in Theorem 2.6, k,l € Rwithk < I, and p € (1, 2]. Then

1/
(- Dwdv < Doy > 1) < 2Fr(w(B,))2(ﬁ j D[P dx) 8
B,n{k<v<l}

for every Lipschitz continuous function v defined in the ball B,.
We conclude stating a standard lemma (see, for instance, [12, Lemma 7.1]) needed later.
Lemma 2.11. Let (yr)n be a sequence of positive real numbers such that

ho1
Yhi1 < by,

withc,a>0and b > 1.If yo < ¢ /212 then

lim yp =0.

h—+oco
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3 DG classes

We are going now to introduce a De Giorgi class suited to the parabolic equations (1.1) and (1.2) of order 2;
before, we need to we consider a suitable class of decay functions, namely the set

Xc:={¢ € Lip(QAx (0, T)) | {(-, t) € Lip.(Q) foreach t € (0, T), { >0, {; > O}.
By v, we will denote the positive part of a function v, and by v_ we will denote the negative part of a function v.

Definition 3.1. Given y > 0, we say that a function u € Vj,¢, such that

loc

0,T) >t~ juz(x, t)p(x, t)dx € C° (0, T),
Q
belongs to DG(Q, T, p, y) if u satisfies for every function { € X, every t1, t; € (0, T) and every k € R the
inequality
ty
Jw-t02ep0 ) dx+ [ [IDu- k0.7 axat

Q t1 Q
ty

< i(u _020p(x, ) dx + y[jzi(u _ 2IDYP dx dt+tu(u _02¢Cp dxdt
ty ty

+”(u—k)3(2dxdt+kzj j ((2+|D(]2)dxdt]. (3.1)

t1 Q ty {u(t)>k}

and if u satisfies an analogous inequality for every function { € X, every t1, t, € (0, T), and every k € R, with
(u - k)_ instead of (u — k), and with
ty
K2 j J (¢2 +D{?) dx dt
t1 {u(t)<k}

instead of the last term in inequality (3.1).

Remark 3.2 (Comments on Definition 3.1). « The energy inequality (3.1) can be derived as done in [22]
starting from both equations (1.1) and (1.2). Notice that in [22] only k > 0 is considered to derive (3.1)
(and only k < 0 to derive the analogous one for (u - k)_): indeed, these restrictions are due to the fact
that in [22] a wider class was considered and can be removed in our case.

o Asolution of (1.1) belongs to {v € V | pv' € V'} and a solution of (1.2) belongs to {v € V | (pv)’ € V'}, but
in fact these two spaces, under assumption (H1), turn out to be the same space.

» A function belonging to DG(Q, T, p, y) is locally bounded (see, for instance, [24]).

Remark 3.3. The solutions of equation (1.1) with C = 0 satisfy

ty
[w-r02ep0 e dx+ [ [IDu- k0,27 axat
Q t1 Q
ty
< J(u —-102¢%p(x, t1) dx + y[ j J(u — 1)2|D{)* dx dt
Q t1 Q
ty t
+ J J(u —02(Cp dxdt + j J(u ~ 022 dx dt (3.2)

t1 Q t1 Q

and the analogous one for (u - k)_. Notice that if u satisfies these inequalities, also u + ¢ satisfies them,
where c is an arbitrary constant (in particular, this holds for solutions of (1.1) with C = 0).
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This is the key point to use the argument due to Moser, by which one can derive the local Hélder continuity
from the Harnack inequality for functions satisfying (3.2) and the analogous estimate with (u - k)_.

For fixed (x,, t,) € Q x (0, T) and r > 0, we define the quantities

to

J J p(x, t) dx dt,

to—1? Br(Xo)

1

h.(xo, to, 1) i= ———
(o> Lor 1) 3= g o]

to+1?

J J p(x, t)dxdt.

[ r(Xo)

1

h*(xo, to, 1) := 1B, 0co)|

Notice that

h* (X, to — 12, 7) = hy(Xo, to, T),
{ (X0, to ) (X0, to, 1) (3.3)

h*(XOa tO’ r) = h*(XO’ tO + r2’ r)'
Notice that for O < r < 7 one has
Fy\n+2 ~ . F\n+2 -
h. (o, to, N < (=) Multosto, s W (o, to, ) < ()7 h* (X, o, ). (3.4)
r r
Once we fixed (x,, to) € Q x (0, T), for a generic R > 0 we will set
Qr(Xo, to) := Br(X,) x (to - th*(xo, to,R), to),
QR(Xoy to) := Br(Xo) x (to, to + th*(Xo’ to, R)).
Given r € (0, R] and 6 > O (possibly also greater than 1), we define
Qr,0(Xo, to) := Br(xy) x (to — erzh*(xm to,R), to), (3.5)
Q"% (Xo, to) 1= By(Xo) X (to, to + Oh* (X0, to, R)), '

where h, and h* always refer to a fixed radius R bigger than or equal to r (only for 6 = 1 and r = R the cylin-
der Q, ¢ coincides with Q). To lighten the notation, we will omit writing (x,, t,) if not strictly necessary and
simply write

QR: QR’ Qr,9, Qr’e

if it is clear which point we are referring to.

4 Expansion of positivity

We recall that u € DG(Q, T, p, y) is locally bounded, as mentioned in Remark 3.2.
Proposition 4.1. Consider (x,t) € Q x (0, T) and R > O such that
Qr = Qr(x, 1) c Q x (0, T).
Leth, = h,(x, t, R). Considerr, 7, 0, 0 satisfying
O<r<?<R, 0<60<6 suchthat Q;3(x,1) cQx(0,T).
Then, for every choice of a, g € (0, 1), every u € DG(Q, T, p, y) and every J., w satisfying

My> SUD U, @ 30SCo ,xpUs
Q;,é(xyz) ’
there is v, depending (only) ony, 1 - a, K, Yg,0, I, F°1, 871, R/F, ¢p(R/F), Cp(0), F — 1, 8 - 6, and 2=, such that
if
Hx, 0) € Q; 5(X, B) | u(x, t) > py — ow}| ) pPU(x, 1) € Q; 5(x, B) | u(x, t) > py — ow})
1Q;,5(%, D) p(Q; p(x, 1))

<V

=X ’

then
u(x,t) < uy —aow forae. (x,t) € Qro(x, t).
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Remark 4.2. This is the only result (indeed, also Proposition 4.3) stated for each function belonging to
DG(Q, T, p, y), while in all of the remainder we consider nonnegative functions.
In this way, the constant v may depend on the oscillation of a specific function in the class DG(Q, T, p, y),

but in fact it depends on the ratio
H+

’

w

as highlighted in the statement. In particular, if one confines to consider a function u > 0 (as we will do) and
choose
Mi= SUDp U, @ =0SCq U,
Q;5(x,0)
in fact v does not depend anymore on p, or on w since ’% < 1 (see in particular the last lines of the following
proof and also step 1 of the proof of Theorem 5.2).

