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Abstract—We consider beyond-diagonal reconfigurable intel-
ligent surfaces (BD-RISs) whose elements are connected in
groups and aim at optimizing their configuration to maximize
the achievable rate of the cascade channel. We propose two
suboptimal approaches (i.e., semidefinite programming (SDP)
and projected gradient ascent (PGA) solutions) to first find the
BD-RIS configuration that maximizes the composite channel
trace and then locally maximizes the achievable rate by a
randomization approach. We impose a constraint on the choice
of the coefficients to ensure that the BD-RIS is passive, i.e.,
it does not emit more power than that received. Still, our
solution has a high communication overhead for a large number
of connections among the BD-RIS elements. We then propose
a dynamic mapping between the BD-RIS configuration and a
small number of control variables. The mapping is provided
by the encoder part of an autoencoder, trained to minimize a
suitable loss function on the optimal configurations in the specific
deployment. We also design the BD-RIS configuration directly in
the latent space of the autoencoder, reducing the complexity. By
simulations in a typical cellular communication scenario, we show
that the group-connected BD-RIS can achieve up to 95% of the
rate obtained for a fully-connected BD-RIS with two orders of
magnitude lower complexity, while the autoencoder compression
and configuration optimization in the latent space reduces the
control rate by 90% with negligible rate loss.

Index Terms—Autoencoder, beyond diagonal reconfigurable
intelligent surfaces (BD-RISs), semidefinite programming
relaxations (SDP), projected gradient ascent (PGA).

I. INTRODUCTION

BEYOND-DIAGONAL reconfigurable intelligent surfaces
(BDRISs) are devices composed of multiple elements,

each emitting a linear combination of the (complex baseband
equivalent) signals captured by several elements, with tunable
coefficients. BD-RISs are an evolution of the diagonal recon-
figurable intelligent surfaces (RISs), where each element emits
only a phase-shifted version of the signal captured by the same
element. A BD-RIS enables smarter wave manipulation and
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increased coverage at the expense of increased circuit com-
plexity [1]. Such components have been the subject of several
studies to model BD-RISs [2] and design their architecture
[3], [4]. A BD-RIS can be organized into group- and fully-
connected architectures, according to the circuit topology of
connections between elements [5].

Several works in the literature propose solutions for the
optimization of the configuration of diagonal RISs (see the
survey [6] and recent papers [7], [8], [9]). Few works,
instead, have been published on the BD-RIS. In [10], a
theoretical performance bound for communication systems
using the BD-RIS is obtained. A graph-theoretic optimiza-
tion design for BD-RIS is proposed in [11]. In [12], a
general BD-RIS optimization algorithm in the presence of
mutual coupling among BD-RIS elements is analyzed. In [13],
the authors investigate the effect of BD-RIS non-reciprocity
(i.e., considering an asymmetric BD-RIS matrix) and identify
the theoretical conditions for reciprocal and non-reciprocal
BD-RISs to maximize the receive signal-to-noise ratio (SNR)
in both uplink and downlink scenarios. Moreover, in [14], an
optimal solution for a BD-RIS configuration is proposed, under
the constraint that the BD-RIS is unitary. Closed-form fully
connected BD-RIS solutions that maximize the equivalent
channel gain have been obtained for single-input single-output
(SISO) and multiple-input single-output (MISO)/single-input
multiple-output (SIMO) channels [15]. In [16], the authors
propose an algorithm for maximizing the achievable rate of
a multiple-input multiple-output (MIMO) link supported by
a BD-RIS with a fully-connected architecture. They apply
Takagi’s factorization to ensure that the BD-RIS matrix is
unitary and symmetric. In [17], the author proposes the joint
design pilot sequence and BD-RIS design to estimate the
cascade channel, achieving the minimum mean squared error
(MSE) of the least square channel estimator. The unitary
constraint on the BD-RIS configuration is considered. In [18],
the authors consider a constraint on the maximum eigenvalue
of the BD-RIS reflection matrix to model its passive nature.

Besides the optimization of BD-RISs, a second problem
is the complexity of the control of its tunable parameters
[4], [11]. While in diagonal RIS each element has a single
tunable parameter, in BD-RIS we have a tunable parameter
for each connection of the element with other elements. Thus,
the number of controls grows quadratically with the number of
BD-RIS elements, yielding a significantly high communication
overhead for the BD-RIS control. On the other hand, all the
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flexibility of BD-RIS may not be needed once it is installed
in a specific location. Therefore, the trade-off between the
complexity of the control and the obtained improvement of the
communication channel should be investigated. Recent works
have addressed the issue of control and feedback overhead
in (diagonal) RIS-assisted systems through the compression
of the potentially high-dimensional configuration. In [19], the
authors propose a convolutional autoencoder-based approach
for efficient configuration feedback compression. In [20], a
deep learning-based phase shift compression scheme is pro-
posed using global attention mechanisms, which significantly
reduces the overhead while maintaining accurate reconstruc-
tion of the RIS configuration. Finally, an autoencoder-based
approach has also been designed in [21] for active sensing via
RIS.

In this paper, we consider a passive BD-RIS with continuous
tunable phase shifts and gains, and we aim at maximizing the
achievable rate of the cascade channel between two commu-
nicating devices. Unlike prior works that assume a unitary
or symmetric BD-RIS matrix to ensure lossless or reciprocal
operation, we explicitly enforce a passive constraint based on
the spectral norm of the BD-RIS configuration matrix. This
formulation ensures that the surface does not emit more power
than it receives, while allowing for a realistic representation
of lossy and non-reciprocal impedance networks. We first cast
the BD-RIS configuration design into a quadratic optimization
problem that maximizes the trace of the composite channel.
To make the problem tractable, we relax the original pas-
sivity constraint (expressed in terms of the spectral norm)
to express both the objective function and the constraints
in quadratic form, enabling the use of SDP relaxation and
iterative projected gradient methods. We then perform a ran-
domization approach [22]. In particular, when recovering a
feasible solution from the trace maximization problem, we
explore several random feasible solutions and select the one
maximizing the achievable rate of the cascade channel rescaled
to satisfy the original spectral-norm constraint, thereby restor-
ing the physical passive nature of the BD-RIS. Note that [18]
also considers our same model of BD-RIS; however, it is
used to orthogonalize the channel rather than maximizing the
sum-rate.

We then introduce a machine learning approach based on
an autoencoder (AE) with two objectives. First, the AE is
designed to learn a compressed (i.e., latent) representation of
the optimal BD-RIS configuration obtained through the SDP
relaxation. This reduces the number of control signals for
the BD-RIS by transferring only the latent space parameters
required by the decoder part of the AE to obtain the desired
configuration. Second, we solve the optimization problem in
the latent space with a reduced number of variables and lower
computational complexity.

A. Contributions

The main contributions of this work are summarized as
follows:
• We propose a BD-RIS optimization model under passive

constraints. Unlike prior works that consider unitary and

symmetric assumptions on the BD-RIS configuration,
we formulate the optimization problem by enforcing the
constraint that the emitted signal power cannot exceed
the power of the impinging signals.

• We first cast the optimization as a quadratic problem
based on the evaluation of the trace of the end-to-
end cascade channel. Then, we propose a randomization
step to select among the feasible solutions the one that
maximizes the achievable rate of the cascade channel,
restoring the original physical passive BD-RIS constraint.

• To mitigate the overhead due to the large number of
control parameters, we introduce an autoencoder with
a twofold objective: (i) it learns a compressed latent
representation of the optimized BD-RIS configuration,
thereby reducing the number of control signals to be
transmitted; (ii) it enables solving the optimization prob-
lem directly in the latent space, significantly lowering
the computational complexity. Note that prior works have
reduced signaling overhead in diagonal RIS only through
phase-shift compression.

