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A B S T R A C T

Zirconium carbide (ZrC) has potential to be applied in next-generation nuclear reactors for space missions
and industrial applications. The mechanisms controlling ZrC oxidation dependence on temperature, material
composition, pressure, porosity are not fully understood. In this work, we use a peridynamic modeling of
diffusion/reaction across several regions observed in previous experiments to explain the oxygen diffusion
mechanism and reaction kinetics. We emphasize the importance in the oxidation and damage process of a
transition layer of partially-oxidized ZrC. The peridynamic model has an autonomously moving oxidation
interface, and the delamination/detachment of oxide (induced by large volumetric expansion) is simulated
here with an oxygen concentration-driven damage model. Once the diffusion properties are calibrated to match
the measured oxygen concentration across the oxidation front, the speed of propagation of the oxidation front
is predicted by a 1D peridynamic model in excellent agreement with experimental observations. An extension
to 2D finds the shape of remaining unoxidized ZrC conforming to experimental observations.
1. Introduction

Nowadays nuclear power plays a fundamental role in reducing the
environmental impact of energy and electricity production, thanks to its
low CO2 emissions. Future applications beyond electricity production
are also regaining interest. Nuclear thermal propulsion (NTP) reactor,
for space applications, is being reconsidered because of the high energy
density and superior engine efficiency compared to conventional space
propulsion systems. The use of an NTP system enables to halve the
duration of space missions, reducing the exposure of astronauts to
harmful radiations and other hazards found in space. At the same
time, the deployment of Very-High-Temperature Reactors (VHTR) [1]
or High-Temperature Gas Reactors (HTGR) [2] will offer increased
outlet temperature fluids that can serve industrial processes like high-
temperature electrolysis and thermolysis. One of the major challenges
for these innovative and advanced nuclear applications rely on the
development of materials that can withstand the harsh conditions
present during operation in these reactors.

To improve the knowledge about the performance of these ad-
vanced materials, the use of both experimental and modeling efforts
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is essential. In this regard, this work focuses the attention on the
understanding and modeling of the oxidation behavior of zirconium
carbide (ZrC). ZrC has attractive properties such as high melting point
(∼3500 K), high thermal conductivity at very high temperatures and
low neutron absorption cross section, and is a candidate material for
the development of NTP systems for space and a substitute material for
SiC in the tri-isotropic coated nuclear fuel (TRISO) particles thanks to
its promising fission products retention [3]. One of the drawbacks of
ZrC is its affinity to oxygen, since ZrC is often considered an oxygen
getter, and poor oxidation resistance.

The oxidation of ZrC proceeds readily and with a considerable
associated volume increase which changes materials dimensions [4].
The oxidation mechanism is affected by several parameters such as
temperature, partial pressure of oxygen and materials chemical com-
position. The oxide layer can assume different crystal lattice structures
depending on the environmental temperature, oxygen partial pressure
and oxygen content. Thermo-mechanical properties and oxidation re-
sistance properties for ZrC are heavily debated in the literature due to
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its high degree of non-stoichiometric range [5,6]. Moreover, the tran-
ition between unoxidized and oxidized material involves a volumetric
xpansion that induces stresses in the oxide layer. Analyses of internal
tresses induced by oxidation/corrosion processes that involve volumet-

ric expansion are reported, for example, in [7,8]. Crack initiation and
ropagation within the oxide layer accelerate the oxygen penetration
ecause they generate preferential paths towards the bulk of the body
ausing significant volume expansion and stresses which need to be
etter understood and predicted, especially when ZrC is found in a
andwich structure in coatings.

Several experiments have been carried out on the oxidation of
arbides or nitrides of this class of materials often named Ultra-High
emperature Ceramics (UHTCs) [4,9–11]. Furthermore, some numer-

cal models have been developed based on classical continuum me-
chanics and making use of the Finite Element Method (FEM): in [12]
he stress distribution arising from the tetragonal-to-monoclinic phase

transformation of a single grain of zirconium oxide is computed and
n [13] an oxidation model is proposed based on the assumption of the

a priori knowledge of the interface motion. Neither of these models was
esigned to or is capable of predicting the autonomous motion of the

carbide-oxide interface, like it has been developed in this work.
Peridynamics is a nonlocal continuum theory which allows for

iscontinuities in the displacement field to initiate and evolve spon-
aneously [14,15]. This theory has already been extended to diffusion

phenomena [16,17] and multi-physics problems involving diffusion
ith a moving interface [18–20]. Oxidation phenomena have been

dealt with by means of peridynamic modeling in [21,22]. The peridy-
amic modeling of fracture in a single grain of zirconia undergoing a
ransformation (involving volume expansion) from tetragonal to mon-
clinic phase, can be found in [23]. In [24], a peridynamic thermo-
echanical model to simulate crack propagation in a TRISO particle is
resented. However, to the best of our knowledge, no numerical model
ble to capture the motion of the oxidation interface without a priori
ssumptions has been developed yet.

The aim of this work is to develop a numerical tool, based on
the peridynamic framework, able to predict the evolution, in time, of
the carbide-oxide interface. To do so, we use the experimental data
described in [4] as reference to compare the numerical results of the
proposed model. This experiment consists in exposing a cubic sample
of hot-pressed zirconium carbide, maintained at a constant temperature
(1073 K), to an oxidative environment. The transition of the cubic
sample to a Maltese-cross shape and the formation of cracks leading to
the repeated delamination/detachment of the oxide from the carbide
bulk can be observed in Fig. 1 (experimental results published in [4]).
These experiments in [4] enabled to assess the oxygen concentration
rofile across different layers formed during oxidation of ZrC. The
ifferent layers are comprised by the ZrC bulk, an intermediate dense
ayer made primarily of carbon and tetragonal zirconium oxide (t-ZrO2)
nd an outer cracked layer made of monoclinic zirconia (m-ZrO2).
hese experimental results, obtained in [4], are used to calibrate the

peridynamic model parameters to the diffusion/reaction properties
of the materials. Once the calibration to material properties is im-
lemented, the proposed peridynamic model is able to capture the
volution in time of the oxygen concentration profile and to predict the
ropagation speed of the oxidation front in excellent agreement with
he experimental observations.

The proposed model is extended to a range of temperatures up to
173 K with a recalibration of the material properties. Above 1273 K,

the oxidation mechanism appears to change as the intermediate layer
is no longer present [4], so a modification to the peridynamic model
might be required for extending its validity for higher temperatures.
This model can also be used to describe the oxidation of transition
metal carbides of group IV by accordingly recalibrating the material
properties. A limitation in the applicability of the model is given by the
availability of the material properties. Those properties can be obtained
2 
with experimental measures, with a calibration process, or potentially
with atomistic first-principles calculations.

A similar approach to the one introduced here may be used in
modeling damage in lithium-ion batteries, due to the similarities be-
tween the type of oxidation phenomenon discussed here and lithiation.
Electrodes in solid-state batteries may experience fracture (with a
ubsequent reduction of life cycles) due to lithium diffusion and interca-
ation that causes volumetric expansion of the storage material [25,26].

Many experiments and numerical models on this phenomenon have
been developed in the literature [27–36]. A peridynamic model of
lithiation based on the same principles used in this paper may enhance
the understanding of the phenomenon and, possibly, increase the life
time of lithium-ion batteries.