Proof. Consider for h € N,

rh =1+ Z—h,
6-6

eh = 9+——ZE—,

Qh = th,eh()_() z’):

2h

a
op =aoc+ o,

kn = Uy — opw.

With these choices, we have that
6-6
On — Oni1 = 3——— (rh — Ths1)’
(F-r
and that

Qh+1 € Q.

Consider now a sequence of functions satisfying

(=1 inQns1,
(h=0 outsideofQn fort<it,

0<{p<1,
Dl < ——
| (hl 'h —Th+1
and
0< (G < !
N hlt X
(Onr3 - Oty s
1
S e —
(Onr? = Opar?)h,
4h+1 1
~ 3r2h, 0-0
- 1 F-1)?
3r2h.(rn—re1)? 6-6
. 1 (F - r)?
r?ho(rh—The1)> §-6
and finally define

Ap ={(x, t) € Qn | u(x, t) > kn}.
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First, we have (x is the value in Theorem 2.8 and yp is defined in (C1))

(A= @0 Al _ (0 o 1Anal
207 [Q; g 1Q; 5]

o ” (u - k)2 dx dt

Ap+1

u—kp)? dxdt
10, 5| JJ -tz

Qh+1
1

- _ 22
<Gy ”(u kn)2(2 dx dt

Qn

< (||QA?;|| )K;l(IQi@I y(u — Kn)2%¢2* dx dt)%

() Gt (i s

(4.1)
Similarly,

(1-a)ow)?

1
a2 PARe)

inf —_
te-0n172,,h.,5 P()(Br)

1
= (kns1 - kn)?p(A inf _—
(1 = kn)7pC hﬂ)te(zfehﬂrﬁﬂh*,i) p(t)(By)

1
inf = e ” U — kn)2p dx dt
te(t-6p.1r2,,h,,B P(E)(BF) ( Wi

<

h+1

1
< || == u-kp)iipdxdt
ﬂ POy M WP X

([ sty ([ ts- o)

h

by which

(1-a)ow)* 1 p(Apn) _ 5 p(Ap) 1 i 1 X 2K x
7m0y 0 (g) () <” S e dxdr) . 42

Now we use Theorem 2.8 to estimate the last factors in (4.1) and (4.2). In the following, n may denote the
function p or the constant function 1. We get

(” (t)(B)< u— k)2 “n(x,t)dxdt)%

2
I3

<TIxr

k=1

(f PR p(t)(B,) J (W —-kn)?¢rp(x, 6) dX) ' (ﬁ ”ID((u — kn)+ G2 dx dt)%
h B,

Qn
2.2 1 \%/ 1\*
rm( max —) — )"
t-6yr2h.<t<t P(£)(By) ( |B| )
[ max j(u-kh)zggp(x, t)dx+z”|n(u—kh)+|2(,f dx dt
i—ehrih*stsiB 2
h h

2 ” DG (u — kn)? dx dt]. (4.3)
Qn
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Now since
(u—-kn)+ < opw,

we can estimate the last term in the right-hand side as

|Anl

(rn = The1)? (@),

2 ”ID(hlz(u —kp)?2dxdt<?2
Qn

Now we estimate the first two of the three addends of the last factor in the right-hand side using (3.1):

max J(u—kh)z(ﬁp(x, t) dx+2”|D(u—kh)+|2(,f dx dt
E*@hrih*$féf )
T h

< o[ [[u- k2 IDGhP? dxae + [[ - ka2 6aGirep dxde

Qn Qn
v ”(u k)22 dxdt + K ”((; + DG dx d
Qn Ay
< Zy[m ”(u —kn)? dx dt + rzh*(rhl— —"F (ré—_r;z ”(u —kp)2p dxdt
Qn h
" ”(u ~kn)? dxdt + K2 ”@g + DG dx dt].
Qn Ap

Now using again (4.4), we get

max J (u—-kn)*ip(x, t)dx +2 HID(u — kn)+1*¢p dx dt

t-Opryh.<tst
Qn

|Anl(opw)? p(Ap)(opw)? (F-1)?
(rh = 1he1)?  P2h(rn—rne1)? 6-0

"h

< Zy[

+|Apl(ohw)? + ARl (1 + ——— ) |.
[Anl(onw)? + 1AnliG(1+ 5 )]

By (3.4), we get

1
h.(x,t,7)
n+2 | Qs

p(Qr)
n+2 1 |Q; gl

9 p(Q)
)n+2 Cp(é) 1Q;,5]

6 pP(Q;p) ,

=
T
N

1
———— <
h*()_(’ t’ R)

1l
— —~ —~
e = =
N—" SN—" SN——"

|y =

<

where C,, is defined in Remark 2.9. Then, continuing estimating in (4.6), we finally get

max I (u- kh)z(,fp(x, t)dx +2 ”lD(u - kh)+|2(ﬁ dx dt
t-Oprih, <t<t 2
T h

2y|Q; 5l 2 19 2 |Ap|
< m[((ahw) + k) ((rn = rne1)” + 1)) 10, 51

(g)mch(é) 2y1Q; 5l (0nw)? p(An) (F-1)?
6 (n-m1)? 1 pQip) 6-6

r

Now we call
Al _ p(An)

Q)

Zp: Yh = Zp + Xp.

’ |Q;’é|,

(4.4)

(4.5)

(4.6)

(4.7)
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Summing (4.1) and (4.2) and taking into account (4.3), (4.5) and (4.7), we get

-1

1 1+1 1 X4 h 2.2 1 1\
<— (1+ ) = 160 . i _—
Yhet ((1- a)ow)z( Y5, )(G?Zh*> <t Onr? h <t<i P(t)(Br)) (IB;I)

2/1Qy41
(F-1?

)( F-n, 2) .\ (5;)"” Co(0) (onw)? (7 - 1)? ]y}l[+%.

22h+2 0 r2 0-6

[0 + 12

Since

k=1

1 \x.2 1 L 1
(Gran:) 7 (ome 5060 (|B ) 124l

— hri
2 1 X k=1
=T« max “1Q. 3 *
(o™ 5B >) 12,51
22 | Bs| Ko et
=Trx (07°h,)*
(mlnt Onrph.<t<t p(t)(Br))
< 7%( | B | )%(é?z max;_g2<i<t P(£)(BR) )’%1
T \ming g, 2h, <<t P(O)(By) |Bxl
k=l 1

<707 (6p(3)) it

where ¢, (0) is defined in Remark 2.9, we finally get

@
)/h+1 C16h 1+ ’
where
k=1 P
AT R el 2 e R
—32(1_0)2(1+y3, )(r 2 0= (cp(?))

N (F-r)?2+8 Rn+C(9) (F-r)?
(O (- a)) =0 () )

Then, by Lemma 2.11, we get the thesis provided that
x2

Yo s CRI16 =02
and choosing

V=R 16_ﬁ.
The proof is finished. O
Similarly, one can prove the following proposition.
Proposition 4.3. Consider (x,t) € Q x (0, T) and R > O such that

Qr = Qr(x, 1) c QA x (0, T).
Leth, = h,(x,t, R). Consider #, 7, 0, 0 satisfying
O<?P<F<R, 0<0<80 such that Qf’é()_(,Z')CQX(O,T).