• Simulation results show that for a fully-connected
BD-RIS architecture, the proposed solution achieves
performance comparable to the optimal design, while
achieving a reduction of the control rate with negligi-
ble performance loss when the optimization is carried
out in the latent space. We also show that compar-
ing the results obtained for the group-connected and
fully-connected architectures, it can be seen that the
former requires significantly fewer computational oper-
ations compared to the latter, while still achieving
comparable performance in terms of rate.

The rest of this paper is organized as follows. Section II
introduces the considered system model. Section III describes
the problem formulation and the proposed solutions for
BD-RIS optimization. In Section IV, we design a machine
learning approach to reduce both the computational complex-
ity of the BD-RIS optimization and the control communication
overhead. In Section V, we detail the BD-RIS optimization
in a reduced space. The simulation results are discussed in
Section VI. The main conclusions are drawn in Section VII.

Notation: Throughout the paper, (·)T , (·)∗, (·)H , (·)−1, and
(·)† represent matrix transpose, conjugate, conjugate transpose,
inverse and pseudo inverse, respectively. Also, ⊗, �, and
‖ · ‖ denote the Kronecker product, Khatri-Rao product by
columns, and Frobenius norm, respectively. vec(X) converts
matrix X into a column vector, by reading X row-wise from
top left to bottom right, and unvec(x) is the inverse of vec(·)
operation. Finally, diag(X) represents the vector of the main
diagonal of a diagonal matrix X , while ||X||2 the spectral
norm of the matrix X , ||x||2 the Euclidean norm of vector x,
and [X]a:b,c:d denotes the submatrix of X formed by selecting
the rows from index a to b and the columns from index c to
d, inclusive.

II. SYSTEM MODEL

We consider a narrowband MIMO communication system
where the line-of-sight (LoS) between the transmitter and the
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Fig. 1. System model.

receiver is blocked and the link is supported by a passive
BD-RIS. The transmitter controls the BD-RIS, as occurs, for
example, in the downlink of a cellular system, see Fig. 1.

The transmitter and the receiver have K and M antennas,
respectively. The BD-RIS has N elements that emit signals
obtained as a linear combination with controllable complex
coefficients (as better explained below) of the signal received
by all the elements of the BD-RIS. Let the full N ×N matrix
Φ be the BD-RIS configuration, where entry [Φ]i,j is the
complex gain on the signal received by element j and reflected
by element i of the BD-RIS.

The baseband-equivalent narrowband matrices of the
transmitter-BD-RIS and BD-RIS-receiver channels are T ∈
CN×K and G ∈ CM×N , respectively. For a transmitted signal
column vector x of K symbols, the M -long received signal
column vector is

y = GΦTx+ n = H(Φ)x+ n, (1)

where n ∼ CN (0, σ2) is the complex additive Gaussian noise
vector with independent, zero-mean entries, each with variance
σ2. The resulting achievable rate of the cascade channel is

C(Φ) = max
R

log2 det

(
I +

1

σ2
H(Φ)RHH(Φ)

)
, (2)

where R = E[xHx] is the correlation matrix of the transmit
vector signal. Note that R is obtained from the singular value
decomposition (SVD) of H(Φ) and applying the waterfilling
algorithm on the singular values to satisfy the transmit power
constraint, [23].

A. BD-RIS Model

For a passive BD-RIS impedance network, it holds
xHΦHΦx ≤ ||x||2, i.e., the output power is smaller than
or equal to the input power regardless the input signal x.
This leads to a constraint on the largest eigenvalue of ΦHΦ
that must be smaller than or equal to 1, or equivalently
||Φ||22 ≤ 1. Recent BD-RIS literature [5], [24] focuses on
the lossless case, according to which all the incident power is
reflected, enforcing the unitary constraint on Φ. In this paper,
we assume that the BD-RIS impedance network might include
lossy components, and then Φ is not forced to be unitary, while
still satisfying the spectral norm constraint

||Φ||22 ≤ 1. (3)

Note that such passive BD-RIS can be achieved by considering
a passive non-reciprocal network including elements such as
passive circulators or isolators [18], [25].

We consider two architectures for the connection of the
elements in the BD-RIS: group-connected and fully-connected
architectures. For comparison purposes, we also consider the
diagonal architecture.

1) Group-Connected Architecture: The N elements of
the BD-RIS are connected to an N -port group-connected
reconfigurable impedance network [24]. The N ports are
uniformly partitioned into G groups, each consisting of
N = N

G ports connected to each other.1 From a mathemat-
ical standpoint, the BD-RIS matrix is block-diagonal, i.e.,
Φ = blkdiag(Φ1, . . .,ΦG) ∈ CN×N where each matrix Φg ,
g = 1, . . . , G, is full and with size N ×N .

2) Fully-Connected Architecture: The fully connected
architecture is achieved by connecting each port of the recon-
figurable impedance network to all other ports. It can be seen
as a special case of the group-connected architecture with
G = 1 and N = N .

3) Diagonal Architecture: The diagonal architecture is
obtained when there are no connections between the elements.
It can be seen as a special case of the group-connected
architecture with G = N and N = 1.

Since both the fully-connected and diagonal architectures
are special cases of group-connected architecture, in the fol-
lowing we will consider the general group-connected BD-RIS
model.

Remark: The practical feasibility of dynamically recon-
figurable coupling in BD-RIS is supported by the recent
experimental prototype presented in [26]. Technologies such as
PIN diodes allow for controlling the inter-element coupling of
a BD-RIS in a realistic, rich-scattering environment, showing
measurable performance gains over the conventional diagonal
architecture.

B. Transmit Channel State Information

Although the cascade channel depends on both channels to
and from the BD-RIS as well as the BD-RIS configuration, it
can be fully described by a single effective matrix [24]. Let
us define G = {1, . . . , G} and

Gg = [G]:,(g−1)N+1:gN ∈ CM×N , (4a)

T g = [T ](g−1)N+1:gN,: ∈ CN×K . (4b)

From the definition ofH(Φ) in (1), we can rewrite the cascade
channel as

H(Φ) =
∑
g∈G

GgΦgT g . (5)

Let us define

Q = [Q1, . . . ,QG] ∈ CMK×N2
G (6a)

with Qg = (T Tg ⊗Gg) ∈ CMK×N2

(6b)

φ = [φT1 , ..,φ
T
G]T ∈ CNN×1 with φg = vec(Φg) , (6c)

1For a simpler notation, we assume here that N is an integer multiple of
G.
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then, the vectorial form of the cascade channel matrix is

h(Φ) = vec[H(Φ)] =
∑
g∈G

Qgφg = Qφ . (7)

For a general unstructured channel, a separate estimate of
T g and Gg cannot be obtained, due to an ambiguity of rows
or columns of these matrices [27]. From (7) we note that the
cascade channel is fully determined by matrixQ, which indeed
can be easily estimated with conventional MIMO channel
estimation techniques [28]. Thus, in the following, we assume
that the receiver knows only matrix Q. This channel state
information (CSI) can be either fed back to the transmitter in
uplink, or estimated at the transmitter by swapping the role of
the devices (uplink transmission) to obtain transmit CSI.

1) Fully-Connected BD-RIS: In this case we have G = 1
and obtain h(Φ) = Qφ′, withQ = T T⊗G and φ′ = vec(Φ).

2) Diagonal BD-RIS: For G = N , we have h(Φ) =
Qdiag(Φ), with Q = T T �G.

Remark: We assume ideal CSI at the transmitter to focus
on the optimization and control aspects of the BD-RIS con-
figuration. In practical deployments, CSI estimation may be
imperfect or partially available due to limited pilot signaling
and feedback compression. Efficient channel estimation meth-
ods have recently been proposed in [17], [18], [29], and [30]
and can be integrated in the configuration design.