The paper is structured as follows. Section 2 summarizes the ex-
erimental setup, methodology and results described in [4] for the

oxidation of the zirconium carbide. Section 3 gives a brief review of the
eridynamic theory applied to diffusion problems and its discretized

equations. Section 4 presents the numerical approach to model the
zirconium carbide oxidation. Section 5 shows the calibration process
f the diffusivity values based on the experimental observations, the
ariation of the numerical results at different temperatures, and the

qualitative validation of the model in a 2D scenario. Section 6 presents
onclusions and suggests potential areas for future investigation.

2. Brief review of experimental results

In [4], a hot pressed sintered ZrC sample was oxidized inside a
furnace and exposed to 16O oxygen atmosphere for 4 min and to 18O
oxygen atmosphere for 4 more minutes, approximately at a temperature
of 1073K. A Secondary Ion Mass Spectroscopy (SIMS) analysis has been
carried out to obtain the oxygen concentration across the oxidation
front. The total oxygen concentration across the sample cross-section
is monitored in the numerical simulations, so the sum of the measured
concentrations of the two isotopes is considered here. Details of the
experiments can be found in [4]. The oxygen concentration has been
normalized by dividing it by the highest concentration value of the
experimental data and replotted in Fig. 2. Three different regions can
be clearly distinguished across the cross-section:

• The outer layer of cracked zirconium oxide where the normalized
oxygen concentration is close to 1 (red region);

• The intermediate layer, which is a layer of undamaged oxide,
where the concentration is close to 0.5 (light blue region);

• The zirconium carbide where the concentration is close to 0 (blue
region at the bottom of the image).

The other regions with a very low concentration within the oxide and
the intermediate layer are due to the presence of pores, since this
xperimental analysis is able to detect the oxygen content only in the
olid matter.

The zirconium oxide is known to exhibit polymorphs that are stable
in different temperature ranges. From the chemical analyses carried out
in [4], the cracked zirconium oxide is the monoclinic phase, which
is stable at 1073 K. We will denote this phase by m-ZrO2. On the
other hand, the zirconium oxide in the intermediate layer exhibits the
presence of carbon and the tetragonal oxide phase, which is thermody-
namically unstable at 1073 K. In fact, since the tetragonal zirconia is
found approximately above 1473 K, this is not the expected polymorph
at those experimental conditions. The presence of tetragonal ZrO2 can
be related to either stresses in the system or oxygen vacancies. The
tetragonal zirconia will be denoted by t-ZrO2. Furthermore, we will
denote the zirconium carbide by ZrC.

In [4], the oxygen diffusion coefficient was measured thanks to
the use of a 18O tracer by observing the diffusion profile across the
intermediate layer. The value for the oxygen diffusion coefficient (𝐷 =
0.09 μm2∕s) was determined by fitting the experimental results with the
analytical solution derived from Fick’s second law for a semi-infinite
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Fig. 1. Photograph of a cubic ZrC sample during the oxidation phenomenon with different environmental temperatures [4]. The mechanical properties of the zirconium carbide
are clearly compromised.
Fig. 2. Normalized oxygen concentration (sum of both 16O and 18O isotopes) obtained
with the Secondary Ion Mass Spectroscopy (SIMS) analysis obtained in [4]for a ZrC
sample oxidized at 1073 K. The vertical axis represents the depth inside the material,
where the external surface lies at 0 μm. For the original experimental data and details
on the SIMS analysis, please see [4].

medium with a constant source of oxygen. However, it is important
to note that this approach relied on certain simplifying assumptions
that impact the calibration of the diffusivity. In fact, the approach used
in [4] for diffusivity calibration considered solely the concentration
profile of the intermediate layer. As we shall see, a transition layer is
also present at the interface between the intermediate layer and the
ZrC bulk. Furthermore, the approach in [4] assumes that the boundary,
i.e., the interface between the cracked (m-ZrO2) and undamaged (t-
ZrO2) phases of the oxide, remains stationary. However, it is important
to acknowledge that the reaction occurs during oxidation with the
18O isotope, leading to movement of that interface within the con-
sidered time frame. In order to address these limitations, we present
in Section 4 a peridynamic model predicting the mechanism of ZrC
oxidation, in which the diffusion/reaction properties of the materials
are calibrated directly from the experimental data.

Oxide growth is of paramount importance in many applications.
The oxide thickness of a cubic ZrC sample exposed to an oxidizing
environment has been measured at different stages of the oxidation [4].
Since the oxidized samples present a peculiar shape of a Maltese cross,
the oxide layer measurements were made through sample cross-section
made at the center of the faces to avoid the corners where the oxide
thickness grows faster. These experiments showed that the oxide grows
linearly in time, as shown in Fig. 3.

The linear growth is in agreement with the observations made
on the oxide cross section showing a porous, cracked, non-protective
oxide layer: the stable phase of the oxide cracks and tends to delam-
inate/detach allowing oxygen to access easier pathways of ingression.
This mechanism generates an intermediate layer with a constant thick-
ness moving at a constant rate. Furthermore, the growth rate of the
oxide thickness depends on temperature. At the temperature of 1073K,
3 
Fig. 3. Oxide growth in time at 1073 K, its linear curve-fit [4] represents only the
steady portion of the growth.

the rate constant, obtained by the slope of the linear fitting shown in
Fig. 3, is equal to 0.065 μm∕s [4].

Remark 1. Note that 𝑡 = 0 s in Fig. 3is the time at which the tempera-
ture reaches the value of 1073 K, value which is then kept constant. As
the temperature rises, some oxidation takes place, which is why the first
experimental point does not coincide with the origin. At time 𝑡 = 0 s
the temperature is constant, but there is still a transient phenomenon
that is not captured by the linear curve fit. Since the model proposed
in Section 4 considers only the steady-state (isothermal) condition, the
oxide thickness at𝑡 = 0 s is equal to 0 μm in the simulations. Therefore,
when a visual comparison is required between the numerical results
and the experimental data, one of the two plots needs to be translated
due to this initial offset between experimental and numerical results.
In other words, the steady state is fully described just by the slope of
the linear curve-fit.

3. Peridynamic modeling of diffusion

Points within a body  modeled with peridynamics interact with
each other through bonds [14,15]. The maximum length of a bond
between any two points is limited to a finite value denoted as 𝛿 and
referred to as the horizon size, as shown in Fig. 4. In the peridynamic
model of ZrC oxidation, the horizon size represents the thickness of the
transition layer between pure zirconium carbide and the undamaged
phase of the oxide. The calibration of the horizon size to this physical
parameter is presented in Section 4.4. Bond properties are calibrated
against classical (measured) properties and are named after them by
adding the prefix ‘‘micro-’’.
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Fig. 4. Neighborhood 𝐱 of a point in a peridynamic body : red lines represent the
interactions (bonds) between points. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

We use an effective diffusion-controlled model to simulate the evo-
lution of oxidation because of the similarities of the phenomenon

ith the corrosion damage models [18,19,37–43]. In those models, the
micro-dissolvability of bonds with one end in the metal and the other in
the electrolyte are calibrated to the corrosion rate, whereas the micro-
iffusivity of bonds with both ends in the electrolyte are calibrated to
he diffusivity of dissolved metal ions in the electrolyte. Similarly, in
he ZrC oxidation model, the micro-oxidability of bonds with one end
n the carbide phase and the other in the oxide phase are calibrated
o the oxidation rate, whereas the micro-diffusivity of bonds with both
nds in the oxide phase are calibrated to the diffusivity of oxygen in
he oxide phase.