Then, for every choice of a, o € (0, 1), every u € DG(Q, T, p, y) and every u_, w satisfying

_< inf u, w3=o0scy . zpU,
H=S oien Gratl
there is v, depending (only) ony, 1 — a, X, Yp,x), I, 71,671, R/7, cp(R/T), Cp(é), F—r,0-6,and (’;—;), such that
if
HOx, 6) € Q; 5(X, B) | u(x, t) < p- + ow}| p({(x, t) € Q; (X, 0) | u(x, t) < p- + ow})
1Q; 5(x, D)l p(Q; 5(x, 1))

<V,

then
ux, t) > p- +aow forae. (x,t) € Q; 5(x, b).
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Remark 4.4. Fix (x,f) € Q x (0, T) and h > 0 and set
Dy(h; £)(X) := {x € B;(X) | u(x, t) < h}.

Observe that the condition u(x, ) > h for every x € B,(X) implies Dy, (h; £)(X) ¢ B4 (X) \ By(X), and thus
- L 1 ~ -
POWar(h; D) < (1= = )p(E)Bar().
p

Lemma 4.5. Consider (y, §) for which, given R, r, 6 > 0,

Bu4r(y) < Br(Y),
Q*(7,3) =Br(#) x (5,5+h*) cQx(0,T), h*=h*®y,5,R),
Q*9(¥,3) = Bur(y) x (3,5 + 160r*h*) c Q x (0, T).
Then there exist 9 € (0, 0), 9 depending on p(5)(B4(¥)), and 1 € (0, 1) such that, given h >0 and u >0 in

DG(Q, T, p, y) for which
u(x,5)=h a.e.inB,(y),

it holds

_ 1 -
p(O(Dar (nh; O@)) < (1 - Z—CFZ))P(t)(BM(Y))

foreveryt € [5,5 + 9(4r)*h*(7,5, R)].
Proof. In the following, we set

D"0(k) = {(x, ) € Q"%(3, 3) | u(x, t) < k}.

Consider o € (0, 1) and a function { € X, { = {(x), satisfying

{E 1 in B4r(1—g)()_/)’
(=0 outside of B4, (¥),
1
D{ < —.
1D 4ro

Consider 9 > 0 to be fixed below. We apply now the energy estimate (3.1) with this choice of { to the function
(u - h)_ and get

sup J (u-h)?p(x, t)dx
te(5,5+9(4r)2h*)
4r(1-0)

5+9(41)%h*
< J (u - h)2p(x, 5) dx + y(ﬁ . 1)[ j (u-h)2 dx dt + h2|D4”‘9(h)|].

Bz" H B47

Now, using Remark 4.4 to estimate the first term on the right-hand side, and the fact that u(x, 5) > 0 implies
(u - h)_(x, 5) < h, to estimate the first term we get

1 1
sup J (= h)2p(x, B) dx < B2(1 = =)o) Bar(@)) + 2y( —— + 1)R2ID P (h)..
te(5,5+9(4r)2h*) P ( c )p ar y( (4710)2 )

4r(1-0)

Writing, for some 71 € (0, 1) to be fixed and for ¢ € (3, § + 9(4r)>h*),
Duyr(nh; )(¥) = Dara-o)(nh; 6)(7) U ({x € Bar(7) \ Bar(1-0)(¥) | u(x, t) < ni}),
we derive that

P(O)(Dar(nh; YY) < p(O)(Dar1-0)(Mh; O(F)) + p(O)(Bar(Y) \ Bar(1-0)(¥))-
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On the other hand,
[ w-momoaxs [ w-nzee0dx
Bur(1-0) Duyr1-0)(nh;0)(¥)
> h2(1 - 1)’ p(O)(Dar(1-0)(Mh; O)(P)).
Finally, we obtain

p(O)(Dar(nh; O)([F)) < p(O)(Dar1-0)(Mh; O(F)) + p(O)(Bar(¥) \ Bar(1-0)(¥))

1
W | = npee 0 dx+ OB\ Bur-o/®)
4r(1-0)

(- é)p(s)(mr(w) +2)(

S 1
(1-n)2 (4r0)?
+ p()Bar(¥) \ Bura-0)(¥)) (4.8)

for every t € (3,5 + 9(4r)*h*). Now we argue by contradiction: if the thesis were not true, then for every
9,1 € (0, 1) we would have 7 € (5, § + 9(4r)*h*) for which

_ 1 _
p(T)(Dar (hs @) = (1 - Z—Cg)pm(mr(y)).

+1)ID"(h)) |

By this and (4.8) (with t = 7), we would get
1 -
(1- E)p(r)(&n(y))
1
(1-m)?
Then we could choose 9 depending on ¢ in such a way that

D4r,9 h
i 1222001 _
g—0* o

<P (Bur(7) \ Bar1-0)7) + [(1- C—lz)p<s>(34r<y>) +2y( +1)ID(h) .
p

_1
(4r0)?

0.

By the uniform continuity (see Lemma 2.4) of the function [0, T] > t — p(t)(B4 (7)), we have that for every
€ > 0 there is § > 0 such that if
9(4r)*h* (7,5, R) < 6,
then
Ip(t2)(B4r (7)) — p(t1)(Bar(@))] < & forevery ty, t; € [5,5 + 9(4r)*h* (7,5, R)].
Then, adding and subtracting on the left-hand side the term p(5)(B4;()), letting o go to zero and dividing by
p(3)(B4r(¥)), we would get

1 1 1 1 £
1-—)s—(1-=)+(1- =) ———.
( 2c,%) (1-m)? ( cg) ( 2¢3 ) P(5)(Bar(¥))
Since this inequality holds independently of the values of n and &, we would have a contradiction. Notice

that, having to choose £(p(5)(B4r(7)))~! small enough and & depending on &, the value of 9 depends on
p(3)(B4r(¥)). Indeed, we could choose n and ¢ satisfying

ﬁ(l - Cl—g) < a(1 - 2_3:5)

1 £ 1
(= 5a)smEney <90 5a2)

for some a € (0, 1). These imply to choose

a1-n? > (1- c_lg,)(l - %)_1,

€ < (1-a)p(5)(B4r(y))-

Once one chose 1 and a satisfying the first inequality, one can choose €, and consequently 9. O
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Lemma 4.6. Considerr, 6 > 0, (y, 5) for which
Q%(7,3) = Br(7) x (5,5 +h*) c @ x (0, T,
with R = 5r and h* = h*(y, 5, 5r), and
Q*%(7,5) = B4r(7) x (3,5 + 0(41)*h*) c QA x (0, T).
Consider u € DG(Q, T, p, y), u > 0, and h > 0, such that
u(x,5) = h a.e.inB,(y).
Consider 9 € (0, 6) as in Lemma 4.5 and suppose moreover that
Bs,(¥) x (3 — 9(4r)*h,5 + 9(41)*h*) c O x (0, T) withh, = h,(¥,3, 57).
Then there is p > 1 and for every € > O there exists
N1 =n1&n,p, ¥ L, ¢, YB,W®)s YBs,)» 9, 1, he/h™) € (0, 1)
such that

p([u < n1h] N (Bar(7) x (3,5 + 9(41)2h*))) < ep(Bay(¥) x (3, 5 + I(41)*h*)),
[u < n1h] N (Bu4r(7) x (3, 5 + 9(41)?h*))| < (K38)P|Byy(¥) x (3, § + 9(4r)*h™)].