III. RANDOMIZED CONFIGURATION OPTIMIZATION

We first consider the optimization of the BD-RIS configura-
tion Φ to maximize the achievable rate of the cascade channel.
In formulas, we obtain the following optimization problem

Φopt = arg max
Φ

C(Φ), s.t. (3). (8)

This problem is non-convex in the objective function and
hard to solve, and it also includes, as a hidden variable to be
optimized, the correlation matrix R. Therefore, we solve the
optimization problems of the BD-RIS configuration and the
correlation matrix in cascade: first, we optimize the configu-
ration for R = I . Then, we explore random configurations
close to that found and jointly optimize the correlation matrix
R to maximize the achievable rate. Moreover, we consider
the alternative problem of maximizing the Frobenius norm of
H(Φ), i.e.,

ΦTR = arg max
Φ

tr[H(Φ)HH(Φ)], s.t. (3). (9)

This problem has already been considered as an alternative
to the achievable rate maximization problem, in a multipath
MIMO system supported by a RIS with a general architecture
and assuming perfect channel knowledge [6]. Indeed, (9)
promotes the BD-RIS configurations that increase the sum of
the squared singular values of H . In formulas, A be a n× n
matrix, then

log2(1 + tr(A)) ≤ log2 det(I +A) ≤ n log2(1 + ntr(A)) .
(10)

Thus, increasing tr(A) moves both the upper and lower bound
of log2 det(I +A) in the proper direction. Note that a joint
optimization of the configuration and the correlation matrix

should, in general, lead to better performance, but it is not con-
sidered here for its entailed computational complexity. Still, in
the randomization step, the correlation matrix is updated for
each explored configuration; thus, the two variables are jointly
optimized.

To further simplify the resolution of (9), we first observe
that the objective function in (9) can be rewritten in a quadratic
form. Specifically, from (7), it follows that

tr(HH(Φ)H(Φ)) = hH(Φ)h(Φ) =

=

∑
g∈G

[T Tg ⊗Gg]φg

H ∑
g∈G

[T Tg ⊗Gg]φg


=
∑
g∈G

∑
j∈G

φHg [T Tg ⊗Gg]
H [T Tj ⊗Gj ]φj

=
∑
g∈G

∑
j∈G

φHg [T ∗gT
T
j ⊗G

H
g Gj ]φj

=
∑
g∈G

∑
j∈G

φHg Mgjφj , (11)

with Mgj = [T ∗gT
T
j ⊗ G

H
g Gj ]. Note that Mgj = QH

g Qj ,
g, j = 1, . . . , N . By using matrix Mgj as block (g, j) of
matrix M

tr(HH(Φ)H(Φ)) = φHMφ . (12)

Note that this can be easily adapted to fully-connected and
diagonal BD-RIS by considering

M = (T T ⊗G)H(T T ⊗G) (13)

and φ = φ′ in the first case, and

M = (T T �G)H(T T �G), (14)

and φ = diag(Φ) in the second case.
However, the passive constraint (3) cannot be directly

expressed as a quadratic constraint. Then, to obtain a more
tractable problem, we introduce a surrogate set of constraints
that are weaker than the spectral norm constraint but admit a
quadratic representation. Specifically, we impose that the norm
of each column of Φ is less than or equal to 1, i.e.,

N∑
k=1

|Φk,j |2 ≤ 1, j = 1, . . . , N . (15)

These column-wise constraints are easier to handle but do not
imply passivity, because the energy of each column is individ-
ually controlled without limiting the overall amplification that
may occur across different linear combinations of the columns.
Therefore, Φ can satisfy all column-norm constraints while
still having a spectral norm larger than one, introducing then
amplification.

Let us define the (N · N) × (N · N) matrices An , n =
1, . . . , N , having N ones on the diagonal in positions
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N(n − 1) + 1, N(n− 1) + 2, . . . , Nn, and zeros in all other
entries, i.e.,

An =



0N×N 0 . . . . . . . . . 0
...

. . .
...

...
...

...
0 . . . IN×N 0 . . . 0

0 . . . . . .
. . . . . . 0

...
...

...
...

. . .
...

0 . . . . . . . . . 0 0N×N ,


, (16)

where IN×N is the N × N identity matrix, 0N×N is the
N×N with all zero entries matrix. Then, constraints (15) can
be reformulated in a quadratic form as

φHAnφ ≤ 1 n = 1, . . . , N . (17)

The resulting optimization problem can be cast in a
quadratic form as

φTR = arg max
φ

φHMφ, s.t. (17) . (18)

Both the objective function and the constraints in (18) are
convex functions of φ. However, maximizing a convex func-
tion is non-convex. Then, we propose two approaches to solve
(18): the SDP- and the projected gradient ascent (PGA)-based
techniques.

SDP-Based Solution: Both the objective function and the
constraints in (18) can be written as a function of φHφ as

φHMφ = tr(φHMφ) = tr(MφHφ) (19a)

φHAnφ = tr(φHAnφ) = tr(Anφ
Hφ). (19b)

Therefore, by defining Φ̃ = φHφ and noting that Φ̃ is a pos-
itive semi-definite matrix, we obtain the following equivalent
formulation of (18)

Φ̃SDP = arg max
Φ̃

tr(MΦ̃) (20a)

s.t. tr(AnΦ̃) ≤ 1, n = 1, . . . , N, (20b)

Φ̃ � 0, (20c)

rank(Φ̃) = 1 . (20d)

The rank constraint (20d) is non-convex, whereas the objective
function and the other constraints are convex in Φ̃. Thus, by
dropping the rank constraint, we obtain a relaxed version of
(20) that is an SDP formulation of (18), which can be solved
by well-known convex optimization algorithms [31]. The solu-
tion of the SDP formulation of (18) may not be feasible for (8)
since we drop the rank constraint, we consider the Frobenius
norm of H(Φ) as a surrogate objective function, and we relax
(3) into (15). A feasible solution of (8) can be obtained by first
computing the eigenvalue decomposition Φ̃SDP = WEW T ,
where W contains the eigenvectors w1, . . . ,wN , and E is
the diagonal matrix of the eigenvalues ξ1, . . . , ξN of Φ̃SDP.
Then, we apply a rank-one approximation on Φ̃SDP, obtaining
φ(0) =

√
ξ1w1, i.e., eigenvector w1 scaled to its eigenvalue

ξ1. A feasible solution of (8) is then

φ̃
(0)

=
φ(0)

max (‖unvec(φ(0))‖2, 1)
, (21)

where the normalization restores the original passive
constraint (3).

PGA-Based Solution: A computationally lighter approach
to solve (18) is based on the PGA method [32]. The PGA
iteratively updates φ as

φ(t+1) = P
(
φ(t) + µ(t)∇f(φ(t))

)
, (22)

where ∇f(φ) is the gradient of the objective function in (18)
(i.e., ∇f(φ)=2Mφ), µ(t) is the step size, and P(·) represents
the projection onto the feasible set given by constraints (15).
Specifically, the projection normalizes each subvector φg of
φ corresponding to a column of Φ whenever its Euclidean
norm exceeds 1. The iterations continue until convergence or
when a maximum number of iterations T is reached, yielding
a locally optimal φ(0) = φ(T ) that satisfies (15). However, a
further normalization as that in (21) is needed to enforce (3).