In a peridynamic body, a point 𝐱 interacts with a set of points
defined as 𝐱 =

{

𝐱′ ∈  ∶ |𝐱′ − 𝐱| ≤ 𝛿
}

, which is known as the
neighborhood of point 𝐱. The neighborhood is respectively a segment, a
disk or a sphere in 1D, 2D or 3D bodies. The horizon size can be thought
of as a material length-scale, or as a surrogate for a combination of
multiple length-scales, if they are present. When comparing against
classical models, which usually lack length-scales, one, however, takes
the horizon size to go to zero. This is called 𝛿-convergence, see [44].

The peridynamic equation governing diffusion phenomena is given
as [18,19]
𝜕 𝐶(𝐱, 𝑡)

𝜕 𝑡 = ∫𝐱

𝑘(𝐱, 𝐱′, 𝑡) 𝐶(𝐱′, 𝑡) − 𝐶(𝐱, 𝑡)
‖𝐱′ − 𝐱‖2

d𝑉𝐱′

= ∫𝐱

j(𝐱, 𝐱′, 𝑡)d𝑉𝐱′ ,
(1)

where 𝐶 is the concentration of oxygen, 𝑘 is the micro-diffusivity (or
micro-oxidability, see Remark 2), 𝑉𝐱′ is the volume of point 𝐱′, 𝑑 is
he micro-diffusivity, and j(𝐱, 𝐱′, 𝑡) is the micro-flux. In this work we
dopted the kernel function constructed in [45] with the bond length
n the denominator appearing with the 𝑛 = 2 exponent. The 2D and 1D

governing equations can be obtained by considering respectively a unit
hickness ℎ, such that d𝑉𝐱′ = ℎd𝐴𝐱′ = d𝐴𝐱′ , and a unit area 𝐴, such that
𝑉𝑥′ = 𝐴d𝑥′ = d𝑥′. The micro-diffusivity 𝑘 is calibrated to the measured

diffusivity (or oxidation rate) 𝐾 as follows [16–18]:

𝑘(𝐱, 𝐱′, 𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝐾
𝛿

in 1D,

4𝐾
𝜋 𝛿2 in 2D,

9𝐾
2𝜋 𝛿3 in 3D.

(2)

Therefore, the micro-diffusivity has different units for different number
f dimensions of the model: [m/s] in 1D, [1/s] in 2D, and [1/(m s)] in
D.
4 
Fig. 5. Three possible types of bonds for diffusion in a 1D body of a two-phase
material.

Remark 2. Similarly to the peridynamic corrosion model [39], the
bond property 𝑘 can represent different physical mechanisms depend-
ing on the phase of the points that the bond itself connects. In the ZrC
xidation, if a bond connects two points in the oxide phase, 𝑘 is called

‘micro-diffusivity’’ 𝑑 and represents the diffusion of oxygen. If a bond
onnects a point in the oxide phase and a point in the carbide phase, 𝑘 is
alled ‘‘micro-oxidability’’ 𝑟 and represents the oxidation of the carbide
odeled as a diffusion-controlled reaction. These aspects are discussed

n detail in Section 4.2.
When the peridynamic diffusion model is used to describe a two-

phase material with a moving interface, the phase of each point may
change depending on its current concentration [18]. If 𝐶 denotes
he concentration of phase change, the micro-diffusivity of a bond is
etermined as [18]:

𝑘(𝑥, 𝑥′, 𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑘1 if 𝐶(𝐱, 𝑡) < 𝐶 and 𝐶(𝐱′, 𝑡) < 𝐶 ,
𝑘2 if 𝐶(𝐱, 𝑡) > 𝐶 and 𝐶(𝐱′, 𝑡) > 𝐶 ,
𝑘3 if 𝐶(𝐱, 𝑡) ≤ 𝐶 ≤ 𝐶(𝐱′, 𝑡) or 𝐶(𝐱′, 𝑡) ≤ 𝐶 ≤ 𝐶(𝐱, 𝑡) ,

(3)

where 𝑘1, 𝑘2, and 𝑘3 may have different values. Fig. 5 shows the
hree possible types of bonds when phase 1 is characterized by a
oncentration smaller than 𝐶 and phase 2 by a concentration higher
han 𝐶. Therefore, in a peridynamic diffusion model, the interface
oves autonomously depending on 𝐶 and the microdiffusivities 𝑘1, 𝑘2,

nd 𝑘3. Note that this model does not require any special conditions
t the interface, such as Stefan condition (that is instead required in
lassical models [46–48]). Hence, any results obtained with a peridy-

namic diffusion model, such as the constant velocity of the interface in
Fig. 15, are not prescribed a priori, but are a prediction provided by the
model [18].

3.1. Discretization of the peridynamic equations

The discretization of the peridynamic diffusion equation can be
carried out by means of several different methods, such as the mesh-
ree method [49–51], the Finite Element Method [52,53] or the Fast

Convolution-Based Method [54,55]. In this work, we adopt the mesh-
free method with a uniform grid, in which nodes are spaced by a
constant distance 𝛥𝑥. Each node represents a portion of the body, called
ell.

The micro-flux in a bond between the nodes 𝑝 and 𝑞 can be com-
uted as

j(𝐱𝑝, 𝐱𝑞 , 𝑡) = 𝑘(𝐱𝑝, 𝐱𝑞 , 𝑡)
𝐶(𝐱𝑞 , 𝑡) − 𝐶(𝐱𝑝, 𝑡)

‖𝐱𝑞 − 𝐱𝑝‖2
, (4)

where 𝐱𝑝 and 𝐱𝑞 is the position vector of nodes 𝑝 and 𝑞, respectively.
he bond property 𝑘 is either the micro-diffusivity 𝑑 or the micro-

oxidability 𝑟 (see Remark 2). Therefore, the peridynamic diffusion
equation (Eq. (1)) is computed by means of the midpoint quadrature
rule in each cell [16–18,49,50]:
𝜕 𝐶(𝐱𝑝, 𝑡)

𝜕 𝑡 =
∑

𝑞∈𝑝

j(𝐱𝑝, 𝐱𝑞 , 𝑡) 𝛽𝑝𝑞 𝛥𝑥𝑁 , (5)

where 𝑁 is the number of dimensions of the model, so that 𝛥𝑥𝑁 is the
ength, area or volume of the cell in 1D, 2D or 3D, respectively. As

shown in Fig. 6, the index 𝑞 stands for any node within the neighbor-
hood 𝑝 of node 𝑝 and the quadrature coefficient 𝛽𝑝𝑞 is the fraction of
cell of node 𝑞 lying within  .
𝑝
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Fig. 6. The neighborhood 𝑝 (red area) of a node 𝑝 is constituted by the nodes (black
dots) with a portion of their cell within the neighborhood. The quadrature coefficient
𝑝𝑞 is the volume fraction of cell of node 𝑞 lying inside the neighborhood [51]. (For

interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

Due to the nonlocal nature of the theory, when using the same
ond properties determined for points in the bulk for points near the

surface, the effective material response is different from the one in
the bulk because of incomplete families of points at locations within a
horizon size distance away from a material surface. This phenomenon
is known as the ‘‘peridynamic surface effect’’ [56]. Examples in which
the peridynamics surface effect is desired/useful are when modeling at
the atomic scale, or in modeling discrete dislocation dynamics [57,58].
Moreover, peridynamic boundary conditions should be imposed over
a finite-thickness layer inside or outside the body [59,60]. However,
these issues have been addressed in elastic problems, for example, by

eans of the surface node method [61–63].
By using this method, we add fictitious nodes around the body, up to

 distance 𝛿 from the boundary (see Fig. 7). The oxygen concentrations
f the fictitious nodes can be determined via the Taylor-based extrap-

olation truncated at the linear term [61–63]. Moreover, new nodes,
amely the surface nodes, are introduced at the boundary of the body,
s depicted in Fig. 7, and are used to impose the boundary conditions

as explained in Appendix A.