Remark 4.7. Notice that, observing the dependence of 9 on p(5)(B4,(y)) in Lemma 4.5, one obtains that the
smaller p(5)(B4,(y)) is, the smaller 9, and thus also 1, is.

Proof. Consider n > 0, m € N and, for u and h as in the assumptions, consider the function (u — nh2=™)_.
Setting

Ay(h; s)(y) := {x € B(y) | u(x, s) > h},
Dy (h; s)(y) := {x € Bx(y) | u(x, s) < h},

by Lemma 2.10 (taking k = nh/2™, 1 = nh/2™ 1, p € (1, 2) and w = p(0)) for each o € (3, 5 + O(41r)*h*), we
get

j (u - Z—Z)ip(x, 0)dx

By (y)
< nh D4y (nh27™; 0)(y
< z—mp(a)( 4r(n ;0)(7)
2Tr(p(0)(Bay))? ( 1 ,
< - Du(x, o pdx) . 4.9
0(@) A (nh2 733 )7 \ 1B _  |Dutx, o)l (4.9)
Dyyr(nh2-m4150)(7)\Dar (Th27730)(7)
Now, since (at least for m > 2)
Ay (Mh27™ 15 0)(7) 2 B4r(7) \ Dar(nh; 0)(3),
if we consider 1 € (0, 1) as in Lemma 4.5, we get
_ 1 _
p(0)(Asr(nh27™ 15 0)(7)) > (1 - z—cz)P(O)(Bar()’))
p
for every o € [3, 5§ + 9(4r)2h*]. Then, by that and (4.9), we derive
_nh 4Tcyrp(0)(Bar) ¢ 1 J Y
J (u om )_p(x, 0)dx < 2c§ — <|B4r| |Du(x, 0)] dx) . (4.10)

Bur(¥) Dir(nh27m+130)(¥)\Dar (nh2730)(¥)
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Now we define the sequences

5+9(4r)%h*
h
p(O)(Dar(nh2 s )7 do = p(Q“"*(7, ) n fu < T2},

am :

5
5+9(41r)%h*

IDar(nh2™™; Y9I do = |Q*9(7,5) 1 fu < T},

bm :
5

Notice that, integrating the left-hand side in (4.10), we get

5+9(4r)2h* h
I J (u—n—) pdxdo > 2'},”1 Amst - (4.11)
s Bur(y)

While integrating the right-hand side and using (C1), we obtain

5+9(4r)?h*

1
P(U)(Blu')(lB | J \Du(x, o) dx)‘” do
S o Dyr(nh2-m+150)(¥)\D4r(nh2-7;0)(y)
b1 5+9(4r)?h* .
8 Zh* p-1 S+ 1
< I g(X A P(U)(an)M( J |Du|? dxda)p
nax

<5+9(41)? 5
|Barl? s Dyr(nh2-m+150)( )\D4r(rlh2 "0)(¥)

y
YB,,,P(B4r()’)><(s 5+ 9(4r)%h*)) nh )
(9(41)2h*|Byyl)? (JL'D( m _ " ax d") (b1~ bm) 7 . (4.12)

We want to estimate

” ID(u - Z-Z)-P dx do.

Ql»r,S
To do that consider a function ¢ € X, satisfying
(=1 in Q"9 = Q""%(y,5) = B4r(7) x (5,5 + 9(4r)*h"),
(=0 outside of Bs,(¥) x (5 — 9(4r)?h,., 5 + 9(4r)*h*) fort <5+ 9(4r)’h*,
0<{<1,
1
DI
1
0L G < 55—,
%< S,
Then apply (3.1) to the function (u — nh2~™)_ for some n > 0, m € N and { as above:
5+9(47)%h* h X
J “D(u—g—m)_’ (x, t) dx dt
s Blar

5+9(4r)?h*
s [ [ (- Z0) apg? + iy axae
5-9(41)2h. Bs,
s+9(4n’h* b2 1 §+9(4r)2h* -
y n n
s r_Z[ J I(u - g ) dxdt 9(4r)2h, I J(“_ z_m)_pd"dt]
-9(4r)?h, Bs; 5-9(47)2h, Bs,
y rIZhZ
2

<

= [9an2(h, + h*)IBs, + o S )Zh p(Bs,(7) x (5 - 9(4n)?h., 5 + 9(4n)*h"))]

2h2 251 p(Bs,(¥) x (5 - 9(4r)?h,, § + 9(4r)*h*))
ar Bar [0 e 1)+ e G- Gy

':‘*N

4
35 (4.13)
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From (4.10)-(4.13), we get

nh ATC3r Yp,p(Bur(y) x (5,5 + 9(4n*h) y2 nh o s
_2m+1 m+1 2 1 Tz_m 5r|
2¢p -1 (9(41)2h*|Byy|)?
' 2 e 251 p(Bs,(7) x (5 - 9(4r)?h,, 5 + 9(4r)*h*)) 13 =
[t +n%)+ T2 5 P(Bs/(7) x (5 - (51)2h., )) | nes =¥
Since
P(Bs,(¥) x (5 — 9(4r)%h,, 5 + 9(41r)%h*)) < 9(4r)(h, + h*)yg,, mins_gr2h, <o<s+9(an2he P(O)(Bsr(¥))
p(Bsr(¥) x (5 - (57)2h,, 3)) h (5r)2h. ming_(sy)2n, <o<s P(0)(Bs,(¥))
< 1_6 S(h* + h*)yBSr
=25 h.
and
|BSr|2 |BSr|2 \/ﬁ|Bl¢r|Z \/ﬁ
|B4r|p |B4r|p |B4r|p |Byr| 2 2”
we get

2 (8Fc§ N )— (P(Bar(7) x (5, § + 9(4r2h*)) 75 2M77

el 2c5-1 (9(47)2h*) =5 [Bar|
h.+h =
9@, +he) + %} (b1 = bm)-

First of all, notice that, by this and since {b;;}r, is decreasing, one gets that the fact that
+00  2p
5=
Z amﬁl
m=1

converges, implies

lim a, =0.
m-—+00

More precisely, we estimate the generic term a,: setting the quantity

Q. (8F6§ VPow )2 (pBur)x (5,5 + 8(4r*h*))*7 (2"

2¢5-1 (9(47)2h*) 75 |Bar|
* P
[oan?h + 0ty sy, M)

summing till a generic m, € IN and since {an}, is decreasing, we get

m, +1 S Z am+1 <Q(bo - bm,) < Qbo.