A. Randomized Algorithm for Achievable Rate Maximization

Since the optimization problem (18) does not directly max-
imize the achievable rate and does not enforce (3) as the
passive constraint, both SDP- and PGA-based solutions are
refined to improve the resulting capacity. To this end, we resort
to a randomized approach [33]. In particular, we generate
P random solutions, φ(p), p = 1, . . . , P . To obtain feasible
solutions satisfying (3), we apply a rescaling providing

φ̃
(p)

=
φ(p)

max (‖Φ(p)‖2, 1)
, (23)

with Φ(p) = unvec(φ(p)).
Finally, the feasible solution that maximizes the cascade

channel achievable rate is selected as the BD-RIS configura-
tion, i.e.,

φ? = arg max
{φ̃(p)

, p=0,...,P}
C(φ̃

(p)
) , Φ? = unvec(φ?). (24)

The solutions {φ(p)} are typically drawn from a Gaussian
distribution with zero mean and covariance matrix Φ̃R built
from the output of the chosen algorithm, i.e., the matrix
Φ̃SDP or an empirical covariance matrix Φ̃PGA estimated
from the PGA trajectory obtained by taking the sequence of
solutions explored during the iterations and computing their
sample covariance matrix. However, to explore solutions that
are spread out (in terms of Euclidean distance) from φ̃

(0)
,

we modify the covariance matrix Φ̃R by adding a random
component to its eigenvalues (diagonal of ER obtained from
the eigenvalue decomposition Φ̃R = W RERW

T
R ) as follows

ẼR = ER +E1 , (25)

where E1 is a diagonal matrix such that diag(E1) =
1

2
r, with

r being a vector whose entries are independently drawn from
a normal distribution, i.e., ri ∼ N (0, 1) for i = 1, . . . , N .2

The perturbed covariance matrix is then reconstructed as

Φ̃R,2 = W RẼRW
T
R . (26)

2To ensure that Ẽ remains positive semi-definite, we clip any negative
eigenvalues to small positive values of the order of 10−10.
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Then, we generate P random feasible solutions φ(p) drawn
from a Gaussian distribution with zero mean and covariance
matrix Φ̃R,2.

1) Computational Complexity for SDP-Based Solution: The
computational complexity of the SDP-based solution depends
primarily on solving the SDP formulation of (18), followed by
the eigenvalue decomposition and the randomized refinement.
The SDP formulation involves optimizing over a positive
semidefinite matrix Φ̃ of size (NN) × (NN), yielding a
problem with (NN)2 variables. The computational complexity
of solving the SDP scales as O((NN)6). The eigenvalue
decomposition of Φ̃SDP requires O((NN)3) operations. The
randomization procedure requires first the perturbation of
the Φ̃SDP eigenvalues and then the generation of P random
solutions. The former incurs a complexity of O((NN)3),
while the latter of O(P (NN)3), due to the SVD for the
rate computation. Summing all these contributions, the overall
complexity is dominated by the SDP solution, with order of
O((NN)6).

2) Computational Complexity for PGA-Based Solution:
The computational complexity of the PGA-based solution is
mainly due to the iterative gradient updates, the projection
step, and the randomized refinement. At each iteration, the gra-
dient cost is O((NN)2), while the projection cost is O(NN).
Assuming a total of T iterations, the overall complexity of
the iterative phase is O(T (NN)2), which is significantly
lower than the complexity of solving the SDP formulation
of (18), making PGA more attractive for large-scale BD-RIS
configurations. The randomization procedure has the same
computational complexity as in the SDP-based solution, since
it still requires generating P random candidate solutions and
evaluating their achievable rates through SVD computations.
Therefore, the overall complexity of the PGA-based solution
is due to the terms O(T (NN)2) and O(P (NN)3), where the
second term is typically dominating.

IV. REDUCED BD-RIS PARAMETER VECTOR

Although the solutions described in the previous section
can be applied to determine the proper BD-RIS configuration,
both approaches operate on the full parameter vector φ whose
dimension NN grows rapidly with the number of BD-RIS
elements N . This growth increases the computational burden
of randomization and feasibility checks of the provided solu-
tions, and also enlarges the amount of information that must
be transmitted over the control link. In fact, a larger BD-RIS
also requires a higher rate control link from the transmitter to
the BD-RIS to pass all parameters φ.

To address these challenges, we introduce a reduced
BD-RIS parameter vector by mapping the full configuration
vector onto a lower-dimensional representation. This compact
representation aims at capturing a subset of BD-RIS elements
that have the largest impact on the system performance, while
reducing control overhead and enabling the configuration
optimization in a reduced space. Specifically, we consider only
a subspace of the BD-RIS parameter vector, represented by
c ≤ NN variables φ = [φ1, . . . , φc] ∈ Cc, obtained with
suitable mapping function from the solution φ?, i.e.,

φ = f(φ?) ∈ Cc . (27)

The mapping function is tailored to the specific device position
and propagation environment where the BD-RIS is deployed.
Indeed, depending on the typical user positions, the most
relevant BD-RIS elements have the greatest impact on properly
shaping the wireless channel, which is governed by the device
positions and electromagnetic properties of the environment.
The mapping function then captures these complex depen-
dencies, approximating φ? with c parameters, enabling an
environment-aware compact representation that reduces the
control overhead with limited impact on the performance.

Similarly, we define a de-mapping function that maps
the reduced space of dimension c back to the original
space of dimension NN , reconstructing the complete BD-RIS
configuration from its compressed representation as

φ̂
?

= f ′(φ) ∈ CNN , Φ̂
?
= unvec(φ̂

?
). (28)

Remark 1: The mapping function f(·) is not invertible, thus
applying the de-mapping f ′(·) we do not obtain again the
original BD-RIS configuration and in general φ? 6= φ̂

?
.

Remark 2: The de-mapping function (28) provides the
effective phase shifts set on the BD-RIS. Therefore, we must
ensure that the de-mapping satisfies constraints (15).

The use of mapping and de-mapping functions allows for
an implementation of the BD-RIS control with a limited data
rate. In this implementation the f ′(·) is implemented at the
BD-RIS, and over the control channel only the compressed
representation φ of size c is transmitted to the BD-RIS, instead
of φ of size NN .

A. Mapping and De-Mapping by Autoencoder

To design the mapping and de-mapping functions, we resort
to a machine-learning approach, where first we frame the
mapping and de-mapping functions into the decoder and
encoder of an AE model, and then we detail a training process
to learn the coefficients.

The AE consists of an encoder and a decoder, where the
encoder compresses the input data into a lower-dimensional
representation (i.e., latent representation), and the decoder
reconstructs the input from this compressed representation.
Indeed, the layers of the AE learn an effective latent-space
representation of the input data and reconstruct it efficiently.

The architecture of the encoder includes L layers, each in
turn composed of B` neurons, ` ∈ {1, . . . , L}, typically fol-
lowed by a non-linear activation function aenc,`(·). Specifically,
the B` × 1 vector v` is the input of layer `, where B` is the
input dimension of layer `. Since the encoder compresses the
input data, the output of each layer typically has a smaller
dimension than its input. These dimensions can be adjusted as
hyperparameters to control the desired level of compression
and information loss. For the first layer (` = 1) we have
v1 = φ? ∈ CNN .

The output layer 1 ≤ ` ≤ L is computed as

v`+1 = aenc,`(Cenc,`v` + benc,`), (29)

where Cenc,` (size B`+1×B`) and benc,` (size B`+1×1) are the
trainable encoder weights matrix and bias vector, respectively.
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Fig. 2. Example of the considered autoencoder, with L = 2, NN = 6, and
c = 4.

The output of the last layer (` = L) provides the latent
representation

φ = vL+1 . (30)

Note that c ≤ NN .3

The decoder aims at reconstructing the original input φSDP
from the latent representation φ through L layers that pro-
gressively expand its dimensionality. In this case, the output
dimensions of each layer are higher than the corresponding
input dimensions. Specifically, the decoder architecture mir-
rors that of the encoder, where each layer has B′` neurons,
` ∈ {1, . . . , L}, and is typically followed by a non-linear
activation function adec,`. The input to the first layer of the
decoder (` = 1) is the latent representation, i.e., v′1 = φ ∈ Cc.
The output of the layer 1 ≤ ` ≤ L is

v′`+1 = adec,`(Adec,`v
′
` + bdec,`), (31)

whereAdec,` (size B′`+1×B′`) and bdec,` (size B′`+1×1) are the
trainable decoder weights matrix and bias vector parameters,
respectively. The activation function adec,`(·), ` = 1, . . . , L−1,
is typically chosen to be the same as in the encoder for
intermediate layers. The final layer (` = L) provides the
reconstructed vectorized BD-RIS configuration

φ̂
?