3.2. Time integration

For the time integration, the forward Euler method is employed:

𝐶(𝐱𝑝, 𝑡𝑛+1) = 𝐶(𝐱𝑝, 𝑡𝑛) + 𝛥𝑡
𝜕 𝐶(𝐱𝑝, 𝑡𝑛)

𝜕 𝑡 , (6)

where 𝛥𝑡 is the time step size and 𝑛 is the number of the time step.
Therefore, by substituting Eq. (5) into Eq. (6), we obtain:

𝐶(𝐱𝑝, 𝑡𝑛+1) = 𝐶(𝐱𝑝, 𝑡𝑛) + 𝛥𝑡
∑

𝑞∈𝑝

j(𝐱𝑝, 𝐱𝑞 , 𝑡𝑛) 𝛽𝑝𝑞 𝛥𝑥𝑁 . (7)

For more details about the stability analysis and the convergence
studies about the forward Euler method applied to the meshfree method
n Peridynamics, see [20].

4. Modeling approach

In this section, we present the methodology employed for modeling
the oxidation of ZrC using the PD model framework presented in the
previous sections and the underlying rationale. Our approach relies
on a thorough examination of the experimental data pertaining to the
distribution of oxygen concentration within the layer of material in
5 
Fig. 7. Discretization of a 2D body by means of the meshfree method. The fictitious
odes (empty dots) are added around the body to complete the neighborhoods (red
ircles) of all the nodes within the body (solid dots). The external surface of the body is
iscretized using surface nodes (blue solid squares). (For interpretation of the references
o color in this figure legend, the reader is referred to the web version of this article.)

which the reaction occurs. Subsequently, the peridynamic model for
ZrC oxidation is constructed with the aim of reliably predicting the ZrC
oxidation mechanism, while employing fewer limiting assumptions in
contrast to previous analyses.

The peridynamic model offers several advantages over classical
models, including the following:

• Unlike classical models, the peridynamic model does not require
the imposition of conditions at the interface, such as the Stefan
condition (see, for instance, [18,46–48]). Instead, the motion of
the interface is implicitly determined through the ‘‘constitutive
model’’ of the material under investigation [18–20].

• Because of the absence of spatial derivatives from the peridy-
namic formulation, damage is naturally represented, and crack
formation can be spontaneous and does not lead to mathematical
inconsistencies like they do in PDE-based models. This allows for
a more accurate representation of fracture phenomena [64–70].

These advantages collectively contribute to the enhanced capabili-
ies and versatility of the peridynamic model, distinguishing it from

classical approaches in the field.

4.1. Analysis of the experimental measurements from [4]

We extract a concentration profile along the depth of the sample
sing the experimental results obtained in [4] and replotted considering

the normalized total oxygen concentration depicted in Fig. 2 (also
reproduced in the upper portion of Fig. 8). We chose to consider the
egion enclosed within the black rectangle in Fig. 2, characterized

by the absence of major pores and nearly parallel borders of the
intermediate layer. We therefore calculate the average concentrations
in the width direction within that region by summing up the oxygen
concentrations of all sampled points in the black rectangle in Fig. 8 at
the same depth and dividing by the number of those points.

The normalized profile of oxygen concentration is depicted in the
ower portion of Fig. 8, revealing the presence of four distinct regions.

These regions consist of m-ZrO2 (cracked oxide) spanning from 0 to
∼ 9 μm, t-ZrO2 (undamaged oxide) representing the intermediate layer
extending from ∼ 9 to ∼ 12 μm, partially-oxidized ZrC between ∼ 12
and ∼ 14 μm, and ZrC commencing from ∼ 14 μm. The m-ZrO2 region
exhibits random oscillations in oxygen concentration, attributable to
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Fig. 8. Normalized oxygen concentration profile (bottom plot) obtained with the
average of the experimental data from [4] (SIMS analysis already shown in Fig. 2) along
the width of the sample. For the peridynamic model we only consider the portion of
the concentration profile contained inside the red dashed rectangle. (For interpretation
of the references to color in this figure legend, the reader is referred to the web version
of this article.)

the presence of cracks. In contrast, the concentration profile within the
intermediate layer shows a quasi-linear descent. Meanwhile, the ZrC
region is characterized by an oxygen concentration close to zero.

At the interface between m-ZrO2 and t-ZrO2, a sharp jump in
concentration, due to oxygen flow within cracks, is observed. However,
the interface between t-ZrO2 and ZrC exhibits a gradual transition
over a region of thickness ∼ 2 μm. Thus, we call this region (where
the partially-oxidized phase lies) as ‘‘transition layer’’, as shown in
Fig. 8. The transition layer was characterized by Transmission Electron
Microscope (TEM) in [71] and is made of amorphous carbon with
nanoparticles of ZrC and t-ZrO2 embedded within it. It is worth noting
that this transition layer, which acts as the main diffusion barrier, as-
sumes a fundamental role in the overall phenomenon, as will be further
discussed subsequently. The layer of cracked oxide is not relevant in
the applications we currently consider. Hence, our modeling approach
concentrates on capturing solely the effects oxidation has on the region
marked by the red rectangle in Fig. 8.

4.2. Modeling of the phase changes

As previously discussed, the region of interest where oxygen dif-
fusion and the oxidation reaction front evolve in time is within the
red dashed rectangle in Fig. 8. Therefore, in this section, we describe
the modeling approach employed to simulate the diffusion process oc-
curring in the intermediate and transition layers within a peridynamic
framework. We disregard, for now, the behavior of the cracked oxide,
which can be modeled by the damage mechanism explained in Sec-
tion 4.3. The ZrC oxidation involves three distinct phases: the oxygen-
free zirconium carbide (ZrC), the partially-oxidized phase observed
within the transition layer, and the undamaged phase of zirconium
oxide (t-ZrO2) present within the intermediate layer. Hence, we name
any peridynamic point lying in the carbide phase as ‘‘carbide point’’,
in the partially-oxidized phase as ‘‘partially-oxidized point’’, and in the
oxide phase as ‘‘oxide point’’.

Since the chemical reaction that transforms the ZrC into ZrO2 is
much faster than diffusion, we assume that the phase change between
the two is instantaneous in the model. This diffusion-controlled reaction
6 
Fig. 9. Example of possible types of points and bonds.

can be simulated as in the corrosion damage modeling by formulat-
ing the nonlocal (peridynamic) version of a simplified Nernst–Planck
equation [18], in which the micro-diffusivity (see Eqs. (1) and (2), and
Remark 2) becomes:

𝑘(𝐱, 𝐱′, 𝑡) =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑑 if (𝐱, 𝐱′) is an oxide bond,

𝑟 if (𝐱, 𝐱′) is an interface bond,

0 if (𝐱, 𝐱′) is any other bond,

(8)

where:

• ‘‘Oxide bonds’’ are bonds connecting two (cracked or undamaged)
oxide points. The micro-diffusivity 𝑑 models the diffusion within
t-ZrO2 phase and is calibrated to the classical diffusivity 𝐷.