Since
bo = 1Q"9(y,3) n {u < nh}| < |Q“"?(¥, 5) = 9(41)*h*|Bu ()|
we get ,
Moa’’., < QI(4r2h* [Bur()l.
Finally,
Amy+1 < Cp(Bar(y) x (5, § + 9(4r)*h™)),
where

1 \% 8T \¥YB,\_|h, +h* .
= () P (TN (o )

Now, once we fixed € > 0, requiring that C < &, we can find m, for which the first point of the thesis is true.
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To get the second point, by (C3) and Remark 2.3, we also get that there is p > 1 such that
l[u < n1h] N (Bar(y) x (5,5 + 9(4r)2h*)) P
[B4r(y) % (3,5 + 9(41)2h*)|P
p([u < n1h] N (Byr(7) x (3,5 + 9(4r)*h*)))

<K — —
’ P(Bur() x (3,5 + 9(4r)2h*))
< Kse,
by which
[u < n1h] N (Bur(7) % (3, 5 + 9(41)*h*))| < (K38)P|Byy(¥) x (3,5 + 9(4r)*h™)],
as desired. O

Theorem 4.8. Consider (x,, ty,) and r > O such that
Bsr(Xo) X (to — (51)*h., to + (5r)*h*) c @ x (0, T),
where
h* :h*(XO,tO, Sr)y h* :h*(xoytoy Sr)'

Let 9 € (0, 1) be the value determined in Lemma 4.5 corresponding to = 1. Then, for every 9 < (0, 9), there is
A € (0, 1) depending only on K3, n, p, ¥, I, Cp, YBu(x0)» YBss(x0)» 95 T» and h,. /h*, such that, for every h > 0 and
u>0inDG(Q, T, p,y), if
u(-,to) =2 h a.e.in B,(x,),
then
u>Ah ae.inBy(x,) X [to + 9(57)2h* (X0, to, 57), to + I(57)*h* (X0, to, 51)].

Remark 4.9. Asobserved after Lemma 4.6 and since A depends on the same quantities on which 17; depends,
we have that the smaller p(t,)(B4r(x,)) is, the smaller 9 and A are.

Proof. InProposition 4.3, consider X = x,, t = t, + 9(57)2h* (xo, to, 57), y_ = 0, ow = c (with c arbitrary, to be
chosen later), R = 5r, 7 = 4r, ¥ = 2r, and 6 = 9 where J is the value determined in Lemma 4.5 corresponding
to 6 = 1. Notice that

Qur9(X, 1) = Byr(X) x (T - 9(51)*h* (X0, to, 57), )
= Bur(Xo) X (to, to + 9(51)*h* (X0, to, 57))
= Q" (X0, to).
Similarly, for any 9e 0, 9),
Q,, (X, ) = By (%) x (£ - 9(51)°h* (X0, to, 57), D)
= Byy(Xo) X (to + (9 = 9)(51)%h* (o, to, 57), to + I(51)?h* (Xo, to, 57)).
Now, given a € (0, 1) and for every Je (0, 9), we get the existence of v > 0 such that if

{(x, t) € Qar,9(x, ) | u(x, t) < ¢} . pUX, t) € Qur9(X, B) | ulx, t) < c}) <5
1Qur (%, D p(Qurs(X, ) o

then
ulx,t) > ac fora.e.(x,t) € Q,, 5(x, t).
To conclude, consider
9=9-9,
which is arbitrary in (0, 9), and consider € > 0 such that
€+ (Kz3e)YP = .

Corresponding to this value of &, we get the existence of n7; such that Lemma 4.6, with y = X = x, and 5 = ¢,
holds. Choosing then ¢ = 1 h, we conclude taking A = an;. Choosing, for instance, a = %, we drop the depen-
dence of a, and then A depends on the same constants on which n; depends and, since n; depends also on
&, consequently A also depends on K3, p and on the constants on which 1; depends. O
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5 The Harnack inequality

Theorem 5.1. There exists n such that for every constant c € (0, 1], every u € DG(Q, T, p, y), u = 0, every
(X0, to) € Qx (0, T), andr > O such that

Bsy(xo) X (to - (Sr)zh*(xm to, 57),to + (Sr)zh*(xm to,51r) QO x(0,T)
and
By (Xo) X (to, to + 5r2h*(xo’ to, 1) CQx(0,T),

one has that

U(xo, to) < nBirif) Ux, to + cr*h*(xo, to, 1)),

where we recall that

1 to+r?
h*(Xo, to, 1) = =—— , t)dx dt.
(Xo, to, 1) 7218, 0co)] J J p(x, t) dx
fo By(x,)

The constant 1| depends (only) on K3, n, p, y, T, ¢p, Y, 1, p(to)(Br(Xo)), and h*(x,, to, 1), where

5r
Y= maX{YBMxo), YBs:(x,)5 SUP{YBp(y> l pe (0, 7)’ y € (0, T)H-
Similarly, one can prove the following theorem.

Theorem 5.2. There exists fi such that for every constant c € (0, 1], every u € DG(Q, T, p, y), u = 0, every
(X0, to) € A x (0, T), and r > O such that

Bs,(x0) X (to — (51)%h (X0, to, 57), to + (51)*h* (X0, to, 51)) < Q x (0, T)

and
By (x0) x (to - 3r2h*(x0, to, 1), t) € Qx(0,T),

one has that

n sup u(x, to - Crzh*(xo, to, 1)) < U(Xo, to).
B, (xo)

Proof of Theorem 5.1. For the sake of simplicity, we suppose that t, = 0, which is always possible up to
a translation.
We may write u(x,, 0) = br=¢ for some b, & > 0 to be fixed later. Define the functions

AM(s)= sup u, AN(s)=b(r- s)*g, se[0,r),
Cs(x0,0)

where, for a generic point (v, 0) € Q x (0, T),
Cs(v, 0) = Bs(v) x (0 — s*h*(x,, 0, 1), 0).
Let us denote by s, € [0, r) the largest solution of .#(s) = .4'(s) (notice that O is a solution). Define
M= ¥ (s0) = b(r - so)°.
We can find (y,, 7o) € Cs, (X0, 0) such that

3
~M< sup us<M, (5.1)
4 CpUam)

where r, = (r — 5)/2. In this way, we get
Cr,(or To) € Crie (X5, 0),
and therefore y _ ) ris, reSoy e
QP s () < () =2

We now proceed dividing the proof in seven steps.
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Step 1. In this step, we want to show that there is v € (0, 1) such that

p({u > %} NCr,2(Yo, To)) > vp(Cr,/2Vo> To))-

To prove that, we prove first that there is ¥ € (0, 1) such that

p({u > %} N Cr,2(¥o, To)) N {u > %} N Cr,2(Yo, To)l

p(Cr,2(Yo, To)) [Cry2(Yo, To)l

>

Assume, by contradiction, that this is not true. Taking, in Proposition 4.1,

we obtain that

()_(s z’) = ()’o, TO)y

oo
4
F=lo)
2
R=r,
~ ro\2 N
Oh.(vo, To, 1) = (3") h*(x0, 0, 1),
To\2, .
eh*(yOsTO’ r): (Z()) h (XO’O’ r)a
Uy =w=2M,
o=1-27%1,

a= 0*1(1 - %),

3M
u<T ll’lC%O()/o,To),

.<II

— 811

(5.2)