= v′L+1 . (32)

To ensure that the used BD-RIS configuration satisfies the
constraints (3), we consider an approach based on the decoder
output normalization described in the remainder of this section.
Fig. 2 depicts the general autoencoder structure.

B. Decoder Output Normalization (DON)

The activation function of the last layer enforces constraint
(3). In particular, let v′′ = Adec,Lv

′
L + bdec,L. After having

3In a practical implementation, the real and imaginary parts of φ are
processed separately by neurons having only real coefficients, and the non-
linear function operates on the two components separately.

converted v′′ into matrix form as Φ̂
′′

= unvec(v′′), we
normalize it to obtain

Φ̂
?

=
Φ̂
′′

max (‖Φ̂
′′
‖2, 1)

. (33)

The reconstructed vectorized BD-RIS configuration is then
φ̂
?

= vec(Φ̂
?
).

C. Training Loss Function

To train the AE, we consider two loss functions to be
minimized: the mean square error and the negative achievable
rate.

1) Mean Square Error: The MSE loss function is

MSE(φ?, φ̂
?
) = E

[
||φ̂

?
− φ?||2

]
, (34)

where the expectation is taken on the dataset of φ?.
2) Negative Achievable Rate: In this case, we directly

aim at maximizing the achievable rate obtained with the
selected BD-RIS configuration. Thus, the loss function (to be
minimized) is the opposite of the achievable rate (2), i.e.,

ρ(φ̂
?
) = E

[
−min

R
log2 det (I+

+
1

σ2
H(Φ̂

?
)RHH(Φ̂

?
)

)]
. (35)

Training with the negative achievable rate as a loss func-
tion entails a significantly higher computational complexity
than MSE. Indeed, to obtain the rate for a specific channel
and configuration, we need to optimize R, which requires
computing the SVD of the cascade channel and the water-
filling solution on the singular values: such operations must
be computed also to evaluate numerically the gradient of the
AE loss function. Note that the training should be performed
whenever the channel conditions change significantly.

Remark: When the AE is trained offline using the achievable
rate as loss, perfect CSI is assumed during training; therefore,
deploying the decoder with imperfect or quantized CSI may
introduce a mismatch that results in rate degradation. Con-
versely, if the AE was trained or periodically fine-tuned online
using the same imperfect CSI available at deployment, the
learned mapping may in part adapt to the CSI errors and yield
improved robustness.

V. OPTIMIZATION IN THE REDUCED SPACE

We now propose to optimize the BD-RIS configuration in
the latent space to reduce the complexity of the proposed
solution. Such a solution provides vector φ to be passed to the
BD-RIS. Moreover, by optimizing directly φ, we better control
the effects of BD-RIS parameter modification introduced by
the reduction to the latent space.

To reformulate the optimization problem (18) in the latent
space, the constraint (28) is added, obtaining

φTR = arg max
φ

φHMφ , (36a)

s.t. φHAnφ ≤ 1 , n = 1, . . . , N , (36b)

φ = f ′(φ) . (36c)
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Note that the problem also includes constraints (15) on the
decompressed vector φ.

To apply the solutions described in Section III to problem
(36), it is necessary that the de-mapping function f ′(·) is
linear. This is because both solutions rely on the problem being
expressed as a quadratic form in the optimization variables.
If f ′(·) is linear, then the objective and constraint functions
remain quadratic in the new variable φ, allowing the standard
lifting procedure to a matrix variable and the subsequent
convex relaxation. Conversely, if f ′(·) is non-linear, the objec-
tive and constraints would no longer be quadratic, and the
approaches discussed in Section III could not be applied
directly. We focus then on a linear AE, i.e., an AE where
the encoder and the decoder have each a single layer (L = 1),
without activation functions that provide the following linear
mapping and demapping functions

φ = Cenc,1φ
? + benc,1 , (37)

and
φ̂
?

= Adec,1φ+ bdec,1 , (38)

respectively. Note that a linear AE consisting of a single
linear encoder and decoder, trained with MSE loss function, is
mathematically equivalent to the principal component analysis
(PCA), [34].

Defining

M1 = AH
decMAdec ∈ Cc×c, M2 = AH

decMb ∈ Cc×1,
M3 = bHMAdec ∈ C1×c, M4 = bHMb ∈ C,
A(1)
n = AH

decAnAdec ∈ Cc×c, A(2)
n = AH

decAnb ∈ Cc×1,
A(3)
n = bHAnAdec ∈ C1×c, A(4)

n = bHAnb ∈ C, (39)

where we set, to simplify the notation, Adec = Adec,1 ∈
CNN×c and b = bdec,1 ∈ CNN×1, problem (36) can be then
reformulated as

φTR = arg max
φ

φ
H
M1φ+ φ

H
M2 +M3φ (40a)

s.t. φ
H
A(1)
n φ+ φ

H
A(2)
n +A(3)

n φ+A(4)
n ≤ 1 ,

n = 1, . . . , N. (40b)

Note that we are ignoring M4 in the objective function due
to its independence from φ.

A. SDP-Based Solution

The quadratic problem in (40) can be put in a conventional
form suitable for SDP relaxation as follows. First, we define

R =

[
M1 M2

M3 0

]
, A1,n =

[
A(1)
n A(2)

n

A(3)
n A

(4)
n

]
,

A2 =

[
0c×c 0c×1
01×c 1

]
, ψ =

[
φ
t

]
, (41)

and then we rewrite (40) as

ψTR = arg max
ψ

ψHRψ (42a)

s.t. ψHA1,nψ ≤ 1 , n = 1, . . . , N, (42b)

ψHA2ψ ≤ 1, |t| = 1 . (42c)

By applying an SDP relaxation and removing (once again)
the rank-one constraint, we obtain the convex optimization
problem

ΨSDP = arg max
Ψ̃

tr(RΨ̃) (43a)

s.t. tr(A1,nΨ̃) ≤ 1, n = 1, . . . , N, (43b)

tr(A2Ψ̃) ≤ 1 , (43c)

Ψ̃ � 0 , (43d)

which can still be solved by well-known convex optimiza-
tion algorithms [31]. To obtain a feasible solution of (40)
from the solution of the SDP-relaxed problem (43), we first
compute the eigenvalue decomposition ΨSDP = UDUT ,
where U contains the eigenvectors {u1, . . . ,uc+1} and D
is a diagonal matrix of the eigenvalues {d1, . . . , dc+1}. Then,
we apply a rank-one approximation on ΨSDP, defining ẑ(0) =√
d1[u1]1:c , which is a scaled version of the first c elements

of the eigenvector u1 corresponding to the largest eigenvalue
d1 of ΨSDP. We then compute

φ̂
(0)

= Adecẑ
(0) + b , (44)

which is then normalized (similarly to (21)) to restore the orig-
inal passive constraint (3). Finally, we apply the randomization
described in Section III-A.

B. PGA-Based Solution

Alternatively, (40) can also be solved by using the PGA
method as discussed in Section III. The PGA iteratively
updates φ̄ as

φ̄
(t+1)

= P
(
φ̄

(t)
+ µ(t)∇f(φ̄

(t)
)
)
, (45)

where ∇f(φ̄) is the gradient of the objective function (40a)
computed with respect to the complex conjugate of φ̄, µ(t)

is the step size, and P(·) denotes the projection that enforces
(40b). Since (40b) are quadratic constraints, for a more prac-
tical and scalable approach, the projection can be done by
introducing a penalty term in the objective that discourages
constraint violations. After convergence, we apply the de-
mapping function (38) on the obtained solution as previously
discussed for the SDP solution in (44). Finally, we perform
the randomization as detailed in Section III-A.