• ‘‘Interface bonds’’ are bonds connecting a partially-oxidized point
to an oxide point. The micro-oxidability 𝑟 models the diffusion-
controlled reaction between ZrC and t-ZrO2 taking place within
the transition layer and is calibrated to the oxidation rate 𝑅.

• All the other bonds connecting partially-oxidized or carbide
points have zero micro-diffusivity because oxygen diffusion does
not occur in those phases.

Fig. 9 illustrates the different types of bonds that are used in the
peridynamic model.

To distinguish between oxide and partially-oxidized points, a con-
centration threshold 𝐶𝑝 between the two phases is set. A partially-
oxidized point transitions into an oxide node when its oxygen concen-
tration is higher than this threshold. The value of the concentration 𝐶𝑝
can be derived from the experimental data as shown in Section 4.4. This
straightforward mechanism enables the modeling of the phase change
from ZrC to t-ZrO2 and, simultaneously, governs the motion of the
undamaged oxide/ZrC interface.

As the oxygen content of the points within the transition layer starts
to rise, a fraction of the zirconium carbide undergoes a transition to the
oxidized phase. Since the diffusivity of zirconium oxide is higher than
that of the carbide (see Section 5.1) likely due to the volume expansion
and the presence of pores/microcracks in the oxide, we suppose that
there is an increase in the micro-oxidability as the oxygen content
increases. Hence, for simplicity, we consider a linear dependence be-
tween the micro-oxidability and the oxygen concentration in regions
of partially-oxidized material:

𝑟(𝐱, 𝐱′, 𝑡) =
(

𝑟 − �̃�
2

)

+ �̃�
𝐶𝑝

𝐶(𝐱𝑝-𝑜, 𝑡) , (9)

where 𝐶(𝐱𝑝-𝑜, 𝑡) is the oxygen concentration of the partially-oxidized
point, 𝑟 is the average of the micro-oxidability of the interface bond,
and �̃� is the total variation of the micro-oxidability of the interface
bond. Note that interface bonds connect a partially-oxidized point to
an oxide point, so the point 𝐱 is the partially-oxidized one between 𝐱
𝑝-𝑜
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Fig. 10. Micro-oxidability 𝑟 of an interface bond as a linear function of the concen-
tration 𝐶(𝐱𝑝-𝑜 , 𝑡) of the partially-oxidized point. 𝑟 is the average micro-oxidability and
𝑟 is the total variation of the micro-oxidability for 𝐶(𝐱𝑝-𝑜 , 𝑡) varying between 0 and
he concentration 𝐶𝑝 at which phase change from partially-oxidized to oxide points
appens.

and 𝐱′. The micro-oxidability as a linear function of the concentration
f the partially-oxidized point of the interface bond is shown in Fig. 10.

The values 𝑟 and �̃� are empirically obtained with the calibration carried
out in Section 5.1.

The values of micro-diffusivity 𝑑 and micro-oxidability 𝑟 (i.e., both 𝑟
and �̃�) are calibrated via the discretized model presented in Sections 3.1
and 3.2 by comparison with the experimental observations (see Sec-
tion 5.1). The effects these values have on the oxygen concentration
rofile are shown in the parametric studies in Appendix B. Note that

a constant value of micro-oxidability, i.e., 𝑟 = 𝑟 = const. with �̃� = 0,
oes not allow the peridynamic model to accurately reproduce the

experimental concentration profile within the transition layer.

4.3. Concentration-driven model for damage evolution

In this work our focus lies on simulating only the effects of the
cracked oxide on the intermediate layer. Voids are formed as a result
of crack propagation and volumetric expansion within the monoclinic
phase of the oxide (m-ZrO2), generating paths for the oxygen to un-
obstructedly flow towards the external boundary of the intermediate
layer. This phenomenon can be effectively represented by a model in
which the interface between the cracked and undamaged phases serves
as a constant source of oxygen (at constant concentration).

Thus, to determine the extent of damaged oxide, we introduce an
dditional threshold for oxygen concentration, denoted as 𝐶𝑑 . When
he concentration at a given node overcomes this threshold, the node is
efined as damaged. Note that this simplified definition of damage does
ot include the simulation of crack propagation within the oxide, but,
nstead, models the effects cracks have on the evolution of the oxidation
ront. Once a node is classified as damaged, its concentration is set
qual to the concentration 𝐶𝑚, namely the concentration that the oxide
f the intermediate layer ‘‘feels’’ from the cracked oxide. The values of
he concentrations 𝐶𝑑 and 𝐶𝑚 can be obtained from the experimental
ata as shown in the next section.

4.4. Data extracted from experiments

As shown in Fig. 11, one can determine the appropriate concen-
tration 𝐶𝑚 of the damaged oxide, the concentration 𝐶𝑑 between the
damaged oxide and the intermediate layer, and the oxidation threshold
𝐶𝑝. The concentration 𝐶𝑚 of the cracked oxide can be established as
the maximum concentration shown in Fig. 11. To identify the dam-
ged nodes, the concentration threshold 𝐶𝑑 corresponds to the highest
oncentration within the intermediate layer, i.e., the second-highest
oncentration in Fig. 11. Regarding the concentration threshold 𝐶𝑝 for
hase change, it can be selected as an intermediate value between the
oncentrations at the interface separating t-ZrO2 and ZrC. The values of
hese concentration thresholds are reported in Fig. 11 and in Table 1. It
7 
Fig. 11. Concentration thresholds derived by the normalized experimental data: 𝐶𝑚 is
the concentration of the cracked oxide, 𝐶𝑑 is the concentration to identify damaged
nodes, and 𝐶𝑝 is the concentration of phase change. The ∼ 2-μm thick transition layer
is shown.

is worth noting that the threshold values are not univocally determined
ue to measurement uncertainties. However, we carried out several
ensitivity studies showing that small deviations from the chosen values
hange only slightly the results.

Carbide points become partially-oxidized points when their oxygen
concentration rises above 0. Since all the bonds connecting carbide or
partially oxidized points have zero diffusivity, oxygen can diffuse into
a carbide point only through the interface bonds. The maximum length
of the interface bonds, as for every bond in the PD model, is equal to
the horizon size 𝛿. Therefore, since interface bonds have one end in
the oxide phase, the farthest point from the undamaged oxide that can
change phase from carbide to partially-oxidized is at a distance equal
to 𝛿. This means that, in the PD model, the thickness of the transition
layer has to be equal to the horizon size 𝛿. Hence, we select 𝛿 = 2
μm, equal to the thickness of the transition layer in the experimental
observations (see Fig. 11), in the ZrC oxidation problem.

5. Numerical results for the evolution of the oxidation front in ZrC

In this section, we present the outcomes of the calibration process
f the diffusivities, that allows to have good agreement between the
xperimental data and the 1D peridynamic model. For the first time,
he micro-diffusivity of the intermediate layer and the micro-oxidability
ithin the transition layer are accurately calibrated. Additionally, we
resent results from the 2D model of the same problem and qual-
tatively compare them with experimental data. For comparable 3D
imulations, the present meshfree discretization becomes expensive and
ither a parallel implementation is required, or the use of the Fast
onvolution-Based Method [54,55].