(5.3)

which contradicts (5.1). Notice that, according to Proposition 4.1, ¥ depends on V> & M, %, YBr, (vo)s s r;l,

1170, Cp(1/70), hu (Yo, To, 1)/N* (X0, 0, 1), Cp(hs (Yo, To, 1)/h* (X0, 0, 1)), 7o, and h*(xo, O, ).
Now, by (5.3), we derive that at least one of the two addends is greater than v/2. If

and since p € Ax (K3, 0), we get that

plu >4y Cr, 2o, To))

p({u > %} N Cr,2(Yo, To))
p(Cr,2(Yo, To))

>

N <n

Then
In this case, we consider
If instead

by (C3) we get that

(

In this case, we consider

p(Cr,2(Yos To))

<K
S 1Cr,12Vo, To)l

H{u > %} N Cr,12(Yo, To)l

lfu > 430 Cr,2(v0, 7o)l

. (ii)%
|Cra/2()’o, To)l K32 ’

)}

[{u > %/[} NCr,2Vo, To)l
[Cro2(Yo, To)l

N <n

1

N <n

V= min{

N <n

)P <K p({u > %4} N Cr,2(Yo, To))
S A3

[Cry2(Vo, To)l

p(Cr,12(¥o, To))

)t

N <n
N <n

V= min{ R (Ki
3

[{u > Aj/[} N Cr,2(Vo, To)l )0
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Step 2. In this step, we want to prove that

” IDul? dx dt < C¥M)? By, (o),

C’o/Z (yo :Ta)

where X
C= y((4 + r%)h*(xo, 0,1 + 4 P(Br, (o) x (To _zr"h (X0, 0, 1), To)) )
3 By, (yo)lrgh* (x0, 0, 1)
Consider a function { defined in Q x (0, 7,] such that
. To\2, .
(= 1nB%(yO)x(ro—(?") h*(x,, 0, T),To),
{=0 outside of Cy, (v, To) fort<t,,
0<{<1,
2
< T
IDg< -
0<t < 41 1

312h*(x,0,1)
Using this function { in (3.1), taking k = 0 and since u < 2°M in Cr,(Vo, To), we get that
To

J J |Du|? dx dt

2 B
To—2h*(x,,0,r) """

<y j ju2<|D<12+c¢tp+cz)dxdt

To_r%h*(XD)O)r) By,

4 p(Br,(Yo) X (o —13h* (X0, 0, 1), To)))

1
= é&an2 2 *
Sy[r% (5 M)? (41By, (yo)lrgh* (X0, 0, 1) + 3 o)

+ (25M)2IBy, (yo)Ir3h* (Xo, 0, )]

4 p(Br, (¥o) X (1o ~ 15h* (X0, 0, 1), To))]

<YM By, (o)l [ (4 + T)N" (X0, 0,7) + 3 B O e o)
ro\Yolllo 0s Y,

Step 3. The goal of this step is to show the existence of

te [t - %h*(xo,o, M, o]

such that ) B
p(B)({x € B (vo) | ulx, ) > &) v
P(Z)(B%ﬂ()/o)) ZYBrTo(yo) ’
i 1B, 2(70)] (5.4)
J IDu(x, HI* dx < a—"2="2=(2°M)?,
Byy2(V) "ol
where 42"
Y2"YBr, (v5) 4 p(By, (Vo) X (To = 12h* (X0, 0, 1), Tp))
a=— 2 4+r2h*x,0,r+— ro\Jo (o] 0 0s Yy s to 5.5
vh*(x,,0, 1) [( 0" (Xo ) 3 By, (vo)lr3h*(x,,0, 1) ] .5)

and v has been determined in step 1. To do that, we define the following sets:

M
A = {x e By yo) |utx, 0> -}

———p(H)(B3 (o))},

I= {t € (To — T1, To 2YB1, (v0)
2

p(O)(A(D) >

IBr,/2(¥o)l
2

o

j IDu(x, )2 dx <

Brolz()’o)

Ja = {te (To = T1, To] (25M)2},
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with a > 0 and where, for the sake of simplicity, we denote by 7, the quantity

e
T, := Zh (X0,0,71).

By (5.2), we get

v, min _ p(6)(Br,/2(yo))T1

te[1o-71,7,]

To

< | pwraat

To—T1
- [poamacs [ poxawar

I (To=T1,To)\I
< max  p(6)(Br(yo)| + — Y max p(t)(Bre (Yo)(To = T1, To) \

telTo—T1,T,] 2 ZYBro (o) telTo—T1,T0] 2

1| v

< te[gﬁ’fra p(t)(B’O ()’o))Tl[ m]

. 1| v
< VB min t)(Bro T —+—|.
Va0, 0 pOB (o) [+ e
2

From this, using also (C1), we derive the following lower bound on I:

- 5 2
v % r

11l > T1 = ~2h*(xo, 0, 1).

2YBrTa(ya) ZYBrTu(yo 4

On the other hand, by step 2 we get

o/ Broi20o)l

24 Q2°M)* (11 - Jal)

To
< J J \Dul? dx dt
To—T1 B’O/Z(yo)

4 By, (o o~ 2h 0,0,7), To
< Y@M 1By, (vo)I((4 + TR" (x6, 0, ) + il O(yIL;:(;Z)Ir; (foO r)r) T ))),

by which

rer, y2" 2y 4 p(By, (yo) X (To = 13" (X0, 0, 1), To))
=z - » Uy - 0 h s Uy .
Val > 7 [h*(%, 0, - (4 +1h*(xo,0,7) + 3 B Ol h (e, 0.1) )]

Then, since

I Jgl =+ Jal = TUJql
5 2
v 0
— %h*(x,,0,7)
ZYBru o) 4 ’

2
+rz[h (Xo, 0, r)—i((4+r2)h (Xo0,0,7) +

4 P(Br, (Vo) X (To — r3h*(x0, 0, 1), To)))]

B, (yo)lrgh* (xo, 0, 1)
r2
- _oh*(xoy 01 r)

2

v 0 yzn 2
—— %h*(x,, O, h*(x,, O,
zme(yD> h* (0, 0,1) = = (<4+r) (X0,0,7) +

4 P(Br, (Vo) X (To — rzh (X0, 0, 1), To)))
By, (Vo)Irah* (xo0, 0, 1) ’

taking

S:Ip—t

4P(Br0()’o)x(70—r2h (X0, 0,7), To)))

(e, 0.1 i (44T 0 0.1 1By, (yo)Ir2h* (%o, 0, 7)

4yB’O (Vo)
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one gets that
ey 2
v
I Jol =l +Jal =TUJal 2 7 Loy (%0, 0, 1).
4yBr0 (YO) 4

Then we get the existence of

g p(Br(xo) x (0, 1))
et B

such that (5.4) holds.