C. Complexity for BD-RIS Optimization in Latent Space

When considering the optimization in the latent space,
the number of variables to optimize is reduced from NN
to c, the latent space dimension. For the SDP-based solu-
tion, the complexity of solving the semidefinite relaxation
scales as O(c6), significantly improving upon the original
complexity of O((NN)6), if c � NN . Furthermore, the
eigenvalue decomposition of ΨSDP also benefits from the
reduced dimensionality, resulting in O(c3). However, due
to the reconstruction of the feasible solution into the orig-
inal space via (44), the randomization procedure is still
O(P (NN)3). Summing these contributions, the overall com-
plexity of the SDP-based solution in the latent space is mainly
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TABLE I
MAIN PARAMETERS OF THE AE

Fig. 3. Average achievable rate for SDP and PGA solution as a function of
the number of BD-RIS elements for SNR=10 dB with P = 0.

due to the terms O(c6) and O(P (NN)3). For the PGA-based
solution, the gradient computation and projection steps are
performed now with complexity O(TNc2), where T is still
the number of iterations. The randomization step again dom-
inates the total complexity, as it still depends on the original
configuration size, yielding a total complexity of O(TNc2 +
P (NN)3), where the second term is typically dominating.
Hence, the PGA-based solution remains considerably lighter
than the SDP-based one, particularly for large-scale BD-RIS
configurations or small latent dimensions c.

Note that Table I summarizes the notation introduced in
Sections IV and V.

VI. NUMERICAL RESULTS

In this section, we evaluate and discuss the proposed
algorithm’s performance for optimizing the BD-RIS config-
uration. We first describe the considered scenario, then we
detail the compared solutions used for the fully-connected
and diagonal architectures. Lastly, we also discuss the impact
of different system parameters on the performance of the
proposed solutions.

In obtaining numerical results, we have considered both
the SDP and PGA solutions. Since the performance (in terms
of capacity) obtained by both approaches is the same (see
Fig. 3 where the shaded regions indicate the confidence
interval), we do not report them separately. In Section VI-F,
we offer a comparison in terms of complexity between the

two approaches. Therefore, in the following, we refer to
randomized configuration optimization (RCO) and RCO-LS
as the BD-RIS optimization obtained in the original and latent
space, respectively, regardless of the used method.

A. Channel Model and Parameter Setting

Signals are transmitted in the millimeter-wave (mmWave)
band. We assume that both transmitter-BD-RIS and
BD-RIS-receiver links exhibit a multipath condition,
while the direct link between transmitter and receiver is
obstructed. All devices (including BD-RIS) have uniform
linear arrays (ULAs) (or elements). With reference to the
downlink transmission of a cellular system, the transmitter
(the base station) and the receiver (the user equipment) are
each equipped with an ULA array of K = 6 and M = 2
antennas, respectively.

Since channels in the mmWave band have only a few
relevant paths, we use a geometric model to describe them.
We define the array response column vector of size N for
AoA α as

sN (α) =
[
1, e−j

2π
λc
d sinα, . . . , e−j(N−1)

2π
λc
d sinα

]T
, (46)

where λc is the carrier wavelength and d = λc/2 is the spacing
between the BD-RIS elements and the antenna arrays at the
transmitter and receiver [35].

We consider a channel model to and from the BD-RIS with
Z paths and define the Z-paths array response matrix with
AoA angles α = [α1, . . . , αZ ]T as

Si(α) = [si(α1), . . . , si(αZ)], (47)

where i is the number of antennas or BD-RIS elements.
Let ϕT,l, θT,l, and γT,l be the AoD at the transmitter,

the AoA at the BD-RIS, and the complex path gain, respec-
tively, for the path z = 1, . . . , Z. Let us also define ϕF =
[ϕT,1, . . . , ϕT,Z ]T and θT = [θT,1, . . . , θT,Z ]T . Moreover,
SHK(ϕT ), SN (θT ), and ΓT = diag([γT,1, . . . , γT,Z ]T ) are the
transmitter array response matrix, the BD-RIS array response
matrix, and the diagonal path gain matrix, respectively. We
model the baseband channel matrix between the transmitter
and the BD-RIS as

T =

√
KN

Z

Z∑
l=1

γT,lsN (θT,l)s
H
K(ϕT,l)

= SN (θT )ΓFS
H
K(ϕT ) ∈ CN×K . (48)

All angles are randomly generated according to a uniform dis-
tribution in the interval [0, π], while path gains are zero-mean
and unitary variance independent complex Gaussian variables.
We consider Z = 2 paths, unless otherwise specified.

Similarly, we model the matrix of the channel between the
BD-RIS and the receiver as

G =

√
NM

Z

Z∑
l=1

γG,lsM (θG,l)s
H
N (ϕG,l)

= SM (θG)ΓGS
H
N (ϕG) ∈ CM×N , (49)

where angles vectors θG and ϕG are now those for the paths
between the BD-RIS and the receiver.
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B. Compared Solutions

We consider the following solutions for comparison.
1) Fully-Connected BD-RIS With Normalized Dominant

Eigenvector (FC-NDE): In [36] it is proposed to optimize the
BD-RIS with fully-connected architecture by solving the max-
trace problem (18) and constraint (3) replaced by the power
constraint tr(ΦHΦ) = N . This constraint is less restrictive
since BD-RIS may amplify the received signal before reflec-
tion. The FC-NDE solution is a reshaped and scaled version
of the eigenvector m corresponding to the largest eigenvalue
of M defined in (13), i.e., ΦFC−NNDE =

√
Nunvec(m).

However, for a fair comparison with the proposed solutions,
we normalize ΦFC−NNDE so that (3) holds. The complexity
of FC-NDE is O(N6), due to the eigenvalue decomposition.

2) Fully-Connected BD-RIS With Unitary Constraint (FC-
UC): In this case the BD-RIS is optimized as proposed in [14],
where SVD is applied to G and T as G = UGΣGV

H
G and

T = UTΣTV
H
T , respectively, with the constraint ΦΦH =

IN . Such a constraint not only ensures that Φ does not
amplify the reflected signal but also captures the lossless case,
where all the incident power is reflected. By diagonalizing
the cascade channel matrix, it is proved that the channel
achievable rate is achieved by using the configuration of the
fully connected BD-RIS

ΦFC−UC = V GU
H
T . (50)

Note that this solution represents the optimal solution of the
original (non-relaxed) problem (8) for a fully-connected BD-
RIS. The complexity of FC-UC is O(N3), due to the SVD.

3) Diagonal BD-RIS With Normalized Dominant Eigen-
vector (D-NDE): In [36] it is also proposed to optimize
the BD-RIS with diagonal architecture by solving max-trace
problem (18) with constraint tr(ΦHΦ) = N . Let gi be the
i-th column of G and tHi as the i-th row of TH . Let also
define [K]ji = gHj git

H
i tj . The D-DE solution ΦD−NDE

is a diagonal matrix whose diagonal φD−NDE is a scaled
version of the eigenvector v of K corresponding to the largest
eigenvalue, i.e., φD−NDE = diag(ΦD−NDE) =

√
Nv. Also

in this case, we normalize ΦD−NDE so that (3) holds. The
complexity of D-NDE is still O(N6), due to the eigenvalue
decomposition.

4) Diagonal BD-RIS With Low-Complexity (D-LC): In
[37], it is proposed to optimize the BD-RIS with a diagonal
architecture. Let us define the following vectors related to gn
and tn as

g̃n = [|g1,n|, . . ., |gM,n|]T , t̃
H
n = [|tn,1|, . . ., |tn,K |], (51)

for n = 1, 2, . . ., N . The low-complexity solution for passive
diagonal BD-RIS is a diagonal matrix ΦD−LC whose diagonal
φD−LC = diag(ΦD−LC) = [ejρLC,1 , . . ., ejρLC,N ] is obtained
from [37] as

ρLC,n = − cos−1

(
Re(t̃

H
n tn)

||tn|| · ||̃tn||

)
− cos−1

(
Re(g̃Hn gn)

||gn|| · ||g̃n||

)
,

(52)

for n = 1, . . . , N . The complexity of the D-LC solution is
O(6N(M +K)).