5.1. Calibration of micro-diffusivity and micro-oxidability

The calibration of bond properties is carried out by using the
iscretization discussed in Sections 3.1 and 3.2 and comparing the

1D numerical results with the experimental observations. In the 1D
eridynamic model, a time step size of 𝛥𝑡 = 0.01 s and a grid spacing

of 𝛥𝑥 = 0.2 μm are used. As these values are reduced, the accuracy
n time and space integration of the peridynamic equations is higher
nd this may lead to slightly different values of micro-diffusivity and

micro-oxidability than those calibrated in this work.
Parametric studies on the values of micro-diffusivity and micro-

oxidability are shown in Appendix B. In order to achieve a global
oncentration distribution similar to the experimental observations, the
icro-diffusivity of the oxide is set at 𝑑 = 0.5 μm∕s, whereas the

average micro-oxidability is 𝑟 = 0.1 μm∕s (the units of measurements
are related to a 1D model, see Eq. (2)). To accurately reproduce the
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Table 1
Material parameters and calibrated values for peridynamic
quantities for the ZrC oxidation process.

Property Value

Maximum concentration 𝐶𝑚 = 0.556
Damage concentration 𝐶𝑑 = 0.545
Phase change concentration 𝐶𝑝 = 0.484
Oxide micro-diffusivity 𝑑 = 0.5 μm/s
Average micro-oxidability 𝑟 = 0.1 μm/s
Variation of micro-oxidability �̃� = 0.1 μm/s
Oxide diffusivity 𝐷 = 1 μm2/s
Average oxidation rate 𝑅 = 0.2 μm2/s
Variation of oxidation rate 𝑅 = 0.2 μm2/s
Horizon size 𝛿 = 2 μm

Fig. 12. The diffusion properties (diffusivity or oxidation rate) of the distinct regions
of the zirconium carbide during oxidation. The zirconium carbide is characterized by
aving no oxygen content. The transition layer is characterized by a concentration
etween 0 and 𝐶𝑝 and its oxidation rate increases linearly from 0.1 μm2∕s to 0.3 μm2∕s.
he intermediate layer (with a concentration comprised between 𝐶𝑝 and 𝐶𝑑 ) and the
racked oxide (with a concentration equal to 𝐶𝑚) have a diffusivity of 1 μm2∕s.

oxygen concentration profile within the transition layer, the variation
of the micro-oxidability is chosen as �̃� = 0.1 μm2∕s. This means that
the micro-oxidability 𝑟 varies linearly between 0.05 μm∕s and 0.15 μm∕s
depending on the concentration of the partially-oxidized node.

Table 1 reports the values of micro-diffusivity and micro-oxidability,
long with the corresponding values of classical diffusivity (𝐷) and
xidation rate (𝑅 and 𝑅). The classical properties are obtained by

multiplying the bond properties by 𝛿 (see Eq. (2)). In [4], the oxygen
iffusivity was computed as 𝐷 = 0.09 μm2∕s following some simplify-
ng assumptions. Dropping those assumptions and using the proposed
eridynamic model, the diffusivity is calibrated to be 𝐷 = 1 μm2s.

Furthermore, the oxidation rate of the zirconium carbide has been
determined for the first time: 𝑅 = 0.1 + 0.41𝐶(𝐱𝑝-𝑜, 𝑡) μm2∕s, where
(𝐱𝑝-𝑜, 𝑡) is the oxygen concentration of the partially-oxidized point.

Note that the classical oxidation rate varies linearly as the micro-
oxidability, where the average oxidation rate is 𝑅 = 0.2 μm2∕s and
the total variation of the oxidation rate is 𝑅 = 0.2 μm2∕s (see Eq. (9)).
The diffusivity/oxidation rate of the distinct regions (depending on the
xygen concentration) is shown in Fig. 12.

Fig. 13 depicts the concentration distribution across the interface,
or both the results of the numerical model and the experimental data.
he numerical results exhibit a remarkable agreement with the exper-

mental observations. Hence, we can conclude that the chosen values
f micro-diffusivity and micro-oxidability employed in the peridynamic
odel are accurately calibrated.

Remark 3. Fig. 13 is not obtained by data-fitting. The numerical
esults that are compared with the experimental observations are ob-
ained by means of a peridynamic simulation that, once the material
 m

8 
Fig. 13. Experimental data at 1073 K (blue dots) and numerical results (colored lines)
of the concentration profile at 𝑡 = 480 s (see Remark 3). Yellow, green, orange, and
red lines represent the numerical results for the zirconium carbide, the transition layer,
the intermediate layer, and the cracked oxide, respectively. The numerical results are
translated along the 𝑥-axis because of Remark 1. (For interpretation of the references
o color in this figure legend, the reader is referred to the web version of this article.)

parameters in the model are calibrated to match the thickness of
the intermediate layer, predicts the evolution in time of the oxygen
concentration profile.

Fig. 14 shows the progressive evolution of the concentration profile
at different stages. The initial conditions at 𝑡 = 0 s the node at the
oundary has a concentration set to the value of 𝐶𝑚 and all the other
odes have no oxygen content. A transient occurs at the beginning of
he simulation (see, for example, the plot for 𝑡 = 10 s), after which the
oncentration pattern, in a steady-state condition, gradually advances
ithin the material.

Since the oxide phase is subjected to volume expansion during the
phase change, we need to post-process the results in order to estimate
the growth of the oxide thickness. Note that the peridynamic approach
presented in this paper does not model the volumetric expansion of
the oxide phase. This volumetric expansion and the subsequent induced
stresses that result in the fragmentation of the oxide will be modeled
in future work. By considering a perfect crystal structure, it has been
determined that m-ZrO2 exhibits a volume increase of 36% compared
to the carbide. Based on this calculations, we estimate in the post-
processing stage the thickness of the oxide in the numerical model
by increasing the volume of the region occupied by oxide nodes by
36%. Hence, Fig. 15 illustrates that the oxidation interface moves at
a constant velocity, in agreement with the experimental results. It is
worth keeping in mind that the motion of the interface in a peridynamic
diffusion model is not prescribed a priori, but is predicted according to
the calibrated data in the model.

5.2. Temperature dependence

In this section we analyze how the concentration profile and the
peed of the interface vary depending on the temperature. Experiments

show that the oxidation process of ZrC at temperatures higher than
273 K changes significantly and the intermediate layer is no longer

present [4]. We therefore use the model to simulate the oxidation
ehavior at the following additional temperatures: 973 K and 1173
. Once experimental observations of the concentration profile will be
vailable for temperatures above 1273 K, the proposed model can be
odified accordingly.
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Fig. 14. Normalized oxygen concentration profile at different time instants at a
temperature of 1073 K. Yellow, green, orange, and red lines represent the numerical
results for the zirconium carbide, the transition layer, the intermediate layer, and the
cracked oxide, respectively. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Fig. 15. Oxide growth obtained with the proposed model compared to the experimental
inear curve-fit. The experimental data has been translated along 𝑦-axis because of

Remark 1. Note that the slopes of the linear curve-fit and the numerical results, namely
the measured and predicted velocities of the interface, are close to each other.