Step 4. The goal of this step is to show that for every § € (0, 1) therearen € (0, 1) and x € B;,/2(y,) such that
By (X) € Bro (¥o)
and
pO({ut- ) < | 1By (1) < Bp(D(By (). (5.6)
To show this, it is sufficient to use step 3 and to apply Lemma 2.5 to the function u with w = p(f), a = %,
€=13,1r="10/2,%0 = Yo, B =By ;2(yo), and 0 = 1,/2, so that
v

BY = Br,(yo), B=5—»
e 2YB1g (v)

and a is as defined in (5.5). Then we get (5.6).

Step 5. In this step, we want to show that an estimate like (5.6) holds also in a cylinder.
Precisely, we show that for every 8 € (0, 1) there is € € (0, 1), which will depend only on 8, and

o [ENToN2 (. - NI
5= ( 4 ) h” (X 4 )
such that (with x, ¢, 1, r, as in the previous step)

p({us< %} N (Beyzz (%) x [T, +51)) < Bp(Beyzz (0) x [T, 7+ 5)). (5.7)

Apply the energy estimate (3.1) to the function (u - —) in the interval [¢, t + s] and ball By, /»(X), where t is
the one satisfying (5.4) and (5.6), and s < § with € > O to be chosen.

As test function, consider a function { = {(x) such that { = 1 in By, ;4(X), { = 0 outside of By;,,>(X), and
D] < 4 Usmg also (5.6) and integrating in (¢, t + s] with s € (0, 5], we get

J (u— M) p(x, s)dx

quo/‘%(;{)
M
< J (u——) p(x, t) dx
Buro2(%)
16 t+5 M2 M2 t+5
+y(n2r(2, +1)[ J J (u—z)_(x, t)dxdt+1—6 j J dxdt]
t Byrop2(®) b {ut)<¥y

M?* R 16 M?_ X
57 PD(Byz () + Y(W +1) T 25Byr, 2(3)|
2,2

1:’62 [6+2e%y(1+ L2 )0 (%, 02) |08y 2 (0)

<YB,p () 1‘1/16 [5+2£ y(l + nlg )h (x t, nr 0)]p(s)(B,lro (%)),

where we recall that yp is defined in (C1). Now, after taking
- M
B(s) = {x € Byr,sa(0) [ ulx.8) < T},
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we have that

j (u- —) (x, s)p(x, s) dx > J (u- %)i(x, S)p(x, s) dx > Aéi:p(s)(B(s)).

Bnrg/l;(;() B(S)

Then, for every s € [¢, t + 5],

M p(s)(B(s)) < VB, & M62 [delta + 2£2y(1 + rllzg‘z’)h (x t, mo)]p(s)(B 10 (X))
< CoYB, X)]:IGZ [5+26%y( nzr?’)h (2202 |p)(By 2 ().

16

)

Integrating in [¢,  + 5], we get
p({ FIn@#q )

[5+2e2y(1+ ”i;z)h (2.7 L2)]p(@% < (x,B),

M?
) X)16 4

where Q%€ (x, t), according to the definition (3.5) with R = nr, /4, is

By (0 x [6,+5] = Bys (0 x [1, £+ (722 0 (1.2, 02,

CpYB To

Now for any 6 € (0, 1), since & (chosen in step 4) and ¢ are arbitrarily chosen in (0, 1), one can find § and £
in such a way that

6= cpan,To(;()];L;[S + 2£2y(1 + %)h (5(, t, %)]

Step 6. We want to show in this step that there is an instant § such that
LM .
u(x,s) = I3 fora.e.x € B%(x). (5.8)

Setting S := t + 5, we have that

Then, by (3.3),

Writing

and setting
She (X, t+ (Le)2, Le)
h.(x,3, )
we get that (see also (3.5) for the definition of these cylinders)

s

Q7 (R, 1) = Que 4(%,9). (5.9)
Notice that, since ¢ is arbitrarily chosen, we can always suppose that

Qe 4(X, 8) € Cs, (X0, 0),
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so that
0SCQur, (%,3) U< 26 M.
7

Now we come back to the previous step and observe that, since p € A (K3, 0), we have (see (C3))

To

(|{u <Myn Q7 (1, f)>|)p plu < My n Q7% (1, 1))
To 2 . SK3 T o o .
1Q7 € (x, )| p(Q'7 (%, 1)

Consequently, by (5.7),
lfu < ¥} n Q% (%, D)
Q¢ (%, D)
Moreover, one can choose § in such a way that (K38)'/? < 1. In this way, we get (using (5.9))

< (K38)7.

lfu< §10(Que (%, 9 pllu< I (Que o(%,9))

- 1 -
T + —— < (K36)? +6.
Qe 4 (%, 3)| P(Qre 4(%, ) ’
Now we use Proposition 4.3 in the cylinder Q% (X, §) defined in (5.9) with
;Mo
r= 3
F=R=1°
4 ’
0=a,
5= %,
] 2 (5.10)
p-=0,
a- 1
=35
B 1
268’
| w=2°M.

By Proposition 4.3, we can choose 6 such that the value v of Proposition 4.3 satisfies v = § + (K38)'/?. With
the choices (5.10) and this choice of 6, we derive that

M J
u(x, t) > 16 fora.e. (x,t) € Q%,%(x,s),

and in particular (5.8).

Step 7. Denoting by 7 the quantity nr,/8, by Theorem 4.8 and by (5.8), we get the existence of 9 € (0, 1) such
that for every 9 € (0, 9) there is A > 0 such that

u> /\I—Né a.e.in By;(%) x [§ + 9(57)?h* (%, 3, 57), § + I(57)*h* (%, 3, 57)].
Applying again Theorem 4.8 in B,;(X) x {t} for every
t € [8+9(59)%h*(%, 8, 57), 8 + I(57)*h* (&, §, 57)],

we obtain M
uzA R a.e.in Bzﬁ(;() XjZ:
where
Ja= |J [5+w(Gn?h* (%, 8,50 + (107)*h* (%, § + w(5N*h* (X, 5, 57), 107),
wel9,9]
5+ w(57)°h* (X, 5, 57) + 9(1071)*h* (%, 3 + w(51*h* (%, 3, 57), 107)].
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In particular,

M .
uz /121—6 a.e.in B4 (x) x I,

where
I = [§ + 9(57)%h* (%, 8, 57) + 9(107)*h* (%, § + w(5%)*h* (&, §, 57), 10%),
§+9(5%)?h*(x, 8, 57) + 9(10%)2h* (&, § + w(57)*h* (%, 8, 57), 107)].
Iterating this argument after m steps, one reaches

M . A
uz Am1—6 a.e. in Bom3(X) x [8m, tm],

— 817

where
50 =8,
$1 =5+ 9(57)%h* (%, 8, 57) = §¢ + 911,
35 = 8§+ 9(57)%h* (&, §, 57) + 9(107)?h* (%, § + 9(57)*h* (X, §, 57), 10F) = §¢ + 971 + 973 = §1 + 972,
.§3 = Sz + 8(207’)2h (X, §2, 20?) = .§2 + 9T3,

Sm=8m1+9Tm=5+9(T1+T2+...+Tn),
71 = (5%)%h* (%, §, 57),
75 = (107)%h* (%, § + 9(57)%h* (&, §, 57), 107),

Tm = (52" )20 * (R, §m_1, 52 17),

k=581 +9T1+T2+...+71), k=1,...m.