Fig. 4. Average achievable rate for RCO solution as a function of the
number of BD-RIS elements for SNR=10 dB without (solid curves) and with
(dot-dashed curves) randomization, i.e., P = 0 and P = 100, respectively.
The shaded regions indicate the confidence interval.

Fig. 5. Average achievable rate for RCO solution as a function of the SNR
for N = 12, and randomization with P = 100. For the GC architecture, we
consider G = {2, 3, 4}.

C. RCO Design and Performance

We first assess the performance of the RCO solution. In
the following GC, FC, and D refer to group-connected, fully-
connected, and diagonal BD-RIS architecture, respectively.
The SNR is defined as the inverse of the per-antenna noise
power. Fig. 4 shows the achievable rate averaged over the
random channels (named E[C(Φ)]) as a function of N for
SNR= 10 dB for the three BD-RIS architectures without
(solid curves) and with (dot-dashed curves) randomization,
i.e., P = 0 and P = 100, respectively. The curves for
the GC architecture are obtained for G = 2. It can be
seen that the relevance of the randomization depends on N :
as N increases, randomization leads to greater performance
improvements. Moreover, as expected, all techniques achieve
a higher achievable rate when N is large. Lastly, the FC
and GC architectures achieve similar performance, while the
D architecture suffers from a small number of controllable
parameters.

Fig. 5 shows E[C(Φ)] as a function of the SNR for the
three BD-RIS architectures with N = 12 and randomization
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Fig. 6. Average achievable rate obtained with RCO as a function of the SNR
for a group-connected architecture varying N ∈ {12, 24, 36}, for G = 3 and
G = 4. Solid curves refer to results obtained without randomization, whereas
dashed curves refer to results obtained when the randomization procedure is
performed with P = 100.

Fig. 7. Average achievable rate for RCO solution for fully-connected and
diagonal architectures as a function of the number of BD-RIS elements N
for SNR = 10 dB. The randomization is performed with P = 100 and the
compared solutions are those described in Section VI-B.

(P = 100). For the GC architecture, we consider G =
{2, 3, 4}. It can be observed that increasing G decreases the
rate. Indeed, as G grows, the GC architecture increasingly
resembles the diagonal one. This is further confirmed by Fig. 6
that shows the average achievable rate as a function of the SNR
for the GC architecture with G = 3 (black curves), and G = 4
(red curves), and N = 12 (squared- and solid curves), N = 24
(curves with diamonds and pentagrams), N = 36 (curves with
circles and stars). Solid curves refer to results obtained without
performing the randomization procedure (P = 0), while
dashed curves refer to results obtained with randomization
(P = 100).

Finally, Fig. 7 shows E[C(Φ)] as a function of N for
SNR= 10 dB and aims at comparing RCO solutions for the
fully-connected and diagonal architectures with the existing
solutions detailed in Section VI-B. Specifically, RCO is per-
formed with randomization (P = 100). It can be seen that
RCO solution for the FC architecture significantly outperforms
FC-NDE solution. However, its performance remains below

Fig. 8. The average achievable rate loss for a fully-connected architecture
with N = 8 and SNR = 10 dB. BAE and DON approaches are considered
for the AE design. The MSE is used as a loss function.

that of FC-UC, which represents the optimal solution of the
original (non-relaxed) problem (8) for the fully-connected
architecture. Moreover, it can be observed that the RCO
solution for a diagonal architecture outperforms D-LC, while
providing results quite similar to those of D-NDE.

D. Autoencoder Design

We now evaluate the impact of the AE design. Recall that
for the optimization in the latent space, the AE is constrained
to be linear (as discussed in Section V). Furthermore, given
that the fully-connected architecture among the considered
architectures has the highest computational and control rate
requirements, our analysis here will focus exclusively on that
architecture. Moreover, we consider N = 8 and SNR = 10 dB.
However, these investigations can be easily extended to the
other architectures, all with different values of N and SNR.
The considered loss function is the MSE, unless otherwise
specified. Performance is evaluated in terms of the MSE (34)
and the average achievable rate loss ε with respect to the RCO
solution, i.e.,

ε = E

[
C(Φ?)− C(Φ̂

?
)

C(Φ?)

]
, (53)

where the average is taken over the channel realizations and
thus the BD-RIS configurations. Note that ε measures the
performance degradation when using the AE’s output instead
of the original input (i.e., RCO solution) as the BD-RIS
configuration. We split the dataset into 8 · 104 samples for
training, 104 for both validation and testing. The AE is trained
considering an Adam optimizer with a learning rate of 10−4,
a batch size of 128, and 50 epochs.

1) Impact of Forcing the Constraints Guarantee: Figs. 8
and 9 show ε and MSE, respectively, as a function of the latent
space dimension c ∈ {8, 9, 16, 25, 36, 49, 64}. We consider
a basic AE (labeled as BAE) where both the encoder and
decoder have one layer each, without activation functions.
We compare this solution with an AE designed according to
the DON approach, where the encoder is designed with only
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Fig. 9. MSE for a fully-connected architecture with N = 8 and
SNR = 10 dB. BAE and DON approaches are considered for the AE design.
The MSE is used as a loss function.

one layer without an activation function, while the decoder
activation function is that discussed in Section IV-B. It is
worth noting that, unlike for DON, the outputs for BAE
do not inherently satisfy constraint (3). Therefore, before
evaluating the resulting achievable rate, the BD-RIS matrix
provided by the AE is normalized to ensure that its spectral
norm is smaller than or equal to 1. Fig. 8 shows that the
DON approach outperforms BAE, providing the lowest ε
values. This suggests that explicitly enforcing the unit-norm
constraints during the AE training, as done in DON, leads
to a more effective configuration in terms of communication
performance. However, when looking at the MSE between the
input and reconstructed BD-RIS configuration vector in Fig. 9,
a different pattern emerges. Indeed, DON provides a higher
MSE compared to BAE. This is due to the explicit enforce-
ment of the normalization constraint on the decoder output:
by imposing this constraint, we restrict the solution space,
preventing the AE from freely learning any transformation that
minimizes the MSE. This led to a higher reconstruction error.
By jointly considering ε and MSE results, it can be stated
that while enforcing the constraints might slightly degrade
reconstruction accuracy, it leads the model toward solutions
that better fit the system’s optimization goals.

2) Impact of Deep Autoncoders: To assess the impact of
using a deep AE, we analyze the performance of BAE and
DON approaches. Note that for the numerical results, each
complex-valued input provided to the AE is represented by
concatenating its real and imaginary parts. Accordingly, both
BAE and DON employ ReLU as the activation function for
the hidden layers, and Tanh as the activation function on the
real and imaginary parts of the output layer for BAE. Training
is performed using an Adam optimizer with a learning rate of
10−4, a batch size of 128, and 50 epochs. Fig. 10 shows ε as
a function of a different number of hidden layers and latent
space dimension. We consider the cases in which the encoder
and decoder have two hidden layers (L = 2), and c = 8 and
16. The first layer of the encoder maps the input of size 64 to
a size of 32, and the second layer then reduces the size from
32 to c. The decoder mirrors this process. We also consider

Fig. 10. The average achievable rate loss for a fully-connected architecture
with N = 8 and SNR = 10 dB. The encoder and decoder are designed with
one or more nonlinear hidden layers. The MSE is used as a loss function.

Fig. 11. The average achievable rate loss for a fully-connected architecture
with N = 8, K = M = 1, and SNR = 10 dB. The encoder and decoder are
designed with only one linear layer. Both the MSE and the negative achievable
rate (NAR) are used as loss functions.

the case in which the encoder and decoder have three hidden
layers (L = 3) and c = 8: the output size of the first encoder
layer is 32, and the output size of the second encoder layer is
16. Once again, the decoder mirrors this process as previously
discussed. Comparing Fig. 8 and Fig. 10, it can be seen that
for the same value of c, the introduction of non-linearity and
additional hidden layers reduces ε. This is particularly true for
c = 8, while for c = 16, designing the encoder and decoder
without a deep architecture does not significantly affect the
AE performance.