To determine the diffusivity of the zirconium oxide and the ox-
idation rate of the zirconium carbide at different temperatures, an

rrhenius law is assumed:

𝐷 = 𝐷0 exp
(𝛥𝐸𝑍 𝑟𝑂2

𝑅𝑔 𝑇

)

, (10)

𝑅 = 𝑅0 exp
(

𝛥𝐸𝑍 𝑟𝐶
𝑅𝑔 𝑇

)

, (11)

where 𝛥𝐸𝑍 𝑟𝑂2
and 𝛥𝐸𝑍 𝑟𝐶 are the activation energies for the oxygen

diffusion respectively in the oxide and in the carbide, 𝑅𝑔 is the universal
gas constant, and 𝑇 is the temperature. The activation energies are
reported in literature as 𝛥𝐸𝑍 𝑟𝑂2

= 45.3 k Jmol−1 [72] and 𝛥𝐸𝑍 𝑟𝐶 =
69.9 k Jmol−1 [73]. The authors in [72] used the 18O oxygen gas-solid
exchange technique at several temperatures to measure the activation
energy of ZrO2. This approach is similar to that employed in [4], where
8O was used as a tracer (see Section 2).

To determine the diffusion coefficients 𝐷0 and 𝑅0, we can use the
previously calibrated material properties at 𝑇 = 1073 K. In fact, we
substitute 𝑇 = 1073 K, 𝐷 = 1 μm2s in Eq. (10) and 𝑅 = 0.2 μm2∕s
9 
Fig. 16. Normalized oxygen concentration profile at different time instants at a
temperature of 973 K. Yellow, green, orange, and red lines represent the numerical
results for the zirconium carbide, the transition layer, the intermediate layer, and the
cracked oxide, respectively. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

Table 2
Propagation speed of the oxidation front for different temperatures obtained from
experimental observations in [4] (𝑣𝑒𝑥𝑝) and with the proposed model (𝑣𝑃 𝐷) based
on the calibration data from the experiment at 1073 K.

Temperature Experiment Proposed model

𝑇 = 973 K – 𝑣𝑃 𝐷 = 0.004 μm/s
𝑇 = 1073 K 𝑣𝑒𝑥𝑝 = 0.065 μm/s 𝑣𝑃 𝐷 = 0.068 μm/s
𝑇 = 1173 K 𝑣𝑒𝑥𝑝 = 0.069 μm/s 𝑣𝑃 𝐷 = 0.104 μm/s

in Eq. (11), respectively, and obtain 𝐷0 = 160.4 μm2∕s and 𝑅0 =
05.5 μm2∕s. Therefore, the micro-diffusivity and micro-oxidability (see
qs. (2), (10), and (11)) are given as 𝑑 = 0.297 μm∕s and 𝑟 = 0.045 μm∕s
or 𝑇 = 973 K, and 𝑑 = 0.771 μm∕s and 𝑟 = 0.195 μm∕s for 𝑇 =
1173 K. The linear dependence of the micro-oxidability to the oxygen
concentration is assumed to be the same as in Eqs. (9) with �̃�∕𝑟 = 1.
The same numerical method and discretization parameters described
in Section 5.1 are used.

In absence of experimental data for other temperatures, we assume
the concentration thresholds (𝐶𝑝, 𝐶𝑑 , and 𝐶𝑚) and transition layer
hickness (equal to the horizon size 𝛿), to be the same as those at the
073 K. This is unlikely to be the case, but here we only attempt to
tudy the trends the model would produce for different temperature
onditions.

Figs. 16 and 17 show the concentration profiles for 𝑇 = 973 K
and 𝑇 = 1173 K, respectively. Interestingly, the thickness of the in-
ermediate layer slightly increases at higher temperatures. This trend
emains to be confirmed in experiments. Furthermore, Table 2 reports

the speed of the oxidation front at different temperatures obtained from
experimental observations in [4] and with the proposed model. For a
temperature of 1173 K, the model gives the correct trend of an increase
in interface speed, but because the material data used to calibrate the
model parameters were the ones from the 1073 K temperature, the
interface moves faster than measured in [4].

5.3. Results from a 2D model

After calibrating the bond properties in the 1D model, we now
xtend its application to a 2D scenario of oxidation in a square-shape
ample. The discretization presented in Sections 3.1 and 3.2 is valid also

in 2D. The quadrature coefficients are computed with the algorithm
presented in [51]. The PD model of ZrC oxidation can be used both
for predicting the growth of the oxide (as in the previous section) and
for determining the shape and dimensions of the remaining unoxidized
carbide. This section specifically focuses on the latter aspect.
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Fig. 17. Normalized oxygen concentration profile at different time instants at a temperature of 1173 K. Yellow, green, orange, and red lines represent the numerical results for the
zirconium carbide, the transition layer, the intermediate layer, and the cracked oxide, respectively. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)
Fig. 18. Shape of the carbide (black material in the bottom portion of the figure) as the oxidation of the sample progresses [74].
As illustrated in Fig. 18 reproduced from [74], the cubic zirconium
carbide sample undergoes a transformation under an oxidizing envi-
ronment, transitioning from its initial cubic shape with sharp corners
to a more rounded and eventually spherical shape. This change in
morphology occurs due to the accelerated oxidation process at the
corners, leading to a faster degradation of material in those regions.
Therefore, we expect to obtain the transition from a square to a circular
shape of the ZrC in the numerical results of the 2D peridynamic model,
in a similar way in which the cube leads to a sphere in the actual
experiments (see [74] and Fig. 18).

Peridynamics, due to its nonlocal nature, is known for its high
computational cost. Thus, we chose to simulate the oxidation of ZrC
in a smaller sample size. As a result, the transition from a square to a
circular shape occurs at a faster rate than in the experiment shown in
Fig. 18. This also means that our comparison with experimental results
will only be qualitative.

The 2D model utilized the same classical material parameters (refer
to Table 1) obtained through the calibration process in the 1D scenario.
Therefore, using Eq. (2) in the 2D case, the micro-diffusivity is 𝑑 ≈
0.32 s−1, the average micro-oxidability is 𝑟 ≈ 0.06 s−1 and the variation
of micro-oxidability is �̃� ≈ 0.06 s−1 (the units of measurements are
related to a 2D PD model). The computational domain chosen for the
2D simulation is a square with dimensions of 100 × 100 μm2. A time
step size of 𝛥𝑡 = 0.01 s and a grid spacing of 𝛥𝑥 = 0.667 μm are
used. Similarly to the 1D case, the initial conditions prescribe that
the concentrations of the nodes at the boundary are set equal to 𝐶𝑚,
whereas all other nodes have no oxygen content.

Fig. 19 shows the evolution of the concentration field at various
time steps during the simulation. The dark blue region represents zirco-
nium carbide with zero oxygen concentration. Initially (see Fig. 19(a)),
the carbide shape is a square. As the oxidation front progresses within
the material, the corners gradually become rounder (see Figs. 19(b) and
19(c)). In the final stage of the simulation (see Fig. 19(d)), the carbide
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shape approximates a circular disk form, which is consistent with
the observations from the experimental results in [74]. Furthermore,
Fig. 19 shows the amount of cracked oxide (dark red region) predicted
by the model at different times, which is higher close to the corners
due to the higher surface to volume ratio. Since the surface node
method [61–63] with a fictitious layer of nodes is used in the 2D
model (see Fig. 7), the horizon, i.e., the nonlocal sphere of influence,
is complete also for nodes close to the boundary (and, in particular, to
the corners). This means that the PD surface effect plays no role in the
faster motion of the interface close to the corners.