Notice that, by definition, for k between 1 and m,

Tj
1 1r2

k
Z‘ (Tj = Tj—1)|Bs.013(X)|

(I))
(m

1
i1 By 5j-1,(8) J=

t —s+258r2241 1H:p(x t) dx dt,

j=1

where
C] = B5.2/’*1?()A() X [Ti—l’ Tj]’

We can choose m in such a way that
2r < 2™Mr < 4r.

J I p(x, t)dxdt—s+25.9r224’ 1Hp(){, t) dx dt,

(5.11)

Here the estimate 2r < 2™ ensures that Bon;(X) > By(X,) and that B,»;(X) € Bs,(X,). Now, according to the

choice of r, made in (5.1), we have that

Mo _ Mo _ N(r=50)

i’:—:

8 8 16

Recalling that
M =b(r-so),

we have (now using 2™M7 < 4r)

M Am s A NE P
m=" _ S (L Eyymy,, & 9—6&-4.-&
uzA T 16b(r So) 16b<16?) = (25A0)™bns2 r
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a.e. in Bymj(X) X [8m, tm]. First of all, we get rid of the dependence of m, still to be chosen, in the right-hand
side simply by choosing a value of the parameter ¢ in such a way that

250 =1,

thatis, £ = log, A~ (remember that A € (0, 1)); consequently, one has fixed also the value of b. By this choice,
we have, in particular,

u>bns27%74r% = cou(x,,0)  a.e.in By(X,) X [3m, tm],

where
Co:=n°27%"" and u(x,,0) = bpt27% 44

for the choice made at the beginning of the proof. Now to conclude, we have to choose §,, and #,, in such
a way that
Crzh*(xt)’ 0’ r) € [gm; %m]’

where ¢ € (0, 1] is arbitrarily chosen. Set, for simplicity,

pj = H p(x, t)dx dt
C;

]
and observe that (5 < 0)
- m .
Sm=5+2591 ) 47
j=1
- m .

<2597 ) 47

j=1

max pj
j=0,...m-1

< 2597

_q4m
<259#*— max p;
3 j:O,...m—lp]

~4r

<259— max pj,
3 j:O,...m—lp]

where in the last inequality we have used (5.11). To guarantee that $,, < cr?h*(x,, 0, 1), it is then sufficient

to require that

259

16r? N
max pj<cr-h*(xe,0,r
3 j=0,...m—1p1 (Xo )

that is,

9< 3 ch*(x0,0,71)
" 400 maxj-o,..m-1pj

It remains in some sense to force £, = cr2h*(x,, 0, r). If this is true, we choose
n=c,’
and we conclude. Otherwise, since §,, < cr2h*(x,, 0, r), we consider > §,, such that
u(x, t) = cou(x,, 0) a.e.in B,(x,).
We can suppose, taking 9 smaller than the choice made above if necessary, that
t+9r’h*(x,,0,7) < cr*h*(x,, 0, 7).
By Theorem 4.8, we then get that

u(x, t) = Acou(x,, 0) a.e.in Byy(x,) x [E+9(51)>h* (x,, E, 57), t+ 9(51)*h* (xo, E, 57)]. (5.12)
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Notice that
yé:,(xa)h*(xo’ 0, 57r) < h*(x,, £, 57) < VB, (x,)h* (X0, 0, 57).

Then in particular, taking, if necessary, 9 smaller than before and anyway 9 < SyEi(XO), we have
u(x, t) = Acou(x,, 0)

a.e.in
By (xo) x [t + 9YB,,(x,)(51)*h*(x0, 0, 57), t + Bygi(xu)(Sr)zh*(xo, 0,5n)].

Now if
i+ Byggr(xo)(Sr)zh*(xo, 0,57) > cr*h*(x,, 0, 1),

we can conclude taking
n=(Aco)™;
otherwise, we go on. Restarting from (5.12) restricted to B,(x,) and since A € (0, 1), we get that
u(x, t) = A%coul(xy, 0)

a.e.in
By (xo) x [E+9(51)?h* (xo, , 57) + 9(57)*h* (x,, E + 9(51)*h* (x,, E, 57), 57),
t+9(5r)2h* (x0, t, 57) + 9(51)*h* (xo, £ + I(51)?h* (x,, L, 57), 57)].
With the additional constraint
Ih*(x,, E, 57) + 9h* (x,,  + I(51)2h* (%0, L, 57), 57) < 9h* (x,, I, 51),

we obtain
u(x, t) = A>coulx,, 0)

a.e.in
By(xo) x [E+9T* (X0, £, 57), t+ 9(51)*h* (xo, £, 57) + I(57)2h* (x,, T + 9(57)2h* (x,, t, 51), 57)].

Now if
t+9h* (%o, £, 51) + In*(xo, t + 9(57)*h* (x,, E, 57), 51) > ch*(x,, O, 1),

one concludes choosing
n= (/12 Co)_1 .

Iterating this procedure, if necessary, k times, we get that

u(x, t) = A¥cou(x,,0) a.e.in  By(xo) x [+ 9(51)%h* (xo, E, 51), t + 9t],

where
t; =0,
tt := (5r)?h* (x,, t, 57),
t5 := (51)?h*(xo, £, 51) + (51)?h* (x, E+ ¢}, 51),

k-1 j
tr = Z(Sr)zh*(xo,i‘+ 92 tr, 5r>.
=0

i=0

At this point, we need
t+9t; > cr’h*(x0,0,7).
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Since (by the definition of Cs(v, o) at the beginning of the proof)

t>-r’h*(x,, 0, 1),

the previous request is satisfied if

9t; > (¢ + 1r*h*(x,, 0, 7).

Moreover, we want f + St,’: to remain in the domain, i.e.

t+9t; < 4r’°h*(x,,0,71),

which is true if St,’: < 5r*h*(x,, 0, r). Since c € (0, 1], we then require that

*

t
2h*(x,,0,71) < Sr—’; < 5h*(x,,0,71).

Since, if necessary, 9 can be taken smaller, one can always find k € IN* such that the previous inequalities are
satisfied. Notice that k depends (only) on 9, 9 and on the mean value of p in the cylinder B,(x,) x (to, to + 1?),
and not on the function u. Now we conclude taking n = (A¥c,)~t. Notice that increasing k does not increase n,
and therefore 1 is independent of k. O
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