3) Impact of the Loss Function: Lastly, we have also
considered the negative achievable rate as the loss function
for the training of the AE (see Section IV-B). However, due
to the computation of the gradient for a specialized loss
function (rather than the conventional MSE), the training time
significantly increases. Thus, we focus on a simpler scenario
with single-antenna devices. Fig. 11 shows the obtained ε
with the MSE and the negative achievable rate loss functions
(labeled as MSE and NAR, respectively) when considering
BAE and DON approaches. We observe that using the rate loss
function improves the performance of the AE, at the expense
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Fig. 12. The average achievable rate loss for a fully-connected architecture
with N = 8, K = M = 1, and SNR = 10 dB. The encoder and decoder are
designed with one or more nonlinear hidden layers. Both the MSE and NAR
loss functions are used.

Fig. 13. Average achievable rate as a function of N for a BD-RIS with fully-
connected architecture, SNR=10 dB. We consider RCO, RCO-LS with c ∈
{8, 16, 32, 50, 60}, and the compared solutions described in Section VI-B.
For both RCO and RCO-LS, we perform the randomization with P = 100.

of higher computational complexity. This is further confirmed
by Fig. 12, where a deep AE architecture is considered for both
BAE and DON. Notably, for the same c values, the system
performance is significantly improved when a deep AE and
the negative achievable rate loss function are used.

E. RCO-LS Design and Performance

Here, we design and assess the performance of RCO-LS
solution. The AE decoder has been obtained considering a
linear AE (i.e., BAE) trained with the MSE loss function,
following the BAE approach to maintain linearity. Fig. 13
shows E[C(Φ)] as a function of N for a BD-RIS with fully-
connected architecture and SNR= 10 dB. The solid, dotted,
and dashed lines represent the performance of the RCO,
FC-NDE, and FC-UC solutions, respectively, while the
remaining curves (with markers) correspond to the RCO-LS
approach varying the latent dimension c ∈ {8, 16, 32, 50, 60}.
For both RCO and RCO-LS, we perform the randomization
procedure with P = 100. Comparing RCO and RCO-LS
solutions, it can be seen that for smaller c (e.g., c = 8),

Fig. 14. Overall complexity as a function of N for a BD-RIS with a fully-
connected architecture (on the top) and group-connected (G = 2) architecture
(on the bottom), SNR=10 dB. We consider SDP (solid curves) and PGA
(dot-dashed curves) for both the optimization in the original and latent space.
We consider c ∈ {8, 16, 32, 50, 60}. We assume T = 200 as the number of
PGA iterations, and we perform randomization with P = 100.

the average achievable rate obtained with RCO-LS is notably
lower than that of RCO, indicating that a limited latent space
worsens performance. As c increases, the RCO-LS average
achievable rate improves gradually, approaching the RCO.
This improvement occurs because a larger c enables better
optimization within the latent space, thereby reducing the gap
with RCO. Depending on the number of BD-RIS elements N ,
a sufficiently large c value is needed to capture the relevant
features for effective optimization. Comparing RCO-LS with
FC-NDE, it can be seen that for c ≥ 32, RCO-LS outperforms
the latter. Therefore, an inherent trade-off arises between
dimensionality reduction in the BD-RIS optimization problem
and performance.

F. Complexity Comparison

Fig. 14 shows the overall complexity as a function of N
for a BD-RIS with a fully-connected architecture (on the top)
and group-connected (G = 2) architecture (on the bottom),
SNR= 10 dB. We compare the performance of SDP (solid
curves) and PGA (dot-dashed curves) for both the optimization
in the original and latent space with c ∈ {8, 16, 32, 50, 60}.
We consider T = 200 as the number of iterations for PGA,
and we perform randomization with P = 100. For SDP-based
solution, as long as the randomization procedure is less com-
putationally demanding than SDP (whether in the latent space
or not), the optimization in the latent space exhibits a signifi-
cantly lower computational complexity than that in the original
space. Furthermore, for small c (i.e., c = 8 and c = 16)
and N values, the complexity of SDP solution in the latent
space is primarily dominated by the randomization procedure.
In contrast, for c ≥ 32, its complexity is almost due to solving
the SDP relaxation in (43), which explains the flat behavior
observed in the resulting curves. The overall complexity of the
PGA-based solution is dominated by randomization, yielding
the same complexity for different c, thus confirming that the
PGA-based solution is computationally less demanding than
the SDP-based one. Comparing the results obtained for the
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Fig. 15. Achievable rate as a function of total control rate Btot for a fully-
connected BD-RIS with N = 8. The curve labeled FC N = 8 corresponds
to the uncompressed configuration, while the curves labeled FC N = 8, c =
61, 60, 55, and50 represent latent-space compressed representations obtained
via the autoencoder with various values of c.

group-connected and fully-connected architectures, it can be
seen that the former requires significantly fewer computational
operations compared to the latter, while still achieving com-
parable performance in terms of rate (see Fig. 5).

G. Rate Control Comparison

Fig. 15 shows the average achievable rate obtained after
quantization as a function of the total control rate Btot for
different latent space dimensions c and the original space
dimension when a fully-connected architecture with N = 8 is
considered. For a fair comparison, both the latent and baseline
configurations are quantized to ensure the same total number
of bits Btot used to describe each BD-RIS configuration. As it
can be seen that, as Btot increases, the curves tend to saturate
around the same achievable rate value, indicating that finer
quantization only provides marginal additional gains once the
quantization noise becomes negligible. For c = 50 and c = 55,
a slight rate degradation is obtained for low control rates,
which progressively vanishes at higher Btot. This confirms that
the latent representation effectively preserves the most signif-
icant information. Furthermore, the case with c = 60 achieves
a slightly higher rate than the uncompressed solution for most
Btot values. This behavior can be due to the regularization
effect implicitly introduced by the autoencoder training: by
constraining the representation to a lower dimension, the latent
space model filters out redundant or noisy components of
the original configuration, thus improving the robustness to
quantization. Interestingly, for c = 61, the achievable rate
is slightly lower than the uncompressed case, despite the
larger latent space dimension. This non-monotonic behavior
can be due to several factors: (i) the interaction between latent-
space dimension and optimization, where slightly larger latent
representations do not always lead to better configurations;
(2) the effect of quantization, since increasing c reduces the
number of bits per component for a fixed total control rate;
and (iii) the implicit regularization of the autoencoder, where
certain compressed dimensions (e.g., c = 60) happen to

capture the most relevant information more effectively than
larger latent space representations.

VII. CONCLUSION

In this paper, we proposed a procedure for designing the
BD-RIS phase shifts to maximize the achievable rate. We
first proposed a solution based on a relaxation of the trace-
maximization problem, with a randomization approach for
achievable rate maximization. However, this solution still has
a high communication overhead to control the large number
of BD-RIS elements. Therefore, we introduce a dynamic map-
ping between the BD-RIS configuration and a small number of
control variables. The mapping is provided by an autoencoder,
trained on the effectively used (optimal) configurations in
the specific deployment. Specifically, the encoder is used to
obtain the value of the small set of control variables, while
the decoder is used at the BD-RIS for the tuning of the
impedances from the control variables. Moreover, we also
design the BD-RIS configuration directly in the latent space
of the autoencoder, reducing the complexity. Numerical results
show that, at the same total control rate, the latent-space rep-
resentation of a BD-RIS configuration with a fully-connected
architecture achieves up to a 5% rate improvement over
the uncompressed configuration, confirming that the proposed
AE-based mapping preserves the most significant information
while reducing the number of control bits. Moreover, when
comparing the group-connected and fully-connected architec-
tures, the former requires two orders of magnitude fewer
computational operations, while still achieving 85 − −95%
of the achievable rate of the fully-connected counterpart.
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