With the current discretization, 3D simulations would have a rel-
atively high computational cost, and this is why they are not pursued
here. In the future we plan of using special approaches, such as the Fast
Convolution-Based Method [54,55], to treat 3D peridynamic models
efficiently. The 2D numerical results provided here show good promise
for the future 3D model.

6. Conclusions

In this work, we shed light on the evolution of zirconium carbide ox-
idation process by analyzing the oxygen concentration profile obtained
from experimental data and highlighting the presence of two distinct
layers across the oxidation front, namely the intermediate and tran-
sition layers. We proposed a peridynamic model for oxygen diffusion
and oxidation processes that is able to reproduce the oxygen concen-
tration profile and correctly predicts the speed of propagation of the
oxidation front measured experimentally. We also analyzed the effects
of a temperature variation on the numerical results. Furthermore, the
proposed model allows to estimate the growth of the zirconium oxide
and determine the shape and dimensions of the remaining zirconium
carbide phase. This model can be used for any phenomenon with
characteristics similar to the oxidation of zirconium carbide, such as
oxidation of transition metal carbides of group IV and lithiation in
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Fig. 19. Normalized oxygen concentration field at different time instants (displayed
for one fourth of the square sample thanks to the symmetries of the problem). (For
interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

solid-state batteries, by recalibrating to the diffusion properties of the
specific material system. The model will be further improved in future
work by introducing the coupling with the mechanical field to simulate
the actual crack/damage initiation and propagation within the oxide.
This advancement is expected to enable the model to reproduce the
Maltese-cross shape of zirconia and provide a more general framework
11 
for simulating the chemo-mechanical behavior of zirconium carbide
and other carbides of interest for energy applications.
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Appendix A. Imposition of peridynamic boundary conditions via
the surface node method

To impose the peridynamic boundary conditions, we adopt the
surface node method [63]. A new type of nodes, i.e., the surface nodes,
are introduced to discretize the boundary of the body, as depicted in
Fig. 7: in 1D, 2D and 3D each surface node represents respectively a
boundary point, a segment of length 𝛥𝑥 and a square with area 𝛥𝑥2. A
surface node 𝐱𝑠 with normal 𝐧𝑠 is governed by the following equation
based on the concept of peridynamic flux [63]:

𝐽 (𝐱𝑠,𝐧𝑠, 𝑡) = −
∑

𝑝𝑞∈
𝛼𝑝𝑞 j(𝐱𝑝, 𝐱𝑞 , 𝑡)

(

𝐦𝑝𝑞 ⋅ 𝐧𝑠
)

𝛽𝑝𝑞 𝛥𝑥
𝑁+1 , (A.1)

where 𝐽 is the external flux,  is the set of all the bonds, 𝐦𝑝𝑞 is the
bond direction unit vector, and 𝑁 is the number of dimensions of the
model. 𝛼𝑝𝑞 is a coefficient given as follows (see [62,63] for more details
and figures):

• In 1D, 2D or 3D, 𝛼𝑝𝑞 = 0 if the bond does not intersect the
boundary region associated to the surface node 𝑠.

• In 3D, 𝛼𝑝𝑞 = 1∕4 if the bond intersects the corner of the square
associated to the surface node 𝑠 (the bond is ‘‘shared’’ among four
surface nodes) or 𝛼𝑝𝑞 = 1∕2 if the bond intersects the edge of the
square (the bond is ‘‘shared’’ between two surface nodes).

• In 2D, 𝛼𝑝𝑞 = 1∕2 if the bond intersects the end of the segment
associated to the surface node 𝑠 (the bond is ‘‘shared’’ between
two surface nodes).
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Fig. B.1. Normalized oxygen concentration across the oxidation interface at 𝑡 = 100 s
for different ratios between the micro-diffusivity 𝑑 of the oxide phase and the average
micro-oxidability 𝑟. The plots are obtained by using a value of average micro-oxidability
qual to 𝑟 = 0.1 μm∕s.

Table B.1
Propagation speed of the oxidation front for different
values of diffusivity. The following values are obtained
by using an average micro-oxidability equal to 𝑟 = 0.1
μm/s.

Diffusivity ratio Oxidation front speed

𝑑∕𝑟 = 2.5 𝑣𝑃 𝐷 = 0.05 μm/s
𝑑∕𝑟 = 5 𝑣𝑃 𝐷 = 0.068 μm/s
𝑑∕𝑟 = 7.5 𝑣𝑃 𝐷 = 0.096 μm/s
𝑑∕𝑟 = 10 𝑣𝑃 𝐷 = 0.127 μm/s

• 𝛼𝑝𝑞 = 1 otherwise.

The boundary conditions can be imposed directly on the surface
nodes as one would do in a local model [63]: a concentration 𝐶(𝑡) at a
urface node 𝑠 is imposed as 𝐶(𝐱𝑠, 𝑡) = 𝐶(𝑡) and a flux 𝐽 (𝑡) through the

surface node 𝑠 is imposed as 𝐽 (𝐱𝑠,𝐧𝑠, 𝑡) = 𝐽 (𝑡).

Appendix B. Parametric studies

The modeling approach using the peridynamic framework described
in Section 4 is based on the calibration of the values of micro-diffusivity
𝑑 of the oxide phase and the micro-oxidability 𝑟. The micro-oxidability
is modeled as a linear function of the oxygen concentration of the
partially-oxidized node, and is univocally determined by the values of
the average micro-oxidability 𝑟 and the micro-oxidability variation �̃�
see Eq. (9)). In this section, we perform two parametric studies to

show how the ‘‘shape’’ of the concentration profile across the oxidation
interface changes depending on the ratios 𝑑∕𝑟 and �̃�∕𝑟.

The numerical results of the normalized oxygen concentration for
ifferent values of the ratio 𝑑∕𝑟 are shown in Fig. B.1. It is evident that,

by increasing 𝑑∕𝑟, the propagation speed of the oxidation front is higher
nd the thickness of the intermediate layer is reduced (see Table B.1).

Differences in oxygen concentration profiles within the transition layer
are negligible. These results are used in Section 5.1 for the calibration
of the ratio 𝑑∕𝑟 in order to obtain in the numerical model a thickness of
he intermediate layer similar to the one observed in the experiments.

In the model of ZrC oxidation, the chosen value of 𝑑∕𝑟 is 5 so that
we match the thickness of the intermediate layer measured in the
experiments in [4] at 1073 K (see Fig. 13).

The value of the ratio �̃�∕𝑟 affects the normalized oxygen concen-
tration profile only within the transition layer, as shown in Fig. B.2.
For higher values of the ratio �̃�∕𝑟, the slope of the concentration
istribution in the transition layer increases accordingly. Therefore,
12 
Fig. B.2. Normalized oxygen concentration within the transition layer at 𝑡 = 100 s
for different ratios between the micro-oxidability variation �̃� and the average micro-
xidability 𝑟. The plots are obtained by using a value of average micro-oxidability
qual to 𝑟 = 0.1 μm∕s. The numerical results are translated along the 𝑥-axis because of

Remark 1.

the value of �̃�∕𝑟 = 1 is chosen in Section 5.1 so that we match the
lope of the concentration profile of the transition layer observed in
he experimental measurements in [4] at 1073 K (see Fig. 13).

Data availability

Data will be made available on request.
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